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Numerical Evaluations of the Stochastic Power 
Law Logistic Model

Ingemar Nåsell

Numerical evaluations are made at several points in the manuscript "Approximations
of Cumulants of the Stochastic Power Law Logistic Model". 
This Maple worksheet contains the procedures that are used for such evaluations. 
All of them are based on numerical evaluations of the QSD of the model that is 
studied. 
We give therefore first several Maple procedures that are used to determine the QSD 
numerically. 
The worksheet contains 6 sections, as follows:

1) Procedures for determining the QSD numerically. 
2) Numerical evaluations of q1, with R0=2, alpha=1, N=100, 200, 400, s=1, 2, 3, 4. 
Used in Table 1...
3) Numerical evaluations of the first 7 cumulants, with integer s-values from 1 to 4. 
Used in Table 2 of the manuscript. 
4) Numerical evaluations of error terms of approximations of the first 3 cumulants 
for various s-values. The results derived for the s-values 0.5 and 3.5 are used in 
Table 4 of the manuscript. 
5) Numerical evaluations of error terms of approximations of the first 3 cumulants of
the QSD derived with alternate approaches. Used in Table 5 of the manuscript. 
6) Numerical evaluations of the QSD for N=100, R0=5, alpha=1, and the 5 s-values 
0.2, 0.5, 1, 3, 10. Plots of these QSDs are shown in Figure 1.

1 )  P r o c e d u r e s  f o r  d e t e r m i n i n g  t h e  Q S D  n u m e r i c a l l y .  
The numerical determination of the QSD uses the restart map PSI studied by Ferrari 
et al (1995). It requires knowledge about the stationary distributions p0 and p1 of 
the 2 auxiliary processes X0 and X1. 

restart;

First we give the transition rates lambda_n and mu_n: 
lambda:=n->mu*R0*(1-(n/N)^s)*n:
mu:=n->mu*(1+alpha*(n/N)^s)*n:

Next we give a procedure that determines the stationary distribution p0 of the 
auxiliary process X0:
p0PLaw:=proc(N,R0,alpha,s)
  local pi,p0,k0,k,sumpi:
  description "The stationary distribution p0 of the Power Law 
Logistic Process":
  pi:=Array(1..N,1.); 
  if R0<1 then



> > 

> > 

> > 

> > 

    k0:=1;
  else
    k0:=1+floor(N*((R0-1)/(R0+alpha))^(1/s));
  fi;
  for k from k0+1 to N do
    pi[k]:=pi[k-1]*lambda(k-1)/mu(k);
  od;
  for k from k0-1 by -1 to 1 do
    pi[k]:=pi[k+1]*mu(k+1)/lambda(k);
  od;   
  sumpi:=add(pi[k],k=1..N);
  p0:=pi/sumpi;
end proc:

Next is a procedure that determines the stationary distribution p1 of the auxiliary 
process X1:
p1PLaw:=proc(N,R0,alpha,s)
  local rho,p1,k0,k,sumrho:
  description "The stationary distribution p1 of the Power Law 
Logistic Process":
  rho:=Array(1..N,1.); 
  if R0<1 then
    k0:=1;
  else
    k0:=1+floor(N*((R0-1)/(R0+alpha))^(1/s));
  fi;
  for k from k0+1 to N do
    rho[k]:=rho[k-1]*lambda(k-1)/mu(k-1);
  od;
  for k from k0-1 by -1 to 1 do
    rho[k]:=rho[k+1]*mu(k)/lambda(k);
  od;
  sumrho:=add(rho[k],k=1..N);
  p1:=rho/sumrho;
end proc:

A procedure that determines the sum of p[j] for j from 1 to k:
cdf:=proc(p)
  local F,N,k;   
  description "The sum of p[j] from 1 to k";
  N:=op(2,op(2,(p))); 
  F:=Array(1..N,1.); 
  F[1]:=p[1];
  for k from 2 to N do
    F[k]:=F[k-1]+p[k];  
  od;
  F;
end proc:

