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Adaptive Field Gradient Estimation Based Extremum Circumnavigation
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Abstract— This paper studies adaptive steering control of a
sensory vehicle toward a planar circumnavigation orbit around
a signal field source using the signal intensity measurements of
the vehicle along its motion path. The signal field is approxi-
mated by a quadratic function of location, and has its extremum
(maximum) at the signal source location. The proposed adaptive
motion control design is based on on-line estimation of the
gradient parameters of the signal field. Stability analysis is
provided for the proposed adaptive estimation and motion
control schemes, establishing asymptotic convergence of the
gradient parameter estimates to their true values and settlement
of the vehicle on an orbital trajectory on which the signal
intensity is equal to a predefined constant value. Simulation
test results verify the established properties of the proposed
scheme as well as robustness to signal measurement noise.

I. INTRODUCTION

A particular motion task considered in recent research
studies on surveillance and target localization and monitoring
via autonomous vehicle or robot agents is circumnavigation
over a specific orbit around the target [1]. The applications
include rescue, environmental, biomedical, transportation re-
lated ones [2], [3], where the target or signal source of
interest emits electromagnetic signals or is a source of pollu-
tion or natural phenomena [4]-[6]. For example, in oceanic
monitoring, traditional techniques involving ships and buoy
arrays provide limited coverage compared to distributed or
adaptive methods developed for fleets of autonomous under-
water vehicles (AUVs) [5] for various monitoring purposes,
e.g., to map and track marine blooms.

In [1], the circumnavigation control scheme is designed
around a motion control law which guides an autonomous ve-
hicular agent to orbit a target source with unknown location
x, which can be stationary or drifting, in a circular path. The
proposed adaptive control scheme utilizes estimation of the
source location x through a linear parametric model based
on filtered target distance and self-location measurements of
the autonomous agent, following the adaptive localization
scheme designed in [7]. A similar adaptive control scheme is
developed in [8], [9] for target pursuit, i.e. reaching = rather
than circumnavigating around it, utilizing the same certainty
equivalence based indirect adaptive control approach and a
similar adaptive localization system. In [1], [8], [9], stability
analysis is performed for both static and drifting target cases
via Lyapunov analysis, and the proposed designs are proven
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to be exponentially stable and robust to drifting of the target
location.

Vehicle network approaches to distance and relative po-
sition based target reconnaissance and circumnavigation of
targets, in formation, can be seen, e.g., in [10]-[12]. The de-
sign in [10] follows a geometric and time-trajectory analysis
based procedure and achieves the reconnaissance control goal
in finite time. The work in [11] utilizes a non-cooperative
game-theoretic formulation and reformulates the circumnav-
igation problem as a Nash equilibrium seeking problem. In
[12], the notion of circumnavigation is generalized to be an
act of traveling around an encompassed region.

The ideal problem settings of [1], [8], [10]-[12] assume
availability of geometric measurements, such as distance,
bearing, distance difference, directly related to relative po-
sition of the signal source target. However, in many real-
world scenarios, the vehicular agent can only sense the signal
field intensity related to this source target. Cooperative signal
source localization by formations of such agents have been
studied in [13]-[17]. All these works utilize the gradient
of the cooperatively measured signal field intensity to go
towards the signal source, either assuming that the gradient is
perfectly measurable or approximating it via signal intensity
measurement differences and variations.

An adaptive localization based signal field extremum seek-
ing scheme (ES) for the latter practical setting, where only
the signal field intensity is measurable, is developed in [18].
In [18], the distribution of the signal field is approximated as
a quadratic function, accommodating adaptive estimation of
both source target location and the field Hessian matrix. In
this paper, aligned with the framework of [18] but utilizing
estimation of the field gradient parameters without explicitly
estimating the source location and the Hessian parameters, an
adaptive control scheme is designed for steering a sensory
vehicle toward a planar circumnavigation orbit around the
source of a signal field. The steering control scheme utilizes
only the signal intensity measurements of the vehicle along
its motion path, in addition to self location of the vehicle.
Stability analysis is provided for for the proposed field
gradient estimation based adaptive steering and circumnavi-
gation control scheme, establishing asymptotic convergence
of the field gradient parameter estimates to their true values
and settlement of the vehicle on an orbital trajectory on
which the signal intensity is equal to a predefined constant
value. Simulation test results verify the established properties
of the proposed scheme as well as robustness to signal
measurement noise.

