Maple support for the study of alternative methods in
Section 8.

Bartlett's version 1, based on Renshaw (3.5.21), with
s=1.
| > restart;

The first two cumulant equations used by Renshaw are found by putting the
derivatives in (3.4.13), (3.4.14) equal to zero. The third one is (3.5.21).
|| denote them by A, B, Ca:
> A =(a-b*kappal) *kappal - b*kappa2;
B: =(c- d*kappal) *kappal + (2*a-d-4*b*kappal)*kappa2 - 2*b*kappas3;
Ca: =- b*kappad4 + (a-4*b*kappal)*kappa3 + (3*a*kappal-3*b*kappa2- 6*
b*kappal”2) *kappa2
+ (a*kappal”2- b*kappal”r3+c*kappal- d*kappal”?2) *kappal;
A:=(a—bxl) k1 —bx2

B:=(c—dxl) xl+(2a—d—4bxl) k2—2bx3
Ca:=-brd+ (a—4bxl) 3+ (3axl —3bx2—6bxl") K2+ (axl®—bkI’ (1)
+CK1—dK12) k1

> A =map(sinpl i fy, col | ect (A [a, b])):
B: =map(sinplify,collect(B,[a,b,c,d]));
Ca: =map(sinmplify,collect(Ca,[a,b,c,d]));

A:=axl —(1(12+1<2) b
B:=2x2a—2 (2klx2+x3) b+cxl — (kI°+x2) d

Ca:=(k3+3xklx2+x1’) a— (kd+4xIk3+3x2°+6Kk2KkI°+xI*) b+xl°c )
—dxI®
;Reparametrize with s=1 and mu=1:
> a: =R0-1;
b: =( RO+al pha) /N,
c: =R0+1;
d: =(RO- al pha)/ N;
a:=R0-1
b RO+ o
N
c:=R0O+1
RO -«
= 3
N (3)




2
(RO—1) k] — (k1°+x2) (RO+0)
N
2
2 2 (RO—1) — 2 (2 kI k24 «3) (RO+ ) L (RO+1) k] — (k17 +x2) (RO— o)
N N
3 (4 +4 I K‘3+3K‘22+6K2K’12+K‘14) (RO+ a)
(k3+3«xlk2+x1°) (RO—1) — N
3
+ 1 (RO+1) — ARO= ) kI
i N
| Ansats:
> kappal: =x1* N+x2+x3/ N,
kappa2: =y1* N+y2;
kappa3: =z1* N,
kappa4: =ul*N;
K‘1'=X1N+X2+X—3
' N
K2:=yIN+y2
k3:=zIN
kd:=ulN
- A
B;
Ca;
x3)°
3 XIN+X2+W +yIN+y2| (RO+ )
(RO—1) (x1N+x2+XW)— N

> (2 (xl N+x2+x—]5) (YIN+y2) +21Nj (RO+ )
2 (yIN+y2) (RO—1) — .
x3)?
3 x1N+x2+W +yIN+y2| (RO—0a)
4 (RO+1) (x1N+x2+XW)— N

3
(le—i—S (x1N+x2+X—]5) (VIN+y2) +(x1N+x2+X—]5) ) (RO—-1)

—%[(u1N+4 (x1N+x2+ X—]\f) ZIN+3 (YIN+y2)*+6 (YIN

x3)? x3\*
+y2) x1N+x2+w + x1N+x2+W (RO+0) |+ |xXIN+x2

(4)

(5)

(6)



3
(RO—«) (xl N+x2+x—]\?)
N

x32
— RO+1) —
+N)(+>

> Al: =coeff (AN, 1);
A2: =coeff (A N, 0);
A3: =coeff (AN, -1);
Al:= (RO—1) xI —xI° (RO+ o)

A2:=(RO—1)x2—(2x2x1+yl) (RO+ )
A3:=(RO—1) x3— (2 x3xI1 +x2°+y2) (RO+ )

> Bl: =coeff (B, N, 1);
B2: =coeff (B, N, 0);
Bt=2)d(R0—1)—4x1y1UH%+a)+(R0+1)x1—xf(R0—a)

