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Monge Problem: 17841

How to move a pile of sand with the least effort possible 7

F transport V
— 3

Figure — Pay a cost proportional to the distance per unit of mass

Discrete and continuous

© Linear optimization problem.

@ Interplay between discrete and continuous settings.

1. Publication date for his "Mémoire sur la théorie des déblais et-des remblais”
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The "Riemannian metric” tensor and its applications

The matching problem

Data:

@ N red points x; and N blue points y;.
Q@ A cost: c(i,j), e.g. c(i,j)=d(xi,yj)

N

Minimize (i, ()

over all possible bijections o of {1,2,..., N}.

i=1

Lower energy matching

—

-

N/

/

High.energy matching

Naive brute force : N! possibilities (e.g. 70! ~ 101%0).

Gradient flows
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The 1D case:

Importance of the cost: c(x,y) = f(y — x)
@ f convex = monotone sorting, cost N log(/N).

Convex case

@ f concave = large displacements.

Concave case

T AT

Gradient flows



The discrete setting ~ The continuous setting

Some important remarks

The "Riemannian metric” tensor and its applications
Matching with weights
@ N red sources x; with p; capacity supply.
© M blue clients y; with 1; demand.

@ Cost per unit c(/,j) = c(x, yj).

Gradient flows

Minimize  _ c(i,j)r(i.})
iJ

over N x M matrices 7 s.t. >, w(i.j)=v; and > m(i, j)=4;

Kantorovich problem
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When Kantorovich = Monge

Setting:
Q@ When mj=nj=1/Nfori,j=1,...,N.

@ Solve Kantorovich (instead of Monge): min > w(i,j)c(i, ) under
constraints.

Extremal points of bistochastic matrices = 3 a permutation
solution.
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Using convexity

Notations:

Q (x,y) =22 x(Ny(i),

@ m =3 (i.j) and m = Y, 7(i. ),
Oifxe C

© Let C be a convex set, tc(x) = .
+o00 otherwise.

min{(m, c) |7 > 0;m = p; m2 = v}=sup{(p1, ) +(p2,v) | pr-+p2 < c}|.
P1,p2
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From discrete to continuous
Q@ 7 :RY—RI.
@ Large number of points: 1 = % vazl 0y, represented by p(x)dx.

Transport by a map
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More formally:

Definition

@ Let X, Y be (compact) spaces; P(X),P(Y): probability measures
on X, Yand c: X X Y — c(x,y) be a cost function.

Q@ Amap T: X+~ Yinduces T, : P(X) — P(Y), i.e.
T.(n)(B) = u(T~X(B)).

Q Also, T : F(Y,R) = F(X,R) ie. frs foT.

o Duality between measures and functions: (T*f, u) = (f, T.u).
e Need of a topology to compare measures: weak* convergence:

o = s im(f, ) = (f, ).

M

R d<<1$
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Monge formulation

Monge Problem

Fix € P(X) and v € P(Y). Findamap T : X — Y s.t.

inf /X b, o) elufld) s, W= (3)

Problem: not feasible for all couples i, v.
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Kantorovich formulation

Kantorovich Problem
Fix 1 € P(X) and v € P(Y). A coupling plan for p, v is:

7€ P(X xY) st [p]ey=vand [p2]sy = 1. (4)

Kantorovich problem is

MK (1, v) = Werg(iay)(v(x, ¥)sc(x,¥)) (5)

| A

Proposition

@ The set of coupling plans C(p,v) is compact for weak-* convergence
of measures.

@ Ifc(x,y) is continuous?, then existence of a minimizing coupling
plan.

a. Actually, lower semicontinuous and bounded below is sufficient.
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Duality

Fenchel-Rockafellar theorem implies:

Proposition

min  (y(x,y),c(x,y)) =

YEC(1,v)
sup  {(f, ) + (g, V) |f(x)+&(y) < clx,¥)}. (6)
f.geC(X)xC(Y)

Existence of dual problem

@ Invariance: (f,g) — (f +c,g —c), Vc € R.

@ Given f, best possible £¢(y) = infx c(x,y) — f(x) = control on
fe.

@ Then, (f,g)— (f, ) — (f€,f)—....2

© Existence by Arzela-Ascoli theorem.

a. In fact, €€ = f¢.
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Economic interpretation of duality

Idea: externalize the cost of transport via buy/sell. Sending 1 to v is
equivalent to

Q Sell u(x) at s(x) and buy v(y) at b(y).

@ You are willing to buy at y and sell at x, if this cost is less or equal
to the "do it yourself” c(x, y): b(y) — s(x) < c(x, y).