A procedure that determines the sum Sn in (3.4) in the manuscript: 
SnPLaw:=proc(N,R0,alpha,s,p)
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  local p1,p11,pcum,Sn,k;
  description "The sum Sn in (3.4)";
  p1:=p1PLaw(N,R0,alpha,s);
  p11:=p1[1];
  pcum:=cdf(p);
  Sn:=Array(1..N,1.);  
  for k from 2 to N do
    Sn[k]:=p11*(1-pcum[k-1])/p1[k]; 
  od;
  Sn;
end proc: 

A procedure that determines the image under the restart mapping PSI of a 
probability vector p:
PSIPLaw:=proc(N,R0,alpha,s,p)
  local p0,pi,pin,Sn,S,pp,ppsum;
  description "The image under PSI of p";  
  p0:=p0PLaw(N,R0,alpha,s);
  pi:=p0/p0[1];
  Sn:=SnPLaw(N,R0,alpha,s,p);
  S:=cdf(Sn);
  pp:=pi*S;
  ppsum:=add(pp[k],k=1..N);
  pp:=pp/ppsum;
end proc:

A procedure that determines the quasi-stationary distribution qsd for the stochastic 
power law logistic model: 
qsPLaw:=proc(N,R0,alpha,s)
  local qs1,kvot,qs2,kvotmax,kvotmin,kv;
  description "The quasi-stationary distribution";
  if R0>1 then
    qs1:=p0PLaw(N,R0,alpha,s);
  else  
    qs1:=p1PLaw(N,R0,alpha,s);
  fi;  
  kv:=2.;  
  while kv>1+1e-8 do
    qs2:=PSIPLaw(N,R0,alpha,s,qs1);
    kvot:=qs1/qs2;
    kvotmax:=max(kvot);
    kvotmin:=min(kvot);
    kv:=max(kvotmax,1/kvotmin);
    qs1:=qs2;
  od;
  qs2;
end proc:
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2 )  N u m e r i c a l  e v a l u a t i o n s  o f  q 1 ,  w i t h  R 0 = 2 ,  a l p h a = 1 ,  
N = 1 0 0 ,  2 0 0 ,  4 0 0 ,  a n d  t h e  s - v a l u e s  1 , 2 , 3 , 4 .  
The results are found in Table 1 of the manuscript. 

Digits:=10: R0:=2: alpha:=1.0: 
s:=1: N:=100: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=1: N:=200: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=1: N:=400: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=2: N:=100: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=2: N:=200: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=2: N:=400: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=3: N:=100: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=3: N:=200: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=3: N:=400: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=4: N:=100: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=4: N:=200: qs:=qsPLaw(N,R0,alpha,s): qs[1];
s:=4: N:=400: qs:=qsPLaw(N,R0,alpha,s): qs[1];

0.00001301458858

3 )  N u m e r i c a l  e v a l u a t i o n s  o f  t h e  f i r s t  7  c u m u l a n t s ,  w i t h
i n t e g e r  s - v a l u e s  f r o m  1  t o  4 .
A procedure for determining the first 7 cumulants of the QSD of the power law 
logistic model follows. Note that mu1 is a raw moment (about zero), but all other 
(muc2,muc3,...muc7) are central moments (about mu1)! Expressions for the 
cumulants kappa1, kappa2,...,kappa7 in terms of central moments are found in a 
separate Maple worksheet, which is included among the worksheets that are used to 
determine asymptotic approximations of the first 3 cumnulants of the QSD. The first
procedure below determines numerical values of the first 7 cumulants for given 
values of N, R0, alpha, s:
PLawcum7:=proc(N,R0,alpha,s)
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  local qs,mu1,muc2,muc3,muc4,muc5,muc6,muc7,kappa1,kappa2,
kappa3,kappa4,kappa5,kappa6,kappa7;
  qs:=qsPLaw(N,R0,alpha,s):
  mu1:=add(k*qs[k],k=1..N):
  muc2:=add((k-mu1)^2*qs[k],k=1..N):
  muc3:=add((k-mu1)^3*qs[k],k=1..N):
  muc4:=add((k-mu1)^4*qs[k],k=1..N):
  muc5:=add((k-mu1)^5*qs[k],k=1..N):
  muc6:=add((k-mu1)^6*qs[k],k=1..N):
  muc7:=add((k-mu1)^7*qs[k],k=1..N):
  kappa1:=mu1:
  kappa2:=muc2:
  kappa3:=muc3:
  kappa4:=muc4-3*muc2^2:
  kappa5:=muc5-10*muc2*muc3:
  kappa6:=muc6-15*muc2*muc4-10*muc3^2+30*muc2^3:
  kappa7:=muc7-21*muc5*muc2-35*muc4*muc3+210*muc3*muc2^2:
  [kappa1,kappa2,kappa3,kappa4,kappa5,kappa6,kappa7];
end proc:

