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ABSTRACT
This work studies computation tree logic (CTL) model checking for
finite-state Markov decision processes (MDPs) over the space of
their distributions. Instead of investigating properties over states
of the MDP, as encoded by formulae in standard probabilistic CTL
(PCTL), the focus of this work is on the associated transition system,
which is induced by the MDP, and on its dynamics over the (tran-
sient) MDP distributions. CTL is thus used to specify properties over
the space of distributions, and is shown to provide an alternative
way to express probabilistic specifications or requirements over the
given MDP. We discuss the distinctive semantics of CTL formulae
over distribution spaces, compare them to existing non-branching
logics that reason on probability distributions, and juxtapose them
to traditional PCTL specifications. We then propose reachability-
based CTL model checking algorithms over distribution spaces, as
well as computationally tractable, sampling-based procedures for
computing the relevant reachable sets: it is in particular shown
that the satisfaction set of the CTL specification can be soundly
under-approximated by the union of convex polytopes. Case studies
display the scalability of these procedures to large MDPs.
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1 INTRODUCTION
Probabilistic logics offer a framework for specifying properties
and/or requirements of stochastic models and probabilistic ver-
ification provides algorithms to calculate the likelihood of such
specifications over Markov decision processes (MDPs), which are
stochastic models that formalise decision making under uncer-
tainty [25, 27, 29].
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In this work, we study the use of computation tree logic (CTL) to
express specifications for finite-state MDPs over their distribution
space, and we correspondingly develop new CTL model checking
algorithms. Unlike the standard body of work on verification of
MDPs over specifications in probabilistic computation tree logic
(PCTL), which concern requirements over states and trajectories of
an MDP, we investigate the behavior of transient state distributions,
which is governed by a discrete-time transition system evolving
over the continuous space of the MDP distributions. This transition
system is endowed with non-determinism, which is inherited from
the actions of the MDP: this feature makes it natural to use CTL
formulae to specify temporal properties and/or requirements over
transient state distributions.Whilst admittedly less in use than state-
or trajectory-specified temporal requirements, distribution-based
specifications can express richer temporal properties of models
of practical use, e.g., mobile robots in uncertain environment [24]
and pharmacokinetics systems in [11, 26]. Recall that knowledge
of transient distributions allows to fully characterise probability
measures over product spaces, where temporal requirements, such
as PCTL formulae, are defined [7]. It thus appears natural and
meaningful to study distribution-specified requirements.

As a first contribution of this work, we show that the distribution-
specified CTL formulae are semantically different from the tradi-
tional PCTL formulae, and thus can be employed to encode alter-
native probabilistic specifications. More specifically, the proposed
CTL framework allows not only to express similar quantitative
temporal logic specifications over the state space through marginal-
isations over state distributions, but also to encode other interesting
requirements. In addition, in Section 3.3 we show that the new
distribution-specified CTL formulae are largely different from the
few existing logics that reason about probability distributions over
MDPs, e.g., [17, 22]: indeed, these logics do not take into account the
branching structures of the models, which instead can be naturally
encoded by (universal and existential) quantifiers in CTL formulae
(cf. also Section 1). Here, the use of CTL translates into broader
objectives that comprise both model checking and policy synthesis.

The second major contribution of this work is the characteri-
sation of satisfaction sets of CTL specifications over continuous
distributions space. This is attained by a new algorithm that com-
putes backward reachable sets for both existentially and univer-
sally quantified formulae. We should remark that the MDP model
checking problem over continuous distribution spaces, including
the CTL model checking problem in this work, is in general un-
decidable [5, 26], and additionally that the precise computation of
backward reachable sets in continuous-space models is in general
quite intractable. In order to practically and scalably compute such
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satisfaction sets, in this work we present new sampling-based al-
gorithms, showing that (1) they compute under-approximations
of the backward reachable sets, which are tight when the number
of samples tends to infinity; and that (2) the satisfaction set of the
CTL formula can be soundly under-approximated by the union of
convex polytopes computed from the backward reachability.

2 RELATEDWORK
Unlike LTL, CTL [12] formulae naturally account for non-
determinism in the model of interest, for instance the presence of
an external input, by using existential and universal quantification.
The CTL model checking boils down to the recursive computa-
tion of satisfaction sets of sub-formulae, which relies on backward
reachability analysis [13]: this is in general a difficult problem when
models have continuous state spaces, as in our work. There are a
few CTL model checkers, such as EMC [12] and SMV [34]: however,
in this work we consider CTL model checking over continuous
spaces (of distributions), which prevents the usability of these exist-
ing model checkers. It is remarkable that the control literature has
so far not developed bespoke algorithms for CTL model checking
over continuous-space models [10].

There is a large body of literature on probabilistic model check-
ing, and we restrict our attention to PCTL model checking - see for
example [27] for discrete-time Markov chains and [18] for MDPs.
PCTL was first proposed in [20] as an extension of CTL, and its se-
mantics involve (probabilistic) executions over the state space of an
MDP. PCTL model checking classically reduces to the computation
of maximal or minimal probabilities over sets of paths satisfying
temporal requirements [7]. This can be solved via recursive equa-
tion for finite-horizon problem, or via solution to linear program-
ming for infinite-horizon problem [18]. Notable software tools for
probabilistic model checking are PRISM [28] and Storm [15].

Instead of considering probabilistic executions of an MDP over
its state space, we study the MDP from the perspective of its tran-
sient probability distributions. Earlier work has introduced notions
of distribution-based (bi)simulation relations for MDPs [17, 22].
In [9], a probabilistic logic was proposed to enable the compari-
son of the probability associated to different states of the model.
Probability distributions have also been used to specify linear-time
requirements: the iLTL for DTMCs in [30, 31], the LTL-like specifica-
tions for DTMCs in [2], the distribution-based 𝜔-regular properties
for MDPs in [11, 26], and the linear distribution temporal logic for
partially observable MDPs (POMDPs) in [24]. Note that these linear-
time properties are different from the distribution-specified CTL
formulae in our work, which distinctively are in branching-time
logic and thus entail different semantics. Comparisons amongst
these probabilistic logics will be discussed in Section 3.3. A recent
contribution [5] has considered the special case of existential and
universal safety in the distributions space, which can be easily
rewritten as CTL formulae in this work.

The decidability of model checking problems over distributions
space has been studied in many works. It was proven in [3] that the
reachability problem is as hard as the so-called SKOLEM problem
and safety is as hard as the POSITIVITY problem, both of which
boils down to a number-theoretical hardness result. In [2], an ap-
proximate model checking algorithm for the distributions dynamics

of DTMCs under LTL-like specifications was developed. In [4], the
authors developed an over-approximation approach to synthesize
an affine invariant set in distributions space under safety constraint.
The approaches put forward by these works however lack compu-
tational scalability: a key contribution of work is to provide sound,
efficient, and more scalable computation algorithm for CTL model
checking over probability distributions.

3 PRELIMINARIES AND PROBLEM
STATEMENT

Notations. Let N denote the set of non-negative integers and R the
set of real numbers. For some 𝑞, 𝑠 ∈ N and 𝑞 < 𝑠 , let N[𝑞,𝑠 ] = {𝑟 ∈
N | 𝑞 ≤ 𝑟 ≤ 𝑠}. For two setsX andY,X⊕Y = {𝑥+𝑦 | 𝑥 ∈ X, 𝑦 ∈ Y}.
When ≤, ≥, <, and > are applied to vectors, they are interpreted
element-wise. Matrices of appropriate dimension with all elements
equal to 1 and 0 are denoted by 1 and 0, respectively. The number
of elements of a set X is denoted by |X|.

3.1 Models - Markov Decision Processes (MDP)
Definition 1. An MDP is a tuple M = (X,U,𝑇 ,AP𝑠 , 𝐿𝑠 ), where
• X is a finite state space with cardinality |X| = 𝑛;
• U is a finite action space with cardinality |U| =𝑚;
• 𝑇 : X × X × U→ R is a transition probability, i.e, 𝑇 (𝑦 |𝑥,𝑢)
assigns a probability from the state 𝑥 ∈ X and the action𝑢 ∈ U
to the state 𝑦 ∈ X;

• a finite set AP𝑠 of atomic propositions;
• a labelling function 𝐿𝑠 : X→ 2AP𝑠 .

For each 𝑥 ∈ X, U𝑥 ⊆ U is a nonempty set consisting of the
admissible actions when the state of the MDP is 𝑥 . For any 𝑥 ∈ X
and 𝑢 ∈ U𝑥 ,

∑
𝑦∈X𝑇 (𝑦 |𝑥,𝑢) = 1. Let us denote by P(X) the set of

state distributions, which is a simplex in R𝑛 . A state distribution
𝜋 ∈ P(X) can be seen as a non-negative row vector 𝜋 ∈ R𝑛 , such
that 𝜋1 = 1, where 1 is a column vector with all elements being 1.
In this work, two kinds of policies are considered.

Definition 2 (Policies). A policy is a map 𝜇 : X → P(U),
i.e., for each 𝑥 ∈ X, ∑𝑢∈U𝑥 𝜇 (𝑢 |𝑥) = 1, where P(U) is the set of
distributions over U. Denote byU this set of randomised policies. A
deterministic policy is a map 𝜇𝑑 : X→ U, i.e., for each 𝑥 ∈ X, 𝜇𝑑 (𝑥)
selects precisely one 𝑢 from U𝑥 . Denote byU𝑑 the set of deterministic
policies. Furthermore, let U = {𝝁 = 𝜇0𝜇1 . . . 𝜇𝑘 . . . | 𝜇𝑘 ∈ U,∀𝑘 ∈
N} be the set of time-dependent policy sequences.