@ Thus, the external company will try to maximize:

ssut?(—s, wy + (b,v) s.t. b(y) —s(x) < c(x,y). (M)
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c-transforms

Definition (c-transform)

Let £ : X — R and c(x, y) continuous, define

F(y) = infe(x,y) = F(x). (8)

P 1 . 1
Fe(y) = inf sl =y = £(x) = 31y +inf —(x,v) = (F = 5 IxP?).

1 1
S Y12 = F<(y) = sup(x,y) — (S IxI* = £).

%|}/|2 — f¢(y) is convex.
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Kantorovich boils down to Monge !

@ Consider 11, v € P(RY) such that ;. has density w.r.t. Lebesgue.
o

© Consider optimal dual pair: (f,g) s.t. f(x)+ g(y) = c(x,y) then
3Ix[? = f(x) is convex, => 2 Vf(x) =x —y.

Brenier's map: optimal Monge map is the gradient of a convex
function. y = V(3|x|> — f(x))

2. Rademacher theorem
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More rigourously

Definition

Aset Sin X x Y is said "c-cyclically monotone” if for all n > 1 and
(xi, ¥i)i=1,....n

Z c(xi,yi) < Z c(xis Yo(iy) Vo Bij({1,...,n}).

i

Proposition

Q If~ is optimal then, supp() is c-cyclically monotone.

@ IfT is cyclically monotone, then there exists p c-convex,
FC{(y)p(x) +p(y) = c(x,¥)}-
@ IfT is c-cyclically monotone then it is optimal between its marginal.




The discrete setting The continuous setting Some important remarks The "Riemannian metric” tensor and its applications Gradient flows

How rare is Monge?

How to get Monge 7

Recall optimality p(x) 4+ p°(y) = c(x, y) and take differentiation if
possible:
Vxp(x) = Vxe(x,y). (9)

It defines a unique y, if y — V,c(x,y) is injective (Twist condition).

| A\

Example

Q c(x,y) = d?(x,y) on a compact Riemannian manifold.

@ h(x —y) on RY for h strictly convex.

Generically on costs: 3
@ Fix u, v, uniqueness of optimal transport plan for generic costs c.

@ For a generic set of ¢, there exist i, v absolutely continuous, for
which unique optimal plan not a map.

3. McCann - Rifford
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Smoothness of Monge map?

@ Consider a cost, which satisfies twist condition.
@ Need 1, v to be at least with density w.r.t. Lebesgue.

Monge-Ampere equation:

[VPli(1) = v & pu(x) = det(V?p)(x)pu (Vp(x)) - (10)

Theorem (MTW - Ma-Trudinger-Wang)

Important quantity for smoothness:

MTW, (&) = Cij.rc"*Co i — G )€y’ >0 (11)
ijklrs

+ other geometric properties.

© Euclidean spaces,

@ Spheres, but not ellipsoids.
@ C* perturbations of costs.
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Wasserstein distances.

Definition

Let X, d be a complete metric space. The Wasserstein LP distance is
defined as

W, (11, v) = MKz (1, 1/)1/2.

Proposition

It metrizes the weak convergence. If X is a length space, so is
(P(X), Wa).




Contents

© The discrete setting
© The continuous setting
© Some important remarks

@ The "Riemannian metric” tensor and its applications

© Gradient flows

«Or «Fr o«

it

-

N
it
v
[y

DA



The discrete setting The continuous setting Some important remarks The "Riemannian metric” tensor and its applications Gradient flows

Fréchet means - Wasserstein barycenters

Define averages on a metric space:

N
arg minZd(x,x,-)p (12)
i=1

On Wasserstein space, called Wasserstein barycenters:

N
Bar((ti, pi)) = argmin >_ ;W5 (p, pi) (13)
p
i=1

© Convex problem.

@ Multimarginal optimal transport.
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An example*

4. Gabriel Peyré's illustrations
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An example*

Gradient flows

(@]0}n3x9 4
OO %%
O%%%
O %%
V%%,

ygFZe s
ry¥ ¥
@@
@O

4. Gabriel Peyré's illustrations
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The 1D case

Proposition

If ¢(x,y) = h(y — x) with strictly convex h, then, uniqueness of optimal
transport plan and

MK(p,v) = /0 h(icdf(u)(s) — icdf(v)(s)) ds (14)

where icdf () is the inverse? of u(] — oo, x]).

a. generalized!

Example

| \

The L2 Wasserstein distance on R is of "Hilbertian type”. 2
Sliced Wasserstein distances:

SW(y1, )P = /s W([po]. s [po])P 6. (15)

a. Not true in higher dimension
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Miscellanous

Proposition (Gaussian case)

Let A, B be two SDP matrices. Define corresponding Gaussians ga, gs,
then
Wa(ga, g8)* = tr(A) + tr(B) — 2tr(A/2BAL/?)1/2 (16)

O Affine map defined by SDP matrices are gradient of 1(x, Ax + (b, x).

