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Abstract

Safety is a primary requirement for many autonomous systems, such as
automated vehicles and mobile robots. An open problem is how to assure
safety, in the sense of avoiding unsafe subsets of the state space, for uncertain
systems under complex tasks. In this thesis, we solve this problem for cer-
tain system classes and uncertainty descriptions by developing computational
tools, designing verification and control synthesis algorithms, and evaluating
them on two applications.

As our first contribution, we consider how to compute probabilistic con-
trolled invariant sets, which are sets the controller is able to keep the system
state within with a certain probability. By using stochastic backward reach-
ability, we design algorithms to compute these sets. We prove that the algo-
rithms are computationally tractable and converge in a finite number of itera-
tions. We further consider how to compute invariant covers, which are covers
of sets that can be enforced to be invariant by a finite number of control inputs
despite disturbances. A necessary and sufficient condition on the existence of
an invariant cover is derived. Based on this result, an efficient computational
algorithm is designed.

The second contribution is to develop algorithms for model checking and
control synthesis. We consider discrete-time uncertain systems under linear
temporal logic (LTL) specifications. We propose the new notion of tempo-
ral logic trees (TLT) and show how to construct TLT from LTL formulae via
reachability analysis for both autonomous and controlled transition systems.
We prove approximation relations between TLT and LTL formulae. Two suf-
ficient conditions are given to verify whether a transition system satisfies an
LTL formula. An online control synthesis algorithm, under which a set of fea-
sible control inputs can be generated at each time step, is designed, and it is
proven to be recursively feasible.

As our third contribution, we study two important vehicular applications
on shared-autonomy systems, which are systems with a mix of human and au-
tomated decisions. For the first application, we consider a car parking problem,
where a remote human operator is guided to drive a vehicle to an empty park-
ing spot. An automated controller is designed to guarantee safety and mission
completion despite unpredictable human actions. For the second application,
we consider a car overtaking problem, where an automated vehicle overtakes a
human-driven vehicle with uncertain motion. We design a risk-aware optimal
overtaking algorithm with guaranteed levels of safety.






Sammanfattning

Sékerhet ar ett priméart krav for manga autonoma system, sdsom automa-
tiserade fordon och robotar. En 6ppen fragestéillning ar hur man kan séker-
stilla sdkerhet, det vill siga undvika farliga delmangder av tillstindsrummet,
for osdkra system under komplexa specifikationer. I denna avhandling 16ser
vi detta problem for vissa klasser av system och osdkerhetsformaliseringar
genom att utveckla berdkningsverktyg, utforma verifierings- och styrsyntes-
algoritmer och utvarderar dem i tva tillimpningar.

Som f6rsta bidrag studerar vi hur man berdknar probabilistiskt styrda in-
varianta mangder, vilka ar méngder regulatorn kan halla systemtillstandet
inom med en viss sannolikhet. Genom att anvénda stokastisk bakatriktad upp-
naelighet utformar vi algoritmer for att berakna dessa méngder. Vi bevisar att
dessa algoritmer &r berakningsméssigt hanterbara och konvergerar inom ett
finit antal iterationer. Vi studerar ocksa hur man beréknar invarianta 6vertack-
ningar, som ar 6vertickningar av mangder vilka kan tvingas vara invarianta
med ett finit antal styrinsignaler trots storningar. Vi harleder ett nédvandigt
och tillrackligt villkor for existensen av en invariant dvertickning. Med detta
existensvillkor designas en effektiv berdkningsalgoritm.

Vart andra bidrag utvecklar algoritmer for modellkontroll och styrsyntes.
Vi betraktar osdkra system i diskret tid under specifikationer givna via
linjar tidslogik (LTL). Vi introducerar ett nytt begrepp vid namn tempo-
rala logiska trad (TLT) och visar hur man konstruerar TLT fran en LTL-
formel via uppnaelighets-analys for bade autonoma system och kontrollerade
overgangssystem. Vi visar approximationsforhallanden mellan TLT- och LTL-
formler. Tva tillrackliga villkor ges for att verifiera om ett 6vergangssystem
uppfyller en LTL-formel. En online-styrsyntesalgoritm ar utvecklad, under
vilken en uppséttning moéjliga styrsignaler kan genereras vid varje tidssteg,
och vi visar att den ar rekursivt gorbar.

Som tredje bidrag studerar vi tva viktiga fordonstillimpningar inom de-
lade autonoma system, system med en mix av manskliga och automatiserade
beslut. I den forsta tillampningen studerar vi ett bilparkeringsproblem, dar en
avlagsen ménsklig operator guidas for att kora ett fordon till en tom parker-
ingsplats. En automatiserad regulator designas for att garantera sakerhet och
uppdragets slutforande trots oforutsigbara ménskliga handlingar. I den andra
tillimpningen studerar vi ett omkorningsproblem dér ett automatiserat for-
don kor om ett manskligt fordon med oséker framtida kérning. Vi designar en
riskmedveten optimal omko6rningsalgoritm med garanterade sikerhetsnivéer.
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Notation

Real Analysis

R" real Euclidean space of dimension n

N set of nonnegative integers

N>, set {r e N|r>q}

N<,4 set {r e N|r <gq}

Nig,s] set {re N|qg<r<s}

B, (x) Euclidean ball with centre  and radius r
|- | Euclidean norm for vectors

conv(X) convex hull of X

XapY Minkowski sum {z +y | z € X, y € Y}
XoeY Pontryagin difference {z | v + y € X, Yy € Y}
X\Y set difference {z | x € X,z ¢ Y}

IX| cardinality of set X

B(X) Borel space of set X

cl(X) closure of set X

Ix(+) indicator function of set X

Linear Algebra

1 identity matrix

1 matrix or vector of ones

0 matrix or vector of zeros

[A]; ith row of matrix A € R"*"

[A];j (i,7)-th element of matrix A € R"™*"
Others

Given a polytope P = {z € R": Vz <wv}

vert(PP) vertices of P

verty (P) set {z € vert(P) : [V]gz < [v]i}

Thiilk a prediction of x with ¢ steps ahead from time &
E expectation

Pr probability

xi






Chapter 1

Introduction

Safety is a primary requirement for many autonomous systems: mobile robots
in the warehouse should perform actions for avoiding obstacles, and auto-
mated vehicles on the roads have to be safe for human passengers. Ensuring
design correctness and safety has significant implications for the deployment
of autonomous systems. However, this is challenging due to inevitable uncer-
tainties and task complexity.

Uncertainties are present in most control systems. For example, plants are
usually corrupted by external disturbances and accompanied by model errors.
These uncertainties make it difficult to predict and reason about system behav-
iors. On the other hand, there is an increasing need for more complex control
objectives, such as constrained spatial and temporal tasks, to be achieved by
autonomous systems. These complex tasks pose new challenges in both com-
putation and control design. At this background, an open question is

How to assure safety for uncertain systems under complex tasks?

In this thesis, safety is in the sense of avoiding unsafe subsets of the state
space. We answer the above question for certain system classes and uncer-
tainty descriptions by developing computational tools, designing verification
and control synthesis algorithms, and evaluating them on two applications.

The outline of this chapter is as follows. Section [1.1] provides the motiva-
tions. Section [1.2] gives several illustrative examples. Sections [1.3| highlights
the main challenges in safe and shared autonomy. Section [I.4] briefly reviews
related work. Section [1.5| formalizes the problems that will be studied. Sec-
tion[1.6|gives the outline and contributions of the thesis.



2 Introduction

1.1 Motivation

The development in automation technology over the past few decades has
changed the way we live as individuals and as a society. There is an increasing
number of machines and systems capable of performing tasks, even within un-
structured environments. Robotic vacuum cleaners clean our houses; drones
are used for photography and search and rescue missions; and self-driving cars
are being tested. We usually call such systems autonomous systems, which can
be defined as systems capable of make decisions and performing actions by
themselves, without explicit human control [[1]]. It is believed that autonomous
systems have the potential to affect every part of life, business, industry, and
education [2].

The need for autonomous systems is driven by various business cases but
also areas where autonomy promises to do things that could not be done be-
fore. For example, autonomous systems has made the space and deep sea ex-
ploration possible. As shown in Figure Curiosity Rover, an autonomous
exploration vehicle, has been delivered to Mars studying the climate and ge-
ology. Autonomous underwater vehicles are becoming important to study the
ocean, see Figure A variety of sensors affixed to the vehicle can map the
seafloor or analyze properties of the water.

Autonomous systems are expected to improve safety and energy effi-
ciency. Comparing with human-driven vehicles, it is estimated that self-
driving cars can achieve up to 80% reduction of road crashes and 60% reduction
of carbon dioxide [3]]. They could also offer new mobility options to millions of
elderly or disabled people. An increasing number of corporations, e.g., Uber,
Tesla, and Google, and traditional car manufacturers, e.g., Volvo, Ford, and
General Motors, are investing in self-driving car technology. The market is
estimated to be worth 54 billion and is expected to increase tenfold in the
next 5-7 years [3].

The introduction of autonomous systems offers benefits to many applica-
tions where humans are present today but also in future operations. Shared-
autonomy systems are systems that can mix human and automated deci-
sions in a systematic way. Using shared control, teleoperated assistive robots
promise to help people with disabilities eat independently, without relying on
caregivers [4]], [5]. In the mixed traffic with automated and human-driven cars,
automated cars can be used to control the traffic flow and improve traffic ef-
ficiency [6]-[9]. The interaction between automated cars and human-driven
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Figure 1.1: Mars Curiosity Rover helps to determine whether Mars could ever
have supported life and study the planet’s climate and geology. Source: https:
//mars.nasa.gov/msl/home/

cars is a research topic that has gained a lot of attentions recently [[10]-[12].
Nowadays, technological advances and cost reductions in computing,
sensing, and communication are bringing autonomous systems closer to re-
ality. The powerful computing capabilities of microcomputers and the cloud
are important for processing data in real time and making quick decisions.
The increasing availability of cheap sensors, such as cameras and radars, and
new technologies for sensor fusion make the operation of systems feasible in
unknown environments. The expansion of 5G and other communication net-
works is offering more opportunities for autonomous systems to cooperate
with each other. In addition, artificial intelligence, machine learning, and edge
computing are also accelerating the advancement of autonomous systems.

1.2 Illustrative Examples

In this section, three examples are provided to motivate the problems consid-
ered in this thesis.

Air Traffic Management System

With long-term increasing number of commercial air travels, an advanced and
efficient air traffic management system is needed for mitigating air congestion


https://mars.nasa.gov/msl/home/
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Figure 1.2: Autonomous underwater vehicles map the seafloor
and analyze water properties. Source: https://transmitter.ieee.org/
auvs-how-autonomous-underwater-vehicles-protect-oceans-and-divers/

Figure 1.3: Illustration of an automated air traffic management sys-
tem supported by satellite communication. Source: https://www.esa.int/
Applications/Telecommunications_Integrated_Applications/ESA_launches_
new_programme_for_air_traffic_management via_satellite
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and improving air safety, see Figure In the past decades, NASA has been
being active in developing such a new, highly-automated, and safe air traffic
management system. An important problem for air traffic management is to
resolve potential conflicts between aircrafts in the presence of uncertainties,
including sensing noises and environmental disturbances.

In [13], [14]], an air traffic management system is modeled as a stochastic
hybrid control system. To ensure safety, the problem is formulated as mini-
mizing the probability that the system states reach unsafe regions. Stochastic
reachability can be used for solving this problem [15]. In this thesis, we con-
sider stochastic invariance. We introduce the notion of probabilistic controlled
invariance sets (PCISs), within which the controller is able to keep the system
state with a certain probability. The computation problem of PCIS is investi-
gated in Chapter 3.

Automated Driving

Automated vehicles are expected to move in complex and dynamic traffic en-
vironments. Since it is impossible to enumerate all possible traffic scenarios,
expressing the task specifications in an efficient way is important. It has been
shown in [16]-[18] that formal language, e.g., linear temporal logic (LTL) or
signal temporal logic (STL) formulae, is expressive enough for defining spec-
ifications of automated vehicles. Thereby, formal verification and control can
become crucial for the design of automated vehicles. Automaton-based ap-
proaches have been demonstrated on Alice, an autonomous vehicle developed
by the California Institute of Technology for the 2007 DARPA Urban Chal-
lenge [16]. Similar techniques have been applied to the autonomous cars de-
veloped by nuTonomy [[19], see Figure[1.4] Chapter 5 proposes a new approach
for formal verification and control of discrete-time uncertain systems under
LTL specifications. The application to automated driving even in uncertain
and unstructured traffic environments is investigated.

Automated vehicles should perform safe actions even when human-driven
vehicles are present. Let us consider a car overtaking scenario as shown in Fig-
ure[L1.5] where an automated vehicle V; tries to overtake a human-driven vehi-
cle V5. Due to the inherent uncertainties of human decisions, V5 may move at a
non-constant velocity. This poses some challenges for prediction and control.
Chapter 7 investigates this problem and develops a risk-aware solution to the
car overtaking problem even though the overtaken vehicle is with uncertain
motion.
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Figure 1.4: nuTonomy’s robo-taxi tested in Singapore. Source: https://www.
campus.sg/singapore-is-testing-worlds-first-robo-taxis/

Obstacle region O,

Overtaking trajectory d

m = ~

Vi Vo

Obstacle region O,

Figure 1.5: A car overtaking scenario where an automated vehicle V; tries to
overtake a human-driven vehicle V5.

Teleoperation

Teleoperation refers to operating a system at a distance over a communica-
tion network. It has been widely used for a variety of applications such as
telesurgery and mining. The autonomous trucking startup Einride proposed
a hybrid control solution that combines automated control technology and
teleoperation such that remote human operators can take over as needed. Fig-
ure [1.6| shows how human operators are able to control multiple autonomous
trucks from a single remote drive station.

Another teleoperation scenario is a remote car parking, see Figure
human operator can monitor the real-time parking environment and remotely
perform parking maneuvers. The problem is how to ensure that the human
operator safely drive the vehicle to the empty parking spot P; or Py. Chapter 6
investigates this remote parking scenario and develops a guiding controller to
address the problem.
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Figure 1.6: Teleoperation of trucks by Einride where human operators are able
to control multiple autonomous trucks from a single remote drive station [20]].

1.3 Challenges

In the past decades, researchers and engineers have paid significant attention
to safety of autonomous systems. Still, in recent years, we have seen fatal ac-
cidents caused by self-driving vehicles [21], and many remaining challenges
exist [22].

Autonomous systems often need to interact or cooperate with human op-
erators. Shared-autonomy systems are systems with a mix of human and auto-
mated decisions. Unpredictable behaviors of humans pose many uncertainties
for the design, which makes the safe control of shared-autonomy systems a
challenging problem.

In the following, we will detail some of the main challenges in safe auton-
omy and shared autonomy.

1.3.1 Challenges in Safe Autonomy

Existing approaches fail to provide provable guarantees of safety for uncertain
systems under complex tasks. The approaches in the industrial field to ensure
safety are often based on large-scale simulations and field tests. In addition to
their huge financial cost, these approaches are fragile since there will always
exist untested scenarios [23]. Although robust control approaches have been
developed in the literature for simple safe tasks, e.g., collision-free in a well-
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Figure 1.7: A parking situation where a remote human operator would like to
drive a vehicle to a narrow parking space IP; or a broad parking space [P;.

defined environment [24], how to formally deal with uncertainties for complex
tasks is still a challenging problem.

Let us take automated driving as an example. Automated vehicles should
be able to move without colliding with obstacles, such as other moving vehi-
cles or pedestrians. To reason about such scenarios, it is natural to introduce
safe regions, which are sets where the safety requirements are satisfied. A first
essential question is how to compute safe regions despite environmental un-
certainties. Automated vehicles are expected to perform desired driving tasks
in the safe regions. These tasks can be complex combinations of different driv-
ing maneuvers. It is of great interest to automate the control synthesis for such
tasks.

Let us next discuss particular challenges on computing safe sets and syn-
thesizing controllers.

Computational Challenges

Computing safe sets for autonomous systems is usually challenging or even in-
tractable. In the literature, invariant sets are often used to act as safe sets [|25]].
Invariant sets are sets where the system is able to stay under some admis-
sible control input. The problem of computing safe regions can be formu-
lated as computing invariant sets, which are closely related to reachable sets.
If uncertainties are bounded, robust controlled invariant sets address the in-
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variance under any realization of the disturbance. The computation of robust
controlled invariant sets has been studied in [26]]-[28]]. If the uncertainties are
with known probability distributions instead, it is natural to define sets where
the state can be kept with a required probability. In Chapter 3, we formally
define such sets as PCISs. The main challenges in computing PCISs are the
computational tractability and convergence of the algorithms.

In some scenarios, the system is remotely controlled for staying in a safe
set through a wireless communication network [29]-[31]. Limited network
recourses pose a set of essential questions. How much information exchange
is needed to enforce invariance? How can we design a coder-controller pair to
ensure invariance of a given set for an uncertain system with finite data-rate
communication? The first question is conceptually answered by the notion
of invariance feedback entropy [32]-[34]. The second question has not been
explored in the literature. In Chapter 4, we propose an answer to this ques-
tion by addressing the existence and computation of an invariant cover. The
invariant covers are covers of sets that can be enforced to be invariant by a
finite number of control inputs despite disturbances. Note that the invariant
cover acts as the basis of the invariance feedback entropy.

Control Challenges

Automated control synthesis under complex tasks is a hard problem. Formal
languages can encode safety requirements into specifications more complex
than invariance. For example, an LTL formula is expressive enough to cap-
ture complex combinations of Boolean and temporal statements. LTL formulae
have recently been used in robotics and automated driving [35].

Formal methods are used for model checking and control synthesis [36]].
Model checking is to automatically verify whether the behavior of the sys-
tem satisfies a given specification. Control synthesis is to automatically de-
sign controllers so that the behavior of the system provably satisfies a given
specification. Formal verification and control have shown great promise for
safe autonomy in the past decade [37]. However, model checking and con-
trol synthesis are at the same time challenging when considering dynamical
systems affected by uncertainties, and in particular uncertain infinite systems
under complex, temporal logic specifications. The main reasons are that: the
traditional automaton-based methods rely on the abstraction to finite systems,
which is restrictive due to heavy computation and lack of generality; it is dif-
ficult to reason about uncertainties propagating along infinite trajectories. In
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Figure 1.8: Block diagram of shared-autonomy systems where the human ac-
tions are used proactively (a) or reactively (b).

Chapter 5, we propose a new tool, temporal logic trees (TLT), and develop
TLT-based approaches to model checking and control synthesis problems to
tackle these challenges, particularly for discrete-time uncertain systems under
LTL specifications.

1.3.2 Challenges in Shared Autonomy

In this subsection we discuss the challenges for two kinds of shared-autonomy
systems based on whether the human actions are integrated into the con-
trol systems proactively or reactively, i.e., if the control command is based
on knowledge of the human decisions or not.

Proactive Human Actions

Let us consider the remote parking example in Figure[1.7} In this example, the
human operator is given the priority to make decisions for performing the
parking task while the on-board controller of the vehicle is able to mix hu-
man’s actions for ensuring safety. Such a system can be illustrated by the block
diagram in Figure[1.8[a). This block diagram represents shared-autonomy sys-
tems where the human actions are used proactively. The human operator H
makes decisions based on the state x; and perform actions u? These actions
are not directly implemented onto the plant P (e.g., the vehicle in Figure[1.7),
but are intervened by the controller C (e.g., the on-board controller of the vehi-
cle). The controller C can check if the human decisions are safe and filter them
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whenever needed. This control system architecture makes it possible to han-
dle unpredictable human decisions. However, a challenging problem is how
to integrate the automated controller with the human decision making for
achieving complex tasks as well as ensuring safety [38]], [39]]. In Chapter 6, we
propose such a guiding controller solution for the remote car parking problem.

Reactive Human Actions

Different from the remote parking example, the car overtaking scenario in
Figure|1.5|exemplifies another kind of shared-autonomy systems. The human
driver performs actions on the vehicle V5, which has a direct influence on the
automated vehicle Vj. Note that the human actions can not be intervened by
the controller of V;. We illustrate this system through the block diagram in
Figure [1.8[b), which represents a shared-autonomy system where the human
actions are used reactively. The plant P refers to the automated vehicle V;
in Figure [1.5|and the controller C refers to the controller of V. The informa-
tion available to the human operator is denoted by 2, which is different from
the information available in Figure [1.8(a). For such kind of shared-autonomy
systems, it is natural to treat the human behaviors as uncertainties when de-
signing the controller. If the human is able to do anything possible, the safe
operation space of the automated vehicle will become very small. A challeng-
ing problem is thus how to model the human behavior such that the system
can complete the desired task as well as perform safe actions for the human.
In Chapter 7, we study the car overtaking problem in the presence of uncer-
tain motion of the human-driven vehicle and propose a risk-aware overtaking
algorithm.

1.4 Related Work

This section will briefly review the related work on safe and shared autonomy.

1.4.1 Safe Autonomy

There are numerous examples that ensure safety for machines through auto-
matic control. An early example goes back to the steam engine invented by
James Watt in 1776, which uses the centrifugal governor to guarantee the en-
gine moving at a nearly constant and safe speed [40]. During World War 1I,
the bang-bang control was successfully applied to the automatic flight control
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systems of aircrafts [41]. Nowadays, advanced driver assistance systems are
making automobiles much safer than before [42]]. There is a large amount of
literature on safe autonomy. We restrict our attention to literature on reacha-
bility and invariance, and literature on formal verification and control.

Reachability and Invariance

Reachability and invariance are fundamental notions in systems and control.
Reachability is coupled to controllability, while invariance is a property closely
related to system stability. There is a rich body of research in these two top-
ics. Seminal papers include [43]], [44] on reachability and [28], [45]], [46] on
invariance. Representative textbooks on set-valued control are [47]], [48].

Robust approaches have been developed for performing reachability anal-
ysis for systems with bounded uncertainties [44], [[49]. These results are es-
sential for computing robust (controlled) invariant sets [45], [50]. For systems
with random uncertainties, stochastic approaches guarantee the reachability
with a given probability [[15], [51]. Some recent results are devoted to stochas-
tic invariance [52], [53].

Reachability and set invariance are often used to give formal safety guar-
antees for autonomous systems [25], [[54]-[58]]. For example, a method based
on discrepancy functions is developed in [54] for computing a bounded reach-
able set around a simulation trajectory; in [25]], safety of robots is explicitly
expressed in the form of set invariance; performing reachability analysis is
used for safety assessment of autonomous cars in [56]]. Furthermore, there
are a lot of approaches for computing reachable sets or invariant sets in the
literature [27], [59]], [60]. In addition, many software packages or toolboxes
have been developed for efficiently computing reachable sets or invariant
sets, e.g., the multi-parametric toolbox [61]], the Hamilton-Jacobi toolbox [62],
C2E2 [54], SReachTools [63]], and JuliaReach [64].

Formal Verification and Control

Model checking and control synthesis are two fundamental problems. For fi-
nite transition systems, a typical approach is to use automata theory [36]]. In
order to adapt automaton-based methods to infinite systems, abstraction is a
central step. A lot of recent results, e.g., [65]-[67]], are devoted to equivalence
or inclusion relation between the abstract finite system and the original infi-
nite system. For more discussion of formal verification and control, we refer
to the textbooks [35]], [68]], [[69].
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LTL formulae are useful to define complex specifications for autonomous
systems. The applications of control synthesis under LTL specifications
include automated driving [16], single-robot control in dynamic environ-
ments [[70]], multi-robot control [71]], and transportation control [72]]. The con-
trol of stochastic systems under LTL is considered in [73]] and further applied
to multi-robot coordination in [[74]. Control synthesis for dynamical systems
has been extended also to other specifications like STL [75]], and probabilistic
computational tree logic [[76]].

1.4.2 Shared Autonomy

Shared control is rooted at the idea of combining human and machine intel-
ligence. Early examples include Ray Goertz’s leader-follower manipulator in
1949 [77] and Marvin Minsky’s call for telepresence in 1980 [78]. Due to the
rapid development in robotics, shared autonomy has become an active re-
search topic in the past decade. An intuitive design for shared autonomy is
to switch the control authority between a human and an automatic controller.
This idea has been used in [39]], [79], [80]]. One drawback of authority switch-
ing is the decrease in human’s satisfaction [81]. To overcome this, a policy-
blending formulation for shared control is provided in [38] by integrating the
prediction of user intent and the arbitration with the user input. In this work
and some other recent work on shared control [82f], inverse reinforcement
learning [83] is used to learn reward functions from the human behaviors.
In [|84], a deep reinforcement learning is used to design a model-free shared
autonomy framework.

Shared control has shown great promise in driver-automation coopera-
tion. For example, a lane keeping assist system is designed by using shared
control in [85]]. Two survey papers on application of shared control to au-
tomated vehicles refer to [86]], [87]]. In addition, modeling and prediction of
human driver behavior are crucial to enable safe and efficient automated driv-
ing as well as leverage on the shared control. A broad, up-to-date review of
the state of the art on this topic is provided in [88].
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1.5 Problem Formulation

This section formulates the problems to be addressed in this thesis. Let us
consider a discrete-time uncertain control system

Tht+1 = f(xlmuku wk)7 (11)

where xj, € S is the state, ug, € U the control input, wi, € W the uncertainty,
and f : S x U x W — S the system model. In Chapter 2, we will explicitly
detail the models considered in this thesis.

Computation of Probabilistic Controlled Invariant Sets

An invariant set is a set where the state can stay and a controlled invariant
set is a set where the state can be enforced to stay by a controller. In Chap-
ter 3, we consider the control system with stochastic uncertainty wy,. For
such a stochastic control system, a PCIS is a set within which the controller
is able to keep the state with a certain probability. Formally, we say that a
set Q C Sis an e-PCIS if for any ¢ € Q, there exists a feedback controller
= ({1, 42, - . ) such that the generated trajectory p = xox1 . .. can be kept
into Q with probability at least €, where 0 < ¢ < 1 is a prescribed num-
ber. See Figure[1.9|for an illustration. The following question is on computing
an e-PCIS:

1 Given a state set Q and a parameter 0 < ¢ < 1, how to compute a set
p p
Q C Q that is invariant with probability €?

This question is essential for computing safe region for stochastic systems and
is answered in Chapter 3.
Computation of Invariant Cover

A cover of a set is a collection of sets whose union includes this set as a subset.
In Chapter 4, we consider the control system (1.1), but the uncertainty set W
is bounded. Given a set Q C S, a pair (A, G) is an invariant cover of and
the set Q if

(i) Ais a cover of Q and |.A| is finite,
(ii) G is a map from A to U, and for all XI¢ € A, f(Xi¢, G(XI¢), W) C Q,
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Figure 1.9: lllustration of an e-PCIS, where g = (1, p2, - . .) is the feedback
controller.

where f(X€ u, W) = {2 | 2 = f(x,u,w),z € X w € W}. That is, each
state set XI¢ from the finite cover A can be driven to the set Q by means of
a single control input G(X¢). An illustration of an invariant cover is shown
in Figure where the cover of Q is A = {Xi°}?_,. Define a map G from
Ato Uas G(XI) = u; € U.If for all 4, f(XI€,u;, W) C Q, then (A, G) is
an invariant cover of the set Q. In Chapter 4, we investigate the existence and
computation of an invariant cover and answer this question:

Q2 Given a state set Q, provide a necessary and sufficient condition such
that there exists an invariant cover (A, G) for the system and Q. If an
invariant cover exists, how to design an algorithm to compute an in-
variant cover (A, G)?

Answering questions Q2 provides a way of designing a coder-controller pair
that can enforce the system state staying within a safe region through a finite
data-rate network.

Verification and Control Synthesis

In Chapter 5, we consider the uncertain control system (1.1) under LTL spec-
ifications. We answer the following questions:
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2

Figure 1.10: llustration of an invariant cover for the set Q. Here, the cover of Q
is A = {Xi}?_, ie, Q C U?_;Xi¢ Note that the sets XI¢ are not necessarily
disjoint.

Q

Q3 Given an LTL formula ¢ and a given feedback controller g = popg - - .,
how to verify if all the trajectories p = xoxy ..., where zpy1 =

[ (@, pr(xr), wi), w, € W, satisty ¢?

Q4 Given an LTL formula ¢, how to automatically synthesize a feedback
controller 4t = popq ... such that all the resulting trajectories p =
x0Ty ..., where xp11 = f(zg, pup(xk), w), wi, € W, satisfy ¢?

These questions are essential for extending the applications of temporal logic
control to dynamic and uncertain environment.

Car Parking Application

In Chapter 6, we consider a car parking problem, as shown in Figure[1.7} where
a remote human operator intends to drive a vehicle to an empty parking spot
in a parking lot. The question considered is

Q5 Given a set of LTL-specified parking tasks {; }, how to design a guiding
controller that is able to (i) infer the human intent on which task ¢; to
be completed, (ii) mitigate unpredictable human actions, and (iii) safely
park the car to an empty parking spot?
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The answer to this question provides new insights for the design of safe tele-
operation for connected vehicles.

Car Overtaking Application

In Chapter 7, we consider the car overtaking problem where an automated
vehicle tries to overtake a human-driven vehicle, as shown in Figure[1.5] The
question to be addressed is

Q6 How to design an algorithm such that the overtaking can be performed
safely in the case of overtaken vehicle performing uncertain motion?

Answering question Q6 is helpful to understand and model the human behav-
iors during the overtaking.

1.6 Thesis Outline and Contributions

In this section, we outline the contents of the thesis and the contributions.

Chapter 2: Mathematical Background

In Chapter 2, we provide mathematical background, including system model-
ing, reachability analysis, and dynamic program.

Chapter 3: Computation of Probabilistic Controlled Invariant
Sets

This chapter investigates stochastic invariance for control systems through
PCISs. As a natural complement to robust controlled invariant sets, we pro-
pose finite- and infinite-horizon PCISs, and explore their relation to robust
controlled invariant sets. We design iterative algorithms to compute the PCIS
within a given set. For systems with discrete spaces, the computations of
the finite- and infinite-horizon PCISs at each iteration are based on linear
programming and mixed integer linear programming, respectively. The algo-
rithms are computationally tractable and terminate in a finite number of steps.
For systems with continuous spaces, we show how to discretize the spaces
and prove the convergence of the approximation when computing the finite-
horizon PCISs. In addition, it is shown that an infinite-horizon PCIS can be
computed by the stochastic backward reachable set from the robust controlled
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invariant set contained in it. These PCIS algorithms are applicable to practi-
cal control systems. Simulations are given to illustrate the effectiveness of the
theoretical results for motion planning.

This chapter is based on the following publication.

+ Y. Gao, K. H. Johansson, and L. Xie, “Computing probabilistic controlled
invariant sets,” IEEE Transaction on Automatic Control. To appear.

Chapter 4: Computation of Invariant Covers

This chapter investigates some fundamental problems concerning existence
and computation of an invariant cover for uncertain discrete-time linear con-
trol systems subject to state and control constraints. We develop necessary and
sufficient conditions on the existence of an invariant cover for a polytopic set
of states. The conditions can be checked by solving a set of linear programs,
one for each extreme point of the state set. Based on these conditions, we give
upper and lower bounds on the minimal cardinality of the invariant cover, and
design an iterative algorithm with finite-time convergence to compute an in-
variant cover. We further show in two examples how to use an invariant cover
in the design of a coder—controller pair that ensures invariance of a given set
for a networked control system with a finite data-rate communication.
This chapter is based on the following publication.

« Y. Gao, M. Cannon, L. Xie, and K. H. Johansson, “Invariant cover: exis-
tence, cardinality bounds, and computation,” Automatica. Submitted.

Chapter 5: Verification and Control based on Temporal Logic
Trees

In this chapter, we propose algorithms for performing model checking and
control synthesis for discrete-time uncertain systems under LTL specifica-
tions. We construct TLT from LTL formulae via reachability analysis. In con-
trast to automaton-based methods, the construction of the TLT is abstraction-
free for infinite systems, that is, we do not construct discrete abstractions of
the infinite systems. Moreover, for a given transition system and an LTL for-
mula, we prove that there exist both a universal TLT and an existential TLT
via minimal and maximal reachability analysis, respectively. We show that
the universal TLT is an underapproximation for the LTL formula and the ex-
istential TLT is an overapproximation. We provide sufficient conditions and
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necessary conditions to verify whether a transition system satisfies an LTL for-
mula by using the TLT approximations. As a major contribution of this work,
for a controlled transition system and an LTL formula, we prove that a con-
trolled TLT can be constructed from the LTL formula via control-dependent
reachability analysis. Based on the controlled TLT, we design an online con-
trol synthesis algorithm, under which a set of feasible control inputs can be
generated at each time step. We also prove that this algorithm is recursively
feasible. We illustrate the proposed methods for both finite and infinite sys-
tems and highlight the generality and online scalability with two simulated
examples.
This chapter is based on the following publication.

+ Y. Gao, A. Abate, F. J. Jiang, M. Giacobbe, L. Xie, and K. H. Johansson,
“Temporal logic trees for model checking and control synthesis of un-
certain discrete-time systems,” IEEE Transaction on Automatic Control.
Submitted.

Chapter 6: Car Parking Application

In this chapter, we propose a guiding controller solution to the car parking
problem, where a human operator remotely drives the vehicle to an empty
parking spot. We specify the parking task as a set of LTL formulae. Then, us-
ing the TLT-based approach, we synthesize a set of controllers for assisting the
human operator to complete the mission, while guaranteeing that the system
maintains specified spatial and temporal properties. We assume the human
operator’s exact preference of how to complete the mission is unknown. In-
stead, we use a data-driven approach to infer and update the human operator’s
preference over parking spots in real-time. If, while the human is operating the
vehicle, she provides inputs that violate any of the invariances prescribed by
the LTL formula, our verification-based controller will use its internal belief of
the human operator’s intended objective to guide the operator back on track.
Moreover, we show that as long as the specifications are initially feasible, our
controller will stay feasible and can guide the human to park the vehicle in the
empty spot safely despite some unexpected human actions. We demonstrate
the results on the Small Vehicles for Autonomy (SVEA) platform.
This chapter is based on the following publications.

