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Abstract

Let n > 2. A chain complex with boundary map § has the property
that 62 = 0. Kapranov introduced the concept of an n-complex, in which
we instead have that 6" = 0. Kapranov also generalized the concept of
homology to n-complexes, introducing n— 1 generalized homology groups,
where the kth group is defined as the quotient ker 5k/im d"*. One goal
of the present paper is to introduce n — 1 new groups that we refer to as
train groups. The train groups are closely related to generalized homology
groups; there exists a filtration of each generalized homology group such
that each quotient arising from the filtration is a direct sum of train
groups. In particular, one may view the train groups as refinements of the
generalized homology groups. Another goal is to generalize the algebraic
version of Forman’s discrete Morse theory to n-complexes. We will then
make use of the theory of generalized homotopies introduced by Kapranov
and further developed by Kassel and Wambst and by Dubois-Violette.

1 Introduction

Throughout this paper, R is a commutative ring with unity. Let C be an R-
module, and let § : C' — C be an endomorphism; we write C = (C, d). Assuming
C =@, Ci, 6(Ci) C Ci_1, and §* = 0, recall that the homology in degree i
of the chain complex

C:... —)6 i+1 g Cl g Cifl d Ci72 d
is defined as the quotient group
C;Nkerd
H;(C)= ———.
© C;Nimd

Replacing the assumption that 62 = 0 with the assumption that §” = 0 for a
given fixed n > 2, Kapranov [10] introduced a sequence of generalized homology

*Supported by the Swedish Research Council (grant 2006-3279).



groups by .
(k) . C; Nkerd
H(0) = C; Nim§n—+
for 1 <k <n—1. A special case of this construction appeared already in the
work of Mayer [13, 14] in the context of simplicial homology. Following Cibils,
Solotar and Wisbauer [2], we refer to Kapranov’s generalized homology groups
as amplitude homology groups. Note that Hi(k) (C) depends on n, but we will
always fix n whenever we discuss this group. In situations where the grading
is unimportant, we will consider the full group H*)(C) = ker §* /im §"~%. The
pair (C,0) is often referred to as an n-complez.
The goal of this paper is twofold.

e The first goal is to introduce a refinement of Kapranov’s amplitude homol-
ogy groups; we will refer to the refined groups as train groups. In the case
of a finite-dimensional vector space, the dimension of the ith train group
is equal to the number of i-dimensional summands of the cyclic decom-
position of §. In particular, the concept is well-studied in this particular
case.

e The second goal is to extend Forman’s discrete Morse theory [6] to n-
complexes. The idea of discrete Morse theory is to simplify homology
computations by transforming a chain complex into a “smaller” chain
complex with isomorphic homology. Using the extended version, one may
transform an n-complex in a similar way such that the amplitude homology
groups and the train groups remain unmodified up to isomorphism.

1.1 Train groups

To explain the first goal in more detail, we first assume that C' is a finite-
dimensional vector space. It is a straightforward exercise in linear algebra that
we may decompose C' into a direct sum of subspaces A1, ..., A,, where each A;
has a basis e1,...,e,, such that §(e;) = e;_1 for 2 <i < p;, and d(e1) = 0. For
1 <k < n, let g, be the number of subspaces A; in the decomposition such that
the dimension p; equals k. The numbers g, are important invariants of C. For
1 <k <n—1,let r; be the dimension of H*)(C). Dubois-Violette [3, Prop. 2]
observed that

n—1
Th = Tp_k = Z min{p,n — p, k,n — k}g,. (1)

p=1
We now introduce the refinement, which is valid for any endomorphism ¢ :
C — (), not only nilpotent ones. For k > 1, we define a k-train to be a sequence
me(z) = (2,6(x),0%(x),...,0" 1 (x)) such that = € ker §¥. We say that two k-
trains 7 (z) and 73 (y) are congruent if 6*~!(x — y) € im §¥. Equivalently, there
is an element z € ker ¥ Nim ¢ such that the k-train 73, (z — y — 2) ends with the

zero element. Hence 7 (z) and 7% (y) are congruent if and only if

z —y € ker 67! £ ker 0" Nimé <= 6* 71 (z — y) € kerd Nim §*.



We define T®)(C) to be the R-module of congruence classes of k-trains. We
refer to TF)(C) as the kth train group of C. By the above discussion, we have
that

TM (C) = _ ker 6* . ~ ker 6 N irln 5’“_1.
ker 6—1 + ker 6% Nim § ker § N im &%
In particular, the train groups generalize the concept of homology.

To see the connection to Jordan decompositions in the case that C'is a vector
space, note that the dimension ¢ in (1) equals dim7'®)(C). Namely, for any
Aj, the basis element e; belongs to ker §%~1 whenever i < k and lies outside
ker 6¥ whenever i > k. Since ey, belongs to ker 6* Nim § if and only if k < p;, the
claim follows. From the perspective of Jordan decompositions, the train groups
thereby capture all essential information about §.

1.2 Amplitude homology groups versus train groups

From the viewpoint of homological algebra, trains groups are less natural than
Kapranov’s amplitude homology groups. What makes the groups Hi(k) (C) par-
ticularly attractive is that they admit an interpretation as homology groups.
Specifically, the groups H® (C) and R (C) appear as the homology of the
chain complexes

5k sk 5k sn—k 5k
i+n—k Cz C?—k E— Ci—n - """

for 1 <i < n. In particular, much of the existing homology theory is straight-

forward to adapt to H*) (C); see Kapranov [10] and Dubois-Violette [3]. While
the groups T)(C) benefit from their natural interpretation in the language of
Jordan decompositions, they are still problematic in that they might be dif-
ficult to analyze using tools from homological algebra; there seems to be no
straightforward representation of T(®)(C) as a quotient of a kernel by an image.

One reason for studying train groups is that they often provide more spe-
cific and detailed information about C than the amplitude homology groups, as
illustrated by the formula (1). In Section 2.4, we will establish a decomposition
result for the amplitude homology groups. When C' is a vector space, (1) yields

an isomorphism
n—1

H9(C) = P (T(p) (C))

p=1

tp

where t, = min{p,n — p, k,n — k}. For a general R-module C, the relationship
between amplitude homology groups and train groups is given by n — 1 short
exact sequences, and we obtain an isomorphism as above whenever the exact
sequences all split. See Theorem 2.4 for details.

1.3 Generalized discrete Morse theory

Discrete Morse theory [6], which is more a method than a theory, is a very useful
technique for computing the homology (or cohomology) of a combinatorially



defined chain (or cochain) complex such as a simplicial chain complex. The core
of method is roughly to strip off pieces from the complex such that remaining
part has the same homology as the original complex. We refer the reader to the
references for more details [6, 1, 8, 9, 12, 15, 16].

In Section 5, we demonstrate that a fairly straightforward adaptation of this
technique applies to n-complexes. Dubois-Violette [3] introduced the concept
of homotopies of n-complexes, and we provide a generalization of this concept
that we refer to as pseudo-homotopies; see Section 4. Adapting the algebraic
discrete Morse theory developed by Jollenbeck and Welker [8] and Skoldberg [16]
(and using some own ideas [9]), we use pseudo-homotopies to generalize discrete
Morse theory to n-complexes. Roughly speaking, we show how to strip off pieces
from C to get a d-invariant submodule U such that the train groups (as well
as the amplitude homology groups) associated to C are immediately deducible
from those associated to (U, ). When C' is a vector space, the removed pieces
are subspaces of the form A; as described in Section 1.1.

In Section 7, we illustrate the technique with examples. Some of the ex-
amples make use of a “divide and conquer” technique, which we describe in
Section 6.

1.4 Remarks

In the case that C' is not a vector space, it is not entirely correct to refer to train
groups as a refinement of amplitude homology groups. Indeed, two n-complexes
might have non-isomorphic amplitude homology groups and isomorphic train
groups. For example, let C = (Z5,8;) and £ = (Z%,53) be 3-complexes, where
the matrices of §; and 9 in the standard basis are

010000 020000
002000 002000
000000 000000
0ooo0o020|*™00001 0]
00000 1 00000 1
000000 000000

respectively. Then
T®(C) = TW (&) ~ 7/2Z

for k € {1,2}, whereas

HY(C) = 7/27. ® 7.)27. # 7./]AZ =~ HY (€).

2 Amplitude homology and train groups

Fix an integer n > 2 and a commutative ring R. Let G be either Z or Z,, for
some m > 1, and let C' = @, C; be a G-graded R-module. Let § : C — C be
an endomorphism satisfying 6" = 0 and §(C;) C C;_; for all i € G. The pair
C = (C,9) is an n-complex.