@ Known as the Bures metric (quantum mechanic) when restricted on
unit trace matrices.
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Miscellanous

Proposition (Gaussian case)

Let A, B be two SDP matrices. Define corresponding Gaussians ga, gs,
then
Wa(ga, g8)* = tr(A) + tr(B) — 2tr(A/2BAL/?)1/2 (16)

O Affine map defined by SDP matrices are gradient of 1(x, Ax + (b, x).

@ Known as the Bures metric (quantum mechanic) when restricted on
unit trace matrices.

Proposition (Probabilistic interpretation:)

If X, Y are of respective laws 1, v,

MK (p,v) = N min  E[c(X, Y)] (17)

~p, Y~y
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Wi case
The c-transform for c(x,y) = d(x,y) is f — —f
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Wi case
The c-transform for c(x,y) = d(x,y) is f — —f

Proposition

Wl(M,V):leIJ__P <f,/l,—l/>. (18)
1P1
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Wi case
The c-transform for c(x,y) = d(x,y) is f — —f

Wi(p,v) = sup (f,u—v). (18)
feLip;

A\

Definition (MMD distances, K reproducing kernel)

lu—vik = sup (fu—v)
feB(1)

Il — vk = |KY2(u—v)|z-

Example (g(x, y) = e~ Ix—3l*/o%)
If uw= ﬁ vazl Jx, then

lull? = &(xi, ) -
i
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o The "Riemannian metric” tensor and its applications
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The Riemannian(-like) metric

Consider c(x,y) = d*(x,y) and = % SN 4, and
Ve = % E,N:1 Oxi4ev(x), Then, e << 1,

o(p, v)? NZE2| xi)|. (19)
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The Riemannian(-like) metric

Consider c(x,y) = d*(x,y) and = % SN 4, and
Ve = % Z,N:1 Oxi4ev(x), Then, e << 1,

o (1, v)? NZ€2| xi)|° . (19)

In general, for a density

£(p) (6. 6p) = /Q V(A,) " (69) 2o(x) dx (20)

with A,(f) = —div(pVf). Variational point of view:

(r)00.0) = inf { [ [WGPo) i i) =dp } (@)
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Benamou-Brenier formulation
For geodesic costs, for instance c(x,y) = 3|x — y|?

Wa(p,v) = inf E(v //| (x)p(x) dxdt , (22)

S.t.

{pw (vp) =0 (23)

p(0) = and p(1) = v.
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Benamou-Brenier formulation
For geodesic costs, for instance c(x,y) = 3|x — y|?

Wa(p,v) = inf E(v //| (x)p(x) dxdt , (22)

s.t.
p(0) = jvand p(1) =
Convex reformulation: Change of variable: momentum m = pv,
. 1t m(x))?
inf E(m :7/ dxdt, 24
=2 )y S o) 24
s.t.
p+V-m=20 (25)
p(0) = pvand p(1) =

where (p, m) € M([0,1] x M,R x RY).
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Benamou-Brenier formulation
For geodesic costs, for instance c(x,y) = 3|x — y|?

Wa(p,v) = inf E(v //| (x)p(x) dxdt , (22)

s.t.
p(0) = jvand p(1) =
Convex reformulation: Change of variable: momentum m = pv,
. 1t m(x))?
inf E(m :7/ dxdt, 24
=2 )y S o) 24
s.t.
p+V-m=20 (25)
p(0) = pvand p(1) =

where (p, m) € M([0,1] x M,R x RY).

Existence of minimizers: Fenchel-Rockafellar.
Numerics: First-order splitting algorithm: Douglas-Rachford. J
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Gradient flows

Question: Extend Wasserstein to positive Radon measures.

06

05

04

03

02

01

0.0

N\.M

Figure — Optimal transport between bimodal densities
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Question: Extend Wasserstein to positive Radon measures.

06

05+

04l

03k

02+

01r

0.0

Figure — Another transformation
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Two different approaches

e Extend static formulation:

min AKL(Proj; v, p1) + AKL(ProjZ 7, p2)

+ /Mz Y06 y)d(x,y)* dxdy  (26)

Good for numerics, but is it a distance ?

e Extend dynamic formulation: on the tangent space of a density,
choose a metric on the transverse direction.
Built-in metric property but does there exist a static formulation ?
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An extension of Benamou-Brenier formulation

Add a source term in the constraint: (weak sense)
p=—V-(pv)+ap,

where « can be understood as the growth rate.

