
> > 

> > 

> > 

> > 

> > 

(3)(3)

(2)(2)

(4)(4)

(1)(1)

Maple support for the study of alternative methods in 
Section 8.

B a r t l e t t ' s  v e r s i o n  1 ,  b a s e d  o n  R e n s h a w  ( 3 . 5 . 2 1 ) ,  w i t h  
s = 1 .
restart;

The first two cumulant equations used by Renshaw are found by putting the 
derivatives in (3.4.13), (3.4.14) equal to zero. The third one is (3.5.21). 
I denote them by A, B, Ca:
A:=(a-b*kappa1)*kappa1 - b*kappa2;
B:=(c-d*kappa1)*kappa1 + (2*a-d-4*b*kappa1)*kappa2 - 2*b*kappa3;
Ca:=-b*kappa4 + (a-4*b*kappa1)*kappa3 + (3*a*kappa1-3*b*kappa2-6*
b*kappa1^2)*kappa2 
   + (a*kappa1^2-b*kappa1^3+c*kappa1-d*kappa1^2)*kappa1;

A:=map(simplify,collect(A,[a,b]));
B:=map(simplify,collect(B,[a,b,c,d]));
Ca:=map(simplify,collect(Ca,[a,b,c,d]));

Reparametrize with s=1 and mu=1:
a:=R0-1;
b:=(R0+alpha)/N;
c:=R0+1;
d:=(R0-alpha)/N;

A;
B;
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Ca;

Ansats: 
kappa1:=x1*N+x2+x3/N;
kappa2:=y1*N+y2;
kappa3:=z1*N;
kappa4:=u1*N;

A;
B;
Ca;
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A1:=coeff(A,N,1);
A2:=coeff(A,N,0);
A3:=coeff(A,N,-1);

B1:=coeff(B,N,1);
B2:=coeff(B,N,0);

Ca3:=coeff(Ca,N,3);
Ca2:=coeff(Ca,N,2);
Ca1:=coeff(Ca,N,1);

Solve A1 for x1, and exclude the spurious solution 0. Then solve B1 for y1, and then 
solve A2 for x2:
x1a:=solve(A1,x1);
x1:=x1a[2];

y1:=solve(B1,y1);

x2:=solve(A2,x2);
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I insert the expressions that I have found for x1, x2, y1 into A3, B2, Ca3, Ca2, Ca1. 
I show then that Ca3 and Ca2 are identically equal to zero. 
A3, B2, and Ca1 are then simplified. 
After this, I use A3, B2, Ca1 to solve for x3, y2, z1. I do this by solving A3 for x3 as 
fcn of y2, then solving B2 for z1 as fcn of y2, finally solving Ca1 for y2.
Ca3;

0

Ca2;
simplify(Ca2);

0

A3;

I simplify:
A3a:=collect(A3,[x3,y2]);

Check that A3=A3a:
simplify(A3-A3a);

0

B2;

Simplify:
B2a:=collect(B2,[y2,z1]);

B2b:=op(1,B2a) + op(2,B2a) + simplify(op(3,B2a)+op(4,B2a)+op(5,
B2a));

Check that B2=B2b:
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simplify(B2-B2b);
0

Ca1;

Ca1a:=collect(Ca1,[x3,y2,z1]);

Ca1b:=op(1,Ca1a)+op(2,Ca1a)+op(3,Ca1a)+simplify(op(4,Ca1a)+op(5,
Ca1a)+op(6,Ca1a));

Check that Ca1= Ca1b:
simplify(Ca1-Ca1b);

0

Solve A3a for x3 as function of y2:
x3a:=solve(A3a,x3);
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Simplify:
x3:=-(alpha+1)^2*R0^2/(R0+alpha)/(R0-1)^3 - y2*(R0+alpha)/(R0-1);

Check that x3a=x3:
simplify(x3a-x3);

0

Solve B2b=0 for z1 as function of y2:
z1a:=solve(B2b,z1);

Simplify:
z1:=(alpha+1)^2*R0^2/(R0+alpha)^3/(R0-1) - y2*(R0-1)/(R0+alpha);

Check that z1a=z1:
simplify(z1a-z1);

0

Solve Ca1 for y2:
y2:=solve(Ca1,y2);

Use this y2-value in the expressions for x3 and z1.
x3;

x3:=simplify(x3);

z1;
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z1:=simplify(z1);

Summarize result:
x1; x2; x3; y1; y2; z1;

B a r t l e t t ' s  v e r s i o n  2 ,  b a s e d  o n  R e n s h a w  ( 3 . 5 . 3 8 )
restart;