2.1 Amplitude homology groups

The kth amplitude homology group of C in degree i is defined by

_ C; Nker 6%

B C; Nimén—Fk

for 1 <k <mn-—1and i € G. For convenience, we extend the definition to
include the cases k = 0 and k = n. Note that Hi(o) €) = Hi(n) (C) = 0 for all
1 € G. Unless the grading is of importance, we will typically speak of the full
amplitude homology group

k k
HO(C) = K o D H" )

im gn—k
i€G

Write H®) = H®)(C) and Hi(k) = Hi(k) (C). Let us recall some concepts and
results due to Kapranov [10] and Dubois-Violette and Kerner [4]. Kapranov
noted that the inclusion map from ker 6% to ker §**! induces a homomorphism

ugk) -H® gD

2 2

for each ¢ € G. Moreover, § itself induces a map

0
for each i € G. The map ul(.k) is well-defined for 0 < k < n — 1, whereas the
map dgk) is well-defined for 1 < k < n. Note that ul(.o), ul(.nfl), dgl), and dgn)
are zero maps. One easily checks that ul(.lizl)dgk) = dEkH)ugk) for1<k<n-1
and i € G.

For simplicity, we will typically write u = ugk) and d = dEk). In situations
where k or i are of importance, their value will be clear from context. For i € G
and 0 < r < k < n, we have that d” defines a map from Hi(k) to Hi(f;r)
defines a map from Hi("_k) to Hi("_k"rr). Dubois-Violette and Kerner [4] proved
the following important result, which relates the different amplitude homology

groups via the maps d and u.

, and u”

Proposition 2.1 For each 0 < r < k < n, we have the following exact hexagon:

g T g 4 gk

Td“*’“ lu”*"' (2)

H(n—k—i—r) u” H(n—k) dkr H(n—r)

With the degrees written out, this means that the sequences

@ ub Fylath) d® H®
H—) d® F(n—a=b) u® H (=)

i

i+b
are exact for any a > 0 and b > 0 satisfying a + b < n.



Disregarding the grading, note the perfect symmetry between d and u. Specifi-
cally, the hexagon (2) is preserved under the transformation given by replacing
H® with H"=P) for each p and swapping d and w.

2.2 Train groups
The kth train group of C in degree i is defined by

Tv(k)(C) _ C; Nker &% .
¢ C; N (ker %=1 + ker 6% N im §)

We write T (C) = @, TF (€).
While maybe not obvious from their definition, the train groups align with
the symmetry between d and u. To see this, note that

ker §¥ ~ ker 6% /im gn—F
ker 6k—1 +ker6* Nimdé ~ (ker 85~ + ker 6* Nim §)/im 67—+
H®(C)

I

H® ()N (kerdd—! +imd)’

Most importantly, the train groups can be defined directly in terms of the
amplitude homology. With » = k — 1 in Proposition 2.1, we obtain that
H® Nkerd* ! = H® Nimwu; hence

H(’“)(C)
®)(c) =
O gmenmurmd’

2.3 Amplitude systems

By the discussion in the preceding section, we may define the train groups
in terms of amplitude homology without any reference to the underlying n-
complex. Moreover, it turns out that many results about amplitude homology
and train groups only rely on Proposition 2.1, not on any additional properties
of the n-complex. For this reason, we now provide an intrinsic treatment of
amplitude homology groups.

Specifically, an amplitude system H = (H™),d,u) is a sequence

O0=HO HO g HF® = ()

of R-modules called amplitude groups along with commuting maps

0= ) —= g2 ——= - —— g(n-1) /=
d d d d d

such that (2) is exact for each 0 < r < k < n. Equivalently,

kerd" N H® = imu*"nH®
keru" NH™® = imd*""nH"H



for each 0 < r < k < n. As before, we assume that each group H*) admits a
grading H® = @, Hi(k) and that d(Hi(k)) C Hi(ffl) and u(ka)) C Hi(kH).
For convenience, we define Hi(k) =0 for £k <0 and k > n, and we extend u and

d to all Hi(k) in the obvious manner.

Any n-complex C = (C,d) gives rise to an amplitude system as discussed
in Section 2.1. We refer to this system as the amplitude system induced by C.
For a given amplitude system H, one may ask whether there is some n-complex
inducing H. In Section 2.6, we will see that this is not always the case.

Forie Gand 1<k <n—1, define

a®
Ti(k) (H) = G i :
H;” N (imu+imd)

as before, we refer to this group as the kth train group of degree i. Our first
result shows that we may identify Ti(k) (H) with a subgroup of Hff,:_]:)l In the
next section, we will prove a much more general result.

Theorem 2.2 For1 <k <n-1 andi € G, the map wgk) : Hi(k) — Hl(il;:f:)l

defined by ¢§k) = d*=tun=*=1 induces an isomorphism between Ti(k)(')'{) and
imof® € S,
Proof.  First, note that if x = d(a) + u(b) € Hi(k), then

wz(k) (Z‘) _ dkun—k—l(a) + un—kdk—l(b) _ 0,

which implies that ¢§k) indeed induces a map @gk) : Ti(k) — H l(f,;l:)l It remains

to show that this induced map is a monomorphism. For this, consider an element
x € Hi(k) such that d}fk) (z) = 0. This means that

d"Y(z) € Hi(i)k-I—l Nkeru™F=1 = Hi(i)k—i-l N im d¥;

hence d*~*(z) = d*(y) for some y € Hfﬁrl) Since d*~!(x — d(y)) = 0, we have
that
z—d(y) € Hi(k) Nkerd" ! = Hi(k) Nimu,

which implies that x € imd 4 imu as desired. ]
Corollary 2.3 For 1 <k<n-—1 andi € G, we have that

Ti(k) ~ Hff,:_]:)l N ker d N ker u.
Proof. Since

H" Aimd" " = B0 0 @b (ker d)
= H®K® AkerdNimd*~! = H® " A kerd N ker u,

the isomorphism is a consequence of Theorem 2.2. (I



2.4 Decomposing amplitude groups

The main goal of this section is to generalize Theorem 2.2. More precisely, we

(k)

show that each graded amplitude group H;™ admits a filtration

0=g*" YV cghrrdc...cg® cgkh cg®d —g® (3

such that each quotient H(k’m)/H(’“’m“) decomposes into a direct sum of train
groups. This result provides a refinement of Dubois-Violette’s formula (1).
ForieG,1<k<n-—1,and 0 <m <n—1, define

Hi(k’m) = Hi(k) N (imdm +imd™ w4+ imdu™ " + imum)

This yields the filtration (3). To see that H*"~1) = 0, suppose that x €
H(k=2r+n=1) “and consider d”~'~"u"(z); this is an element in H®*). For the
element d"~1="(z) to be nonzero, it is necessary that k > r, because d"~17"(x)
lies in H*="). Yet, u”(2) lies in H*~"+"~1; hence u"(z) = 0 if k > r.

Let i € G and 1 < k < n— 1. For nonnegative integers g and r, consider the
map

d : HET - g,

Note that this map is zero if r > k or ¢ > n—k. Namely, v"(H*+te=")) C gk+a)
which is zero if ¢ > n — k, and dq(H(’”q’r)) C H*=7) which is zero if r > k.
Moreover, d?u” induces a map from Tff;’q ") to Hi(k’qw)/Hi(k’qHH). Namely,

du" (d(a) + (b)) = d 1’ (a) + diu"+ (b) € HE D
for a € H+a=r+1) and b e HF+a=r=1) and
dquT(H(kﬁ’lZ*T)) = H® nim i ¢ gHEat),
Let Iy m be the set of elements 0 < ¢ <n—k—1such that 0 <m—q < k—1.

Let
(km @ pgkta—(m=a) _ gkm)
i+q 7

q€ Ik, m

be the map whose restriction to H(k+q (m=a)) §g qagm—a.

Theorem 2.4 Fori € G, 1 <k <n-—1, and 0 <m < n — 2, we have that
(k,m)

v, induces an isomorphism
(k,m)
- (k.m) (k+a—(m—q) _, _Hi
i @ Terq H(k m+1) " (4)
q€1k,m

Remark. Summing over m and i, note that the total number of occurrences of
T®) in (4) is

D it 1 <p < min{k,n -k},
min{k,n — k} if min{k,n — k} <p < max{k,n — k},
n—op if max{k,n —k} <p<n-—1



T [0,2) 1 (0,1)] 0,0
it 1 (1,2) | (1,1) | (1,0)
it 2 2,2) | (2,1) | (2,0)
i+ 3 (3:2) | 3,1) | (3,0)

Table 1: For n = 7 and k = 3, there is an entry (¢,r) in row ¢ + ¢ and

column k 4+ ¢ — r whenever d9u” induces a monomorphism from Ti(f;rqfr) to
(k,g+m) (k,g+r+1)
H; /H,; .

In particular, the total number of occurrences of T®) in H®*) is min{p,n —
p,k,n — k}, the quantity in (1). See Table 2.4 for an illustration.

Proof. By the discussion in this section, 4™ is a well-defined epimorphism.
It remains to show that %™ is injective. Consider an element

a= Z Tht2g—m € @ H(k+2q—m)
q€lL,m q€l,m
such that
b= 'y(k’m) (a) = Z AN Tpq2q—m) € HFm+1),
quk,'m

We need to prove that zj42q—m € imd+ imu for each g € Iy y,.
For ¢’ € Ij m,, observe that

dF—(m—a)=1 44 (Zhy2g—m) € (@ —atD)

and

n—k—q—1, m—q’

u u (Thy2g—m) € gt —a)-1)

The first group is zero if ¢/ — ¢ < 0, whereas the second group is zero if ¢/ —q > 0.
In particular,

dF=(m=a)=1yn—k=a=14¢"ym—d (Tkt2q—m) =0
whenever q # ¢'. Writing £ = k + 2q — m, we conclude that

c = dk—(m—q)—lun—k—q—l(b)
_ dk—(m—q)—1un—k—q—1dqum—q(xe)
_ déflunféfl(xe)
P (),

where ® is the map in Theorem 2.2. Yet, by assumption on b, we have that

ce H(nfé,erlJrkf(qu)71+n7k7q71) _ H(nff,nfl) —0.