« Y. Gao, F. J. Jiang, X. Ren, L. Xie, and K. H. Johansson, “Reachability-
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based human-in-the-loop control with uncertain specifications,” In Pro-
ceedings of IFAC World Congress, 2020.

« F. J. Jiang, Y. Gao, L. Xie, and K. H. Johansson, “Human-centered de-
sign for safe teleoperation of connected vehicles,” In Proceedings of IFAC
Workshop on Cyber-Physical & Human Systems, 2020. To appear.

Chapter 7: Car Overtaking Application

This chapter develops a solution to the car overtaking problem where an au-
tomated vehicle tries to overtake a human-driven vehicle with uncertain mo-
tion. The uncertainty in the predicted motion makes the automated overtak-
ing hard due to feasibility issues. To counteract them, we introduce the weak
assumption that the predicted velocity of the overtaken vehicle respects a su-
permartingale, meaning that its velocity is not increasing in expectation dur-
ing the maneuver. We show that this formulation presents a natural notion of
risk. Based on the martingale assumption, we perform a risk-aware reachabil-
ity analysis by analytically characterizing the predicted collision probability.
Then, we design a risk-aware optimal overtaking algorithm with guaranteed
levels of collision avoidance. Finally, a simulated example illustrates the effec-
tiveness of the proposed algorithm.
This chapter is based on the following publications.

« Y. Gao, F. J. Jiang, L. Xie, and K. H. Johansson, “Stochastic modeling
and optimal control for automated overtaking,” In Proceedings of IEEE
Conference on Decision and Control, 2019, 1273-1278.

+ Y. Gao, F. J. Jiang, L. Xie, and K. H. Johansson, “Risk-aware optimal con-
trol for automated overtaking with safety guarantee,” IEEE Transactions
on Control Systems Technology. Submitted.

Chapter 8: Conclusions and Future Research
In Chapter 8, we present a summary of the results, and discuss directions for
future research.

Other Contributions Not Included in This Thesis

The following contributions have not been included in the thesis, but were
developed during the author’s Ph.D. studies:
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F.]. Jiang, Y. Gao, L. Xie, and K. H. Johansson, “Ensuring safety for ve-
hicle parking tasks using Hamilton-Jacobi reachability analysis,” In Pro-
ceedings of IEEE Conference on Decision and Control, 2020. To appear.

Y. Gao, L. Xie, and K. H. Johansson, “Probabilistic characterization of
target set and region of attraction for discrete-time control systems,” In
Proceedings of IEEE International Conference on Control & Automation,
2020.

Y. Gao, P. Yu, D. V. Dimarogonas, K. H. Johansson, and L. Xie, “Self-
triggered control for constrained systems via reachability analysis,” Au-
tomatica, 2019, 107, 574-581.

Y. Gao, S. Wu, K. H. Johansson, L. Shi, and L. Xie, “Stochastic optimal
control of dynamic queue systems: a probabilistic perspective,” In Pro-
ceedings of International Conference on Control, Automation, Robotics and
Vision, 2018, 837-842.

L. Dai, Y. Gao, L. Xie, K. H. Johansson, and Y. Xia “Stochastic self-
triggered model predictive control for linear systems with probabilistic
constraints,” Automatica, 2018, 92, 9-17.

Y. Gao, M. Jafarian, K. H. Johansson, and L. Xie, “Distributed freeway
ramp metering: optimization on flow speed,” In Proceedings of IEEE Con-
ference on Decision and Control, 2017, 5654-5659.

Contribution by the Author

The order of authors reflects their contribution to each paper. The first author
has the most important contribution, while the authors K. H. Johansson and
L. Xie have taken the supervisory role. In all the listed publications, all the
authors were actively involved in formulating the problems, developing the
solutions, evaluating the results, and writing the paper.






Chapter 2

Mathematical Background

In this chapter, we provide mathematical preliminaries that are used in the
remaining parts of this thesis.

2.1 System Models

This section introduces three kinds of systems for modeling discrete-time un-
certain autonomous or control systems: transition systems, controlled transi-
tion systems, and stochastic control systems.

2.1.1 Transition System

This subsection will define the transition system.

Definition 2.1. A transition system TS is a tuple TS = (S, —,Sy, AP, L)
consisting of

* asetS of states;

e a transition relation —€ S x S[}
e asetSg C S of initial states;

e a set AP of atomic propositions;

e a labelling function L : S — 24P

"Here, the transition relation is not a functional relation, which means that for some state
x, there may exist two different states =’ and x” such that + — 2’ and x — z” hold. For
notational simplicity, we use —€ S X S, rather than —¢€ S x 25, The same claim holds for the
controlled transition systems in Section

23
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Figure 2.1: A transition system illustrating a “traffic light” example. Labels are
shown aside the states. The initial state is denoted by an incoming edge.

Definition 2.2. A transition system TS is said to be finite if |[S| < oo and
|AP| < oo.

Definition 2.3. For x € S, the set Post(z) of direct successors of = is defined
by Post(x) = {2/ € S | z — 2'}.

Definition 2.4. A transition system TS is said to be deterministic if |So| = 1
and |Post(z)| = 1,Vx € S.

Definition 2.5. (Trajectory For a transition system TS, an infinite trajectory
P starting from xq is a sequence of states p = xoxq ...TpTky1 - - - Such that
Vk € N, 11 € Post(xy).

Denote by Trajs(xg) the set of infinite trajectories starting from z. Let
Trajs(TS) = Uges, Trajs(z). For a trajectory p, the k-th state is denoted by
plk], ie, plk] = xj and the k-th prefix is denoted by pl..k], ie., p[..k] =
xQ ... Tk

Example 2.1. A traffic light can be red, green, yellow or black (not working).
The traffic light might stop working at any time. After it has been repaired, it
turns red. Initially, the light is red. An illustration for such a traffic light is shown
in Figure[2.1 We can model a traffic light as a finite transition system TS =
(S, —, S(], .AP, L):

e S=1{1,2,3,4,5};

*Notice that a trajectory p = ToT1...TkpTk41... is different from a trace,
which is the sequence of corresponding sets of atomic propositions, and is denoted by
L(Io)L(CEl) . L(l‘k)L(karl) e
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- —=1{(1,2),(2,3),(3,4),(4,1),(1,5),(2,5),(3,5), (4,5), (5, 1) };
e So={1};

* AP ={r,y,9,b};

c L={1—={r}, 2= {r,y},3 = {9} 4= {y},5 > {b}}.

Remark 2.1. We can rewrite the following discrete-time autonomous system as
an infinite transition system:

S. {$k+1 = f(xg, wy),
yr = 9(zx),

where x, € R™, wy, € R™, y, € 20, f R xR™ — R"™ andg :
R" — 29 Here, O denotes the set of the observations. At each time instant k,
the disturbance wy, belongs to a compact set W C R™. Denote by Ini C R the
set of the initial states. If O is finite, the system S can be rewritten as an infinite
transition system TSs = (S, —,Sp, AP, L) with

e S = R";

e Va,2' € S, x — 2 if and only if there exists w € W such that ' =

f(z,w);

'S():|ni;
« AP = O;
.L:g

2.1.2 Controlled Transition System
In this subsection, we will introduce the notion of controlled transition system.

Definition 2.6. A controlled transition system CTS is a tuple CTS = (S, U, —
,So, AP, L) consisting of

* asetS of states;
¢ a set U of control inputs;

e a transition relation —€ S x U x S;
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Figure 2.2: Graph description of a controlled transition system.

e aset Sy of initial states;
¢ a set AP of atomic propositions;
e alabelling function L : S — 24P,

Definition 2.7. A controlled transition system CTS is said to be finite if |S| <
00, |U| < o0, and | AP| < .

Definition 2.8. Forxz € S and u € U, the set Post(x, u) of direct successors of
x under u is defined by Post(x,u) = {2/ € S | z = 2'}.

Definition 2.9. Forz € S, the set U(z) of admissible control inputs at state x
is defined by U(z) = {u € U | Post(z, u) # 0}.

Definition 2.10. (Policy) For a controlled transition system CTS, a policy p =
HOML - - - Jbk - - . is a sequence of maps py, © S — U. Denote by M the set of all
policies.

Definition 2.11. (Trajectory) For a controlled transition system CTS, an infinite
trajectory p starting from xo under a policy pt = piopt1 . . . fif; . - . is a sequence of
states p = xox1 ... T ... such thatVk € N, xp11 € Post(zy, pr(zk)). Denote
by Trajs(x, p) the set of infinite trajectories starting from xy under .

Example 2.2. A controlled transition system CTS = (S, U, —, Sy, AP, L) is
shown in Figure[2.2, where
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4 S = {81,52, 53,84};
e U= {CLl,CLQ},‘

o == {(s1,a1,52), (s1,a1, 53), (52, a1, 52), (52, a1, $3), (52, A1, 53),
(82,a2,54), (s3,a1,52), (53, a2, 53), (4,1, $2), (S1, a1, $4) };

o So = {51};
« AP = {01,092, 03};
o [, = {51 N {01},82 — {02},33 — {03};34 — {02}}'

Remark 2.2. We express the following discrete-time uncertain control system

as an infinite controlled transition system:

Thy1 = f(@g, up, w

CSI k+1 f( ks Wk, k)v (21)
yr = 9(xk),

where z, € R™ anduj, € R™, w;, € R™, y;, € 20, f : R"% x R™ x R™ —
R", and g : R — 29 Here, O denotes the set of the observations. At each
time instant k, the control input uy, is constrained by a compact set Ucs C R™
and the disturbance wy, belongs to a compact set W C R™. Denote by Ini C R"=
the set of the initial states. If the set O is finite, system CS can be rewritten as an
infinite controlled transition system, CTScs = (S, U, —, Sy, AP, L) where

e S =R";
* U=Ucs;

e Va,2' € SandVu € U,z % o' if and only if there exists w € W such
that 2’ = f(z,u,w);

'Sozlni,’
c AP =0O;
.L:g

The systems considered in Chapters 4, 6, and 7 are written in the form
of (2.1). Thus, they are some special cases of the controlled transition system
CTS.
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2.1.3 Stochastic Control System

When refining the transition relation of CTS to be a stochastic kernel, we can
define a stochastic control system described by a Markov controlled process
SCS = (S,U,T), where

« Sis a state space endowed with a Borel o-algebra 5(S);
« U is a compact control space endowed with a Borel o-algebra B(U);

« T : B(S) x S x U — R is aBorel-measurable stochastic kernel given

S x U, which assigns to each z € S and u € U a probability measure on
the Borel space (S, B(S)): T'(-|x, u).

Let us denote by U, the set of the admissible control actions for each x € S.
Assume that U, is nonempty for each x € S.

Consider a finite horizon NV € N. A policy is said to be a Markov policy if
the control inputs are only dependent on the current state, i.e., ux, = pg(zg).

Definition 2.12. (Markov Policy) A Markov policy p for system SCS is a se-
quence pt = (o, f11, - - -, uN—1) of universally measurable maps

Wi - S —U,Vk € N[O,N—l]-

Remark 2.3. Given a spaceY, a subset A in this space is universally measurable
if it is measurable with respect to every complete probability measure on Y that
measures all Borel sets in B(Y). A function j : Y — W is universally measurable
if p=(A) is universally measurable in Y for every A € B(W). As stated in [51],
[89], the condition of universal measurability is weaker than the condition of
Borel measurability for showing the existence of a solution to a stochastic optimal
problem. Roughly speaking, this is because the projections of measurable sets are
analytic sets and analytic sets are universally measurable but not always Borel
measurable [89], [90].

Remark 2.4. For a large class of stochastic optimal control problems, Markov
policies are sufficient to characterize the optimal policy [89]. Furthermore, since
a randomized Markov policy does not increase the largest probability that the
states remain in a set, we focus on deterministic Markov policies in the following.

We denote the set of Markov policies as M. Consider a set Q € B(S).
Given an initial state 9 € S and a Markov policy i € M, a trajectory is a
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sequence of states (xg,x1, ..., xy). Introduce the probability with which the
state xj, will remain within Q for all k € Ng np:

p’]f/,@(xo) = Pr{Vk € Ny n, 71 € Q}.

Let py (%) = supepm p%}Q (z), Vo € Q. We call py; (z) the N-step invari-
ance probability at x in the set Q. We will detail how to compute p*NQ(x) in
Section 2.4

Extending the finite horizon to infinite horizon, we need to introduce sta-
tionary policies.

Definition 2.13. (Stationary Policy) A Markov policy p € M is said to be
stationary if u = (i, i, . ..) with i : S — U universally measurable.

Given an initial state xg € S and a stationary policy u € M, a trajectory
is denoted by a sequence of states (z¢, 21, . . .). We introduce the probability
with which the state xj, will remain within Q for all £ € N>:

p;Q(fCo) = Pr{Vk € N,z € Q}.

Denote p}, o(0) = SUpP,e pq P, 0(20). We call p%_ () the infinite-horizon
invariance probability at = in the set Q. We will also detail how to compute

Paog(T) in Section

Example 2.3. A stochastic control system SCS = (S, U, T") modeled by a finite
Markov Decision Process is given as follows

* S = {s1, 592,53, 54, 55, 56, 57};

e U={ai,as,as};

(31\31, CL1) = 0.20, T(SQ’Sl, al) 0. 80 T(SQ‘Sl, CLQ) =0.9
T(83|81, CLQ) = 0.10, T(81|82, 1) 0.90 T(52|82, 1) =0.1
T<S4‘82, CL3) = 1.00, T(S4’83, 2) 0. 49 T($5‘83, 2) =04
T(86|83, 2) = 0.02, T(83|53, 5) 0. 99 T(S()|837 3) =0.0
T(83‘84, 1) = O.50,T(S4’S4, 1) 0. 50 T<82‘84, 2) =0.8
T(S5|847 2) = 0.20, T(83|85, 1) 0. 90 T(S5|85, 1) =0.1
T(86|85, 3) = 1.00, T(82|$6, 2) 1. 00 T(85‘86, 3) =0.8 ,
T(S |867 3) = 0.20, T(86|S7, 1) 0. 30 T(S |87, 1) =0.7
T'(s4]s7,a2) = 0.90, T(s5|s7,a2) = 0.10, T'(s3|s7,a3) = 1.0
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2.2 Reachability Analysis

This section provides reachability analysis for transition systems and con-
trolled transition systems, respectively.
2.2.1 Reachability Analysis of Transition Systems

This subsection specifies the reachability analysis for a transition system TS.
We first define the minimal reachable set and the maximal reachable set.

Definition 2.14. Consider a transition system TS and two sets 21,2 C S.
The k-step minimal reachable set from )y to () is defined as

Rm(Ql, Qo, k‘) = {1‘0 €S | Vp € Trajs(fco), s.t.,
p[k] =2x9...2TE, Vi € N[Uyk,l],a;i €Q,xp € QQ}
The minimal reachable set from €y to €y is defined as

R™(Q1, Q) = [ R™ (1, Q2. k).
keN

The minimal reachable set can also be considered up to a finite time:
R™(Q1,Q9, k) = Uz‘EN[O,k] R™ (821, 9,1). An illustration of minimal reach-
able sets is shown in Figure [2.3(a).

Lemma 2.1. For two sets 21, C S, define

Qit1 = {z € Qy | Post(z) C Qp} UQy,
Qo = (2o

Then, Rm(Ql, Qg) = hmk—)oo Qk

Proof. From Definition [2.14] it is easy to see that

Q= |J R™(,9,9).

iEN[Oyk]

It follows from the Knaster-Tarski Theorem [91]] that limy_, ., Q. exists and is
a fixed point to the monotone function F'(P) = {z € Q | Post(z) C P} UP.
Thus, we have that R™ (1, Q) = limg_, 00 Q. O
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Figure 2.3: Illustration of (a) minimal reachable sets, (b) maximal reachable
sets, and (c) controlled reachable sets.
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Definition 2.15. Consider a transition system TS and two sets (01,Q9 C S.
The k-step maximal reachable set from () to Qo is defined as

RM(Q, Q9. k) = {xo € S| Ip € Trajs(xp), s,
p[k‘] =xp...ZN,Yi € N[07k,1],xi €,z € QQ}.
The maximal reachable set from ()1 to Qg is defined as

RM(Q1, Q) = [ RM(Q1, 90, k).
keN

Similarly, the maximal reachable set can also be considered up to a finite
time: RM(Qy, Qo, k) = UieN[O,k] RM(91,92,1). An illustration of maximal
reachable sets is shown in Figure [2.3(b).

Lemma 2.2. For two sets {21,y C S, define
Qi1 = {z € Q1 | Post(z) N Qg # 0} U Qy,
Qo = Q.
Then, RM(Q1, Q2) = lim_, o0 Q.
Proof. Similar to the proof of Lemma [2.1] O
We define the robust invariant set and the invariant set in the following.

Definition 2.16. A set{); C S is said to be a robust invariant set of a transition
system TS if for any x € Qy, Post(z) C €.

Definition 2.17. For a set Q@ C S, a set RZ(2) C S is said to be the largest
robust invariant set in S if each robust invariant set 1y C (O satisfies {1y C
RZ($2).

An illustration of robust invariant set is shown in Figure [2.4(a).

Lemma 2.3. Foraset () C S, define

Qit1 = {z € Qi | Post(z) C Qx},
Qo = Q.

Then, RI(Q) = limkﬁoo Qk
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(a)

(©

Figure 2.4: Illustration of (a) robust invariant set, (b) invariant set, and (c) ro-
bust controlled invariant set.
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Proof. 1t follows again from the Knaster-Tarski Theorem [91]] that limy_, o Q%
exists and it is a fixed point to the monotone function F(P) = {z € P |
Post(xz) C P} N'P. Thus, we have that RZ(2) = limg_, o Q. O

Definition 2.18. A set Q0 C S is said to be an invariant set of a transition
system TS if for any x € Qy, Post(z) N Qy # (.

Definition 2.19. For a set Q@ C S, a set Z(2) C S is said to be the largest
invariant set in'S if each invariant set 0y C € satisfies Q0 C I(12).

An illustration of invariant set is shown in Figure [2.4(b).
Lemma 2.4. Foraset{) C S, define
Qi1 = {z € Q | Post(z) N Q. # 0},
Qo = 2.
Then, Z(§2) = limg_, oo Q.
Proof. Similar to the proof of Lemma [2.3] O

We can understand the reachable sets and invariant sets defined above as
maps R™ : 25x 25 — 25 RM : 9595 — 95 RT : 25 — 25 and 7 : 25 — 25,
respectively. In Chapter 5, we will refer to them as “reachability operators”.

2.2.2 Reachability Analysis of Controlled Transition System

This subsection will specify the controlled reachability analysis of a controlled
transition system CTS.

Definition 2.20. Consider a controlled transition system CTS and two sets
Q1,Q9 CS. The k-step controlled reachable set from (2 to (2o is defined as

RE(Q, Do, k) = {xo €S| 3ue Msdt, ¥p e Trajs(xo, ),
P[] = @ .. @, Vi € N o1}, € Q1,7 € QQ}.
The controlled reachable set from 2y to )y is defined as

RE(21,Q0) = U RE(, Q. k).
keN
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The controlled reachable set can also be considered up to a finite time:
RE(Qq, Q2 k) = UiEN[ .+ RE(Q1,Q2,17). Anillustration of maximal reachable

0,
sets is shown in Figure c).

Lemma 2.5. For two sets 21,y C S, define

@k+1 = {$ c Ql ‘ Ju € U(I), POSt(I,u) - @k} U @k7
Qo = Q2.

Then, RC(Ql, Qg) = limkﬁoo @k
Proof. Similar to the proof of Lemma [2.1] O

Definition 2.21. A set {0y C S is said to be a robust controlled invariant set
(RCIS) of a transition system TS if for any x € Sy, there exists u € U(x) such
that Post(x,u) C Q.

Definition 2.22. For a set Q) C S, a set RCZ(2) C S is said to be the largest
RCIS in'S if each RCIS Q C ) satisfies Qy C RCI().

An illustration of RCIS is shown in Figure |2.4(c).

Lemma 2.6. Fora set Q) C S, define

Qg+1 = {x € Qi | Fu € U(z), Post(x,u) C Qx},
Qo = Q.

Then, RCI(Q) = limk_mo Qk
Proof. Similar to the proof of Lemma 2.3 O

The definitions of controlled reachable sets and RCISs provide us a way to
synthesize the feasible control set, which is detailed in Chapter 5. We treat the
maps R¢ : 25 x 25 — 25 and RCT : 25 — 25 as the reachability operators.

2.3 Temporal Logic

An LTL formula is defined over a finite set of atomic propositions AP and
both logic and temporal operators. The syntax of LTL can be described as:

pu=true|a € AP | = | o1 A2 | Op | p1Upo,
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where O and U denote the “next" and “until" operators, respectively. By using
the negation and conjunction operators, we can define disjunction: ¢1 V 3 =
—(—¢1 A —p2). By employing the until operator, we can define: (1) eventually,
O = true U ¢; (2) always, Op = —O—y; and (3) weak-until, p1Wype =
p1Up2 V Uepr.

Definition 2.23. (LTL semantics) For an LTL formula  and a trajectory p, the
satisfaction relation p = ¢ is defined as

pEa< ac€ L(x),
pFE—a < a¢ L(xg),
PEoi NP2 PEOIADPFE @,
PEQIVp2 & pFEoLVPE g,
pFOp < pll.]F e,
pEp1Upy & 35 € Nsit. {pb] =2 »
Vi € Ny j_1), pli--] F 1,

pEOp < 35N, st.p[j..]F o,
pEOp & VjeN, stplj.] F o,

Vi eN,plj..| E o1, or

.| E
3 e Nop dPUIFw2
Vi € N[O,j_l],p[l..] F o1,

pFE Wy &

where a € AP.

Definition 2.24. Consider a transition system TS and an LTL formula ¢. The
semantics of the universal form of ©, denoted by Y, is

xo E Vo < Vp € Trajs(zg),p F ¢.
The semantics of the existential form of , denoted by I, is

xo F 3o < Ip € Trajs(zg),p F ¢.

2.4 Dynamic Programming

This section will show how to use dynamic programming (DP) for computing
the invariance probability defined in Section
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Consider a stochastic control system SCS = (S, U, T") and a nonempty set
Q C S. We first solve the finite-horizon optimal control problem:

Pi,o(@) = sup pl (), vz € Q.
peM

Following the DP in [51], define the value function V', : S — [0,1],k =
0,1,..., N, by the backward recursion:

Vio(e) = sup Lo(o) /@ VioW)T(dylz, v,z €5, 2.2)
ue

with initialization V]T,Q(x) =1,z €Q.

Assumption 2.1. The set

e = {u e U1 [ Vi ol 2 3]

is compact forallz € Q, A € R, and k € Ng y_1].

Lemma 2.7. [51] For allz € Q, py o(x) = Vy'o(2). If Assumption 2.1 holds,
the optimal Markov policy pg = (,ua(@, Kl - n“*N—l,Q) exists and is given
by
pro(T) = arg Sug Io() /Q VirioW)T (dylz,u), © € Q,k € Njg n_q]-
ue

Next we solve the infinite-horizon optimal control problem:
Pioo(®) = sup pk o (x),Vz € Q.
peM

Define the value function G o, : S — [0,1], &k € N>, through the forward
recursion:

1 () = sup Lo(x) /Q G o) T(dylz, u),z €5, (23)

initialized with Gf () = 1,z € Q.

Assumption 2.2. There exists a k > 0 such that the set

Uie ) = {u e U] [ G Taien = A}

is compact forallr € Q, A € R, and k € szg.
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S4

x
Pno

Figure 2.5: The probability p}y o () for x = s3, 54, 55.

Lemma 2.8. [51] Suppose that Assumption|2.2 holds. Then, for all z € Q, the
limit G, o(x) exists and satisfies

Giug(®) = sup1(@) [ GLoT(dylr. ) @)
uclU

and pi, o(x) = G, o(x). Furthermore, an optimal stationary policy pg =

(s gy» - - -) exists and is given by

po(z) = argsug Ig(x / GooWT(dylz,u),z € Q.
ue

Example 2.4. Consider the stochastic control system in Example[2.3 Given a set
Q is {s1, 52, 53, 54, 85}, we compute the N -step invariance probability p}; o (-)
with N = 5 and the infinite-horizon invariance probability p%_ (*)

p3o(s1) = 1.0000, pi.o(s1) = 1.0000
P3 o(s2) = 1.0000, Pa. g(s2) = 1.0000
Pho(s3) = 0.9665, and { p*_ o (s3) = 0.9515,
pg’Q(34) = 0.9952, o @(34) = 0.9903,
(P35 ,0(s5) = 0.9705, pi.q(ss) = 0.9515

It is shown in Figure that ply o converges topy, o as N — oo element-wisely.



Chapter 3

Computation of Probabilistic Con-
trolled Invariant Sets

This chapter investigates stochastic invariance for control systems through
probabilistic controlled invariant sets (PCISs). As a natural complement to ro-
bust controlled invariant sets (RCISs), we propose finite- and infinite-horizon
PCISs, and explore their relation to RICSs. We design iterative algorithms to
compute the PCIS within a given set. For systems with discrete spaces, the
computations of the finite- and infinite-horizon PCISs at each iteration are
based on linear programming (LP) and mixed integer linear programming
(MILP), respectively. The algorithms are computationally tractable and termi-
nate in a finite number of steps. For systems with continuous spaces, we show
how to discretize these spaces and prove the convergence of the approxima-
tion when computing the finite-horizon PCISs. In addition, it is shown that
an infinite-horizon PCIS can be computed by the stochastic backward reach-
able set from the RCIS contained in it. These PCIS algorithms are applicable to
practical control systems. Simulations are given to illustrate the effectiveness
of the theoretical results for motion planning.

The remainder of this chapter is organized as follows. Section [3.1]reviews
the related work. Section|[3.2] presents the definition, properties, and computa-
tion algorithms of finite-horizon PCISs. Section [3.3| extends the results to the
infinite-horizon case. Examples in Section[3.4]illustrate the effectiveness of our
approach. Section [3.5|concludes this chapter.

39
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3.1 Introduction

3.1.1 Motivation and Related Work

Invariance is a fundamental concept in systems and control [43], [46], [47]. A
controlled invariant set captures the region where the states can be maintained
by some admissible control inputs. RCISs are defined for control systems with
bounded external disturbances and address the invariance despite any realiza-
tion of the disturbances. In the past decades, there have been lots of research
results on RCISs and their computations [26]-[28]. This chapter studies PCISs,
which is a natural complement to RCISs suitable in many applications. A PCIS
is a set within which the controller is able to keep the system state with a
certain probability. Such sets not only alleviate the inherent conservatism of
RCISs by allowing probabilistic violations but also enlarge the applications of
RCISs by being able to address unbounded disturbances. The study of PCISs is
motivated by safety-critical control [92], stochastic model predictive control
(MPC) [93]], [94], reliable control [95]], [96]], and relevant applications, e.g., air
traffic management systems [13], [[14] and motion planning [97].

When computing RCISs, one essential component in iterative approaches
is to compute the robust backward reachable set, in which each state can be
steered to the current set by an admissible input for all possible uncertain-
ties [26]]-[28]. The PCIS computation in this chapter follows the same idea,
but the robust backward reachable set is replaced with the stochastic back-
ward reachable sets which require different mathematical tools. Some chal-
lenges related to such an approach should be highlighted: (i) how to make it
tractable to compute the stochastic backward reachable set, in particular for
systems with continuous spaces; (ii) how to mitigate the conservatism when
characterizing the stochastic backward reachable set subject to the prescribed
probability; (iii) how to guarantee convergence of the iterations.

Controlled invariant sets have recently been extended to stochastic sys-
tems. In [98]], a target set, which is similar to the PCIS of this chapter, is
used to define stabilization in probability. In [95], a reliable control set, an-
other similar notion to a PCIS, is used to guarantee the reliability of Markov-
jump linear systems. The reliability is further studied for such systems with
bounded disturbances in [96]. A definition of PCIS for nonlinear systems is
provided in [99]] by using reachability analysis. It is later applied to portfolio
optimization [100]. Another definition of probabilistic invariance originates
from stochastic MPC [101] and captures one-step invariance. In [[101], an el-
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lipsoidal approximation is given for linear systems with specific uncertainty
structure. Similar invariant sets are used in [[102] to construct a convex lifting
function for linear stochastic control systems. A definition of a probabilistic
invariant set is proposed in [52f], [53] for linear stochastic systems without
control inputs. This definition captures the probabilistic inclusion of the state
at each time instant. A recent work [[103] explores the correspondence be-
tween probabilistic and robust invariant sets for linear systems. In [52f], [53]],
polyhedral probabilistic invariant sets are approximated by using Chebyshev’s
inequality for linear systems with Gaussian noise. Recursive satisfaction is
usually computationally intractable for general stochastic control systems.

The results of this chapter build on the above work but make signifi-
cant additions and improvements. (i) All the above references focus on some
specific stochastic systems (e.g., linear or one-dimensional affine nonlinear
systems) or on some specific class of stochastic disturbances (e.g., Gaussian
or state-independent noise). In our model, we consider general Markov con-
trolled processes, which include general system dynamics and stochastic dis-
turbances. (ii) Different from [52]], [53]], our invariant sets are defined based
on trajectory inclusion as in [[99]] and, particularly, incorporate control inputs
constrained by a compact set. An accompanying question is how to find an
admissible control input when verifying or computing a PCIS. (iii) The PCISs
in this chapter are different from the maximal probabilistic safe sets in [51].
Every trajectory in a PCIS is required by our definition to admit the same
probability level, which does not hold for the maximal probabilistic safe set.
(vi) The stochastic reachability analysis studied in [51]] provides an important
tool for maximizing the probability of staying in a set. Based on this, we com-
pute a PCIS within a set with a prescribed probability level. This extends the
results of [51], [[99], [[104].

3.1.2 Main Contributions

The objective of this chapter is to provide a novel tool for analyzing invariance
in stochastic control systems. The contributions are summarized as follows.

(C3.1) We propose two novel definitions of PCIS: N-step ¢-PCIS and infinite-
horizon e-PCIS (Definitions[3.1]and3.2). An N-step e-PCIS is a set within
which the state can stay for N steps with probability € under some
admissible controller while an infinite-horizon e-PCIS is a set within
which the state can stay forever with probability € under some admissi-
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(C3.2)

3.2

ble controller. These invariant sets are different from the ones proposed
in [52], [101], which address probabilistic set invariance at each time
step. Our definitions are applicable for general discrete-time stochastic
control systems. We provide fundamental properties of PCISs and ex-
plore their relation to RCISs. Furthermore, we propose conditions for
the existence of infinite-horizon e-PCIS (Theorem [3.3).

We design iterative algorithms to compute the largest finite- and
infinite-horizon PCIS within a given set for systems with discrete and
continuous spaces. The PCIS computation is based on the stochastic
backward reachable set. For discrete state and control spaces, it is shown
that at each iteration, the stochastic backward reachable set computa-
tion of an N-step ¢-PCIS can be reformulated as an LP (Theorem
and Corollary and an infinite-horizon e-PCIS as a computationally
tractable MILP (Theorem [3.4). Furthermore, we prove that these algo-
rithms terminate in a finite number of steps. For continuous state and
control spaces, we present a discretization procedure. Under weaker as-
sumptions than [[105]], we prove the convergence of such approxima-
tions for N-step €-PCISs (Theorem [3.2). The approximations general-
ize the case in [51]], which only discretizes the state space for a given
discrete control space. Furthermore, in order to compute an infinite-
horizon €-PCIS, we propose an algorithm based on that an infinite-
horizon PCIS always contains an RCIS.

Finite-horizon Probabilistic Controlled Invari-
ant Sets

Recall the stochastic control system defined in Section Consider a
stochastic control system SCS = (S,U,T"). In this section, we first define
finite-horizon e-PCIS for the system SCS and provide the properties of this
set. Then, we explore how to compute the finite-horizon e-PCIS within a given

set.

Definition 3.1. (N-step e-PCIS) Consider a stochastic control system SCS =
(S,U,T). Given a probability level 0 < ¢ < 1, a set Q € B(S) is an N-step
€-PCIS for SCS if for any x € Q, there exists at least one Markov policy p € M
such thatp’]f,@(a:) > e
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We define the stochastic backward reachable set R} \;(Q) by collecting all
the states x € QQ at which the N-step invariance probability p}“\,’(@(x) > e le,

en(Q) ={z €Q|3p e M,plyg(z) > €}
={z € Q| sup plyo(z) > ¢}
pneM

={zeQ[ Vi) = €},

where Vi (2) is defined in

If R} y(Q) = Q, it yields from Q € B(S) that R} ,,(Q) is also Borel-
measurable. If R n(Q) C Q, the following lemma addresses the measurabil-
ity of the set R} (Q).

Lemma 3.1. For any Q € B(S), the set R} (Q) C Q is universally measur-
able.

Proof. Define the functions J,;‘,Q :S—= R,k € N[O,N}, as
Jro(®) = —Vy_p o), Vz €S.

As shown in [51]], the function J} , is lower-semianalytic for any Q € B(S).
From Definitions 7.20 and 7.21 in [[89], we have that the function J}(,’Q is also
analytically measurable and thus is universally measurable for any Q € B(S).
According to the definition of universal measurability, the set Jﬁbl (B) =
{z €S| J; o(x) € B} for B € B(R) is universally measurable.

Recall the definition of the stochastic backward reachable set R 5, (Q), we
have that

en(Q) ={z € Q[ V(@) = €}
~ {2 e Q| -1 < Jigl) < —¢}
=Jxg (V)
where Y = [—1, —¢| € B(R). Thus, the set R? y;(Q) is universally measurable
for any Q € B(S). O

Let us denote by P(S) the set of all probability measures on S. The follow-
ing proposition shows that despite the universal measurability of Ry ~(Q),
for any probability measure on S, one can find another Borel-measurable set
7@:’ ~(Q)) for which the difference to R} /(Q) is measure-zero.
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Proposition 3.1. For any Q € B(S) and any p € P(S), there exists a set

Proof. 1t follows from the universal measurability of R? (Q) as shown in
Lemma the Borel measurability of Q, R} ;(Q) € Q, and Lemma 7.26 in
(89]. O

From Lemma [2.7|and the definition of R} y;(Q), we can verify whether a
set Q € B(S) is an N-step ¢-PCIS or not by checking if either R} \/(Q) = Q,
or VO*Q(:U) > ¢, Vo € Q, where VO*Q(JU) is defined in .

