
Lecture 7

Computational Lyapunov Methods

Karl Henrik Johansson

Theorem 2 in Lecture 6 presents a su�cient condition for stability of hybrid
automata. If there exists a Lyapunov-like function V,1 which satis�es a certain
property at the jump instances, stability of the hybrid automaton follows. As
was pointed out, it is a non-trivial task to �nd such a V. This lecture is devoted
to that problem. It will be shown that for certain classes of hybrid automata,
which have vector �elds linear in x, computationally attractive methods exist to
derive V.

Lyapunov Equation

For a matrix M 2 Rn�n, let �(M ) = f�igni=1, �i 2 C , denote its eigenvalues.
The trace ofM is denoted trM =

Pn
i=1Mii, where Mii is the diagonal elements

of M . Recall that trM =
Pn

i=1 �i. If Re�i < 0 for all i, the matrix M is called
Hurwitz. A symmetric matrixM = MT is called positive de�nite (write M � 0)
if xTMx > 0 for all non-zero x 2 Rn. It is called positive semide�nite (M � 0)
if xTMx � 0 for all x 2 Rn. Similarly, M is negative de�nite (M � 0) if �M
is positive de�nite and it is negative semide�nite (M � 0) if �M is positive
semide�nite.

Recall that a linear di�erential equation _x = Ax is asymptotically stable if
and only if A is a Hurwitz matrix. A check if asymptotically stability holds can
be done by solving a linear algebraic equation, as stated next by the following
classical result.

Theorem 1. The equilibrium point x� = 0 of _x = Ax is asymptotically stable

if and only if for all matrices Q = QT � 0 there exists P = P T � 0 such that

ATP + PA = �Q: (1)

Moreover, if _x = Ax is asymptotically stable, then P is unique.

Proof. The \if" part follows from Theorem 1 in Lecture 6 together with V (x) =
xTPx, because then V (0) = 0, and for all x 6= 0, V (x) > 0 and

_V (x) = xTP _x+ _xTPx = xT (ATP + PA)x = �xTQx < 0:

1 Sometimes we drop \-like" in \Lyapunov-like" even if V is not strictly a Lyapunov
function in the sense in continuous dynamical systems.
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For the \only if" part, consider

P =

Z
1

0

eA
T tQeAt dt;

which is well-de�ned since A is a Hurwitz matrix. It is obvious that P is sym-
metric. It remains to show that P is positive de�nite, satis�es (1), and is unique.
First, recall that hf; gi = R

1

0 fT (t)g(t) dt de�nes an inner product on the space

of vector valued L2 functions (
R
1

0 kf(t)k2 dt < 1). With f(t) = Q1=2eAtx

(where a factorization Q = Q1=2(Q1=2)T exists because Q � 0), it follows that
xTPx = hf; fi > 0 for all x 6= 0 and hence P � 0. Second, a straightforward
calculation gives

PA+ATP =

Z
1

0

eA
T tQeAtAdt+

Z
1

0

AT eA
T tQeAt dt

=

Z
1

0

d

dt
eA

T tQeAt dt = �Q:

Third, assume there exists another solution P̂ 6= P . Then,

0 = eA
T t(Q� Q)eAt

= eA
T t[AT (P � P̂ ) + (P � P̂ )]eAt

=
d

dt
eA

T t(P � P̂ )eAt;

so that eA
T t(P � P̂ )eAt is constant for all t � 0. Evaluating at t = 0 and t =1

gives

eA
T
�0(P � P̂ )eA�0 = lim

t!1
eA

T t(P � P̂ )eAt;

that is,
P � P̂ = 0:

This concludes the proof.

Equation (1) is called a Lyapunov equation. Note that it is linear in the elements
of P . Hence, it is easy to �nd a Lyapunov function V (x) = xTPx for a linear
di�erential equation by solving its corresponding Lyapunov equation for some
Q � 0.

We may also write the matrix condition in Theorem 1 as: if there exists a
matrix P = P T � 0 satisfying the inequality

ATP + PA � 0:

Such an expression is called a linear matrix inequality (LMI), since the left-hand
side is linear in the unknown P . As we will see next, generalizations of Theorem 1
to hybrid automata lead to LMI's of similar nature. Today there exists e�cient
softwares to solve LMI problems. They will be further discussed in the end of
the lecture.
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Globally Quadratic Lyapunov Function

Now we generalize Theorem 1 to a class of hybrid automata.

