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In this paper, we study the distributed nonconvex optimization problem, aiming to minimize the
average value of the local nonconvex cost functions using local information exchange. To reduce the
communication overhead, we introduce three general classes of compressors, i.e., compressors with
bounded relative compression error, compressors with globally bounded absolute compression error,
and compressors with locally bounded absolute compression error. By integrating them, respectively,
with the distributed gradient tracking algorithm, we then propose three corresponding compressed
distributed nonconvex optimization algorithms. Motivated by the state-of-the-art BEER algorithm
proposed in Zhao et al. (2022), which is an efficient compressed algorithm integrating gradient tracking
with biased and contractive compressors, our first proposed algorithm extends this algorithm to
accommodate both biased and non-contractive compressors For each algorithm, we design a novel
Lyapunov function to demonstrate its sublinear convergence to a stationary point if the local cost
functions are smooth. Furthermore, when the global cost function satisfies the Polyak-tojasiewicz
(P-L) condition, we show that our proposed algorithms linearly converge to a global optimal point. It
is worth noting that, for compressors with bounded relative compression error and globally bounded
absolute compression error, our proposed algorithms’ parameters do not require prior knowledge of

the P-L constant.
© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction with a fixed step size have been proposed, such as EXTRA al-
gorithm (Shi et al.,, 2015), distributed proportional-integral (DPI)
algorithm (Kia et al.,, 2015; Wang & Elia, 2010), and distributed
gradient tracking (DGT) algorithm (Nedi¢ et al., 2017; Qu & Li,
2017; Xu et al., 2015).

Distributed optimization algorithms involve data spread
across multiple agents, which require each agent to communicate
with its neighboring agents. However, one of the main chal-
lenges is the communication bottleneck, which can occur owing
to limited channel bandwidth or communication power. Com-
munication compression, which encompasses techniques like
quantization and sparsification, can reduce the required commu-
nication capacity, see recent survey papers (Cao et al., 2023; Shi
et al.,, 2020). For distributed convex optimization problems, var-
ious compressed distributed optimization algorithms have been
developed. For example, based on the DGD algorithm, Doan et al.
(2020), Yi and Hong (2014), Zhang et al. (2018) developed a quan-

In recent years, distributed optimization has received consid-
erable attention and has been applied in power systems, sensor
networks, and machine learning, just to name a few (Du et al,,
2018; Guo et al, 2016; Sayed, 2014; Zhang & Wang, 2019).
Various distributed optimization algorithms have been proposed;
see, e.g., survey papers (Nedi¢ & Liu, 2018; Yang et al., 2019)
and references therein. Early work (Nedi¢ & Ozdaglar, 2009) pro-
posed a distributed (sub)gradient descent (DGD) algorithm that
requires a diminishing step size. In order to speed up the conver-
gence rate, the accelerated distributed optimization algorithms
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tized gradient algorithm using a uniform quantizer, a random
quantizer, and the sign of the relative state, respectively. Alistarh
et al. (2017), Horvath et al. (2023) used a distributed stochastic

0005-1098/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://doi.org/10.1016/j.automatica.2025.112286
https://www.elsevier.com/locate/automatica
https://www.elsevier.com/locate/automatica
http://crossmark.crossref.org/dialog/?doi=10.1016/j.automatica.2025.112286&domain=pdf
mailto:2010345@stu.neu.edu.cn
mailto:xinleiyi@mit.edu
mailto:wenguanghui@gmail.com
mailto:yshi@uvic.ca
mailto:kallej@kth.se
mailto:yangtao@mail.neu.edu.cn
https://doi.org/10.1016/j.automatica.2025.112286

L Xu, X. Yi, G. Wen et al.

gradient descent (DSGD) algorithm with gradient quantization
and encoding/variance reduction to design a compressed DSGD
algorithm. Liao et al. (2022), Ma et al. (2021), Xiong et al. (2022)
developed quantized/compressed DGT algorithms by integrating
the gradient tracking method with a uniform quantizer and
compressors that have a bounded relative compression error,
respectively. Yuan et al. (2012) proposed a distributed averaging
method using random quantization.