Remark 3.1. The stochastic backward reachable set R? \;(Q) is called the max-
imal probabilistic safe set in [51]. The N-step e-PCIS Q in Definition 3.1 refines
the maximal probabilistic safe set by requiring that for any initial state xo € Q,
the N -step invariance probability péo@(a:o) is no less than e.

In the following, we show that finite-horizon PCISs are closed under union.

Proposition 3.2. Consider a collection of sets Q; € B(S),i =1,...,r. Ifeach
Q; is an Nj-step €;-PCIS for the same system SCS, then the union U;":l Q; isan
N -step €-PCIS, where N = min; N; and ¢ = min; €;.

Proof. The result follows from the following two facts:
(i) forany Q,P € B(S) with Q C P,

sup P%’@(ﬂﬁ) < sup pip(x),VN € Nand Vx € Q;
HEM HeEM

(ii) forany N, N’ € Nwith N < N’,

sup p’]f,/@(x) < sup piyo(),¥Q € B(S) and vz € Q.
pHeEM pHeEM

The proof is completed. O

3.2.1 Finite-horizon ¢-PCIS Computation

This subsection will address the following problem.

Problem 3.1. Given a set Q € B(S) and a prescribed probability 0 < e < 1,
compute an N -step e-PCISQ C Q.



Finite-horizon Probabilistic Controlled Invariant Sets 45

To handle this problem, our basic idea is to iteratively compute stochastic
backward reachable sets until convergence. A general procedure is presented
in the following algorithm.

Algorithm 3.1 N-step e-PCIS
1: Initialize 1 = 0 and P; = Q.
2: Compute Vip. (2),Vz € P;.
3: Compute R? y(P;) and construct a Borel-measurable set 7%: ~ (i) such
that p(R? y(P;) A R? () = 0 for some p € P(S);
4: Update Piyy = RY v (P);
5. If P41 = Py, stop. Else, set i = ¢ + 1 and go to step 2.

In Algorithm [3.1} we first compute the stochastic backward reachable set

¢ n(P;) within P; and then update ;11 to be the corresponding Borel-

measurable set 7~2’: ~ (P;), which is tailored by picking up a p € P(S) such

that p(ﬁj ~n(Pi) A RE N(P;)) = 0 (see Proposition . The following the-

orem shows convergence of IP;. The terminal condition guarantees that the
resulting set by this algorithm is an N-step e-PCIS Q C Q.

Theorem 3.1. Let Assumption|2.1 hold. For any Q € B(S), Algorithm/3.1) con-
verges, i.e., lim;_,o P; exists. Iflim;_, o P; # 0, it is the an N -step e-PCIS within

Q.

Proof. From Algorithm [3.1] and Lemma we have that if the termination
condition does not hold, P;; C P;. It follows that the sequence {P;};cn is
nonincreasing. Then,

lim inf P; = UNe=Nr=UP= lim sup P,

i>1 5> j>1 i>1 5>

which suggests the existence of lim;_,, IP;. Furthermore, if lim; o, IP; is
nonempty, we conclude that it is an N-step PCIS within Q based on the fixed-
point theory. O

To facilitate the practical implementation of Algorithm we need to
address two important properties: the computational tractability of V{'p, (x),
Vz € P;, and the finite-step convergence of Algorithm [3.1] In the following,
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we will derive these two properties for discrete and continuous spaces, respec-
tively. It is shown that if the spaces are discrete, the properties are guaranteed
and in particular at each iteration we only need to solve an LP to compute the
exact value of V{p, . If the spaces are continuous, we will design a discretiza-
tion algorithm with convergence guarantee, which enables us to preserve the
above two properties.

Discrete state and control spaces

If the state and control spaces are discrete, i.e., they are finite sets, the stochas-
tic kernel T'(y|z, u) denotes the transition probability from state = € S to state
y € S under control action u € Uy, which satisfies that > o T'(y|z,u) = 1,
Vo € Sand u € U,.

In this case, according to Theorem 1 of [106], we can exactly compute
Vo, (%) via an LP. Moreover, the existence of the optimal Markov policy can
be’always guaranteed.

Lemma 3.2. Given any set P; C S, the value functions V;'p. in can be
obtained by solving an LP:

N
min Z Z v () (3.1a)

k=0 z€P;
s.t. Vo € P;
’Uk($) 2 Z Vk+1 (y)T(y|x,u),Vu € U, Vk € N[O,N*l]v (3.1b)
yeP;
UN(‘T) > 1’ (31C)

which gives V'p (7) = v} (2), Vo € P; andVk € Njg n), where vy, is the optimal

solution of . The optimal Markov policy pp. = (UG p,s 11 p,» -+ HN_1.p;)
is given by iy, p () = u where u € Uy is such that

vi(@) =) vi i T (yl, ). (3.2)
yeP;
Proof. See Theorem 1 in [[106]] for the proof. O

Corollary 3.1. For discrete state and control spaces, Algorithm|3.1] converges in
a finite number of iterations. Furthermore, at each iteration, the N -step invari-
ance probability Vi'p. (), Vo € P;, can be computed via the LP and the
corresponding optimal policy is determined by (3.2).
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Proof. The finite-step convergence of Algorithm3.1]follows from Theorem|3.1]
and the finite cardinality of Q. The remaining part directly follows from
Lemma[3.2l O

Remark 3.2. When implementing Algorithm to a system with discrete
spaces, the maximal number of iterations is |Q|. The resulting set is the largest
PCIS within the give set. At each iteration, an LP is solved to compute the value
of Vop, (), Vo € ;. The number of the decision values in the LP is at most
|Q|(N + 1) and the number of constraints is at most |Q|(N|U| + 1). It follows
from [107] that Algorithm|3.1 can be implemented in O(|Q|*>(N|U| + 1)) time.

Continuous state and control action spaces

In order to preserve the computational tractability of V. and the finite-step
convergence of Algorithm if the state and control 7spaces are both con-
tinuous, we first discretize the spaces with convergence guarantee. Then, we
adapt Algorithm 3.1]to compute an approximate N-step e-PCIS within a given
set.

Assume that S C R™* and U C R"* for some n,,n, € N. For simplicity,
we use Euclidean metric for the spaces S and U. For any Q € B(S), we de-
fine $(Q) = Leb(Q) where Leb(-) denotes the Lebesgue measure of sets. We
suppose that the stochastic kernel T'(+|x, u) admits a density ¢(y|x, u), which
represents the probability density of y given the current state  and the control
action u.

Now we consider Problem where we assume that the given set Q €
B(S) is compact, which implies that ¢(Q) is bounded. We further suppose that
the density function satisfies the following assumption.

Assumption 3.1. There exists a constant L such that for any x, 2’ y,y' € Q,
and u,u’ € U,

[t(yla, u) =ty )] < Llly = ¢/l + [lz = 2| + [lu = ).

Discretization We discretize the compact set Q C S into m, pair-wise
disjoint nonempty Borel sets Q;, i € Ny 1, 1, ie, Q = U5 Q;. We pick a
representative state from each set Q;, denoted by ¢;. Let Q= {4i,1 € N1 1
di = Sup, yeq, l7 — v d;.

s and Dw = ImMmaX;eN

[1,mg]
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Similarly, the compact control space U is divided into m,, pair-wise dis-
joint nonempty Borel sets C;, i € Npy ], i.e., U = U™ C;. We pick a repre-
sentative element from the set C;, denoted by ;. Let U= {ti,7 € Ny a1t
li = sup, yec, lz =y u = MaXieN, ,, 1 i

Let the grid size be a constant 6 > max{D,,, D, }. For each x € Q, define
the set of admissible discrete control actions as

U, = {0 € U | [lu — @] < 6 for some u € Us, }, (3.3)

where s, is the representative state of (Q; to which = belongs, i.e., s; = ¢; if
x € Q. Following [105]], the following lemma shows that each z € Q has a
nonempty admissible discretized control set.

Lemma 3.3. Foreach ¢; € Q, the set T[Aqu is nonempty and U, = I[qui, Vo € Q;.

Proof. Since the admissible control set U, is nonempty, Vo € Q, there exists
@ € U such that |lu —all <4, Vu € Us,. Hence, by the definition of sx, we
have that the set [UqL is nonempty for each ¢; € Q. Furthermore, from (3.3), it
is easy to obtain that Ua: = qu, Vx € Q;. ]

As in [[105], let us define the function t : Q x Q X U—-R

Heulse® o ge f s s d)dz > 1
E(ylx,a)z{th(sz|sz,u>dz’ Jot(s:lsa, @)dz 2 1. (34)

t(sy|sz, ), otherwise.

From (3.4), we observe that all states y € Q; enjoy the same stochastic ker-

nel. An approximate stochastic control system is given by a triple S/(EQ =
(Q, U, T). Here the transition probability 7’ (gjlgi, @) is defined by

T(qjla:, ) :/ t(y|qgi, a)dy,
J

where ¢;,q; € Q with ¢; € Q; and gj € Qj,and 4 € 0.

Approximation of PCISs For the approximate system S/C\SQ, the dis-
cretized version of the (dynamic programming) DP is given by

VJ@,Q(Q’L) = 17
V]:,Q(Qi) max( Z Vk+1 Q(QJ) (‘Ij|Qiaﬂ))aVk € Njg n-1]-

uelU 7j=1
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For each x € Q;, Vk*Q(l') = ka(@(qi),Vk € Njg, ). We define the discretized
optimal Markov policy /15, = ({15 g - - -+ iy _1,) @S

ik o) = axgmax [ Vi, o ()iCylas )y
acl Jo

My
= argmax (> Vo) T (aslai, ).
a =1

For each = € Q;, ﬂz@(m) = ﬂ,’27(@(qi), Vk € Njg n_1)-

Remark 3.3. Since the state and control action spaces of the approximated sys-
tem SCSq are finite, the value of Vk*(@ can be computed via the LP and
the corresponding optimal policy can be determined by (3.2). In addition, all the

states in each Q; share the same approximate N -step invariance probability and
optimal policy as the representative state q; € Q;.

Before showing the error bound on the value function in Lemma [3.6] we
need two auxiliary lemmas. Lemma 3.4 shows that the value functions in
are Lipschitz continuous. It is adapted from Theorem 8 in [51]. Lemma
shows that the difference between the approximate density function and the
original density function is bounded.

Lemma 3.4. Under Assumptions|2.1and[3.1} for any z, 2’ € Q, the value func-
tions V¥ in satisfy
Vio(z) = Vig(a")| < o(Q)L|jz — 2|, Yk € Ny ny. (3.5)

Proof. Since Vy o(x) = 1for all z € Q, the inequality (3.5) holds for k = N.
When k € Njg y_, for any z, 2" € Q, we have

Vi g(z) — Vig(a)
= |sup / Vi o)tz w)dy — sup / Vi o@)tle!, u)dy]
uelU JQ uclU JQ
< sup| / Visn.o(0) (tylr ) — t(yla’, u)|dy
uel JQ
< sup / (t(yle, w) — t(yle’, w))ldy
uel JQ
< SQL(|z - 2'|).
which completes the proof. O
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Lemma 3.5. UnderAssumptionsfor ally € Qand ¢; € Q,
[@ [E(ylai, @) — t(ylai, @)|dy < 26(Q)L3, Vi € U.
Proof. If f@ t(sz|sz,0)dz < 1, it follows from Assumptionthat
| 110, — ol iy < G(Q) L5

And if th(sz|sx,ﬁ)dz > 1, we first have

0< / t(sylgi, u)dy — 1
Q

</ t(sylqs, 0)dy — [@t(qui,ﬁ)dy

/ (s lai, @) — t(ylaz, @)l dy

Furthermore, we have

/ E(yla, @) — H(ylqs, @) dy
/’t Sy‘q“ 3/|QZ7 f@ Szlsac; )dz‘
y
f@

(52|52, 1)

< / £(sylgi, @) — H(vlg:, ) / (5.2, 4)dz|dy
Q Q
< / t(sylai, @) — H(ylgs, )| dy

+r/ 5218, dz—lr/rtqu, )/ dy
< 26(Q

This completes the proof. O
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Lemma 3.6. UnderAssumptions and the functions V() and Vk*Q(;v)
satisfy thatVx € Q,

Vio(@) — Vig(@)] < m(Q)5, (3.6)

where

(3.7)

™(Q) =0,
7(Q) = 4¢(Q)L + 7,41(Q), Vk € Npg y—1j-

Proof: Tt is easy to check it for k = NN since Vo (z) = V,;:Q(x) =1,Vz e Q.
By induction, we assume that [V}, (z) — Vk*ﬂ’(@(a?ﬂ < 1+1(Q)d, z € Q.
For any ¢; € Q;, i € N ], we define

[y = arg sup/ Viir,oW)t(ylas, w)dy
uel JQ

and
Qi = arg ma;(/ Vk*+1,Q(y)tA(y|Qi7ﬂ)dy'
uelU JQ

According to the dicretization procedure of the control space, we can choose
some 3, € U such that ||uj — D[] < 6. Then, we have that

Viola) — Vio(a)

- /Q Vi o)t e ) dy — /@ Vo (0)ulas, i) dy

< /Q Vo (W)tulas i)y — /Q V7.0 )81, 1)y

< /Q Vi o)t (9lai, ) dy — /@ Vi o)t (wla, 72)dyl
+’/@V§+1,Q(y)t(yqz‘,ﬁk)dy—[@Vk*+1,@(y)5(y|qzsﬁk)dy|

+|/(@V§+17@(y)5(yqi,ﬁk)dy—/@Vk"ﬂ,@(y)f(qui,ﬁk)dyl

< ¢(Q)LJ +2¢(Q) L6 + 7141(Q)S
= (30(QL + 141(Q))9,
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and
Viola) — Vigla)
/Vk+1(@ V)t (ylgi, i) dy — /@Vm@ t(ylas, iuy,)dy

<\/Vk+1,<@ t(ylgs, o) dy — [@ 1.0 Wt k) dyl

+| [@ Vk*+1,Q<Z/)t(y’qZ‘7ﬂZ)dZ/ — . VisroWt(yla, i) dyl
< (20(Q)L + 7 41(Q))d.

Thus, we have

Viola) — Vkﬁ@(%” < (36(Q)L + 14+1(Q))o.

Forany z € Q;, ¢ € Ny 1, it follows that

Vio(@) — Vig(@)| = [Vig(®) — Vig(a)]
< [Vio(@) — Vi@ + [Vig(a) — Vio(a)
< (49(Q)L + 741(Q))6 = 7(Q)9,

which completes the proof of the inequality (3.6). O

Remark 3.4. Lemma guarantees convergence as the grid size tends to zero
and generalizes the case considered in [51|], which only discretizes the state space
for a given finite control space. To prove Lemmal(3.6, we need to show that (i) the
value functions in are Lipschitz continuous (Lemmal[3.4), which is similar to
Theorem 8 in [51|], and (ii) the difference between the approximate density func-
tion and the original density function is bounded (Lemma|3.5), which is different
from that in [51]].

Theorem 3.2. Let Assumptions|2.]] and- 3.1 hold. Consider a compact set Q €

B(S) and a correspondlng discretized set Q of Q. If(@ is an N -step €-PCIS for the

approximate system SCSQ = (Q,U,T), andé > 79(Q)4, the set Q is an N-step
€-PCIS for the system SCS, where e = € — 15(Q)0.

Proof. According to the construction of the discretized system S/C\SQ, we have
that Vk € N[O,N]a Vi € N[l,mz] and Vx € Q;, V];Q(.T) = V]::Q(qz) Since Q
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is an N-step é-PCIS, it follows that Vx € Q, %*Q(a:) > €. By Lemma and
triangle inequality, we have

Vo) = Vig(z) — 0(Q)5 > € — 7(Q)4, Va € Q.

Then, when é > 74(Q)J, we conclude that the set Q is an N-step e-PCIS where
0<e=¢é—19(Q)0. O

Remark 3 5. From Theorem[3.2 if 0 < e < 1, by choosing a suitable grid size
0<d< o(@) the problem of computing an N -step e-PCIS within Q for SCS
can be transformed into that of computing an approximate N -step é-PCIS with
probability ¢ > € + 19(Q)d for S/\CSQ.

Computation algorithm Assume that a probability level 0 < ¢ < 1is
given. After discretizing the set Q and the control space U, we modify Algo-
rithm [3.1{to compute an N-step e-PCIS Q C Q, as shown in the following.

Algorithm 3.2 Approximate N -step e-PCIS

1: Choose grid size 0 < § < ( ) discretize the sets Q and U, construct an
approximate system SCS@ = (Q,U,T).

Initialize i = 0, P; = Q, and P; = Q.

Compute Vo]P (QJ) Vq] € P;.

Compute 7 (PP by 3.7) and € = € + TO(IP’ )d.

Compute the set PZ“ RE ( ;) for SCSQ and P; = Uy, et Qj

6: If IP’Hl =P, stop. Else, set 7 = 7 + 1 and go to step 3.

g W N

In Algorithm [3 . we first construct an approximate system SCS@ =
(Q,U,T) with grid size 0 < § < - (@) Lhen, following similar steps as in
Algorithm [3.1} we compute the stochastlc backward reachable set iteratively
for the system S/C\S@. At each iteration, an LP is solved to obtain the N-step
invariance probability. One difference is that the stochastic backward reach-
able set is computed with respect to € = e+79(P;)J and the updated set for the
system SCS is the union of the subsets of Q corresponding to the stochastic
backward reachable set. By Theorem 3.2] the resulting set by Algorithm [3.2]is
an N-step e-PCIS.
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Corollary 3.2. Let Assumptions|2.1 and[3.1 hold. For continuous state and con-
trol spaces, Algorithm([3.4 converges in a finite number of iterations and generates
an N -step €-PCIS. Furthermore, at each iteration, the N -step invariance proba-
bility VofIPi (gj),Vq; € P;, can be computed via the LP and the corresponding
optimal policy is determined by (3.2).

Proof. By Theorem [3.2] and the Borel measurability of the subsets Q;,Vi €
Ni1,m,)» it follows that the set generated by Algorithm 3.2)is an N-step e-PCIS.
The remaining part is similar to the proof of Corollary O]

Remark 3.6. When implementing Algorithm to a system with continu-
ous spaces, it follows from [107] that Algorithm can be implemented in
O(m2(Nmy, + 1)) time, cf. Remark(3.3

3.3 Infinite-horizon Probabilistic Controlled Invari-
ant Sets

Now let us extend finite-horizon e-PCISs to infinite-horizon e-PCISs. In this
section, we define the infinite-horizon e-PCIS and explore the conditions of its
existence. Furthermore, we provide algorithms to compute an infinite-horizon
€-PCIS within a given set.

Definition 3.2. (Infinite-horizon PCIS) Consider a stochastic control system
SCS = (S,U,T). Given a confidence level 0 < € < 1, aset Q € B(S) is
an infinite-horizon e-PCIS for SCS if for any x € Q, there exists at least one
stationary policy p € M such thatpgo@(x) > e

We define the stochastic backward reachable set R? ,,(Q) by collecting
all the states x € Q at which the infinite-horizon invariance probability

pzo@(x) > ¢ ie,
Ri(@Q) ={z€Q|3Ip e M,p o(z) > ¢}
={z € Q] sup p o(z) > ¢}
peM
={z € Q| G (@) = €},

where G (%) is defined by —.

For the infinite-horizon case, Lemma|[3.1Jand Proposition[3.1still hold. That
is, the set R? . (Q) is universally measurable and for any p € P(S), there
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exists another Borel-measurable set 7%;*00 (Q) € Q such that p(ﬁzoo((@) A
Ri(Q) =0.

Under Assumption [2.2) by Lemma [2.8 and the definition of R? . (Q), we
can verify whether a set Q € B(S) is an infinite-horizon e-PCIS or not by
checking if either R? (Q) = Q, or G} () > €, Vz € Q, where G o(z)
is defined by (2.3)-(2.4).

Let us adapt the RCIS in Definition to a stochastic control system
SCS = (S,U, T). We say an RCIS Q € B(S) for SCS is an N-step e-PCIS with
N =1ande=1.

Remark 3.7. Another interpretation of RCIS is that a set Q € B(S) is an
RCIS if for any x € Q, there exists at least one control input uw € U such that
T(Q|x,u) = 1. It is easy to verify that an RCIS is also an infinite-horizon e-PCIS
with € = 1. It is called an absorbing set in [108] where there is no control input.
In the following, we show that the RCIS plays an important role in the existence
of infinite-horizon PCIS and provide how to design an algorithm to compute such
PCIS based on RCIS.

Remark 3.8. Note that infinite-horizon e-PCISs are also closed under union, as
shown in Proposition[3.2 when N is replaced by cc.

3.3.1 Existence of Infinite-horizon PCIS

Intuitively, the monotone decrease of the value functions G, Q(x) defined in
(2.3) may imply that the value of G5 () is one or zero. However, it is pos-
sible to get 0 < G Q(m) < 1 in some cases (see Examples 1 and 2 in Section
[3.4). The following theorem provides necessary conditions and sufficient con-
ditions for the existence of an infinite-horizon e-PCIS with € > 0.

Theorem 3.3. Suppose that Assumption[2.2 holds and let 0 < ¢ < 1 be fixed.
Given a nonempty set Q, let u,, be the control input such that holds for each
x € Q. The set Q is an infinite-horizon e-PCIS

(i) only if there exists an RCIS Q¢ C Q such thatVx € Q \ Qy,

2

TQlz,u) + [ T(Qlyw) Tyl us) + 12
Q\Qy N

>e, (3.8)
P

where p = sup,cq\q, fQ\Qf T(dy|z,uz);
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(ii) if there exists an RCIS Q¢ C Q such thatVx € Q\ Qy,

T(Qflw, ue) +/@\Q T(Qfly, uy) T(dylz, uz) = €. (3.9)
7

Proof. Only-if-part: Under Assumption the fact that the set Q € B(S) is
an infinite-horizon e-PCIS is equivalent to G o(z) > €,Vz € Q. Let § =

)

SUpgeq G o(2)- Under Assumption G o) exists for all z € Q. The
set Qf = {zr € Q| G%, o(®) = 0} collects all the states for which the value
of G,  is maximal over the set Q. Extending Lemma 1| to infinite-horizon
case, we have that the set Q  is universally measurable. By Lemma 7.16 in [89],
we have that for any p € P(S), there exists a Borel-measurable set Q; C Q
such that p(Q; A Qf) = 0. Let us specify Q by choosing a p.

Next we will show that the set Q is an RCIS. It follows from Assump-
tion[2.2]and Lemma 2.8 that Vz € Qy,

G ol / G%, T (dy|x, uy) +/ 0T (dylz, ug)
Q\Qy

— G glo) [@ T(dyl, us) + /@ o, G Ty ) (510
f f

< G o@)T(Qplr, uz) + G5 (@) T(Q\ Qf |z, uy) (3.11)
= Gl o(@)(T(Qf |z, up) + T(Q\ Qflz, ug)),

where Eq. follows from G () = G%, o(v), Yo,y € Qf and Eq.
follows from that G o(z) > G, ¢(y), Vo € Qf,Vy € Q\ Qy. Furthermore,
since G, (%) > € > 0 Vo € Q andO < T(Q|z,u,) < 1, the equality in Eq.
- holds if and only 1fT(Qf]a: uz) = 1 and thereby T(Q\ Q¢|z, u,)) = 0.
Based on the recursion in , we have G o(z) = 1,Vz € Qy. Hence, the
set Qr C Qis an RCIS.

Next let us prove that Vo € Q \ Qy, Eq. holds. That is to prove that

02

Giele) < T@slaue) + [ T@ply ) Tyl ) + 37 612

Qs

By Theorem 7 in [51]], the control input u, is also optimal to the recursion

. Forall k € N, we have Vz € Qy, G} o(z) = 1 and Vz € Q\ Qy,

kr10(2) —T(Qf!xaux)Jr/ GroW)T(dylr, us).
Q\Qy
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Let

p= sup / T(dylz, ug).
z€Q\Qy JQ\Qy

Note that 0 < p < 1. Then, V2 € Q\ Q > we can follow the induction rule to

prove that

2 k

Grol®) ST(@f’x’“xH/ T(Qyly, uy) T (dyl, uz) + pl_p :
Q\Qy —-p

which by taking limitation yields that holds.

If-part: The proof for the existence of an RCIS Q; C Q is the same as
that of the only if part. As shown above, the condition T'(Q¢|x,u;) = 1is
equivalent to G(’;O@(:C) = 1,Vz € Qy. We can use induction to prove that

Ve e Q\ Qy,

G o) > T(Qylz,uz) + /Q Tl Tyl ),
f

which further implies that

G o(2) > T(Qyl, us) + /Q o Tyl T ),
f

One sufficient condition to guarantee GZQQ(J)) > €is , ie.,

T(Qlr, ug) + /Q o T @l ) Tyl ) 2
f

The proof is completed. O

Remark 3.9. The value of p is the largest probability that the next state y re-
mains outside the RCIS Q¢ from any x € Q \ Qy under the optimal stationary
policy in Lemma Note that 1’% is the gap between the necessary condition
and the sufficient condition. In addition, the second item in (3.8)—(3.9) denotes
the probability that the state is steered into the RCIS Q; by two transitions from
x € Q\ Qy with an intermediate state y outside Q.

Corollary 3.3. Suppose that Assumption|2.2 holds and let 0 < € < 1 be fixed.
A nonempty set Q is an infinite-horizon €-PCIS
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(i) only if there exists an RCIS Q¢ C Q such thatVx € Q\ Qy,
T(Qlz,u) > € for some u € U
(ii) if there exists an RCIS Q¢ C Q such thatVz € Q\ Qy,
T(Qsle,w) + eT(Q\ Qfle,w) > e for someu € U.

Proof. By Lemma and Theorem the necessary condition in Corol-
lary [3.3| can be proven by showing that Vo € Q \ Qy, there existsau € U
such that

€< G o) = / G, o) T(dylz, u) + / G, o ()T (dylz, w)

Qs Q\Qy
< T(Qylz,w) + T(Q\ Qsla, ) 313)
=T (Qlz,u),

where Eq. follows from 0 < G o(z) < 1,Vz € Q.
The sufficient condition in Corollary [3.3| can be proven by showing that

Vo € Q\ Qy, there existsau € U

* ol®) = / Gy ()T (dyl, u) + / G, ()T (dyl, u)
Q¢ Q\Qy

> T(Qyla, u) + €T(Q\ Qylx, u), (3.14)
where Eq. follows from G7_ o(z) > € > 0,Vz € Q. One sufficient

condition to guarantee G () > € s

T(Qflz,u) + eT(Q\ Qf|z,u) > .

The proof is completed. O

Remark 3.10. A nonempty set Q is an infinite-horizon e-PCIS if there exists
an RCIS Qf C Q such thatVx € Q \ Qy, T'(Q¢|z,u) > € for someu € U.
This implication will facilitate the design of an algorithm for an infinite-horizon
€-PCIS, see Algorithm|3.4

Remark 3.11. Considering the similarity between the reliability defined in [96]
and the infinite-horizon invariance probability in this chapter, we can extend the
results on infinite-horizon PICSs, including the existence condition above and the
computational algorithms in the following, to the reliable control set in [95] to
general stochastic systems.
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3.3.2 Infinite-horizon ¢-PCIS Computation
This subsection will address the following problem.

Problem 3.2. Given a set Q € B(S) and a prescribed probability 0 < e < 1,
compute an infinite-horizon ¢-PCIS Q C Q.

To handle this problem, the key point is to compute the infinite-horizon
invariance probability G7_ . For discrete spaces, it is shown that computa-
tionally tractable MILP can be used to compute the exact value of G7_ . In
this case, we can compute the largest infinite-horizon e-PCIS by computing
iteratively the stochastic backward reachable sets until convergence. For con-
tinuous spaces, it is in general computationally intractable to compute G,
and the discretization method fails to work since the approximation error in
increases with the horizon. In this case, we design another computational
algorithm based on the sufficient conditions in Remark[3.10]

Discrete state and control spaces

If the state and control spaces are discrete, we adopt the same assumptions as
in Section We will first show how to compute the exact value of G7_
n (2.3)—(2.4) through an MILP. Then, we will adapt Algorithm [3.1{to compute
the largest infinite-horizon e-PCIS within a given set.

MILP reformulation Since O is a trivial solution of , we cannot di-
rectly reformulate (2.3)-(2.4) as an LP, which is the traditional way to deal
with infinite-horizon stochastic optimal control problems [[109].

The following lemma provides a computationally tractable MILP reformu-
lation when computing G,

Lemma 3.7. Given any set Q C S, the value of G7_ ¢ in can be obtained
by solving the MILP:

g(xr)r’lﬁa();u) Z(:@g(x) (3.152)
st. Vo € Q,
Zg T(y|z,u),Vu € U, (3.15b)
y€Q

9(x) <D gW)T(yle,u) + (1 — k(z,u)A,Vu €Uy, (3.150)
yeQ
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Z K(z,u) > 1, (3.15d)
UEUCIJ
0<g(x) <1,k(x,u) € {0,1},Vu € Uy, (3.15€)

where A is a constant greater than one. That is, G o(z) = ¢*(z), Vo € Q,
where g* is obtained from the optimal solution (g*, H*) of the MILP (3.15)). The
optimal stationary policy is figy(x) = u where u € Uy such that k*(z,u) = 1
and k* is the optimal solution of the MILP (3.15).

Proof. From the monotone decrease of the sequence (GZ‘]Q, 1q:---) and
Lemma 2.8) G ¢ is the maximum fixed point satlsfymg . Hence, the
equlvalent form of G can be written as MILP (3.15), where the constraints
3.15d) guarantee that there exists u € U, such that the equality in

. holds. O
.

Computation algorithm  As an adaption of Algorithm 3.1} the following al-
gorithm provides a way to compute the largest infinite-horizon e-PCIS within

Q.

Algorithm 3.3 Infinite-horizon e-PCIS

Initialize i = 0 and P; = Q.

Compute G7_p, () forallz € P;.

Compute the set ;1 = R  (IP;).

If P;+1 = IP;, stop. Else, set ¢ = ¢ 4+ 1 and go to step 2.

The difference between Algorithms and is that the value of
~o.p, (), instead of Vi (2), Vo € P;, is computed by (replacing Q
with ;). Furthermore, the updated set P;11 = R . (IP;), which is a stochas-
tic backward reachable set within PP; with respect to infinite horizon and a
probability level e. The following theorem provides the convergence of IP; and

shows that the resulting set Q by this algorithm is an infinite-horizon e-PCIS.

Theorem 3.4. For discrete state and control spaces, Algorithm|[3.3 converges in
a finite number of iterations and generates the largest infinite-horizon e-PCIS
within Q. Furthermore, at each iteration, the infinite-horizon invariance proba-

bility G p (), YV € P;, can be computed via the MILP .
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Proof. The finite-step convergence of Algorithm [3.3| follows from the finite
cardinality of the set Q. Similar to Theorem the generated infinite-
horizon €-PCIS is the largest one within Q. The MILP reformulation refers
to Lemma[3.7] O

Remark 3.12. When implementing Algorithm to a system with discrete
spaces, the maximal iteration number is |Q|. An MILP is used to compute the
value of G3_ p. (z), Va € P;, at each iteration. The number of real-valued deci-
sion values is at most |Q|, the number of binary decision values is at most |Q||U|,
and the number of constraints is at most |Q|(2|U| + 3). In general, MILPs are
NP-hard and can be solved by cutting plane algorithm or branch-and-bound al-
gorithm [110]. Some advanced softwares have been developed to solve large MILPs
efficiently [111], [112].

Continuous state and control spaces

If the state and control spaces are continuous, it is computationally in-
tractable to compute the exact value of infinite-horizon invarinace probabil-
ity Gzo@(a:). Based on Remark this subsection provides another way to
compute an infinite-horizon e-PCIS within a given set Q.

Different from Algorithm which computes iteratively the stochas-
tic backward reachable sets, the following algorithm generates an infinite-
horizon e-PCIS by computing a backward stochastic reachable set from the
RCIS Qy contained in Q.

Algorithm 3.4 Infinite-horizon e-PCIS

1: Compute the RCIS within Q, denoted by Q.
2: Compute the stochastic backward reachable set from Q 1> 1le.,

@:{x€Q|HuEU,/ T(dy|x,u) > €}.

Qy

The first step in Algorithm|3.4]is the computation of RCIS within a given
set, which is a well-studied topic in the literature [26]—-[28]]. Then, based on
RCIS Q within Q, the stochastic backward reachable set

Q—{xe@|§|u€[[},/ T(dy|z,u) > €}

Qf
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is an infinite-horizon e-PCIS within Q. In comparison with Algorithms 3.3]
the iteration is avoided in Algorithm [3.4 which only needs two steps.

Remark 3.13. Note that the resulting set from Algorithm|3.4 is in general not
the largest infinite-horizon e-PCIS within the given set Q. It is possible to obtain
a larger infinite-horizon €-PCIS if we can reformulate the existence conditions
in Theorem|3.3 and Corollary[3.3 in a recursive form and thereby modify Algo-
rithm|3.4 to be a recursive algorithm.

Remark 3.14. The complexity of Algorithm|[3.4 depends on the computation of
the RCIS [26]-[28], [47], and the computation of the backward stochastic reach-
able set. The later can be reformulated as a chance-constrained problem and then
approximately solved. Some results on computation of the backward stochastic
reachable set have been reported in [113]. The first example in Section |3.4 will
show how to compute the backward stochastic reachable set.

3.4 Examples

In this section, two examples are provided to illustrate the effectiveness of
the proposed theoretical results. The first one is concerned with comparison
between PCIS and RCIS. Then we consider an application to motion planning
of a mobile robot in a partitioned space with obstacles.

3.4.1 Example 1: Comparison between PCIS and RCIS

Consider the following example from [114]:
Trr1 = Az + Bug + wg,

1.6 1.1 1
—-0.7 1.2 1
by |ug| < 0.25. We consider wy, to be either non-stochastic or stochastic when
computing RCIS and PCIS, respectively. The region of interest is Q = {z €
R? | ||z|lo < 0.5}. We will compare the largest RCIS and PCIS within Q.