Note that, for an MDPM, the number of allowable deterministic
policies is at most𝑚𝑛 , thus the set U𝑑 is finite. It follows that a
general policy 𝜇 ∈ U can be interpreted as a distribution over
U𝑑 . Any policy 𝜇 ∈ U (and, in particular, any deterministic policy
𝜇𝑑 ∈ U𝑑 ) induces from 𝑇 a row-stochastic matrix as:

𝑃𝜇 (𝑥 ′ |𝑥) =
∑︁

𝑢∈U𝑥
𝑇 (𝑥 ′ |𝑥,𝑢)𝜇 (𝑢 |𝑥) . (1)

Given an initial state distribution 𝜋0 ∈ P(X) and a time-
dependent policy sequence 𝝁 = {𝜇𝑘 ∈ U}𝑘∈N ∈ U, the state
distribution evolves over (a subset of) the Euclidean space R𝑛 as

𝜋𝑘+1 = 𝜋𝑘𝑃
𝜇𝑘 =

∑︁
𝑥∈X

𝜋𝑘 (𝑥)𝑃𝜇𝑘 (·|𝑥) . (2)
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Definition 3 (State-Action Path). For the MDP M, a state-
action path starting from 𝑥0 ∈ X is a sequence of states 𝒙 =

𝑥0𝑢0𝑥1𝑢1 . . . 𝑥𝑘𝑢𝑘𝑥𝑘+1𝑢𝑘+1 . . ., with 𝑇 (𝑥𝑘+1 |𝑥𝑘 , 𝑢𝑘 ) > 0. Given
a time-dependent policy sequence 𝝁 = {𝜇𝑘 ∈ U}𝑘∈N ∈
U, denote by SPath(𝑥0, 𝝁) the set of state-action paths 𝒙 =

𝑥0𝑢0𝑥1𝑢1 . . . 𝑥𝑘𝑢𝑘𝑥𝑘+1𝑢𝑘+1 . . . with 𝑇 (𝑥𝑘+1 |𝑥𝑘 , 𝑢𝑘 ) > 0 and
𝜇𝑘 (𝑢𝑘 |𝑥𝑘 ) > 0. Denote by SPath(𝑥0) the set of all the state-action
paths starting from 𝑥0 under all possible 𝝁 ∈ U, i.e., SPath(𝑥0) =⋃

𝝁∈U SPath(𝑥0, 𝝁).

As much as the MDP dynamics over its states (namely, its state-
action paths) are governed by the transition probability matrix, the
state distribution of anMDP follows the action-dependent dynamics
in (2). We can thus equivalently look at the MDP dynamics from
the perspective of the following MDP-induced transition system,
which evolves over the space of distributions, as follows.

Definition 4. Given the MDPM = (X,U,𝑇 ,AP𝑠 , 𝐿𝑠 ), the MDP-
induced transition system MTS is a tuple MTS = (P(X),U,→
,AP𝑑 , 𝐿𝑑 ), consisting of

• a space P(X) of distributions over states, namely a subset of
R𝑛 ;

• a setU of policies forM;
• a transition relation →∈ P(X) × U × P(X), i.e., for 𝜋, 𝜋 ′ ∈
P(X) and 𝜇 ∈ U, 𝜋

𝜇
−→ 𝜋 ′ if and only if 𝜋 ′ = 𝜋𝑃𝜇 ;

• a finite set AP𝑑 of atomic propositions;
• a labeling function 𝐿𝑑 : P(X) → 2AP𝑑 .

TheMTSmodel is a (non-deterministic) dynamical system evolv-
ing over an uncountably-infinite state space, namely a subset (the
unit simplex) of R𝑛 , and with dynamics that are governed by the
difference equation in (2). Note that the labeling function 𝐿𝑑 and
the associated atomic proposition set AP𝑑 are in general different
from 𝐿𝑠 and AP𝑠 in the MDPM. In Section 3.3, we show that if 𝐿𝑑
and AP𝑑 are appropriately defined based on 𝐿𝑠 and AP𝑠 , we can
express related properties forM andMTS, respectively.

Definition 5 (Distribution-Policy Path). For the MDP-
induced transition systemMTS, a distribution-policy path 𝝅 start-
ing from 𝜋0 ∈ P(X) is a sequence of state distributions 𝝅 =

𝜋0𝜇0𝜋1𝜇1 . . . 𝜋𝑘𝜇𝑘 . . . such that ∀𝑘 ∈ N, 𝜋𝑘
𝜇𝑘−−→ 𝜋𝑘+1. Denote by

DPath(𝜋0) the set of distribution-policy paths starting from 𝜋0.

3.2 Specifications - (Probabilistic) Computation
Tree Logic

CTL comprises state and path formulae defined over a general
alphabet AP, and encompasses both propositional and temporal
logic operators. CTL state formulae are formed by

Φ ::= true | 𝑎 | ¬Φ | Φ1 ∧ Φ2 | ∃𝜑 | ∀𝜑,
where 𝑎 ∈ AP is an atomic proposition and 𝜑 is a path formula.
Path formulae are instead shaped according to the following rules:

𝜑 ::= ⃝ Φ | Φ1UΦ2,

where ⃝ and U denote the “next" and “until" operators, respec-
tively, and Φ, Φ1, and Φ2 are state formulae. We can introduce more
complex formulae, amongst which we shall use in this work (1) dis-
junction,Φ1∨Φ2 = ¬(¬Φ1∧¬Φ2); (2) eventually, ∃♦Φ = ∃(true∪Φ)

and ∀♦Φ = ∀(true ∪ Φ); and (3) always, ∃□Φ = ¬∀♦¬Φ and
∀□Φ = ¬∃♦¬Φ.

PCTL formulae are similarly defined over a finite alphabet AP:
state formulae Φ are much like CTL, except that in CTL they are
quantified either existentially or universally (that is, ∃𝜑 and ∀𝜑),
whereas PCTL formulae now depend on a probabilistic operator, as

Φ ::= [. . .] | Pr∼𝑝 (𝜑),

where 𝜑 is a path formula and Pr denotes the probabilistic operator,
∼∈ {>, <, ≥, ≤}, and 𝑝 ∈ [0, 1]. Path formulae 𝜑 are defined exactly
as in CTL, with the addition of the following bounded-time operator

𝜑 ::= [. . .] | Φ1U≤𝑘Φ2,

where now 𝑘 ∈ N is a finite index. The bounded-until operatorU≤𝑘 ,
as natively used in PCTL formulae [7], can be naturally expressed
also in CTL by evaluating their semantics over finite paths [38] (see
below).

We now tailor the (P)CTL syntax above to the models of interest,
namely the MDPM and the MDP-induced transition systemMTS,
by discussing the associated satisfaction semantics [7]. Notice that
the generic alphabet AP will be tailored to the labelling maps
introduced in the definitions of the models above (respectively
AP𝑠 and AP𝑑 ), and that the semantics will hinge on state-action
paths for M and on distribution-policy paths for MTS, respectively.

Definition 6 (PCTL Semantics). Consider the MDPM. Given
an atomic proposition 𝑎 ∈ AP𝑠 , a state 𝑥 ∈ X, PCTL state formulae
Φ, Φ1, and Φ2, and a path formula 𝜑 , the satisfaction relation ⊨ is
defined for state formulae by

𝑥 ⊨ 𝑎 ⇔ 𝑎 ∈ 𝐿𝑠 (𝑥); 𝑥 ⊨ ¬Φ ⇔ 𝑥 ⊭ Φ;
𝑥 ⊨ Φ1 ∧ Φ2 ⇔ 𝑥 ⊨ Φ1 ∧ 𝑥 ⊨ Φ2;
𝑥 ⊨ Pr∼𝑝 (𝜑) ⇔ Pr

(
𝒙 ∈ SPath(𝑥) | 𝒙 ⊨ 𝜑

)
∼ 𝑝 ⇔

Pr
(
𝒙 ∈ SPath(𝑥, 𝝁) | 𝒙 ⊨ 𝜑

)
∼ 𝑝,∀𝝁 ∈ U .

Given a state-action path 𝒙 = 𝑥0𝑢0𝑥1𝑢1 . . . 𝑥𝑘𝑢𝑘 . . ., the satisfaction
relation ⊨ is defined for path formulae by

𝒙 ⊨ ⃝Φ ⇔ 𝑥1 ⊨ Φ; 𝒙 ⊨ Φ1U≤𝑘Φ2 ⇔
{
∃ 𝑗 ∈ N[0,𝑘 ] s.t. 𝑥 𝑗 ⊨ Φ2,

∀𝑖 ∈ N[0, 𝑗−1] , 𝑥𝑖 ⊨ Φ1;

𝒙 ⊨ Φ1UΦ2 ⇔
{
∃ 𝑗 ∈ N s.t. 𝑥 𝑗 ⊨ Φ2,

∀𝑖 ∈ N[0, 𝑗−1] , 𝑥𝑖 ⊨ Φ1 .

The semantics of Pr∼𝑝 (𝜑) can be further tailored to a single
policy sequence 𝝁 ∈ U. Let us introduce the operator Pr𝝁∼𝑝 (𝜑) and
define its semantics as:

𝑥 ⊨ Pr𝝁∼𝑝 (𝜑) ⇔ Pr
(
𝒙 ∈ SPath(𝑥, 𝝁) | 𝒙 ⊨ 𝜑

)
∼ 𝑝. (3)

CTL formulae are instead adapted toMTS as follows.

Definition 7 (CTL semantics). Consider the MDP-induced tran-
sition systemMTS, a state distribution 𝜋 ∈ P(X), an atomic proposi-
tion 𝑎 ∈ AP𝑑 , CTL state formulae Φ, Φ1, and Φ2, and a path formula
𝜑 . The satisfaction relation ⊨ is defined for CTL state formulae by

𝜋 ⊨ ∃𝜑 ⇔ 𝝅 ⊨ 𝜑 for some 𝝅 ∈ DPath(𝜋);
𝜋 ⊨ ∀𝜑 ⇔ 𝝅 ⊨ 𝜑 for all 𝝅 ∈ DPath(𝜋).
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(i) (ii)

Figure 1: Example 2: (i) Graphical representation of the MDP;
(ii) Two sets (in blue and red) of state distributions, with
labels 𝑎 and 𝑏, respectively.

Given a distribution-policy path 𝝅 = 𝜋0𝜇0𝜋1𝜇1 . . . 𝜋𝑘𝜇𝑘 . . ., the sat-
isfaction relation ⊨ is defined for path formulae by

𝝅 ⊨ ⃝Φ ⇔ 𝜋1 ⊨ Φ; 𝝅 ⊨ Φ1UΦ2 ⇔
{
∃ 𝑗 ∈ N s.t. 𝜋 𝑗 ⊨ Φ2,

∀𝑖 ∈ N[0, 𝑗−1] , 𝜋𝑖 ⊨ Φ1 .