Previous studies have focused on distributed convex opti-
mization. However, many applications such as distributed learn-
ing (Omidshafiei et al., 2017), distributed clustering (Forero et al.,
2011), the cost functions are usually nonconvex, see, e.g., Hong
et al. (2017), Yi et al. (2021). Consequently, several studies have
proposed compressed distributed nonconvex optimization algo-
rithms. For example, Reisizadeh et al. (2019), Taheri et al. (2020)
proposed compressed DSGD algorithms that utilize exact and
random quantization, respectively. Xu et al. (2022) proposed two
quantized distributed algorithms by integrating a uniform quan-
tizer with the DGT and DPI algorithms , respectively. Liao et al.
(2023) proposed a compressed DGT algorithm that utilizes robust
compressors. Furthermore, Yi et al. (2023) developed compressed
distributed primal-dual algorithms, which used several general
compressors. In this paper, we investigate another distributed
optimization algorithm equipped with these general compres-
sors, i.e., DGT algorithm. As explained by Koloskova et al. (2021),
EXTRA (Shi et al., 2015) and distributed primal-dual (Alghunaim
& Sayed, 2020) algorithms typically demand a noiseless setting. In
contrast, the DGT algorithm is able to tolerate stochastic noise (Di
Lorenzo & Scutari, 2016; Nedi¢ et al., 2017), rendering it suit-
able for solving nonconvex optimization problems, especially in
machine learning, see, e.g., Lin et al. (2021), Yuan et al. (2021).
This motivates us to consider the gradient tracking methods
with communication compression for the distributed nonconvex
optimization problem.

The main contributions of this paper are:

e For the compressors with bounded relative compression
error, which include the commonly considered unbiased
and biased but contractive compressors, we design a com-
pressed DGT algorithm (Algorithm 1). For smooth local cost
functions, we design an appropriate Lyapunov function in
Theorem 1 to show that the proposed algorithm sublinearly
converges to a stationary point. Moreover, if the global cost
function satisfies the Polyak-tojasiewicz (P-L) condition,
which is weaker than the standard strong convexity condi-
tion and the global minimizer is not necessarily unique, we
establish in Theorem 2 that the proposed algorithm linearly
converges to a global optimal point.

e We propose an error feedback based compressed gradient
tracking algorithm (Algorithm 2) to improve the algorithm’s
efficiency for biased compression methods. Moreover, we
redesign a Lyapunov function in Theorem 3 to accommo-
date the introduced error feedback variables, and utilize it
to establish convergence results without (Theorem 3) and
with (Theorem 4) the P-L condition.

e For the compressors with bounded absolute compression
error, which includes the commonly considered unbiased
compressors with bounded variance, we develop a com-
pressed DGT algorithm (Algorithm 3), and redesign a Lya-
punov function in Theorem 5. For compressors with globally
bounded absolute compression error, we present the con-
vergence results without (Theorem 5) and with (Theorem
6) the P-L condition, which are similar to Theorems 1 and
2.
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e For compressors with locally bounded absolute
compression error, we redesign a Lyapunov function in
Theorem 7, to demonstrate that the proposed Algorithm 3
linearly converge to a global optimal point under the P-L
condition.

Note that for perfect communication in DGT nonconvex opti-
mization algorithms under the P-L condition, Tang et al. (2021),
Xin et al. (2021) constructed systems of linear inequalities to
analyze the convergence of the algorithms. Nonetheless, the
prior knowledge of the P-L constant is required to determine
their proposed algorithms’ parameters. To avoid the need for the
P-L constant in determining algorithm parameters, this paper
employs the Lyapunov method to analyze the convergence of the
proposed algorithms. This is a significant property since deter-
mining the P-L constant can be a challenging task. Moreover,
for the perfect communication scenario, Laypunov analysis has
been developed for DGT in both the convex (Notarnicola et al,,
2023) and nonconvex cases (Carnevale & Notarstefano, 2022).
The Lyapunov analysis method is simpler than other methods,
which typically require constructing systems of linear inequal-
ities, employing Lyapunov-like arguments, or utilizing control
tools, see, e.g., Qu and Li (2017), Tang et al. (2021), Varagnolo
et al. (2015), Xin et al. (2021), Xu et al. (2017). In Zhao et al.
(2022), the authors also utilized the Lyapunov method to analyze
the convergence of the proposed BEER algorithm. However, the
compressors with bounded relative compression error that we
considered are more general than the biased but contractive
compressors used in Zhao et al. (2022). Furthermore, we also
consider compressors with globally and locally bounded absolute
compression error. To the best of our knowledge, this paper is
the first to avoid using the P-L constant in the context of the
DGT nonconvex optimization algorithm under the P-L condition.
This work differs from (Vi et al., 2023) in two key aspects: (i) This
paper is built upon the DGT algorithm to design compressed dis-
tributed nonconvex optimization algorithms, whereas (Vi et al,,
2023) is based on the distributed primal-dual algorithm. The
primary distinction between these compressed algorithms lies
in the fact that the gradient tracking algorithm is better suited
for the nonconvex setting. In the numerical simulation section
of the online version (Xu et al., 2023), we showcase that the
proposed algorithms achieve faster convergence when compared
to the compressed algorithms proposed in Yi et al. (2023). (ii) In
this paper, for each compressed algorithm, we developed a novel
Lyapunov function to analyze the convergence of the proposed
algorithm. This Lyapunov function differs from the one proposed
in Yi et al. (2023).