To derive an RCIS for this system, we assume the disturbance belongs to
the compact set W = {w € R? | |w|lec < 0.05}. By using the methods

n [28]], [[43]], we obtain the largest RCIS, which is the blue region shown in
Figure (3.1 The gray region is an infinite-horizon e-PCIS described in the end
of this example.

WhereA:[ ]andB:[

] . The control input is constrained
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0.5
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04 05

Figure 3.1: Computations of the largest RCIS (blue) and an infinite-horizon
e-PCIS with € = 0.80 (gray) by Algorithm 3.4for Example 1.

When computing a finite-horzion PCIS, assume that elements of wy, are
iid. Gaussian random variables with zero mean and variance 02 = 1/302.
This system can be represented as a triple SCS = {X, U, T'}:

S = R2,
U={u€eR|]ul <0.25},

t(pg1|on, up) = V(A (2pg — Azg — Buy)),

where 1(+) is the density function of the standard normal distribution and
A = diag{o, o}. In this case, since the Lipschitz constant L in Assumption|3.1]
is small, we ignore the approximation error 79 in (3.7). We discretize the con-
tinuous spaces and implement Algorithm 3.2 to compute the N-step e-PCIS
@. First consider N = 5 and € = 0.80. Figua) shows the evolution of the
set IP; in Algorithm [3.2| The color indicates the corresponding N-step invari-
ance probability pyy p, (x) and the z-axes the iteration index i. The algorithm
converges in 8 steps. Figure[3.2(b) shows Pg, which corresponds to the N-step
e-PCIS Q for N = 5and e = 0.80. Figures and show the N-step e-PCISs
for N =1,3,¢ = 0.80 and N = 5, ¢ = 0.70,0.90, respectively. Note that in
all cases the probability density is concentrated in the interior of the sets. Note
also that the numerical results indicate that the sets are nonincreasing in both
N and ¢, as expected from the analysis in Section 3.2]

When computing an infinite-horizon PCIS, we choose the same bound on
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Figure 3.2: Computation of N-step e-PCIS with N = 5 and € = 0.80 for Ex-
ample 1: (a) The sets P; and the corresponding N-step invariance probability
in Algorithm (b) The N-step ¢-PCIS Q.

05 05 1
. ram . - l o

Figure 3.3: N-step e-PCISs for Example 1 with € = 0.80 but different values of
N:(@) N =1;(b) N = 3.



Examples 65

05 05 1
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Figure 3.4: N-step e-PCISs for Example 1 with NV = 5 but different values of
e: (@) e = 0.70; (b) € = 0.90.

the disturbance as for the RCIS. The elements of w;, are truncated i.i.d. Gaus-
sian random variables with zero mean and variance 02 = 1/30%. Denote the
largest RCIS computed above by Qf = {z € R?> | Hx < h}, where the
matrix H and the vector h are with appropriate dimensions. As stated in Al-
gorithm the one-step stochastic backward reachable set from the RCIS
associated with probability 0.80 is an infinite-horizon e-PCIS with ¢ = 0.80,
ie.,

Q={zecQ|3uelUPr{H(Az 4+ Bu+w) < h} > 0.80}.
This set can be represented as
Q={zecQ|3ueU H(Azx+ Bu) +h' < h},
where 1/ is the optimal solution of the chance constrained program
min Z h;-
s.t. Pi{Hw <K} =038.

This program can be numerically solved by using the methods in [[115], [[116]].
The resulting infinite-horizon e-PCIS with € = 0.80 is the gray region shown
in Figure This region is obviously a superset of the RCIS in blue.
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Figure 3.5: Transition probability under actions for Example 2.

3.4.2 Example 2: Motion Planning

The motion planning example in [117] is adapted to seek an infinite-horizon
PCIS within the workspace for a mobile robot. The state of the robot is
abstracted by its cell coordinate, ie., (pz,p,) € {1,2,3,4}2 and its four
possible orientations {£, W, S, N'}. Due to the actuation noise and drift-
ing, the robot motion is stochastic. Here, we restrict the action space to be
{FR, BK, TRFR, TLFR}, under which the possible transitions are shown in
Figure[3.5] Specifically, action “FR" means driving forward for 1 unit. As illus-
trated in the figure, the probability for that is 0.80. The probability of drifting
forward to the left or the right by 1 unit is 0.10. Action “BK" can be similarly
defined. Action “TRFR" means turning right 7/2 and driving forward for 1
unit, of which the probability is 0.95. The probability of driving forward for
1 unit without turning right is 0.025 and the probability of turning right for
7 and driving forward for 1 unit is 0.025. Similarly, we can define the action
“TLFR".
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N

IS

(@)

Figure 3.6: One simulated trajectory of 30 time steps starting from (3,1, )
and ending at (3, 4, S) in Example 2. (a) The state trajectory with indication of
the robot orientation. (b) The trajectory of the position (p,, py) evolving over
time.

Consider the partitioned workspace shown in Figure a), where the
shadowed cells are occupied by obstacles and the red cell is an absorbing re-
gion, i.e., when the robot enters in this region it will stay there forever. We
construct an MDP with 64 states and 4 actions. The transition relation and
probability can be defined based on the above description. We compute the
largest infinite-horizon e-PCIS with € = 0.90 within the safe state space, i.e.,
the remaining of the state space by excluding the states associated with the
obstacles.

By implementing Algorithm3.3] the computed sets P; and the correspond-
ing infinite-horizon invariance probability p%, p, () are shown in Figure 3.7
of which each subfigure corresponds to one orientation in {€, W, S, N'}. The
first row of Figure shows the results after the first iteration, where we can
see that the infinite-horizon invariance probability p’ p () at z = (4,2,€)
and x = (4,2,W) is less than € = 0.90. Algorithm [3.3| converges in 2 steps
and generates the largest infinite-horizon e-PCIS Q with € = 0.90 shown in
Figure 3.7(e)-3.7(h). This invariant set provides a region where the admissible
action can drive the robot without colliding with the obstacles with probabil-
ity 0.90. By implementing the optimal policy obtained in Lemma [3.7, we run
a state trajectory starting from (3,1, ') as shown in Fig. b). We can see
that this trajectory is collision-free and finally ends at the absorbing region

(3,3,8).
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probability

e-horizon invariance

it

@ © @
(e) Eandi=2 (F) Wand i =2 (g) Sandi=2

Figure 3.7: The sets P; and the corresponding infinite-horizon invariance prob-
ability in Example 2 when computing the largest infinite-horizon e-PCIS with
¢ = 0.90 by Algorithm[3.3]

3.5 Summary

We investigated the extension of set invariance in a stochastic sense for control
systems. We proposed finite- and infinite-horizon e-PCISs, and provided some
fundamental properties. We designed iterative algorithms to compute the PCIS
within a given set. For systems with discrete state and control spaces, finite-
and infinite-horizon e-PCISs can be computed by solving an LP and an MILP at
each iteration, respectively. We proved that the iterative algorithms were com-
putationally tractable and can be terminated in a finite number of steps. For
systems with continuous state and control spaces, we established the approx-
imation of stochastic control systems and proved its convergence when com-
puting finite-horizon e-PCIS. In addition, thanks to the sufficient conditions for
the existence of infinite-horizon e-PCIS, we can compute an infinite-horizon
€-PCIS by the stochastic backward reachable set from the RCIS contained in
it. Numerical examples were given to illustrate the theoretical results.



Chapter 4

Computation of Invariant Covers

Both stochastic invariance and robust invariance can express the safety prop-
erty for control systems. In the previous chapter, we studied the stochastic
invariance. This chapter will revisit the robust invariance for networked con-
trolled systems. We consider some fundamental problems concerning exis-
tence and computation of an invariant cover for uncertain discrete-time lin-
ear control systems subject to state and control constraints. An invariant cover
quantifies the information needed by a controller to enforce a robust invari-
ance specification. We develop necessary and sufficient conditions on the exis-
tence of an invariant cover for a polytopic set of states. The conditions can be
checked by solving a set of linear programs (LPs), one for each extreme point
of the state set. Based on these conditions, we give upper and lower bounds
on the minimal cardinality of the invariant cover, and design an iterative algo-
rithm with finite-time convergence to compute an invariant cover. We further
show in two examples how to use an invariant cover in the design of a coder—
controller pair that ensures invariance of a given set for a networked control
system with a finite data-rate communication.

The remainder of the chapter is organized as follows. Section gives
the introduction. The problem statement is given in Section Section
addresses the existence of an invariant cover and Section 4.4/ gives bounds on
its minimal cardinality. Section [4.5| provides an algorithm for computing an
invariant cover. The examples in Section [4.6| detail how to use the invariant
cover to design coder—controllers for networked control systems. Section [4.7]
concludes the chapter.

69
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Controller Plant — Sensor/Coder

(2] [7]

Finite Data Rate Communication Network

Figure 4.1: Coder-controller feedback loop, where z is the measured state, [x]
is the encoded state, and w is the control.

4.1 Introduction

In a networked control system a plant is connected with a controller through a
communication network [[29]-[31]], as shown in Figure[4.1] Networked control
systems are in widespread use in a variety of application areas, for example,
smart buildings [118] and intelligent transportation [[119]. Since the data-rate
of a communication channel is usually limited, a central question is how much
information is needed by the controller to enforce a given specification.

Feedback control under limited data-rate has been widely studied [[120]]-
[122]]. One well-known result is that the critical data-rate necessary for sta-
bilization of linear systems depends on the unstable poles of their open-loop
system [[123]]. In [[124], the notion of topological feedback entropy, which is an
extension of topological entropy [[125]], [[126]], has been used to quantify the
information necessary for stabilization of nonlinear control systems.

Invariance is one of the most fundamental concepts in systems and con-
trol [46], [47]. In the context of networked control systems, the minimal
data-rate necessary for set invariance under feedback control was studied
in [[124], [127]. It was shown in [[124] that a finite topological feedback en-
tropy is necessary to achieve invariance. Later, the notion of invariance en-
tropy was proposed for continuous-time deterministic control systems based
on spanning sets [[127]. Equivalence between these two notions was estab-
lished for discrete-time control systems under the assumption of strong in-
variance in [[128|.

The notion of invariance feedback entropy was first proposed in [32] for
generalizing the notion of invariance entropy [127] to uncertain discrete-time
control systems and was further explored in [33]], [34]. It was shown in [34]
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that the invariance feedback entropy of a given set of states is finite if and only
if an invariant cover exists for this set. An invariant cover is a pair consisting
of a finite cover of the given set and a map from this cover to the control set
(see Definition[4.1). We remark that the invariant cover plays an important role
in designing a coder—controller which achieves a finite data-rate and ensures
invariance.

This chapter establishes fundamental results on invariant cover for uncer-
tain discrete-time linear control systems. The main contributions are summa-
rized as follows:

(C4.1) We develop two necessary and sufficient conditions for the existence of
an invariant cover for a given polytopic set (Theorems4.1land[4.2). They
suggest a computationally tractable method of determining whether an
invariant cover exists through LPs.

(C4.2) Based on these conditions, we give upper and lower bounds on the min-
imal cardinality of an invariant cover (Theorem[4.3). As a complement
to [34], this upper bound is valid for the invariance feedback entropy
and the minimal data-rate necessary for invariance.

(C4.3) We provide an iterative algorithm to compute an invariant cover (Al-
gorithm and prove its finite-time convergence (Theorem [4.4). The
performance of the algorithm is illustrated in two examples that use an
invariant cover to design a static coder—controller pair for a networked
control system with a finite data-rate to enforce the invariance of a given
set.

4.2 Problem Formulation
Consider a discrete-time linear system in the form of

Tpy1 = Az + Buy + wg, (4.1)

where x;, € X C R" is the state, uy € U C R" the control input and
wy € W C R™ the disturbance input, and A, B are matrices with appropriate
dimensions. The state and control sets X and U and the disturbance set W are
each assumed to be convex polyhedral sets:

X={z eR"™ | Fyx < fz},
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U={ueR™ | Fu< f,},
W={weR"™ | Fyw < fu},

where Fy, Fy, Fy,, and f;, fu, fu are matrices and vectors with appropriate
dimensions. We assume that U and W are compact sets and define QQ as a
compact subset of X. We further assume that Q is full-dimensional. If this is
not the case, i.e., if Q lies in an affine subspace of R"*, then we assume that
Q C Sy xSyand QNS; = {2°} for some 2° € R™, and we apply the
following arguments to the subspace Sy and the projection of Q (assumed
full-dimensional) onto So.

A cover of a set Q is a collection of sets whose union includes QQ as a subset.
Next we define an invariant cover of Q C X, which is a pair consisting of a
finite cover of (Q and a map from this cover to the control set U. Each state set
from the finite cover can be driven to the set Q by means of a single control
input generated by the map.

Definition 4.1. [34] A cover A of a nonempty set Q and a functionG : A — U
is an invariant cover (A, G) of the system and Q if A is finite and, for all
Xi¢ € A, AX'* @ {BG(X°)} C Qo W.

Remark 4.1. In the context of networked control systems, an invariant cover
is used to define the invariance feedback entropy in [34]. Note that an invariant
cover (A, G) immediately provides a static coder—controller: for any x € Q, the
coder transmits one of the sets X\° € A that contains x to the controller and the
controller implements G(X') to guarantee invariance (Figure|4.1). It is shown
in [34] that the data-rate of the static coder—controller under the invariant cover
(A, G) islog, |.A| bits per time unit.

Example 4.1. Consider the linear scalar system
Tpt1 = 22 + up + wy,

withX = R, U = [-1,1], and W = [-0.4,0.4]. Let Q = [-0.6,0.6]. It is
easy to verify that Q is an RCIS. Let XI¢ = [-0.6,—0.4], X = [-0.4,—-0.2],
Xl = [-0.2,0], XIf = [0,0.2], XI* = [0.2,0.4], and Xi¢ = [0.4,0.6]. Define
A = {X€}8 | and the map G : A — U with G(X) = 1, G(X¥) = 0.6,
G(X¥) = 0.2, G(XF) = —0.2, G(XE) = —0.6, and G(XIS) = —1. We can
verify that (A, G) is an invariant cover for this system and the set Q. The data-
rate of the static coder—controller defined by this invariant cover (A, G) islog, 6
bits per time unit.
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Recall the robust controlled invariant set (RCIS) in Definition[2.21} An RCIS
is a set that can be made invariant by a state feedback control law under any
admissible disturbance. The computation of such sets is widely studied in the
literature, e.g., [27]]. From Definition [4.1]it is obvious that Q must be an RCIS
in order that there exists an invariant cover (A, G) of the system and Q.
In this chapter, we firstly consider the existence of an invariant cover.

Problem 4.1. Consider the system and a set Q. Find necessary and suffi-
cient conditions such that there exists an invariant cover (A, G) of the system

and the set Q.

From Remark it follows that the data-rate of the (static) coder—
controller decreases as the cardinality of the invariant cover decreases. We
define the minimal cardinality of the invariant cover as follows:

|A|* =inf |A|] st (A, G) is an invariant
cover for and Q

If an invariant cover is known to exist, we consider the following problem.

Problem 4.2. If an invariant cover (A, G) exists for the system and a set
Q, provide upper and lower bounds on the minimal cardinality of the invariant
cover.

We further consider the computation problem.

Problem 4.3. Design an algorithm to compute an invariant cover (A, G) for
the system and a set Q whenever such invariant cover exists.

4.3 Existence Conditions

This section focuses on Problem [4.1} The sets Q and Q & W are assumed to
have the H-representations

Q={z eR™ [ Qz < g},
QoW = {zeR" | Px <p},

where ¢ € R", p € R" and (), P are matrices with appropriate dimen-
sions. We assume that the rows of ) are normalized so that ||[Q];] = 1,
Vi € N15,), and that ¢ > 0 so that the origin lies in the interior of Q. For
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any full-dimensional @, this can be ensured by redefining the state and dis-
turbance input of as zj, — 2° and wy, — 20 + A2, respectively, for any 2°
in the interior of Q.

For x € QQ, we say that a control u is feasible for x if it drives = to Q for all
w € W. We denote by I' C R"= " the set of all (x, ) such that u is feasible
for x. The set I' can be written as a compact polytopic set:

r = {(:E,u) e R"™ x R™ | Qe <gq, Fyu< fy, PA:U+PBu§p}.
—_—— —— -

zeQ uelU Az+BucQoW

4.2)
Define the map IT : U — 28" as
II(u) ={z e R" | (z,u) €'} (4.3)

For convenience we set II(u) = () if u ¢ U. For given u € U, the set II(u) has
the property that any state « € II(u) is steered into Q in a single time-step.

Lemma 4.1. For any givenu € U, ifl(u) # 0, then
All(u) ® {Bu} CQOoW.

Proof. If II(u) # 0, then (4.2)-(4.3) imply that Az + Bu C Q © W for all
x € (u), ie, All(u) ® {Bu} CQoW. O

The following lemma gives a necessary and sufficient condition for the
existence of an invariant cover.

Lemma 4.2. An invariant cover (A, G) of the system and the set Q exists
if and only if there exist a finite number N € N and a set {u; € U}, such that

N
Jm(w) =@ (4.4)
=1

Proof. The sufficiency directly follows from Definition[4.1|and Lemmal4.1] We
prove the necessity as follows. Let (A, G) be an invariant cover for and
Q, where A = {Xic}Nc and for each Xi¢, there exists ui® = G(Xi) € U such
that AX;C @ BuiC C Q © W. Here Ny is the cardinality of A.

From the definition of II(u) in (4.3), it follows that any set Y C Q such
that AY @ {Bu} C Q © W for some u € U is a subset of II(«). This implies
that, Vi € Ny n, X;C - H(uic) C @, and since UZN:iiX;C = Q, it follows that
{uic}Nie satisfies UM TT(ui€) = Q. O
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Lemma [4.2]is important to prove the following result.

Theorem 4.1. An invariant cover (A, G) of the system and the set (Q exists
if and only if for all z € Q, there exists a control input v € U such that

B,(x) NQ C II(u) for somer > 0.

Proof. We first show that the existence of an invariant cover for and Q
implies that for all z € Q there exists u € U and r > 0 such that B,.(x) NQ C
ITI(u). For given € Q, u € Uand r > 0, let

O(u) ={z | PAz + PBu < p},
P.(z) ={z | PA(z —x) < rl}.

Furthermore, suppose that the rows of P A are normalised with ||[[PA];|| = 1,
Vi € N[y, (this can be assumed without loss of generality by appropriately
scaling P and p). Then the n,-dimensional ball B, (x) is a subset of ©(u) if
and only if P, (x) is a subset of O(u) (since the polytopes O(u) and P, ()
share the same set of face normals and since each face of P,.(z) is contained
in a supporting hyperplane of B, (z)). Moreover, from II(u) = O(u) N Q it
follows that B, () N Q C II(u) if P,.(z) NQ C II(u). But P,.(x) N Q C TI(u)
requires that

{zPA(z—x)Srl}C{Z\PAZ-I—PBugp}
Qz<gq Qz<qf’

and by linear programming duality this is equivalent to the condition that
there exists a matrix .S with non-negative elements such that

PA PA
S{Q]_[Q]’ (45)
g [rl + PA:C] < [p — PBU] . (4.6)
q q

Replacing g on the left side of (4.6) with Qx + ¢ — Qx and using (4.5), we
re-write (4.6) as

{PA:U—}—PBu—p] <S[ —rl ]

Qr —q Qr —q (47
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Suppose that an invariant cover exists for (1) and let

= in [PA);z + [PBliu — [pl;.
C T wa iy A+ (Pl —

Then ¢ < 0 by Lemma[4.2] If € < 0, then for all z € Q there necessarily exists
u € Usothat S = I and r = —e > 0 are feasible for (4.5), and S > 0.
For the case in which € = 0, let Z be the set of indices ¢ € Ny ,, | such that

[PA|;x; + [PBJu; — [p]; = 0 for some z; € Q and u; € U.
Then for all z € Q there exists u € U so that
[PAJiz 4 [PBlu — [p]; < € foralli € Ny, 1\ Z and for some € < 0.
Furthermore, for each i € Z, 7 and u are the solutions of the LPs

x; = argmax [PA];x, wu; = argmin [PB];u,
zeQ uelU

and it follows from LP duality that there exists an index set J; C N ,, ) and
scalars A; > 0 such that

[PAL = AlQ)

j€Ti

and [Q];jz} —[g]; = Oforall j € J;. In this case therefore S = [%1 52 } , where

S is diagonal and

0 1€, Aj t€Zandj € T,
[S1]ii = . [Solij =147 J
1 i¢Z 0 i¢Z

satisfies S > 0 and (4.5), and moreover holds for all z € Q withr =
—€’ > 0 and some u € U.

To complete the proof we show that an invariant cover necessarily exists
for and Q if, for all x € Q there exists v € U such that B, () NQ C II(u)
for some 7 > 0. In this case it is possible to construct a set {x}}¥ | for some
finite N (where N = O(r~"=)) that satisfies:

(i) U¥,B,(z}) 2 Q,

(i) foralli € Njj np, 27 € Qand I(w]) 2 B, (x]) N Q for some u; € U.
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0.6
0.4 T 0.4
-—10.2 r
~T 0% m\w}dﬁ T g he
. 702 N u —U. u
—0.4 R —0.4
~0.6
() (b)
Figure 4.2: The set I" for two different RCISs: (a) Q = [—0.6,0.6]; (b) Q' =
[—0.4,0.4].
Therefore an invariant cover exists by Lemmal4.2Jand |A|* < N. O

We note that there is no obvious computationally tractable method of
checking the necessary and sufficient conditions of Lemma and Theo-
rem[4.]]

4.3.1 Optimization-based Existence Condition

This subsection provides computationally tractable necessary and sufficient
conditions for the existence of an invariant cover for a given set Q. To avoid
the computational difficulties of checking the conditions of Theorem[4.1|based
on B,.(2)NQ, we consider instead the set X' (2, «) defined for z € Q, o € [0, 1]
by

X(z,0) ={zeR™ | Q(z— (1 — a)z) < aq}.

This set can be equivalently expressed as

X(z,a) ={(1—a)z} & aQ, (4.8)

so we therefore have = € X(z,a) C Q, forallx € Qand a € [0,1]. It also
follows from that X (x, ) is monotonically non-decreasing with o, i.e.,

X(z,01) C X(2,00), Vo € Qand 0 < oy < ap < 1.

The results of this section rely on the following two lemmas, which are
derived from the convexity and linearity of the conditions defining II(u) and

X(z, ).
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Lemma4.3. Letu = Zfil Aiwt, wherew € U, II(u}) # 0 and \; > 0 for all
i € Ny ) with 3N X\ = 1. Then

N

P ATi(u;) € T(u). (4.9)

=1

Proof. The convexity of U implies that v = Ef\il Aiul € U, while the con-
vexity of Q and Q © W implies that r € Q and Ax + Bu € Q © W if
v = SN Nz, for any {2}N | such that ¥ € II(u?), Vi € N1, v We
therefore have « € II(u) and hence holds. O
Lemma 4.4. Letx = Zfil Aix;, wherezy € Q and \; > 0 for alli € Ny n
with > A = 1, and let o; € [0,1] for all i € Ny ). Then

N
X i ) C NX(zF, 0p) C X ). 4.10
(x’ie%l[lfm 041) = @ i (xzaaz) = (x>zng1[31“§V] az) ( )

Proof. Given the assumptions on z, \; and «;, we have

X(x}, ) 2 X(xf, min «;), Vi e Ny np,
leN[LN]

and hence

N
@ NiX (zF,04) 2 @ )\if(m;‘, min ai)

iEN[LN]

=1
={(1— min o;)r}® min oy
{( iEN[l’N] 1) } iEN[l,N] ’ Q

= X(z, min ;).
( 7iEN[17N] Z)

This proves the first subset relation in (4.10); the second can be proved using
a similar argument. O

We define the critical vertices of I" as follows.

Definition 4.2. A vertex (z,u) of I' is said to be a critical vertex of T if

(i) x € vert(Q),
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(ii) X(z,a) C (u) for some a € (0,1].

The main result of this section (Theorem[4.2) states that an invariant cover
(A, G) exists for the system and the set Q if and only if every = € vert(Q)
corresponds to a critical vertex of I'. We prove this using Lemmas and
the properties of critical vertices to define for each x € Q a control u such that
X(x,a) C I(u) for some a > 0. However, as = approaches the boundary of
Q,  also approaches the boundary of X'(x, ). To ensure the existence of
r > 0 such that B, (z) NQ C II(u) for all z € Q and thus fulfil the conditions
of Theorem [4.1} we therefore consider the set X (y, (), ). For o € (0, 1) and
€ Q\ (1—-0)Q, yo(x) is defined as a point in the boundary of Q given by
the solution of an LP

Yo(r) = arg nyﬂg&égj&f[(l]i —[Qli(z — (1 = 0)y) (4.11)
s.t. [Qly = lal;, Vi € Jo(2)

with
Jo(2) = {j € N, [ [Qlj2 > (1= 0)]gl;}
For z € (1 — 0)Q, we define y,(x) by
Yo(x) = 2. (4.12)
An upper limit on ¢ is provided by the following result.

Lemma 4.5. Let o € (0, 7], where

minkGN[lﬂnq] minm€vertk((@) [Q]k - [Q]kx

ma’Xk!GN[l’nq] maXZ‘GQ [q]k - [Q]k‘r

o= ,

then
(i) yo(z) exists for all x € Q;
(ii) B, (2) NQ € ¥(yo(), 0) ifr = o® minjeny, ,,, 4]y

Proof. To prove the assertion in (i) we show by contradiction that has a
solution forallz € Q\ (1—0)Qifo < 7.Foro € (0,1)andx € Q\ (1—0)Q,
let

Jo(x) ={j € Ny, : (@l > (1 = 0)[d];},
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and define o for each j € Ny ,, |

o otherwise

o = {([q]j — [Qlz)/ld; i€ Jolz)

so that o; € [0,0),Vj € Js(x). Also define Q, () C oQ as the set

Qo(x) = {z e R™ | [Q];z < 0jlal;, V5 € Ny o1},

so that for each j € J,(z) we have [Q];y = [¢]; wherey = 2+ 2z € Q and

z € vert(Qy (z)).
Suppose that (i) is false and is primal infeasible. Then there exists a

pair of indices ji, jo € J,(x) such that the hyperplanes {y | [Q];,y = [q];, }

and {y | [Q];,y = [¢];, } have no point of intersection in Q. But [Q];,v; = [q];,
where y; = x + z;, z; € vert(Qq(x)), i = 1, 2, and hence

[q}jz - [Q]jzx = [Q]jQ - [Q]jé (yl - Zl)

> min i — |®@lj,T + min 22
;vaerth(Q){[Q]p [Q]]z } zeQU(x)[Q]D

> mi . . . A
zmin _min {{glj, - [Qlj,7} +ominQl;,z
where the first inequality follows from [Q];,y1 < [¢];, and z1 € Q4 (z), and
the second inequality from Q,(z) € ¢Q. But [¢];, — [Qlj,z = 02[qlj, <
o(qlj,, which implies
. > ] 1 . _ . 1 . ,
olal, >min _min - lalj, = [Qlpe + o min|Q;
and hence ¢ must be greater than . Therefore, if 0 < 7, then y € QQ and
z € vert(Qqy (z)) must exist such that y = 2+ z and [Q],;y = [¢]; VJ € J,(x),
and it follows that has a solution forallz € Q \ (1 — 0)Q.
To prove the assertion in (i) we show that B, (z) N Q C X(y,(x),0)
with 7 = o min;[q];. First consider the case in which z € (1 — 0)Q. Then
Yo(x) = x50 X(y,(x),0) = X(x,0) and B,(z) C X(z, o) if and only if

{21 Q(z—2) <r1} C {z|Q(z — ) < o(g - Qu)}.

The condition holds whenever r < minjen;, , , o(lgl; — [Qljx) but . €
(1 — 0)Q implies ¢ — Qz > 0gq, and it follows that B,.(z) C X(x,0) if

r=o? minjen, , - q];.
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Next we determine 7 so that B,.(z) N Q C X (y,(x), o) for the case that
z € Q\ (1 —0)Q. The definition of y,(z) implies [Q];y,(z) = [¢]; for all
j € Jy(x), and since

Br(2)NQ € {# | Q(2—yo(2)) < min{r1+Q(z—ys(2)),4—Qyo ()} },
we have B, (7) NQ C X (y, (), 0) if

r+[Qlj(x —yo(x)) < o(lgly — [Qljyo () forall j & Jo (),

or equivalently if

r< min ofgl; - [Q];(z — (1 - 0)ys(2)).
i¢Jo(x)
But selects y,(x) so that the right hand side of this expression is min-
imized for some = € vert(Q) (since this implies that y,(z) = =z € vert(Q)),
and we therefore have

minoll; —[Ql; (= (1= 0)yo(z)) > o min Iq]; —[Q;z

> o min g

where the first inequality is obtained by setting y,(z) = x and the second
follows from [Q];z < (1 — o)]q]; for all j ¢ J,(x). Therefore B, (z) NQ C

X (yo(z),0) ifr = o minjen, ,, ; [q];. O

Theorem 4.2. There exists an invariant cover (A, G) of the system and
the set Q if and only if each vertex x of Q corresponds to a critical vertex (z,u)

of T.

Proof. Every vertex of Q corresponds to a critical vertex of I if and only if for
each x € vert(Q) there exists € (0, 1] and u € U such that X (z, o) C II(u).
From it is obvious that o > 0 is necessary for B,.(z) N Q C X(z, «) for
some 7 > 0.

Therefore B,.(z) N Q C X (x, ) C II(u) for some r > 0 and u € U only
if every vertex of Q corresponds to a critical vertex of I, and it follows from
Theorem [4.1] that this is a necessary condition for existence of an invariant
cover.

To prove sufficiency, note that for all x € Q, y,(z) can be expressed
Yo () = S N, with {27}, = vert(Q), \; > 0 for all i € Ny 5y and
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Zfil Ai = 1. If every vertex of Q corresponds to a critical vertex of ', then
€ (0,1] and uj € U exist for all i € Njj ny so that X'(z], ;) C TI(uy).
Using Lemmas [4.3|and [4.4] we therefore obtain

N
X(yo(x), min o;) C @)\XZEZ,CMZ C EB)\lH(uf) C II(u)

ZENlN

where © = Zi:l Aiu; € U. Furthermore, Lemma implies that B, (z) N
Q C X(yo(z),a) with r = o?ming[q]y if 0 = min{a,&}. Therefore

minieN[l N Qi > 0 ensures that » > 0 and hence an invariant cover must
exist by Theorem O

Theorem[4.2] shows that it can be determined whether or not an invariant
cover exists by checking if each vertex of Q has a corresponding critical vertex
of I'. This is the basis of the computational procedure described in Section

Example 4.2. The set I' is shown in Figure (a) for the system in Exam-
ple[4.1 with Q = [—0.6,0.6] being an RCIS. It can be seen that the vertices
x = —0.6 and xz = 0.6 of Q correspond respectively to critical vertices (—0.6, 1)
and (0.6, —1) of I'. In particular, it is easy to verify that « = 1/6 gives
X(-0.6,1/6) = II(1) = [-0.6, —0.4] and X(0.6,1/6) = II(—1) = [0.4,0.6].
Theorem([4.4therefore implies that an invariant cover of Q exists, which was given
in Example[4.1 and is shown in Figure[4.2)(a).

Consider the set Q' = [—0.4,0.4], which is also an RCIS. The corresponding
set I' for Q' is shown in Figure[4.4 (b). In this case the set T is a line segment.
Therefore the vertices of Q' have no corresponding critical vertex of I'. In partic-
ular, there is no finite set of control inputs such that holds and thus there
does not exist an invariant cover for this scalar system and the set Q'.

It can be determined whether or not a given vertex of Q corresponds to a
critical vertex of I' by solving an LP, as we show next. Given the vertices of
@, this suggests a computationally tractable method for checking whether or
not an invariant cover exists: solve the LP for each vertex z € vert(Q).

Lemma 4.6. Let o*(x) be the optimal value of the LP

o*(x) = max e}
a€[0,1], 5>0,u
st. (1—-a)PAz+Sq+PBu<p (4.13)
Fou<f,

SQ = aPA
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and u*(z) be the solution set for u. Then (x,u) is a critical vertex of T if and
only ifa*(x) > 0,z € vert(Q), and u € u*(x).

Proof. For given z € Q, determines the maximum value of o € [0, 1]
such that X' (z, o) C II(u) for some u € U. Specifically, since X (x, o) C Q for
allz € Q and a € [0,1], we have X (x, ) C II(u) if and only if there exists
u € U such that AX (x, ) ® {Bu} € Q& W. By LP duality, this set inclusion
condition holds if and only if a non-negative matrix R exists satisfying

RQ = PA
(1 —a)PAz + aRq+ PBu < p.

The variable transformation S = «R results in a set of constraints that are
linear in u, & and S. The problem of maximizing « subject to X' (z, a) C TI(u)
and u € U can therefore be expressed as the LP (4.13). O

4.4 Cardinality Bounds

This section develops an approach based on the existence condition of Theo-
rem [4.2 to address Problem We derive upper and lower bounds on |A|*,
the minimal cardinality of an invariant cover (A, G) of the system and
the set Q. Define

vt = max vol (IT(u)),

where ® = {u € U | 3z, (z,u) € I'} and vol(-) denotes the volume. Let o*
and &* denote the optimal values

*

o = min max o'
zevert(Q) a€l0,1],5>0,u
st. (1—-a)PAx+ Sq+ PBu<p (4.14)
Fou < f,
SQ = aPA
and
at = max «

a€(0,1],5>0,y,u
st. Qy<(1-a)g
PAy+Sq+PBu<p (4.15)
Fuu < f,
SQ = aPA.
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Remark 4.2. In a* is the solution of a single LP, whereas o* in (4.14) is
computed by solving one LP for each vertex of Q. In particular,

a*= min a*(z),
zevert(Q)

where o* (z) is given by (4.13).