1
WF(m, a)? = %/O /M Iv(x, t)|?p(x, t) dxdt

52 1
+ 7/ / ax, t)?p(x, t) dxdt .
2 Jo Jm

where ¢ is a length parameter.
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A relaxed static OT formulation

Define

d d
ki) = [ hiog (1) av -+ vl = o

WF?(p1, p2) = inf KL(Projl v, p1) + KL(Proj2 v, p2)

— /Iv12 v(x,y) Iog(cos2(d(x,y)/2 Am/2))dxdy

On a Riemannian manifold (compact without boundary), the static and dynamic
formulations are equal.
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Barycenters : Wasserstein

o Q

Density
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Barycenters : Wasserstein

‘e .
cQ ©0Q
b ‘e (M
¢ W ¢'Q@a'a
4 b ” =
+ H &+ H ;00

Gradient flows
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Barycenters : Unbalanced (GHK)

o Q
’e °e
O QO Q
> 4 -+ (H
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Gradient flows in metric spaces

Let F : RY — R be a function. The gradient flow of F w.r.t. the
Euclidean metric is given by

X = —VF(x)
{X(O) =x €RY. 27)

Proposition

If F is convex then |x1(t) — x2(t)| < [x1(0) — x2(0)
of solutions.

, therefore uniqueness
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Functionals on probability measures

@ A potential energy [, V/(x) du(x).
@ An integral of a function of a density: [, f(p(x)) dx.

@ Interaction energy: [[, W(x,y)du(x)du(y).
Q An optimal transport term: p — MKc(u, v).

Geodesic convexity

On a length space X, the function V is geodesically convex if for every
Xo, X1 3 a geodesic ¢(t) joining them s.t. t — V/(x(t)) is convex.

@ J, V(x)dpu(x) displacement convex iff V is convex.

O Integral functional on RY: f convex, superlinear, s — s~9f(s9) is
convex decreasing: entropy.
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Heat flow

Proposition

9ep = Dp, (28)
is the gradient flow of the Dirichlet energy [, |Vp|? dx.

Proposition

The heat equation is a gradient flow of E(p) = [, plog(p)dx for the
Wasserstein metric.

Interest 7

| A

@ Define similar equation without gradient structure.

@ Define new numerical schemes: JKO scheme
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More generally

e Let F:P(Q) — R be a functional.

b = div <pv(§’;(p)> - (29)

comes from

srgmin [ Iveo0l2dot) + (5200 - avin) ) (30)

F(p) = [y p(x)(log(p(x)) — 1) dx + 5 V(x)p(x) dx for which
§(p) = log(p) + V()

p=Dp+div(pV V). (31)
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Gradient flows and growth models
Let G : M4 (X) — R a functional.

Implicit gradient descent: xx11 = xx — TV V/(Xk11)-

. 1
Xk+1 = arg min V/(x) + ZHX — x|?

. 1
fk+1 = argmin F () + ZW(M,Mk)z
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Gradient flows and growth models
Let G : M4 (X) — R a functional.
JKO scheme

Implicit gradient descent: xx11 = xx — TV V/(Xk11)-

. 1
Xk+1 = argmin V/(x) + ZHX — x|?

. 1
fk+1 = argmin F () + ZW(M,Mk)z

| \

Gradient flow with WF

Oep = div(uVG' (1)) — 4ug' (1) (32) |

JKO scheme with WF

1
2T

frs1 € argming,c v ) G(1) + o= WF?(p, 7)) - (33)

y
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Hele-Shaw type model

Preprint: A tumor growth Hele-Shaw problem as a gradient flow, S. Di
Marino, L. Chizat.
Applied to G(p) = —p(X) + t(p < 1), it leads to:

{&p =V (pVp) =4(1=p)sp (38)

p(l—p)=0.
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Hele-Shaw type model

Preprint: A tumor growth Hele-Shaw problem as a gradient flow, S. Di
Marino, L. Chizat.
Applied to G(p) = —p(X) + t(p < 1), it leads to:

p(l—p)=0. (3)

{&p = V- (pVp)=4(1—p)sp

e Proof of existence and uniqueness of weak solutions (improving
Perthame et al.)

e Implicit numerical scheme handling L*° constraints.

e Simple physical interpretation.




Gradient flows

Simulations with JKO

S

Figure — Flow of the density




Gradient flows

Simulations with JKO

(=Je](+]

Figure — Level set of the pressure
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Thank you for your attention !

@ Optimal Transport for Applied Mathematicians, F. Santambrogio.
@ Computational Optimal Transport, M. Cuturi, G. Peyré.
@ Optimal Transport, Old and New, C. Villani.
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