The remainder of the paper is organized as follows. Section 2
presents the problem formulation. In Sections 3 and 4, we intro-
duce three compressed gradient tracking algorithms and conduct
analyses for compressors involving bounded relative compression
error, as well as globally and locally bounded absolute compres-
sion errors, respectively. Finally, concluding remarks are offered
in Section 5. All the proofs of theorems are given in the online
version (Xu et al.,, 2023) due to space limitations.

Notation. Let 1, (or 0,,) be the nx 1 vector with all ones (or zeros),
and I, be the n-dimensional identity matrix. col(Z;, ..., Z,) is the
concatenated column vector of vectors Z; € RY. || - | is the Eu-
clidean vector norm or spectral matrix norm. For a column vector
X = (X1,...,Xm), IXllco = MaXi<i<m |Xi|. For a positive semi-
definite matrix M, p(M) is the spectral radius. The minimum
integer less than or equal to c is denoted by |c]. sign(c) and |c| are
the element-wise sign and absolute value, respectively. Given any
differentiable function F, VF is the gradient of F. AQ B represents
the Kronecker product of matrices A and B. A < B if all entries of
matrix A — B are not greater than zero, and A > 0 if all entries of
matrix A that are greater than zero. Z* denotes the set of positive
integers.
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2. Problem formulation

Consider a group of n agents over a directed graph g = (V, &),
where vV = {1,2,...,n} is the vertex set and &€ C V x V is
the set of directed edges. A directed path from agent i; to agent
ir is a sequence of agents {iy,..., i} such that (i, ij11) € €&,
j=1,...,k— 1. Adirected graph is strongly connected if there
exists a path between any pair of distinct agents.

Assume that each agent has a private differentiable local cost
function F; : RY — R, the optimal set X* = argminy paF(X) is
nonempty and F* = miny psF(X) > —oo. The objective is to find
an optlmlzer X* to minimize the average of all local cost functions

=131 F(X) that is,
min F(X) = min — F(X (1)
XeRrd XeRrd N Z

Throughout this' paper we make the following assumptions.

Assumption 1. The directed graph G is strongly connected and
permits a nonnegative doubly stochastic weight matrix W =
[wi] € R™", where w; > 0, for alli € V, and w; > 0 if and
only if agent i can receive information from agent j, otherwise
wjj = 0. Moreover, W1, = 1, and 17W = 1!, ensuring that W is
doubly stochastic.

Assumption 2. Each local cost function F(X) is smooth with
constant Ly > 0, i.e,

IVE(X) = VE(Y)Il < LilIX — Y|, ¥X, Y € R%. (2)

Assumption 3. The global cost function F(X) satisfies the
Polyak-tojasiewicz (P-t) condition with v > 0, i.e,,
%HVF(X)HZ > v(F(X) — F*), VX € R%. (3)

Assumptions 1 and 2 are common in the literature, e.g., Nedi¢
and Liu (2018), Yang et al. (2019). Assumption 3 does not imply
convexity of the global cost function, but it ensures that all
stationary points are global optima.

Motivated by scenarios where the communication channel
often has limited bandwidth, we propose three compressed
distributed nonconvex (without and with the P-L condition)
optimization algorithms utilizing compressors with bounded rel-
ative compression error (Assumption 4), globally bounded ab-
solute compression error (Assumption 5), and locally bounded
absolute compression error (Assumption 6), respectively, in the
subsequent sections.

3. Compressed distributed nonconvex algorithms: Bounded
relative compression error

In this section, we introduce a compression operator with
bounded relative compression error. In Section 3.1, we propose a
compressed DGT algorithm, and present the convergence results.
Additionally, in Section 3.2, we extend the compressed algorithm
to an error feedback version for biased compressors, and present
the convergence result.