Before giving the bounds on |.A

*, we need the following lemma.
Lemma 4.7. Let 0 C Q and 0 = min{a*,5}. Then,

(i) 200 CX((1—0)'w,0) forze(1-0)Q;

(i) ({2} ®0%0) NQ C X(yo(2),0) forz € Q\ (1 - 0)Q,
where y, () is defined in (4.11).

Proof. The assertion in (i) directly follows from the definition of the set
X(z,0).Forgivenz € (1 - 0)Qa® 06 Cx®oQ=X((1-0)'z,0).

The assertion in (ii) can be demonstrated by showing that ({z} ® Q) N
Qcax (yg(x), 0) using an argument similar to the proof of Lemma , as-
sertion (ii). For 6 > 0 we have

({2} ©5Q)NQ = {= | 1Ql;> < min{ldl;, 5lal; +1Ql;}, ¥j € N, }-
Therefore
({2} ®6Q) NQ C X(yo(2),0) = {2 Qz < 0q+ (1 —0)Quo(x)}
if and only if for all j € Ny ,, 1,
olgl; + (1 - 0)[Ql;yo(2) > min{[q];, 6[ql; + [Q];2}-

Recall that J,(z) = {j € Np ) | [Q]j2 > (1 —0)[ql;} and [Q];y,(z) = 4],
for j € J,(x), from which it follows that for all j € J,(x),

olgl; + (1 = 0)[Qly0(x) = [q]; = min{[q];, 6[q]; + [Q];=}-

For j ¢ J,(x), olg]; — [Q];(z — (1 — 0)y,(z)) is minimized over z € Q \
(1 — 0)Q when x = y,(x), and we therefore have

olgl; — [Qlj(z — (1 = 0)yo(x)) = o([ql; — [Ql;x) > 0?[q];
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and

olgly + (1 = 0)[Qlys(x) > o*[q]; + [Ql;x
> min{[q];, o*[q]; + [Q);z}, Vi & Jo ().

It follows that ({z}®60)NQ C ({z}®6Q)NQ C X (y,(z),0) if6 =02 O

Theorem 4.3. Let § = [d,di] x -+ x [d,, ,dyn,] and A = [Dy, D] x -+ x
[D,,., Dy,] be inner- and outer-bounding hyperrectangles such thatd C Q C A,
and let o = min{a*,G}. Then | A|* satisfies

vol(Q = D —
(a). [ OU(* W <|AF < H{ - W (4.16)
(b). |A|* =1 ifandonlyif a* =1.

Proof. We first consider the statement in (a). The lower bound on |A|* in
follows directly from the volumetric scaling of the maximal set II(u) relative
to Q and the definition of v* as max,c¢ vol(II(u)). To prove the upper bound
on |A|* in (4.16), we note that by the proof of Theorem [4.2/ and Lemma
forallz € Q, ({z} ® 020) NQ C X(yo(x),0) C I(u) for some u € T,
where y, (z) is defined in (4.11)-(4.12). The upper bound on |A*| in then
follows from an upper bound on the cardinality of a cover of Q of the form
UN, ({z;} ®025), which can be obtained from the ratios of the corresponding
sides of the hyperrectangles A (which contains Q) and o24.

The upper bound on | A|* in then follows from the ratios of the corre-
sponding sides of the hyperrectangles A (which contains Q) and {(1—a*)x}®
a*6 (which is contained in X (z, a*)).

To prove the statement in (b), we note that the value of @* in ( is the
maximum, as x varies over Q, of & € [0, 1] such that X' (z, ) C II(u ) for some
u € U. This follows from Lemma[4.6} which implies that &* = max,cq a*(x).
Furthermore from we have X' (z,a) = Q if and only if « = 1, and it
follows that A = Q (and hence |A|* = 1) if and only if @* = 1. In this case
G(Q) is simply equal to u*, the optimal value of  in (4.14). O

Remark 4.3. We note that [34] only provides a lower bound on the invariance
feedback entropy and the minimal data-rate necessary for invariance. As a com-
plement, the upper bound in on the minimal cardinality of an invariant
cover also provides a bound on these quantities in the light of Lemma 3 of [34].
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Note that this upper bound is likely to be loose due to the appearance of * in the
denominator, and this is observed in numerical examples. In addition, the lower
bound in is valid for the minimal data-rate achieved over all admissible
static coder-controllers, but differs from its lower bound in Theorem 8 of [34].

The lower bound on | A|* in can be computed in principle by de-
termining vol(II(u)) over a finite set of points. Specifically, the vertices of
I1(u) are obtained (as functions of u € ®) as the solutions of a set of right-
hand-side multiparametric linear programs, and they are therefore piecewise
affine functions of u with the pieces defined by a polyhedral complex, /C, of
subsets of @ [129]]. As a result, the volume of II(u) can be expressed (by trian-
gulating II(u) into a collection of simplexes [130]) as a sum of non-negative
determinants of matrices whose elements are piecewise affine functions of w.
It follows that vol(II(u)) is piecewise quasi-convex in u and the maximum,
v*, over u € P, is therefore achieved at a vertex of the complex K.

Determining the volume of an arbitrary polytopic set is computation-
ally hard, see, [131]. Since a* in is the maximum value of « such that
X(x, ) C II(u) for some z € Q and u € U, a convenient approximation is

v* & (@)™ vol(Q).

This implies that the lower bound on | A|* in is approximately equal to
(1/a*)™=. We note however that (1/a*)"* does not necessarily lower bound

|A|* since v* > (a*)™ vol(Q).

4.4.1 Tightness of Cardinality Bounds

This subsection shows that the bounds on the minimal cardinality are tight
for scalar systems under some mild conditions. Consider a scalar system:

Th+1 = AT + Uk + W,

with X = R, U = [u, ], and W = [w, w]. Let Q = [q, q]. Assume that ¢ <
w < w < ¢. Then, we have that vert(Q) = {¢, ¢} and QW = [¢—w, §—w].

Recall a* and @* defined in Eqgs. (4.14)—(4.15). Since v* = (@)™ vol(Q), one
can choose § = Q = A, and o = o* for n, = 1, the bounds in become

FAEIVE Sl
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Denote by a*(gq) and o (q) the optimal value of LP for the vertices of Q,
respectively. Since the optimal value occurs at a vertex of the feasible region
for the LP, we have o* € {a*(q),a*(q)} and &* € {a*(¢), a*(q)}. Therefore
the bound in is tight if and only if a*(¢) = o*(q).

In the case of a symmetric scalar system, we set 0 < —u = 4,0 < —w =
w, and 0 < —g = ¢. Without loss of generality, we assume that a > 0. In this
case, a*(q) = o*(g) holds. The explicit minimal cardinality of an invariant

cover is then

400 otherwise.

A = {[q%} if (a4~ 1)g+w+a>0

This can be validated by Example[4.2] Note that, in contrast to [34], the control
limits are taken into account in this analysis.

4.5 Computational Algorithm

This section uses the existence conditions discussed in Section to solve
Problem Algorithm [4.1| describes a procedure for computing an invariant
cover of system and a given polytopic set Q. The algorithm makes use of
the following result, which is proved in [[132, Theorem 3].

Lemma 4.8. Let Y be a polytope and let Yo = {z € Y | Yz < y} bea
nonempty polytopic subset of Y, where y € R™. For eachi € Ni1,n,), define
Y, ={z €Y |[Y]iz > [yl [Y]jz < [y]; Vi < i}. Then, {Y;}.*, isa partition
of Y with respect to Y, i.e.,

(i) U Yi=Y,
(i) int(Y;) Nint(Yy) = 0, Vi,
(iii) int(Y;) Nint(Y;) =0, Vi # j.

Algorithm [4.1] first uses the condition in Theorem (4.2 to check the exis-
tence of an invariant cover (lines 1-9). If no invariant cover exists, the algo-
rithm stops and returns Null. Otherwise, the algorithm continues by repeat-
edly partitioning subsets of Q using Lemma with the initial subset Y
defined in terms of a set II(u) which is constructed using a convex combina-
tion of the vertices of Q. The procedure PARTITION(Y) (lines 13-23) constructs
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Algorithm 4.1 Invariant Cover Computation

Require: System , and sets Q, U, and Q & W.
Ensure: An invariant cover (A, G) for and Q.
c {xy 1 — vert(Q);

2: forallzeN }do
3 Solve (4.13] - ) for a*
4 uz —u ( €Z; )>

5. end for
6

7

8

9

—_

: a* < min; o (z});
: if a® = 0 then
: Stop and return Null;
: end if

10: 0 < min{a*, 7}

11: A<« 0

12: Execute PARTITION(Q);

13: procedure PARTITION(Y)

14: Compute x € vert(Y)

15: Compute y,(z) using -

16: Compute {\;} ¥, satisfying y,(z) = S Nz?, N A = 1 and

)\i > 0, Vi € N[LN];

17w SN Al

18: A+ {A1I(u)} and G(II(u)) < u;

19: YO — Y N H(u),

20: Partition Y \ Y into {Y;}?, using Lemma

21: for each nonempty sub-region Y; do
22: Execute PARTITION(Y);
23: end for

24: end procedure
25: Return: (A, G).
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a cover of the set Y and stores this cover and the corresponding control in-
puts in (A, G). This process continues until the elements of A cover the entire
set Q.

A vertex of Y in line 14 can be found by checking whether any vertex of
Q lies in Y and then solving a LP in n, variables if this check fails. The set
{\:}Y, in line 16 can be defined uniquely as the minimizing argument of

Lyeees

N
) ool
)\mlr)l\N ||ZZ1 it ||oo
N

N
stoy=Y Nay, Y Ai=1, X >0,VieNpyy
=1 =1

which requires the solution of an LP in /N variables. The main computational
effort of Algorithm[4.1]is spent on solving the LPs in lines 14-16.

Theorem 4.4. Algorithm[4.1finds an invariant cover (A, G) of the system
and the set Q in finite time, if it exists.

Proof. We demonstrate that Algorithm [4.1|terminates in finite time whenever
an invariant cover exists for the system and set Q by showing that pAR-
TrT1IoN(Y) in line 22 can only be invoked a finite number of times if a* > 0.
Since o is defined in line 10 as min{, &* }, Lemma [4.5|implies that each pair
(7, u) computed in lines 14 and 17 satisfies B,.(2) NQ C X (y,(x),0) C II(u)
with r = o2 minj[g]; > 0if &* > 0. Therefore Y, computed in line 18 satis-
fies B, (2)NY = B,.(2) NQNY C II(u) NY = Yy, so that each vertex of Y
that is not a vertex of Y is necessarily of a distance of at least 7 from x. Since
 is defined as a vertex of Y in line 13, it follows that PARTITION(Y) can be

called only a finite number of times before 4 covers Q. O

Remark 4.4. In contrast to methods for determining (robust) invariant
sets by iteratively computing (robust) backward reachable sets until conver-
gence (e.g. [27]), Algorithm[4.1 computes an invariant cover by repeatedly parti-
tioning an unexplored region.

Remark 4.5. An advantageous property of the invariant cover computed by
Algorithm 4.1 is that each subset is represented in the form of I1(u) for some
u € U. By the Upper Bound Theorem in [133], the maximum number of vertices

nx
2

of the polytopes of the family is upper bounded by O((n, + n,)L21) since the
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maximum number of delimiting planes in II(u) is ng + nyp. Note that this prop-
erty may significantly reduce the computation of the coder-controller for online
implementation.

4.6 Examples

This section provides two examples to illustrate the proposed algorithm and
explore the dependence of computation time on the system dimension. The
following numerical experiments were coded using Matlab R2018b with the
Irs library [134] and run on a 2.9 GHz Intel Core i7 CPU with 16 GB RAM.

4.6.1 Example 1

Consider system with the system parameters (A and B) and set parame-
ters (Fu, fu> Fu, fu, @, q) defined in the following:

] 0.9225 1.0476 B 1.1518 0
| 1.0476 0.9320 |’ | 2.4188 0.4991

1 0 1
0 1 1
Fo=1 o fe=14
0 —1 1
—0.9847  0.1745 0.1000
~0.4028 —0.9153 0.1000
F,=| 02153 —09766 |, fo= | 0.1000
0.6809 —0.7324 0.1000
0.4028  0.9153 0.1000
[ 0.4040  0.9148 T [ 1.0572 ]
0.3521  0.9360 1.0744
| 07061 0.7081 | 10704
@=1 01622 09868 |* ¢~ | 1.0000
0.7061 —0.7081 1.0000
| 0.1622 —0.9868 | | 1.0000 |

We first check the existence of an invariant cover. By solving the optimization
problem (4.14), we obtain a* = 0.2813 > 0, which from Theorem [4.2]implies

the existence of invariant cover.
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First, we compare the bounds on the minimal cardinality of the invariant
cover in Theorem [4.3| with that in [34]. The lower bound on |A|* obtained
by Theorem 8 of [34] is 1, while the lower bound from Theorem [4.3|is 5. We
can see that the lower bound in our chapter is tighter than that in [34] in this
example. One explanation is that the control set is taken into account when
deriving the bounds in by solving the LPs, while the lower bound in
Theorem 8 of [34] is independent of the control set.

By implementing Algorithm [4.1, we compute the invariant cover (A, G)
with cardinality |.A| = 5 for the set Q shown in Figure We use this in-
variant cover to design a static coder—controller as in [34] and compute the
state trajectory starting from a vertex of QQ, see Figure (a). The state re-
mains at all times inside the set Q. The corresponding control input trajectory
is shown in Figure [4.4(b). The maximal data-rate needed to guarantee invari-
ance is no greater than log, 5 bits per sampling interval. Note that the system
in this example is open-loop unstable. From Section 1.2.2 of [[123], the critical
data-rate necessary for the stabilization of this system without disturbances
is logy 1.9748 bits per sampling interval, where 1.9748 is the unstable eigen-
value of the matrix A. This critical data-rate is lower than log, 5, which is
required for the robust invariance specification considered here.

4.6.2 Example 2

We consider a quadrotor which is controlled by a remote computer via a com-
munication network. Following [135]], the quadrotor can be modeled as a 6-
DOF system. For each axis j € {z,y, z}, the dynamics can be expressed as a
2-DOF discrete-time double integrator:

Tjk+1 = ijJ{; + BU],]@ + Wy ks

A:[(l] ”,B:[Tiﬁ],

the state ;1 = [pj vik]T € R? consists of the position and velocity, the
control input u;; € R is the acceleration, w; y is the external disturbance,
and 7 is the sampling period. The velocity and control input are subject to the
constraints: vj i € [Vjmin, Vjmax) and 4, € [t minUjmax|. The disturbance
wj i, is bounded according to ||w; k|loc < W;.

where
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/ y
(a) (b) |

/ /
(© (d) |

(e)

Figure 4.3: Invariant cover (A, G) used in Example 1: (a) X"V and G(XI"V) =
[0.0461 1)T; (b) XV and G(XI) = [-0.9317 1]7; (c) X'V and G(XPY) =
[0.9485 — 0.0991]7; (d) X and G(XV) = [-0.4455 1]T; (e) XI and
G(XIv) = [0.3649 0.6117]7.
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Figure 4.4: One simulated trajectory for the system in Example 1: (a) state
trajectory xy; (b) control input uy.
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(b)

(©

Figure 4.5: The RCIS Q; and the corresponding invariant cover for each axis j
in Example 2: (a) x axis; (b) y axis; (c) z axis. Here, the elements in the invariant
covers are in different colors.
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Figure 4.6: One simulated trajectory for the system in Example 2: (a) position
trajectory [Pk Pyk p.k]T; (b) velocity trajectory [v Uyl vt
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Figure 4.7: Control input uy in Example 2.
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The objective is to design a coder—controller with a finite data-rate such
that the quadrotor keeps moving in a safe region as shown in Figure [4.6(a). We
first compute the maximal RCIS Q; with respect to the safe region for each
axis j. By following the results in this chapter, we then compute an invariant
cover through Algorithm[4.1]for each Q;. If the invariant cover exists for each
axis, we can design a coder—controller similar to Example 1.

The constraints are defined by the following parameters: vjmin =
—1ms™ 1, Vjmax = 1 ms ™1, Ujmin = —1 ms~2, Ujmax = 1ms™2, wj = 0.2,
and the sampling interval is 7 = 0.5s. The computed RCIS for each axis
is shown in Figure The lower bound for each axis from Theorem [4.3] is
|A;|* > 3. Note that the origin is not in the interior of the sets Q;. We need
to transform the system such that the sets (Q; contain the origin before us-
ing Algorithm [4.1] We compute an invariant cover (A;, G;) for each Q; with
cardinality |A4;| = 5, as shown in Figure The corresponding static coder—
controller ensures that the quadrotor position remains in the safe region at all
times and the velocity and acceleration satisfy their constraints. See Figure
for the position and velocity trajectories and Figure [4.7]for the corresponding
control inputs. Note that the control constraints are satisfied. The data-rate
needed to enforce the invariance is at most 6log, 5 ~ 13.9316 bits/s.

4.6.3 Computation Time and Invariant Cover Cardinality

To investigate how the computation required by Algorithm[4.1]depends on the
state dimension n, and control dimension n,,, we consider a range of values
for (ng, n,) and for each case we generate 100 random systems in the form
of with linear state and control constraints, and with spectral radii no
greater than 1.3. For each realization we find a set QQ that admits an invariant
cover and use Algorithm [4.1]to compute an invariant cover. The dependence
of computation time on (n,,n,) is shown in the boxplot of Figure As
expected, the computation time increases as the state and control input di-
mensions increase.

Fig. compares |A|, the cardinality of .4 computed by Algorithm
with the upper and lower bounds derived in Section 4 on the minimal car-
dinality |A|* for the same randomly generated systems. The results shown
(with 1 < |A| < 50) represent 83% of system realizations. Although Algo-
rithm[4.1]is not guaranteed to find an invariant cover with minimal cardinality,
| A| (shown by the dashed line in Fig. does not exceed the upper bound on
|A]* in all cases. Although Algorithml4.1]is not guaranteed to find an invariant
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cover with minimal cardinality,

given by (4.16) in all cases.

A| does not exceed the upper bound on |A[*
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Figure 4.8: Computation time of invariant cover with respect to the state di-
mension n, and the control dimension n,,.

(@)

Figure 4.9: In red: box plot of the approximate lower bound (1/a*)"* on |.A|*.
In blue: the observed distribution of |.A]|.
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4.7 Summary

This chapter considered some fundamental problems concerning the invariant
cover for uncertain discrete-time linear control systems. We provided compu-
tationally tractable necessary and sufficient conditions on the existence of an
invariant cover, as well as upper and lower bounds on the minimal cardinality
of the invariant cover. In addition, we gave an algorithm to compute an invari-
ant cover in finite time, whenever it exists. Numerical examples were given to
illustrate the effectiveness of the results.



Chapter 5

Verification and Control based on
Temporal Logic Trees

In the previous two chapters, we developed algorithms to compute probabilis-
tic controlled invariant sets and invariant covers, both of which respect the
invariance property. In this chapter, we study the problems of model check-
ing and control synthesis for more complex specification than invariance. We
consider discrete-time uncertain systems under linear temporal logic (LTL)
specifications. We construct temporal logic trees (TLT) from LTL formulae via
reachability analysis. For a given transition system and an LTL formula, we
prove that there exist both a universal TLT and an existential TLT via minimal
and maximal reachability analysis, respectively. We show that the universal
TLT is an underapproximation for the LTL formula and the existential TLT is
an overapproximation. We provide sufficient conditions and necessary condi-
tions to verify whether a transition system satisfies an LTL formula by using
the TLT approximations. As a major contribution of this chapter, for a con-
trolled transition system and an LTL formula, we prove that a controlled TLT
can be constructed from the LTL formula via control-dependent reachability
analysis. Based on the controlled TLT, we design an online control synthesis
algorithm, under which a set of feasible control inputs can be generated at
each time step. We also prove that this algorithm is recursively feasible.

The remainder of this chapter is organized as follows. In Section [5.1] we
provide the background and motivations. In Section we introduce TLT
structures and show how to construct a TLT from a given LTL formula. In
Section[5.3] we solve the LTL model checking problem through the constructed
TLT. Section [5.4] solves the LTL control synthesis problem. In Section [5.5] we
illustrate the effectiveness of our approaches with two numerical examples. In
Section [5.6] we conclude the chapter.

99
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5.1 Introduction

In the recent past the integration of computer science and control theory
has promoted the development of new areas such as embedded systems de-
sign [136]], hybrid systems theory [68]], and, more recently, cyber-physical
systems [69]]. Model checking and control synthesis are two fundamental prob-
lems in formal verification and control. Both problems are of great interest in
disparate and diverse applications, such as robotics, transportation systems,
and safety-critical embedded system design. However, they are challenging
problems when considering dynamical systems affected by uncertainty, and
in particular uncertain infinite (uncountable) systems under complex, tem-
poral logic specifications. In this chapter, we provide solutions to the model
checking and formal control synthesis problems, for discrete-time uncertain
systems under linear temporal logic (LTL) specification.

5.1.1 Related Work

In general, LTL formulae are expressive enough to capture many important
properties, e.g., safety (nothing bad will ever happen), liveness (something
good will eventually happen), and more complex combinations of Boolean
and temporal statements [36].

In the area of formal verification, a dynamical process is by and large mod-
eled as a finite transition system. A typical approach to both model checking
and control synthesis for a finite transition system and an LTL formula lever-
ages automata theory. It is known that each LTL formula can be transformed
to an equivalent automaton [[137]. The model checking problem can be solved
by verifying whether the intersection of the trace set of the transition system
and the set of accepted languages of the automaton expressing the negation
of the LTL formula is empty, or not [36]. The control synthesis problem can be
solved by the following steps: (1) translate the LTL formula into a determinis-
tic automaton; (2) build a “product automaton” between the transition system
and the obtained automaton; (3) transform the product automaton into a game
[138]); (4) solve the game [[139]]-[141]]; and (5) map the solution into a control
strategy.

In recent years, the study of model checking and control synthesis for
dynamical systems with continuous (uncountable) spaces, which extends the
standard setup in formal verification, has attracted significant attention within
the control community. This has enabled the formal control synthesis for in-
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teresting properties, which are more complex than the usual control objectives
such as stability and set invariance. In order to adapt automaton-based meth-
ods to infinite systems, abstraction plays a central role in both model checking
and control synthesis, which entails: (1) to abstract an infinite system to a finite
transition system; (2) to conduct automaton-based model checking or control
synthesis for the finite transition system; (3) if a solution is found, to map it
back to the infinite system; otherwise, to refine the finite transition system
and repeat the steps above.

In order to show the correctness of the solution obtained from the ab-
stracted finite system over the infinite system, an equivalence or inclusion
relation between the abstracted finite system and the infinite system needs to
be established [65]. Relevant notions include (approximate) bisimulations and
simulations. These relations and their variants have been explored for systems
that are incrementally (input-to-state) stable [[142], [143], or systems with sim-
ilar properties [66]]. Recent work [67]] shows that the condition of approximate
simulation can be relaxed to controlled globally asymptotic or practical sta-
bility with respect to a given set for nonlinear systems. We remark that such
condition holds for only a small class of systems in practice.

Based on abstractions, the problem of model checking for infinite systems
has been studied in [144], [145]]. In [144], it is shown that model checking
for discrete-time, controllable, linear systems from LTL formulae is decidable
through an equivalent finite abstraction. In [[145]], the authors study the prob-
lem of verifying whether a linear system with additive uncertainty from some
initial states satisfies a fragment of LTL formulae, which can be transformed
to a deterministic Biichi automaton. The key idea is to use a formula-guided
method to construct and refine a finite system abstracted from the linear sys-
tem and guarantee their equivalence. Along the same line, the problem of con-
trol synthesis has also been widely studied for linear systems [146]], nonlinear
systems [147]], stochastic systems [148]], hybrid systems [[149], and stochastic
hybrid systems [[150]. The applications of control synthesis under LTL spec-
ifications include single-robot control in dynamic environments [70], multi-
robot control [[71], and transportation control [[72].

Beyond automata-based methods, alternative attempts have been made
for specific model classes. Receding horizon methods are used to design con-
trollers under LTL for deterministic linear systems [73] and uncertain linear
systems [[151]]. The control of Markov decision processes under LTL is consid-
ered in [73] and further applied to multi-robot coordination in [74]]. Control
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synthesis for dynamical systems has been extended also to other specifica-
tions like signal temporal logic (STL) [[75]], and probabilistic computational
tree logic [76]]. Interested readers may refer to the tutorial paper [[152] and the
book [35] for detailed discussions.

5.1.2 Motivations

Although the last two decades have witnessed a great progress on model
checking and control synthesis for infinite systems from both theoretical and
practical perspectives, there are some inherent restrictions in the dominant
automaton-based methods.

First, abstraction from infinite systems to finite systems suffers from the
curse of dimensionality: abstraction techniques usually partition the state
space, and transitions are constructed via reachability analysis. The computa-
tional complexity increases exponentially with the system dimension. Many
works are dedicated to improving the computational efficiency by using over-
approximation for (mixed) monotone systems [72]], or by exploiting the struc-
ture of the uncertainty [[150]. However, another issue with abstraction tech-
niques is that only systems with “good properties” (e.g., incremental stability,
or smooth dynamics) might admit finite abstractions with guarantees, which
limits their generality.

Second, there are few results for handling general LTL formulae when an
infinite system comes with uncertainty (e.g., bounded disturbance, or additive
noise). In most contributions on control synthesis of uncertain systems, frag-
ments of LTL formulae (e.g., bounded LTL or co-safe LTL) are usually taken
into account [[153]], [154]. As mentioned before, the LTL formulae are defined
over infinite trajectories and it is difficult to control uncertainties propagat-
ing along such trajectories. This restriction results from conservative over-
approximation in the computation of forward reachable sets, which is widely
used for abstraction, and which leads to information loss when used with
automaton-based methods.

Third, current methods usually lack online scalability. In many applica-
tions, full a priori knowledge of a specification cannot be obtained. For exam-
ple, consider an automated vehicle required to move from some initial position
to some destination without colliding into any obstacle (e.g., other vehicles
and pedestrians). Since the trajectories of other vehicles and pedestrians can-
not be accurately predicted, we cannot in advance define a specification that
captures all the possibilities during the navigation process. Thus, offline design
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of automaton-based methods is significantly restricted.

Finally, the controller obtained from automaton-based methods usually
only contains a single control policy. In some applications, e.g., human-in-
the-loop control [[155]], [156]], a set of feasible control inputs are needed to
provide more degrees of freedom in the actual implementation. For example,
[155]] studies a control problem where humans are given a higher priority than
the automated system in the decision making process. A controller is designed
to provide a set of admissible control inputs with enough degrees of freedom
to allow the human operator to easily complete the task.

5.1.3 Contributions

Motivated by the above, this chapter studies LTL model checking and con-
trol synthesis for discrete-time uncertain systems. There are many results for
reachability analysis on infinite systems [47], [157] and the computation of
both forward and backward reachable sets has been widely studied [[158]]-
[160]]. The connection between STL and reachability analysis is studied in
[161]], which inspires our work. The main contributions of this chapter are
three-fold:

(C5.1) We construct tree structures from LTL formulae via reachability analy-
sis over dynamical models. We denote the tree structure as a TLT. The
connection between TLT and LTL is shown to hold for both uncertain
finite and infinite models. The construction of the TLT is abstraction-
free for infinite systems and admits online implementation, as demon-
strated in Section [5.5] More specifically, given a system and an LTL for-
mula, we prove that both a universal TLT and an existential TLT can
be constructed for the LTL formula via minimal and maximal reacha-
bility analysis, respectively (Theorems [5.1] and [5.2). We also show that
the universal TLT is an underapproximation for the LTL formula and
the existential TLT is an overapproximation for the LTL formula. Our
formulation does not restrict the generality of LTL formulae.

(C5.2) We provide a method for model checking of discrete-time dynamical
systems using TLT. We provide sufficient conditions to verify whether
a transition system satisfies an LTL formula by using universal TLT for
under-approximating the satisfaction set, or alternatively using existen-
tial TLT for over-approximating the violation set (Theorem [5.3). Du-



104 Verification and Control based on Temporal Logic Trees

ally, we provide necessary conditions by using existential TLT for over-
approximating the satisfaction set, or alternatively using universal TLT
for under-approximating the violation set (Theorem |5.4).

(C5.3) As a core and novel contribution of this chapter, we detail an approach
for online control synthesis for a controlled transition system to guar-
antee that the controlled system will satisfy the specified LTL formula.
Given a control system and an LTL formula, we construct a controlled
TLT (Theorem[5.5). Based on the obtained TLT, we design an online con-
trol synthesis algorithm, under which a set of feasible control inputs is
generated at each time step (Algorithm [5.3). We prove that this algo-
rithm is recursively feasible (Theorem [5.6). We provide applications to
show the scalability of our methods.

5.2 Temporal Logic Trees

This section will introduce the notion of TLT and establish a satisfaction re-
lation between a trajectory and a TLT. Then, we construct TLT from LTL for-
mulae and discuss the approximation relation between them.

Recall the transition system TS = (S,—,So, AP, L) defined in Sec-
tion and the LTL formulae defined in Section Consider a transition
system TS = (S, —,Sp, AP, L) and an LTL formula .

5.2.1 Definitions

Definition 5.1. A TLT is a tree for which the following statements hold:

* each node is either a set node, a subset of S, or an operator node, from

{nV,0O,U,0%
e the root node and the leaf nodes are set nodes;
e if a set node is not a leaf node, its unique child is an operator node;
e the children of any operator node are set nodes.

Next we define the complete path and the minimal Boolean fragment for
a TLT. Minimal Boolean fragments play an important role when simplifying
the TLT for model checking and control synthesis in the following.
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(a)

Figure 5.1: (a) A transition system illustrating a traffic light example. Labels
are shown aside the states. The initial state is denoted by an incoming edge.
(b) A TLT corresponding to an LTL formula ¢ = O<(g V b) for this system.
Note that $¢ = true U .

Definition 5.2. A complete path of a TLT is a sequence of nodes and edges
from the root node to a leaf node. Any subsequence of a complete path is called a
fragment of the complete path.

Definition 5.3. A minimal Boolean fragment of a complete path is one of the
following fragments:

(i) a fragment from the root node to the first Boolean operator node (\ or V)
in the complete path;

(ii) a segment from one Boolean operator node to the next Boolean operator
node in the complete path;

(iii) a fragment from the last Boolean operator node of the complete path to the
leaf node;
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Example 5.1. Consider the traffic light in Example as shown in Fig-
ure[5.1(a) and the TLT in Figure[5.1(b), which corresponds to the LTL formula
© =0 (g V b) (the formal construction of a TLT from an LTL formula will be
detailed in next subsection). We encode one of the complete paths of this TLT in
the form of XX UXy Vv X3, where Xg = Xy = {1,2,3,4,5}, Xo = {3,5},
and X3 = {3}. For this complete path, the minimal Boolean fragments consist of
XX OXoV and VX3, which correspond to cases (i) and (iii) in Deﬁnition
respectively.

We now define the satisfaction relation between a given trajectory and a
complete path of a TLT.

Definition 5.4. Consider a trajectory p = o1 ...T ... and encode a com-
plete path of a TLT in the form of Xo ©®1 X1 ©2 ... ON; XNf where Ny is
the number of operators in the complete path, X; C S for all i € Njg y,jand
®i € {A,V, O, U, 0} for alli € Ny y,). The trajectory p is said to satisfy this
complete path if xg € Xo and there exists a sequence of time steps koks, . .., kn,
with k; € N foralli € N[O,Nf] and0 £ kg <k <ky<...< kn, such that
foralli € N[07Nf],

(i) if ;i =Nor©; =V, xy, € X;—1 and xy, € X;;

(ii) if ©; = O, vk,—1 € Xj—1 and xy,, € Xy;
(iii) if ©; = U, z; € X;_1,Vj > N, p,—1), and xy, € Xy;
(iv) ifO; =0, 25 € X;,Vj > k.

Consider a k-th prefix p|..k| = wzox1...x} from p and a fragment from the
complete path in the form of Xog ®1 X1 ®3 ... @N} XN} where N} < Ny. The
prefix p[..k] is said to satisfy this fragment if vo € Xo, z1 € XN}, and there
exists a sequence of time steps kokq, . .. ,kN} with k; € N for alli € N[O,N}]
and0 2 kg <k <ky<...< kN} < k, such that for all i € N[O’N}], (i)—(iii)
holds and furthermore

(iv) ifo; =0,z € X;,Vj € N[’%Jﬂ'

Definition 5.5. A time coding of a TLT is an assignment of each operator node
in the tree to a nonnegative integer.
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Definition 5.6. Consider a trajectory p = xo%1 ... % ... and a TLT. The tra-
jectory p is said to satisfy the TLT if there exists a time coding such that the
output of Algorithm[5.1] is true.

The time coding indicates when the operators in the TLT are activated
along a given trajectory. Algorithm[5.1]provides a procedure to test if a trajec-
tory satisfies a TLT under a given time coding. The TLT is first transformed
into a compressed tree, which is analogous to a binary decision diagram (lines
1-2), through Algorithm Then, we check if the trajectory satisfies each
complete path of the TLT under the time coding (lines 3-9). Finally, we back-
track the tree with output true or false. If the output is true, the trajectory
satisfies the TLT; otherwise, the trajectory does not satisfy the TLT under the
given time coding.

Algorithm aims to obtain a tree in a compact form. Each minimal
Boolean fragment is encoded according to Definition[5.3] The notation ®; de-
notes the operator node and N; denotes the number of set nodes in the cor-
responding minimal Boolean fragment. We compress the sets in the minimal
Boolean fragment to be a single set. The simplified tree consists of set nodes
and Boolean operator nodes.

Example 5.2. From Definition we can verify that the trajectory p =
(1234)“ satisfies the complete path given in Example[5.1 by choosing ko = k1 =
0 and ky = k3 = 2. It follows from Definition[5.6|that this trajectory satisfies the
corresponding TLT.

5.2.2 Construction and Approximation of TLT

We define the approximation relations between TLT and LTL formulae as fol-
lows.

Definition 5.7. A TLT is said to be an under-approximation of an LTL for-
mula o if all the trajectories that satisfy the TLT also satisfy .

Definition 5.8. A TLT is said to be an over-approximation of an LTL formula p,
if all the trajectories that satisfy  also satisfy the TLT.

