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Control of the SMARTControl of the SMART--1 spacecraft1 spacecraft

• First European lunar mission, launched Sep 2003
• Go to the Moon using Electric Primary Propulsion
• Advanced orbit and attitude control system

Sun sensors
(3 in total) Star trackers (2 in total)

Hydrazine thrusters
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(4 in total)

EP thruster and orientation
mechanism
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Bodin, Swedish Space Agency, 2005 Bodin, Swedish Space Agency, 2005

• Moon capture

Detumble Mode Safe Mode 

Control modes for orbit and attitude

Switch between different control laws       
depending on commands and autonomous actions 
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Architecture of SMARTArchitecture of SMART--1 spacecraft1 spacecraft

• A networked control system with tight interactions between      
computation, communication and control

Power

Earth
communication

Payload

Control system

Actuators
Sensors
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Architecture of SMARTArchitecture of SMART--1 spacecraft1 spacecraft

• Coupling between analogue physics and digital computations

Power

Physical
plant

Actuators Sensors

Payload Earth
communication

Control
computers

Physics Physics Physics
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Digital
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What is a hybrid system?What is a hybrid system?

• A hybrid system is a dynamical system with interacting 
time-triggered and event-triggered dynamics

• E.g., differential equations and finite automata

• Mixture of analogue and digital models of computations
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Control systemsControl systems

• Time-triggered

• Event-triggered

Example of a hybrid systemExample of a hybrid system

Example of a hybrid systemExample of a hybrid system Example of a hybrid systemExample of a hybrid system
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Motivating examplesMotivating examples

• Automatic gear box
• Rocking block
• Vacuum cleaning
• Network congestion control
• Networked embedded systems 
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Automatic gear boxAutomatic gear box
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Discrete event systemDiscrete event system
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Hybrid systemHybrid system

Karl H. Johansson, Hybrid control systems, MOVEP, Bordeaux, 2006

Rocking blockRocking block

Hybrid models capture mechanical impacts and other 
discontinuous dynamics

www.animats.com
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Rocking blockRocking block

•Rocking block rotates around one of two pivot points
•Impacts represented as discrete transitions
•System may show complex dynamics

•Extensively studied as model for nuclear reactors, 
electrical transformers and tombstones
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Vacuum CleaningVacuum Cleaning

•Find an efficient strategy for 
autonomous cleaning of an apartment
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Efficient Area CoverageEfficient Area Coverage

Constrained by nonlinear and uncertain dynamics, sensor noise, 
actuator limitations, unknown obstacles in environment etc.
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Hierarchical Problem StructureHierarchical Problem Structure

Mission

Coordination

Tracking

Optimization

Hybrid system

Nonlinear
control
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Hierarchical Control Hierarchical Control 

•Natural to organize 
large systems into 
hierarchies
•Manageable layers
•Widely adopted 
approach in engineering:
communication, robotics, 
transportation, etc. 

•Cross-layer interaction 
results in hybrid systems
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Robot motion governed by

where      is heading, controlled when 
represents uncertainty in control

Problem: Given            , minimize number of turns      
to cover 

Area coverage with uncertain headingArea coverage with uncertain heading

Mazo & J, 04
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Network Network congestioncongestion controlcontrol

Details on this model and how to 
use if for improved 

network congestion control later

TCP is a hybrid TCP is a hybrid controlcontrol strategystrategy
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Networked embedded systemsNetworked embedded systems

• Most networked embedded 
systems are control systems

Physical
plant

Computer
HW/SW

Actuator Sensor

Physical
plant

Computer
HW/SW

Actuator Sensor
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Networked embedded systemsNetworked embedded systems

• Integrates time-triggered and 
event-triggered dynamics

Physical
plant

Computer
HW/SW

Actuator Sensor

Physical
plant

Computer
HW/SW

Actuator Sensor

Continuous

Discrete
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Control architectureControl architecture
of a of a ScaniaScania trucktruck

• Control units connected through 3 controller 
area networks (CANs) coloured by criticality

• CAN is a standard introduced by Bosch 1986
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Control architecture of a Volvo XC90Control architecture of a Volvo XC90

• 3 CAN networks connect up to         
40 control units

• Vehicle dynamics control (VDC) is a 
control system using  CAN
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What is hybrid in networked What is hybrid in networked 
embedded control systems? embedded control systems? 

• Networked control systems are inherently hybrid, 
because interaction of physical plant and computer 
control, but also because they have 
– mixture of event- and time-triggered communication protocols
– asynchronous network nodes (if no global clock)
– quantized sensor data to limit network traffic 
– symbolic control commands to simplify design and operation 
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Why Why hhybridybrid systems?systems?