Beyond the existing literature, including [1], [8], [9],
[14]-[17], the paper aims the following contributions: (1)
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Design of a circumnavigation control law that uses the signal
intensity directly instead of relative position or distance
information. (2) A new adaptive control scheme based on
estimation of the gradient parameters of the signal field ¥
only and bypassing localization of the extremum. (3) More
accurate and faster adaptation via use of RLS algorithms.

II. PROBLEM DEFINITION AND PROPOSED APPROACH

Consider a sensory vehicle A, moving over a planar region
of interest for A, and a planar signal field effective in this
region, represented by an unknown function F(-) : R? —
[0, 00), which satisfies the following assumptions.

Assumption 1:

i The entries of F' are twice continuously differentiable.
ii The Hessian V2F(y) of F is Lipschitz continuous and
bounded from above and below for all y € R2.
iii The function F' has a single maximum Fj,,x at point
r € R2, and VzF(y)|y=x is negative definite at x.
iv There exists a scalar vz > 0 such that, for all &;,& €
R?, [|[V2F(&) — V2F (&) < 7a.
By Taylor expansion around x [19] utilizing Assumption
1, the intensity of the planar signal field at any point y € R?
within the region of interest is represented by

1
F(y) = Frax = 5(y—2) " H(y —z) +h(y) (1)
where H = gi; Z;z = — V2F(y)|y:x is symmetric

positive definite and h(y) represents the higher order terms
in the Taylor series expansion. Neglecting h(y) in the model
(1), the gradient of the field F' is obtained as

VF(y)=-H(y — ). 2)

Above, the maximizer point z € R? represents the
unknown location of the signal field source. The main task
of this paper is to design an adaptive motion control law for
the sensory agent A to steer it to and circumnavigate over
an orbit of specified signal strength level F™* around x.

We consider the velocity integrator kinematic model

y(t) = v(t) 3)

for the motion of the sensory agent A, where y(t) =
[y1(8), y2(£)] T, v(t) = [v1(t),v2(t)]T € R? denote the lateral
position and velocity vectors of A, respectively. Our control
design will focus on producing the required velocity v for
achieving the circumnavigation task. The circumnavigation
control problem is formulated as follows.

Problem 1: Consider a sensory vehicle A with lateral
motion kinematics (3) and an unknown planar signal field
F(+) in the form (1). Let the agent A continuously be able to

measure its current location y(t), the signal strength F'(y(t))

at y(t), and the signal strength variation z(t) = W‘ .
Given a desired level of signal F'*, design a motion control
scheme to have the agent A asymptotically circumnavigate
around the target location x such that F'(y(¢)) asymptotically

converges to a pre-defined value F™* > 0.

Remark 1: In actual implementation, our control design
can be used as a velocity trajectory generator and integrated
with a velocity trajectory tracking control system and low
level dynamic controllers that take the detailed motion dy-
namics of A into account.

Our approach to Problem 1 is similar to that of [18],
using parameter identifier and certainty equivalence based
adaptive control techniques [20]. The base motion control
design is a geometric one, where the control law is defined
based on the gradient VF' of the field. The details of this
base control design are given in Section III. The unknown
field gradient to feed this motion control law is estimated
using the parametric quadratic model (1) and a parameter
identification scheme developed in Section IV. The structure
of the proposed adaptive extremum circumnavigation control
scheme is shown in Figure 1.

F*
: v
——| Motion Control -5y
Law
= Adaptive Field Gradient‘J ) .
VF Estimation P Signal Field
F(y) Measurement

Fig. 1: Structure of the proposed adaptive extremum circum-
navigation control scheme.