We may hence apply Theorem 2.2 to deduce that z, € imd + im u. (]



Corollary 2.5 Forie G,0<k<n-—1, and 0 <m <n — 2, we have a short
exact sequence

0 Hi(k,erl) Hi(k,m) @ Ti(Jl:;rqf(m*Q)) 0.

q€Lm &
Corollary 2.6 The following are equivalent for an amplitude system H.
(i) H®) =0 for some k such that 1 <k <n — 1.
(ii) H®) =0 for all k such that 1 <k <n —1.

(iii) TP (H) = 0 for all p such that 1 <p<n— 1.

Proof. For each k and p, Theorem 2.4 implies that T'")(H) appears as a
summand of H(k’m)/H(k7m+1) for some m. This yields the corollary. O

See Kapranov [10, Prop. 1.5] and Dubois-Violette [3, Lemma 3] for alter-
native proofs of the equivalence (i) <= (ii). Aligning with Kapranov [10], we
say that an n-complex C is n-ezact if the equivalent conditions (i)-(iii) in Corol-
lary 2.6 are satisfied for the amplitude groups and train groups of C.

2.5 Maps of amplitude systems

Let H = (H,dg,upn) and £ = (L,dr,ur,) be two G-graded amplitude systems.
A map of amplitude systems

p:H—L

is a sequence (gp(o), ce <p(")) of degree-preserving maps
go(k) - gH®) (k)

such that uLgo(k) = go(k“)uH for 0 <k <n-—1and dLgo(k) = go(k_l)dH for
1<k <n. Let cpgk) denote the restriction of ¢®) to Hi(k).

Let C = (C,d) and ¢ = (C, CZ) be two n-complexes. An n-complex map
w:C — C is a homomorphism p : C' — C such that du = ud.

Proposition 2.7 Let i : C — C be an n-complex map. Then p induces a map
@ of the corresponding amplitude systems, where

©®) (z +im 6" ) = p(z) + im 6",

Proof. If & = 6" *(y), then p(z) = 6"*u(y). Moreover, if 6*(z) = 0, then
6F () = po®(x) = 0. As a consequence, ¢*) is well-defined. It is obvious that
ﬁgp(k) = So(k‘i'l)u and Czsﬁ(k) = Sp(kfl)d |:|

For simplicity, we use the same symbol d to denote the map dy in different
amplitude systems, and similarly for u.

10



Proposition 2.8 Let ¢ : H — L be a map of amplitude systems. For 1 < k <
n—1 and i € G, we have that ¢ induces a map

oM T (H) — T (L);

(k)

@,/ maps the class of an element x € Hi(k) to the class of ¥ (z) € L

i

Proof. Given a € H**Y and b € H*~ | we have that
©®) (d(a) + u(b)) = dp®* D (a) + ue®V(b) € L® N (im d + im u)

for1<k<n-1. U

Combining Propositions 2.7 and 2.8, we obtain the following fact.

Corollary 2.9 Let u: C — & be an n-complex map. For 1 <k <n—1 and
1 € G, we have that p induces a map

i) — TV (€);

(2

ﬂgk) maps the class of an element x € C; to the class of the element u(x) € E;.

2.6 Amplitude systems and n-complexes

An interesting question regarding amplitude systems is whether every such sys-
tem arises from an n-complex. Using Theorem 2.4, one can show that this is true
whenever the short exact sequences in Corollary 2.5 all split, but the situation
is more complicated if they do not split.

For example, let S be a ring, and let R = S[z]/(2?), where S[z] denotes

the polynomial ring over S in one variable. Let Hél) = H2(2) = R/(x) and
H{l) = H1(2) = R, and define da(r) = u1(r) = xr and dy(r) = r; see the below
diagram.

0 —— i = R/(x)

HY=RrR 2~ HY=R

|

HY = R/(x) —— 0.

It is clear that this defines an amplitude system H with n = 3. Assume that
(C,0) is a 3-complex of R-modules such that the associated amplitude system
coincides with H. Let a,b € C; be elements such that a belongs to the class
1in H{l) and b belongs to the class 1 in H1(2). Since u;(1) = x, we have that
a — xb € im dy, which implies that za € x - imd,. In Hl(l), we thus have that
x € x-imdy = 22 R = 0, which is a contradiction.

11



It would be interesting to know whether there exist similar examples in the
case that the underlying ring R is an integral domain. We have yet to find
such a example. In the given example, the situation would be different if we
viewed H®) and H? as S[z]-modules. Specifically, let C3 = Cy = S[z] and
Cy = Cy = S[z] ® S[z], and define d3(a) = (za,0), d2(a,b) = (xa + b, —xb),
01(a,b) = b, and 69 = 0. It is a straightforward exercise to check that the
resulting amplitude system coincides with H (in the sense that the two systems
are isomorphic as defined in Section 2.5).

3 Further properties of amplitude systems and
train groups

We examine further properties of amplitude systems and train groups. The
results of this section are not used in the remainder of the paper.

3.1 Free and projective groups

Say that an amplitude system is free (projective) if all amplitude groups are free
(projective) as R-modules. We prove a result about the freeness and projectivity
of amplitude systems and train groups. In the proof, we will use the fact that
any terminating exact sequence of projective R-modules splits:

L PQ E— Pl —_— P() — 0

| |

. L imds d Q2 L imds & Q1 L) imdi, —— 0

In particular, im d; is projective for each i. We refer to Eisenbud [5, §A3.2] for
more information about projective modules.

Theorem 3.1 The following hold for the train groups of an amplitude system
H.

(i) If TP/ (H) is free for 1 < p <n —1, then H is free. Conversely, if R is a
principal ideal domain and H"=F) is free, then T"®) (H) is free.

(i) If T®W)(H) is projective for 1 < p < n — 1, then H is projective. The
converse is true if H is Z-graded and there is a b € Z such that Hi(k) =0
whenever i < b.

Proof. (i) By Corollary 2.5 and downward induction on m, each group H (™)
is free if the groups 7®) (H) are free for 1 < p < n — 1. Conversely, if R is
a principal ideal domain and H(~%) is free, then T®)(H) is also free, being
isomorphic to a submodule of the free R-module H("~F),

12



(ii) The same argument as in (i) yields that each H®*™) is projective if all
TP)(H) are projective. Conversely, consider the long exact sequence

o oart Hi(r) u Hi(k) dr Hff?") un Tk
n—k k—r r n—k
u Hz(f;r) d Hf:l]:k) u Hi(:l]:k-i—r) d

By assumption, this sequence terminates. Since all modules in the sequence
are projective, the sequence splits, and the image of each map is projective. In
particular, Hi(k) Nimdr—k=* = Hi(k) Nkeru’ is projective for 1 < <n—Fk—1.
Now, consider the exact sequence

k—1
Hi(l) Nkeruf —— Hi(k) Nkeru —%— Hi(ffl) Nkeru —— 0.
The sequence is indeed exact, because

Hi(k) NkeruNkerd = Hi(k) NkeruNimu*~! = Hi(k) N uf =1 (ker u®),
H* YV akeru = HEYnimd* = 7Y nd(imd"+1) =

= H.(le) N d(ker u).

(2

Moreover, all modules in the sequence are projective, which implies that H. i(k) N

uF 1 (ker uf) = Hi(k) N keru Nkerd is projective. By Corollary 2.3, this module

is isomorphic to Tf_:n_ fi_l. O

The second statement in Theorem 3.1 (i) was given in terms of a principal
ideal domain R. The statement is no longer true for arbitrary domains. To give
an example, recall that an R-module P is stably free if F'@ P is free for some free
R-module F. For some rings R, there are stably free R-modules that are not
free. For example, this is the case for the domain R = Rx,y, 2]/ (22 + 3% +22—1)
[5, Example 19.17]. Pick such a ring R, and let F' and P be such that F' and
F @ P are free, whereas P is not free. Let Co, = F, Cy = F® F & P, and
Co = F, and define d5(z) = (x,0,0), d1(x,y,2) =y, and dp = 0. This yields a
3-complex, and we obtain that

HY=~F HY=FopP H =0,
HY =0, HY=FeoP, HY =F,

which are all free. Yet, Tl(l) 2 P, which is not free.

3.2 Monomorphisms and epimorphisms

One may view the following result as a generalization of a result due to Dubois-
Violette [3, §2, Prop. 1].

Theorem 3.2 Let ¢ : H — L be a map of amplitude systems. Suppose that
there is a k € {1,...,n — 1} such that ©*) is a monomorphism and o™= *) is
an epimorphism. Then ) is an isomorphism for each j.

