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° Optimal transport for state-estimation of multi-agent systems
@ Optimal transport with underlying dynamics
@ Partial information from multi-agent systems and measures
@ Optimal mass transport formulations for estimation and information fusion
@ State estimation examples

9 Regularized multi-marginal optimal transport for sensor fusion
@ Multimarginal optimal transport and Sinkhorn iterations
@ Efficient computations of projections and generalized Sinkhorn iterations
@ Localization with partially calibrated sensors
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Optimal mass transport with dynamics

Compare sets of agent:

n
0
X Yho1 ~ 1o = Z‘SXE !
k=1

AV~ = zn:6x1 , Qe ° %.ff
k=1 x - &i‘fr%

Define transport cost

n 15
T — min c XO X1 -15 -1 05 o 05 1 15
(10, 11) pepormin n}); (Xk> X))
= min(C, M) Figure: The black lines illustrate optimal optimal
om0 transport plan for cost c(xo, x1) = ||x0 — X1 ||%.

st M1=1,M"1=1,
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Optimal mass transport with dynamics

Compare sets of agent:
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Define transport cost

n

T — min c XO X1 -15 -1 05 0 05 1 15
(po> 1) pepormin n}); (Xk> X))

= min(C, M) Figure: The black lines illustrate optimal optimal

T om0 transport plan for cost ¢(xo, X1) = ||xo — x4 ||%.

st M1=1,M"1=1,
For quadratic cost function Cy o = ¢(x2, x}) = [|x§ — x}||2.
Interpretation: each agent cost correspond to the optimal control problem

;
o) = min [ u(o)at
subjectto  x(t) = u(t), x(0) = xp and x(1) = xq

where X is initial position and x; is the final position.
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Optimal mass transport with dynamics

@ Generalization to linear dynamics:  x(t) = Ax(t) + Bu(t).
@ Optimal control problem for each agent:

1
min / u(t)|2dt
u 0

subjectto  x(t) = Ax(t) + Bu(t),
x(0) = xp and x(1) = xy.

@ The cost is then given by
cas(X0,x1) = (x1 — ®x0) " M;g! (%1 — dxp), where

;
& =e* M= / A= BBT A (1-7) g7,
0

Y. Chen, T.T. Georgiou, and M.Pavon. Optimal Transport Over a Linear Dynamical System. IEEE TAC, 2017.
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Optimal mass transport with dynamics

Insight: Sufficient to change the cost to account for agent dynamics
x(t) = Ax(t) + Bu(t).
Corresponding optimal transport formulations:

Uk ,pEperm({1,..., n})

nooa
Tas(ionm) = min > [ oot
k=1

subjectto Xk (t) = Axk(t) + Buk(?),
xk(0) = x¢ and X (1) = Yo k)

= min /CA,B(X07X1)M(X07X1)dXOdX1
Me M (X2) X2
subject to M(xo, x1)dxo = po(xo)
x1€X
M(xg, X1)dxq = X
where the cost is then given by X0 €X B, x)dbr =y (x1)

cas(X0, X1) = (x1 — ®x0) My (x1 — dxo), where

1
o= Myo= / 1-7)BBT A (1-7) g,
0

Y. Chen, T.T. Georgiou, and M.Pavon. Optimal Transport Over a Linear Dynamical System. IEEE TAC, 2017
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Partial information

Observation models

@ Standard observations in state space: C: X — Y
y =0Cx

hold for each agent.
@ Corresponding observations for measures py = Cypx:

py(U) = px(C™(U)) forall subsets U € V.

@ Projection accordingto C =[10]: R> - Rand C =[1 1] : R2 = R:

C=[10 C=[11]
R [10] ) [11]
K, K,
15 O 15 o i
® u ® ny
1 1
05 05
0 0
g o § o
~ ~
N N
05 05
1 1
15 15
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Partial information

Observation models

Information obtained from (other) integral operator:

@ Fourier operator (DOA, Spectral estimation)

T e 0
rw=[ | . | du®

-

@ Radar localization
r() = [ alu(x)ato"dx.

where a is steering vector.

@ Radon transform (CT-imaging, radar imaging), blurring, etc.
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State tracking and information fusion for multi-agent systems

Optimization problems based on optimal transport

@ State estimation:

-
H X X
min 21 T(pi—1,147)

=

Hi

subjectto  pf = Cypf, t=0,1,...,T

@ Barycenter (centroid):

i T (s
min 2 T @ @O

@ Barycenter with partial information

Mo, k=1...,n

n n
min (s k) + A AP
k; g kg ‘ oo ()

subjectto  Tk(u) = rx + Ak r r. r.