• Abstractions in design lead to hybrid dynamics
– Time-scale separation, large scale systems, hierarchical control

• Embedded computer systems are hybrid
– Real-time software interacting with physical environment

• Many control strategies are hybrid
– On-off, optimal control, batch control, supervisory control
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Hybrid systems integrate         Hybrid systems integrate         
control theory and computer sciencecontrol theory and computer science

Control theory
Continuous systems, 
stability, feedback, 

robustness

Computer science
Discrete systems, 

composition, abstraction 
concurrency

Hybrid systems
Hybrid dynamics,

software-controlled systems, 
networked embedded systems

Software from a 
physics perspective

Physics from a
software perspective
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Outline: Hybrid control systemsOutline: Hybrid control systems
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– Stability and stabilization 
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Hybrid Hybrid automatonautomaton

• A hybrid automaton is a formal model of a hybrid system
• Captures essential interaction between time-triggered

and event-triggered dynamics



Hybrid automatonHybrid automaton
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Solution of a hybrid automatonSolution of a hybrid automaton
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Hybrid Hybrid timetime trajectorytrajectory

A hybrid time trajectory                      is a finite or 
infinite sequence of intervals such that Initialization

Time-driven

Event-driven
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Example: Water tank systemExample: Water tank system
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Example: Timed automatonExample: Timed automaton

A timed automaton models n clocks (e.g., computation time)
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Properties of hybrid automataProperties of hybrid automata
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Examples of nonExamples of non--live and live and 
nonnon--deterministic hybrid automatadeterministic hybrid automata



Karl H. Johansson, Hybrid control systems, MOVEP, Bordeaux, 2006

LivenessLiveness

Fact
A hybrid automaton is live if for all reachable states for 

which continuous evolution is impossible, a discrete 
transition is possible, i.e., 
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DeterminismDeterminism

Fact
A hybrid automaton is deterministic if (and only if) there is
• no choice between continuous and discrete evolution, and
• no discrete transition that can lead to multiple states
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Zeno solution of hybrid automatonZeno solution of hybrid automaton
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Zeno hybrid systemsZeno hybrid systems

• A solution is Zeno if it exhibits                               
infinitely many jumps in finite time

• A truly hybrid phenomenon:                                     
requires at least continuous time                               
and discrete states

• Consequence of over-simplified                          
or ill-posed model

• Potential problems for computer simulation,          
algorithmic verification, stability analysis, etc.

• Few methodologies to detect Zeno 
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Zeno statesZeno states

Fact
Zeno states (convergence points of Zeno solution) lie on the 

intersection of guards
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OutlineOutline
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Control of hybrid systemsControl of hybrid systems

• Analysis and design problems for traditional continuous 
control systems can be reformulated for hybrid systems:
– Stability
– Optimality
– Robustness
– Etc

• Here we focus on stability
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A hybrid stability problem for a A hybrid stability problem for a 
networked control systemnetworked control system

Communication bus

Karl H. Johansson, Hybrid control systems, MOVEP, Bordeaux, 2006

Stabilization of networked systemsStabilization of networked systems

• Consider joint state feedback stabilization of a set 
plants, when only one plant can utilize the bus at a time:

• Determine a control and communication policy that 
stabilizes all systems? 

Communication bus
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Switched systemsSwitched systems

• For simplicity, we limit the discussion to switched systems, which is a 
subclass of hybrid automata
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Switched system as hybrid automatonSwitched system as hybrid automaton
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Stability for switched systemsStability for switched systems

• The “usual” stability definition, 
cf., continuous systems

• How extend to hybrid automata?
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LyapunovLyapunov’’ss second methodsecond method
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LyapunovLyapunov function for linear systemsfunction for linear systems
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ExampleExample
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• Both systems are stable with eigenvalues as on previous slide
• Lyapunov function on previous slide is decreasing along solutions:

Phase portraitsPhase portraits

Is a hybrid system that switch 
between system 1 and system 2

stable?
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Stable + Stable = UnstableStable + Stable = Unstable
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Stable + Stable = Stable + Stable = StableStable
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Multiple Multiple LyapunovLyapunov functionsfunctions

• Which of the conditions was violated in previous 
stable+stable=unstable example?

Branicky
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Example with two discrete modesExample with two discrete modes

• Active parts are solid and inactive parts dashed
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Supervisory controlSupervisory control

• Resulting closed-loop system is a hybrid system
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Common Common LyapunovLyapunov functionfunction

• If plant and controllers are linear, 
then closed-loop system is a 
switched linear system 
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Commuting system matricesCommuting system matrices
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How choose stabilizing                 How choose stabilizing                 
switching sequenceswitching sequence
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Stabilization of networked systems Stabilization of networked systems 
revisitedrevisited

• Consider joint state feedback stabilization of a set 
plants, when only one plant can utilize the bus at a time:

• Determine a control and communication policy that 
stabilizes all systems? 

Communication bus

Hybrid system representationHybrid system representation
• How choose the guard conditions of the hybrid automaton 

to stabilize the system?

