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Hybrid Automata and Executions

Karl Henrik Johansson

Hybrid Automata

De�nition 1 (Hybrid Automaton). A hybrid automaton H is a collection

H = (V , X, f , Init, Inv, Jump):

Discrete modes A �nite set V is called the discrete modes. It represents the

discrete dynamics of H.

Continuous variables A �nite ordered set X = fx1; : : : ; xng, n � 0, of real-
valued variables is called the continuous variables. I represents the continuous

dynamics.

Vector �eld A function f : V �Rn! R
n is called the vector �eld. It de�nes the

continuous 
ow in each discrete mode v 2 V through a di�erential equation

_x = f(v; x).
Initial condition The initial condition is a set Init � V � Rn that de�nes

the initial state of H. A state of the hybrid automaton is a pair (v; z) that

consists of a discrete mode v 2 V and a point z 2 Rn being the value of x.

Invariant condition The set Inv � V �Rn is called the invariant condition.

As long as the discrete mode of H is in v 2 V , the state must belong to Inv.1

Jump condition A set-valued function Jump : V �Rn! P (V �Rn) is called

the jump condition.2 It speci�es if a jump from one discrete mode to another

is possible and what new value should be assigned to the continuous variable

after the jump.

We refer to a point (v; z) 2 V �Rn, where z is the valuation of x, as the state

of H. Sometimes we call v the discrete state and z the continuous state.
A short comment on notation: Note that we distinguish variables from their

valuations. The set of variables is a set of symbols, e.g., X = fx1; : : : ; xng. The
set of valuations are all possible values these variables can take, e.g., the set Rn.
The valuation itself can be thought of as a map giving a value to a variable. We
will use zi as a generic value for the variable xi 2 X. Sometimes we collect the
elements of X in a (column) vector and use the notation x = (x1; : : : ; xn)

T . It

1 The notion \invariant" for Inv comes from the hybrid system literature in computer

science. Note that Inv is in general not invariant in the usual dynamical systems

sense.
2 Here P (
) denotes the power set of 
, i.e., the set of all subsets of 
.
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is common in the control literature to let a variable x also denote the function
that is the solution to a di�erential equation _x = f(x). We will adopt this slight
abuse of notation (as was done above in the de�nition of the vector �eld), and,
hence, let x : I ! R

n also denote a function from some interval I to Rn. The
component of x is denoted xi, i 2 f1; : : : ; ng.

Hybrid automata are convenient to visualize as graphs. In order to get a
straightforwardmapping from the formal de�nition to a graphical representation,
we introduce the following notation based on De�nition 1. A hybrid automaton
can be represented by a directed graph (V;E) with vertices V and edges

E = f(v; v0) 2 V � V : 9z; z0 2 Rn; (v0; z0) 2 Jump(v; z)g;

also known as the control switches. With each vertex v 2 V , we associate a set
of continuous initial states

Init(v) = fz 2 Rn : (v; z) 2 Initg;

a vector �eld f(v; �), and an invariant map

Inv(v) = fz 2 Rn : (v; z) 2 Invg:

With each edge e = (v; v0) 2 E, we associate a guard condition

G(e) = fz 2 Rn : 9z0 2 Rn; (v0; z0) 2 Jump(v; z)g;

and a jump map

J(e; z) = fz0 2 Rn : (v0; z0) 2 Jump(v; z)g:

The guard condition tells for which continuous states it is possible to go from
one discrete mode to another and the jump map gives possible continuous states
to jump to.

The graphical notation is summarized in Figure 1 with a hybrid automaton
having discrete modes V = fv1; v2g, continuous variable X = fxg, and a single
control switch (v1; v2) 2 E. In each vertex of the graph, we specify the discrete
mode, the di�erential equation implied by the vector �eld, and the invariant
condition. On each edge, the guard condition and the jumpmap is speci�ed. The
notation \:2"means that x0 is assigned a value from a set-valued map. The initial
state Init(v) may be indicated as an arrow (an edge without a source vertex)
pointing at the vertex v with the set Init(v) speci�ed on it. The expressions
\x 2 I(v1)",\x 2 G(v1; v2)", and \x0 :2 J(v1; v2; x)" should be interpreted such
that the conditions should hold when x and x0 are replaced by their assigned
values a; a0 2 Rn, say.

