Lecture 3

Deterministic and Non-Blocking
Hybrid Automata

Karl Henrik Johansson

Continuous Dynamical Systems Revisited

Consider the ordinary differential equation

#(t) = F(x(t),  2(0) = wo. (1)

A solution® on [0,7], T" > 0, to (1) is a continuously differentiable function
z:[0,T] = R™ satisfying

z(t) = 2o —1—/0 F(J:(s))ds.

We may ask for which functions F' there exist a solution to (1) and, if so, if the
solution 1s unique. Is it, for instance, sufficient that F' is a continuous function?
The answer is no concerning the uniqueness issue, as illustrated by the following
example:

Ezample 1. Let F(z) = 1/ and consider the differential equation (1) for zg = 0.
Then both z(t) = t?/4 and z(t) = 0 are solutions.”

If we, however, not only assume continuity but also restrict the rate of change of
F, we can show some nice properties. The following definition is needed, where
|| - || denotes the Euclidean norm (||z||? = 27 + - - -+ 22): a function F is locally
Lipschitz continuous if there exist r, L > 0 such that

1£(=) = F(y)ll < Ll — ]l

for all ||z||, [Jyl| < r. If there exists L > 0 (independent of ) such that the
condition holds for any r > 0, then F' is globally Lipschitz continuous.

Theorem 1 (Existence and Uniqueness). If F' is locally Lipschitz continu-
ous, then there exists § > 0 such that (1) has a unique solution on [0,6]. More-
over, if F' is globally Lipschitz continuous, then § < oo can be chosen arbitrarily
large.

! This solution is called a solution in the sense of Caratheodory.
% Actually, for any to > 0, x(t) = 0 for t € (0,t0) and @(t) = (t —to)? /4 for t € (to, 00)
is a solution.
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Fig. 1. Blocking hybrid automaton if {(v1,2) : z < 2} N Init # 0.

Y

Fig. 2. Non-deterministic hybrid automaton if {(v1,z): z < 2} N Init # 0.

Theorem 2 (Continuous Dependence on Initial State). Assume I is
globally Lipschitz continuous. If x(-) and y(-) are two solutions of (1) with initial
conditions xq and yy, respectively, then for a given € > 0 there exists 6(e, T) > 0
such that

leo—woll <5 = [lef) — y)ll < e

for allt €[0,T].

Next we will study extensions of these properties to hybrid automata.

Non-Blocking and Deterministic Hybrid Automata

Recall from Lecture 2 that £ (vg, 2p) denotes the set of all executions of H with
initial condition (vo,xq) € Init, EM (vg, zo) the set of all maximal executions,
and Ef7 (vo, zo) the set of all infinite executions.

Definition 1 (Non-Blocking Hybrid Automaton). A hybrid automaton H
is non-blocking if E5 (vo, xo) is non-empty for all (vg, zg) € Init.

Figure 1 shows an example of a hybrid automaton, which is blocking if {(v1, 2) :
z < 2} NInit £ §.

Definition 2 (Deterministic Hybrid Automaton). A hybrid automaton H
is deterministic if EM (vo, xo) contains at most one element for all (vg, xo) € Init.

Figure 2 shows an example of a hybrid automaton, which is non-deterministic if
{(v1,2) 1 2 <2} NInit # 0.

Motivated by previous section on continuous dynamical system, we impose
the following standing assumption on the hybrid automaton.

Assumption 1 The vector field f(v,-) is globally Lipschitz continuous for all
veV.



EECS291E Hybrid Systems Lecture 3

The examples in Figures 1 and 2 illustrate that a similar result to Theorem 1
does not hold. Next we will impose conditions that ensure a hybrid automaton
to be non-blocking and deterministic. To do so, it is convenient to introduce the
following two subsets of the state space.

The set of states reachable by H is denoted

Reachy = {(v,z) € V x R":
x = (r,v,2) € &x, (v(TJ/V)’x(TJ/VD = (v,2), N < oo},

where sometimes the subscript will be dropped. Note that Reachy D Init, since
in the definition we may choose 74, = 7v and N = 0.

Let ¢(t, a) denote the solution to & = f(v, #) for 2(0) = a. The set of states
from which continuous evolution is impossible 1s then given by

Outy = {(v,z) € VxR": Ve >0, It €[0,¢), (v,(b(t,z)) ¢ Inv}.