Theorem 2. Consider a hybrid automaton H = (V , X, f , Init, Inv, Jump)
and let V = fv1; : : : ; vKg, K � 1. Assume that for all k 2 f1; : : : ;Kg,
{ f(vk ; x) = Akx, Ak 2 Rn�n,

{ Init � Inv,
{ for all x 2 Rn,

jJump(vk; x)j =
(
1; if (vk; x) 2 @Inv

0; otherwise

and

(v0; x0) 2 Jump(vk; x) ) (v0; x0) 2 Inv; x0 = x:

Furthermore, assume that for all � 2 E1H , �1(�) = 1 and that x� = 0 is an

equilibrium point of H. Then, if there exists P = P T � 0 such that

AT
kP + PAk � 0; 8k 2 f1; : : : ;Kg;

x� = 0 is asymptotically stable.

Proof. A sketch of the proof is as follows. First note that there exists 
 > 0 such
that

AT
k P + PAk + 
I � 0; 8k 2 f1; : : : ;Kg:

Also, note that with the given assumptions there exists a unique, in�nite, and
non-Zeno execution � = (�; v; x) for every (v0; x0) 2 Init (see Lecture 3). For
all i � 0, the continuous evolution x : � ! Rn of such an execution ful�lls the
time-varying linear di�erential equation

_x(t) =
KX
k=1

�k(t)Akx(t); t 2 [�i; �
0

i ];

where �k : � ! [0; 1] is a function such that for t 2 [�i; � 0i ],
PK

i=1 �i(t) = 1. Let
V (v; x) = xTPx. This leads to that for all t 2 [�i; �

0

i ],

_V�v(t); x(t)� = KX
i=1

�
�i(t)x(t)

T (AT
i P + PAi)x(t)

�

� �
kx(t)k2
KX
i=1

�i(t)

= �
kx(t)k2:
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v1

_x = A1x

x1 � 0

v2

_x = A2x

x1 � 0

x1 � 0

x1 � 0

Fig. 1. Hybrid automaton for Examples 1 and 2.

Note that

�minkxk2 � V(v; x) � �maxkxk2; (2)

where 0 < �min � �max are the smallest and largest eigenvalues of P , respec-
tively. It follows that

_V�v(t); x(t)� � � 


�max
V�x(t)�; t 2 [�i; �

0

i ];

and, hence,

V�v(t); x(t)� � V�v(�i); x(�i)�e�
(t��i)=�max; t 2 [�i; �
0

i ]:

Using (2) again gives

�minkx(t)k2 � �maxkx(�i)k2e�
(t��i)=�max; t 2 [�i; �
0

i ]:

Since the execution � by assumption is non-Zeno, we have that �i ! 1 as
i!1. Hence, kx(t)k goes to zero exponentially as t! �1, which implies that
the equilibrium point x� = 0 is asymptotically stable.2

The second and third assumptions imply that H is non-blocking and determin-
istic. The non-Zenoness assumption �1(�) = 1 is in general hard to check.
However, it holds, for instance, if the vector �eld is pointing (strictly) out of Inv
for all states in the domain of Jump and (strictly) into Inv for all states in the
range of Jump. The non-Zenoness assumption, could (probably3) in some cases
be removed by introducing relaxed executions (or Filippov solutions). This will
be further discussed in Lecture 8.

Example 1. Consider the hybrid automaton H in Figure 1 with

A1 =

��1 1
�1 �1

�
; A2 =

��2 1
�1 �2

�
:

2 In fact, the equilibrium point is exponentially stable, a notion that is stronger than
asymptotically stable, but that we did not introduce here.

3 This has been pointed out by several researchers, but there seems to be no formal
results, yet.
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Fig. 2. Continuous evolution for a hybrid automaton that does not have a globally
quadratic Lyapunov function. Still, the origin is an asymptotically stable equilibrium
point, which can be proved by using a Lyapunov function quadratic in each discrete
mode.

The eigenvalues are �(A1) = f�1� ig and �(A2) = f�2� ig, so both _x = A1x
and _x = A2x have an asymptotically stable focus (i.e., the solutions are spiraling
toward the origin). It is straightforward to see that H satis�es the assumptions
of Theorem 2. Moreover, AT

1 + A1 < 0 and AT
2 + A2 < 0, so the inequalities in

the theorem are ful�lled for P = I. Hence, the origin is an asymptotically stable
equilibrium point for H.

Theorem 2 provides a candidate for a globally quadratic Lyapunov function
V(x) = xTPx. A hybrid automaton may, however, be stable even if there is no
such Lyapunov function. This is illustrated by the following example.