B2:=2y2(RO—1) —2 (2x2yl1+2x1y2+zI1) (RO+a) + (RO+1) x2— (2 x2x1
+y1) (RO— )
(> Ca3: =coeff(Ca, N, 3);
Ca2: =coeff(Ca, N, 2);
Cal: =coeff (Ca, N, 1);
Ca3:=xI° (RO—1) —xI* (RO+a)
Ca2:=(3x1yl+3x2x1°) (RO—1) — (6 yIxI*+4x2x1®) (RO+ o) +xI° (RO
+1) — (RO—a) xI°
Cal:=(z1+3x2y1+3x1y2+x3xI°+2x2x1+x1(2x3x1+x2°)) (RO—1)
—(4x12143yI?+6y2xI°+12yIx2x1 +2 (2 x3xI +x2°) xI°

+4x2°x1%) (RO+0a) +2x2x1 (RO+1) —3 (RO—a) x2x1°

| solve A2 for x2:
> xla: =sol ve(Al, x1);

x1: =xlal 2] ;
xhx=O,R0_1
RO+«
xh=R0_1
RO+ o
[ > yl: =sol ve(B1, y1l);
] RO(o+1)
(R0+1UZ
B x2: =sol ve( A2, x2);
RO(o+1)

(RO+0) (RO—1)

(7)

(8)

(9)

[ Solve A1 for x1, and exclude the spurious solution 0. Then solve B1 for y1, and then

(10)

(11)

(12)



| insert the expressions that | have found for x1, x2, y1 into A3, B2, Ca3, Ca2, Cal.
I show then that Ca3 and Ca2 are identically equal to zero.
A3, B2, and Cal are then simplified.
After this, | use A3, B2, Cal to solve for x3, y2, z1. | do this by solving A3 for x3 as
Lfcn of y2, then solving B2 for z1 as fcn of y2, finally solving Cal for y2.
> Cas3;
0 (13)

=> Caz;
sinplify(Ca2);
_2RO0(a+1) (RO=1)*  (RO=1)*(RO+1) _ (RO—q) (RO—1)’

(R0+oc)3 (R0+oc)2 (R0+oc)3

i 0 (14)
[ > A3; ,

(RO—1) x3— | 2X3(RO=1) ROZ(‘Z"“) > +v2| (RO+0) (15)
i RO+ (RO+0)” (RO—1)
| simplify:
> A3a: =col | ect (A3, [x3,vy2]); )

A3a:=(-RO+1)x3+ (-RO—a) y2— ROZ(OH_U (16)

(RO+0a) (RO—1)*

;Check that A3=A3a:
> sinmplify(A3-A3a);

0 (17)
=> B2; ,
2y2(RO—1) -2 - 2R02(30°+1) 4+ 2RO=1)y2 | /11 (RO+ ) (18)
(RO+a)° (RO—1) RO+«
_ (RO+1)RO(a+1) n RO(oo+1) (RO—a)
(RO+a) (RO—1) (RO+a)°

:Simplify:
> B2a: =col l ect (B2,[y2, z1]);
RO(o+1) (RO—a)

B2a:= (-2R0+2)y2+ (-2R0-20) zI + > (19)
(RO+a)
4R0* (0+1)°  (RO+1)RO(0+1)
(RO+a)’ (RO—1)  (RO+a) (RO—1)
=> B2b: =op(1, B2a) + op(2,B2a) + sinplify(op(3, B2a)+op(4, B2a) +op(5,
B2a)) ;
B2b:= (-2 RO+2) y2+ (-2 RO—20) 71 + 2RO (a+1)° (20)

(RO+a)” (RO—1)

[ Check that B2=B2b:



> sinplify(B2-B2b);
0 (21)

(> Cal:

RO (a+1)° L 3(RO=1)y2  x3(RO—1)°
(RO+a)” (RO—1) RO+o (RO+a)*
2x3(RO-1) RO (a+1)°

RO+ (RO+0a)” (RO—1)>

RO+«

zIl —

(22)

(RO—l)(

n ] (RO—1)