As usual, we will use Outg(v) to denote the projection of Out to discrete state
v € V, and drop the subscript H whenever the automaton is clear from the
context.

Note that if Inv is an open set, then Out is simply Inv®. If Inv is closed, then
Out may also contain parts of the boundary of Inv as in the following example.

Ezample 2. Consider the hybrid automaton in Figure 2 with Init = {v,} x R™.
Then,
Reach = {(v1,2) : z e R}U{(va,2) : 2> 1}

and
Out = {(v1,2): 2> 2} U{(va,2) : 2 < 1}.

Note that since
Inv = {(v1,2) : 2<2}U{(v2,2) : z > 1},
it holds that
Inve = {(v1,2) : 2> 2}U{(v2,2) : 2z < 1} # Out.

Theorem 3 (Non-Blocking Hybrid Automaton). A hybrid automaton H
is non-blocking if for all (v,z) € Outy N Reachy, Jump(v, z) # 0.

Proof. Consider an initial state (vg, #g) € Init and assume, for the sake of con-
tradiction, that there does not exist an infinite execution starting at (vg, zg).
Let x = (r,v,2) € EM(vg, o) denote a maximal execution starting at (vo,zo),
and note that 7 is a finite sequence. We consider two cases: when 7 ends with a
right-open interval and when 7 ends with a closed interval.

First consider 7 = {[r;, /] f\;gl[TN, Tn). Let (vn, zn) = limyypr (v(?), 2(2)).
Note that, by the definition of execution and by Theorem 1, the limit exists
and x can be extended to ¥ = (7,7,2) with 7 = {[r, 7/]},, 9(74) = vn, and
Z(7h) = . This contradicts the maximality of x.
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z1=0Az2 <0 T2 1= —CI2

L

Fig. 3. Hybrid automaton for bouncing ball, where Init = {(v, z) : z; > 0}.

Now consider the case 7 = {[r;, 7/]}L,, and let (vy,zn) = (v(Th), (7))
Clearly, (vy,zn) € Reachy. If (vy,zn) ¢ Outy, then there exists € > 0 such
that y can be extended to ¥ = (7,9,%) with 7 = {[r;, 7/] f\;gl[TN,TJ’V +¢) by
continuous evolution. If, on the other hand, (vx, zx) € Outg, then there exists
(0,2) € V x R" such that (¢,2) € Jump(vy,zn) (by the assumption in the
theorem). Therefore, x can be extended to ¥ = (7,7, %) with T = {[r, TZ»’]}?;‘El,
N4l = TJ/V_H = Tk, v(Tng1) = U, 2(Tn41) = Z by a discrete transition. Both
when the execution is extended with continuous evolution and with a discrete
transition, the maximality of y is contradicted. This completes the proof.

Ezample 3. Consider the bouncing ball hybrid automaton again shown in Fig-
ure 3. Here

Out = {(v,2) : 21 <0, }U{(v,2) : 21 = 0,29 <0}
Reach = {(v,z) : z1 > 0},

so that OutNReach = {(v, z) : z1 = 0, 23 < 0}. By the definition of Jump, we see
that for all (v, z) € Out N Reach, Jump(v, z) # @. Hence, the hybrid automaton
is non-blocking.

Proposition 1. A deterministic hybrid automaton H is non-blocking if and
only if for all (v,z) € Outy N Reachy, Jump(v, z) # 0.

Proof. The “if” part follows from Theorem 3. For the “only if” part, consider a
deterministic hybrid automaton H and assume there exists (¢, 2) € Out N Reach
such that Jump(@, z) = #. We will show that H then is blocking.

Since (9, %2) € Reach, there exists (vg,#¢) € Init and a finite execution x =
(r,v,2) € Eu(vo, xo), such that 7 = {[r;, 7/]}}L, and (9, 2) = (v(74), z(74)). Let
us show that v € EM (vg, zo), i.e., y is maximal.