Determine numerically the first 7 cumulants of the QSD of the Power Law Logistic 
model with R0=10, alpha=1, s=1, and the 3 N-values 100, 200, 400: 
Digits:=10:
N:=100: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=400: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);

We need a higher value of Digits for determining the last one of the cumulants with 
suffient precision. So we rerun the same evaluation with a higher value of Digits! (We 
have checked that Digits=15 is sufficiently high). We note that kappa5 does not seem
to follow the pattern of being approximately doubled when N is doubled. The reason 
is that we need a larger value of N to discover this. We show this in the following run:
Digits:=15:
N:=100: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=400: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
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N:=800: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=1600: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=3200: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);

We turn now to production runs for Table 2.  It contains numerical values of the first
7 cumulants of the QSD of the Power Law Logistic Model with R0=10, alpha=1, the 3 
N-values 100, 200, and 400, and the 2 s-values 1 and 4. We show here also runs with
the s-values 2 and 3, but the results of these runs are not included in Table 2. Begin 
with s=1: 
Digits:=15:
N:=100: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=400: R0:=10.: alpha:=1.0: s:=1: 
cum7:=PLawcum7(N,R0,alpha,s);

Determine numerically the first 7 cumulants of the QSD of the Power Law Logistic 
model with R0=10, alpha=1, s=2, and the 3 N-values 100, 200, 400: 
Digits:=15:
N:=100: R0:=10.: alpha:=1.0: s:=2: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=2: 
cum7:=PLawcum7(N,R0,alpha,s);
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N:=400: R0:=10.: alpha:=1.0: s:=2: 
cum7:=PLawcum7(N,R0,alpha,s);

Determine numerically the first 7 cumulants of the QSD of the Power Law Logistic 
model with R0=10, alpha=1, s=3, and the 3 N-values 100, 200, 400: 
Digits:=15:
N:=100: R0:=10.: alpha:=1.0: s:=3: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=3: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=400: R0:=10.: alpha:=1.0: s:=3: 
cum7:=PLawcum7(N,R0,alpha,s);

Determine numerically the first 7 cumulants of the QSD of the Power Law Logistic 
model with R0=10, alpha=1, s=4, and the 3 N-values 100, 200, 400: 
Digits:=15:
N:=100: R0:=10.: alpha:=1.0: s:=4: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=4: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=400: R0:=10.: alpha:=1.0: s:=4: 
cum7:=PLawcum7(N,R0,alpha,s);

The results indicate that the first 7 cumulants are all of order N for the s-values 1,2,
3,4, since each cumulant is approximately doubled when N is. 
Run this determination of numerical values of the first 7 cumulants, with s=10:
Digits:=15: 
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N:=100: R0:=10.: alpha:=1.0: s:=10: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=200: R0:=10.: alpha:=1.0: s:=10: 
cum7:=PLawcum7(N,R0,alpha,s);
N:=400: R0:=10.: alpha:=1.0: s:=10: 
cum7:=PLawcum7(N,R0,alpha,s);

Again, each cumulant is approximately doubled when N is. These results indicate 
that the first 7 cumulants are all of order N also for s=10: 