4(RO-1)z1 5RO (a+1)" | 6y2(RO—1)°
RO+ a (RO+a)* (RO+0)°
2x3(RO—1) | ROP (0+1)°
RO+o (RO+a)” (RO—1)°
(R0+1ﬂ2
_2R0(a+1) (RO+1)  3(RO—a)RO(a+1) (RO-1)
(RO+a)° (RO+a)’
=> Cala: =col l ect (Cal, [x3,y2,z1]);
aUa;_(R0—1ﬁ§3_3(R0—1ﬁy2
(RO+ a) RO+ o
_2R0(a+1) (RO+1)  3(RO—a)RO(a+1) (RO-1)
(RO+a)° (RO+a)’
+3R&(a+§f
(RO+ )

=> Calb: =op( 1, Cala) +op( 2, Cala) +op( 3, Cala) +si nplify(op(4, Cala)+op(5,
Cala) +op( 6, Cala));
C(RO—1)*x3 3 (RO—1)%y2

2

](RO—lﬁ

+ (RO+ )

+(-3RO+3) zl (23)

Calb:= 5 +(-3R0+3) z1 (24)
(RO+a) RO+ o
+R0u»+U(R§—2R0a—2R0+a)
(R0+1U3
;3heckthatCa1:=Calb:
> sinplify(Cal-Calb);
0 (25)

;Solve A3a for x3 as function of y2:
> x3a: =sol ve( A3a, x3);

(DR



x3a:= - 1 (Y2RO* + 2 y2R0OP o+ y2ROPP o — 2 y2 ROP (26)

(RO—1)3 (RO+ )
—4y2R0°0.— 2 y2ROG* +y2ROP +2 y2R0 0+ y20a° + ROP o +2 ROP o

+R(%)
;Simplify:
> x3: =-(al pha+1)*2*R0"2/ (RO+al pha)/ (R0-1)"3 - y2*(RO+al pha)/(R0-1);
2
X3 e - (a+1)° RO _ Y2(RO+a) 27)
(RO—1)% (RO + ) RO—1
;Check that x3a=x3:
> sinplify(x3a-x3);
i 0 (28)
| Solve B2b=0 for z1 as function of y2:
> zla: =sol ve(B2b, z1);
zla:= - . (Y2RO* =2 y2R0P + y2ROP +2 y2ROP a— 4 y2RP o (29)
(RO+a)” (RO—1)
+2y2R00+ y2RO* o —2 y2R0Oo* + y206° — RO° o — 2 RO 0. — R(P)
;Simplify:
> z1: =(al pha+l) *2*R0"2/ ( RO+al |f2Jha) A3/ (RO-1) - y2*(R0-1)/(R0+al pha);
_ (o.+1)" RO y2(RO—1)
z1:= 3 — (30)
(RO+a)” (RO—1) RO+ o
;Check that zla=z1:
> sinplify(zla-zl);
i 0 (31)
| Solve Cal for y2:
> y2:=solve(Cal,y2);
y2::_(oc+1)R0(—4R020c—4R0—|2-R02+oc) (32)
(RO+a)” (RO—1)
:Use this y2-value in the expressions for x3 and z1.
> X3
2
(ot 1)°RCP N (a+1) RO (-4 RO0.—4 RO+ RO* + 1) (33)
(RO—1)% (RO + ) (RO+0) (RO—1)°
[> x3: =si nplify(x3):
(3o (0c+1)R0(—5R030c—5R0+R02+(x) (34)
(RO—1)" (RO+ )
_> z1;

(35)




(0+1)°R0P . (0+1) RO(-4ROa—4 RO+ RO +0)
I (RO+0a)® (RO—1) (RO+a)® (RO—1)
> 71: =si mplify(zl);

(35)

(0+1) RO(-3RO0—3 RO+ RO +a)

z1:= 3
(RO+a)” (RO—1)

(36)

:Summarize result:
> x1; x2; x3; yl; y2; z1,
RO—1
RO+«
RO (o +1)
" (RO+0a) (RO—1)
(+1) RO(-5R00—5RO+ RO + o)
(RO—1)* (RO+ )
RO (o +1)
(RO-I—oc)2
(a+1) RO(-4RO0.—4 RO+ RO + 1)
(RO+a)” (RO—1)°
(+1) RO(-3RO0—3 RO+ RO +0)
(RO+a)® (RO—1)

(37)

Bartlett's version 2, based on Renshaw (3.5.38)

| > restart;