13



Proof. By an induction argument, it is sufficient to show that ¢*~1) and
©F*+1) are monomorphisms and that ¢ ~*+1 and (%=1 are epimorphisms.
By symmetry of d and wu, it suffices to prove that ¢*~1) is a monomorphism
and @™~ F*1 is an epimorphism.

To see that go(k_l) is a monomorphism, consider the following commutative
diagram with exact rows.

gk T gmeny 4N gk v k)

Sa(n—k)J/ (p(nfl)J/ w(k—l)l Sa(k)l

k) W rmeny 4N e v p (k)
Let 2 € H*=1 be such that 2’ = o*~1(z) = 0. Since p*) is a monomorphism,
we have that u(x) = 0, which yields an element y € H™~1 such that d" *(y) =
x. Since y' = "~V (y) has the property that d" % (y') = pk=Ddr=F(y) = 0,
we obtain an element 2’ € L") such that «*~1(2') = y'. Now, p(»=*) is an
epimorphism, which yields an element z € H™= %) such that ga("_k) (z) = 2.
Finally, note that

(,O(k) (dn—k—l(y)) — dn—k—l(y/) — dn—k—luk—1<p(n—k) (Z) _ (p(k)dn_k_luk_l(z).

Since ¢*) is a monomorphism, we get that d"~*~1(y) = d"~*1u*~1(z) and
hence that
T = dn—k(y) _ dn—kuk—l(z) _ uk—ldn—k(z) =0.

To see that p("~#+1) is an epimorphism, we use a dual argument. Consider
the following commutative diagram with exact rows.

Hn-k) v k) 4N gy v e

Sa(n—k)J/ Sa(n—l)J/ w(k—l)l 4‘O(fc)l

L(n—k) u L(n—k—i—l) ar* L(l) uh ! L(k)
Let ' € L"=F+1) | and define w' = d(z') € L*=% and ' = d"*(2') € LW,
Since ¢("~*) is an epimorphism, there is a w € H™*) such that p(»~*) (w) =
w'. Define y = d* *~1(w) € HY; note that o) (y) = 4. By the diagram,
uF=1(y') is zero. Since p*) is a monomorphism, we obtain that u*~!(y) is
also zero. As a consequence, there is an element zy € H™ %1 guch that
d"F(xg) = y. Write 2, = " F+1)(z4). Since d**(2’ — x)) = 0, there is an
element 2z’ € L("~%) such that u(z’) = 2’ — ). Now, ©(®*) is an epimorphism,
which implies that 2/ = ¢("~*)(z) for some z € H™*). To conclude, we note
that ("= *+1y(2) = 2/ — xf), which yields that ' = "~ **D (u(z) + x0). O

For the remainder of the section, we compare a given map of amplitude
systems to its induced maps of train groups.

Theorem 3.3 Let p : H — L be a map of amplitude systems. Let 1 < k < n—1.
Then the following hold.

14



(i) If gagk) cHP Lgk) is an epimorphism, then so is gﬁ(k) : Ti(k)(')'{) —

T (L).
Q) If "0 HOE - Lk
T (M) - T (L).

(k)

As a consequence, if p;

then ¢ induces an isomorphism from Ti(k) (H) to Ti(k) (L£).

, , (K
“ka1 8 a monomorphism, then so is 307(; )

is an epimorphism and p;_, "} is a monomorphism,

Proof. By Theorem 2.2, we may identify Ti(k)(')'{) with () (Hl(k)) - Hl(f;f)l,
where *) = dF=1y"=F=1 We obtain the following commutative diagram,
where on both rows (%) is an epimorphism and ¢(*) is a monomorphism.

)

k) »® k n—k
oY 2 () —— HE

lw(k) l@(’c) lsa(n*k')

L5

® ™ Tv(k)(ﬁ) 7 (n=h)

As a consequence, the theorem follows. O

One may view the next result as a partial converse of Theorem 3.3. For
convenience, we state the result in the ungraded case, leaving the graded case
to the interested reader.

Theorem 3.4 Let ¢ : H — L be a map of amplitude systems. Then the follow-
ing hold.

(i) If o) is an epimorphism for 1 < k < n—1, then o* is an epimorphism
for1<k<n-—1.

(i) If %) is a monomorphism for 1 < k < n—1, then ¢*) is a monomorphism
for1<k<n-—1.

Proof. We apply Theorem 2.4. Let o(*7) be the restriction of ¢*) to H®m),
For each m, we have that p®™) (H®m) C LFE™) hecause o diy™—9 =
diu—9pkta=(m=a)) for 0 < ¢ < m. As a consequence, we have the following
commutative diagram with exact rows.

0 —— ghm+) ___  pghm) | @ T(k+q7(qu))(H) 0
q€1lk,m

J/Sa(kﬂn+1) J/(p(k,nz) J/

0 — em+y) _  plkm) @ T(k+q—(m—(J))(£) -0
q€lk,m

To obtain (i), we use downward induction on m, starting with m = n — 2, to
prove that ¢*™) is an epimorphism for 0 < m < n—2; remember that p(*0) =
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©®) . Now, the rightmost vertical arrow in the diagram is an epimorphism by
assumption, and ¢®*™+1) is an epimorphism by induction. As a consequence,
™) is an epimorphism, and we are done. A similar argument yields (i). O

4 Pseudo-homotopic maps

Let C = (C,6) and € = (E, ¢) be n-complexes, and let ¢ be an n-complex map.
By Corollary 2.9, ¢ induces maps ¢ : TR (C) — T (&) for 1 <k <n —1.
Following Kassel and Wambst [11] and Dubois-Violette [3], we say that two
n-complex maps i, A : C — & are homotopic if there are maps h; : imé'~! — E
(typically not n-complex maps) such that

p=A=Y " Ih;el
j=1

Proposition 4.1 (Dubois-Violette [3]) If 1 and A are homotopic n-complex
maps from C to &, then i and X induce the same map from H®) (C) to H®) (&)
for1<k<n-—1.

Proof. Suppose that p— X =37, €"Ih;697 . Let z € ker 6¥. We have that
€ Th;07 Y (z) =0for1 <j <k—1and e 7h;6’~(z) € im e Ffork <j<n.
As a consequence, j(z) — A(x) € €% which yields the statement. O

Corollary 4.2 If i and A are homotopic n-complex maps from C to &, then
and X induce the same map from T (C) to T® (&) for 1 <k <n —1.

An important special case is that the identity map on C is homotopic to the
zero map. By Corollary 4.2, we then have that T®")(C) =0 for 1 <k <n — 1.
We say that two n-complex maps A, i from C to £ are pseudo-homotopic if

n k
p=A=Y Y e Thuet
k=1 j=1

where the maps hj : imé’~! — E have the properties that im hjr C ker €*
and im 6% C ker hji,. If hjr, = 0 whenever k < v, then we say that u and \ are
pseudo-homotopic of degree . In particular, u and A are homotopic if they are
pseudo-homotopic of degree n.

Theorem 4.3 If u and A are pseudo-homotopic via the identity

n k

p=A=g=>Y_ Y & Thust

k=1j=1
then the induced maps ™), N\ TU)(C) — TU(E) satisfy the relation
A0 A0 Z 4

for 1 <r <n—1, where g : TU)(C) — T)(E) is induced by h,.6" .
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Proof.  Write gj, = ek_jhjkéj_l. Note that im g, C kere” and keré™ ! +
imd C ker g,; hence g, indeed induces a map from T(T)(C) to T(T)(S). It
follows that f = g — g, also induces such a map. It remains to show that f
induces the zero map, meaning that f(x) € ime + ker ¢! whenever x € ker §".
Now, if j < k, then g;; € ime. Moreover, if k& > 7, then ker " C ker 0F—1 C
ker gjx; hence g (r) = 0. Finally, if k < r, then ggr(z) € kere® C kere™ 1.
This yields the desired statement. O

We now consider n-complex endomorphisms that are pseudo-homotopic to
the identity map. Under certain favorable conditions, we may use such endo-
morphisms to deduce information about the train groups. We will apply this
fact in Section 5.

An n-complex § = (5, 6) is an n-subcomplez of the n-complex C = (C,0) if
S C C and 6(S) C S. Here, we use the same symbol § to denote both ¢ itself
and its restriction d|s to S. We write S C C.

If A:C — & is an n-complex map inducing an isomorphism between the
amplitude systems of C and £, then we say that C ~ £ via A.

Proposition 4.4 Suppose that the n-complex map X\ : C — C satisfies \> = \.
Write g = id — X. Then (img,0) is an n-subcomplex of C, and C splits as the
direct sum of (im A, d) and (img,0). In particular, if (img,d) is n-exact, then
C ~ (im \,0) via X and also via the inclusion map from (im X, d) to C.