4 )  N u m e r i c a l  e v a l u a t i o n s  o f  e r r o r  t e r m s  o f  
a p p r o x i m a t i o n s  o f  t h e  f i r s t  3  c u m u l a n t s  f o r  v a r i o u s  
v a l u e s  o f  s .   
We use numerical evaluations to confirm our results concerning the magnitudes of 
the approximation errors for the first 3 cumulants.
The approximations are known to be asymptotic when s takes any of the integer 
values from 1 to 10. 
We claim that they are asymptotic also for any positive integer value of s, and also 
for any positive non-integer value of s. 
The numerical values of the first 3 cumulants are determined by the following 
procedure:  
PLawcum3:=proc(N,R0,alpha,s)
  local qs,mu1,muc2,muc3,kappa1,kappa2,kappa3;
  qs:=qsPLaw(N,R0,alpha,s):
  mu1:=add(k*qs[k],k=1..N):
  muc2:=add((k-mu1)^2*qs[k],k=1..N):
  muc3:=add((k-mu1)^3*qs[k],k=1..N):
  kappa1:=mu1:
  kappa2:=muc2:
  kappa3:=muc3:
  [kappa1,kappa2,kappa3];
end proc:

The next procedure is used to determine approximations of the first 3 cumulants. 
The approximations are kap1app=x1*N + x2 +x3/N, kap2app=y1*N +y2, kap3app=
z1*N. 
PLawcum3app:=proc(N,R0,alpha,s)
   local h1,h2,A,B,x1,x2,x3,y1,y2,z1,kap1app,kap2app,kap3app:
   h1:=s->(s^2+6*s+5)/s/12;
   h2:=s->(s^2+12*s+11)/s^2/24;



> > 

(11)(11)

> > 

(10)(10)

> > 

(9)(9)
> > 

> > 

> > 

> > 

(3)(3)

> > 

> > 

(5)(5)

> > 

(8)(8)

   x1:=((R0-1)/(R0+alpha))^(1/s):
   A:=(alpha+1)*R0/(R0+alpha)/(R0-1):
   B:=A/(R0+alpha)/(R0-1);
   x2:=-A*(s+1)/(2*s);
   x3:=-B*(h1(s)*(R0^2+alpha)+h2(s)*(alpha+1)*R0)/x1;
   y1:=A*x1/s;
   y2:=B*(R0^2+alpha)*(s+1)/(2*s);
   z1:=-B*x1*((R0^2+alpha)/s-(alpha+1)*R0/s^2);
   kap1app:=x1*N+x2+x3/N;
   kap2app:=y1*N+y2;
   kap3app:=z1*N;
   [kap1app,kap2app,kap3app];
end proc:

Determine cumulants, approximations, and approximation errors for R0=10, alpha=
1, s=1,2,3,4, and N=100, 200, 400. These results are not included in the manuscript. 
Start with s=1: Note that Digits remains at 15:

Digits;
15

Detemine approximation errors for the 3 N-values 100, 200, 400:
N:=100: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

The errors are O(1/N^2), O(1/N), O(1), respectively, for kappa1. kappa2, kappa3. This
is supported by the numerical results, since the error is divided by approximately 4, 
resp 2, resp 1, for each doubling of N. 
Next take s=2 and determine approximation errors for the 3 N-values 100, 200, 400:
N:=100: R0:=10.: alpha:=1.0: s:=2:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=2:
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cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=2:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

As above, the errors of the approximtions of kappa1, kappa2, kappa3 are divided by 
approximately 4, 2, 1, respectively, for each doubling of N. 
Next take s=3 and determine approximation errors for the 3 N-values 100, 200, 400:
N:=100: R0:=10.: alpha:=1.0: s:=3:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=3:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=3:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

As above, the errors of the approximations of kappa1, kappa2, kappa3 are divided 
by approximately 4, 2, 1, respectively, for each doubling of N. 
Next take s=4 and determine the approximation errors for the 3 N-values 100, 200, 
400:
N:=100: R0:=10.: alpha:=1.0: s:=4:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=4:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=4:
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cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