Assumption 4 (Liao et al., 2022; Yi et al., 2023). The compression
operator C : RY — RY, adheres to the condition:

c(X)
Ecll == = XII"1 < (1 = y)IXI?, VX € R, (4)
for some constants r > 0 and ¢ € (0, 1]. Here E.[-] represents
the expectation over the internal randomness of the compression

operator C.
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This condition implies that
Ec[llc(X) — X|*1 < CIIX|1*, VX € R, (5)

where C = 2r2(1 —¢) +2(1 —r)%.

Assumption 4 encompasses various compression operators
commonly used in the literature, such as norm-sign compression
operators, random quantization, and sparsification (Liao et al.,
2022; Yi et al., 2023). It represents a broader class of compressors
utilized in distributed optimization algorithms.

3.1. Compressed gradient tracking algorithm: Bounded relative com-
pression error

In this section, we propose the compressed DGT algorithm
(Algorithm 1), which is the same as the C-GT proposed in Liao
et al. (2022). In Liao et al. (2022), the authors constructed systems
of linear inequalities to demonstrate the linear convergence of
the proposed algorithm under the strongly convex case. In this
section, we demonstrate that the proposed Algorithm 1 exhibits
sublinear convergence in the general nonconvex case (Theorem
1) and linear convergence when the P-L condition is satisfied
(Theorem 2). Furthermore, we design a Lyapunov function for
analyzing the convergence of the proposed algorithm. Benefiting
from this Lyapunov function, in Theorem 2, we are able to
design the algorithm parameters without prior knowledge of
the P-L constant. This features a unique aspect that separates
our work from the existing DGT nonconvex optimization results
(Tang et al., 2021; Xin et al.,, 2021) under the P-L condition.

Algorithm 1
For each agent i € V.

Initialization:

X(O)eRd Yi(0) = VF( i(0 )) i(0) = Bi(0) = Gi(0) = Dy(0) =
04, Q(0) = ¢(Xi(0)), and Q;"(0) = C(Y;(0)).

Communication:

Transmit Q(k) and Q(k) to its out-neighbors and receive
Q/*(k) and Q" (k) from its in-neighbors.
Update Rule:

Ailk + 1) = Ai(k) + ¢x Q7 (k), (6a)
Bi(k + 1) = Bi(k) + ¢x(Q* (k) — Z W;iQ/ (k)), (6b)
j=1
Gilk+ 1) = G(k) + ¢y Q" (k), (6¢)
Di(k + 1) = Di(k) + v (Q; Z W;Q)" (k)), (6d)
j=1
Xi(k + 1) = Xi(k) — y [Bi(k) + Q (k) — Z W;Q/ (k)]
j=1
— nYi(k), (6e)
Yilk + 1) = Yi(k) — y [Di(k) + Q" (k) — Z W;Q" (k)]
j=1
+ VF(Xi(k + 1)) — VF(Xi(k)), (6f)
QY (k+ 1) = c(Xi(k + 1) — Ai(k + 1)), (68)
QY (k+1) = c(Yi(k + 1) — Gk + 1)), (6h)

where y, 1, ¢x, and @y are positive parameters.

Remark 1. The main difference between the proposed Algo-
rithm 1 and BEER proposed in Zhao et al. (2022) lies in the
introduction of ¢x and ¢y to correct the error caused by the
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r-scaling of the compression operator. It is easy to verify that
Algorithm 1 reduces to BEER when ¢x = ¢y = 1. Due to the
introduction of ¢x and ¢y, Algorithm 1 is suitable for a broader
range of compression operators, including (4). Note that the com-
pressors in (4) are equivalent to the compressors used in Zhao
et al. (2022) when r = 1. However, the introduction of ¢x and
@y, along with r # 1, makes it challenging to straightforwardly
extend the proof techniques used in BEER. More specifically,
when analyzing the convergence of compression errors, we must
construct inequalities that satisfy the properties of the com-
pressors we consider. This requires frequent use of inequality
shrinking techniques, and if the increased conservativeness from
these shrinkings is not carefully managed, it may prevent us from
proving algorithm convergence. These factors present significant
challenges in our analysis.

We denote X = col(Xq,...,X;), Y = col(Yy,...,Yy), A =
col(Aq,...,Ap), C = col(Cq,...,G), X(k) = %(15 ® Ig)X(k),
X(k) =1, ® X(k), H = %(1,115 ®1g), Y(k) = HY (k).