The first two cumulant equations used by Renshaw are found by putting the
derivatives in (3.4.13), (3.4.14) equal to zero. The third one is formulated after
(3.5.38).
|| denote them by A, B, Cb:
> A =(a-b*kappal) *kappal - b*kappa2;

B: =(c- d*kappal) *kappal + (2*a-d-4*b*kappal)*kappa2 - 2*b*kappas3;
Cb: =a* (kappa3+kappal*kappa2) - b*(kappad+3*kappa2”2+2*kappal*
kappa3+kappal®2*kappa2) + c*kappa2
- d*(kappa3+2*kappal*kappa2);
A:=(a—bxl) k1 —bx2

B:=(c—dxl) xl+(2a—d—4bxl) k2—2bx3
Chi=a(x3+xlx2) —b(kd+3Kk2°+2 kI x3+x1°x2) +cx2—d(x3+2xklk2) (38)

> A =map(sinplify,collect(A [a,b]));
B: =map(sinplify,collect(B,[a,b,c,d]));
Cb: =map(sinplify,collect(Ch,[a,b,c,d]));

Ai=xla— (K12+K'2) b




B:=2k2a—2 (xk3+2«kl «x2) b+ «l C—(K12+K‘2) d
Ch:=a (xk3+«l x2) —b(K4+3K22+2 x1 K‘3+K12K2)+CK‘2—d(K‘3+2 xkl k2) (39)

;Reparametrize with s=1 and mu=1:

> a: =R0-1;
b: =( RO+al pha)/ N;
c: =RO+1,
d: =(RO-al pha) /' N;
a:=R0—-1
RO+«
b:=
N
c:=RO+1
RO -«
d:= 40
_ ~ (40)
- A
B;
Cb;
(K'12+K'2) (RO+ o)
kl (RO—1) —
N
2
2 2 (RO—1) — 2(k3+2k1x2) (RO+a) . (RO+1) — (k1°+x2) (RO—a)
N N
2 2
(RO—1) (k3+ &1 k2) — (RO+0) (k4 +3 K2N+2 kI k3 + K1 x2) L(RO+1) K2 (41)
_ (RO—a) (k3+2«kl K2)
i N
| Ansats:
> kappal: =x1* N+x2+x3/ N;
kappa2: =y1* N+y2;
kappa3: =z1*N;
kappa4: =ul*N,
Kl '=x1N+x2+X—3
' N
kK2:=yIN+y2
k3:=zIN
k4:=ul N (42)

_> A, B; Cb;

2
x1N+x2—|—X—]5j +y1N-|—y2) (RO+ )

N

(x1N+x2+X—]5) (RO—1) — ((




2 (yYIN+y2) (RO—1) —

*

x1N+x2+x—]5) (RO+1) — ((

x3

2 (z1N+2 (x1N+x2+ W) (y1N+y2)) (RO+ )

N
x3

2
xlN—i—xZ—i—W) +y1N+y2J (RO— )

N

(RO—1) (le—i— (x1N+x2+X—]\f) (y1N+y2)) —%((RO—FOL) (ulN—i—B (VIN (43)

2
+y2)% 42 (xlN—i—xZ-l—W) ZI N+ (xlN-l—xZ—i—W) (le—i—yZ))) + (RO

+1) (YIN+Yy2) —

x3 x3

x3

(RO— o) (zl N+2 (xl N+x2+ W) (y1 N+y2))

N

(> Al =coef f (AN, 1);

A2: =coef f (A, N, 0);
A3: =coeff (AN, -1);

Al:=x1 (RO—1) —xI* (RO+a)
A2:=x2(RO—1) — (2x2x1+yl) (RO+ )
A3:=x3(RO—1) — (2 x3xI1 +x2°+y2) (RO+ )

(> B1: =coeff (B, N, 1);
B2: =coef f (B, N, 0) ;

| YD) (RO— o)

[> b2: =coef f (Co, N, 2);
Cb1: =coeff(Ch, N, 1);

+xI°y2) + (RO+1) y1—2 (RO—0a) X1 y1

;Solve Al for x1, B1 for y1, A2 for x2:
> xla: =sol ve( Al, x1);
x1: =x1lal 2] ;