Proof. We have that g = § — 6\ = § — Ad = ¢J; hence (im g, ¢) is indeed an
n-complex. Since g2 = g and id = X + g, we have that C = im A @ im g. Since
the restriction of § to each of im A and im g defines an n-complex, we obtain the
desired result. (]

Theorem 4.5 Suppose that the n-complex map A : C — C is pseudo-homotopic
to the identity map via the identity

n k
id=A=g=> Y Th;e "

k=1 j=1
Suppose that \> = X\. Then

1M gy

7(r) =~ () (;
©) (imA,0) & im g, N (ker 67— +1im4J)’

where Gpp = hppr 6" 1 If g?r = g, then this simplifies to
T(C) = TM (im A, §) @ im g,

Proof. Proposition 4.4 yields that C splits as the direct sum of (im \,d) and
(im g,d). Since g?> = g, the inclusion map from img to C coincides with the
restriction of g to img. By Theorem 4.3, the associated induced map §(") :
T (im g, ) — T)(C, ) is also induced by the map g,,. We deduce that

im g

T (im g, §) = :
(img,9) im gy N (ker 671 4 im d)
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For the final statement, note that
im g, N (ker 51 +im ) C im g, Nker g,

which is zero if 2. = g, O

5 Discrete Morse theory on nilpotent operators

Forman’s discrete Morse theory [6] is a method for reducing a chain complex to a
smaller complex with the same homology. We want to generalize the method to
n-complexes and show how one may use the method to simplify the computation
of train groups.

First, we review the classical case, where we have a boundary operator d
satisfying 9% = 0. We refer to the literature [6, 8, 9, 12, 16] for more details.
The main idea of discrete Morse theory is to find a decomposition of C as a
direct sum

C=A®BaU
such that 740 defines an isomorphism f from B to A, where ma(a+b+u) =a
fora € A, b€ B, and u € U. Since f is an isomorphism, we may replace A
with 9(B) in the decomposition, thereby obtaining the decomposition

C=90B)eBaU.
Defining .
U={u—f'rs0(u):uecU},
we may replace U with U and obtain the decomposition
C=08B)®BoU.
By a straightforward computation, we obtain that 8(U) C U. In particular,
kerd = 9(B) ® (U N ker d)
and
ker dNimd = 9%(B) ® d(B) & d(U) = d(B) @ (U Nker d N im ).
This implies that
U Nkerd

UNkerdNimd

One may view the groups A and B as being paired; due to the isomorphism f,
they cancel out nicely. Our goal is to generalize the construction to n-complexes,
showing how to cancel out sequences of subgroups, while keeping control of the
train groups. Similarly to the way Jollenbeck and Welker [8] and Skéldberg [16)
described discrete Morse theory in terms of homotopic maps, we describe the
generalized version in terms of pseudo-homotopic maps.

For clarity, we divide the discussion into two parts. In Section 5.1, we
restrict our attention to a generalization of the very special case that A and
0(B) coincide. In Section 5.2, we consider the full generalization.

1%

H(C,8)=TWM(C,0) =TWNU,0) = H(U,0).
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5.1 Starting with a nice decomposition
Let (C' , 5) be an n-complex. Suppose that we are given a submodule
n k
1= )
k=1 j=1

of C such that we may write

C=AqU (6)

for some submodule U. For every j < k, assume that the restriction of 6k to
AF* defines an isomorphism

i o AFE 5 ATk,

Moreover, & (A'™) =0 for 1 < k < n. The following diagram illustrates how )
maps the various submodules.

0 e Al

R

0 A12 A22
0 A3 = A23 = A33
0 Aln = A2n = A3n = = Ann

Remark. In the case of the usual boundary operator 0, discussed at the begin-
ning of Section 5, we have that A?? = B, A2 = 9(B), and A!! = 0.

Remark. In Section 5.2, we will leave more room for flexibility. Specifically,
while we will still require that 6*=7 (AF*) is isomorphic to A7%, we will no longer
require that the two groups are identical.

We also need the following assumption:

(I) We have that 741« Sk =0for1<k< n, where 45+ is the projection on
AJ* with respect to decompositions (5) and (6).

The restriction of 7 4118% to A is always zero, which implies that (I) is equivalent
to saying that the restriction of m41.0% to U is zero for 1 < k < n.

The standard case is the situation that A% = 0 whenever k < n. We are in
the standard case if and only if the induced n-complex on A is n-exact. Note
that (I) is trivially true in the standard case.

For 1 <k <mnand 1l < j <k, we define h;, = fl_klwAu-,. Note that
imhjj, C ker 6% and im 6% C ker hjr. Moreover, (I) is equivalent to saying that
hkkgk:Oforlgkgn.

19



Write g = gk_jhjkgj_l. We have that im g, = A% and

. 9ik if (j,k):(ﬁ,m),
9jkgem = { ng if (j, k) # (£,m).

For example,
g?k) = Sk_jffklﬂ'Alk (Sk_lffkl) WAlij_l = Sk_jffklﬂ'Alkgj_l = §jk-

In particular, g2 = g, where

9 =:§§:EZ:gjh

k=1j=1

Define

A=id—g. (7)
Theorem 5.1 We have that X defines an n-complez map from C to itself, and
Mo : U — im X is an isomorphism of R-modules. Moreover,

T(C,6) =T (m A, 8) @ A"

for1 <r<n-1. In jhe szandard case, C ~ (im 5\,5) via A and also via the
inclusion map from im A to C.

Proof. For x € A% note that
Mz) =2 —gjr(z) =2 —2 =0,

In particular, im A = A(U). Moreover, Ay : U — im A is indeed an isomorphism,
because an inverse is given by taking the projection on U with respect to the
decomposition (6).

Furthermore, g2 = g and g2, = g, by the discussion preceding the theorem.
In particular, assuming \is an n-complex map, we obtain that the conditions of
Theorem 4.5 are satisfied, which implies the desired result; apply Proposition 4.4
for the very last statement of the theorem.

It remains to show that A is indeed an n-complex map. Equivalently, g is an
n-complex map. Now,

ggjk = gk_j+1f_17TA1k(§j_1 = { gj_lvkg if 1 <j < k’

0 if j = 1.
AS a consequence,
B n k ~ n k ~ n k—1 ~ n k ~ .
09 =D > gk =>_> g 1k0=>_ > gnb=>_ > gub=gb,
k=1j=1 k=2 j=2 k=2 j=1 k=1 j=1

where the next to last equality is a consequence of the assumption (I) that
grrd = 0. This completes the proof. O

Write At = @y Ak
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Theorem 5.2 For each u € U, the element S\(U,) is the unique element t € C
with the properties that wy (t) = u and

Ty 0™ (t) = 0 for m > 0. (8)

Here, my and a0y are projections with respect to the decompositions (5) and
(6). In particular, im X\ is the module consisting of all elements t satisfying (8).

Proof.  Since g1x(U) = 0 for every k, we have that 7 411 A = 0. By Theorem 5.1,
im ™A C im A, which yields that m4¢1;6™A = 0. ~
Conversely, suppose that 7y (t) = v and that 74¢1;6™(¢) = 0 for all m > 0.

Write i
t= ;\(u) + ZZajk,

k=1 j=1

where a;, € A7k We obtain that
0= WAlk:gm(t) = WAlkSmS\(U/) + gm(am+17k) = Sm(am-i-l,k)-

Since the restriction of 6™ to A+ defines an isomorphism to A% we obtain
that am41,5 = 0 for all m and k. As a consequence, t = A\(u). O

5.2 Starting with a more general decomposition

In applications of discrete Morse theory to ordinary complexes, the pair (4, B)
typically does not have the property that 9(B) = A. More precisely, the normal
situation is that we have a standard basis for C' and that A and B are generated
by subsets of this basis [8, 9, 15, 16]. For example, C' might be the chain complex
associated to a simplicial complex, and A and B might be generated by subsets
of oriented simplices.

Similarly for n-complexes, it seems reasonable to assume that it would not
normally be straightforward to find groups A% such that 6~ defines an iso-
morphism from AF* to A% for 1 < i < k. In this section, we address this issue
by considering a more general situation. See Section 7.1 for a simple illustrating
example.

For an n-complex (C, §), assume that we may write

C=BalU,
where B = B{<} ¢ B{=}. Here,
B= =P B*
k=1
for some R-modules B!,..., B", and
n k—1
B =P
k=1 j=1
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We refer to the situation that B¥ = 0 for k < n as the standard case.

Remark. In the ideal case discussed in Section 5.1, one should think of B* as
AR and BU<) as @), @) AT,

For 1 < j <k < n, introduce a formal variable e;;, and define Ak = Bkejk.

Let 3
C=PPAtau.

k=1 j=1
Define ¢ : C — C by
plbejn) = 877 (b) € 5°79(BY)

and p(u) = u for u € U. Assume that ¢ : C — C defines an isomorphism.
Then we may define an operator § : C' — C' by

6= 5.
Since ¢ is an n-complex map and an isomorphism, we have that

T(C,6) =T (C,6).

Now,
d(besr) = @ op(besr) = 16687 (b)
—1ck—i be;_ ifl<j<n
_ 1ck—j+1 _ i—1,k JsSsn,
= v (b)_{o if j=1.

In particular, we have the situation in Section 5.1, given that we again make
the following assumption, which is trivially true in the standard case.

(I) We have that WAlkSk =0forl1 <k<n.

Note that 6% = p=16%¢.

Define ) as in Section 5.1, and write A = 905\50’1. The map A is an n-complex
map, being the composition of n-complex maps. Also, note that A2 = 905\290*1 =
@ p~t = \. Theorem 5.1 yields the following result.