To analyze the convergence of Algorithm 1, we consider the
following Lyapunov candidate function

U(k) = V(k) + n(F(X(k)) — F*), (7)

where V(k) = [IX(k)—X (k)2 +¢ Y (k)— Y (k)[|>+ [ X(k)—A(k) || +

IY(k)—C(k)||?, and ¢ = % with o € (0, 1) being the spectral

norm of W — 11,17

Note that the designed Lyapunov candidate function (7) in-
corporates several nonnegative error terms: the consensus error
term || X (k) — X (k)||, gradient tracking error term ||Y(k)— Y (k)|
compression error terms || X(k) — A(k)||? and ||Y (k) — C(k)||?, and
the optimal error term n(F(X(k)) — F*). The weight parameter ¢
is instrumental in fine-tuning the values of the respective terms
within the designed Lyapunov candidate function (7), thereby
ensuring the convergence of the proposed algorithms.

We are now ready to present the convergence results of Algo-
rithm 1.

Theorem 1. Suppose that Assumption 1, 2, and 4 hold. Let each
agent i € V run Algorithm 1 with algorithm parameters ¢x, ¢y €
(0, 1), n and y such that

1—o) 0.4(1 — 1—0o)
<0, min Lm0 Py 041 —oly (—cP [y
40L; 12 80L \ 1+¢

9 1
— —— 5 Y}

40041 +c; N +5(1+¢, 1) 2L
1—o0
160(1 + c;')” 40000(1 + ¢; )2’

1—0

y €(0, IT := min{

a(l—o) o C1 ﬁ

40C VT o, Je ey €

(%)
—=, (8)
10/C

where ¢; = &7 ¢, = ‘”YT‘/”, and C = 2r2(1 — ) +2(1 — )%
Then, we have
(0)

k

_ - U
Y EcllIX(t) — X(OI* + nl VFX(k)|*] < ——
t=0

5 (9)

and
Ec[n(F(X(k)) — F*)] < U(0), (10)
where

7_

61 = min{6,, 6}, 6, = 2 (pe1 + &2 + €3),
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63 = min{0.07(1 — o)y, 0.44c1(2c; + 1),
0.77¢c3(2¢c; + 1)},

812
f 2 —1y..2
81 = ———n", g =41+4+c; ",
(1—o)y !

g3 =5(1+ Cz_l)nz.

Remark 2. Theorem 1 shows that Algorithm 1 achieves a
convergence rate of O(1/T). Specifically, (9) reveals that the term
ming<r {Ec[n|| VE(X(K)|I? + [IX(k) — X(k)||*]} decays at a rate of
O(1/T). Additionally, (10) indicates that the term E.[n(F(X(k)) —

F*)] is bounded.

Moreover, with Assumption 3, the following result shows that
Algorithm 1 can find global optima and the convergence rate is
linear.

Theorem 2. Suppose that Assumptions 1-4 hold. Let each agent
i € V run Algorithm 1 with the parameters n, y, ¢x, and ¢y being
given in Theorem 1. Then, we have

Ec[lIX (k) — X(Kk)|1* + n(F(X(k)) — F*)]
< (1-6,)U(0), (11)

where 64, = min{6s, 2v6,}.

Remark 3. Note that the P-t constant is not utilized in
Algorithm 1. This is a significant property since determining the
P-L constant can be a challenging task. It is worth noting that
most existing DGT nonconvex optimization algorithms require
the use of the P-L constant, see, e.g., Liao et al. (2023), Tang et al.
(2021), Xin et al. (2021). This property of not requiring the P-L
constant arises from the Lyapunov method, which differs from
methods based on constructing systems of linear inequalities, as
used in Liao et al. (2023), Tang et al. (2021), Xin et al. (2021).

3.2. Error feedback based compressed gradient tracking algorithm:
Bounded relative compression error

In this section, we extend Algorithm 1 to an error feedback
version for biased compressors, as shown in Algorithm 2, which is
the same as the EF-C-GT proposed in Liao et al. (2022). Similar to
Section 3.1, we investigate the nonconvex optimization problem
without (Theorem 3) and with (Theorem 4) the P-L condition. In
this section, we reconstruct a Lyapunov function to analyze the
convergence of Algorithm 2.