The first two cumulant equations used by Renshaw are found by putting the 
derivatives in (3.4.13), (3.4.14) equal to zero. The third one is formulated after  
(3.5.38). 
I denote them by A, B, Cb:  
A:=(a-b*kappa1)*kappa1 - b*kappa2;
B:=(c-d*kappa1)*kappa1 + (2*a-d-4*b*kappa1)*kappa2 - 2*b*kappa3;
Cb:=a*(kappa3+kappa1*kappa2) - b*(kappa4+3*kappa2^2+2*kappa1*
kappa3+kappa1^2*kappa2) + c*kappa2 
    - d*(kappa3+2*kappa1*kappa2);

A:=map(simplify,collect(A,[a,b]));
B:=map(simplify,collect(B,[a,b,c,d]));
Cb:=map(simplify,collect(Cb,[a,b,c,d]));
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Reparametrize with s=1 and mu=1:
a:=R0-1;
b:=(R0+alpha)/N;
c:=R0+1;
d:=(R0-alpha)/N;

A;
B;
Cb;

Ansats: 
kappa1:=x1*N+x2+x3/N;
kappa2:=y1*N+y2;
kappa3:=z1*N;
kappa4:=u1*N;

A; B; Cb;
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A1:=coeff(A,N,1);
A2:=coeff(A,N,0);
A3:=coeff(A,N,-1);

B1:=coeff(B,N,1);
B2:=coeff(B,N,0);

Cb2:=coeff(Cb,N,2);
Cb1:=coeff(Cb,N,1);

Solve A1 for x1, B1 for y1, A2 for x2:
x1a:=solve(A1,x1);
x1:=x1a[2];

y1:=solve(B1,y1);
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x2:=solve(A2,x2);

Show Cb2=0:
Cb2;

0

Three equations remain to solve: A3=0, B2=0, Cb1=0.  I simplify A3, B2, Cb1:
A3;

Simplify:
A3a:=collect(A3,[x3,y2]);

Show that  A3a=A3:
simplify(A3-A3a);

0

B2;

Simplify:
B2a:=collect(B2,[y2,z1]);

B2b:=op(1,B2a)+op(2,B2a)+simplify(op(3,B2a)+op(4,B2a)+op(5,B2a));

Show that B2=B2b:
simplify(B2-B2b);

0
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Cb1;

Simplify:
Cb1a:=collect(Cb1,[y2,z1]);

Cb1b:=op(1,Cb1a) + simplify(Cb1a-op(1,Cb1a));

Show Cb1=Cb1b:
simplify(Cb1-Cb1b);

0

Solve Cb1b for z1:
z1:=solve(Cb1b,z1);

y2:=solve(B2b,y2);

x3:=solve(A3a,x3);

Summarize:
x1; x2; x3; y1; y2; z1;
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A n a l y s i s  o f  t h e  r e s u l t s  i n  B h o w m i c k  e t  a l .  ( 2 0 1 6 ) ,  
S e c t i o n  4 ,  w i t h  s = 1 .  
restart;

The function H is defined by 
H:=(alpha+1)*R0/(R0-1)^2;

The one-term asymptotic approximation of the mean is denoted by m1:
m1:=(R0-1)*N/(R0+alpha);

The mean m and the variance V are given in (24) and (25) as follows:
m:=m1/(1+H/N);
V:=m^2*H/N;

I derive asymptotic approximations of m and V. I include three terms in the 
asymptotic approximation of m, and two terms in the asymptotic approxiamtion of 
V:
ma:=convert(asympt(m,N,2),polynom);

Va:=convert(asympt(V,N,2),polynom);
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To find an expression for the third cumulant, I introduce the four quantities A, B, C, 
DD:
A:=a-b*m;
B:=c/m-2*d;
C:=a/m - 2*b;
DD:=-d/m;

After reparametrization I get:
a:=R0-1; b:=(R0+alpha)/N; c:=R0+1; d:=(R0-alpha)/N;

A; B; C; DD;
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One-term asymptotic approximations of these quantities are:
Aa:=simplify(convert(asympt(A,N,2),polynom));

Ba:=simplify(convert(asympt(B,N,2),polynom));

Ca:=simplify(convert(asympt(C,N,2),polynom));

DDa:=simplify(convert(asympt(DD,N,3),polynom));

simplify((Aa+Ba)/Ca);

mu3:=-(Aa+Ba)/(Ca+DDa)*Va;

mu3a:=simplify(convert(asympt(mu3,N,2),polynom));