III. CONTROL DESIGN FOR KNOWN FIELD PARAMETERS

In this section, a motion control law is designed to move
the agent A towards an orbit with a pre-defined desired signal
level F'* > 0 and circumnavigate over this orbit around the
target. It will be assumed that the field F'(-) is in the form (1).
Further, to solely focus on the motion control design, in this
section, we will fictitiously assume that the target location
x and the parameters of the field F'(-) are known and the
field gradient VF can be perfectly measured by A. Later,
for application to the actual case where VF' is not available
for measurement, we will replace this base control with its
adaptive version, which involves a field gradient estimator.

Consider the unit vector

1
= o VEW)
IVE@)Il
in the direction of VF(y) and let u, (y) be one of the two

unit vectors perpendicular to uy (y), defined by

uv (y)

u (y) = Suv(y),

0 -1
1 0
we have |luy||=1and u]VF(y) = 0.

At any time instant ¢, if F'(y(t)) < F'*, the agent A should
move in the direction of uy (y) to obtain maximum increase
in F(y), and otherwise if F(y(t)) > F*, it should move
in the direction of —uy(y) to obtain maximum decrease in
F(y). Once A reaches a location where F'(y) = F™*, to move

for the skew-symmetric matrix S = } . By definition,
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on a closed path maintaining F'(y) = F*, its velocity should
be aligned with either u (y) or —u,. A generic smooth
motion control law satisfying the above requirements is

or(y) =

where k, is a preset speed parameter. Since uy and wu )
are mutually orthogonal unit vectors and tanh?(dp) +
sech?(dp) = 1 for any 0p, we indeed have |[v|| = k.
Closed loop stability and convergence properties guaranteed
by control law (4) are stated in the following proposition.
Proposition 1: Consider the field model (1). Let ||y(0) —
x|| > do for some lower bound dy > 0 and h(y) be negligible
compared to §z(y), i.e., let dp(y) ~ dr(y) — h(y). Then, the
closed loop system (3), (4) is stable. Further, it is guaranteed
that F'(y(t)) asymptotically converges to F'™* as t — oo.
Proof: Consider the Lyapunov function

—ky tanh(0r(y))uy + kysech(dp(y)u L (4)

1
Vi = 507(y). (5)
Applying (1) and (2), time-derivative of (5) is obtained as
Ve = 6r(y)or(y)

= —0r(y)(y—x) Ho 6)
= 0r(y) VE ().
Substituting (4) in (6), we obtain
Vi = —k, tanh(37(y))3r ()| VF (y)]]. @)

Since sgn(tanh(dz)) = sgn(dr) for any dp, Vi < 0 if
0p # 0 and VF = 0 if 6p = 0. Hence, for all t > 0,
0 < Vg(t) < Vp(0) and F(t) approaches to F* as t — co.
This further implies, by (1) and 6r(y) = dr(y) — h(y), that

(y(t) —2) "H(y(t) — x) > 2Fmin (8)

for Fuin = min{ Fiuax — F(0), Fuax — F*} and all ¢ > 0.
Since H is symmetric positive definite matrix, there exists
a symmetric positive definite matrix H;, whose eigenvalues
are the square roots of the eigenvalues 0 < Ag; < Ago of
H and H = H? [20], [21]. Hence, (8) can be rewritten as

1H 1 (y(t) = @)1 = 2Frmin,
which implies that
IVE@OI? = 1H(y(t) = 2)|* = 2Am1 Fuin-~— (9)

Since for any 0 < Apann < 1, there exists 7¢ann > 0
such that tanh(Ziann)/Ttanh > Ytanh fOr any Ziann €

(—="tanh, Ttannh)> Dy (7) and (9), there exists ¢; > 0 and a
constant ks, which depends on k,, F', A1 and ¢, such that

Vi < —ksVp

for all ¢t > t1. Therefore, we establish that Vz converges to
zero as t — oo, completing the proof. [ ]

Remark 2: The control law (4) allows the vehicle speed
|v]] to be assigned as k.