The following two theorems show how to construct TLT via reachabil-
ity analysis for the LTL formulae, and discuss their approximation relations.
Recall the minimal reachability in Section[2.2.1] and more specifically, the def-
initions of the reachability operators R™ and RZ.
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Algorithm 5.1 TLT Satisfaction
Input: a trajectory p = 2921 ...k ..., a TLT and a time coding
Output: true or false;

construct a compressed tree via Algorithm [5.2] with input of the TLT;
replace all set nodes of the compressed tree with false;
for each complete path of the TLT do
if p satisfies the complete path under the time coding then
set the corresponding leaf node in the compressed tree with true;
else
set the corresponding leaf node in the compressed tree with false;
end if
end for
backtrack the tree;
: return the root node of the tree.

R A R A

_
= O

Theorem 5.1. For any transition system TS and any LTL formula ¢,

(i) a TLT can be constructed from the formula Y through the reachability
operators R™ and RZ;

(ii) this TLT is an under-approximation of ¢.

Proof sketch. See Appendix for a detailed proof in the end of this chapter.

We prove the constructability by the following three steps: (1) we trans-
form the given LTL formula ¢ into an equivalent LTL formula in the weak-
until positive normal form; (2) for each atomic proposition a € AP, we show
that a TLT can be constructed from Va (or V—a); (3) we leverage induction to
show the following: given LTL formulae ¢, ¢1, and ¢y in weak-until positive
normal form, if TLT can be constructed from V¢, Vi1, and Vo, respectively,
then TLT can also be constructed through reachability operators R™ and RZ
from the formulae V(1 A p2), V(o1 V v2), VO ¢, V(p1Ups), and V(o1 Wes),
respectively.

We follow a similar approach to prove an under-approximation relation
between the constructed TLT and the LTL formula. The under-approximation
occurs due to the conjunction operator and the presence of branching in the
transition system. O

Further recall the maximal reachability in Section and more specifi-
cally, the definitions of the reachability operators RM and Z.
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Algorithm 5.2 Tree Compression

Gl o W N =

10:
11:

12:

13:

14:
15:
16:

Input: a tree
Output: a compressed tree
for each complete path of the tree do
for each minimal Boolean fragment do
switch minimal Boolean fragment do
case (i) in Definition[5.3

encode the fragment in the form of Y1 ®5...®;. .. YNf ON;
with OnN; € {/\, \/};

replace the fragment with Uﬁ\ifl YiONy;

case (ii) in Definition[5.3
encode the fragment in the form of ©;Y; ®2 ... ON;
YN, ON; 1 With ©1, On,41 € {A, V]
replace the fragment with ©; Uﬁ\ifl Y, On 41

case (iii) in Definition

encode the fragment in the form of ®1Y; ®3 ... ON; YNf
with ®1 € {A,V};

replace the fragment with ©; UZN:fl Y

> ©; denotes the operator node and Ny denotes the number of set
nodes in the minimal Boolean fragment;
end for

end for
return the updated tree.
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Theorem 5.2. For any transition system TS and any LTL formula ¢,

(i) a TLT can be constructed from the formula 3¢ through the reachability
operators RM and Z;

(ii) this TLT is an over-approximation of ¢.

Proof. The proof of the first part is similar to that of Theorem[5.1|by replacing
the universal quantifier V and the reachability operators R™ and RZ with the
existential quantifier 3 and the operators R™ and Z, respectively. Also, the
proof of the second part is similar to that of Theorem [5.1 by following the
definition of the maximal reachability analysis. O

We call the constructed TLT of V¢ the universal TLT of ¢ and the TLT
of Jdp the existential TLT of ¢. We remark that the constructed TLT is not
unique: this is because an LTL formula can have different equivalent expres-
sions (e.g., normal forms). Despite this, the approximation relations between
an LTL formula and the corresponding TLT still hold.

The following corollary shows that the approximation relation between
TLT and LTL formulae are tight for deterministic transition systems.

Corollary 5.1. For any deterministic transition system TS and any LTL for-
mula ¢, the universal TLT and the existential TLT of  are identical.

Proof. If the system is deterministic, it follows from Lemmas|2.1H2.2Jand Lem-
mas|[2.3H2.4|that for any Q1,0 C Sand Q C S, R™(Q1, Q2) = RM(Q1, Q)
and RZ(Q2) = Z(2). Then, by the same construction procedure, we have
that the constructed universal TLT is the same as the constructed existential
TLT. O

Remark 5.1. Computation of reachable sets plays a central role in the construc-
tion of the TLT. The computation of reachable sets is not the focus of this chapter.
Interested readers are referred to relevant results [158]—[160] and associated com-
putational tools, e.g., the multi-parametric toolbox [61|] and the Hamilton-Jacobi
toolbox [62].

Example 5.3. Consider the traffic light in Example 2.1 and the LTL formula

¢ = OO(g v b) in Example[5.2 again. We follow the proof of Theorem [5.1] to
show the correspondence between V¢ and the TLT in Figure[5.1;
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(1) the universal TLT of g is a single set node, i.e., {3} and the universal TLT
of b is also a single set node, i.e., {5};

(2) the root node of the universal TLT of g \V b is the union of {3} and {5}, i.e.,
{3,5};

(3) the root node of the universal TLT of {>(g V b) is R™(S,{3,5}) =
{1,2,3,4,5};

(4) the root node of the universal TLT of 0{(g V b) is RZ({1,2,3,4,5}) =
{1,2,3,4,5}.

We can follow the same steps in the proof of Theorem (5.2 to construct the
existential TLT of p, which is the same as the universal TLT of  for the system

in Example[2.1]

5.3 Model Checking

This section focuses on the model checking problem.

Problem 5.1. Consider a transition system TS and an LTL formula ¢. Verify
whether TS F ¢, i.e, Vg € Sp, 29 E V.

Thanks to the approximation relations between the TLT and the LTL for-
mulae, we obtain the following lemma.

Lemma 5.1. For any transition system TS and any LTL formula o,
(i) xo F Vo if xo belongs to the root node of the universal TLT of ©;
(ii) zo F Jp only if zo belongs to the root node of the existential TLT of .

Proof. The first result directly follows from that the root node of the univer-
sal TLT is an under-approximation of the satisfaction set of ¢, as shown in
Theorem Dually, the second result follows from that the root node of the
universal TLT is an over-approximation of the satisfaction set of ¢, shown in

Theorem|[5.2] O

The next theorem provides two sufficient conditions for solving Prob-

lem
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Theorem 5.3. For a transition system TS and an LTL formula p, TS F ¢ if one
of the following conditions holds:

(i) theinitial state setSy is a subset of the root node of the universal TLT for o;

(ii) no initial state from Sy belongs to the root node of the existential TLT
for —p.

Proof. Condition (i) directly follows from the first result of Lemma[5.1] Let us
next prove condition (ii). It follows that

TSE ¢ < Vp € Trajs(TS),pF ¢ < Vp € Trajs(TS), p ¥ —¢.

From the second result of Lemma [5.1] if 2y does not belong to the root node
of the existential TLT of -, we have p ¥ —p, Vp € Trajs(zg). Thus, the
condition (ii) is sufficient for verifying TS F ¢. O

Similarly, we derive two necessary conditions for solving the model check-
ing problem.

Theorem 5.4. For a transition system TS and an LTL formula o, TS F ¢ only
if one of the following conditions holds:

1 e Initial state se o IS a subset o € root noae o e exisientia
i) the initial state set Sg i bset of th t nod th istential TLT
for o;

(ii) no initial state from Sy belongs to the root node of the universal TLT for —p.

Proof. Similar to Theorem 5.3 O

Notice that the approximation relations between the TLT and the LTL for-
mula are tight for deterministic transition systems, as shown in Corollary[5.1]
In this case, the model checking problem can be tackled as follows.

Corollary 5.2. For a deterministic transition system TS and an LTL formula
», TS F ¢ if and only if the initial state set Sy is a subset of the root node of the
universal (or existential) TLT for .

Proof. Follows from Corollary 5.1} O

The conditions in Theorems|[5.3H5.4|imply that one can directly do model
checking by using TLT, as shown in the following example.
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Example 5.4. Let us continue to consider the traffic light and the LTL formula
@ = OO(g V b). Let us verify whether TS F ¢ by using the above method.
Since the unique initial state x belongs to the root node of the universal TLT of
¢ shown in Figure[5.1, it follows from condition (i) in Theorem[5.3 that TS k ¢.
Next, we show how to use condition (ii) to verify that TS F .

First of all, we have —~p = {T(—g A—b). Following the proof of Theorem|[5.2

we construct the existential TLT of —:

(1) the existential TLT of —g is a single set node, i.e., {1,2,4,5} and the exis-
tential TLT of —b is also a single set node, i.e, {1,2,3,4};

(2) the root node of the existential TLT of =g N —b is the intersection of
{1,2,4,5} and {1,2,3,4}, ie, {1,2,4};

(3) the root node of the existential TLT of J(—g A —b) is Z({2,3,4,5}) = 0.

As the existential TLT of — is the empty set (), this implies that condition (ii) in
Theorem[5.3 holds and thus TS E .

5.4 Control Synthesis

Recall the controlled transition system defined in Section and the con-
trolled reachability analysis in Section More specifically, recall the defi-
nitions of the reachability operators R¢ and RCZ. Consider a controlled tran-
sition system CTS = (S, U —, Sy, AP, L) and an LTL formula . This section
will first show the construction of TLT from an LTL formula for a controlled
transition system and then provide a control synthesis algorithm based the
TLT.

5.4.1 Construction and Approximation of TLT

The next theorem shows how to construct a TLT from an LTL formula for a
controlled transition system and discusses its approximation relation.

Theorem 5.5. For a controlled transition system CTS and any LTL formula ¢,
the following holds:

(i) a TLT can be constructed from the formula @ through the reachability
operators R¢ and RCZ;
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(ii) given an initial state xg, if there exists a policy p such that p satisfies the
constructed TLT, Vp € Trajs(zo, p), then p E o, Vp € Trajs(zo, ).

Proof. The proof of the first part is similar to that of Theorem 5.1]by replacing
the reachability operators R™(-) and RZ(-) with R¢(-) and RCZ(-), respec-
tively.

Similar to the under-approximation of the universal TLT in Theorem|5.1]
we can show that the path satisfying the constructed TLT in the first part also
satisfies the LTL formula. Then, we can directly prove the second result. [

Let us call the constructed TLT of ¢ in Theorem [5.5 the controlled TLT
of .

Remark 5.2. Checking whether there exists a policy, such that all the resulting
trajectories satisfy the obtained controlled TLT, is in general a hard problem.
A straightforward necessary condition is that x belongs to the root node of the
controlled TLT: however, this is neither a necessary nor a sufficient condition
on the existence of a policy such that all the resulting trajectories satisfy the
given LTL formula. A (rather conservative) necessary condition for the latter case
can be obtained by regarding the controlled TS as a non-deterministic transition
system, and then applying Thereom/[5.4,

Next we will show how to construct the controlled TLT through an exam-
ple.

Example 5.5. Consider the controlled transition system in Example[2.2, shown
in Figure[5.%(a). For an LTL formula ¢ = oz, we can follow the steps in
the proof of Theorem 5.5 to construct the controlled TLT of ¢, as shown in Fig-

ure[5.2(b).

5.4.2 Control Synthesis Algorithm

In this subsection, we solve the following control synthesis problem.

Problem 5.2. Consider a controlled transition system CTS and an LTL formula
@. For an initial state xo € Sy, find, whenever existing, a sequence of feedback
control inputs u = ug(xo)ui(x1) ... ug(zk) ... such that the resulting trajec-
toryp = xoxy...xy ... satisfies ¢.
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Figure 5.2: (a) Graph description of a controlled transition system; (b) The
controlled TLT of ¢ = {[los for the system.

Remark 5.3. Note that the objective of the above problem is not to find a policy
1, but a sequence of control inputs that depend on the measured state. In general,
synthesizing a policy p such that each trajectory p € Trajs(zo, pt) satisfies ¢
is computationally intractable for infinite systems. Instead, here we seek to find
online a feasible control input at each time step, in a similar spirit to constrained
control or receding horizon control.

Instead of directly solving Problem [5.2] we consider the following related
task, whose solution is also a solution to Problem[5.2] thanks to Theorem 5.5}

Problem 5.3. Consider a controlled transition system CTS and an LTL formula
. For an initial state xo € Sy, find, whenever existing, a sequence of control
inputs u = ug(zo)ui(z1) ... ug(xg) ... such that the resulting trajectory p =
Xoxq ... Xk ... satisfies the controlled TLT constructed from .

Algorithm provides a solution to Problem In particular, Algo-
rithm|[5.3|presents an online feedback control synthesis procedure, which con-
sists of three steps: (1) control tree: replace each set node of the TLT with a
corresponding control set candidate (Algorithm [5.4); (2) compressed control
tree: compress the control tree as a new tree whose set nodes are control sets
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and whose operator nodes are conjunctions and disjunctions (Algorithm [5.2);
(3) backtrack on the control sets through a bottom-up traversal over the com-
pressed control tree (Algorithm [5.5). If the output of Algorithm [5.5]is NExis,
there does not exist a feasible solution to Problem [5.3] We remark that Algo-
rithm|5.3|is implemented in a similar way to receding horizon control with the
prediction horizon being one.

Algorithm 5.3 Online Feedback Control Synthesis via TLT
Input: an initial state ¢ € Sy and the controlled TLT of an LTL formula

P
Output: NExis or (u, p) withw = uguy ... ug ...andp = xoxy ... g . . .
1: initialize k = 0;
2: construct a control tree via Algorithm [5.4] with inputs p[..k] = z¢ ...z}
and the TLT;
3: construct a compressed tree via Algorithm[5.2] with input the control tree;
. synthesize a control set U} (x) via Algorithm with input the com-
pressed tree;
- if UY (1) = 0 then
stop and return NExis;
else
choose uy, € U} (z);
implement uy, and measure zy1 € Post(xy, ug);
10: update k£ = k + 1 and go to Step 2;
11: end if

S

R R A

Algorithm [5.4] aims to construct a control tree that enjoys the same tree
structure as the input TLT. The difference is that all the set nodes are replaced
with the corresponding control set nodes. The correspondence is established
as follows: (1) whether the initial state zo belongs to the root node or not (lines
1-3); (2) whether the prefix p[..k] satisfy the fragment from the root node to
the set node (lines 5-7); (4) whether or not the set node is a leaf node (lines
9-14); (5) which operator the child of the set node is (lines 16-24).

Algorithm [5.5| aims to backtrack a set by using the compressed tree. We
update the parent of each Boolean operator node through a bottom-up traver-
sal.

Note that the construction of a control tree in Algorithm is closely
related to the controlled reachability analysis in Section [2.2.2] In lines 12-13,
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the computation of control set follows from the definition of robust invariant
set (RCIS). In lines 22-23, the definition of one-step controlled reachable set is
used to compute the control set. In lines 24-26, the control set is synthesized
from the definition of a controlled reachable set.

The following theorem shows that Algorithm [5.3|is recursively feasible.
This means that initial feasibility implies future feasibility. This is an impor-
tant property, particularly used in receding horizon control.

Theorem 5.6. Consider a controlled transition system CTS, an LTL formula ¢,
and an initial state xg € Sy. Let x¢ and the controlled TLT of  be the inputs of
Algorithm(5.3, If there exists a policy p such that p satisfies the controlled TLT
of o, Vp € Trajs(xo, ), then

(i) the control set U, (x,) (line 8 ofAlgorithm is nonempty for allk € N;

(ii) at each time step k, there exists at least one trajectory p with prefix p[..k+
1] = g ... zkxK 11 under some policy such that p satisfies the controlled
TLT of @, Yuy, € U} (x1,) and Vg4 € Post(zg, ug).

Proof. The proof follows from the construction of the set U} () in Algo-
rithm 5.4 and the operations in Algorithms|[5.2/and [5.5 and the definitions of
controlled reachable sets and RCISs. If there exists a policy p such that p sat-
isfies the controlled TLT of ¢, Vp € Trajs(zo, ), we have that Algorithm|[5.3|
is feasible at each time step k, which implies that U} () # 0. Furthermore,
from Algorithm each element in U} (z),) guarantees the one-step ahead
feasibility for all realizations of x4+, € Post(xy,uy), which implies the re-
sult (ii). O

Theorem [5.6] implies that if there exists a policy such that all the result-
ing trajectories satisfy the controlled TLT built from ¢, then Algorithm 5.3]is
always feasible at each time step in two senses: (1) the control set Uf(xk) is
nonempty; and (2) there always exists a feasible policy such that the trajecto-
ries with the realized prefix satisfy the controlled TLT.

Remark 5.4. In Algorithm[5.3, the integration of Algorithms 5.2 and|[5.5
can be interpreted as a feedback control law. This control law is a set-valued

map SET1 — 2U at time step k. Given the prefix p[..k] = xq...xy, this map
collects all the feasible control inputs such that the state can move along the TLT
from p|..k].
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Algorithm 5.4 Control Tree
Input: p[.k] = 2o ...z, anda TLT
Output: a control tree

1: if k = 0 and x¢ ¢ the root node of TLT then
2 return ()
3: else
4: for each set node X of TLT through a bottom-up traversal do
5: if p[..k| does not satisfy the fragment from the root node to X
then
6: o> see Definition[5.4
7: replace X with (;
8: else
9: if X is leaf node then
10: if the parent of X is [] then
11 replace X with Ux = {u € U | Post(zy,u) C
RCIL(X)};
12: else
13: replace X with U;
14: end if
15: else
16: switch the child of X do
17: case A (or V)
18: replace X with Ux = NjecuUcn,; (or Ux =
UiecuUch 2)
19: D> for each Boolean operator node, CH collects its chil-
dren and Ucy ; is the corresponding control set for each child;
20: case ()
21: replace X with Ux = {u € U | Post(zy,u) C Y}
22: > Y is the child of O);
23: case U or JJ
24: replace X with Ux = {u € U | Post(z, u) C X};
25: end if
26 end if
27: end for
28: return the updated tree as the control tree.

29: end if
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Algorithm 5.5 Set Backtracking
Input: a compressed tree
Output: a set U}

1: for each Boolean operator node of the compressed tree through a bottom-
up traversal do

2: switch Boolean operator do

3: case A\

4: replace its parent with Yp U (NiecuYcn,i);
5: case V

6: replace its parent with Yp U (UjccuYcn,i);
7: end for

8: > for each Boolean operator node, Yp denotes its parent, CH collects its
children, and Yy ; is the corresponding control set for each child;
9: return the root node.

Remark 5.5. Note that to implement Algorithm we do not need to first
check for the existence of a policy for the controlled TLT. The fact that a non-
empty control set is synthesized by Algorithm|5.3 at each time step is necessary
for the existence of the policy for the controlled TLT. We use the existence of the
policy as a-priori condition for proving the recursive feasibility of Algorithm[5.3
in Theorem[5.3

Example 5.6. Let us continue to consider the controlled transition system in
Example and the LTL formula ¢ = <{$Ooy in Example[5.5 Implementing
Algorithm we obtain Table We can see that at each time step, we can
synthesize a nonempty feedback control set. One realization is s — s3 —
S3 Ay gy S3 Dy s gy Mgy B gy, of which the trajectory
P = $15383525352(8452)“ satisfies both the controlled TLT and the formula .

In this example, Algorithm[5.3 is recursively feasible since we can verify that
the condition in Theorem |5.¢ holds. That is, there exists a policy such that all
the resulting trajectories satisfy the controlled TLT: a feasible stationary policy
isp = ff---, where i : S — U with i(s1) = a1, fi(s2) = ag, fi(s3) =
a1, and [i(s4) = ay. Under this policy, there are two possible trajectories, p =
5183(5254)% and p = s1(s284)“, both of which satisfy the controlled TLT and
the LTL formula .



120 Verification and Control based on Temporal Logic Trees

Table 5.1: Online implementation under Algorithm

Time k | State 2, | Control set U} () | Control input
0 S1 {a1} a1
1 $3 {a1,a2} a
2 S3 {al, CL2} al
3 S92 {al, ag} al
4 S3 {a1,a2} ay
5 S92 {al, ag} ag
6 S4 {a1} a1
7 S92 {al, ag} ag

5.5 Numerical Evaluations

5.5.1 Mobile Robot Example

Following the same scenario as in [162]], as shown in Figure we consider
a mobile robot modeled as a double integrator:

1 0.2 0.1
Tht1 = [ 0 1 ]:L‘k-f— |: 0.2 ] Uk + W (5.1)

Different from [162], we choose the smaller sampling time of 0.2 second and
take into account the disturbance wy. The working space is X = {z € R? |
[—10,—10]7 < 2 < [2,2]T}, the control constraint setis U = {z € R | =2 <
z < 2}, and the disturbance set is W = {z € R? | [-0.05, —0.05]"
z < [0.05,0.05]7}. In Figure [5.3(a), the obstacle regions are Q; = {z
R? | [-10,-10]7 < 2z < [-5,-5]T} and Oy = {z € R? | [-5, —4]T
z < [2,-3]T}, the target region is T = {z € R? | [-0.5,-0.5]T < 2
[—0.5,—0.5]T}, and two visiting regions are A = {z € R? | [-6,1]T < 2
[-5,2]T} and B = {z € R? | [-5, =3]T < 2 <[4, —2]T}.
Recall the system CS (2.1). Let the set of the observations be

INIAIA M IA

O - {alv az,as, a4, as, a6}
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L1k

Figure 5.3: Scenario of mobile robot example.

and, if x € X, we define the observation function as

({al,ag}, ifre XNOy,
{al,ag}, ifx € XN Oy,
a,a4t, ifz e XNA,
o) = { vtk 62
{ai,a5}, ifz e XNB,
{al,aﬁ}, ifreXNT

({a1}, otherwise.

As shown in Remark [2.2] we can rewrite the system with the obser-
vation function (5.2) as a controlled transition system with the set of atomic
propositions AP = O and the labelling function L = g.

In [162]], the specification is to visit the region A or region B, and then
the target region T, while always avoiding obstacles Q; and O3, and staying
inside the working space X. This specification can be expressed as a co-safe
LTL formula ¢’ = ((a; A —ag A —a3)Uag) A (magU(aq V as)). Here, we ex-
tend the specification to be to visit region A or region B, and then visit and
always stay inside the target region T, while always avoiding obstacles O and
2, and staying inside working space X. Obviously, this specification cannot
be expressed as a co-safe LTL formula, and thus cannot be handled by the
approach in [[162]]. We instead express this specification as the LTL formula
v = ((a1 A =ag A —a3)U0ag) A (magU(aq V as)). We will show that our
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Figure 5.4: The controlled TLT for the LTL formula ¢ = ((a; A —ag A
—az)U0ag) A (—agU(as V as)) in the mobile robot example, where Y; =
Y1 NYs, Yy = RYXN\ (01 UD2),RCZ(T)), and Yo = R¢(X\ T,AUB).

approach can handle such non-co-safe LTL formula. By computing inner ap-
proximations of the controlled reachable sets, we can construct the controlled
TLT of ¢ and then use Algorithm [5.3] to synthesize controllers online. The
constructed controlled TLT for ¢ is shown in Figure Similar to [162], we
choose three different initial states, for each of which the state trajectories and
the control trajectories are shown in Figures We can see that in Fig-
ure [5.5(a), Figure [5.6(a), and Figure [5.7(a), all state trajectories z}, satisfy the
required specification (. The black dots are the initial state. In this example,
the target region T is a RCIS. After entering T, the states stay there by using
the controllers that ensure robust invariance. In Figure [5.5(b), Figure [5.6{b),
and Figure b),, the dashed lines denote the control bounds, the cyan re-
gions represent the synthesized control sets U, in Algorithm and the blue
lines are the implemented control inputs .

5.5.2 Automated Car Example

This example will show how the specification can be updated online by using
our approach. As shown in Figure we consider a scenario where an auto-
mated car plans to move to a target set T but with some unknown obstacles
on the road. The sensing region of the car is limited. We use a single integrator
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Figure 5.5: One simulated trajectory starting from the initial states [1, —5]7 in
the mobile robot example: (a) state z; (b) control input uy, and control set U,f.

4
time k

(b)

Figure 5.6: One simulated trajectory starting from the initial states
[—4.5,—2.5]7 in the mobile robot example: (a) state xy; (b) control input uy,
and control set U}.
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Figure 5.7: One simulated trajectory starting from the initial states [0, —2]7 in
the mobile robot example: (a) state z; (b) control input uj, and control set Uf.

model with a sample period of 1 second to model the dynamics of the car:

0

$k+1—|:1 :|$k+|:1 O}ulﬁ—wk (5.3)
0 1 01 ’
where zj, = [pf p¥]” is the position and uj, = [v{ v}]” velocity. The working
space is X = {z € R? | [0, 5] < z < [150,5]7}, the control constraint
setis U = {z € R? | [-2,-0.5]T < 2z < [2,0.5]T}, the disturbance set is
W = {z € R? | [-0.1,-0.1]T < 2 < [0.1,0.1]T}, and the target region is
T = {z € R? | [145, —5]T < 2z < [150,0]7}. We assume that X, U, and W
are known a priori to the car and the car should move along the lane with the
right direction unless lane change is necessary. In Figure there are two
broken cars in the sets 01 = {z € R? | [40, 5T < 2 < [45,0]7} and
0y = {z € R? | [100, —5]7 < 2z < [105,0]7}. We assume that Q7 and Qs are
unknown to the car at the beginning. As long as the car can sense them, they
are known to the car.

Let the initial state be xo = [0.5, —2.5]7 and the sensing limitation is 15.
At time step k = 0, the set of observations is O = {a1, a2} and if x € X, we
define the observation function as

if XNT
o) = {{al,ag}, ifx € ,

{a1}, otherwise.
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Figure 5.8: Scenario illustration of automated car example: an automated car
plans to reach a target set T but with some unknown obstacles on the road.

The initial specification can be expressed as an LTL ¢ = ajUas. By con-
structing the controlled TLT of ¢ shown in Figure [5.9|and implementing Al-
gorithm we obtain one realization as shown in Figure We can see
that the car keeps moving straightforward until it senses the obstacle O; at
[25.5, —2.4]T.

When the car can sense 1, a new observation ag with ag # a1 and ag #
a9 is added to the set O, which becomes O = {aq, az,as}. If z € X, we update
the observation function as

{a1,a2}, ifzeXNT,
g(x) = < {a1,a3}, ifzeXNOy,

{a1}, otherwise.

To avoid Oy, the new specification is changed to be ¢’ = ¢ A (—a3). We can
construct the TLT of ¢’ based on that of ¢, which is shown in Figure and
then continue to implement Algorithm We can see that the car changes
lane from [25.5, —2.4]7 and quickly merges back after overtaking O;. The
trajectories are shown in Figure The vehicle is under the control with
respect to o until it can sense O at [86.3, —2.5]T.

Similarly, when the car can sense Q9, we update O = {ay, az, as, a4} and
the observation function as if z € X,

{ai,a2}, ifzeXNT,
{al,ag}, ifr e XNO,
{al,a4}, ifx € XNQOsy,

{a1}, otherwise.

g(x) =

To avoid Oy, the new specification is changed to be " = ¢’ A ((O—ay). We can
construct the TLT of ¢” based on that of ¢/, which is shown in Figure[5.9] and
then continue to implement Algorithm We can see that the car changes



126 Verification and Control based on Temporal Logic Trees
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Figure 5.9: The controlled TLT for the LTL formulae in the automated car
example, where ¢ = ajUaz, ¢’ = ¢ A (O-a3), ¢" = ¢’ A (O-ay), Yo =
R(X, T)NRCZ(X\O1),and Y1 = R¢(X, T)NRCZ(X\O1)NRCZ(X\O3).

lane from [86.3, —2.5]7 and quickly merges back after overtaking Q5. Under
the control with respect to ", the car finally reaches the target set T.

Figure[5.10](a) shows the state trajectories, from which we can see that the
whole specification is completed. Figures (b)-(c) show the corresponding
control inputs, where the dashed lines denote the control bounds. The cyan
regions represent the synthesized control sets and the blue lines are the control
trajectories. Furthermore, we repeat the above process for 100 realizations of
the disturbance trajectories. The state trajectories for such 100 realizations are
shown in Figure

We remark that in this example, the control inputs are chosen to push
the state to move down along the TLT as fast as possible. More specifically,
if the state xj, is the i-step reachable set in the set node R¢(X, T), we can
generate a smaller control set from which the control input can push the state
to the (i — 1)-step reachable set. That is what we can see from Figure
where almost all control inputs in the synthesized control sets along x-axis
are positive.
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150

Figure 5.10: One simulated trajectory for 1 realization of disturbance in the
automated car example: (a) position z = [p* p¥]T’; (b) control input of x-axis,
i.e., the velocity v”; (c) control input of y-axis, i.e., the velocity v¥.

Pu— —_—

100 150

Figure 5.11: Position trajectories for 100 realizations of disturbance in the au-
tomated car example.
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5.6 Summary

In this chapter, we studied LTL model checking and control synthesis for
discrete-time uncertain systems. Quite unlike automaton-based methods, our
solutions build on the connection between LTL formulae and TLT structures
via reachability analysis. For a transition system and an LTL formula, we
proved that the TLT provide an underapproximation (or overapproximation)
for the LTL via minimal (or maximal) reachability analysis. We provided suffi-
cient conditions and necessary conditions to the model checking problem. For
a controlled transition system and an LTL formula, we showed that the TLT
is an underapproximation for the LTL formula and thereby proposed an on-
line control synthesis algorithm, under which a set of feasible control inputs is
generated at each time step. We proved that this algorithm is recursively fea-
sible. We also illustrated the effectiveness of the proposed methods through
several examples.

Appendix. Proof of Theorem 5.1

The whole proofis divided into two parts: the first part shows how to construct
a TLT from the formula V¢ by means of the reachability operators R™ and
RZ, while the second part shows that such TLT is an underapproximation
for .

Construction: We follow three steps to construct a TLT.

Step 1: rewrite the given LTL in the weak-until positive normal form. From
[36]], each LTL formula has an equivalent LTL formula in the weak-until pos-
itive normal form, which can be inductively defined as

@ == true |false | a | ma | w1 Apa | w1V pa | Op
| p1Up2 | p1Weps. (5.4)

Step 2: for each atomic proposition a € AP, construct the TLT with only
a single set node from Ya or Y—a. More specifically, the set node for Va is
L™ Y(a) = {z € S| a € L(z)} while the set node for V-a is S \ L™!(a).
In addition, the TLT for Vtrue (or Vfalse) also has a single set node, which is
S (or ().

Step 3: based on Step 2, follow the induction rule to construct the TLT for any
LTL formula in the weak-until positive normal form. More specifically, we will
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Xr1 X2

ool

TLT for V¢, TLT for Vo

TLT for V(1 A ¢2)

Figure 5.12: The TLT construction of V(g1 A ¢2). Here, the circles denote
the operator nodes and the rectangles denote the set nodes. Similar for Fig-

show that given the LTL formulae ¢, 1, and ¢2 in the weak-until positive
normal form, if the TLT can be constructed from V¢, Vi1, and Vo, respec-
tively, then the TLT can be thereby constructed from the formulae V(1 A p2),
V(p1 V ¢2), VO p, V(p1Up2), and V(o1 We2), respectively.

For V(1 A ¢2) (or V(1 V ¢2)), we construct the TLT by connecting the
root nodes of the TLT for Vi and Vo through the operator A (or V) and
taking the intersection (or union) of two root nodes, as shown in Figures[5.12}
For V () ¢, we denote by X¥ the root node of the TLT for Vi and then
construct the TLT by adding a new set node R™ (S, X?, 1) to be the parent of
X% and connecting them through the operator (), as shown in Figure

For V(¢1Ugsy), the TLT construction is as follows. Denote by
{(Y?*, 0f") N all the pairs comprising a leaf node and its corresponding
parent in the TLT of Vi, where N¥* is the number of the leaf nodes. Here,
Y7 is the ith leaf node and O is its parent. Denote by X?2 the root node
of TLT for V9. We first change each leaf node Y?' to R™ (Y[, X¥2) \ X¥2.
We then update the new tree for V¢, from the leaf node to the root node
according to the definition of the operators. After that, we take N¥' copies
of the TLT of ¢9. We set the root node of each copy as the child of each new
leaf node, respectively, and connect them trough the operator U. Finally, we
have one more copy of the TLT of V9 and connect this copy and the new
tree trough the disjunction V. An illustrative diagram is given in Figure 5.15]



130 Verification and Control based on Temporal Logic Trees

X#1 UX#2

X% X2

o0 -

TLT for Vi, TLT for Vo

TLT for V(¢1 V ¢2)

Figure 5.13: The TLT construction of V(1 V ¢2).

er)(Rm7 Xga’ 1)

olfe

TLT for Vo

TLT for VO ¢

Figure 5.14: The TLT construction of V () ¢.
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[R‘(Y" XY] ’R (Y#1, X2

®
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TLT for V(¢1Uyps)

Yo Y4 TLT for Vo
i J

TLT for Ve,

Figure 5.15: The TLT construction for V(¢ Uyo).

For the fragment V(1 W3 ), we first recall that o1 Wpe = ¢1Ugps V Oy
Let ¢’ = ¢1Upy and ¢” = Op;. Denote by X#! the root node of the TLT
for V1. We first construct the TLT of V' as described above. Second, we
further construct the TLT of V" with by adding a new node RZ(X¥?) as the
parent of X¥! and connecting them through [J. Then, we construct the TLT
of V(¢' V ¢"). An illustrative diagram is given in Figure|[5.16|

Underapproximation: First, it is very easy to verify that the constructed
TLT above with a single set node L~!(a) (or S\ L™!(a) or) for Va (or V—a or
S or 0) is an underapproximation for a € AP (or —a or Vtrue or Vfalse) and
the underapproximation relation in these cases is also tight.