Before demonstrating the convergence of Algorithm 2, we
denote EX = col(EY, ..., EX), EY = col(E!, ... ED),

To analyze the convergence of Algorithm 1, we consider the
following Lyapunov candidate function

U(k) = V(k) + n(F(X(k)) — F*), (13)

where V(k) = V(k) + @(IE*(K)]I? + [E"(K)[1?), ¢ = % min{e(2¢, +
1), c2(2c; + 1)}

Note that Algorithm 2 introduces two error feedback variables,
EX and EY, to rectify the bias caused by the biased compressors.
Hence, the designed Lyapunov candidate function (13) incorpo-
rates two additional feedback error terms, IEX(k)||> and ||EY (k)| 2.
Moreover, the weight parameter ¢ plays a crucial role in ensuring
the convergence of function (13).

Next, we investigate the convergence of Algorithm 2. Similar
to Theorem 1, we first establish the following sublinear conver-
gence result for Algorithm 2 without the P-L condition.
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Algorithm 2
For each agent i € V.

Initialization:

Xi(0) € RY, Yi(0) = VF(Xi(0)), Ai(0) = B(O) = G(0) = Dy(0) =
04, Q(0) = Q¥(0) = ¢(Xi(0)), and Q'(0) = Q' (0) = C(Yi(0)).
Communication:

Transmit Q (k), Q (k), Q ), and Q,Y(k) to its out-neighbors
and receive Qj ij( ) Qj (k), and éjy(k) from its in-

neighbors.
Update Rule:
Ak + 1) = Ai(k) + ox Q¥ (k), (12a)
Bi(k + 1) = Bi(k) + px(QX(k) = ) W;Q¥(k)), (12b)
j=1

Gk + 1) = Gi(k) + oyQ/" (k), (12¢)
Di(k + 1) = Dik) + v (Q; ZWUQJ (k)), (12d)
Xi(k + 1) = Xi(k) — v [Bi(k) + Q(k

= > WQK (k1 = nYitk), (12e)

j=1
Yilk + 1) = Yi(k) — v [Di(k) + Q" (k) — Y W;Q" (k)]
j=1

+ VF,'(X,’(I( =+ ])) — vFi(Xj(k)), (120
QX (k+ 1) = c(Xi(k 4+ 1) — Ai(k + 1)), (12g)
Q' (k+ 1) = c(Yi(k + 1) — Gk + 1)), (12h)
EX(k + 1) = cEX(k) + Xi(k) — Ai(k) — Q¥ (k), (12i)
EY(k+1) = cEf (k) + Yi(k) — Gi(k) — Q" (k), (12j)
QX(k+1) = c(cEX(k + 1) + Xi(k + 1)

— Ai(k + 1)), (14Kk)
QY (k+1)=C(cE (k+ 1) + Yi(k + 1)

— Gk + 1)), (141)

where y, 1, ¢x, ¢y, and ¢ are positive parameters.

Theorem 3. Suppose that Assumption 1, 2, and 4 hold. Let each
agent i € V run Algorithm 2 with parameters n, ¢x, and ¢y being
chosen in Theorem 1, and y, ¢, satisfying

y €(0 min{cl(]_o) G G
’ 160C " 16v/C Hop, fe(1 46"y
alf o !
4C7 204/C7 41+ ) +5(1+¢ 2
(1—0)p
4(16(1 + 4¢L7) +8(1 — o))’
1 1—0)p
2l )
5(1+¢, ) 322¢ +(1—0))
1
¢ €0, min{—— f m}) (14)
Then, we have
U
ZEc[nx )~ X+l VFRIOIP < 2, (15)
1
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and
Ec[n(F(X(k)) — F*)] < Ec[U(k)] < U(0), (16)

where él = min{@z,éz}, éz = min{0.07(1 — o)y, 0.24c1(2¢c; +
1), 0.57¢3(2c, + 1), 0.25}.

Similar to Theorem 2, we then have the following linear con-
vergence result for Algorithm 2 with Assumption 3.

Theorem 4. Suppose that Assumptions 1-4 hold. Let each agent
i € V run Algorithm 2 with parameters n, y, ¢, ¢x, and ¢y being
given in Theorem 3. Then, we have

Ec[IX(k) — X(K)|I* + n(F(X(k)) — F*)]
< (1—65)U(0), (17)
where 93 = min{@z, 2v0,}.