Example 1. Figure 2 shows the hybrid automaton for a bouncing ball in Lec-
ture 1, where c 2 [0; 1] and g > 0. In the graphical notation we have the following
de�nition of the hybrid automaton:

{ V = fvg and X = fx1; x2g,
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v1

_x = f(v1; x)
x 2 I(v1)

v2

_x = f(v2; x)

x 2 I(v2)
x 2 G(v1; v2) x0 :2 J(v1; v2; x)

Fig. 1. Hybrid automaton speci�ed in the graphical notation.

x1 = 0 ^ x2 � 0 x2 := �cx2

v

_x1 = x2
_x2 = �g

x1 � 0

Fig. 2. Hybrid automaton for bouncing ball.

{ f(v; z) = (z2;�g)
T ,

{ Init(v) = fx 2 X : x1 � 0g,
{ I(v) = fz 2 R2 : z1 � 0g,
{ E = f(v; v)g,
{ G(v; v) = fz 2 R2 : z1 = 0 ^ z2 � 0g,
{ J(v; v; (z1; z2)) = f(z1;�cz2)g.

Using De�nition 1, we have

{ Init = fvg � fx 2 X : x1 � 0g,
{ Inv = fvg � fz 2 R2 : z1 � 0g,

and the last three lines reduce into the jump condition

Jump(v; z) =

(
f(v0; z0) 2 V �R2 : (v0; z01; z

0
2) = (v; z1;�cz2)g; if z1 = 0; z2 � 0

;; otherwise:

When a continuous variable does not impose a condition on the invariant or
guard, we do not necessarily include it in the graph (in Figure 2 x2 has been
dropped from the invariant condition). The same holds if a jump map is the
identity for some continuous variable (x1 := x1 in Figure 2).

Example 2. Consider the water tank system in Figure 3. For i 2 f1; 2g, let xi
denote the volume of water in Tank i and qi > 0 denote the constant 
ow
of water out of Tank i. Let qin > 0 denote the constant 
ow of water into the
system, directed exclusively to either Tank 1 or Tank 2 at each point in time. The
objective is to keep the water volumes above r1 and r2, respectively (assuming
that the water volumes are above r1 and r2 initially). This is to be achieved by
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x1

x2
h1 h2

q1 q2

qin

Fig. 3. Water tank control system.

a switched control strategy that switches the in
ow to Tank 1 whenever x1 � r1
and to Tank 2 whenever x2 � r2. Let r1 = r2 = 1 and (q1; q2; qin) = (2; 3; 4).
Then, the water tank control system may be described by the hybrid automaton
in Figure 4. The formal de�nition is given by

{ V = fv1; v2g and X = fx1; x2g,
{ f(v1; z) = (2;�3) and f(v2; z) = (�2; 1),

with either

{ Init = V � fz 2 R2 : z1 > 1; z2 > 1g,
{ Inv = f(v; z) 2 V �R2 : v = v1; z2 � 1g[f(v; z) 2 V �R2 : v = v2; z1 � 1g,
{

Jump(v; z) =

8><
>:
f(v1; z)g; if v = v2; z2 � 1

f(v2; z)g; if v = v1; z1 � 1

;; otherwise;

following De�nition 1 or, for the graphical notation,

{ Init(v) = fz 2 R2 : z1 > 1; z2 > 1g for both v 2 V ,
{ I(v1) = f(z 2 R2 : z2 � 1g and I(v2) = f(z 2 R2 : z1 � 1g,
{ E = f(v1; v2); (v2; v1)g,
{ G(v1; v2) = fz 2 R2 : z2 � 1g and G(v2; v1) = fz 2 R2 : z1 � 1g,
{ J(v1; v2; z) = J(v2; v1; z) = z.

Since there is a unique graphical representation for each hybrid automaton, we
will in most examples use the corresponding graph as a formal de�nition.

Hybrid Time Trajectories

De�nition 2 (Hybrid Time Trajectory). A hybrid time trajectory � is a

�nite or in�nite sequence of intervals � = fIig
N
i=0

, such that

{ Ii = [�i; �
0

i ] for i < N , and, if N <1, IN = [�N ; �
0

N ] or IN = [�N ; �
0

N ),
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v1

_x1 = 2

_x2 = �3
x2 � 1

v2

_x1 = �2

_x2 = 1
x1 � 1

x2 � 1

x1 � 1

Fig. 4. Hybrid automaton for water tank system.

x

�0 � 00
�1

� 01
�2

� 02
�3

� 03

Fig. 5. Hybrid time trajectory � = [�0; �
0

0][�1; �
0

1][�2; �
0

2][�3; �
0

3].

{ �i � � 0i = �i+1 for i � 0.

A hybrid time trajectory is a sequence of intervals of the real line, whose end
points overlap. The interpretation is that the end points of the intervals are
the times at which discrete transitions take place. Note that �i = � 0i is allowed,
therefore multiple discrete transitions may take place at the same \time". An
illustration of a hybrid time trajectory with four intervals is shown in Figure 5,
where jumps in the continuous variable are indicated. At t = � 01 = �2 = � 02 = �3
two jumps take place.