As we commented earlier the bounded-until operator can be also
expressed in CTL as intuitive [38].

The verification problem for MDPs (or for corresponding MTSs)
denotes the computation of sets of states (resp. of distributions) of
the model that satisfy a given (PCTL and CTL, resp.) temporal logic
formula. For instance, let us denote by Sat(Φ) = {𝜋 ∈ P(X) | 𝜋 ⊨
Φ} the satisfaction set of a given CTL formula Φ. It should be em-
phasised that the verification question for existentially-quantified
CTL formulae elicits a synthesis problem, namely we are interested
in generating a policy associated to satisfying traces: the CTL veri-
fication algorithms we put forward in this work do produce such a
policy. Unlike CTL, which reasons equally with universally- and
existentially-quantified formulae, the classical PCTLmodel checking
problem (cf. Definition 6, top) considers probabilities under all al-
lowable paths and policies; alternatively, a PCTL synthesis problem
(cf. Eq.(3)) is formulated as follows: given an initial state 𝑥0, find a
policy sequence 𝝁 ∈ U such that 𝑥0 ⊨ Pr

𝝁
∼𝑝 (𝜑).

Remark 1. The use of distributions to specify probabilistic prop-
erties has been explored in many applications: the PageRank algo-
rithm in [2], mobile robots in uncertain environment [24], and a
pharmacokinetics system in [11, 26], and M/M/1 queueing system in
[30, 31]. We remark that these properties can be naturally expressed
by distribution-specified CTL formulae to be studied in this work.
Next, we present two instances of distribution-specified CTL formulae.

Example 1. Drug Injection Synthesis for a Pharmacokinet-
ics System. We consider the MDPmodel of a pharmacokinetics system
adapted from [11, 26], which consists of five states: plasma (Pl), inter-
stitial fluid (IF), utilisation and degradation (Ut), drug being injected
(Dr), the drug being cleared (Cl), and ”dummy" state (Re) (which
allows to adjust the amount of drug being initially injected). The
transition matrices of this model are detailed in Appendix B. The
initial distribution is defined by 𝜋0 (Dr) = 𝛼 , 𝜋0 (Re) = 1 − 𝛼 , and
𝜋0 (𝑥) = 0 for 𝑥 ∈ {Pl, IF,CI,Ut}, where 𝛼 is the amount of drug being
initially injected. Following [11, 26], we set thresholds MEC = 0.13
and MTC = 0.20, and consider the set of atomic propositions AP𝑑 =

{effective, nontoxic, cleared}. Considering 𝜋𝑘 (Ut), namely the

probability of the drug being in state Ut at time 𝑘 , we define label
effective as 𝜋𝑘 (Ut) ≥ MEC; nontoxic as 𝜋𝑘 (Ut) ≥ MTC; and
cleared as 𝜋𝑘 (Cl) ≤ 𝜖 for some given (small) value 𝜖 > 0. The
distribution-specified CTL formula of interest is Φ = Φ1 ∧ Φ2 ∧ Φ3,
with Φ1 = ∀□nontoxic, Φ2 = ∀^(effective ∧ ∀ ⃝ effective),
Φ3 = ∀^cleared. Here, Φ1 encodes the requirement that the drug
level always stays in the safe zone; Φ2 stipulates the drug is eventually
effective for at least two consecutive steps; and Φ3 specifies that the
drug ought to be eventually cleared.

In [11, 26], similar specifications were expressed as 𝜔-regular ex-
pressions and shown to be decidable over the MDP. However, these two
works did not provide any model checking algorithm. In particular, the
computation of feasible values of 𝛼 was not explored in [11, 26]: this
problem can now be tackled by our CTL model checking algorithms,
see Section 6.

Example 2. Opinion Consensus of Multi-agent Systems. In-
spired by [14], consider three agents {𝑥1, 𝑥2, 𝑥3} whose beliefs over
a subject (e.g., a economic or social variable) change in time as a
consequence of pairwise and asymmetric interactions over a network.
The interactions between agents can be ‘controlled’ through different
incentives, which are denoted by U = {𝑎1, 𝑎2, 𝑎3}. This system can
be modeled by an MDP, whose corresponding transition probability
matrices displayed in Fig. 1(i). We are interested in the set of beliefs
from which there exists a policy such that the agents’ beliefs approach
consensus (i.e., [1/3 1/3 1/3]), whilst some other beliefs (i.e., the set of
state distributions) are not visited. More specifically, let us introduce
two (polytopic) sets of state distributions, as shown in blue and red in
Fig. 1(ii). The set in red is {𝜋 ∈ P(X) | ∥𝜋 − [1/3 1/3 1/3] ∥∞ ≤ 0.1},
which corresponds to the consensus property, and the set in blue is
{𝜋 ∈ P(X) | ∥𝜋 − [0.1 0.2 0.7] ∥∞ ≤ 0.05}, which is the set of unex-
pected beliefs. Here ∥ · ∥∞ denotes the infinity-norm. The label function
𝐿𝑑 maps the distributions in the blue region to the atomic proposition
𝑎 and those in the red region to 𝑏. Then, the property of interest can
be expressed as a distribution-specified CTL formula Φ = ∃(¬𝑎U𝑏),
whose model checking result will be provided in Example 3.

3.3 Statement of the Problems under Study
The two discussed perspectives, the classical one on theMDPM and
the alternative one on the transition modelMTS, allow to introduce
two different classes of probabilistic temporal requirements: one
is by the widely-used PCTL, while another is new and relies on
CTL formulae defined over state distributions. A natural question
is how to relate these two classes of specifications. In addition,
it is of interest to identify the differences between the proposed
distribution-specified CTL formulae and other logics that reason
over distributions [9, 11, 26, 30]. Thus, we posit the following first
problem.

Problem 1. Given an MDP M and the MDP-induced transition
system MTS, formally relate the semantics of CTL formulae for MTS
with that of probabilistic logics, e.g., the PCTL specifications forM.

The second goal is to study properties over the original MDP M
by proposing new CTL model checking algorithms for theMTS.

Problem 2. Given an MDPM with initial distribution 𝜋0 ∈ P(X)
and the MDP-induced transition system MTS, and a CTL formula Φ,
verify whether 𝜋0 ⊨ Φ.
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Note that, as CTL formulae in this work are defined over a con-
tinuous space of distributions, the above verification problem is
broadly undecidable [5]. More generally, the control literature has
so far not developed bespoke algorithms for CTL model checking
over continuous-space models [10]. We believe that it is of great
interest to re-develop the standard CTL model checking algorithms
for finite-state transition systems to MTS models in continuous
spaces. A key contribution of this work is to develop a sound, effi-
cient, and scalable computation algorithm for solving the Problem 2.

4 DISTRIBUTION-SPECIFIED CTL VERSUS
PROBABILISTIC LOGICS

We begin with a comparison with other distribution-based logics. A
first key difference is that existing logics, including the linear tem-
poral logic (LTL)-like in [2], the linear inequality LTL (iLTL) in [30],
and the 𝜔-regular properties in [26, 31], are all focused on linear-
time requirements, while the CTL used in this work is a branching-
time logic. Thus, in addition to be incomparable in expressivity [7],
it is CTL that allows to explicitly handle non-determinism in mod-
els for model-checking and synthesis. We show that in our work
the verification of existentially-quantified CTL formulae elicits a
synthesis problem, that is, to compute a feasible policy resulting
in satisfying paths. Let us also remark that the central question
in these related works is the decidability of model-checking prob-
lems, not the derivation of model-checking algorithms. Instead, our
work provides sound and computationally tractable algorithms for
CTL model checking over (continuous) distribution spaces. Finally,
the logic over probabilities proposed in [9] is incomparable with
the CTL formulae in our work: there, the existential quantifier is
incorporated to specify the individual variable (e.g., time), which
is quite different from the handling of model non-determinism by
an existential quantifier in CTL formulae. Other differences can be
derived from the discussion in [26].

Next, we compare the semantics of CTL formulae over the MDP
distributions space with that of PCTL ones over its state space,
as provided in Section 2. We first remark that these two sets of
formulae are in general not comparable. In particular, there exist
distribution-specified CTL formulae for which no corresponding
PCTL formulae exist. For example, assume that there exists an
atomic proposition 𝑎𝑑 such that 𝐿−1

𝑑
(𝑎𝑑 ) is a subset of the interior of

the distribution space P(X). The meaningful CTL formulae ∃⃝𝑎𝑑 ,
∀ ⃝ 𝑎𝑑 , ∃^𝑎𝑑 , and ∀^𝑎𝑑 are such that any satisfying distribution
in 𝐿−1

𝑑
(𝑎𝑑 ) has a domain corresponding to the whole state space X,

for which corresponding PCTL requirements on states of the MDP
are vacuous.

Despite their clear differences, we observe that there are seman-
tical connections between distribution-specified CTL formulae and
standard PCTL specifications over MDPs. We start with reachabil-
ity and safety properties, expanding the discussion in Appendix
A. The following proposition shows that the satisfaction of CTL
reachability properties over distributions space provides a sufficient
condition to verify PCTL reachability specifications over the state
space; dually, the satisfaction of CTL safety properties over the
distribution space is a necessary condition to verify PCTL safety
specifications over the state space.

Proposition 1. Consider the MDPM = (X,U,𝑇 ,AP𝑠 , 𝐿𝑠 ) and
two PCTL formulae Pr≥𝑝 (Φ1UΦ2) and Pr≥𝑝 (□Φ), where Φ1, Φ2,
and Φ are PCTL state formulae, and 𝑝 ∈ [0, 1]. Let the MDP-induced
transition system beMTS = (P(X),U,→,AP𝑑 , 𝐿𝑑 ), whereAP𝑑 =

{𝑎𝑑1, 𝑎𝑑2, 𝑎𝑑 }, and
𝐿−1
𝑑

(𝑎𝑑1) = {𝜋 ∈ P(X) | ∑𝑥∈Sat(Φ1 ) 𝜋 (𝑥) = 1},
𝐿−1
𝑑

(𝑎𝑑2) = {𝜋 ∈ P(X) | ∑𝑥∈Sat(Φ2 ) 𝜋 (𝑥) ≥ 𝑝},
𝐿−1
𝑑

(𝑎𝑑 ) = {𝜋 ∈ P(X) | ∑𝑥∈Sat(Φ) 𝜋 (𝑥) ≥ 𝑝},
where Sat(·) denotes the satisfaction set over the state space. Then,

(1) if 𝑒𝑥0 ⊨ ∀(𝑎𝑑1U𝑎𝑑2), then 𝑥0 ⊨ Pr≥𝑝 (Φ1UΦ2);
(2) if 𝑥0 ⊨ Pr≥𝑝 (□Φ), then 𝑒𝑥0 ⊨ ∀□𝑎𝑑 .