Example 2. Consider the hybrid automaton in Figure 1 again, but let

A1 =

��5 �4
�1 �2

�
; A2 =

��2 �4
20 �2

�
:

The eigenvalues are �(A1) = f�6;�1g and �(A2) = f�2 � 4
p
5ig, so _x =

A1x has an asymptotically stable node and _x = A2x has an asymptotically
stable focus. The evolution of the continuous state is shown in Figure 2 for four
di�erent initial states. Origin seems to be a stable equilibrium point. Indeed, the
Lyapunov function indicated by dashed level sets proves asymptotic stability
of the origin. Note that the Lyapunov function is not globally quadratic, but
piecewise quadratic in the sense that it is quadratic in each discrete mode.

From the following result it follows that for the previous example, it is indeed
not possible to �nd a quadratic Lyapunov function.
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Proposition 1. If there exists Ri = RT
i � 0, i 2 f1; : : : ;Kg, such that

KX
i=1

(RiA
T
i +AiRi) � 0;

then there does not exist P = P T � 0 such that

AT
i P + PAi � 0; 8i 2 f1; : : : ;Kg:

Proof. Recall that for two matrices M � 0 and N � 0, it holds that tr(MN ) =
tr(NM ) � 0. Therefore, if P = P T � 0,

KX
i=1

tr[Ri(A
T
i P + PAi)] =

KX
i=1

[tr(RiA
T
i P ) + tr(RiPAi)]

=
KX
i=1

[tr(PRiA
T
i ) + tr(PAiRi)]

= tr

�
P

KX
i=1

(RiA
T
i + AiRi)

�
� 0:

But Ri = RT
i � 0 by assumption, so there exists i such that AT

i P + PAi � 0.
This proves the result.

Piecewise Quadratic Lyapunov Function

In this section we restrict the class of hybrid automata considered in Theorem 2
further, by assuming that the the invariant condition is given by polyhedra.
Consider a hybrid automaton H with

Inv =
K[
k=1

fvkg � fx 2 Rn : Ek1x � 0; : : : ; Eknx � 0g;

where

Ek =

2
64
Ek1

...
Ekn

3
75 2 Rn�n:

It then follows that (vk; 0) 2 Inv for all k. Let Jump : V �Rn! P (V �Rn) for
all (vk; x) 2 V �Rn satisfy

jJump(vk; x)j =
(
1; if (vk; x) 22 @Inv
0; otherwise

such that

(v`; x
0) 2 Jump(vk; x) ) F`x = Fkx; v` 6= vk; x

0 = x;
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where Fk; F` 2 Rn�n are given matrices (which hence de�ne the boundaries of
Inv(v)).

The LMI condition in Theorem 2 implies that

xT (AT
kP + PAk)x < 0; 8x 6= 0; (vk; x) 2 V �Rn:

It is, however, su�cient to require that

xT (AT
k P + PAk)x < 0; 8x 6= 0; (vk; x) 2 Inv:

This can be done by specifying a matrix Sk such that xTSkx � 0 for all x with
(vk; x) 2 Inv (and, thus, not necessarily positive semide�nite). Then,

AT
k P + PAk + Sk � 0

still implies that

xT (AT
k P + PAk)x < 0; 8x 6= 0; (vk; x) 2 Inv;

but xT (AT
kP + PAk)x < 0 must not hold for x 6= 0 with (v`; x) 2 Inv and

` 6= k. The matrix Sk can be chosen as Sk = ET
k UkEk, where Ek is given by

the representation of H and Uk = UT
k 2 Rn�n is to be chosen and should have

non-negative elements.
We may also let V depend on the discrete mode. Hence, let V(vk; x) = xTPkx

for (vk; x) 2 Inv. We choose Pk = FT
k MFk, where Fk is given by the represen-

tation of H and M = MT 2 Rn�n is to be chosen. The dependence of Pk on Fk
leads to that V is C0 in x. We summarize in the following theorem, which can
be proved similar to Theorem 2.