IV. FIELD GRADIENT ESTIMATION

The proposed motion control law (4) relies on the knowl-
edge of the field gradient (2), which depends on the source
location x and the positive definite matrix H. Since these
values are unknown to the agent, we design a parameter
identifier to estimate (2), utilizing the estimator design in
[18]. As different from [18], estimation of x is not required,
estimation of only Hx and H is sufficient.

Assuming that the source is stationary and dh(y)/dt is
dF(y(r))

dr

negligible compared to z(t) =

dh(y)
at

z=—y H(y—z)

,le, 2z~ 2z —
=t

the time-derivative of (1) is derived as

:—yTHy—I—yTHx
__-¢ x

gat \Y Y)Y

1d :
=55 (Hlly% +2H 121192 + H22y§) +y Ha

1 d * - T ok
=53 ( yi 2519y y%]) On +y 0;
ZH*Td‘I’(y)

dt

where 03, = [Hy1  Hio H22]T’ 0, = Hu,

0 =1[03, 0;"]" R,
-

W) = [~dui —we 3B y7] eR”

This results in the linear parametric model

z=0""¢, (10)

d¥(y)
de
Next, two alternative parameter identifiers, similar to those

in [18], are designed based on (10) to produce the estimate

= [—y1v1, —Y1v2—v1Y2, —Yave, v']T. (11)

o=

0 = [0, 67]7 of 6* = [0, 6:T]T, which is used to
generate the gradient estimate
2 (A i Hy Hip i
VF =—-H(0 +0,=—1x ~ +6,. (12)
(Or)y le | Y

In order to guarantee that H (t) is positive definite, pa-
rameter projection will be applied in the parameter identifier
designs, utilizing the following assumption on H [18]:

Assumption 2: In (1), H satisfies:

(1) Hy; >0 forall t =1,2.

(i) H;; > |H;j;| for all 4,5 = 1,2 and i # j.

Lemma 1: [18] If H satisfies Assumption 2, then it is
positive definite.

As the first alternative parameter identifier based on (10),
the following gradient based adaptive estimator [18] is con-
sidered:

b =~o(z— 07 ¢), (13)
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where v > 0 is a scalar design constant. The gradient based
parameter identifier with projection is formulated as follows:

6= Proj {7o(z— 07 9)},

éHESH

(14)

where Sy is the convex compact set of all vectors Oy =
[ﬁn,f{m,flgg]T such that the corresponding 2 x 2 matrix
H satisfies Assumption 2, and Proj {-} is the parameter
0neSH .

projection operator [20], [21] defined to maintain 0y in Spg.

For constant 6*, the base adaptive law (13) and the
adaptive law (14) with parameter projection, respectively,
lead to dynamic equations

6=0= 00 (15)

and L )
0=0= Proj {—y¢¢'0}, (16)

OpeSy
of the parameter estimation error vector

- |On 0w — 03| 5
0= |%"| =13 H =9 — 0% 17
M [691 "

The second alternative parameter identifier is based on the
following RLS adaptive estimation algorithm [18]:

b =Po(z— 07 ),
b { BP — Pod™ P, if Anax(P) < praa

(18)

0, otherwise (19)

where the initial gain matrix P(0) and hence the gain matrix
P(t) for any ¢ > 0 are symmetric positive definite, 5 > 0
is the fixed forgetting factor, and pn.x 1S a preset upper
limit for the maximum eigenvalue Ap,.x(P). The RLS based
parameter identifier with projection is formulated as follows:

6= Proj {Po(z—07¢)}.
0reSn

(20)

For constant 6*, the base adaptive law (18) and the
adaptive law (20) with parameter projection, respectively,
lead to parameter estimation error dynamic equations

G—6—=—PpsTh @1

and b A ~
6=0= Proj {—P¢o'6},
OrreSy

(22)

The stability and asymptotic convergence properties of
the gradient and RLS based adaptive scheme above are
similar [18], as summarized in the following proposition.
Nevertheless, the RLS based alternative facilitates fine-tuning
for faster settling and robustness to measurement noises [3],
[18], and hence provides better performance for the adaptive
motion control scheme introduced in the next section.