Here 𝑒𝑥0 is a vector with the 𝑥0-th element equal to 1 and all the others
set to 0.

Proof. We first prove the statement (1). Recall that 𝑒𝑥0 ⊨
∀(𝑎𝑑1U𝑎𝑑2) implies that for any distribution-policy path 𝝅 =

𝑒𝑥0𝜇0𝜋1𝜇1 . . . 𝜋𝑘𝜇𝑘 . . ., there exists 𝑗 ∈ N such that 𝜋 𝑗 ∈ 𝐿−1
𝑑

(𝑎𝑑2)
and for all 𝑖 ∈ N[0, 𝑗−1] , 𝜋𝑖 ∈ 𝐿−1

𝑑
(𝑎𝑑1). For any 𝝁 = {𝜇𝑘 }𝑘∈N

and 𝝅 = 𝑒𝑥0𝜇0𝜋1𝜇1 . . . 𝜋𝑘𝜇𝑘 . . ., let SPath(𝑥0, 𝝁) be the set
of state-action paths 𝒙 = 𝑥0𝑢0𝑥1𝑢1 . . . 𝑥𝑘𝑢𝑘𝑥𝑘+1𝑢𝑘+1 . . . with
𝑇 (𝑥𝑘+1 |𝑥𝑘 , 𝑢𝑘 ) > 0 and 𝜇𝑘 (𝑢𝑘 |𝑥𝑘 ) > 0. Given the definitions of
𝑎𝑑1 and 𝑎𝑑2, we have that Pr

(
𝒙 ∈ SPath(𝑥0, 𝝁) |𝒙 ⊨ Φ1UΦ2

)
≥

Pr
(
𝒙 ∈ SPath(𝑥0, 𝝁) |𝑒𝑥0 ⊨ ∀(𝑎𝑑1U𝑎𝑑2 )

)
≥ 𝑝 for all 𝝁 ∈ U. Thus,

𝑥0 ⊨ Pr≥𝑝 (Φ1UΦ2) if 𝑒𝑥0 ⊨ ∀(𝑎𝑑1U𝑎𝑑2 ).
For the statement (2), if 𝑥0 ⊨ Pr≥𝑝 (□Φ), we have Pr

(
𝒙 ∈

SPath(𝑥0, 𝝁) |𝒙 ⊨ □Φ)) = Pr
(
𝒙 ∈ SPath(𝑥0, 𝝁) |𝑥𝑘 ∈ Sat(Φ),∀𝑘 ∈

N
)
≥ 𝑝 . This further implies that the state 𝑥𝑘 at each time step 𝑘

stays in the set Sat(Φ) with probability no less than 𝑝 , which gives
the definition of 𝑎𝑑 and yields that 𝑒𝑥0 ⊨ ∀□𝑎𝑑 . □

Selecting 𝑝 = 1 andΦ1 = true in (1) produces a well known result
in probabilistic model checking [7, Ch. 10.2.2] concerning almost-
sure reachability. Now recall the semantics of policy-dependent
PCTL formulae Pr𝝁∼𝑝 (𝜑) in Eq. (3) and the PCTL synthesis problem
in Section 3.2. The following corollary further provides a connection
between policy synthesis over PCTL and model checking over
distribution-specified CTL, thanks to the existential quantifier.

Corollary 1. Consider the MDP M and the MDP-induced transi-
tion system MTS, as in Proposition 1. The following statements hold:

(1) if 𝑒𝑥0 ⊨ ∃(𝑎𝑑1U𝑎𝑑2), then there exists 𝝁 ∈ U such that 𝑥0 ⊨
Pr𝝁≥𝑝 (Φ1UΦ2);

(2) if 𝑥0 ⊨ Pr
𝝁
≥𝑝 (□Φ) for some 𝝁 ∈ U, then 𝑒𝑥0 ⊨ ∃□𝑎𝑑 .

It has been shown in [19, 36] that the safety property Pr≥𝑝 (□Φ)
holds for 𝑝 ∈ (0, 1] only if the set Sat(Φ) contains a bottom strongly
connected component, which raises a strong assumption on the
MDP M. The necessary condition in Proposition 1 suggests that
this strong assumption can be relaxed when specifying safety prop-
erties in the distributions space. One can interpret this relaxation as
follows: 𝑥0 ⊨ Pr≥𝑝 (□Φ) specifies the property that infinite-horizon
paths stay in Sat(Φ) with probability no less than 𝑝 , while ∀□𝑎𝑑
specifies the property that state-action paths at each time step stay
in Sat(Φ) with probability no less than 𝑝 . Similar arguments hold
for the result in Corollary 1, as further discussed in the UAV path
planning in Appendix C.
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Finally, we add a note on the outcome of model checking algo-
rithms for state-based PCTL and distribution-based CTL specifica-
tions, respectively. With reference to the satisfaction semantics in
Definitions 6 and 7, we highlight that CTL model checking over
the distribution space returns an informative satisfaction set that
is a subset of the distributions space of the MDP. This is unlike
PCTL model checking, which instead results in a satisfaction set
that is a subset of the state space. As such, the novel CTL model
checking algorithms in this paper leverage reachability analysis
over distribution spaces: we detail this problem in the next section.

5 CTL MODEL CHECKING OVER
DISTRIBUTION SPACES

This section will provide a reachability-based solution to Prob-
lem 2, i.e., a characterisation of CTL model checking for MDPs
over their distribution spaces. We begin by defining two backward-
reachability operators with respect to existential and universal
quantifiers in CTL formulae, respectively. We then adapt the stan-
dard CTL model checking algorithm based on reachability analysis
for finite transition systems to one for MDP-induced transition
systems, which are instead endowed with a continuous state space.
In view of this key feature, the computation of reach sets is in gen-
eral intractable. We finally provide an approximate method for the
numerical computations associated to the new algorithm.

5.1 Reachability-based CTL Model Checking
Consider the MDP M = (X,U,𝑇 ,AP𝑠 , 𝐿𝑠 ) and the correspond-
ing MTS = (P(X),U,→,AP𝑑 , 𝐿𝑑 ). Define two set-valued maps
BR∃ : 2P(X) → 2P(X) and BR∀ : 2P(X) → 2P(X) as

BR∃ (Π) =
{
𝜋 ∈ P(X)

�� ∃𝜇 ∈ U, 𝜋𝑃𝜇 ∈ Π
}
, (4)

BR∀ (Π) =
{
𝜋 ∈ P(X)

�� ∀𝜇 ∈ U, 𝜋𝑃𝜇 ∈ Π
}
, (5)

where Π ⊆ P(X). The set BR∃ (Π) collects all the state distri-
butions that can be steered to set Π under some policy 𝜇 ∈ U,
whereas the set BR∀ (Π) collects all the state distributions that
can be steered to set Π under all possible policies 𝜇 ∈ U. Let us
introduce the Post Set, denoted as Post(𝜋), comprising the direct
successors of 𝜋 ∈ P(X): this is defined by Post(𝜋) = {𝜋 ′ ∈ P(X) |
∃𝜇 ∈ U, 𝜋

𝜇
−→ 𝜋 ′}. The above two maps BR∃ and BR∀ can then

be rewritten, respectively, as

BR∃ (Π) = {𝜋 ∈ P(X) | Post(𝜋) ∩ Π ≠ ∅} ,
BR∀ (Π) = {𝜋 ∈ P(X) | Post(𝜋) ⊆ Π} .

Based on the maps defined above and leveraging the standard
CTL model checking algorithms for finite-state models [7], we now
introduce a new CTL model checking for MDPs over distribution
spaces. Recall that Sat(Φ) = {𝜋 ∈ P(X) | 𝜋 ⊨ Φ} is the satisfaction
set of a given CTL state formula Φ. Consider an atomic proposition
𝑎 ∈ AP𝑑 and three CTL state formulae Φ, Φ1, and Φ2 in PNF. For
the propositional fragment of CTL formulae, it is straightforward
to see that:

• Sat(true) = P(X) and Sat(false) = ∅;
• Sat(𝑎) = {𝜋 ∈ P(X) | 𝑎 ∈ 𝐿𝑑 (𝜋)}
• Sat(¬Φ) = P(X) \ Sat(Φ);
• Sat(Φ1 ∧ Φ2) = Sat(Φ1) ∩ Sat(Φ2) and Sat(Φ1 ∨ Φ2) =

Sat(Φ1) ∪ Sat(Φ2).

From the one-step operators introduced above, it follows that
• Sat(∃ ⃝ Φ) = BR∃ (Sat(Φ)); Sat(∀ ⃝ Φ) = BR∀ (Sat(Φ)).

The satisfaction set for until operator leverages on the iterative
computation of backward reachable sets [35]. That is, The following
statements hold:

Sat (∃ (Φ1UΦ2)) = T∞, Sat (∀ (Φ1UΦ2)) = S∞,

where T∞ = lim
𝑖→∞
T𝑖 =

⋃
𝑖∈N T𝑖 , T0 = Sat(Φ2), T𝑖+1 = T𝑖 ∪

(Sat(Φ1) ∩ BR∃ (T𝑖 )), S∞ = lim
𝑖→∞
S𝑖 =

⋃
𝑖∈N S𝑖 , S0 = Sat(Φ2),

and S𝑖+1 = S𝑖 ∪ (Sat(Φ1) ∩ BR∀ (S𝑖 )). Here the set convergence
follows from the Monotone convergence theorem.

To summarise, CTL model checking for MDPs over distribu-
tion spaces reduces to the computation of backward reachable sets
BR∃ (Π) and BR∀ (Π) from a given set Π ⊂ P(X). Let us empha-
sise that, for general sets Π (in particular, dense and non-convex),
it can be computational intractable to manipulate BR∃ (Π) and
BR∀ (Π). Next, we will develop a sampling-based method for facil-
itating their numerical computation.