> yl:=sol ve(Bl, y1);

Ch2:= (RO—1) x1yl— (RO+ o) xI° y1
Cbl:=(RO—1) (z1+x2yl+x1y2) —(RO+ a) (3y12+2x1 zl1+2x2x1yl

Bl:=2yl(RO—1)—4x1yl(RO+0)+xI(RO+1)—xI°(RO—o)
B2:=2y2(RO—1) =2 (zI+2x2y1+2x1y2) (RO+0a) +x2 (RO+1) — (2 x2XI

(44)

(45)

(46)

(47)

(48)



V1= RO (a+1)

(RO+a)*

[> x2: =sol ve( A2, x2);

i RO(o+1)

(RO+0) (RO—1)
[ Show Cb2=0:
> Cb2;
i 0
| Three equations remain to solve: A3=0, B2=0, Cb1=0. | simplify A3, B2, Cb1:
> A3;
2 X3 (RO—1) RO (04 1)°
X3 (RO—1) — + 2 7 tr2| (RO+0)
RO+ (RO+a)” (RO—-1)
[ Simplify:
> A3a: =col | ect (A3, [x3,y2]);
RO (04 1)°

A3a:=(-RO+1)x3+ (-RO—a) y2—
@ )x3+ 1 )y (RO+a) (RO—1)*

;Show that A3a=A3:
> sinmplify(A3-A3a);
0

> B2;

2RO (0+1)° L 2(RO=1)y2
(RO+a)® (RO—1) RO+
_ RO(o+1) (RO+1) N RO(a+1) (RO—a)
(RO+0) (RO—1) (RO+a)°
:Simplify:
> B2a: =col |l ect (B2, [y2, z1]);

B2a:= (-2 RO+2)y2+ (-2R0—20a) zI +

2y2(RO—1)—2|z1— (RO+ )

RO(a+1) (RO—0a)
(RO+0)°

4R0° (0+1)°  RO(a+1) (RO+1)
(RO+a)*(RO—1)  (RO+a) (RO—1)

+

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(> B2b: =op( 1, B2a) +op( 2, B2a) +si npl i fy(op(3, B2a) +op( 4, B2a) +op(5, B2a) ) ;

2RO (a+1)°

B2b:=(-2R0O+2)y2+ (-2R0O—2 ) zI + 5
(RO+0o)° (RO—1)

[ Show that B2=B2b:
> sinpl i fy(B2-B2b);

(56)

(57)



> Chl;

RO (0+1)°

2
(RO—1) | 21— R02(°§+1) +(R0_1)y2]—(R0+oc)
(RO+0)” (RO—1) RO+a
2 (RO—1) z1 (RO—l)ZyZJ (RO+1) RO (0. +1)
+ + = | + 5
RO+ (RO + o) (RO + o)
~ 2(RO—a) (RO—1) RO (a+1)
] (R0+1U3
[ Simplify:
> Cbla: =col l ect (Cbhl,[y2, z1]); )
Chlaim (-RO+1) 21 — 2R02(0c+§) N (R0+1)R0(02c+1)
(RO+ o) (RO+ o)
~ 2(RO—a) (RO—1) RO (a+1)
(R0+1U3

> Cblb: =op(1, Chbla) + sinplify(Cbla-op(1, Cbla));

(R0+1ﬂ4

Cbib:= (-RO+1) z1 — RO(e+1) (R02—R03—OLR0+OL)
(RO+ )

[ Show Cb1=Cb1b:
> sinplify(Cbl-Cblb);

[ Solve Cb1b for z1:
> z1: =sol ve(Cblb, z1);

RO—o) RO (o +1)

zk:—( 3
(RO+ o)

> y2: =sol ve(B2b, y2);

(RO +a) RO(a+1)

V2=
(RO+a)® (RO—1)?