Proposition 2: [18] Suppose 6* € R® is a constant.
Consider the parametric model (10). For each of the base
adaptive laws (13) and (18) and the adaptive laws (14) and

(20) with parameter projection , there exist pj, p2, A > 0
such that for all ¢ > 0 and ||6*(0)|]

||é(t>|| < (p1]|07(0)|| + pz)e_kt

if ¢ satisfies the persistence of excitation (PE) condition

(23)

t+T
al < / o(T)o(T) Tdr < anl (24)
t

for some a; > 0, ag > 0, T > 0 and for all ¢ > 0.

Remark 3: [9], [18] Symmetric positive definitess of
P(0) and the update law (19), together with boundedness
of ¢, guarantee that P(t) and Q(t) := P~(¢) are bounded
and symmetric positive definite for all ¢. Further (19) can be
rewritten in terms of Q(t) as

N _BQ + ¢¢T7 if Amin(cz) > l/pmax
Q= { 0, otherwise (25)
Further, (24) guarantees that
Olef S Q(t) § OéQQI (26)

for all ¢ > 0, where g1 = min{as, Amin(Q(0))} and
ag2 = a2 + Amax(Q(0)), with Apin and Apax indicating
minimum and maximum eigenvalues [9], [18].

V. ADAPTIVE MOTION CONTROL DESIGN

Our adaptive motion control design directly utilizes the
base motion control law (4), where the required field gradient
VF is replaced with its estimate (12) generated by one of
the gradient estimation schemes presented in Section IV:

v = —kytanh(dp(y))iy + kysech(dp(y))iL
+ tanh (97 (y))va, 27
1 A
iy = ———VF(y), d.(y) = Siv,
\v IVF)] (y) 1(y) \v4

where v, is an auxiliary control signal, with magnitude
lvall << ky, which is selected to satisfy that the regressor
vector ¢ in (11) satisfies the PE condition (24) of Propo-
sition 2. Such selection in turn guarantees that ||f(¢)|| and
hence ||[VF(y(t)) — VF(y(t))|| asymptotically converge to
zero. Hence, with such selection of v,, (27) asymptotically
converges to

—ky tanh(dp(y))uy + kysech(dp(y))uy + tanh(0r(y))v,,

and the analysis in the proof of Proposition 1 still applies,
leading to the following proposition, which states the closed
loop stability and convergence properties for Problem 1
guaranteed by the adaptive control law (4).

Proposition 3: Consider the field model (1). Let ||y(0) —
x|| > do for some lower bound dy > 0 and h(y) be negligible
compared to dg(y), i.e., let 0p(y) =~ dp(y) — h(y). Further
let the PE condition (24) be satisfied. Then, the closed loop
system (3), (12), (27) is stable and guarantees that F'(y(t))
asymptotically converges to F'* as t — oc.

Having three distinct frequencies, i,e., being sufficiently
rich of order 6 [20], which is larger than the dimension of the

1005

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 08,2026 at 17:27:25 UTC from |IEEE Xplore. Restrictions apply.



parameter vector 6%, one intuitive selection for the auxiliary
control signal to satisfy the PE condition (24) is as follows:

va(t) = ka tanh(3p (y(£))) (01 (£) + o2 (t) + 05(t)), (28)

O'Z(t) = AiO'i(t), Al =C; |:_01 é:| for ¢ = ]., 2,3, (29)
los(t)]] < 1,V¢ for i =1,2,3, 1, ca, c3 are distinct positive
numbers defining three distinct frequencies of v, (t), and 0 <
ko << ky.