5.2 Sampling-based Algorithm to Compute
Backward Reachable Sets

We restrict our attention to the problem of computing backward
reachable sets BR∃ (Π) and BR∀ (Π) whenever Π ⊆ P(X) is a
convex polytope. According to the Minkowshi-Weyl’s Thorem,
any convex polytope Y ⊂ R𝑛 can be expressed in a (vertex) V-
representation, i.e., Y = conv({𝑣1, . . . , 𝑣𝑁 }) = {𝑧 =

∑𝑁
𝑖=1 𝜆𝑖𝑣𝑖 |∑𝑁

𝑖=1 𝜆𝑖 = 1, 𝜆𝑖 ≥ 0}; or alternatively in a (face, or half-space) H-
representation, namely Y = {𝑧 ∈ R𝑛 | 𝐴𝑧 ≤ 𝑏}, where 𝑣𝑖 ∈ R𝑛 ,
𝐴 ∈ R𝑙×𝑛 , 𝑏 ∈ R𝑙 , and 𝑁, 𝑙 ∈ N.

Focusing on an MDP model M and the associated MTS, the
following result provides a different way to represent BR∃ (Π) and
BR∀ (Π) if Π ⊆ P(X) is assumed to be a convex polytope.

Proposition 2. If Π ⊆ P(X) is a convex polytope, then
• BR∃ (Π) is a convex polytope and can be rewritten as

BR∃ (Π) =


(𝑄1)𝑇

���������
𝑄 ∈ R𝑛×𝑚, 𝑄 ≥ 0,
(𝑄1)𝑇 ∈ P(X), 𝜋 ∈ Π,
∀𝑦 ∈ X,
𝜋 (𝑦) = ∑

𝑥∈X

∑
𝑢∈U𝑥

𝑇 (𝑦 |𝑥,𝑢)𝑄 (𝑥,𝑢)


; (6)

• BR∀ (Π) is a convex polytope and can be rewritten as

BR∀ (Π) =
{
𝜋 ∈ P(X)

��� ∀𝜇𝑑 ∈ U𝑑 , 𝜋𝑃𝜇
𝑑

∈ Π
}
. (7)

Proof. Let us first consider the expression of BR∃ (Π). From
(1), the distribution dynamics (2) can be rewritten as

𝜋 ′ =
∑︁
𝑥∈X

𝜋 (𝑥)𝑃𝜇 (𝑦 |𝑥) =
∑︁
𝑥∈X

𝜋 (𝑥)
( ∑︁
𝑢∈U𝑥

𝑇 (𝑦 |𝑥,𝑢)𝜇 (𝑢 |𝑥)
)

for some 𝜇 ∈ U. It follows that the product of 𝜇 (𝑢 |𝑥) and 𝜋 (𝑥) can
be replaced by a matrix 𝑄 ∈ R𝑛×𝑚 with 𝑄 ≥ 0 and (𝑄1)𝑇 ∈ P(X).
Thus, the set BR∃ (Π) defined in (4) can be rewritten as (6). If
Π ⊆ P(X) is a convex polytope, we have that there are a finite
number of inequalities and equalities in (6), which define a convex
polytope in R𝑛×𝑚+𝑛 . The operation (𝑄1)𝑇 follows that the set
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Algorithm 1 Sampling-based Backward Reach Set Computation
Input: convex polytopes Π and Γ with Π ⊆ P(X) ⊂ int(Γ), nr. of

samples 𝑁𝑠 ∈ N≥1
1: select uniformly at random a group of samples {𝜋𝑠

𝑖
}𝑁𝑠

𝑖=1 from Γ;
2: for 𝑖 = 1 : 𝑁𝑠 do
3: compute 𝜋1𝑠

𝑖
= argmin

𝜋∈BR∃ (Π)
∥𝜋 − 𝜋𝑠

𝑖
∥2 and 𝜋2𝑠

𝑖
=

argmin
𝜋∈BR∀ (Π)

∥𝜋 − 𝜋𝑠
𝑖
∥2;

4: end for
5: return B̂R∃ (Π, 𝑁𝑠 ) = conv

(
{𝜋1𝑠

𝑖
, 𝑖 ∈ N[1,𝑁𝑠 ] }

)
and

B̂R∀ (Π, 𝑁𝑠 ) = conv
(
{𝜋2𝑠

𝑖
, 𝑖 ∈ N[1,𝑁𝑠 ] }

)
.

BR∃ (Π) is the affine projection of this convex polytope onto R𝑛 ,
which is still a convex polytope.

For the setBR∀ (Π), note that each policy 𝜇 ∈ U is a distribution
over the set of deterministic policiesU𝑑 , and that the setU𝑑 has
finite cardinality. Thus, BR∀ (Π) can be can be rewritten as (7) and
it is also a convex polytope if Π is a convex polytope. □

Remark 2 (Policy Synthesis). The matrix 𝑄 used to define the
existential backward reachable set in (7) is called “occupationmeasure”
in the literature: this enables to recover a policy 𝜇 by

𝜇 (𝑢 |𝑥) =


𝑄 (𝑥,𝑢 )∑

𝑣∈U𝑥 𝑄 (𝑥,𝑣) if
∑

𝑣∈U𝑥
𝑄 (𝑥, 𝑣) > 0,

1
|U𝑥 | , if

∑
𝑣∈U𝑥

𝑄 (𝑥, 𝑣) = 0 & 𝑢 ∈ U𝑥 .

The use of occupation measures allows to reformulate a constrained
MDP problem as a linear program [6], whose solution can be used to
recover a sequence of (time-dependent) policies for a finite-horizon
problem (cf. Case Study 2). □

From Proposition 2 we can observe that, even if the set Π is a
polytope in the form of either V-representation or H-representation,
it can still be quite challenging computationally to exactly compute
the polytopic setsBR∃ (Π) andBR∀ (Π), particularly whenever the
MDPM has a large number 𝑛 of states. The main reason is that both
BR∃ (Π) and BR∀ (Π) depend on extra variables (e.g., the matrix
𝑄 in (6)), and that the necessary set projection has exponential
computational complexity with respect to the space dimension [23].
In the following we discuss Algorithm 1, a scalable, sampling-based
method to under-approximate sets BR∃ (Π) and BR∀ (Π).

The input to Algorithm 1 consists of two convex polytopes Π and
Γ with Π ⊆ P(X) ⊂ int(Γ), and the number of samples 𝑁𝑠 ∈ N≥1,
where int denotes the set interior. In line 1, we select uniformly
at random samples {𝜋𝑠

𝑖
}𝑁𝑠

𝑖=1 in R
𝑛 from Γ. Then, these samples are

used to generate samples 𝜋1𝑠
𝑖

∈ BR∃ (Π) and 𝜋2𝑠
𝑖

∈ BR∀ (Π) in
line 3, by projecting 𝜋𝑠

𝑖
onto BR∃ (Π) and BR∀ (Π), respectively,

w.r.t to the two-norm ∥ · ∥. The output of Algorithm 1 comprises the
convex hulls of these projected samples, namely B̂R∃ (Π, 𝑁𝑠 ) and
B̂R∀ (Π, 𝑁𝑠 ). The following proposition discusses two important
properties of Algorithm 1.

Proposition 3. Consider two convex polytopes Π and Γ with
Π ⊆ P(X) ⊂ int(Γ) and an integer 𝑁𝑠 ∈ N≥1. Let 𝑁 𝑣

∃ and 𝑁 𝑣
∀ be

the number of the vertices of BR∃ (Π) and BR∀ (Π), respectively.

Under Algorithm 1, the sets B̂R∃ (Π, 𝑁𝑠 ) and B̂R∀ (Π, 𝑁𝑠 ) are under
approximations of BR∃ (Π) and BR∀ (Π), respectively, for all 𝑁𝑠 ∈
N≥1. In particular, there exist 0 < 𝛼, 𝛽 < 1 such that

Pr(B̂R∃ (Π, 𝑁𝑠 ) = BR∃ (Π)) ≥ 1 − 𝑁 𝑣
∃𝛼

𝑁𝑠 ,

Pr(B̂R∀ (Π, 𝑁𝑠 ) = BR∀ (Π)) ≥ 1 − 𝑁 𝑣
∀𝛽

𝑁𝑠 .

Proof. The under approximation relation between B̂R∃ (Π, 𝑁𝑠 )
and BR∃ (Π) (or B̂R∀ (Π, 𝑁𝑠 ) and BR∀ (Π)) directly follows from
that the projected samples 𝜋1𝑠

𝑖
∈ BR∃ (Π) and 𝜋2𝑠𝑖 ∈ BR∀ (Π) (see

line 3 in Algorithm 1).
Denote by 𝜂 a uniform probability measure assigned to Γ, i.e.,∫

Γ 𝜂 (𝑡)𝑑𝑡 = 1, and byV∃ the set of vertices of BR∃ (Π). Since each
vertex 𝜋 ∈ V∃ of the set B̂R∃ (Π, 𝑁𝑠 ) ⊆ P(X) ⊂ int(Γ)), we have
the following two facts: (1) for each vertex 𝜋 ∈ V∃ , the subset
of Γ from which the projection onto BR∃ (Π) is 𝜋 has measure
strictly greater than 0, denoted by𝜂 (𝜋); (2) these subsets are disjoint
for different vertices. To show this, let us treat the projection in
Algorithm 1 as a multi-parametric quadratic program, where the
𝜋𝑠
𝑖
is the parameter. Then, the above two facts follow from the

result in [37] which shows that the optimal solution to the multi-
parametric quadratic program results in a polyhedral partition of
the parameter set. Given these two facts, we have

Pr(B̂R∃ (Π, 𝑁𝑠 ) = BR∃ (Π)) = Pr
(
V∃ ⊆ {𝜋𝑠1𝑖 , 𝑖 ∈ N[1,𝑁𝑠 ] }

)
≥ 1 −

∑︁
𝜋∈V∃

(1 − 𝜂 (𝜋))𝑁𝑠 .