Next we also follow the induction rule to show that the constructed TLT
from Vo is an underapproximation for ¢. Consider LTL formulae ¢, ¢1, and
2. We will show that if the constructed TLT of V¢, Vi1, and V3, are the un-
derapproximations of ¢, 1, and @9, respectively, then the TLT constructed
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TLI" for Vo

En©4

TLT for Yy,

TLT for V(o1 We2)

Figure 5.16: The TLT construction for V(1 We2).
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above for the formulae V(1 A ¢2), Y(p1 V 2), V O ¢, V(p1Ups), and
V(p1Weg) are the underapproximations of @1 A 2, ©1 V w2, O, v1Upa,
and 1 Wa, respectively.

According to the set operation (intersection or union) or the definition of
one-step minimal reachable set, it is easy to verify that the constructed TLT for
V(1 A p2) (or V(p1 V p2)) or VO ¢ is an underapproximation for 1 A @2 (or
1V @2) or Oy if the TLT of V¢ and Vo, and Vi are underapproximations
©, (1, and o, respectively.

Let us consider ¢1Ups. Assume that a trajectory p satisfies the TLT of
V(p1Ugps). Recall the construction of the TLT of V(@1 Up2) from Vi1 and Vis.
According to the definition of minimal reachable set, we have (1) p satisfies
the TLT of V(g; or (2) there exists that j € N such that p|j..] satisfies the TLT
of Vi3 and for all i € Ny ;_y), the trajectory p[i..] satisfies the the TLT of V1.
Under the assumption that the TLT of V¢ and V¢ are the underapproxima-
tions of (1 and 9, respectively, we have that there exists j € N such that
plj..| F g2 and forall i € Ny ;_y), p[i..] F o1, which implies that p = ¢1Uwps.
Thus, the TLT of V(¢1Ugs) is an approximation of ¢ Ugs.

Recall that o1 Wea = p1Upy V Up;. Following the proofs for until op-
erator U and the disjunction V and the definition of the robust invariant set,
it yields that the constructed TLT of V(o1 W2) is an underapproximation of
01 Wepa.

The proof is completed. O






Chapter 6

Car Parking Application

In the previous chapter, we proposed the notion of temporal logic trees (TLT)
and developed TLT-based approaches for performing model checking and con-
trol synthesis for uncertain systems. In this chapter, we will show that such
approaches have great potential in shared-autonomy systems where the hu-
man actions are used proactively. Specifically, we propose a guiding controller
solution to a car parking problem, where a human operator needs to remotely
drive a vehicle into an empty parking spot. We specify the parking task as a set
of linear temporal logic (LTL) formulae. Then, using the TLT-based approach,
we synthesize a set of controllers for assisting the human operator to complete
the mission, while guaranteeing that the system maintains specified spatial
and temporal properties. We assume the human operator’s exact preference
of how to complete the mission is unknown. Instead, we use a data-driven
approach to infer and update the human operator’s preference over parking
spots in real-time. If, while the human is operating the vehicle, she provides
inputs that violate any of the invariances prescribed by the LTL formula, our
verification-based controller will use its internal belief of the human opera-
tor’s intended objective to guide the operator back on track. Moreover, we
show that as long as the specifications are initially feasible, our controller will
stay feasible and can guide the human to park the vehicle in the empty spot
safely despite unpredicted human actions. We demonstrate the results on the
Small Vehicles for Autonomy (SVEA) platform.

The remainder of this chapter is organized as follows. Section gives
the background. In Section we outline our plant model and provide the
problem statement. In Section[6.3] we formulate the guiding controller. In Sec-
tion[6.4} we illustrate the effectiveness of our approach with an experiment. In
Section [6.5] we conclude the chapter.

135
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6.1 Introduction

Vehicle parking is one of the most time-consuming and safety-critical tasks
that drivers perform daily. According to statistics reported in [[163], drivers in
the U.S., UK. and Germany wasted 17, 44, and 41 hours a year, respectively;
in total costing 72.7 billion dollars, 23.3 billion pounds, and 40.4 billion euros
a year. In addition to being an unsustainable (due to wasted fuel) and eco-
nomically wasteful task, vehicle parking is also often a dangerous and strain-
ing task for drivers that involves complex maneuvering into tight spaces with
many chaotic safety constraints. Motivated by these issues, engineers and re-
searchers have recently spent significant effort in advancing parking guidance
and management technology.

Vehicle parking-related industries have already made a variety of techno-
logical advances to parking guidance and management systems. For example,
nowadays, many private vehicles have parking assistance systems that are ca-
pable of assisting humans in maneuvering into nearby parking spots. In the
development of better parking management systems, Hikvision, a supplier of
video surveillance products, demonstrated that vision-based guidance meth-
ods can improve parking efficiency [164]. Furthermore, there are now even
deployments of commercial automated parking products, e.g., Remote Park-
ing Assist from Mercedes [[165] and Remote Control Parking from BMW [[166].

In the literature, researchers devote most of their effort into solving the
problem of generating obstacle-free trajectories for vehicles in tight park-
ing environments. Nonlinear vehicle dynamics and non-convex environments
make this problem difficult to solve in real time. In [167], authors pro-
pose a hierarchical framework that integrates a Hybrid A* planner with an
optimization-based collision avoidance planner. The Hybrid A* planner pro-
vides a coarse warm-start solution for the collision avoidance planner, speed-
ing up the real-time implementation. A distributed model predictive control
formulation improves parking efficiency and helps ensure collision avoidance
by taking into account human behavior prediction and vehicle coordination
in [[168]. In [169]], authors decouple an automated parking problem into a cen-
tralized parking spot allocation and path generation problem, and a decen-
tralized collision avoidance control problem. Although these approaches yield
important results, the formulations are not suitable for checking whether the
parking task is feasible in the first place, since checking the feasibility of a
non-convex optimization problem is challenging.
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Additionally, to the extent of the authors’ knowledge, shared autonomy-
based parking receives little attention in the research community, despite the
fact that many of the current parking technologies rely on the presence of
a human supervisor to perform the parking maneuver [165], [166]]. The re-
quirement of a human supervisor partially stems from the unpredictable and
chaotic nature of parking lots and other human-driven vehicles. For similar
reasons, many have proposed the use of remote human operators as a layer
of operations management and exception-handling for connected vehicles in
general [[170].

6.1.1 Contribution

The main contribution of this chapter is to propose a guiding controller that
supports a remote human operator to safely drive a vehicle to an empty park-
ing spot. The parking task is specified as a set of LTL formula. The TLT-based
approach in Chapter 5 is used to do control set synthesis using reachability
analysis, giving us guarantees that the system will follow the LTL specifica-
tions. These control sets tells us what a human operator is allowed and not
allowed to do. Furthermore, we develop a data-driven approach to infer and
update the human operator’s preference over parking spots in real-time. Then,
with the verified control sets, we improve the approach in [171] by allowing
the human to freely make decisions as long as they do not violate invariances
specified by the LTL formula.

6.1.2 Related Work

As shown by [172] and [173]], using LTL formula allows us to conveniently
express time-related tasks, e.g., car parking, for automated systems. Further-
more, the work presented in [171]] exemplifies the advantage of using tempo-
ral tasks for human-in-the-loop mixed-initiative control. However, with LTL
specified missions, [35], [68], [174], [175] show that synthesizing controls that
guarantee that a specification will be met is nontrivial. [[161] details a corre-
spondence between reachable sets and signal temporal logic (STL) that allows
for control synthesis directly from STL specifications with guarantees that the
controller will satisfy the invariances given by the STL formula. Inspired from
this, we propose a TLT-based approach for synthesizing control sets from LTL
specifications.
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Figure 6.1: Illustration of our parking scenario.

There are several proposals for how to design guiding controllers. In [176]],
the authors propose an approach to learn optimal policies via reinforcement
learning while enforcing LTL specifications. They utilize a shield, a similar
notion to the guiding controller in our chapter, to monitor the actions from
the learner. The shield is used to correct them only if the chosen action causes
a violation of the specification. We remark that the systems studied in [176]
are finite-transition systems, whereas in our work we consider discrete-time
dynamical systems, leading to different control synthesis approaches. Another
notable approach is given in [[155]], which proposes one of the first frameworks
where humans are given a higher priority than the automated system in the
decision making process whereas the human’s direct control of the automated
system is “weakened”. The designed controller provides a set of admissible
control inputs with enough degrees of freedom to allow the human operator
to easily complete her task. We take inspiration from this approach for the
design of our guiding controller.

6.2 Problem Formulation

In this section, we formulate the remote car parking problem. Before that, let
us first detail the remote parking scenario, as shown in Figure where a
remote operator is safely driving a vehicle to some empty parking spot, while
avoiding collision with the walls of the parking lot and the parked vehicles.
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6.2.1 Vehicle Model

For simplicity, the vehicle is modeled as a two-dimensional single-integrator
affected by a bounded disturbance. After discretizing the model with a sam-
pling period of § second, it follows that

Try1 = Az + Bug + wg, (6.1)
where x;, = [p%,p%]T, U = [v,f,vz]T, py. and pz, vi and v,z denote the

longitudinal and lateral position and velocity, respectively. The control input
uy, is bounded by U C R? and the disturbance wy, is bounded by W C R2.

6.2.2 LTL-Specified Parking Task

To define the parking task, the whole space of the parking lot is denoted by
the set X C R2. In the parking lot, each parking spot is either full or empty.
Denote the sets of indices corresponding to full and empty parking spots as
F and &, respectively. As in Figure the state set of the parking spot ¢ is
denoted by P; C R?. We further introduce the set of states within every P; that
correspond to an accurate and correct parking job as T;. In our example, we
define accurate parking as parking in a precise location. Then, we can describe
the parking task as: if there is one or more empty parking spots, then park in
one of them while staying safe.

To specify the parking task using LTL formulae, we denote by [Y] the cor-
responding atomic proposition of the set Y . Then, the parking task described
above for an empty parking spot ¢ can be written as

@i = ([X] A (Ajer—[Ps])) U[P;]UDIT). (6.2)

Then, we use to write the set of specified tasks as {; }ice.
The objective of this chapter is to solve the following problem.

Problem 6.1. Given a vehicle and a multi-objective parking task as a set of LTL
specifications, design a controller that guides the remote operator to safely park
the vehicle into an empty parking spot.

6.3 Guiding Controller

This section provides a guiding controller solution to the remote parking prob-
lem. Recall that the parking task is given as a set of specifications {p; }ice. We
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Figure 6.2: Guiding control framework. H: human decision-maker; P: plant;
GC: guiding controller; Z: inferring; CS: control set synthesis; VS: verification-
based synthesis.

assume that the human’s preference over the specification group is uncertain,
e.g., time-varying or random. In other words, the empty parking spot the hu-
man operator intends to park in is unknown.

Let us illustrate the solution by the block diagram in Figure where
the plant P corresponds to the vehicle and is described by the dynamics (6.1).
A human operator () is allowed to make decisions and provide inputs to
a verification system corresponding to a guiding controller (GC) that filters
human decisions for ensuring mission completion and safety. In Figure
we distinguish the state xj, that is measured by the sensor and transmitted to
the guiding controller with the state x}* that the human operator perceives by
herself. According to the state x?f the human operator H can make decisions
and provide inputs u}! to a guiding controller, denoted by GC. This guiding
controller filters the human’s decision u;’j to a verified control command wuy,
and sends it for implementation at the plant P.

According to Problem the main objective of this chapter is to design
the guiding controller GC that consists of three submodules, as shown in Fig-
ure (1) a control set synthesis module CS which provides a group of con-
trol sets, i.e., {Uﬁ;}ieé‘; (2) an inference module Z which updates the auto-
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mated system’s belief by, of which specified objective the human intends to
complete; and (3) a verification-based synthesis module VS which provides a
verified control command uy, for satisfying the LTL specified task whenever
the human’s decision does not satisfy the specification.

We do not impose any expectations on how a human actually performs
a decision-making process, but only assume that the human can synthesize a
control input u}! at each time instant k. Next, we will show how to design the
inferring module Z and the verification synthesis VS. Using these modules,
we will then outline the algorithm for our guiding controller GC.

6.3.1 Control Set Synthesis CS

Recall that the TLT-based approach in Chapter 5 can online synthesize a fea-
sible control set at each time step for discrete-time uncertain systems under
LTL specifications. Such an approach is applicable for the LTL-specified park-
ing task.

Given the LTL formula ¢; in , we can construct the controlled TLT
of ¢; by using reachability analysis. In detail, we can represent the controlled
TLT of ¢; in the form of complete paths, i.e.,

Y1,;UY,;URCZ(T;)OT; (6.3)

where Yl,z’ = RC(X \ (Uje]-'Pi)a Ygﬂ‘) and Ygﬁ' =R° (]P)z’, RCI(Tl))

The simple form of the controlled TLT allows us to directly design the
control set, without the series of complex operations used in Algorithms
and of Chapter 5. Given the measured state xy, the feasible control set
U¢} (wx) for the LTL formula ¢; is synthesized by Algorithm

6.3.2 Inference Module 7

As mentioned before, we assume that the human’s preference is unknown
for the guiding controller GC. We introduce a specification belief by, which
is a probability distribution vector over the specification group. Each element
bi (i) quantifies the preference of the human on the specification ;. The in-
ference module 7 is to update this belief by in a data-driven manner. If the
decision of the human uzl satisfies the specification ¢, i.e., u?j € [Uf,lg, we
justify that the human’s preference also satisfies this specification at time in-
stant k. We denote by a 0 — 1 vector o, € R™s the observation vector: if
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Algorithm 6.1 Control Set Synthesis

Input: xj, and the controlled TLT in (6.3)
Output: a control set Uz} ()

1: if x, € 'RCI(TJ then

2 Uf(zx) = {u € U| {Azg + Bu} ® W C RCI(T:)};
3: else

4: if x;, € Ygﬂ' then

5; Uﬁc(xk) ={ueU|{Azy + Bu} ®W C Yy ;};
6: else

7: if x, € Yl,i then

8: Uz (z) = {u € U | {Azy + Bu} @ W C Yy ;};
9: else

10: Uzt (zr) = 0;
11: end if
12: end if
13: end if

14: return U7} (zy,).

ult € U7, o(i) = 1; otherwise, o (i) = 0. According to the Bayesian rule,
the specification belief is updated as

0k (1)br (D) (vol(U}) +¢)
SN 0 (i) by (i) (vOl (U5 + €)

Here, vol(-) denotes the set volume. We define vol(}) = —oo and 0 x
(—o0) = 0. In addition, € is a positive constant to avoid the singular case
when VOI(U;‘,‘C) < 0, Vi. Intuitively, the larger the volume of U;ji is, the easier
for the operator to complete the specification ;, which in turn means that the
more likely the human chooses ;.

bry1(i) = (6.4)

6.3.3 Verification-based Synthesis Module VS

After synthesizing the control sets {U;‘,‘C}ZNZSI for all the specifications, we use a
verification synthesis scheme to filter the human decision. If the decision of the
human satisfies some specification, the decision will be respected. Otherwise,
it will be corrected based on the specification belief b and the control sets
{Uﬁg}f\ﬁl Mathematically, the control input uy, after verification synthesis is
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derived as

ug, if i s.t. uf € [U;‘}C,

llu—uft]|

up = .
RO otherwise,

(6.5)

argmin
u€l i=1,...,N,

where u}! is the original human decision. In (6.5), the belief by (i) plays the
role of weighing the distance between u] and U#;. Larger bx(7)’s increase the
possibility of choosing the projected control input of u;‘ on the set Uﬁc.

6.3.4 Online Algorithm

Next we develop an online algorithm for the guiding controller GC. Due to
the presence of disturbances wy, we implement the robust guiding controller
in a closed-loop manner. As shown in Algorithm at each time instant k,
if all the synthesized control sets U;‘}C(:rk) are empty, i.e., all specifications are
infeasible, the algorithm outputs Infeasible (lines 7-8). Otherwise, the guiding
controller will mix the decision of the human uzt and the synthesized control
sets Uﬁc to synthesize the control input uy, (lines 4, 5, and 10). Meanwhile, the
specification belief by, is updated (line 11).

Algorithm 6.2 Guiding Controller Algorithm

1: Initialization: Set k¥ = 0 and TerInd = 1;
2: while TerInd do
3: Measure xy;

4: Human makes a decision u]’;
5: Synthesize UﬁC for each ; by Algorithm
6 if Uj =0, Vi € Ny y,) then
7: TerInd = 0;
8 Output: Infeasible;
9: else
10: Synthesize controller uy, by (6.5);
11: Update specification belief by, by (6.4);
12: Implement wuy;
13: Update k = k + 1;
14: end if

15: end while

The following theorem shows that Algorithm [6.2|stays feasible.
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Figure 6.3: A parking situation where a remote human operator would like to
drive a vehicle to a narrow parking space P; or a broad parking space P.

Theorem 6.1. If the set £ is nonempty and the initial state xo € Y1 ; for some
i € &, then Algorithm|6.3 is feasible for all k € N;

Proof. The result directly follows from the recursive feasibility under the TLT-
based approach (see Theorem and the verification-based synthesis (6.5).
O]

6.4 Experiments

In this section, we detail our experimental setup and report experimental re-
sults. We consider the parking scenario shown in Figure [6.3| where there are
two empty parking spots. The human operator would like to drive a vehi-
cle to a narrow parking space PP; or a broad parking space P5. For the ve-
hicle model, let the sampling period be 0.2 second, the control set U =
{fu € R? | [-0.3,—-0.3]7 < u < [0.3,0.3]"}, and the disturbance set
W = {w € R? | [-0.01,—0.01]" < w < [0.01,0.01]"}. The LTL-specified
parking tasks are

1 = (XA (Ajer[P])) V[P JUDITY],
2 = (IX] A (AjerI[P;])) UIP2]UDTo].
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6.4.1 Experimental Setup

The experimental setup consists of three components: the ego vehicle, a hu-
man operator interface, and the parking lot environment, see Figure

The ego vehicle is represented by the SVEA platform, which is a small
robotic car platform designed to evaluate automated vehicle-related software
stacks. For our experiment, we equip the SVEA car with an ELP fish-eye cam-
era to provide a wide-angle view for the human operator and a TP-Link 4G
LTE modem for streaming both the camera data to the human operator and
the control from the human operator back to the SVEA car.

For the human operator interface, we place a human at a teleoperation
desk built to support the management of remotely connected vehicles. A com-
puter at the teleoperation desk is connected to the internet and is running a
WebRTC-based app that handles the data transmission between the teleoper-
ation station and the SVEA car over a peer-to-peer connection. The human
can provide input to the control system with a Logitech G29 steering wheel
and pedals. This interface subsumes the GC block in Figure[6.2] The free park-
ing spots and obstacles are all in the coordinate frame of a Qualisys motion
capture system.

6.4.2 Experimental Results

The human operator is parking the vehicle in parking space P9, corresponding
to specification 2. The video of the experiment is available at https://youtu.
be/WhFNleymO]J8,

We show snapshots of the vehicle’s position in Figure [6.4] Here, we high-
light the position of the vehicle by the red box and show the view of the human
operator in the bottom right corner of each snapshot. The corresponding po-
sition trajectory is shown in Figure We can see that during the parking
process, there is no collision between the vehicle and the obstacles.

Figure shows the control inputs and the control sets, where the dashed
lines denote the control bounds. Here, u* = v* and ©¥ = v,. The blue lines
are the decisions u}! of the human driver while the black lines are the imple-
mented control inputs uy by using the guiding controller in Figure The
red and cyan regions represent the synthesized control sets Uﬁ and Uﬁ for
1 and @9, respectively. We can see that all the control commands wuj, always
belong to the synthesized control sets while this is not true for the human
decisions.


https://youtu.be/WhFNleymOJ8
https://youtu.be/WhFNleymOJ8
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Figure 6.4: Snapshots of the vehicle’s position when a human remotely drives
the vehicle to the parking space Pa. We highlight the position of the vehicle
by the red box and show the view of the human operator in the bottom right
corner of each snapshot.
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Figure 6.6: Control trajectory by using the guiding controller. The blue lines
are the decisions uz‘ of the human driver while the black lines are the imple-
mented control inputs uy. The red and cyan regions represent the synthesized
control sets Uﬁ and Ué‘}c for ¢ and 9, respectively.
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Figure 6.7: Belief update by, when the human drives the vehicle to the parking
space 2.

Note that at some time instants, the human’s decision cannot satisfy any
specification, thus the input is corrected by the verification-based synthesis
according to the synthesized control sets. After 4.6 seconds (at which py is
about 1 m), the synthesized control set for ¢ is empty since this specification
becomes infeasible. This can also be observed from Figure which shows
the belief update. Note that the beliefs in 1 and @9 oscillate from 1.2 seconds
to 2.6 seconds since the volume of the control sets changes significantly dur-
ing this time interval. After that, the belief in 2 increases since the vehicle
passes the parking space IP; and approaches the parking space Py, which then
becomes more likely.

In this example, we can observe the capabilities of our approach. Even
though the system’s initial belief is neutral, as the human operates the vehi-
cle, the system updates its belief appropriately. The guiding controller works
together with the human operator to complete the parking maneuver.
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6.5 Summary

In this chapter, we presented a solution to a remote car parking problem, where
the parking task was specified as a set of LTL formulae. We gave priority to
the human operator’s decision, allowing her to perform actions on the vehicle
over a communication network. The framework made no assumptions about
the operator’s preference. Our system updates a data-driven belief of the op-
erator’s intent. We utilized the TLT-based approach to synthesize the control
sets for LTL formulae. We proved recursive feasibility of the method, showing
that the controller is always feasible and able to guarantee that the human will
not be able to drive the system to an unsafe set. We illustrated the effectiveness
of the proposed method by hardware experiments.






Chapter 7

Car Overtaking Application

The previous chapter investigates the shared-autonomy systems where the
human action are used proactively. In this chapter, we consider another kind of
shared-autonomy systems where the human action are used reactively. Specif-
ically, we develop a solution to the overtaking control problem where an au-
tomated vehicle tries to overtake a human-driven vehicle with uncertain mo-
tion. The uncertainty in the predicted motion makes automated overtaking
hard, for example, to guarantee feasibility. We introduce the weak assumption
that the predicted velocity of the overtaken vehicle respects a supermartingale,
meaning that its velocity is not increasing in expectation during the maneu-
ver. We show that this formulation presents a natural notion of risk. Based
on the martingale assumption, we perform a risk-aware reachability analy-
sis by analytically characterizing the predicted collision probability. Then, we
design a risk-aware optimal overtaking algorithm with guaranteed levels of
collision avoidance. Finally, a simulated example illustrates the effectiveness
of the proposed algorithm.

This chapter is structured as follows. In Section we motivate the ad-
dressed problem. Section|7.2] gives some preliminaries and Section [7.3|formu-
lates the car overtaking problem. Section[7.4|proposes risk-aware reachability
analysis based on martingale theory. In Section|[7.5] a risk-aware optimal over-
taking algorithm is presented while Section [7.6| demonstrates the efficacy of
our algorithm and compares our work with state-of-the-art. Finally, Section[7.7]
concludes the chapter.
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7.1 Introduction

7.1.1 Motivation

Overtaking is a dangerous driving maneuver with both lateral and longitudi-
nal movements. Many researchers believe that by developing an approach for
safe, robust, and efficient overtaking, we will significantly progress the safety
of automated vehicles [22]], [[177].

Several existing works propose solutions for performing safe and efficient
overtaking maneuvers [[178]]-[182]. However, these solutions all assume that
the vehicle to be overtaken moves at a constant velocity. Under this assump-
tion, overtaking can be formulated as a reference tracking problem or an opti-
mal control problem. Note that these problems do not encounter any feasibility
issues if the velocity of the overtaken vehicle is smaller than the velocity limit
imposed by the traffic rule and the prediction horizon is chosen appropriately.
Although the constant velocity assumption is a natural choice in many prac-
tical implementations, it is interesting to consider overtaking vehicles that do
not drive at a fixed velocity, especially since human drivers can change their
velocities while being overtaken, depending on how they react to the situa-
tion. In this chapter, we present examples where if the vehicle being overtaken
is changing its velocity, we can improve the overtaking compared to existing
control laws.

7.1.2 Main Contributions

We study the process of overtaking a human-driven vehicle V5 by an auto-
mated vehicle V1, as shown in Figure The overtaking maneuver requires
the automated vehicle to laterally move into an empty lane when it is safe to
initiate the maneuver, longitudinally overtake V5, and, finally, laterally merge
back into the original lane in front of V. At each stage of the overtaking ma-
neuver, many factors introduce uncertainty, which make the overtaking hard
to perform robustly and safely [[183].

The main contribution of this chapter is to develop an algorithm that in-
creases the possibility of a feasible automated overtaking while guaranteeing
the safety of both V; and V5, even when V3 does not move at a constant ve-
locity. More specifically,

(C7.1) We propose a formulation for risk-aware reachability analysis based on
martingale theory. We develop risk-aware reachable sets, which are sub-
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Figure 7.1: Scenario where automated vehicle V] is overtaking a human-driven
vehicle V5 on a road with two lanes.

sets of traditional reachable sets. Risk-aware reachable sets are shown
to admit predicted collision probabilities between V; and V5. We esti-
mate these collision probabilities analytically using the concentration
inequality of martingale theory.

(C7.2) Based on the proposed risk-aware reachability analysis, we design a
risk-aware optimal overtaking algorithm. It is used to solve the over-
taking problem in a receding-horizon manner. We provide sufficient and
necessary conditions for the feasibility of the risk-aware optimal over-
taking problem. In other words, by performing a safety check a step
ahead of the execution of each control command, our algorithm can
guarantee that the overtaking process is collision-free.

7.1.3 Related Work

There is a significant body of work on automated overtaking under the as-
sumption that the vehicle to be overtaken moves at a constant velocity. For
example, model predictive control is used to track a reference overtaking tra-
jectory in [[178]-[180]]. To handle collision avoidance, the overtaking problem
is formulated as a mixed integer program in [[181]], [182]). In [[184], a constrained
iterative linear quadratic regulator is used to efficiently solve the overtaking
problem. The recent work [185]] does not adopt the constant velocity assump-
tion and considers measurement noises in the overtaking scenario, but no for-
mal safety guarantees are provided.

Reachability analysis is used to give formal safety guarantees for vehicle
control [55], [56]. Robust approaches maintain strict guarantees that despite
the bounded disturbances, the state trajectory can be kept by a feedback con-



154 Car Overtaking Application

troller into a safe state tube with a certain time horizon [44]. In [[186[]-[|188],
the authors formulate approaches for reachability-based automated overtak-
ing for vehicles that overtake static obstacles using the opposing direction’s
lane. In [57]], the reachability is incorporated a model predictive controller for
ensuring the safety of an automated vehicle when interacting with a human-
driven vehicle. On the other hand, stochastic approaches guarantee that there
will not be an unsafe trajectory within a certain time horizon for a given prob-
ability [[15]. Stochastic reachability approaches can be beneficial, since they
permit a trade-off between collision probability and optimality, while avoiding
too conservative decisions. However, the introduction of stochasticity often
introduces the additional challenge of finding high-fidelity stochastic models.
In [189]], a Markov chain is used to model the uncertainty of other traffic par-
ticipants and applied to probabilistic automated overtaking. Markov decision
processes or partially observable Markov decision processes are used to model
the stochasticity of human driving behavior in [[190]], [191]. Such assumptions
on human driving behaviors are quite strong. Another work [[192]] proposes
an empirical method for generating approximate stochastic reachable sets for
human-in-the-loop driving systems. However, in many overtaking scenarios,
an automated vehicle will not have the historical data to generate these em-
pirical sets. In our recent work [[193], we choose to use martingales to model
the expected behavior of a human driver during overtaking. This assumption
is weaker than the Markovian assumptions above, since less historical data is
needed for the validation of martingale-based model than the identification of
the Markovian models. This chapter generalizes the preliminary conference
results of [193]] significantly in that we use a more detailed nonlinear vehi-
cle model, formulate a risk-aware optimal overtaking problem, and propose a
more general solution for solving this problem.

Historically, martingales are often applied to gambling or pricing problems
since they efficiently model the lack of arbitrage [[194]. In [195], the author dis-
cusses the use of martingales in several classical stochastic control problems.
In particular, supermartingales plays an important role in proving the stochas-
tic stability. In addition, martingale theory is also relevant to the risk theory.
A risk-neutral measure is also called a martingale measure [[196]]. In [[197], it
is shown that the multiportfolio time consistency of a dynamic multivariate
risk measure is equivalent to a supermartingale property. Under the super-
martingale assumption, we propose in this chapter risk-aware reachable sets
and develop a risk-aware overtaking algorithm.
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7.2 Preliminaries

This section provides some preliminaries that will be used in this chapter.

7.2.1 Martingale Theory

We will use the following definition and inequality from martingale theory. A
supermartingale is a stochastic process for which the conditional expectation
of future values given the history information is bounded above by the current
value. A formal definition is given as follows.

Definition 7.1. [198] A discrete-time integrable stochastic process { X;,i € N}
on a probability space (Q, F, Pr), with a filtration { F;,i € N} and F; C F, is
said to be a supermartingale if B[ X; 1| X;] < X;, Vi € N.

Due to the decreasing property of supermartingales, the following con-
centration inequality holds.

Lemma 7.1. [199] Consider a discrete-time supermartingale { X;,i € N} with
a filtration {F;,i € N} and F; C F. If for all i € N>1, and some positive o;
and M, Var[X;|F;_1] < 0? and X; — E[X;|X;_1] < M, then for alln > 0,

772

235107+ Mn/3))'

Pr(X; > Xo +n] <exp ( -

7.2.2 Vehicle Collision-free Conditions

Consider a vehicle with state & = [p” p¥ 6 v]T, where (p®, p¥) is the center
of the rear axis (see Figure[7.2), 6 the heading angle, and v the velocity. For a
given state x, the occupancy of the vehicle is

S(z) = R(2)B & p(a).

where B = {2 € R? | Gz < g} is the initial rectangle occupied by the vehicle
when the center of the rear axes is [0;0] and specified by G € R?*? and
g € R%, R(x) = [cosf sin®; —sinf cosf)] the rotation matrix, and p(z) =
[p*; p¥]-

Consider an obstacle O C R? of the form

O0={zecR*| Hz < h},
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Figure 7.2: Notation for obstacle avoidance.

where H € R?*2? and h € R? are a known matrix and vector, respectively.
Define the distance between S(x) and O as

dist(S(2),0) = min{|12] | (S(@) ©2) N O £ 0},

The following lemma provides a computationally useful way for checking if
dist(S(x), 0) > d for some d > 0.

Lemma 7.2. [200] For any d > 0, dist(S(x), Q) > d if and only if there exist
A > 0 and > 0 such that

—g" p+ (Hp(z) — )"\ > d,
GTpu+ RT(x)HT )\ =0,
JHTA| < 1.

The equivalent condition in Lemma(7.2]is derived by using the dual prob-
lem of dist(S(x), Q). An important property of this equivalent condition is
that all the decision variables are real numbers. This is different from the
integer-based collision-avoidance formulation in the literature when taking
into account the occupancy of the vehicle. The result of Lemma [7.2| will be
used to reformulate the safety constraints on the overtaking vehicle in this
chapter.
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7.3 Problem Formulation

We consider an overtaking scenario with an automated vehicle V; and a
human-driven vehicle V5 as illustrated in Figure Regard the two regions
outside of the lanes as obstacles @; and Q9 of the form

Qi ={z€R?*| Hiz < h;},i=1,2.

The width of each lane is d. The longitudinal velocity of each vehicle is
bounded v, < v® < oE

min — max*

7.3.1 Automated Vehicle V}

We describe the dynamics of the automated vehicle V; by using the following
bicycle model:

w1 (k+1) = f(21(k), ui (k)),

where
py
Yy
mlz pl 7u1:|:w1:|‘
91 al
U1

The longitudinal and lateral positions (pf, p}) correspond to the center of the
rear axes, 6] is the yaw angle with respect to the x-axis, v; is the velocity with
respect to the rear axes, 1)1 is the steering angle, and a; is the acceleration.
The update map is

Dy V1 cos 01
Flayu) = pY +s v1 sin 61
L= 01 L_lvl tan ’
U1 ai

where L is the wheel base and § the sampling period.
There are physical limits on the state and control input:

.'Iil(k) € Xy, ul(k) € Uy,
Xi={z R |z =" p",0,0]", 0<p’ < 2, Ouuin < 0 < Oina,
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R R
Upin L vcosf < vmax},

2 T
U; = {’U, eR | u = W} CL] s 77Z1min < ZZJ < ¢maxaa1,min <a< al,max}-

The occupancy of V] is

Si(z1(k)) = R(z1(k))By @ [ fﬂ:i } ’

where B = {2 € R? | G12 < g1} is similarly defined as in previous section.

7.3.2 Overtaken Vehicle V,

We specify the dynamics of the vehicle Vo we want to overtake by using a
linear model:

acg(k + 1) = Azwg(k) + BQUQ(k),

where

In particular, p3, v5, and af are the longitudinal position, velocity, and accel-

eration, respectively. During the overtaking process, we assume that V3 stays

in the same lane and maintains lateral position p§ (k) = d/2, Vk € N.
Vehicle V3 has the state and control input constraints:

a:Q(k) S Xg, Ug(k) S UQ,

— 0 (0. @]
Umin Umax

Uy = {Z eR | a’;,min <z< ag,max}'

X2:{z€R2

The occupancy of V5 is

Sa(xa(k)) = B2 & [ pgfl;) } ;

where By = {2z € R? | G2z < g0}
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7.3.3 Problem

Our objective is to design a sequence of control inputs such that V; starts
behind V5 and ends in front of V5 by using the following maneuvers: lane-
changing, lane-keeping, and merging. The constraint set Uy is known to the
automated vehicle V). At each time step k, the automated vehicle V; can mea-
sure the states 1 (k) and x2(k). Throughout the entire process, we maintain
the following safety constraints: collision avoidance between V; and V5 and
collision avoidance between V; and Q;, 7 = 1, 2.

7.4 Risk-Aware Reachability Analysis

The reachable set of a vehicle is a subset of the state space that can be reached
by the vehicle state through control actions. In this section, we introduce the
reachable set and the risk-aware reachable set of vehicle V5 and discuss some
of their properties.

7.4.1 Reachable Set of Vehicle 1,

At time step k, p3 (k) and v (k) are the longitudinal position and velocity of
V3, respectively.