Theorem 5.3 Let notation be as above. Suppose that ¢ is an n-complex iso-
morphism from (C,8) to (C,6), and also suppose that 7 41x0% =0 for 1 < k < n.
For1<r<n-—1, we have that
TM(C,5) = TW(C,8) =TT (im\,d) @A™
~ T (im\,6) @ B.

In the standard case, (C,8) ~ (im \,0) via A and via the inclusion map from
im A to C.
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Remark. Theorem 5.3 relies on ¢ being an isomorphism. Note that the re-
striction of ¢ to @, ARk @ U defines an isomorphism to B1=} @ U. In partic-
ular, ¢ is an isomorphism if and only if m5(<}¢ defines an isomorphism from
Al = D,k A7% to BI<}, where the projection is with respect to the decom-

position C = Bi<} @ BI=t g U.

The following special case is particularly nice. Recall that A1 = @ _, A,

Theorem 5.4 With notation and assumptions as above, suppose that we may

write
B =Bt g pi>}

such that w1y (z) = 0 if and only if Ty (x) = 0 for every x € C. Then im A
is the group consisting of all elements t € C such that w1y d™(t) = 0 for all
m > 0.

Proof. By Theorem 5.2, an element ¢ belongs to im A if and only if
Tty 0™ (f) = 0 for m > 0.
As a consequence, an element t belongs to im A if and only if
Ta030™ @ L (t) = 0 for m > 0.
By assumption, this is equivalent to saying that

Trared™ e (t) = 0 for m > 0.

1

Since Ty ™Y = w1y 0", we are done. O

6 A cluster lemma

The main result of this section is Lemma 6.1, which is a generalization of the
so-called Cluster Lemma of discrete Morse theory [7, 9]. The procedure of the
lemma is to cut an n-complex into small pieces, apply discrete Morse theory to
each piece, and finally glue all pieces together again. Lemma 6.2 comments on
the final gluing process, which is by far the most complicated part.

Let (C,d) be an n-complex, and let P = (X, <p) be a finite or countable
partially ordered set. We assume that we may label the elements of X as
Z1,T2,%3,...such that ¢ < 7 whenever x; < x;. This is true for all finite posets.

Suppose that we may write

c=c (9)
x€eX

such that
im ¢ € 5 CY. (10)

y<z
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for each € X. Define §, = m,0|c=, where 7, denotes the projection on C*
with respect to the decomposition (9). By (10), we have that (C¥,6,) defines
an n-complex.

Lemma 6.1 Suppose that each C* admits a decomposition
c* =Bl g BIEI T g U” (11)

such that the conditions of Theorem 5.3 are satisfied for (C*,4,), assuming the
standard case (i.e., B" =0 for r < n in the terminology of Section 5.2). Define

Bt =P B, =P B, v=Pu

zeX rzeX rzeX

Then the conditions of Theorem 5.3 are satisfied for the decomposition

c=B"<eBSlaou (12)

Proof.  For simplicity, we assume that X = Z, = {1,2,3,...}, where i is less
than j as an integer whenever i is less than j in P. For each k € X, let (C*, )
and ¢y, be defined in terms of (C*, ;) and the decomposition (11) as described
in Section 5.2. In particular, ¢y is an n-complex isomorphism from (C‘k,gk)
to (C*,4;). Similarly, let (C,8) and ¢ be defined in terms of (C,8) and the
decomposition (12). We may identify C' with @,, C*. Since we are in the
standard case, it suffices to prove that ¢ defines an isomorphism from C to C.
For each k € Z,, observe that ¢, coincides with the restriction of 7w to
C*, where 7 is the projection onto C* with respect to the decomposition (9).
Using this fact and (10), we obtain that ¢ is a monomorphism. Namely, suppose
that () = 0, where ¢ = 3", -, & and & € C*. Assume that ¢ # 0, and let k
be maximal such that ¢ # 0. By (10), mp(¢;) = 0 for j < k, we obtain that

k—1

0=mrp(¢) = pr(tr) + Zﬂk@(éj) = o1 (Ck),

which yields that ¢, = 0, because ¢y is a monomorphism. This is a contradic-
tion; hence ¢ = 0.
It remains to prove that ¢ is an epimorphism. Consider an element

c:chGC,

k>1

where ¢ € CF for each k. We want to find an element & € C such that ¢(&) = c.

If ¢ = 0, then we may pick ¢ = 0. Otherwise, let i = i(c) be maximal such
that ¢; # 0. Since @ is an epimorphism, there is then a (unique) element ¢; € C'
such that

mip(Gi) = wi(Ci) = ¢
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Define
d =c— ().
Since (&) € B, <; C7 by (10), we have that ;(c’) = 0, and 7;(c’) = 7j(c) =0
whenever j > i. By induction on i(c), there is an element & such that ¢(¢') = ¢'.
As a consequence,
(& +&)=p(@)+d =c,

which implies that ¢ = ¢; + ¢’ has desired properties. [l

For each x € X, there is an n-complex map A, = @m;\mgo;l : C* — C* asso-
ciated to the decomposition (11) as described in Section 5.2; see Theorem 5.3.
Similarly, there is an n-complex map A = @A ¢ ~! : C — C associated to the big
decomposition (12). The theory in Section 5.2 gives a formula for computing
the n-complex (im A, d) from ¢. One may ask whether we may obtain (im A, )
by “gluing” the smaller n-complexes (Az,d,) in some cunning manner. While
this seems hard in general, we do have one result in this direction. In fact,
Lemma 6.2 below shows that it suffices to find an approximation U of im A,
provided U aligns with each im A\, in a certain sense.

Lemma 6.2 Assume that C = (C,0) satisfies (9) and (10). For each z € X,
let (U",65) be an n-subcomplex of (C*, ;) such that (U”,05) ~ (C*,d;) via the
inclusion map. Writing U = @, x U”, suppose that there is a map a: U — C
satisfying the following properties, where we define oy = aye.

(i) d(ima) C ima.
(ii) For each x € X, we have that im o, C @ygx Y.

(ili) For each x € X, we have that mc=q,, is the inclusion map from U, to C*.
Here, o= is the projection with respect to the decomposition C = @y cv.

Then (im o, 0) ~ C via the inclusion map.

Remark. To apply the lemma to the situation in Lemma 6.1, define U* = im A,.

Proof.  As in the proof of Lemma 6.1, assume that X = {1,2,3,...}, where
i < j whenever 7 is less than j in P. Write CS? = @;:1 Cr.

Observe that a is a monomorphism. Namely, let u be a nonzero element in
U, and write u = >, u;, where u; € U'. Let j be maximal such that uj # 0.
By property (ii), we obtain that mcja; = 0 for all 4 such that i < j. We deduce
that

Teia(u) = mesaj(ug),

which equals u; # 0 by property (iii). We conclude that a(u) # 0.

As a consequence, we may write

ima = @imai, (13)

i>1

and «; defines an isomorphism from U? to im «; for each i. Define f; : ima; —
U" as the inverse of «;; we have that (§; coincides with the restriction of mq:
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to im ;. We obtain an isomorphism 3 : ima — U by defining Blima, = i
and extending linearly. Note that the composition o is the inclusion map from
ima to C.
Next, note that
d(imea;) C @imai

1<j

for each j. Namely, let a € ima;, and write 6(a) = >, a;(b;), where b; € U*.
Assuming §(a) # 0, let k& be maximal such that by # 0. Then

ché(a) = chak(bk) = by.

Since a € ima; C C<J, we have that §(a) € C<7, which yields that k < j.

Most importantly, writing im a<; = @igj im «;, we have that (ima<;,d) is
an n-complex for each j. In fact, we have the following short exact sequence of
n-complexes:

0 —— (ima<i_1,8) —— (ima<;,d) —<— (U, k) — 0.
This sequence is indeed exact, because 7 vanishes on im a<;—1, and the restric-
tion of 7w to im «y; coincides with the map (;, which defines an isomorphism
to U'.

We use induction on 4 to show that (im a<;,d) ~ C=' via the inclusion map
for each i > 1. Observing that {(im a<;,d) : i > 1} and {C=!:i > 1} are direct
systems with direct limits (im«,d) and C, respectively, we obtain the desired
result; direct limits commute with the homology functor [18, Th. 4.1.7].

The statement is clear for ¢ = 1, because a<; = oy is the inclusion map
from U' to C! by (iii). By assumption, this yields that (im a<i,d) ~ CS! via
the inclusion map.

Assume that ¢ > 1. By the above discussion, the following commutative
diagram is well-defined and has exact rows, and all maps commute with the
boundary maps.

0 — im()égi,1 — imagi ot Ul 0
0—— ¢t ¢si Tt g 0

Here, ¢ denotes inclusion maps. By the discussion in Section 1.2 and standard
homology theory (see also Dubois-Violette [3] and Kassel and Wambst [11]),
each row gives rise to a long exact sequence of amplitude homology groups, and
the maps induced by the vertical maps commute with the maps induced by the
horizontal maps. More precisely, we have the following commutative diagram
for 1 < k <n —1, where both columns are exact.
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H(n—k)(Ui, 51) = H(n—k) (Cz)

| |

H(k)(imagi,l,é) _= H(k)(cgifl)

l l

H(’“)(imagi,é) I H(k)(CSl)

l |

H®(U,5;) —= H®(CY)

! |

H(n—k)(imagi_hé) _= H®n=k)(<i-1)
By assumption and induction, we have the indicated isomorphisms. The Five
Lemma yields an isomorphism also in the middle, which concludes the proof. [

7 Illustrating examples

We provide examples to illustrate some methods of this paper. All applications
of discrete Morse theory are in the standard case; the group A’F is zero unless
k = n. In particular, the map A in (7) is always homotopic to the identity map,
and assumption (I) in Section 5.1 is trivially true.