We complete the proof by choosing 𝛼 = max{1 − 𝜂 (𝜋) | 𝜋 ∈
V∃}. Similar arguments apply to the approximation between
B̂R∀ (Π, 𝑁𝑠 ) = BR∀ (Π). □

Computational Aspects. Uniform sampling from a general
convex polytope Γ is usually challenging. To facilitate the sampling,
a good choice of Γ is a hyperrectangle inR𝑛 which is a strict superset
of P(X). In this case, the complexity of line 1 in Algorithm 1 is
O(𝑁𝑠 ). The computational complexity of the for-loop is linear with
the number of samples 𝑁𝑠 and polynomial with the number of
states 𝑛 and with the number of actions𝑚. Since the sets BR∃ (Π)
and BR∀ (Π) are convex polytopes, projecting each sample 𝜋𝑠

𝑖
onto

BR∃ (Π) and BR∀ (Π) in line 3 is a convex quadratic program with
𝑛 +𝑛𝑚 decision variables, whose complexity is O((𝑛 +𝑛𝑚)3) using
the interior point method in [39]. Thus, the total computational
complexity of Algorithm 1 is O(𝑁𝑠 (𝑛 + 𝑛𝑚)3 + 𝑁𝑠 ).

5.3 Approximate CTL Model Checking over
Distribution Spaces

Leveraging the sampling-based computation of backward reachable
sets, discussed in the previous subsection, we are now ready to
design an approximate, yet sound, CTL model checking algorithm
for MDPs over their distribution spaces. We focus our attention to
a fragment of CTL formulae expressed in the following form:{
Φ ::= true | false | 𝑎 | ¬𝑎 | Φ1 ∧ Φ2 | Φ1 ∨ Φ2 | ∃𝜑 | ∀𝜑,
𝜑 ::= ⃝ Φ | Φ1UΦ2 .

(8)

where 𝑎 ∈ AP𝑑 . The CTL formulae in (8) assumes that negations
can only occur to basic atomic propositions.
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Next, we will show that the satisfaction set of each CTL formula
in (8) can be soundly under-approximated by the union of a set
of convex polytopes, under the following assumption. We remark
that this assumption and the latter Lemma 3 echo why we focus on
the CTL formulae in (8): if the set Sat(Φ) is under-approximated
by unions of convex polytopes, such under-approximation will in
general not hold for Sat(¬Φ), unless Φ is an atomic proposition.

Assumption 1. For each atomic proposition 𝑎 ∈ AP𝑑 , the set
of distributions associated with the labeling function 𝐿𝑑 , denoted by
𝐿−1
𝑑

(𝑎) = {𝜋 ∈ P(X) | 𝑎 ∈ 𝐿𝑑 (𝜋)}, is a convex polytope, later
considered in its H-representation.

Let us recall how to compute the set complement of a convex
polytope.

Lemma 1. Consider a convex polytope Y0 with Y0 ⊆ P(X). Sup-
pose Y0 = {𝑧 ∈ R𝑛 | 𝐴𝑧 ≤ 𝑏} with 𝐴 ∈ R𝑙×𝑛 and 𝑏 ∈ R𝑙 . Let
Y𝑖 = {𝑧 ∈ P(X) | [𝐴]𝑖𝑧 ≥ 𝑏𝑖 + 𝜖𝑖 }, ∀𝑖 ∈ N[1,𝑙 ] , where [𝐴]𝑖 and 𝑏𝑖
denotes the 𝑖-th row of 𝐴 and 𝑏, respectively, and 𝜖𝑖 is a small positive
constant. Then,

⋃𝑙
𝑖=1 Y𝑖 ⊂ P(X) \ Y0.

The use of 𝜖𝑖 is to ensure the closure of the set Y𝑖 . Lemma 1
implies that, under Assumption 1, for each atomic proposition
𝑎 ∈ AP𝑑 , the satisfaction set Sat(¬𝑎), i.e., the complement of
𝐿−1
𝑑

(𝑎) with respect to P(X), can be under-approximated by the
union of a set of convex polytopes.

The following lemma shows that the backward-reachable sets
obtained from the union of a set of convex polytopes can be under-
approximated by the union of the backward reachable sets obtained
from the corresponding convex polytopes.

Lemma 2. Consider a group of sets {Π𝑖 }𝑀𝑖=1, where each Π𝑖 ⊆
P(X) is a convex polytope. For any 𝑁𝑖 ∈ N≥1, 𝑖 ∈ N[1,𝑀 ] , we have{

∪𝑀
𝑖=1B̂R∃ (Π𝑖 , 𝑁𝑖 ) ⊆ BR∃ (∪𝑀

𝑖=1Π𝑖 ),
∪𝑀
𝑖=1B̂R∀ (Π𝑖 , 𝑁𝑖 ) ⊆ BR∀ (∪𝑀

𝑖=1Π𝑖 ) .
(9)

The proof of Lemma 2 directly follows from Proposition 3. The
next lemma shows that the satisfaction sets obtained by applying
propositional and temporal operator can be under-approximated
by the union of convex polytopes.

Lemma 3. Consider three CTL formulae Φ, Φ1 and Φ2 in (8). Sup-
pose that their satisfaction sets Sat(Φ), Sat(Φ1), Sat(Φ2) are re-
spectively under-approximated by unions of convex polytopes. Then,
the sets Sat(Φ1 ∧ Φ2), Sat(Φ1 ∨ Φ2), Sat(∃ ⃝ Φ), Sat(∀ ⃝ Φ),
Sat(∃Φ1UΦ2), and Sat(∀Φ1UΦ2) can be under-approximated by fi-
nite unions of convex polytopes.

Proof. Suppose ∪𝑀Φ
𝑖=1Π

Φ
𝑖

⊆ Sat(Φ), ∪𝑀Φ1
𝑖=1 ΠΦ1

𝑖
⊆ Sat(Φ1),

∪𝑀Φ2
𝑖=1 ΠΦ2

𝑖
⊆ Sat(Φ2), where ΠΦ

𝑖
, ΠΦ1

𝑗
, and ΠΦ2

𝑘
are convex poly-

topes for all 𝑖 ∈ N[1,𝑀Φ ] , 𝑗 ∈ N[1,𝑀Φ1 ] , and 𝑘 ∈ N[1,𝑀Φ2 ] .
Let us first consider Sat(Φ1 ∧ Φ2). Applying the distributive law

of set operations, we obtain that

Sat(Φ1 ∧ Φ2) ⊇
(
∪𝑀Φ1
𝑖=1 ΠΦ1

𝑖

)
∩
(
∪𝑀Φ2
𝑗=1 Π

Φ2
𝑗

)
= ∪𝑖∈N[1,𝑀Φ1 ]

𝑗∈N[1,𝑀Φ2 ]

(
ΠΦ1
𝑖

∩ ΠΦ2
𝑗

)
.

(i) (ii)

(iii) (iv)

Figure 2: Four distribution sets in cyan, whose union under-
approximates Sat(∃(¬𝑎U𝑏)). Here 𝑎 labels the blue polytope.
The stars are projections of the samples onto the boundary
of satisfaction sets.

Note that the intersection of two convex polytopes is either
a convex polytope or an empty set. Thus, Sat(Φ1 ∧ Φ2) can be
under-approximated by the union of convex polytopes. For the
disjunction operator, it is straightforward to see that Sat(Φ1∨Φ2) ⊇(
∪𝑀Φ1
𝑖=1 ΠΦ1

𝑖

)
∪
(
∪𝑀Φ2
𝑗=1 Π

Φ2
𝑗

)
.

Let us now consider basic formulae with temporal operators.
For the next operator, it follows from Lemma 2 that 𝑁𝑖 ∈ N≥1,
𝑖 ∈ N[1,𝑀 ] ,

Sat(∃ ⃝ Φ) ⊇ BR∃ (∪𝑀Φ
𝑖=1Π

Φ
𝑖 ) ⊇ ∪𝑀Φ

𝑖=1B̂R∃ (ΠΦ
𝑖 , 𝑁𝑖 ),

Sat(∀ ⃝ Φ) ⊇ BR∀ (∪𝑀Φ
𝑖=1Π

Φ
𝑖 ) ⊇ ∪𝑀Φ

𝑖=1B̂R∀ (ΠΦ
𝑖 , 𝑁𝑖 ) .

For the until operator, let us define the set sequences for each
set ΠΦ2

𝑗
, 𝑗 ∈ N[1,𝑀Φ2 ] :

T̂𝑖+1, 𝑗 =
(
∪𝑀Φ1
𝑖=1 ΠΦ1

𝑖

)
∩ B̂R∃ (T̂𝑖, 𝑗 , 𝑁𝑖, 𝑗 ) with T̂0, 𝑗 = ΠΦ2

𝑗
,

Ŝ𝑖+1, 𝑗 =
(
∪𝑀Φ1
𝑖=1 ΠΦ1

𝑖

)
∩ B̂R∀ (Ŝ𝑖, 𝑗 , 𝑁𝑖, 𝑗 ) with Ŝ0, 𝑗 = ΠΦ2

𝑗
.

where 𝑁𝑖, 𝑗 ∈ N≥1. By the distributive law and following Lemma 2,
we can recursively show that both T̂𝑖, 𝑗 and Ŝ𝑖, 𝑗 can be represented
as the union of a finite number of convex polytopes. It follows from
that Sat(∃Φ1UΦ2) and Sat(∀Φ1UΦ2) can be, respectively, under-
approximated by ∪𝑀Φ1

𝑗=1 ∪𝑁1
𝑖=1 T̂𝑖, 𝑗 and ∪

𝑀Φ1
𝑗=1 ∪𝑁2

𝑖=1 Ŝ𝑖, 𝑗 , for all 𝑁1, 𝑁2 ∈
N≥1, both of which are union of convex polytopes. □

The following example shows satisfaction sets of the CTL formulae
in Example 2.

Example 3. Let us recall the opinion consensus in Example 2.
Consider the formula ∃(¬𝑎U𝑏). Applying Algorithm 1 and Lem-
mata 1–3, we obtain the under-approximation of the satisfaction set
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(i) 𝑛 = 25 and 𝑛 + 𝑛𝑚 = 150
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(ii) 𝑛 = 100 and 𝑛 + 𝑛𝑚 = 500
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(iii) 𝑛 = 400 and 𝑛+𝑛𝑚 = 2400
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(iv)𝑛 = 1225 and𝑛+𝑛𝑚 = 7350

Figure 3: Computation time and approximation quality 𝜌 for
different MDPs with different number of samples 𝑁𝑠 . Here,
𝑛=number of states, 𝑛 + 𝑛𝑚=space dimension.