Communication bus



““Largest state firstLargest state first””--policypolicy

Theorem [Hristu-V. and Kumar]
For scalar unstable systems: 
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OutlineOutline
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TrafficTraffic controlcontrol in in packetpacket--switchedswitched
communicationcommunication networknetwork

Objective is to 
• Give each user suitable service
• Utilize network resources efficiently

Obtained through two control mechanisms:

Spatial control
• route traffic short way through the network
• receiver address in header of each packet 
• shortest-distance matrix in each router
• updated on a slow time scale

Temporal control
• adjust sending rate to available bandwidth 
• base on info available in sender (end-to-end)
• implicit bandwidth estimate through ack’s
• updated on a faster time scale

Sender

Receiver

Sender

Receiver
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Sender

Receiver

Sender

ReceiverTemporal Temporal congestioncongestion controlcontrol

• Each network link has a limited capacity
• Variations in traffic is primarily handled 

by temporary storage in router buffers
• If a buffer gets full, it simply throws 

away incoming packets
• Hence, congestion leads to lost packet
• Acknowledgements (ack’s) indicate 

sender, when to take action

Sender Receiver
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Transmission control protocol (TCP)Transmission control protocol (TCP)

• TCP implements a congestion controller that regulates the sending rate
• Control variable is the congestion window w, which represents   

number of outstanding (not-yet-acknowledged) packets
• Control is based on implicit feedback information from ack’s
• TCP follows additive increase multiplicative decrease (AIMD) strategy

Sender Receiver

time

Sender Receiver

time

drop
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TCP TCP congestioncongestion avoidanceavoidance

Typical window evolution:
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Hybrid dynamics of a queueHybrid dynamics of a queue

Sender Receiver

Queue 
Full

Queue 
Active

Queue 
Empty

Hybrid model of TCP over single linkHybrid model of TCP over single link

Sender Receiver
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The The discretediscrete statesstates of TCP of TCP 

Congestion
Avoidance

Timeout

Fast 
Retransmit

Slow-Start

• Congestion Avoidance is the main state 
• Timeout handles severe congestion
• Slow-Start gives faster growth initially
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TCP is a hybrid TCP is a hybrid controlcontrol strategystrategy
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A more accurate hybrid model of TCPA more accurate hybrid model of TCP

Hespanha et al.
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Alternative models of network Alternative models of network 
traffic: Packet and fluid modelstraffic: Packet and fluid models

Packet models
• Model each individual 

packet (event-driven)
• Accurate but 

computationally heavy

Fluid models
• Averaged fluid quantities 

(time-driven)
• Capture only steady-state 

and slow behaviors

• Hybrid model combines features of these traditional network models
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TCP over wireless linksTCP over wireless links

• Integration of Internet and cellular networks hard due to radio link 
variations 

• When used over wireless links, TCP cannot ensure a high link utilization
• Packet drops, bandwidth and delay variations in radio link erroneously 

indicate network congestion to TCP
• How do radio links affect TCP throughput?
• Can we make the radio link and the cellular system “TCP friendly”?

Mobile
Receiver

Sender
Base

StationInternet
Radio Link

: TCP protocol : RLC protocol
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Cascade control Cascade control 

• Radio link transforms losses into random delays
• Cascaded feedback control loops

– Inner and outer power controls
– Link-layer retransmission
– TCP

• Increased probability of spurious timeout gives
reduced TCP throughput

• Adjust link layer properties to optimize TCP 
throughput
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New feedback protocols for wireless New feedback protocols for wireless 
InternetInternet

• Improved TCP throughput through new radio network feedback protocol
• Proxy between cellular system and Internet adapt sending rate to radio 

bandwidth variations obtained from radio network controller (RNC)

3G-GGSN

3G CN

Terminal

BTS PROXY

3G-SGSNRNC

BTS

App Serv

Internet
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New feedback protocols for wireless New feedback protocols for wireless 
InternetInternet

• Hybrid controller in proxy regulates sending rate based on
– Events generated by radio bandwidth changes obtained from RNC
– Sampled measurements of queue length in RNC

• Improved time-to-serve-user and utilization compared to traditional 
end-to-end TCP
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Summary of the applicationSummary of the application
hybrid control of network traffichybrid control of network traffic

• Hybrid model of congestion control in packet-switched networks
• Combine event-driven packet models with time-driven fluid models
• Accurate on time-scale of the round-trip time
• Enables analysis and efficient simulations of congestion control

• Interactions between wireless links and TCP lead to performance loss
• Hybrid controller gives improved user experience and 

network utilization
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Examples of what was Examples of what was not coverednot covered
in the presentationin the presentation

• Models
– Other hybrid models classes, e.g., stochastic hybrid systems
– How to obtain models: system identification for hybrid systems
– Computer simulation

• Estimation and observers
– How to estimate the state of a hybrid system

• Control
– Optimal control of hybrid systems
– Non-smooth control

• Verification 
– Model checking 
– Reachability analysis
– Reach set computations

• Implementation
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SummarySummary

• Hybrid systems arise naturally in the design of embedded 
computer system, where real-time software is 
interacting with a physical environment

• Integrate problem formulations and mathematical tools 
from control theory and computer science

• Emerging theories and computational tools for modeling, 
control, verification, simulation and implementation

• Area with a lot of activities,                                  
including major European projects
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