Hybrid time trajectories can extend to in�nity if � is an in�nite sequence or
if it is a �nite sequence ending with an interval of the form [�N ;1). We denote
by T the set of all hybrid time trajectories and use t 2 � as shorthand notation
for that there exists i such that t 2 Ii with Ii 2 � .

We use v and x to also denote the time evolution of the discrete and continu-
ous state, respectively, with a slight abuse of notation (as discussed above). For
each i 2 f1; : : : ; Ng, they will be de�ned as functions from the interval Ii to V

and Rn, respectively. We use v : � ! V and x : � ! R
n as short hand notations

for the maps assigning values from V and Rn to each t 2 � . Note v and x are
not functions on the real line, as they assign multiple values to the same t 2 R
at t = � 0i = �i+1 for all i � 0.

Each � 2 T is fully ordered by the relation� de�ned by t1 � t2 for t1 2 [�i; �
0

i ]
and t2 2 [�j; �

0

j] if i < j, or if i = j and t1 < t2.
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v

�0 � 00
�1
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�2

� 02

x

�0 � 00
�1

� 01
�2

� 02

Fig. 6. Example of an execution.

Executions

Next we introduce a concept similar to a solution of a continuous dynamical sys-
tems for hybrid automata. This concept is, however, richer the regular solutions,
so to distinguish them we introduce the notion of executions of hybrid automata.

De�nition 3 (Execution). An execution � of a hybrid automaton H is a col-

lection � = (�; v; x) with � 2 T , v : � ! V , and x : � ! R
n, satisfying

Initial condition
�
v(�0); x(�0)

�
2 Init,

Continuous evolution for all i with �i < � 0i , v(�) is constant and x(�) is a

solution to the di�erential equation _x(t) = f
�
v(t); x(t)

�
over [�i; �

0

i ], and for

all t 2 [�i; �
0
i), (v(t); x(t)) 2 Inv

Discrete evolution for all i, (v(�i+1); x(�i+1)) 2 Jump
�
v(� 0i ); x(�

0

i)
�

In the graphical representation, the invariant condition corresponds to x(t) 2
I(q(t)) and jump condition corresponds to e = (v(� 0i ); v(�i+1)) 2 E, x(� 0i ) 2 G(e),
and x(�i+1) 2 J(e; x(� 0i)). Figure 6 illustrates an execution.

We say a hybrid automaton accepts an execution � or not. For an execution
� = (�; v; x), we use (v0; x0) =

�
v(�0); x(�0)

�
to denote the initial state of �.

The execution time �1(�) is de�ned as �1(�) =
PN

i=0
(� 0i � �i), where N + 1

is the number of intervals in the hybrid time trajectory. The argument � will
sometimes be left out.

We say � = (�; v; x) is a pre�x of �̂ = (�̂ ; v̂; x̂) (write � � �̂), if � � �̂ and�
v(t); x(t)

�
=
�
v̂(t); x̂(t)

�
for all t 2 � . We say � is a strict pre�x of �̂ (write

� < �̂), if � � �̂ and � 6= �̂. An execution is maximal if it is not a strict pre�x
of any other execution.

An execution is �nite if � is a �nite sequence ending with a compact interval,
it is called in�nite if � is either an in�nite sequence or if �1(�) = 1, and it
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Fig. 7. Example of an execution for the water tank hybrid automaton.

is called Zeno if it is in�nite but �1(�) < 1. The execution time of a Zeno
execution is also called the Zeno time.

We use EH(v0; x0) to denote the set of all executions of H with initial
condition (v0; x0) 2 Init, EMH (v0; x0) to denote the set of all maximal execu-
tions, and E1H (v0; x0) to denote the set of all in�nite executions. We de�ne
EH =

S
(v0;x0)2Init

EH(v0; x0) and E
1

H =
S

(v0;x0)2Init
E1H (v0; x0). To simplify the

notation, we will drop the subscript H whenever the automaton is clear from
the context. For all (v0; x0) 2 Init, we have

E1H (v0; x0) � EMH (v0; x0) � EH (v0; x0):

An execution for the hybrid automaton of the water tank in Example 2 is
shown in Figure 7. Figure 8 illustrates the continuous part of an execution for

the hybrid automaton of the bouncing ball in Example 1.

Background

The de�nitions are based on [4,3, 6]. Some terminology is also borrowed from
[2]. The water tank example comes from [1].
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