Sat(∃(¬𝑎U𝑏)), which is the union of the four cyan sets shown in
Fig. 2(i)-(iv). This is the set of beliefs from which there exists a policy
such that the agents’ beliefs approach consensus (reaching the set of
𝐿−1 (𝑏)) while avoiding the beliefs in the set 𝐿−1 (𝑎).

We now summarise the solution to Problem 2 by formalising a
result on CTL model checking over the distribution space of MDPs.

Theorem 2. Consider the MDPM and the MDP-induced transition
systemMTS. Suppose that, given a CTL formulaΦ in (8), Assumption 1
holds. Then, Algorithm 1 can be straightforwardly used to design a
reachability-based CTL model checking algorithm that computes a
sound under-approximation of the satisfaction set Sat(Φ) as a finite
union of convex polytopes.

Proof. Recall that the CTL model checking can be performed
by a recursive procedure that calculates the satisfaction set for all
subformulae of Φ. If Φ is in (8), it follows from Lemmas 1– 3 that
under Assumption 1, the satisfaction set of each subformula of Φ
can be under-approximated by the finite union of convex polytopes.
The under-approximated set is computed by applying Algorithm 1,
which is later shown to be computationally tractable.

Due to the under-approximation relation, we have that if an
initial distribution 𝜋0 belongs to this under-approximated set, then
𝜋0 ⊨ Φ, which implies the soundness of the overall approach. □

6 QUALITY AND SCALABILITY OF
ALGORITHM 1

We test the scalability and approximation quality of Algorithm 1
under different MDPs, with increasing number of states. The exper-
iment was run with MATLAB 2021b on an ARM system with 8GB
RAM. We compute existential backward reachable sets over mul-
tiple runs. Recall that the computation of existential backward
reachable set is based on the polytope projection from R𝑛𝑚+𝑛

to R𝑛 , where 𝑛 and 𝑚 are number of states and actions in the
MDP, and 𝑁𝑠 is the number of samples employed in Algorithm 1

(see Eq. (6)). Denote by BR the exact set and by B̂R∃ (𝑁𝑠 ) the
approximate set from Algorithm 1 using 𝑁𝑠 samples. Since com-
puting the volume of the convex polytopes efficiently in high-
dimensional spaces is challenging, we define the following quantity
to measure the approximation quality: 𝜌 = 1

𝑛

∑𝑛
𝑖=1

𝑑𝑖,max−𝑑𝑖,min
𝐷𝑖,max−𝐷𝑖,min

where 𝑑𝑖,max = max
𝜋∈ B̂R∃ (𝑁𝑠 ) 𝑒

𝑇
𝑖
𝜋 , 𝑑𝑖,min = min

𝜋∈ B̂R∃ (𝑁𝑠 ) 𝑒
𝑇
𝑖
𝜋 ,

𝐷𝑖,max = max𝜋∈BR∃ 𝑒
𝑇
𝑖
𝜋 , and 𝐷𝑖,min = min𝜋∈BR∃ 𝑒

𝑇
𝑖
𝜋 . The set∏𝑛

𝑖=1 [𝐷𝑖,min, 𝐷𝑖,max] is the smallest hyper-rectangle that contains
BR∃ , while

∏𝑛
𝑖=1 [𝑑𝑖,min, 𝑑𝑖,max] is the smallest hyper-rectangle

that contains B̂R∃ (𝑁𝑠 ). The value of 𝜌 quantifies the average ra-
tios of the corresponding edges of these two hyper-rectangles, and is
a reasonable measure for the approximation quality of Algorithm 1
(since B̂R∃ (𝑁𝑠 ) = BR∃ implies 𝜌 = 1 ).

Fig. 3 reports the computation time and corresponding value of
𝜌 for different MDPs, under different 𝑁𝑠 . The quadratic programs
in Algorithm 1 were solved by Yalmip [32] andMosek [1]. Note that
Algorithm 1 performs set projections on spaces with a dimension
up to 𝑛𝑚 + 𝑛 = 2400 very efficiently, and for 7350-dimensional
spaces in a manageable time. We observe that the computation
time is linear with respect to 𝑁𝑠 . The average time to solve the QP
in line 3 of Algorithm 1 is 0.0015[s] (𝑛 = 25), 0.0020[s] (𝑛 = 100),
0.0071[s] (𝑛 = 400), and 0.0243 [s] (𝑛 = 1225). The approximation
quality 𝜌 increases with respect to 𝑁𝑠 . In particular, as shown in
Fig. 3, 𝜌 can reach 1 for the MDPs with 𝑛 = 25, 100, and 400, that
is, we obtain a tight approximation between B̂R∃ (𝑁𝑠 ) and BR∃ .
For the MDP with 𝑛 = 1225, 𝜌 can reach 80%, which implies a good
approximation in a high-dimensional space.

Limitations of the state of the art. The exponential com-
putational complexity restricts the polytope projections in high-
dimensional spaces in [23], where the experiments are restricted to
spaces no greater than 35. To the best of our knowledge, the current
algorithms can only estimate the volume of convex polytopes in
R𝑛 with 𝑛 < 200 and the computation time for the set in R196
reaches 8.8 [h], see [16]. Known tools in computational geometry,
e.g.,MPT3 [21],Qhull [8], and bensolve [33], are not usable to handle
the cases in our experiments with space dimensions 𝑛 + 𝑛𝑚 ≥ 150.
Thus, Algorithm 1 significantly expands the frontiers of the state
of the art: it scales much better, and provides remarkable approxi-
mations in high-dimensional spaces, which validates its usability
for CTL model checking on large-scale MDPs.

7 CASE STUDIES
In this section we validate our model checking algorithms on a
pharmacokinetics model and on an unmanned aerial vehicle (UAV)
path planning problem.

Drug Injection Synthesis for a Pharmacokinetics System.
Recall in Example 1 the MDP model and the distribution-specified
CTL formula Φ = Φ1 ∧ Φ2 ∧ Φ3, with Φ1 = ∀□nontoxic, Φ2 =

∀^(effective ∧∀⃝ effective), and Φ3 = ∀^cleared. Despite
the use of universal quantifiers in Φ, we shall still look at a synthesis
problem over the values of 𝛼 . Since the state Cl is the unique ab-
sorbing state, for any 𝜖 > 0 (cf. Example 1), the formula Φ3 always
holds. Using the MPT3 toolbox [21], we obtain that the feasible set
for 𝛼 is [0.0538, 0.0590], with a computation time equal to 11.27 [s].
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UAV Path Planning. As shown in Fig. 4, a UAV roams a 5 × 5
“slippery grid world” and has five possible actions {up, down, left,
right, stay}. Due to environmental uncertainties (e.g., noise), we
assume that the first four actions will move the state to multiple
neighboring states. More details can be found in Appendix C. The
cyan regions are obstacles, which we assume are absorbing. Denote
by Obs the set of obstacle states. The red region (5, 5) is the target
state, denoted by Target. The initial state is the blue square at
(1, 1). We consider the following path planning problem: to find
a feasible policy such that the UAV, starting from the initial state,
reaches the target set, whilst avoiding the obstacle states, with a
desired probability.

1 2 3 4 5

1

2

3

4

5

Figure 4: UAV Motion
Planning

This problem can be studied by
introducing an MDP modelM and
the corresponding MDP-induced
transition systemMTS. The distri-
bution space P(X) is a subset of
R25, and the policy set U is de-
fined as in Definition 2. Let the set
of atomic propositions be AP𝑑 =

{𝑏𝛽unsafe, 𝑏
𝑝

target}, and introduce a la-
beling function be 𝐿𝑑 such that 𝐿−1

𝑑
(𝑏𝛽unsafe) = {𝜋 ∈ P(X) |∑

𝑥∈Obs 𝜋 (𝑥) ≤ 𝛽} and 𝐿−1
𝑑

(𝑏𝑝target) = {𝜋 ∈ P(X) | 𝜋 (Target) ≥
𝑝}, where 𝛽 ∈ [0, 1] and 𝑝 ∈ (0, 1]. That is, the sets 𝐿−1

𝑑
(𝑏𝛽unsafe)

and 𝐿−1
𝑑

(𝑏𝑝target) are parameterised by 𝛽 and 𝑝 , respectively. Let us
denote by 𝜋0 the distribution concentrated on the deterministic
initial state {(1, 1)}. The existence of a policy solving the motion
planning problem can be asserted if 𝜋0 satisfies the CTL formula
ΦCTL = ∃(¬𝑏𝛽unsafeU𝑏

𝑝

target), and is obtained according to Remark 2.
We set 𝛽 to 0.15 and 𝑝 to 0.80, which in practice means that the

UAV is required to stay in the safe region with probability greater
than 0.85 before the probability of reaching the Target set is greater
than 0.80. Implementing the approximate CTL model checking
algorithm, we find that 𝜋0 is in the sound approximate satisfaction
set (see result in Theorem 2). We can find a feasible realisation
of the transient state distributions over 12 steps, which is shown
in Fig. 5(i). We see that as desired, the probability of entering the
obstacles (as in Fig. 4) is no greater than 0.15 within the 12 steps. As
there is a transition probability into undesired neighbouring states
under the first four actions, the agent might slip into the obstacle
with very small probability: this explains why the probability within
the obstacle is changing, as per Fig. 5(i). According to Remark 2,
we can further distill a feasible policy, as shown in Fig. 5(ii): here,
the small blocks within each state are positioned corresponding to
the actions {up, down, left, right, stay}, and the heat map indicates
the distributions over these actions. The experiment was run on an
ARM system with 8GB RAM using Yalmip [32] and Mosek [1]. The
computation time for model checking was 24.57 [s] whilst that for
policy synthesis was 1.74 [s]. The case that 𝛽 is set to 0 is discussed
in Appendix C.