O O
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State tracking of multi-agent systems
Problem formulation

Assume that the underlying dynamics and output measurements corresponds to the linear system
x(1) Ax(t) + Bu(t) (1a)
y(t)y = Cx(1) (1b)

where A € R™" B € R™P C € R™" and (A, B) is a controllable pair.

Problem: track the distribution fi;, where each particle abides by (1a), based on the output
distributions of (1b) at the times k =0,1,...,T.

where dw is normalized white Gaussian noise.
Note that only the distribution of the output is )
available. 0 ! 2 8 N s

Time

Example: s
Consider the tracking of N systems with oscilla- 4 .
tory dynamics s p «
0o 1 . N ’
ax(t) = x(t)dt + ocdw(t) < x x ;
-1 0 20 x L
[ 1 ¥ x
y(ty=1[1 0]x(t) . .

Identifiability of this problem studied in (Zeng, Waldherr, Ebenbauer, Aligéwer, 2016).
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State tracking of multi-agent systems

Example

-
min > Tap(uld,ul))  subjectto i) =cCupl, t=0,1,...,T.
t=1

e

Figure: Example with N = 7 systems to be Figure: Example with N = 5 systems to be
tracked. Noise level: o = 0.1. tracked. Noise level: o = 0.5.

Available measurement points (x).
True system states (solid). Estimated system states (dashed).
Y. Chen and J. Karlsson: State tracking of linear ensembles via optimal mass transport. IEEE L-CSS, 2018.
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Optimal mass transport

Tracking using dynamics

Complex-valued, zero mean, discrete-time stochastic process, y(t), for t € Z.
If the signal is wide sense stationary (WSS), we may define covariance

rc = E(y(0)y(t — k)

being independent of t.
The measured covariances are the Fourier coefficients of the spectrum:

1 /7 -
re=— / MO
2m J_x
A signal is typically only stationary for short time intervals. To handle this, solve the problem’
T
min T(wt—1,
e ; (1t—1, p1t)

N 1 ™ .
subjectto P (t) = 2—/ ne(0)e~*0do
u —T

where P (t) it the k:th covariance estimated in time interval t.

"Includes regularization.
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Optimal mass tr

Tracking using dynamics

Ground truth: Estimates of the frequencies.

Frequency tracking. Two frequencies.

6 6 T T T
I i I 1 4
I i 1 —
gt L S |
s g ] ¢ TTe—e 05
= = e |
=2 S I I 0 1
I I I 1
° I I 1 o
) 1 2 3 4 5
t(s)
2 6F —_— —_ 3 1
—-— -
@' ==
@
K S40- e
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El 20m [ d
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0 1 2 3 4 5 % 7 2 " s °
t(s) t(s)

Figure: Top panel: the frequency locations.

Bottom panel: the velocities (chirp rate). Figure: Top panel: reconstruction using standard

OMT formulation. Bottom panel: estimates
obtained using the Capon estimator.

F. Elvander, |, Haasler, A. Jakobsson, and J. Karlsson: Multi-Marginal Optimal Mass Transport with Partial
Information. Submitted for publication. https://arxiv.org/abs/1905.03847
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Optimal mass transport

Tracking using dynamics

Ground truth: Estimates of the locations:

Frequency tracking. Two frequencies. Dynamics in the OMT formulation.

T 4
g : 3/{ X 0s
S2g- e e S
v : . -
1 I I L 0
0 1 2 3 4 5

T
)
|
(
)
'
|
I
T
L

ﬁ‘]i’»/;»/‘»/‘V/‘i» q %ob‘ | : : o 05
>4 \ > e _;____ﬁ:)
I I I I r ' ! ! S}
20 1 2 3 4 5 ° 1' ; ; ", 5 °
t(s) t(s)
Figure: Top panel: the frequency locations. . . . )
Bottom panel: the velocities (chirp rate). Figure: Top panel: reconstructed location .
spectrum. Bottom panel: reconstructed velocity

spectrum.

0 1

Dynamics: A= [0 0

],B:[o 117, c=[1 0],

F. Elvander, |, Haasler, A. Jakobsson, and J. Karlsson: Multi-Marginal Optimal Mass Transport with Partial
Information. Submitted for publication. https://arxiv.org/abs/1905.03847
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State tracking of distributions

Summary

Approach for state tracking of ensembles, applicable for discrete set agents/systems or
general distributions.

@ Convex problem, but computationally expensive: discretize state space in M points and solve
optimization problem with M? variable (curse of dimensionality).

Works ok for low dimensions: n —m 5 2.

@ Non-convex approach (similar to K-means) for similar problems (Zeng, Ishii, Allgéwer. 2017).