[ > x3: =sol ve( A3a, x3);

xy=_(R0+1)RO(§+1)
i (RO—1)
| Summarize:
> x1; x2; x3; yl; y2; z1

RO—1

RO+

(58)

(59)

(60)

(61)

(62)

(63)

(64)



RO (a+1)
(RO+a) (RO—1)
(RO+1) RO (aou+1)

 (RO-1)

RO (a+1)
(R0+oc)2
(RO° +0) RO (e +1)
(RO+a)” (RO—1)°
_(RO—0a) RO(a+1)

(65)
(R0+OL)3
Analysis of the results in Bhowmick et al. (2016),
| Section 4, with s=1.
| > restart;
 The function H is defined by
> H =(al pha+1) *R0/ (RO- 1) *2;
Hee (oc—i-l)RZO (66)
i (RO—-1)
| The one-term asymptotic approximation of the mean is denoted by m1:
> ml: =(RO-1) *N (RO+al pha);
RO+«
| The mean m and the variance V are given in (24) and (25) as follows:
> m=nl/(1+H N);
V:=m2*H N;
. (RO—-1)N
= 1) RO
(RO+ ) [1 + (‘”—ZJ
(RO—1)"N
Ve N(a+1) RO . (68)
RO+ 0?1+ 12 1LR0 |
(RO-1)"N

| derive asymptotic approximations of m and V. I include three terms in the
asymptotic approximation of m, and two terms in the asymptotic approxiamtion of

| V:

> ma: =convert (asynpt(mN, 2), pol ynom ;

(RO-1)N _ (a+1)RO (0.4 1)° RO
RO+a (RO—1) (RO+0a) (RO—1)°(RO+a) N

[> Va: =convert (asympt (V, N, 2), pol ynom ;

ma:= (69)




vg. (@F1) RON 2 (0+1)°R0P
(RO+a)°  (RO+a)° (RO—1)>

_To find an expression for the third cumulant, | introduce the four quantities A, B, C,
| DD:
> A =a-b*m

B: =c/ m 2*d;

C.=a/m- 2*b;

DD: =-d/ m

(70)

e b(RO—1)N

(RO+ o) (1 +M)
(RO—1)"N

c(RO+ ) (1+Mj
2d

(RO—1)°N
(RO—1) N
a (RO+0) (1+(°‘+—1“ij
(RO-1)*N)
(RO—1) N

B:=

C:=

d(RO+ o) [1+(°‘+—1)§0]
(RO—1)"N

DD:= - RO_1)N (71)

;After reparametrization | get:
> a: =R0-1; b:=(R0+al pha)/ N, c:=R0+1; d:=(R0-al pha)/N,

a:=R0O0—-1
b RO+ o
' N
c:=RO+1
d:= R0O—a (72)
i N
_> A B; C DD
RO—1- — RO=1
N (u+1) RO
(RO—1)°N
(RO+1) (RO+a) [1+(°‘+—1)§0]
(RO—1)°N) 2 (R0O—a)
(RO—1) N N
(RO—1)°N) 2 (R0O+a)

N N




(u+1) RO

RO—a) (RO 1
(RO—a) (RO+0) T RO_1)2N

I ) N2 (RO—1)
| One-term asymptotic approximations of these quantities are:
> Aa: =sinplify(convert (asynpt (A N, 2), pol ynom);
(o+1) RO
Adi=——""—
i N(RO—-1)
> Ba: =sinplify(convert(asynpt (B, N, 2), pol ynom ) ;
RO° —3R00.—3 RO+ 0
i N(RO—-1)
> Ca:=sinplify(convert(asynpt(C N, 2), pol ynom ) ;
Cae - RO+ a
— . N
> DbDa: =si nplify(convert (asynpt (DD, N, 3), pol ynom) ;
ROZ—oc2
(RO—1) N

Ba:= -

DDa:= -

> sinplify((Aa+Ba)/ Ca):
~4RO0.—4 RO+ RO + 0,
(RO+0o) (RO—-1)
> mu3: =- (Aa+Ba) / ( Ca+DDa) * Va:
1

u3:= - (
_RO+o ROZ—OLZ

N (RO—1) N?

(u+1) RO
N(RO—-1)

B R02—3R0(x—3R0+ocj (+1) RON 2 (a+1)°R0%
(RO+a)°  (RO+a)° (RO—1)?

N(RO—-1)
> nu3a: =si mplify(convert (asynpt(rmu3, N, 2), pol ynon));

_NRO(a+1) (-4R00.—4 RO+ R + 1)

mu3a:=

(RO+0o)® (RO—1)
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