Assume first that there exists X = (7,9, %) with 7 = {[n, 7]} X5 7w, 7 + €)
for some ¢ > 0. This would, however, violate the assumption that (7, Z) € Out.
Next assume that there exists ¥ = (7,7, %) with 7 = 7[rv41, Tay4] with 7v g =
7 - This requires that the execution can be extended beyond (¢, &) by a discrete
transition, i.e., that there exists (v,2z) € V x R"™ such that (v, 2) € Jump(%, 2).
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This would, however, violate the assumption that Jump(,z) = 0. Hence, we
have shown that x € E¥ (vo, z0).

Now, assume, for the sake of contradiction, that H is non-blocking. Then,
there exists ¥ € £ (vo, xo). But £ (vo, o) C EM(vg, z0) and y # ' (as the
former is finite and the latter infinite), therefore M (vo,z0) D {x,x'}. This
contradicts the assumption that H is deterministic. Therefore, H is blocking
and the proof is complete.

In the following necessary and sufficient condition for a hybrid automaton to be
deterministic, we let | - | denote cardinality.

Theorem 4 (Deterministic Hybrid Automaton). 4 hybrid automaton H
is deterministic if and only if for all (v, z) € Reachy, [Jump(v, 2)| < 1 and, if
Jump(v, z) # 0, (v,z) € Outy.

Proof. For the “if” part, assume, for the sake of contradiction, that there exists
an initial state (vg, o) € Init and two maximal executions y = (7,v,2) and
X = (7,7, ¥) starting at (v, o) with x # X. Let ¥ = (7,9, %) € En(vo, 2o) denote
the maximal common prefix of y and X (see Lecture 2 for the definition of prefix).
Such a prefix exists as the executions start at the same initial state. Moreover,
X is not infinite, as x # X. Therefore, as in the proof of Theorem 3, ¥ can be
assumed to be of the form 7 = {[7, #]} . Let (vn,zn) = (v(7h), (7)) =
(v(7h), (7). Clearly, (vy,2n) € Reach. We distinguish the following four
cases:

Case 1: 7y € {7/} and 7y € {7/}, i.e., T} 1s not a time when a discrete transition
takes place in either y or Y. Then, by a standard existence and uniqueness
argument for continuous systems, there exists ¢ > 0 such that the prefixes of
x and X are defined over 7 = {[#, 7]} 5 7w, 7o + ¢) and are identical. This
contradicts the maximality of x.

Case 2: ) € {7/} and 74 ¢ {7/}, i.e,, 7§ is a time when a discrete transi-
tion takes place in x but not in ¥. The fact that a discrete transition takes
place from (vn,zn) in x indicates that there exists (v,z) € V x R”™, such that
(v,2) € Jump(vn,zn). The fact that no discrete transition takes place from
(vn,2zn) in X indicates that there exists ¢ > 0 such that ¥ is defined over
7= {[®, FVNS AN, Ty + €). Therefore (vy, zy) € Out. This contradicts the
second condition of the theorem.

Case 3: 75 € {1/} and 74 € {7/}, symmetric to 2.

Case 4: Tj € {7]} and 7} € {7/}, i.e., Th is a time when a discrete transition
takes place in both y and y. The fact that a discrete transition takes place from
(vn,2zy) in both y and ¥ indicates that there exist (v, z) and (¥, %), such that
(v,2z) € Jump(vn, zn) and (¥,%) € Jump(vy, zn). By the first condition of the
theorem, (v, z) = (¥, z). Therefore, y and ¥ have identical prefixes defined over
7= {I7, F1H o [FN 41, Thye], With 7y41 = 744y = 74 This contradicts the
maximality of .

This concludes the “if” part of the proof, since the assumption y # X in the
beginning of the proof thus does not hold.
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For the “only if” part, assume that there exists (¢, z) € Reach such that at
least one of the two conditions of the theorem is violated. Since (7, Z) € Reach,
there exists (v, zg) € Init and a finite execution x = (7, v, ) € g (vo, xy) such
that 7 = {[r;, 7]}, and (v, 2) = (v(74 ), z(74)). If the first condition is violated,
then there exist ¥ = (7,%,%) and Y = (7,9,%) with T = 7 = 7[7y41, Ty44],
™41 = Th, and (U(7n41), Z(7v41)) # (0(7v41), 2(Twvg1)), such that y < ¥
and y < x. If the second condition is violated, then there exists ¥ and y with
7 =A{[n, TZ»’]}f\;Bl[TN, T~+e€), € > 0,and 7 = T[TN41, Ty 41 ], TN41 = Ty, such that
x < X and y < ¥. In both these cases, let ¥ € EM (vg, 20) and ¥ € EM (v, 20)
denote maximal executions of which Y and Yy are prefixes, respectively. Since
X # X, it follows that ¥ # X. Therefore |EM (vo,20)| > 2 and thus H is non-
deterministic. This concludes the “only if” part.