What if system has higher dimension?

e Method can be extended if assumptions are made on the distribution, e.g., gaussian distributions
(see [L-CSS: Chen, Karlsson 2018]).
e Use Sinkhorn and utilize problems structures
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Multimarginal optimal mass transport

Discrete formulation

Generalization to optimal transport problem with several margins.
Cost and transport plan are tensors C, M € R

min  (C, M)
Mern*!

subjectto P(M) =y, t=0,...,T,
where
€ m= > M i Ci i
ios--osiT

P(M)j= > My i iz fOrj=1,....n.
oy it—1,
It4150 -0l
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Multimarginal optimal mass transport

Discrete formulation

Generalization to optimal transport problem with several margins.

Cost and transport plan are tensors C, M € R
min  (C, M)
MGRQTJH

subjectto P(M) =y, t=0,...,T,

where
€ m= > M i Ci i
ios--osiT
P(M); = > My i\ jignirs fOrj=1,...,n.
oyeesit—1,
Ity g seenslr
Barycenter problem: < Multimarginal problem:
n n
min T (s, min M, C.
R iy (M[Ee] )
- = los--iT

subjectto  Pyx(M) = px fork=1,...,n.

B. Pass: “Multi-marginal optimal transport: theory and applications.” ESAIM: Mathematical Modelling-and Numerical Analysis, 2015.
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Multimarginal optimal mass transport

Sinkhorn iterations

Discretized and entropy regularized multi-marginal optimal transport problem

min _ (C, M) + ¢D(M)
MERQTJH

subjectto P(M) =y, t=0,...,T,

where € > 0 is a regularization parameter, with the entropy term being

DM) 2 > (M, i log (Mg . iy)— My i +1).

igsemi

Johan Karlsson (KTH) Optimal transport for tracking and estimation CDC Nice, December 10, 2019



Multimarginal optimal mass transport

Sinkhorn iterations

Discretized and entropy regularized multi-marginal optimal transport problem
min  (C, M) + eD(M)
MGR;’TH

subjectto P(M) =y, t=0,...,T,
where € > 0 is a regularization parameter, with the entropy term being

DM) 2 > (M, i log (Mg . iy)— My i +1).

igsemi

Two marginal
@ K =exp(—C/e)
@ Optimal solution
M = diag(up)Kdiag(u1) = K ® (upu]
@ Sinkhorn iterations
Uo = po-/(Kun)
t = p1./ (KT wp).
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Multimarginal optimal mass transport

Sinkhorn iterations

Discretized and entropy regularized multi-marginal optimal transport problem

min _ (C, M) + ¢D(M)
MGRQTJH

subjectto P(M) =y, t=0,...,T,
where € > 0 is a regularization parameter, with the entropy term being

DM) 2 > (M, i log (Mg . iy)— My i +1).

i0seemslT
Two marginal Multimarginal
@ K =exp(—C/e) @ K = exp(—C/e)
@ Optimal solution @ Optimal solution
M = diag(up)Kdiag(ur) = K ® (upul) M=KoU,where U= (i@ U ® - ® UT)
@ Sinkhorn iterations @ Sinkhorn iterations
Uo:,uo./(KU1) U((—UIQMt./Pt(K(DU), t=0,1,...,7T.

t = p1./ (KT wp).

Benamou, Carlier, Cuturi, Nenna, and Peyré, “Iterative Bregman Projections for Regularized Transportation
Problems,” SIAM J. Sci. Comput., 2015.
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Multimarginal optimal mass transport

Entropy regularization

Barycenter problem: < Multimarginal problem:
n
myi(n Z T(M: Au‘k) MET/:n < |:Z Clo,lk:| > %
=1 109 iT @ @ ........ @

subjectto  Pyx(M)) = pg fork=1,...,n

Pairwise regularized barycenter problem or Multimarginal regularized problem
n
TR R ; (1aee(CTMO) + DM et ) < {Z CM] i >+ED(M)
subjectto M1 = p, subjectto Py (M) = pu forl:y: V1T,...,n

M1 =y, fork=0,...,n

Which regularization to select?
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Multimarginal optimal mass transport

Efficient computations

Proposition (Elvander, Haasler, Jakobsson, K., 2019)

Let the elements of the cost tensorC € R" ' be of the form

J
Cip,onis = 2 :Cio,"z’
£=1

for a cost matrix C € R™<", and let K = exp(—C/¢), and U = (up @ U1 ® - - - @ uy). Let
K = exp(—C/e), then

J
Po(K © U) =tp © (D(Kup),
£=1

J
P(K o U) =y 0 K" (UOQ ©) (Ku@)) forj=1,...,d.
£=1,0%#j

The computation of P,(K © U) requires only 7" matrix-vector multiplications of the form Ku,.
Similar expressions can be computed for other estimation problem, e.g.,