VI. SIMULATIONS

Here, we present results of MATLAB/Simulink simu-
lations of the proposed adaptive motion control scheme
(27),(28) together with the RLS based gradient estimator
(12),(19),(20) with parameter projection, which has been
observed to provide faster convergence and more accurate
results than the gradient based estimator (12),(14). The
presented results are for four different scenarios with sta-
tionary and drifting source location x and with perfect and
noisy measurement. In all the four scenarios, the source
location z is assumed to be unknown, an approximate scaled
quadratic signal field model of the form (1) is considered

. 50 -—1.0
with F.x = 10.0 and H = {1'0 30

algal bloom imagery approximation presented in [4], the
desired circumnavigation level is set as F'* = 8.0, the control
gain is chosen as k, = 1.0, and the initial vehicle position
is y(0) = [0 O]T. In all the scenarios, the field gradient
estimator parameters are chosen as 5 = 0.5, pmax = 10.0,

A0)=[1 01 1 —2 —6],and P(0) =TI;.

based on the

A. Scenario 1: Stationary Source and Perfect Measurement

The source is stationary, located at z = [5.0 3.O]T.
As seen in Figures 2 and 3, the trajectory of the vehicle
is significantly affected by the instantaneous field gradient
estimate; nevertheless, it converges to the orbit with desired
field intensity level.

5|
al
3l
2
31’»
ol

T F(y)

* y(0)

y(t)

2] ‘ ‘ ‘ ‘ ! |l o =
1 0 1 2 3 4 5 6

y1 [m]

Fig. 2: Vehicle trajectory for Scenario 1.

Scenario 1 Scenario 2
20 20
0 0
= =
= -20 T 20
-40 -40
-60 -60
0 10 20 30 40 0 10 20 30 40
t[s] t[s]
Scenario 3 Scenario 4
20 20
0 0
= =
5 -20 [ -20
-40 -40
-60 -60
0 10 20 30 40 0 10 20 30 40

t[s] t[s]

Fig. 3: Field intensity measurements for the four scenarios.

B. Scenario 2: Stationary Source and Noisy Measurement

The setting is the same as Scenario 1, except that the signal
measurement from the agent F'(y) is assumed to exhibit a
zero-mean white noise with variance of 1.00. The results are
shown in 3 and Figures 4, which demonstrate that the control
task is successfully achieved. Note that the measured field
intensity, although noisy, stays close to the desired level-set.

Fig. 4: Vehicle trajectory for Scenario 2.

C. Scenario 3: Drifting Source and Perfect Measurement

A slow drift in source location is introduced, leading to

(t) = [5+ 2sin 7551, 3+ 2sin {Zst]

The estimation and motion control results are shown in
Figures 3 and 5. Although the source drifts from the original
location, the proposed adaptive control scheme keeps the
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vehicle on the orbit with the desired field intensity value.

] @

Y2 [m]
N

7 F(y)
* 9(0)
ol —
- - —2()

0 2 4 6
y1 [m]

Fig. 5: Vehicle trajectory for Scenario 3.

D. Scenario 4: Drifting Source and Noisy Measurement

This scenario is a combination of Scenarios 2 and 3, where
the unknown source location drifts and the field measurement
is noisy with the same zero-mean Gaussian noise. The results
are shown in Figures 3 and 6. The proposed adaptive control
scheme keeps the vehicle on the desired orbit, under source
drift and noisy measurement as well.

measurements of the vehicle along its motion path. The
proposed adaptive motion control scheme is effective in
accurate and fast navigation of the vehicle to the orbit with

the

specified field intensity. The stability of the proposed

adaptive gradient estimation and motion control schemes has
been formally established. Simulation results demonstrate
accuracy and robustness to source drift and field measure-
ment noises. Follow-up research directions include extension
of the proposed scheme for formations of multiple sensory
vehicles and alternative adaptive motion control designs.
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VII. CONCLUSION
In this paper, an adaptive motion control scheme has been  [19]
designed for navigating a sensory vehicle toward a planar [3(1)]
circumnavigation orbit, with a specified field intensity level [21]
F*, around the a signal source using the signal intensity
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