Ezample 4. Consider the bouncing ball hybrid automaton in Figure 3 again.
Since |Jump(v, z)| < 1 for all z € R? the first condition of Theorem 4 holds.
From

{(v,z) €V x R™: Jump(v, z) =}
={(v,2) 1 21 = 0,22 < 0}
C{(v,2): 21 <0, }U{(v,2) : 21 = 0,22 <0}
= Out,

we see that also the second condition holds. Hence, the hybrid automaton is
deterministic.

Summarizing Theorems 3 and 4, we get the following result.

Corollary 1 (Existence and Uniqueness). If a hybrid automaton H satisfies
the conditions of Theorems 3 and 4, then it accepls a unique infinite execution
for all (vo, xg) € Init.

Proof. Tf H satisfies the condition in Theorem 3, then |£f (v, 2o)| > 1. If it
satisfies the conditions in Theorem 4, then [EM (vg, zo)| < 1. But £ (vo, zo) C
EM (vg, 2g), so therefore, 1 < |5 (v, 7o) < |EM (vo, 70)| < 1, which proves the
result.

Note that even if a hybrid automaton accepts a unique infinite execution for
all initial states, it does not necessarily accept executions with execution time
Teo = Ef\;o(rg—n) = o0, 1.e., the execution is not necessary defined for all times.
An example of such an hybrid automaton is the bouncing ball hybrid automaton.
This 1ssue will be further discussed in next lecture, where Zeno hybrid automata
are introduced.

Continuous Dependence on Initial State

There are other properties than existence and uniqueness that are important for
hybrid automata. For example, it 1s often desirable that a model shows robust-
ness to modeling errors and initial conditions. Unfortunately, there exist few such
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results. In this section we will only illustrate through a couple of examples that
executions of hybrid automata in general do not show continuous dependence
on initial states. Continuity is interpreted in the metric

d((v’ Z)’ ({)’ 2)) = dD(v’ {)) + HZ - ”%H’
where dp denotes the discrete metric given by

fo, ifv=4
do(v.0) = {1 ifoo

and || - || denotes the Euclidean norm.
Ezample 5. Consider the hybrid automaton
— V ={v,v2} and X = R%
— Init = {v;} x RZ

- f(,) = (I’O)T;
— Inv={(v1,2): 21 <0}U{(va,2): z1 > 0};

(vz,(xl,l)), ifv=ovy, 23>0
Jump(v, (%1, xz)) = (vz, (@1, 0)), if v=uv1, 23 <0
@, otherwise.

The hybrid automaton has a unique infinite execution for every initial state.
It shows, however, in general not continuous dependence on the initial state as
illustrated next. Consider two executions y = (7,v,2) and y = (7, ¢,&) with
initial states (v1,(0,0)) and (v1,(0,€)), respectively. For every ¢ > 0, ||z(t) —
2(t)]| = 1for allt € [y, 7] and ¢ € [, 7], ¢ > 0.

The reason for the absence of continuous dependence in the example is due to
the discontinuous jump condition.

Ezrample 6. Consider the hybrid automaton

— V = {v;,vs,v3} and X = R
— Init = {v;} x RZ

(1,0)F, ifv =1
Jv,2) =< (1, )7, if v = v,y
(1,-1T, if v = vs;
Inv = {(v1,2): &1 <O0}FU{(va,2): 22 > 0} U{(vs,2): 22 <0}

(v2a$)a ifv:vlaxlzoa xZZO
Jump(v, 2) = < (ve, ), ifo=v, 2 >0, 22<0.
@, otherwise.

To see that this hybrid automaton in general does not show continuous depen-
dence on the initial state, consider initial states in a neighborhood of (vl, (0, 0))
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Background

The lecture is mainly based on [2]. For more results on continuous dynamical
systems, see [3]. For some work on continuous dependence on initial state, see

[5,1,4].
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