4. Compressed distributed nonconvex algorithm: Bounded ab-
solute compression error

In this section, we propose a compressed DGT algorithm (Algo-
rithm 3) that is designed for compressors with bounded absolute
compression error, which is similar to the RCPP algorithm pro-
posed in Liao et al. (2023). In Liao et al. (2023), the authors
constructed systems of linear inequalities to analyze the conver-
gence of RCPP algorithm using more general compressors, which
allow both locally and globally absolute compression errors, un-
der the P-L condition for directed graphs. However, Liao et al.
(2023) requires prior knowledge of the P-t. constant to design the
algorithm parameters. In Section 4.1, we employ the Lyapunov
method to demonstrate that the proposed Algorithm 3 exhibits
sublinear convergence in the general nonconvex case (Theorem
5) and linear convergence when the P-L condition is satisfied
(Theorem 6). It is important to note that the P-L constant is not
used in designing the algorithm’s parameters. In Section 4.2, we
focus on compressors with locally bounded compression error
and establish a linear convergence result for Algorithm 3 with the
P-L condition (Theorem 7).

4.1. Compressed gradient tracking algorithm: Globally bounded ab-
solute compression error

In this section, we introduce a compression operator with
globally bounded absolute compression error.

Assumption 5 (Khirirat et al., 2020; Yi et al, 2023). The com-
pression operator ¢ : R?Y — RY adheres to the condition:

Ec[llc(X)

for p € Z* and constant C > 0.

— X[l =C, VX eRY, (19)

Assumption 5 mainly includes deterministic quantization and
unbiased random quantization. It is a commonly used compressor
in the literature, as seen in Khirirat et al. (2020), Yi et al. (2023).

To analyze the convergence of Algorithm 3 using compres-
sors that have globally bounded absolute compression error, we
consider the following Lyapunov candidate function:

U(k) = V(k) + n(F(X(k)) — F*), (20)

where V(k) = X (k) — X(K)|I2 + @Y (k) — Y (k)|

From (18g) and (18h), it can be found that the compression
errors are bounded by the scaling function s(k). Consequently,
the reconstructed Lyapunov candidate function only comprises
the consensus error term, gradient tracking error term, and the
optimal error term.
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Algorithm 3
For each agent i € V.

Initialization: R

Xi(0) € RY, Yz(O) = VF(Xi(0)), Xi(—1 Y( ) = Vi(-1) =
Z(—1) = 04, Q%(0) = (Xi(0)/5(0)), Q(0) = ¢(Yy(0)/s(0)), and
s(0) > 0.

Communication:

Transmit Q%(k) and Q(k) to its out-neighbors and receive
Q_’.X (k) and ij(k) from its in-neighbors.

Update Rule:

Xi(k) = Xi(k — 1) + s(k)Q (k). (18a)
Vi(k) = Vi(k — 1) + s(k)Q (k) — s(k) Z W;Q (k) (18b)
j=1
Yi(k) = Yi(k — 1) + s(k)Q," (k), (18¢)
Zi(k) = Zilk — 1) + s(k)Q" (k) — s(k) Y~ wyQ)' (k). (18d)
j=1
Xi(k + 1) = Xi(k) — y(Xi(k) — Vi(k)) — nYi(k), (18e)
Yi(k + 1) = Yi(k) — y(Yi(k) — Zi(k))
+ VE(Xi(k + 1)) — VF(Xi(k)), (18f)
Q¥ (k+ 1) = c((Xi(k + 1) — Xi(k))/s(k + 1)), (18g)
QY (k+ 1) = c((Yi(k + 1) — Yi(k))/s(k + 1)), (18h)
where y, 1, and u are positive parameters, s(k) = s(0)u* > 0

is a decreasing scaling function, and u € (0, 1).

Next, we investigate the convergence of Algorithm 3.

Theorem 5. Suppose that Assumption 1, 2, and 5 hold. Let each
agent i € V run Algorithm 3 with s(0) > 0, and u being an arbitrary
constant in (0, 1), parameters n and y being chosen in Theorem 1.
Then, we have

ZEC[HX £)—

X(OII” + nll VFX(K)II%]

0(0)+ %

<— 2 (21)
04

and
Ec[n(F(X(k)) — F*)] < Ec[U(k)]

. 2
<U0)+ —2—, (22)

1— p?
o e . o 16nd&2s2(0)(1+2Lf2) o

where 0y = min{0s, 04}, 0 = ———————, 63 = 0.59(1 —

o)y, b4 = 1 —¢en, d=1forpe(1,2],andd = d%féforp > 2,
with p € Z* representing the constant of the p-norm.

Similar to Theorem 2, we then have the following linear con-
vergence result for Algorithm 3 with Assumption 3.