Definition 7.2. The reachable set predicted i € N steps ahead at time step k is
given by

{P(k+i+1|k:) = (A9P(k + i|k) ® BoUs) N Xy, 7.)

P(k|k) = {@2(k)}.

Since the dynamics of V5 is linear, the input constraint set U is a compact
polyhedron and the state constraint set X5 is a polyhedron, the reachable sets
in Definition [7.2| are compact polyhedra for all finite + € N. We show the set
P(k + i|k) in blue in Figure 7.3 Here, the x-axis denotes the position and the
y-axis the velocity. The regions in different color are other reachable sets to be
defined in the following. The rectangles below the x-axis are the correspond-
ing occupancies also to be defined.

We define the projection of the reachable set on the longitudinal position
as P, (k + i|k) = Proj;P(k + i|k) and the projection of the reachable set on
the longitudinal velocity as P, (k + i|k) = Proj,P(k + i|k), where Proj;(Q)
denotes the projection of the set Q on the jth dimension.
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Figure 7.3: Reachable sets for V5 in the plane and their corresponding occu-
pancy sets. (a) blue: P(k + i| k) defined in and Sy (k +i|k) defined in (7.2);
(b) green: PP (k 4 i|k) defined in and S (k +i|k) defined in ; (c) red:
P(k + i|k) defined in (7.8) and S, (k + i|k) defined in (7.7); and (d) P(k + i| k)
defined in (7.9) and Sy (k + i|k) defined in (7.10). Here, 7 is defined in .
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Note that the set P(k+1i|k) is a compact and convex set for all finite i € N.
Furthermore, the sets P,,(k + i|k) and P, (k + i|k) are closed intervals. For
notational simplicity, let

Px(k + Z|k:) = [pg,min(k‘ + i|k)7p§,max(k + Z‘k)],
Py (k +ilk) = [03 min(k + i[k), 03 max (K + i[F)].

These interval boundaries are also shown in Figure Denote all possible
occupancies of V3 corresponding to P, (k + i|k) as Sa(k + i|k), ie.,

Sy(k + i|k) = {z eR? |z € By [pP(k);: d/2), p% € Py(k +z’|k)}. (7.2)
It is a compact rectangle, which we denote as
So(k +ilk) = {z € R? | S(k +i|k)z < s(k +i|k)},

where S(k + i|k) and s(k + i|k) are a matrix and vector, respectively, with
appropriate dimensions. The occupancy set So(k + i|k) is the blue rectangle
below the x-axis in Figure

7.4.2 Risk-Aware Reachable Set of Vehicle 1,

Let us next introduce the risk-aware reachable sets of V5. Given any state
x2(k) € Xy at time step k, assume that the predicted velocity {v§ (k +i),i €
N} is a stochastic process with a filtration {B(P,(k + i|k)),i € N} on
the probability space ([v%, , vZ ], B([vE. jvE. ]),Pr). Then, the future state
x2(k + i|k), i > 0, is also a stochastic process.

We assume that the predicted velocity v3 (k+i|k),7 > 0, is a supermartin-
gale, according to Definition [7.1] Consequently, we assume that for any state
x2(k) € Xy at time step £,

Vi e N x2(k +i|k) € P(k +i|k),
"\ E[wd (k4 4 1|E)|vg (k + k)] < 0§ (k +ilk).

Remark 7.1. The supermartingale assumption makes it possible to incorporate
uncertain behaviors of human drivers [201]. By assuming that the predicted ve-
locity of the overtaken vehicle Vo respects a supermartingale, we generalize the
common assumption in the literature that Vo moves at a constant velocity.
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Let a(k) = {a(k + i|k),i € N}, where 0 < a(k 4 i|k) < 1, be the risk
coefficient sequence at time step k. Under the supermartingale assumption,
we define the sets

Y*(k +ilk) = {y € R | Pr[z > vi(k) + y] < a(k +i|k),
z e Py(k+ilk)},

Py (k +ilk) = {va (k) +y | (v3(F) +y) € Puo(k +ilk),
y € Yk +ilk)},

which corresponds to the set of velocity that V5 can reach with probability
less than «a(k + i| k). Next let us consider how to compute the set P§ (k +i|k).

Proposition 7.1. The set
Py (k + k) = [min{v3 (k) + 10, 05 max (k4 2lk)}, 03 max (K +4[K)], (7.3)
where

n=MpB/3+ /M232/9 + 2iM?23,
M = max{0|a3 ;n|, 003 o}, B = —In(a(k +ilk)).

(7.4)

Proof. Construct a filtration 7; = B(P,(k +i|k)). It follows from Popoviciu’s
inequality [202] that the variance of v2(k+i|k), conditioned on vy (k+i—1|k),
is upper bounded by M2, which implies that we can choose Vi > 1, 02 = M?
in the first condition of Lemma From the constraint on the longitudinal
acceleration of vehicle V5, i.e.,

03 (k +ilk) —vg(k+i—1[k)] < M,

the second condition of Lemma [7.1] also holds. Hence, and follow
from Lemmaand setting a(k + i]k) = exp( 1 ). O

2T, 02+ Mn/3)
Remark 7.2. The parameter 1) in corresponds to the minimal y in the set
Y*(k+i|k) such that vy (k+vy) € Py(k+ilk). The set P (k +i|k) is nonempty
forall0 < a(k+ilk) < 1.
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Define another sequence 3(k) = {B(k+i|k),i € N}, where 5(k+i|k) =
1— a(k +ilk), Vi € N. Let P (k + i|k) = cl(Py(k + i|k) \ P*(k + i[k)), ie.,

P (s + 1K) = [0 i (K + i[J), min {5 (k) + 1, 05 max ( + il }]
Next we define the risk-aware reachable set.
Definition 7.3. The risk-aware reachable set for risk coefficient a(k + ilk) is
defined as
PP (k + ilk) = {z € R? | z € P(k + ilk), Projy(z) € P2(k + ik),
Blk+ilk) =1— alk+ z’]k)}. (7.5)

Figure [7.3| shows the set P?(k + i|k) in green. Note that it is a subset of
the reachable set P(k + i|k). We remark that the set P%(k + i|k) depends on
the risk coefficient a(k + ¢|k): the smaller risk that is acceptable, the larger
risk-aware reachable set.

The projection of the risk-aware reachable set on the longitudinal position
is denoted by

P2 (k + i|k) = Proj, (P?(k + i|k)).

Denote by Sg (k + i|k) all the possible occupancies of the vehicle V5 corre-
sponding to P2 (k + i|k), ie.,

S2(k +ilk) = {z E€R? |z € By @ [p2(k); d/2], pt € PP(k + z'|k)}. (7.6)

The possible occupancy Sg (k 4 i|k) of V4 is a compact rectangle, which can
be written as

SE(k +ilk) = {z € R? | SP(k + i|k)z < s (k +i|k)},

where S (k+i|k) and s?(k+i|k) are a matrix and a vector, respectively, with
appropriate dimensions. The occupancy set Sg (k +1|k) is shown as the green
rectangle below the x-axis in Figure

Remark 7.3. Another interpretation of the risk-aware reachable set is that
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P (k + ilk) = {z €R? | z € P(k +ilk), z = [21; 2],
Q= B2 @ [21;d/2],
Pr(Su(k+ilk) NQ £ 8) < 1— Bk +ilk) },
which corresponds to the predicted state set that the vehicle Vo can reach such

that the collision probability with the vehicle V1 is no greater than 1 — 3(k +1i|k)
under the supermartingale assumption.

7.4.3 Geometrical Interpretation of Risk-Aware Reachable Sets

This subsection provides some geometrical interpretations of the reachable
sets defined above and establishes the relation among them.

First of all, we show that the risk-aware reachable set P?(k + i|k) scales
with the coefficient 5(k+i|k) = 1—a(k+i|k).If a(k) satisfies a(k+i|k) = 0,
ie, f(k+i|k) = 1,Vi € N, the risk-aware reachable sets equal to the reachable
sets, i.e, PP(k + i|k) = P(k + i|k) and P4 (k + i|k) = Po(k + i|k). In this
case, complete safety is guaranteed. If (k) instead satisfies a(k + ilk) = 1,
ie, B(k+1i|k) =0, Vi € N, the parameter 7 in is 0, thereby resulting in

P (k +ilk) = [v5 (k), 03 max (k +i[K)],
Py (k + i[k) = [0 pin (k + ilk), v5 ().

We define the reachable sets, the projection on the longitudinal position, and
the occupancy set for a(k + i|k) = 1, Vi € N, as follows

Pw+ﬂm:{zeRﬂzeP@+ﬂm,

Projy(2) € [1 in(k + k), 5 (R)] b, (7.7)
P, (k +i|k) = Proj, (P(k +i|k)),
Sﬂk+ﬂ@z{zeRﬂz€BQ®@ﬁMMﬂL

D3 eJ@x(k—+i|k)}. (7.8)

These sets correspond to the red regions in Figure In this case, the auto-
mated overtaking problem is reduced to the scenario where we predict that the
vehicle Vo moves with an average velocity no greater than the current velocity
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For comparison with the control under the constant velocity assumption,
we restrict the control set to U, = [aj ;,,, 0], which implies that the predicted
velocity cannot be greater than the measured velocity v§ (k). Similarly, we
define the reachable sets, the projection on the longitudinal position, and the
occupancy set as follows

P(k + i+ 1|k) = (A2P(k +i|k) © B2U,y) N Xy, (7.9)
P(k +ilk) = {=2(k)}, '
P, (k + i|k) = Proj, (B(k + i|k)),
Sy(k +ilk) = {z ER? |z e By [pi(k); d/2],
p5 € Px(k+i|k)}. (7.10)

The set P(k + i|k) represents the reachable sets when the vehicle V5 moves
with a velocity no greater than the current velocity, v3 (k), i.e., the acceleration
is no greater than 0. These sets correspond to the yellow regions in Figure

For ease of notation, we drop the time dependence of the sets. The relation
among these sets is then given in the following proposition.

Proposition 7.2. The following set inclusion relations hold:
PCPCP CP,
P, CP, CP] CPy,
8, C8 CS;CS,.
Proof. Follows from the definitions. O

Remark 7.4. Even though the risk coefficient sequence o(k) at time step k is
set to be 1, i.e., the most risky value, it follows from Sy C Sy that the risk-aware
overtaking still provides more safety guarantee along the prediction horizon than
control under the constant velocity assumption.

In the next section, we will treat the risk coefficient sequence a(k) as a
decision variable to design a risk-aware overtaking controller.

7.5 Risk-Aware Optimal Overtaking

In this section, we formulate the risk-aware overtaking problem and then de-
sign a receding-horizon overtaking algorithm. We provide theoretical guaran-
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tee of this algorithm and discuss how to approximately solve the risk-aware
overtaking problem to speed up computations.

7.5.1 Risk-Aware Optimal Overtaking

At time step k, the risk-aware overtaking problem can be formulated as

P(x1(k), z2(k)):

min max «a(k + ilk)
TGN,ul,a(k) iGN[O’T]

s.t. Vi € N[O,T—l] :

x1(k+i+ 1k) = f(z1(k + i|k), ui(k +i|k)), (7.11a)
ui(k +ilk) € Uy (k +ilk), (7.11b)
Vi € Njg g7 :

Bk +ilk) =1—a(k +ilk), (7.11¢)
xy(k +ilk) € Xy (k + ilk), (7.11d)
Si(zi(k+ilk)NO; =0,5=1,2, (7.11e)
Sy (1 (k + ilk)) NS5 (k +ilk) = 0, (7.11f)
Pk +TIk) 2 D5 (b + T1R),

pi(k+T|k) =d/2, (7.11g)
61(k+T|k) =0,

where
pgﬁax(k—l—ﬂk) = max 2.

2€P8 (k+T|k)

The optimization problem aims to minimize the worst-case risk value over
ahorizon, subject to a feasible overtaking trajectory. The decision variables are
the risk coefficient sequence a(k), the overtaking horizon 7', and the control
sequence {uy(k +i|k)}_5"

Proposition 7.3. The optimization problem P(x1(k), z2(k)) can be reformu-
lated as P(x1(k), z2(k)):

min max «a(k +ilk)
TGN,u1,a(k), ’iGN[OyT]
AJ7H’]7]:17273

st. (711d) — —(711d), (7.11g), (7.12), (7-13).
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VZ & N[O,T] N
Vj=1,2,
(—nguj(k +ilk) + (Hjp(z1(k +ilk)) — hy)T A (k + ilk) > 0,
G pj(k +ilk) + RT (@1 (k + ilk))H Xj(k + i]k) = 0, (7.12)

Nj(k +ilk) > 0, pj(k +ilk) > 0, [|H] N (k + k)| < 1,
(—gT sk + ilk) + (SP (ks + il k)p(aea (k + il k)
—sP(k 4 i|k)) T As(k + i]k) > 0,
GTus(k 4 ilk) + RT (z1(k + i|k))SP (k + i|k)T A3 (k 4 i|k) = 0,
As(k +ilk) >0, us(k +ilk) >0, [|SP(k +i|k)TAs(k +i|k)|| < 1.
(7.13)

Proof. The collision avoidance constraints (7.11€)-(7.11f) are equivalent to

diSt(Sl(kJ + ’L|k‘),@j) >0,7=1,2,
dist(Sy (k + i|k), S5 (k + i|k)) > 0.

Then, according to Lemmal7.2] we derive the constraints (7.12) and (7.13). O

Remark 7.5. The essence of the optimization problem is to trade off the feasibil-
ity of automated overtaking and the collision risk along the prediction horizon.
In general, the overtaking problem encounters feasibility issues if the reachable
set P(k + ilk) is used to set up potential collision regions. The introduction of
a risk coefficient sequence o (k) could release a larger overtaking space, which
improves feasibility. The problem P(x1(k), x2(k)) looks for a minimal risk co-
efficient that makes the overtaking feasible.

Denote the optimal objective function of P(z1(k), z2(k)) as a*(k) and
the corresponding optimal solution as T}, {u}(k + i|k),i € N7+ 17}, and
{a*(k+ili),i € N 1} Then, a* (k) represents the minimal worst-case risk
that will be taken along the prediction horizon 7};.
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7.5.2 Risk-Aware Optimal Overtaking Algorithm

The risk-aware optimal overtaking algorithm is shown in Algorithm
Here, TerInd is an indicator to determine whether the while loop (line 2)
terminates or not. When it terminates, there are three possible outputs:
{Successful, Infeasible, Undecidable}.

If the longitudinal position p{ (k) of V] is in front of V5, the lateral position
pY (k) of V1 is d/2, and the heading angle 0; (k) of V; is 0, then Algorithm
terminates with an output Successful.

Before the completion of the overtaking process, we solve the optimiza-
tion problem P (x (k), €2 (k)) to decide the overtaking control command. The
feasibility of P(x1(k), x2(k)) determines the possibility of automated over-
taking. If P(x; (k), z2(k)) is infeasible, then whatever risk is imposed on the
predictions, the enlarged overtaking region is still not enough to find a se-
quence of feasible control inputs. In this case, Algorithm [7.1] terminates with
an output Infeasible and vehicle V; should stop the overtaking maneuver.

On the other hand, if P (1 (k), z2(k)) is feasible, the resulting solution
will not be directly implemented. As shown in line 13, we use Si(x1(k +
1|k)) N'Se(k + 1|k) = 0 to detect whether the first input can ensure safety
at next time step. If Sy (1 (k + 1|k)) N Sz2(k + 1]|k) # 0, it implies that there
exist some possible states x2(k+ 1) in P(k+ 1|k) such that Sy (1 (k+1|k)) N
So(z1(k 4+ 1)) # (. In this case, Algorithm [7.1] terminates with an output
Undecidable.

Remark 7.6. Even though the initial optimal objective function o*(0) is not
zero, i.e., there exists collision risk along the prediction horizon, successful over-
taking without collision is still possible. Intuitively, this is because uncertainty
about future positions of Va is reduced significantly as time proceeds.

To check the feasibility of P(x1(k), z2(k)), we define another optimiza-
tion problem P(x1(k), z2(k)):

min T
TeN,u; (k)
s.t. (7.11d)), (7.118)), (7.11d), (7.11€]),
Vi € N[O,T} :Si(xy(k+ilk)) N Sg(k‘ +ilk) =0, (7.14)
Pi(k+TIk) = p3 max(k + TK),
pi(k+T|k) =d/2, (7.15)

01 (k +Tk) = 0,
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Algorithm 7.1 Risk-Aware Optimal Overtaking Algorithm

1: Initialization: Set k¥ = 0 and TerInd = 1;
2: while TerInd do
3: Measure x (k) and x2(k);

4: if pf (k) > p3(k) & p{(k) = d/2 & 61(k) = 0 then
5: TerInd = 0;
6: Output: Successful;
7: else
8: if P(x1(k), z2(k)) is infeasible then
9: TerInd = 0;
10: Output: Infeasible;
11: else
12: Solve P(x1(k), o (k));
13: if S1(x1(k + 1|k)) N Se(k + 1|k) = () then
14: Implement uj (k|k);
15: k=k+1;
16: else
17: TerInd = 0;
18: Output: Undecidable;
19: end if
20: end if
21: end if

22: end while
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where p§ .. (k + T|k) = max P, (k + T1k).

Proposition 7.4. (Feasibility) The optimization problem P(x1(k), z2(k)) is
feasible if and only if P(x;(k), x2(k)) is feasible.

Proof. Sufficiency: Note that the sets P(k + i|k), P, (k + i|k), and Sy (k + i|k)
are the corresponding sets P?(k + i|k), Pg(k + i|k), and Sg(k‘ + i|k) when
a(k +i|k) = 1and B(k +ilk) = 1 — a(k + i|k) = 0. Thus, the feasibility of
P(x1(k), o (k)) implies the feasibility of P (a1 (k), @2(k)) when a(k+i|k) =
1,Vi e N.

Necessity: It follows from Proposition [7.2] that the satlsfactlon of the con-
straints ( - (7.11g) implies the satisfaction of (7.14 ). Thus, the fea-
sibility of P(x;(k), x2(k)) implies the feasibility of77(:1:1 (k‘) x2(k)). O

From Proposition we have that the feasibility of the min-max prob-
lem, P (a1 (k), z2(k)), can be checked by the feasibility of the time-optimal
problem P(x; (k), 22(k)). This is very useful and enables us to approximately
solve P(x1(k), o (k)).

Under Algorithm[7.1] the overtaking maneuver is in the closed-loop man-
ner. The closed-loop system for V} is

w1 (k+1) = f(x1(k), ui(k[F)),
where u}(k|k) is derived by the optimal solution to P (1 (k), z2(k)).

Proposition 7.5. (Safety) If Algorithm terminates with the output
Successful, the closed-loop overtaking trajectory is collision-free.

Proof. In lines 13-19 of Algorithm 7.1} the collision avoidance between vehi-
cles is guaranteed by S; (a1 (k + 1|k)) N S2(k + 1]k) = 0, i.e., the occupancy
intersection of two vehicles at the next time step is empty. The feasibility of
P(x1(k), 2(k)) implies that under the control of w}(k|k), there is no colli-
sion between V] and the obstacles O and Qs. If the output of Algorithmis
Successful, the closed-loop overtaking trajectory is collision-free throughout
the whole overtaking process. O

Proposition 7.6. (Successful Overtaking) By implementing Algorithm|[7.1, if
the optimal objective function o*(k) of P(x1(k),x2(k)) is 0 at some time step
k, Algorithm|7.1 will terminate with the output Successful.
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Proof. If a*(k) = 0 at some time step k, it follows that there exist a time
horizon T}, and a sequence of control inputs, {u;(k + ilk),i € N 1},
such that the constraints (7.11f)-(7.11g) are satisfied with a(k + ilk) = 0,
Vi € Njg1,)- At next time step k + 1, with time horizon 7}, — 1 and control
inputs {u1(k+i+1]k),i € Nyg 1, _g) }, the constraints — are still
satisfied with a(k + 1 +i|k + 1) = 0, Vi € Njg 7, _;). By induction, it follows
that the optimal solution of the problem P(x1(5), z2(j)) is 0 for all j > k.
We conclude that Algorithm 7.1] will terminate with the output Successful at
most 7T}, steps. 0

7.5.3 Approximate Solution

In general, it is difficult to exactly solve the min-max optimization problem,
P(x1(k), 2(k)). In this section, we provide an approximate solution, consist-
ing of the following steps:

Step 1: Check whether there exists a time horizon T}, such that the opti-
mization problem, P (x1(k), @2(k)), is feasible. If yes, go to Step 2; otherwise,
by Proposition (7.4} P (x1 (k), zo(k)) is infeasible.

Step 2: For the time horizon T}, iteratively reduce the value of the elements
in the sequence {a(k + i]k)}iTio from 1, until the problem P(z; (k), z2(k))
becomes infeasible. For computational efficiency, we can construct a sequence
by quantizing the interval [0, 1] into a finite number of elements and update
a(k +1i|k) from this sequence. Note that this sequence should include 0 and 1.

Step 3: Choose T} = Ty, {u(k+1|k) iTigl, {a*(k+ilk) }EO from the last
iteration such that P(a (k), 22(k)) is feasible. The optimal objective function
a” (k) can be approximately obtained by ™ (k) = maxen, 5. @ (k + i[k).

7.6 Numerical Evaluations

This section provides simulated case studies to demonstrate the effectiveness
of our theoretical results. The following numerical experiments are run on
Matlab R2018b with ICLOCS2 toolbox [203].

7.6.1 Successful and Unsuccessful Overtakings

The parameters used in the simulated example are listed in Table[7.1] where [;
and w; denote the length and width of vehicle V;, respectively. We choose the
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Table 7.1: Case study parameters

Lane Vehicle 1 Vehicle 2

Uﬁin =0m/s Omin = —7/18 rad a3 in = —4 m /s>
Viax = 1510/s | Onax = /18 rad a5 ax = 4m/52
d=5m a7 pin = —4 m/s? lg=47m
0=02s 0 ppax = 4 m/5° wy =2m

Ymin = —0.6 rad/s
Ymax = 0.6 rad/s
L=27Tm
[h=47m,w; =2m

initial state: 1 (0) = [0; 1.5; 0; 8] and x2(0) = [20; 3]. To measure safety, we
define the distance between the vehicles as

D(k)= min ||z — 2|
z1€S1 (w1 (k))
zzGSg(mQ(k))

In the following, we implement Algorithm [7.1| and provide two overtak-
ing scenarios: one results in a Successful output while the other results in an
Infeasible output.

A successful overtaking attempt is shown in Figure where V; finally
arrives in front of V5 through a set of sequential maneuvers: lane-changing,
lane-keeping, and merging. Figure [7.4(a) shows the position trajectories of
the two vehicles. In Figure [7.4(b)—(c), we show the yaw angle of V; and the
longitudinal velocities, respectively. Here, the longitudinal velocity of Vj is
v1 (k) cos 01 (k). Note that the longitudinal velocity of V3 increases. Both yaw
angle and longitudinal velocities satisfy their corresponding constraints. In
Figure [7.4(d)-(e), we show that the control inputs of the automated vehicle
(steering angle and acceleration) satisfy the control input constraints. Further-
more, Figure f ) shows that the collision avoidance between two vehicles is
guaranteed. In Figure[7.4(g), the minimal risk coefficients that are chosen to re-
lease the feasibility are provided. Although the initial risk coefficients are high
(close to 1), as time proceeds, the uncertainty about the future positions of V5
is reduced and thereby the risk coefficients decrease significantly (reaching 0
when p{ &~ 25m). According to Proposition[7.6| Algorithm[7.1]terminates with
output Successful.
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Figure 7.4: Successful overtaking: (a) position of two vehicles; (b) yaw angle
01 of V1; (c) longitudinal velocities v; of two vehicles; (d) steering angle v,
of V1; (e) acceleration a; of Vi; (f) distance D between two vehicles; (g) risk
coefficient o*.
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An infeasible overtaking attempt is shown in Figure In Figure [7.5(a),
we show the position trajectories of two vehicles. In Figure[7.5(b)—(c), we show
the yaw angle of V; and longitudinal velocities of two vehicles, respectively.
Both yaw angle and longitudinal velocities satisfy their corresponding con-
straints. Initially, since the problem P(z; (k), zo(k)) is feasible, the vehicle V;
performs a lane change. However, due to the significant increase of the longi-
tudinal velocity of Va, the problem P (z1 (k), 22 (k)) becomes infeasible when
the longitudinal position of V; is about 5m. Then, the vehicle V; gives up the
overtaking attempt and moves back to the previous lane. In Figure [7.5(d)-(e),
we show that the control inputs of the automated vehicle (steering angle and
acceleration) satisfy the control input constraints. Furthermore, Figure [7.5(f)
shows that the collision avoidance between two vehicles is still guaranteed
even though the overtaking attempt fails. The risk coefficients are shown in
Figure[7.5(g) where they are set to 0 when vehicle V; moves back.

7.6.2 Comparison with the Constant Velocity Assumption

We run a Monte Carlo simulation to compare Algorithm with receding
horizon control with constant velocity prediction adapted from [[180], [[182].
We sample 100 realizations of state trajectories for Vo with random inputs
generated by ua(k) = —2 + 67 but still guarantee the constraint satisfaction,
where 7 is a uniformly sampled random variable in interval [0, 1]. For the 100
realizations, we implement two methods. The simulation results show that
the probability of successful overtaking under Algorithm [7.1]is 93%. This is
much higher than the 27% successful rate under receding horizon control with
constant velocity prediction. One explanation for this is that the risk-aware
optimal overtaking control takes into account the (partial) reachable sets of V5
at each time step and such design exhibits more robustness than the control
with constant velocity prediction. To illustrate, we detail and compare two
realizations.

In the first realization, both control methods allow V; to safely overtake V5,
as shown in Figures We can see that the state, control, and safety con-
straints are respected in this realization. From Figure [7.6[a) and Figure ),
we see that our risk-aware optimal overtaking control achieves shorter over-
taking distance and time (77.61 m and 6.2 s) than the control with constant
velocity prediction, (100.30 m and 9.0 s).
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Figure 7.5: Unsuccessful overtaking: (a) position of two vehicles; (b) yaw
angle 0, of V7; (c) longitudinal velocities v; of two vehicles; (d) steering angle
11 of V1; (e) acceleration a; of Vi; (f) distance D between two vehicles; (g)
risk coefficient o*.
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Figure 7.6: Risk-aware optimal overtaking, first realization: (a) position of
two vehicles; (b) yaw angle 6; of Vj; (c) longitudinal velocities v; of two ve-

hicles; (d) steering angle 1, of V7; (e) acceleration a; of Vi; (f) distance D
between two vehicles.
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Figure 7.7: Receding horizon control with constant velocity prediction,
first realization: (a) position of two vehicles; (b) yaw angle 6, of V7; (c) longitu-
dinal velocities vy of two vehicles; (d) steering angle ¢; of V7; (e) acceleration
aq of Vq; (f) distance D between two vehicles.
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Figure 7.8: Risk-aware optimal overtaking, second realization: (a) position
of two vehicles; (b) yaw angle 67 of V1; (c) longitudinal velocities v; of two
vehicles; (d) steering angle 1)1 of V7; (e) acceleration a; of Vi; (f) distance D
between two vehicles.
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Figure 7.9: Receding horizon control with constant velocity prediction,
second realization: (a) position of two vehicles; (b) yaw angle 8; of Vi; (c)
longitudinal velocities v; of two vehicles; (d) steering angle 17 of Vi; (e) ac-
celeration a; of V7; (f) distance D between two vehicles.
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For the second realization, the risk-aware optimal overtaking control
achieves successful overtaking as shown in Figure while the control with
constant velocity prediction is unable to perform a safe overtaking before the
overtaking becomes infeasible as shown in Figure[7.9] In Figure[7.8] we show
the state and control trajectories, which satisfy the constraints. We can see
that V; is in front of Vo when V5 is at the x-position with 64.34 m. At the
same position, however, the vehicle V is still moving in the other lane under
the control with constant velocity prediction. Even when the velocity of V5
reaches the maximal velocity (at about 102.28 m), which implies that over-
taking becomes infeasible, V] has no chance to merge back and fails to safely
overtake V5. Finally, V; gives up overtaking attempt and moves back to the
previous lane, as shown in Figure [7.9(a).

7.7 Summary

In this chapter, we studied the overtaking problem where an automated ve-
hicle tries to overtake a human-driven vehicle. Here, we did assume that the
overtaken vehicle moves at a constant velocity, which might impose feasibility
issues. To increase the possibility of feasible overtaking, we used martingale
theory to perform a risk-aware reachability analysis by analytically charac-
terizing the predicted collision probability. We designed a risk-aware optimal
overtaking algorithm which can ensure collision avoidance during the whole
overtaking process. Finally, we illustrated the effectiveness of the proposed al-
gorithm in a simulated case study and compared our approach with the other
approaches that has been suggested in the literature.



Chapter 8

Conclusions and Future Research

In this chapter, we summarize the main results of this thesis and outline pos-
sible directions for future research.

8.1 Conclusions

This thesis studied the problem of assuring safety for uncertain control sys-
tems performing complex tasks. More precisely, for such systems, we devel-
oped computational tools and verification and control synthesis algorithms,
and evaluated these results on two applications.

In Chapter 3, we investigated the extension of set invariance to stochastic
control systems. We proposed finite- and infinite-horizon probabilistic con-
trolled invariant sets (PCISs), and provided some of their fundamental proper-
ties. We designed iterative algorithms to compute the PCIS within a given set.
For systems with discrete state and control spaces, it was shown that finite-
and infinite-horizon PCISs can be computed by solving an LP and an MILP at
each iteration, respectively. We proved that the iterative algorithms are com-
putationally tractable and can be terminated in a finite number of steps. For
systems with continuous state and control spaces, we established an approx-
imate algorithm for stochastic control systems and proved its convergence
when computing finite-horizon PCIS. In addition, thanks to the sufficient con-
ditions for the existence of infinite-horizon PCIS, we can compute an infinite-
horizon PCIS by the stochastic backward reachable set from the robust con-
trolled invariant set contained in it.

In Chapter 4, we considered some fundamental problems concerning the
invariant cover for uncertain discrete-time linear control systems. We pro-
vided computationally tractable necessary and sufficient conditions on the

181
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existence of an invariant cover, as well as upper and lower bounds on the
minimal cardinality of the invariant cover. In addition, we gave an algorithm
to compute an invariant cover in finite time. Numerical examples were given
to illustrate the effectiveness of the results.

In Chapter 5, we studied linear temporal logic (LTL) model checking
and control synthesis for discrete-time uncertain systems. Unlike automaton-
based methods, our solutions build on the connection between LTL formulae
and temporal logic trees (TLT) via reachability analysis. For a given transition
system and LTL formula, we proved that the TLT provide an underapproxima-
tion or overapproximation for the LTL via minimal and maximal reachability
analysis, respectively. We provided sufficient conditions and necessary condi-
tions to the model checking problem. For a given controlled transition system
and LTL formula, we showed that the TLT is an underapproximation for the
LTL formula and thereby proposed an online control synthesis algorithm, un-
der which a set of feasible control inputs is generated at each time step. We
proved that this algorithm is recursively feasible. We also illustrated the effec-
tiveness of the proposed methods through several examples.

In Chapter 6, we proposed a solution for a remote car parking problem.
The parking task was specified as a set of LTL formulae. The framework made
no assumptions about the operator’s preference. Our system updates a data-
driven belief of the operator’s intent. We utilized the TLT-based approach to
synthesize the control sets for LTL formulae. We proved recursive feasibility
of the method, showing that the controller is always feasible and able to guar-
antee that the human will not be able to drive the system to an unsafe set. We
illustrated the effectiveness of the proposed method by hardware experiments.

In Chapter 7, we studied the overtaking problem where an automated ve-
hicle tried to overtake another human-driven vehicle. Here, we did not assume
that the overtaken vehicle moves at a constant velocity, but assumed that the
predicted velocity of the overtaken vehicle respects a supermartingale, mean-
ing that its velocity is not increasing in expectation during the maneuver. We
used martingale theory to perform a risk-aware reachability analysis by ana-
lytically characterizing the predicted collision probability. We designed a risk-
aware optimal overtaking algorithm which can ensure collision avoidance. Fi-
nally, we illustrated the effectiveness of the proposed algorithm in a simulated
case study and compared with other approaches in the literature.
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8.2 Future Research Directions

There are several interesting research directions based on the work of this
thesis. Here we discuss three proposals related to invariant cover, reachability
analysis, and mixed human-machine systems.

Invariant Cover for Large-Scale Systems

Distributed control of large-scale systems relies on network communication.
In Chapter 5, we have shown that invariant cover plays an important role for
the design of coder-controller pairs with finite data-rate guarantees. Although
there are many existing distributed control approaches under data-rate con-
straints [[204], [205]], quantization for set invariance is rarely taken into ac-
count. It would thus be interesting to extend the invariant cover for such sys-
tems to provide fundamental guarantees on how much information exchange
is needed for a specific control invariance objective. Interesting problems not
only concern the relation between the existence of an invariant cover and the
network topology, but would also involve more efficient computational algo-
rithms.

Real-time Reachability Analysis for Uncertain Systems

Traditional approaches on formal control synthesis, e.g., automaton-based ap-
proaches, cannot be implemented in real-time, in particular, when the envi-
ronment is only partially known or dynamic. The TLT-based approaches in
Chapter 5 are promising to avoid this restriction due to the recursive construc-
tion of the TLT. Since reachability analysis provides a bridge between the TLT
and temporal logic formulae, real-time reachability could be used to extend
our methods to online implementation. In the past few years, computation
of reachable sets in real-time has become possible for certain deterministic
systems [206]], [[207]]. Built on these methods, it would be of great interest to
study real-time reachability also for the classes of uncertain control systems
in Chapter 5.

Scalable Synthesis for Multi-Human-Agent Systems

To deploy the self-driving vehicles in real traffic, it is important to develop ap-
proaches that allow multiple human and automated decision-makers. It would
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be interesting to extend the results on human modeling and control synthe-
sis in Chapters 6 and 7 to multi-human-agent traffic scenarios. New vehicle-
to-vehicle and vehicle-to-infrastructure communication technologies enable
many interesting scenarios for future studies. A fundamental question is how
to make safe decisions for complex tasks in a distributed way.
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