Theorem 3. Consider a hybrid automaton H = (V , X, f , Init, Inv, Jump)
and let V = fv1; : : : ; vKg, K � 1. Assume that for all k 2 f1; : : : ;Kg,
{ f(vk ; x) = Akx, Ak 2 Rn�n,

{

Inv =
K[
k=1

fvkg � fx 2 Rn : Ek1x � 0; : : : ; Eknx � 0g;

Ek = (ET
k1; : : : ; E

T
kn)

T 2 Rn�n,

{ Init � Inv,
{

jJump(vk; x)j =
(
1; if (vk; x) 2 @Inv

0; otherwise

such that

(v`; x
0) 2 Jump(vk; x) ) F`x = Fkx; v` 6= vk; x

0 = x;

where Fk; F` 2 Rn�n

7



EECS291E Hybrid Systems Lecture 7

v1

_x = A1x

x1 + x2 � 0

v2

_x = A2x

x1 � x2 � 0

v3

_x = A3x

x1 + x2 � 0

v4

_x = A4x

x1 � x2 � 0

x1 + x2 � 0

x1 � x2 � 0

x1 + x2 � 0

x1 � x2 � 0

Fig. 3. Hybrid automaton for Example 3.

Furthermore, assume that for all � 2 E1H , �1(�) = 1 and that x� = 0 is an

equilibrium point of H. Then, if for all k 2 f1; : : : ;Kg there exists Uk = UT
k ,

Wk = WT
k , and M = MT , where Uk and Wk have non-negative elements, such

that Pk = F T
k MFk satis�es

AT
k Pk + PkAk + ET

k UkEk � 0

Pk �ET
kWkEk � 0;

x� = 0 is asymptotically stable.

Note that the matrix inequalities are linear in the unknown matrices Uk, Wk,
and M . The second inequality assures that V(vk ; x) = xTPkx > 0 for all x 6= 0,
(vk; x) 2 Inv. The assumptions on H impose that (vk; 0) 2 Inv for all k. This
assumption can be removed by introducing a bit more involved notation, see the
references.

Example 3. Consider the hybrid automaton in Figure 3 with

A1 = A3 =

��0:1 1
�5 �0:1

�
; A2 = A4 =

��0:1 5
�1 �0:1

�
:

Here we may choose

E1 = �E3 =

��1 1
�1 �1

�
; E2 = �E4 =

��1 1
1 1

�
;

and

Fk =

�
Ek

I

�
; 8k 2 f1; : : : ; 4g:

The eigenvalues of Ak are �(Ak) = f�1=10�p5ig. The evolution of the continu-
ous state is shown in Figure 4 for the initial state (v0; x0) =

�
v1; (�2; 0)

�
. Origin
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Fig. 4. Continuous evolution for hybrid automaton in Example 3. The level sets for
the Lyapunov function is indicated by dashed lines. Note that function is not globally
quadratic.

seems to be a stable equilibrium point. Indeed, the Lyapunov function indicated
by dashed level sets proves asymptotic stability for the hybrid automaton. Note
that it is not quadratic, but only quadratic in each discrete mode. The Lyapunov
function is given by V(vk; x) = xTPkx with

P1 =

�
5 0
0 1

�
; P2 =

�
1 0
0 5

�
:

Linear Matrix Inequalities

Many problems in control and system theory results in LMI's. For example, in
Theorem 3 we have in the unknown M , Uk, and Wk, the LMI

ET
kMEk � 0

AT
k Pk + PkAk + ET

k UkEk � 0

Pk �ET
kWkEk � 0:

The problem of �ndingM , Uk, andWk, such as the LMI is satis�ed can be cast as
an optimization problem. It turns out that it is a convex optimization problem,
so it can be e�ciently solved. Recently, softwares for solving LMI problems have
been developed. For example, there is a MATLAB toolbox called LMI Control
Toolbox for solving LMI problems. In MATLAB, you may type

>> help lmilab
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for more information. Try the demo

>> lmidem

and you will see that there is a graphical user interface to specify LMI's. It is
entered by

>> lmiedit

After specifying an LMI, for instance,

P = PT � 0

ATP + PA � 0;

where A is a matrix that should be stored in MATLAB's workspace, and storing
it in lmisys, a feasible solution p is found (if it exists) by running the commands

>> [tmin,pfeas]=feasp(lmisys)

>> p=dec2mat(lmisys,pfeas,p)

Note that the feasibility problem is solved as a convex optimization problem,
which hence has a global minimum. This means that if the feasibility problem
has a solution, the optimization algorithm will (at least theoretically) always
�nd it.

Background

Most of this lecture is based on [4, 3]. More general cases are covered there, for
instance, when the origin does not necessarily belong to the invariant condition
of every discrete mode. The introduction on the Lyapunov equation is inspired
by [5]. The book [1] is devoted to LMI's.
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