Theorem 6. Suppose that Assumptions 1-3 and 5 hold. Let each
agent i € vV run Algorithm 3 with s(0) > 0, and i being an arbitrary
constant in (0, 1), parameters n and y being chosen in Theorem 1.
Then, we have

Ec[lIX(k) — X(K)|I* + n(F(X(k)) — F*)]
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< (1 - és)kég, (23)
where 65 = min{f;, 1 — u?}, and
1 R 2
. 5 5 (17é9)‘1112 B lfl ?7 < /~'L2;
05 = U(0) +655°(0) { oy U 1— 07 > 12,
1 R )
(lfé“)w s lfl 97 =M,
16nd?y C

0, = min{fy, 2v6,}, fs = ———— (1 + 21),
1—0

. 1-0; W pt

0= ——, Op = ——, O = —, @ e (u’ 1)

w? — b7 w

4.2. Compressed gradient tracking algorithm: Locally bounded abso-
lute compression error

In this section, we introduce a compression operator with
locally bounded absolute compression error.

Assumption 6 (Vi et al., 2023; Zhang et al., 2023). The compression
operator C : RY — RY, adheres to the condition:

leX) =Xl < (1—9),
VX e (X e RY: |IX]l, < 1}, (24)
for p € Z™ and constant ¢ € (0, 1].

Assumption 6 mainly includes standard quantization with dy-
namic and fixed quantization levels, which are commonly used
compression techniques in the literature, see Yi et al. (2023),
Zhang et al. (2023).

To analyze the convergence of Algorithm 3 using compres-
sors that have locally bounded absolute compression error, we
consider the following Lyapunov candidate function:

U(k) = V(k) + ¢n(F(X(k)) — F*), (25)
0.4y(1—0)

o
Next, we investigate the convergence of Algorithm 3.

where ¢ =

Theorem 7. Suppose that Assumptions 1-3 and 6 hold. Let each
agent i € V run Algorithm 3 with the following parameters:

1—0o) 2 _ 3
e(O,min{( U)V’ <p+<p~ w,
40Lf 2%‘1
p+¢*—¢°
— . 1}),

26

2_ 3 2 _ 3
ye(O,min{\/¢+¢~ A sy
283 284

212

]
a _G)v}),

U
5(0) = max{, s( ) max (0}, max Y0},

© €[max{ \f \/; &), 1), (26)

where
/ 8nd2(1 — ¢)?
91—1—93-1- y, 92_2(]+2Lf)7,
g 1—0
~ ~ ~ . 48v¢
03 = 94)/, 94 = m1n{0.59(1 — J), 1 },
-0

Bl =45+ 4L} (1 + ¢ s,
& = 10123 + 2L2)(1 + ¢ ),
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B =E(1— o) +32d°(1+ ¢ ")s,

By = &1+ L2)(1 — 9)* +40d*(1 + L})(1 + ¢~ "),

.0y - ~ -

&5 > é—z, & =(1—(p+¢*— @)+ +v°E),
4

& =(1—(p+¢*—¢°)+nk + y&y),

& = 16nd*d*(1 + ¢~ "), & = 20nd*d*(1+ ¢~ '),

and d = d2 7 forp e[1,2,d =1forp > 2 withp € Z*
representing the constant of the p-norm.
Then, we have

IX (k) — X(R)II? + n(F(X(k)) — F*) < &55%(k). (27)

Remark 4. The standard uniform quantizer, as used in Ma et al.
(2021), Xiong et al. (2022) for the strongly convex case, and in Xu
et al. (2022) for the nonconvex case under the P-L condition,
is a widely used method for reducing communication overhead
in distributed optimization. Note that Assumption 6 serves as a
more general compressor. In other words, Theorem 7 demon-
strates that the proposed algorithm achieves linear convergence
with a broader range of compressors and only requires the global
cost function to satisfy the P-L condition.

5. Conclusions

In this paper, we introduced three classes of compressors to
reduce the communication overhead. By integrating them with
DGT algorithm, we then proposed three distributed algorithms
with compressed communication for distributed nonconvex op-
timization. For the case where local cost functions are smooth,
we designed several Lyapunov functions to demonstrate that the
proposed algorithms sublinearly converge to a stationary point.
Moreover, when the global cost function satisfies the P-£ con-
dition, we demonstrated that the proposed algorithm converges
linearly to a global optimal point. One future direction is to
investigate general unbalanced directed graphs.
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