7.1 Baby application of discrete Morse theory

First, we give a simple example to illustrate the details of the generalized discrete
Morse theory introduced in Section 5.

Let p be any prime, and view the polynomial ring Z,[x, y] as a vector space
over Z,. Define an operator 4 on Zy[z,y] by 6= % + 8%' It is straightforward

to prove that 6P =0.

Let Q = Zy[x,y])/(Zy]x] + Z,]y]), and let C be the subspace of @ generated
by all monomials 2%y® such that 1 < a < p—1and 1 < b < p—1. Using
the substitution z%y” — z%/a! - y?/b!, we obtain that the p-complex (C,d) is
isomorphic to the p-complex (C, ), where

5(xayb) _ xa—lyb 4 xayb—l

(modulo Z,[x] + Z,[y]). Note that C' admits a grading C' = @72252 C;, where
C; is the subspace of C' generated by monomials z%y® such that a + b = 1.

In this section, we let p = 3. In this case, C = (zy, 2%y, ry?, 2%y?). See
Section 7.2 for the general case. Let us use the same notation as in Section 5.2.
Define

B = (*y%), B = (ay,a?), U= (a%y).
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For 1 §~i < 3, write A* = A% = Bi=} - e;, where e = €3 is a formal variable.
Define C = A' ® A2 @ A2 @ U. We have a map ¢ : C — C given by

o(x’y®-e3) = 2y,

p(x®y®-ex) = 6(z*y?) = 2’y + xy,

@y e1) = (%Y%) =2y = —ay,
pa®y) = 2%y

Clearly, ¢ is an isomorphism. Writing f = fi3 = 74162, note that

;\(3?29) = 3?29 - 913(3729) - 923(3329) - 933(3329)

2y — 62 f L (aPy) — Of rard(aty) — f T mar0%(27y)
2’y —0—0f"ra(p  (xy)) — 0

2y —6f tra(—2?y? - er)

wy—of N (—a’y’ - e1)

= a:2y + a:2y2 - €.

AS a COnSequenCe,
PMa?y) = p(a?y + 22y? - e) = ay® — 27y.

By Theorem 5.3, the above computations imply that the original 3-complex
(C,0) is homotopic to the 3-complex

0 —— (zy? — 2%y) LR}

In particular, Tg(l) = Z3, and Ti(k) =0if (i,k) # (3,1).

7.2 Baby application for general p

The computations in Section 7.1 were quite explicit. In this section, we show
that it is sometimes possible to determine A(U) without carrying out every detail
in the computations. We will make use of the following simple result.

Lemma 7.1 Letn > 2, and let C = (C,9) be a Z-graded n-complex. Fori € Z,
let S; C C; be such that the restriction of "~ to S; is a monomorphism. Define

Ai =84+ 0(Sip1) + -+ 6" (Sitn_1).

Then
Az’ =~ Sz D (5(514_1) D---D 5n_1(Si+n—1); (14)
and
At B A S 4 A A, O

forms an n-exact n-subcomplez of C.
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Proof. Consider a linear combination
n—1
a = Z ¥ (sitr) = 0,
k=0

where s;yr € Sitr. Suppose the combination is nontrivial, and let » be minimal
such that 0" (s;+,) is nonzero. We get that

n—1

0= "1 (@) = 3 6" R (si ) = 7 (si):
k=r

Since the restriction of 6"~ ! to Si+k is a monomorphism, we conclude that
Si+k = 0, which is a contradiction. Hence the combination is trivial, which
implies (14).

To prove n-exactness of A, simply observe that the n-complex splits into
n-exact subcomplexes

S —2 s §5(S) — 2 o 0 r2(s) —2 s gnL(S).
O
Consider any prime p, and let C be defined as in Section 7.1. Define
BE = @y i2<i<p-1),
B = @y 1<i<p-21<j<p-1),
U = (2P 1y).

For 1 < i < p, write A = A®? = B{=} . ¢; where ¢; = e;p is a formal variable.
Define C = @_, A’ ® U. We have a map ¢ : C — C given by

ob-e;) = o6P7Hb) forb-e; € Al
p(aP"ly) = Py
For the time being, let us assume without proof that ¢ is an isomorphism.
To compute A(zP~'y), note that dA(zP~'y) = 0, because dA(zP~'y) € AN(U) N
Cp—1, which is zero. As a consequence, JpA(zP~1y) = 0. Writing pA(zP~1y) =
p=1  p—i i btai
i—q MixP'y", we obtain that

p—2
SpA@Ply) = ma” Py + > T T Y ey ) oyt
=2
p—2
= > (i + pay)e Ny,
=1

which yields that p; = (—1)""'p;. Since AM(xP~1y) is nonzero, we deduce that
©A(U) is generated by
p—1
v= (=i (15)

i=1
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As a consequence, the original p-complex (C,d) is homotopic to the p-complex

0 (y) —2— 0.

In particular, Tél) & Zp, and Ti(k) =0if (4, k) # (p,1).
It remains to prove that ¢ is an isomorphism. This amounts to proving that
we may write

[

C =P (B @ @Ply).

bS]

<.
I
o

For p+ 1 <i < 2p— 2, define S; = (zP~1y*~P+1). Note that

2p—2
B = @ s
i=p+1
In particular, it suffices to prove that
2p—2 p—1
=@ Prs)o ey
i=p+1 j=0

We have that the restriction of 7~ to S; is a monomorphism. Namely, the
coefficient of xy*=P in §P~1(2P~1y*~P*1) is p — 1 # 0. By Lemma 7.1, we may

hence view
min{p—2,i—1}

Ci= @ IS

j=max{L,i—p}

as a subspace of C;. For i # p, we note that dim C!{ = dim C;; thus the two
spaces coincide. For ¢ = p, we have that dimC; = dimC{ + 1 = p — 1. For
0 <j < p-—2, note that

jop—1, +1\ _  p—j—1, j+1
§ (2P Ly Ty = aP Iy o

where m; is a linear combination of elements zP~"y" such that » < j. In
particular,
CP = CZI) & <xp—1y>’

which concludes the proof that ¢ is an isomorphism.

7.3 A tensor product

The purpose of this section is twofold. We provide an application of Lemma 6.2,
and we prove a result that will be of use in Section 7.4.

Given two graded chain complexes C = (C,0¢) and £ = (E,Jg), one may
define a chain complex structure on the tensor product C' ® E by

Acwe)=0dc(c)@e+ (=1)ec® dg(e),

30



where |c| denotes the degree of ¢. Similar constructions exist for n-complexes,
and a common approach is to replace the factor (—1)l¢l with ¢l°l, where ¢ is
a primitive nth root of unity; see Kapranov [10] and Dubois-Violette [3]. For
simplicity, we consider a more basic construction due to Mayer [13, 14].

Let n be a prime p, and let R = Z,. Given two p-complexes C = (C, ) and
& = (E, €) of vector spaces over Z,, we define a tensor product

CRE=(CRE,ixQe),

where
(®e)(c®e)=0(c)R@e+cRe(e).

Since

k
E\ ,
§ k _ 5t k—1
(d@e)"(c®e) ; (z) (c) ® € *(e),
we note that the tensor product of two p-complexes is again a p-complex.
From now on, we assume that C and £ are Z-graded and that C; = E; =0

whenever 7 < 0.

Theorem 7.2 Suppose that C' = (C', ) and &' = (E,€) are p-subcomplezes of
C and &, respectively, such that C' ~C and £ ~ & via the inclusion map. Then
C'® & ~C®E via the inclusion map.

Proof. Defining X = {0,1,2,...}, and equipping X with the natural order,
we have that the decomposition C ® E = @,~,C; ® E is of the form (9) and
satisfies (10).

For i > 0, define (0 ®¢€); : C; ® F — C;  E by

(G®@e)i(c®e) =c®e(e).

It is straightforward to check that C; ® £ ~ C; ® £ via the inclusion map.
Indeed, since we are working over a field, we have that

H®(C, o0& =Cio HP(E) = ;o HW(E) = HW (C;  &). (16)

Let o denote the inclusion map from C®E’ to CR E. For each ¢, we note that
the restriction of a to C; ® £’ defines an inclusion map to C; ® £. In particular,
(ii) and (iii) in Lemma 6.2 are satisfied. Moreover, if ¢ € C; and e € E’, then

be)(cwe)=0c)®et+c®ee) CC,1@E' +C;@E' CC®E =ima.