T

-
min Z T(p—1,mt) < Cg i = Z Cir_y.iy-
t=1 t=1
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Multimarginal optimal mass transport

Generalized Sinkhorn iterations

Multimarginal optimal mass transport with partial information:

min (C, M) + eD(M) + 3 vl| Al
At t

subjectto I'tPy (M) =ri+ Ay fort=0,...,7,

)

where I'; € R™M*"js a mapping from the full state information to the partial information r; € R™.
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Multimarginal optimal mass transport

Generalized Sinkhorn iterations

Multimarginal optimal mass transport with partial information:

min  (C, M) 4 ¢D(M +Z%HA[||2
e @)
subjectto I'tPy (M) =ri+ Ay fort=0,...,7,

where I'; € R™M*"js a mapping from the full state information to the partial information r; € R™.

Theorem (Elvander, Haasler, Jakobsson, K., 2019)

Given an initial set of vectors X, . . ., AT, iterate the following steps repeatedly fort € {0,...,T}:

o Let
Vi = Pt(K ® U)./Ur

where U = Uy ® Uy ® - -~ ® ur for the vectors u; = exp(I] A¢/€).
@ Update the vector \; as the solution to

rrx A
I <V[®exp<t€t>)+2tt—f[ 0.

Then, the vectors \g, . . . , A7 converge q-linearly to the unique optimal solution of the dual
problem (2). Furthermore, in the limit point of the iteration, the marginals of M are given directly as
ur=Uur® v, fort=0,1,...,7T.

V.
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Multimarginal optimal mass transport

Sensor localization and information fusion

Localization of targets from a sensor array
Covariance of sensor measurements:

R=T(n) = [ abouac)tas.

Steering vector a:

Axe—xl2 \ P

1 — 2wtk e

a(x) = (7“71)/2 e X ) ,
[Ixk—xIl5 k=1

target location x, sensor locations {x}«,
wavelength .

Consider two (uncalibrated) sensor arrays,
receiving signals from a set of sources

min T(uo, i) + T(ky k1) + (|| Dol[3 + [|A1]13)

Hos 05 1
subject to Fo(po) = Ro, T1(u1) = Ry.

15
o array1
x array2
1 —>array 1, orientation
00 y 1, assumed ori
ol © + sources
05
%o\
c .
2 0 . 4
= T %
9
205
=
-1
15 x  xomex  x
2
2 15 A 0.5 0 05 1 15
Xx-position

Figure: Spectral estimate with direct use of
measurements. The alignment error is 6.7
degrees.

;@.L.
g

D. H. Johnson and D. E. Dudgeon. Array Signal Processing: Concepts and Techniques. Prentice Hall, Englewood Cliffs, N.J., 1993.
T. T. Georgiou. Solution of the general moment problem via a one-parameter imbedding. IEEE TAC, 2005.
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Multimarginal optimal mass transport

Sensor localization and information fusion

Multimarginal Sinkhorn

e=5-10"3 o3

O aray1
X amay2 09
——array 1, orentaton

—=array 1, assumed orentation 08
+ sources

05 ° 07
2o
06

c 0
s - o
G 05
g
205
04
4 03
02
15 X wx X
01
2
2 s 1 08 0 05 1 15
x-position
15 1
© amay1
x aray2 09
U | —=array 1, orientation
00 —=-array 1, assumed orientation 08
° + _sources

[
e = 10_3 %o\ 07
ol 06

H »
2 » 7
] 05
205 -
= 04
b 03
02
15 xoxx x
01
2 I | I I I | |
2 45 4 05 0 05 1 15
x-position

Pairwise Sinkhorn

© array 1
x aray2
| —=-array 1, orientation
00 —=-array 1, assumed orientation
o o +_sources

%o\ i
-

-1.5 -1 -0.5 ] 0.5 1 15
x-position

Did not converge!

F. Elvander, |, Haasler, A. Jakobsson, and J. Karlsson: Multi-Marginal Optimal Transport using Partial Information with Applications in Robust
Localization and Sensor Fusion. Submitted for publication. https:/arxiv.org/abs/1905.03847.

Optimal transport for tracking and estimation
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Summary

@ Optimal mass transport, a viable framework for estimation, control, and information fusion
@ Fast projections utilizing structure in transport cost
@ Generalized Sinkhorn iteration for solving multimarginal optimal mass transport problems

@ Applications to

o State-estimation of multiagent systems
e Tracking of non-stationary spectra
@ Sensor localization via information fusion
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Thank you for your attention!

Questions?
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