8 CONCLUSIONS
We have introduced a verification framework for finite MDPs over
the space of their transient distributions. We have employed CTL
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(i) State distribution 𝜋𝑘 , 𝑘 = 1, . . . , 12

(ii) Generated policy 𝜇𝑘 , 𝑘 = 0, . . . , 11

Figure 5: UAV Path Planning on MDP with noisy transitions.
(i) Evolution of state distribution that, initialised as 𝜋0 = 𝑒 (1,1)
and under a feasible policy, reaches the target state (5, 5)
with probability grater than 0.80, while possibly entering the
obstacles (as in Fig. 4) with probability no greater than 0.15
at all times. (ii) Evolution of policy 𝜇𝑘 which is a distribution
over actions {up, down, left, right, stay} (we visualise policies
only at the states whose transient probabilities are greater
than 0).

to specify temporal properties, and shown that this provides an
alternative way to express probabilistic specifications for the MDP.
We have compared the semantics of CTL formulae over distribu-
tion spaces with traditional PCTL specifications. We have proposed
novel reachability-based CTL model checking algorithms over dis-
tribution spaces, as well as more tractable sample-based procedures
for computing reachable sets: it is shown that the satisfaction set of
the CTL formula can be soundly under-approximated by the union
of convex polytopes.

In parallel with the distribution-based CTL model checking,
another worthwhile goal is the policy synthesis for distribution-
specified LTL requirements. We are also interested in exploring
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finite-state, non-stochastic abstractions of the MDP-induced transi-
tion systemMTS and developing the theory of simulation relations
between the abstract model and the concreteMTS.
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APPENDIX A: ADDITIONAL CONNECTIONS
BETWEEN PCTL AND
DISTRIBUTION-SPECIFIED CTL
We expand the connections between PCTL and distribution-
specified CTL from reachability and safety in Section 3.3 to other
properties. Let us begin with the ‘next’ operator⃝. In the following
proposition, we show that the distribution-specified CTL model
checking can provide necessary and sufficient conditions for PCTL
model checking.

Proposition 4. Consider the MDPM = (X,U,𝑇 ,AP𝑠 , 𝐿𝑠 ) and
two PCTL formulae Pr∼𝑝 (⃝Φ1) and Pr≥𝑝 (Φ2∨⃝Φ2), where Φ1 and
Φ2 are PCTL state formulae,∼∈ {>, <, ≥, ≤,=}, and 𝑝 ∈ [0, 1]. Let the
MDP-induced transition system be MTS = (P(X),U,→,AP𝑑 , 𝐿𝑑 ),
where AP𝑑 = {𝑎𝑑1, 𝑎𝑑2}, and{

𝐿−1
𝑑

(𝑎𝑑1) = {𝜋 ∈ P(X) | ∑𝑥∈Sat(Φ1 ) 𝜋 (𝑥) ∼ 𝑝},
𝐿−1
𝑑

(𝑎𝑑2) = {𝜋 ∈ P(X) | ∑𝑥∈Sat(Φ2 ) 𝜋 (𝑥) ≥ 𝑝},

where Sat(·) denotes the satisfaction set over the state space. The the
following statements hold:

(1) 𝑥0 ⊨ Pr∼𝑝 (⃝Φ1) if and only if 𝑒𝑥0 ⊨ ∀(⃝𝑎𝑑1);
(2) 𝑥0 ⊨ Pr≥𝑝 (Φ2 ∨ ⃝Φ2) if and only if 𝑒𝑥0 ⊨ ∀(𝑎𝑑2 ∨ ⃝𝑎𝑑2).

Again, 𝑒𝑥0 is a vector with the 𝑥0-th element being 1 and all the others
being 0.

https://www.mosek.com/
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The proof of Proposition 4 is similar to that of Proposition 1.
Next, we further specify the results in Proposition 1 to qualitative
properties.

Proposition 5. Consider the MDPM = (X,U,𝑇 ,AP𝑠 , 𝐿𝑠 ) and
two PCTL formulae Pr=1 (^Φ) and Pr=1 (□Φ), where Φ is a PCTL
state formula. Let the MDP-induced transition system be MTS =

(P(X),U,→,AP𝑑 , 𝐿𝑑 ), where AP𝑑 = {𝑎𝑑 }, and 𝐿−1𝑑
(𝑎𝑑 ) = {𝜋 ∈

P(X) | ∑𝑥∈Sat(Φ) 𝜋 (𝑥) = 1}. The the following statements hold:
(1) 𝑥0 ⊨ Pr=1 (^Φ) if 𝑒𝑥0 ⊨ ∀(^𝑎𝑑 );
(2) 𝑥0 ⊨ Pr≥1 (□Φ) if and only if 𝑒𝑥0 ⊨ ∀□𝑎𝑑 .

The first statement in Proposition 5 implies that there exists a
distribution-specified CTL formula ∀^𝑎𝑑 that corresponds to the
qualitative PCTL formula Pr=1 (^Φ). However, it is known [7] that
there exists no state-based CTL formula that is equivalent to this
PCTL formula. On the other hand, the second statement provides a
tighter connection in the qualitative safety than Proposition 1. In
addition, we remark that both Propositions 4 and 5 can be further
restated to connect the PCTL synthesis and existential-quantified
CTL model checking, like Corollary 1.

APPENDIX B: MDP MODEL OF A
PHARMACOKINETICS SYSTEM
We consider the MDP model of a pharmacokinetics system given
in [11, 26], which consists of five states: plasma (Pl), interstitial fluid
(IF), utilisation and degradation (Ut), drug being injected (Dr), the
drug being cleared (Cl). An additional “dummy” state (Re) allows
to adjust the amount of drug being injected initially. As a slight
deviation from the MDP semantics in our work, the MDP model of
the pharmacokinetics system is governed by two stochastic matrices
𝑃normal and 𝑃saturated:

𝑃normal =



0.94000 0.02634 0.02564 0.00780 0.00024 0
0 0.20724 0.48298 0.29624 0.01354 0
0 0.15531 0.42539 0.39530 0.02400 0
0 0.02598 0.10778 0.77854 0.0877 0
0 0 0 0 1 0
0 0 0 0 1 0


,

𝑃saturated =



0.9400 0.02425 0.02558 0.00809 0.00012 0
0 0.20728 0.48329 0.30257 0.00686 0
0 0.15540 0.42612 0.40627 0.01221 0
0 0.02653 0.11080 0.81776 0.04491 0
0 0 0 0 1 0
0 0 0 0 1 0


.

Further introduce the set of all possible matrices in the convex
combination of 𝑃normal and 𝑃saturated, denoted by S = {𝑃 | 𝑃 =

𝜆𝑃normal + (1 − 𝜆)𝑃saturated, 𝜆 ∈ [0, 1]}. The MDP selects non-
deterministically any matrix within set S: in other words, given
an initial distribution 𝜋0, the dynamics are 𝜋𝑘+1 = 𝜋𝑘𝑃𝑘 for 𝑘 > 0,
where matrices can be selected as 𝑃𝑘 ∈ S at any time index 𝑘 . We
note that the finite-action MDP model in this work is more general
than the MDP from [11, 26]: indeed, the MDP semantics in [11, 26]
and in this example can be expressed by associating the finite set of
stochastic matrices to (two) actions, and thus to deterministic poli-
cies. As such, randomised policies allow the selection of matrices
𝑃𝑘 ∈ S.

The initial distribution is defined by 𝜋0 (Dr) = 𝛼 , 𝜋0 (Re) =

1 − 𝛼 , and 𝜋0 (𝑥) = 0 for 𝑥 ∈ {Pl, IF,CI,Ut}, where 𝛼 is in-
terpreted as the amount of drug being injected initially. Fol-
lowing [11, 26], we further set thresholds MEC = 0.13 and
MTC = 0.20, and consider the set of atomic propositions AP𝑑 =

{effective, nontoxic, cleared}. Considering 𝜋𝑘 (Ut), namely the
probability of the drug being in the compartment Ut at time 𝑘 , we
define label effective as 𝜋𝑘 (Ut) ≥ MEC; nontoxic as 𝜋𝑘 (Ut) ≥ MTC;
and cleared as 𝜋𝑘 (Cl) ≤ 𝜖 for some given (small) value 𝜖 > 0. The
distribution-specified CTL formula of interest is Φ = Φ1 ∧ Φ2 ∧ Φ3
with Φ1 = ∀□nontoxic, Φ2 = ∀^(effective ∧ ∀ ⃝ effective),
Φ3 = ∀^cleared. Here, Φ1 encodes the requirement that the drug
level always stays in in the safe zone; Φ2 stipulates the drug is even-
tually effective for at least two consecutive steps; and Φ3 specifies
that the drug ought to be eventually cleared.

APPENDIX C: UAV PATH PLANNING
As shown in Fig. 4, a UAV roams a 5×5 “slippery grid world” and has
five possible actions {up, down, left, right, stay}. Due to environmen-
tal uncertainties (e.g., noise), we assume that the first four actions
will move the state to the desired next configuration with proba-
bility 0.95, and to other neighboring states with likelihood 0.05

𝑁𝑛𝑒𝑖𝑔ℎ
,

where 𝑁𝑛𝑒𝑖𝑔ℎ is the number of available/feasible neighboring states
(not including the desired state): we say that a state (𝑥1, 𝑦1) is a
neighboring state of a state (𝑥2, 𝑦2) if max{|𝑥1 − 𝑥2 |, |𝑦1 −𝑦2 |} ≤ 1.
The movements of the UAV can be modeled as an MDPM. The state
space X corresponds to the set comprising the 25 squares in the
grid world, whereas the action space U is {up, down, left, right, stay}.
The transition probability 𝑇 is defined according to the description
above. Let AP𝑠 = {𝑎unsafe, 𝑎target} be the set of atomic proposi-
tion, and 𝐿𝑠 a labeling function, such that 𝐿−1𝑠 (𝑎unsafe) = Obs and
𝐿−1𝑠 (𝑎target) = Target. The motion planning problem is to find a pol-
icy such that the PCTL formula ΦPCTL = Pr≥𝑝 (¬𝑎unsafeU𝑎target) is
fulfilled, where 𝑝 ∈ (0, 1] is the same parameter to define 𝑏𝑝target in
Section 6.

If parameters 𝛽 and 𝑝 are set to be 0 and 0.8 respectively, we
find that no policy exists such that the PCTL formula ΦPCTL is
feasible. This entails that the distribution 𝜋0 does not satisfy the
CTL formula ΦCTL as per Corollary 1.
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