As a consequence, (§ ® €)(im «) C im «v, which means that (i) in Lemma 6.2 is

satisfied. By Lemma 6.2, we get that C ® &’ ~ C ® £ via the inclusion map.
By a similar argument, we obtain that ¢’ ® & ~ C ® £’ via the inclusion

map. O

Remark. When adapting Theorem 7.2 to other tensor products, one should keep
in mind that the above proof relies on (16) being true. This is not the case in
general if the underlying ring R is not a field. For example, it is not true that
H.(Zy ® &) = Zy ® H,(E) for every chain complex £ of Z-modules.

31



7.4 Mayer’s variant of simplicial homology

Mayer [13, 14] examined a p-complex over Z, defined in terms of a simplicial
complex Y. Spanier [17] showed that the amplitude homology of the p-complex
coincides (up to a degree shift) with the simplicial homology of ¥ over Z,. We
use the theory of the present paper to reestablish Spanier’s result. Dubois-
Violette [3] obtained a similar result for a slightly different construction.

For an integer m, consider the polynomial ring P, = Zp[z1, ..., Zm], viewed
as a vector space over Z,. Define an operator 5: P, — P by

j=2 40
T 9 Oy,
We have that 6» = 0. Namely, let x* = 29 .. 2% be a monomial. For
any integers bi,...,b, summing to ¢ such that 0 < b; < a;, we have that
the coefficient of x2~P = z{' 71 ... z@m=bm in the expansion of §'(x?) is t! -
m 5

[T (5)-

Now, let 3 be an abstract simplicial complex on the set {1,...,m}. Equiva-

lently, 3 is a family of subsets of {1,...,m} such that o € ¥ whenever 7 € ¥ for
some 7 O o. Define C* to be the subspace of P, generated by all monomials
x? such that the following hold.

e 0<ag;<p—1forl1<i<m.
e The set Supp(x®) = {i : a; > 0} belongs to X.

As in Section 7.1, we may replace the operator & with the operator § = > 1", 5
on C¥ defined by
50 (x2) = 1/x; x> =af' - -x?i]lx?i_lx?iﬁl coexfm if g >0,
0 otherwise,

for each monomial x2 = x{* - - z% in C*. This yields a p-complex C* = (C*, )
isomorphic to (C*,9).
Define [0] = 1, [k] = 22", and

p—1
— i, si—1 i
[kla"'vk?’rflak?r‘] - ;(_1) -6 ([klv"'vkzrfl]) 'xk;27.7 (17)
[kl,...,kgr,kgr+1] = [kl,...,k‘gr] xi;il
for r > 1, where k; € {1,...,m}. Note that
p—1 ,
[k, =) (~1)'a} 'z
i=1
and
5([k, 0]) = b~ — 2Pt (18)



Later on, we will show that (C*, ) has the same amplitude homology as the
p-complex described in the following proposition. Let H;(X;Z,) denote the ith
reduced simplicial homology group of X.

Proposition 7.3 for r > 1. Let V= be the subspace of C* generated by the
following elements:

e For each even face {ky,..., kar} € X such thatky < --- < ko, the element
[k1, ..., kar].

e For each odd face {ki,...,kari1} € ¥ such that k1 < -+ < kopy1, the
elements §([k1, ..., kart1]) where 0 <i <p—2.

Then V= = (V*=,0) is an p-subcomplex of C*, and

SO = (%) oo,
Tpf+p@l(vz) HQj(E;ZP) fOTj Z 07

T, ')(VE) =0 for other values of (k,1).

(2

1%

Proof. To show that V¥ is an p-complex, we compute the boundary of each
generator. Let 0 = {ki,...,ks} be a face of ©. We use induction on |o| to prove
the following statements.
e For even s, we have that 6([o]) = Z(—l)jfl[a \ {k;}].
j=1
e For odd s, we have that 6~ ([o]) = Z(—l)jfl[a \ {k;}].
j=1

The statements are clearly true for s < 1; thus assume that s > 2. Write

o' =o\{ks}.

First, assume that s = 2r. We obtain that

8ol) = S(-1 80 (o) - ai,)
_ _[0_/] + (_1)1)*15;071([0/]) xz;l
= 1 Y T (]
= -]+ i (=177 o \ {k;}]
2r
- Z(—l)j‘l[a\{kj}]-
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Here, we use induction on the third line.
Next, assume that s = 2r — 1. Remember that (°;') = (=1)’ in Z, for
1 <i<p—1. We obtain that

# o) = o (10 )

p—1

p—1 ; / i

_ Dot (o) o,

(7)o et
p—1 o fer=2 ' 4

= [0+ 2 (0 | T\ (kY ) -,

= o) S TS (1 (o (R )

j=1 i=1

= [0+ ()7 o\ (k)]

2r—1

= > Do\ {ky)]

j=1

Again, we use induction on the third line.

We deduce that V* is a p-complex. It remains to compute the train groups
of V.

First, we make a few observations.

(a) We have that & defines an isomorphism from V,* to V.*; whenever jp —
p+2<r<jp—1 for some j.

(b) We may identify V;> with Coj1(3;Zy) and Vi with Coj_o(%;Z,,) for
1 <i < p—1, identifying [k1,...,ks] and 6*~1([k1,...,ks]) with the ori-
ented simplex corresponding to the face ky - - - ks. Under this identification,
we may identify % : V}Ep — Vj%_i with the simplicial boundary map from
Ci_1(%;Z,) to Cj_o(%;Z,), and we may identify §° : Vi — Vo with

the simplicial boundary map from C;(%;Z,) to Cj_1(%;7Z,),

If imodp ¢ {0,p — 1}, then V* is generated by boundaries. In particular,
T® = 7™ (V=) = 0 for all k.

Suppose i = jp for some j. By property (a), we have that Tj(]f) =0for k > 1,
because d(c) = 0 if and only if °(c) = 0, where 1 <i<p—1andc€ VJEP By
properties (a) and (b), we have that

1 Vipnkerd Vip Nker o Vijp Nker o

(1 _ _ — =~ Hyi 1(2;7Z).
TV, Né(ker6%) Vi, NoP~L(kerd?)  Vj, Nimop—1 1B 2y)
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Finally, let 4 = jp — 1 for some j. By property (a), we have that Tj(:le =0
for k < p — 1. By properties (a) and (b), we have that

w-1)  Vjp—1Nkerd?~!  V;,_yNkeré?~t _ -
T, = = = Hoj_o(257Zy).
=1 V1 N 6 (ker 67) Vip—1 Nim 4 25-2(%5 Zp)

This concludes the proof. ([
Theorem 7.4 We have that V= ~ C* wia the inclusion map from V= to C*.

Proof. For any given face o of X, let C? be the subspace of C* generated by
all x* such that Supp(x®) = 0. It is clear that

= (19)
ogeY

We obtain a p-complex structure on C? by defining d, : C7 — C7 as the
projection of d|ce on C? with respect to the decomposition (19). Viewing ¥
as a partially ordered set under inclusion, we note that the condition (10) in
Section 6 is satisfied.

Now, consider a face o € X.

o If 0 = {k1,...,kor}, then let U7 = (U?,6,) be the p-subcomplex of C7
generated by the single element

Yo = [k, ko] - [k3, ka] - - - [k2r—1, K2y ].

One easily checks that this indeed defines a p-complex; by (18), the prod-
uct rule yields that §(v,) lies in @p;a Cr.

o If 0 = {ki,...,kory1} = o’ U {kars1}, then let U7 = (U%,d,) be the
p-subcomplex generated by the p — 1 elements

Yoi = Yoo 'ﬂffmﬂ = [k1, ko] - [ks, ka] - - - [k2r—1, kor] '%QHN

where 1 <7 < p—1. Again, one easily checks that this indeed defines a p-
complex; we have that §,(V5;) = Ve,i—1 for 2 <i < p—1and §,(7,1) = 0.

Lemma 7.5 For each o € A, we have that U ~ C? wvia the inclusion map.
Proof. For o = {ki,...,kor}, note that

Co = C{khkz} ® C{k3,k4} R ® C{k27~71,k27~}.
By the discussion in Section 7.2 and Theorem 5.3, U{¥+*i} is homotopic to
Ctkki} via the inclusion map. Applying Theorem 7.2 repeatedly, we deduce

that
Co ~ Ylkikz} ® Uy iks:ka} R ® Uthar—1.k2r} o gq0
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via the inclusion map. For o = {k1,...,kor41} = 0’ U {kar+1}, we have that
Co = @tk
Another application of Theorem 7.2 yields that
07 U7 & Clhari1} = o

via the inclusion map. O

Proceeding with the proof of Theorem 7.4, we want to apply Lemma 6.2.
For any o with an even number of elements, define

@y (Vs) = [0].
For any ¢ with an odd number of elements and 1 < ¢ < p — 1, define
o (Vo,i) = 5;0—1—@‘([0]).

Extend linearly to a map o : U¥ — C*, where U* = P
ima = V>. We want to prove that Lemma 6.2 applies.

. U?. Note that

(i) d(im ) € im . This follows from Proposition 7.3 and the fact that im « =
VE,
(i) imay € @, c, C7. This is clearly true.

(iii) meeae(u) =uforallu € U?. This is straightforward to prove by induction
using (17) and (18).

Hence Lemma 6.2 indeed applies, and we are done. (I
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