As above, the errors of the approximations of the first 3 cumulants kappa1, kappa2, 
kappa3 are divided by approximately 4, 2, 1, respectively, for each doubling of N. 
This supports our claim that they are asymptotic in N. 
Next, take s=10 and determine the approximation errors for the 3 N-values 100, 
200, 400:
N:=100: R0:=10.: alpha:=1.0: s:=10:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=10:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=10:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

As above, the errors of the approximations of the first 3 cumulants kappa1, kappa2, 
kappa3 are divided by approximately 4, 2, 1, respectively, for each doubling of N. 
This supports our claim that they are asymptotic in N. 
The results concerning approximation errors derivede so far in the pr3sent section 
are not included in the manuscript. 
Finally we consider two non-integer positive values of s. First take s=0.5: 
N:=100: R0:=10.: alpha:=1.0: s:=0.5:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=0.5:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=0.5:
cum3:=PLawcum3(N,R0,alpha,s):
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cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

We find again that the approximation errors of the 3 cumulants kappa1, kappa2, 
kappa3 are divided by approximately 4, 2, 1, respectively, for each doubling of N. 
This supports our claim that they are asymptotic in N. 
Next take s=3.5: 
N:=100: R0:=10.: alpha:=1.0: s:=3.5:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=200: R0:=10.: alpha:=1.0: s:=3.5:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

N:=400: R0:=10.: alpha:=1.0: s:=3.5:
cum3:=PLawcum3(N,R0,alpha,s):
cum3app:=PLawcum3app(N,R0,alpha,s):
apperror:=cum3-cum3app;

We find again that the approximation errors of the 3 cumulants kappa1, kappa2, 
kappa3 are divided by approximately  4, 2, 1, respectively, for each doubling of N.
This supports our claim that they are asymptotic in N. 
The results that we have presented here for the s-values 0.5 and 3.5 are included in 
Table 4 in the manuscript. 

5 )  N u m e r i c a l  e v a l u a t i o n s  o f  e r r o r  t e r m s  o f  
a p p r o x i m a t i o n s  o f  t h e  f i r s t  3  c u m u l a n t s  o f  t h e  Q S D  f o r  
3  d i f f e r e n t  m e t h o d s ,  w i t h  s = 1 .  
The 3 methods that are discussed in this section are as follows: 
1) The method presented in the manuscript, based on asymptotic approximations, 
denoted by N. 
2) The first of the two approaches initiated by Renshaw, based on the BGL method, 
denoted by BR1. 
3) The method discussed in Section 4 of the paper by Bhowmick et al. (2016), based 
on the BGL method, denoted BB. 
We use the parameter values R0=10, alpha=1, s=1, and the 3 N-values 100, 200, and
400, and evaluate numerical values of the error terms for the 3 cases listed above. 
The  results for the first case have already been treated in the previous section. 
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For convenience we repeat them here:
N:=100: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appN:=PLawcum3app(N,R0,alpha,s):
errorN:=cum3-cum3appN;

N:=200: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appN:=PLawcum3app(N,R0,alpha,s):
errorN:=cum3-cum3appN;

N:=400: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appN:=PLawcum3app(N,R0,alpha,s):
errorN:=cum3-cum3appN;

Approximations of the first 3 cumulants in the second case (BR1) are given by (8.11)-
(8.13) in the manuscript, where the coefficients x1, x2, x3, y1, y2, z1 are given by 
(8.29)-(8.34). 
The resulting approximations of the first 3 cumulants are determined by the 
following procedure: 
PLawcum3appBR1:=proc(N,R0,alpha)
   local x1,x2,x3,y1,y2,z1,kap1app,kap2app,kap3app:
   x1:=(R0-1)/(R0+alpha):
   x2:=-(alpha+1)*R0/(R0+alpha)/(R0-1):
   x3:=(alpha+1)*R0*(R0^2+alpha-5*(alpha+1)*R0)/(R0+alpha)/(R0-1)
^3:
   y1:=(alpha+1)*R0/(R0+alpha)^2:
   y2:=-(alpha+1)*R0*(R0^2+alpha-4*(alpha+1)*R0)/(R0+alpha)^2/(R0
-1)^2:
   z1:=(alpha+1)*R0*(R0^2+alpha-3*(alpha+1)*R0)/(R0+alpha)^3/(R0
-1):
   kap1app:=x1*N+x2+x3/N;
   kap2app:=y1*N+y2;
   kap3app:=z1*N;
   [kap1app,kap2app,kap3app];
end proc:

The approximation errors are found to be as follows:
N:=100: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appBR1:=PLawcum3appBR1(N,R0,alpha):
errorBR1:=cum3-cum3appBR1;

N:=200: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
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cum3appBR1:=PLawcum3appBR1(N,R0,alpha):
errorBR1:=cum3-cum3appBR1;

N:=400: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appBR1:=PLawcum3appBR1(N,R0,alpha):
errorBR1:=cum3-cum3appBR1;

Approximations of the first 3 cumulants in the third case (BB) are given by (8.51), 
(8.53), and (8.64) in the manuscript.  
The resulting approximations of the first 3 cumulants are determined by the 
following procedure: 
PLawcum3appBB:=proc(N,R0,alpha)
   local x1,x2,x3,y1,y2,z1,kap1app,kap2app,kap3app:
   x1:=(R0-1)/(R0+alpha):
   x2:=-(alpha+1)*R0/(R0+alpha)/(R0-1):
   x3:=(alpha+1)^2*R0^2/(R0+alpha)/(R0-1)^3:
   y1:=(alpha+1)*R0/(R0+alpha)^2:
   y2:=-2*(alpha+1)^2*R0^2/(R0+alpha)^2/(R0-1)^2:
   z1:=-(alpha+1)*R0*(R0^2+alpha-4*(alpha+1)*R0)/(R0+alpha)^3/(R0
-1):
   kap1app:=x1*N+x2+x3/N;
   kap2app:=y1*N+y2;
   kap3app:=z1*N;
   [kap1app,kap2app,kap3app];
end proc:

The approximation errors are found to be as follows:
N:=100: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appBB:=PLawcum3appBB(N,R0,alpha):
errorBB:=cum3-cum3appBB;

N:=200: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appBB:=PLawcum3appBB(N,R0,alpha):
errorBB:=cum3-cum3appBB;

N:=400: R0:=10.: alpha:=1.0: s:=1:
cum3:=PLawcum3(N,R0,alpha,s):
cum3appBB:=PLawcum3appBB(N,R0,alpha):
errorBB:=cum3-cum3appBB;
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6 )  N u m e r i c a l  e v a l u a t i o n s  a n d  p l o t s  o f  t h e  Q S D  f o r  N =
1 0 0 ,  R 0 = 5 ,  a l p h a = 1 ,  a n d  t h e  5  s - v a l u e s  0 . 2 ,  0 . 5 ,  1 ,  3 ,  
a n d  1 0 .  

We use the letters A, B, C, D, E to refer to the 5 s-values. Thus, A means s=0.2, B 
means s=0.5, C means s=1, D means s=3, and E means s=10. 

N:=100: R0:=5: alpha:=1: 
s:=0.2:  qsA:=qsPLaw(N,R0,alpha,s):
s:=0.5:  qsB:=qsPLaw(N,R0,alpha,s):
s:=1.0:  qsC:=qsPLaw(N,R0,alpha,s):
s:=3.0:  qsD:=qsPLaw(N,R0,alpha,s):
s:=10.0: qsE:=qsPLaw(N,R0,alpha,s):

with(plots,display,textplot);

X:=[seq(i,i=1..100)]:
plA:=plot(X,qsA,labels=[n,q_n],labelfont=[TIMRS,ROMAN,16]):
plB:=plot(X,qsB):
plC:=plot(X,qsC):
plD:=plot(X,qsD):
plE:=plot(X,qsE):
pltext:=textplot([[10,0.08,"s=0.2"],[43,0.07,"s=0.5"],[67,0.08,
"s=1"],[87,0.117,"s=3"],[92,0.19,"s=10"]]):
display(plA,plB,plC,plD,plE,pltext);
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