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Abstract

The Airys point process, originally introduced by Ramirez, Rider, and Virdg [6],
is defined as the spectrum of the stochastic Airy operator Hz acting on a subspace of
L?[0, 00) with Dirichlet boundary condition. In this paper we study the coupled family
of point processes defined as the eigenvalues of Hg acting on a subspace of L2[t, 00).
These point processes are coupled through the Brownian term of Hg. We show that
these point processes as a function of ¢ are differentiable with explicitly computable
derivative. Moreover when recentered by ¢ the resulting point process is stationary.

1 Introduction

Recall the g-Hermite ensemble which generalizes the eigenvalue distributions for the Gaus-
sian Orthogonal, Unitary, and Symplectic ensembles. The S-Hermite ensemble is a set of n
points on the line whose joint density is given by

1 L _ B2
pr(A ) = = T n—nP]e (1)
i=1

B 1 <ici<n

This point process is no longer related to a full matrix model, but it does have an associated
tridiagonal matrix model. The model originally introduced by Dumitriu and Edelman [1] is
as follows: Let
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with all of the entries independent. The x random variables are subscripted by their param-
eter. A y; random variable has the same distribution as the norm of a vector in R* with
independent A (0, 1) entries.

There are close connections between the theory of Jacobi matrices and Sturm-Liouville
operators. Edelman and Sutton observed that this matrix model may be seen as an operator
on step functions. The conjectured that in the limit the upper edge of the spectrum will
converge to a certain differential operator [2]. Indeed, in this setting at the upper and lower
edge of the spectrum Ramirez, Rider, and Virag showed that the centered and scaled matrix
model converges in some sense to the “stochastic Airy operator” (SAOg) which in turn
implies convergence of the eigenvalues. Let

d> 2
Hp = —qa et ﬁb’(x) (3)
where we take b’ to be a white noise. A precise definition and many properties of this
operator can be found in [6]. We review the necessary ones below.

For our purposes it is sufficient to define an eigenfunction/eigenvalue pair in the following

way: Let

L*[t,00) = {f € L*[t,00)| f(t) =0, f’ exists a.e. and /Oo(f’)2 + (1 +2)f2dx < oo} :

then (¢, \) is an eigenvalue/eigenfunction pair for Hs if ||¢|l2 = 1, ¢ € L*]0,00) and

() = %w(ﬂf)b'(l‘) (@ — Nep(a) (4)

holds in the sense of distributions. This may be written as

o () — £'(0) = %gp(:c)b(:c) - % / " eb(t)dt + / (= Nplt)dr (5)

In this sense, the set of eigenvalues is a deterministic function of the Brownian path b.
Moreover the eigenvalues are “nice” in the following sense:

Theorem 1. [6] With probability one, the eigenvalues of Hg are distinct (of multiplicity
1) with no accumulation point, and for each k > 0 the set of eigenvalues of Hz has a well
defined (k + 1)st lowest element Ag(B).

Here we consider the evolution of the eigenvalues of Hz under a smooth restriction of the
domain. That is we consider the operator Hz acting on L*[t, 00) and study the evolution of
the eigenvalues as t varies. We will denote the operator acting on the particular domain by

o__ @ 2

H,B ——@‘l—l“f‘\/ﬁ

and define Aq(t) < Aa(t) < As(t) < --- to be the ordered eigenvalues of Hg). We observe
that the eigenvalue/ eigenfunction condition may be written in the same way as before, but

W,  HY:L'[t,00) — L2[t, 00), (6)
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also has an interpretation in terms of a shifted Brownian motion. That is we say that (¢, \)
is an eigenvalue/eigenfunction pair of Hg) if forz >t

/ ! _i )b x S xs— S)as
¢ o) = ¢ = —pla) f/ $)d +/< Ap(s)d (7)

— —e(@)blo) ~ ) / ~b)ds + [ (5= Wpl)ds

Theorem 2. Let k be any fized positive integer and let G = {A1(t), ..., Ar(t)}. The process
gt(’“) 15 differentiable in time and for every fived t we have that

Zg® 4 Y4, Y}, with 1.i.d. Y, ~ F(% %) (8)

Moreover, the process gf’“) — t 1s stationary.

Remark 3. Note that in the above characterization the eigenvalue/eigenfunction pairs are
defined in a path—wise sense. In this paper all calculations unless otherwise noted should be
understood in this sense. Because of this it is sufficient to prove various estimates and limits
for an arbitrary value of ¢ and any Brownian path in a set of full measure.

Corollary 4. The process Q,gt) — t is not reversible.

Proof. To see that the process cannot be reversible it is enough to observe that the distri-
bution derivative of the forward process is F( ) — 1. On the other hand the distribution
/3 2
27 B

While the study of the eigenvalues of Hg on a changing domain is itself interesting it also
has a connection to the original tridiagonal model in (2). Moreover this connection may be
used to derive properties of the limiting process including the distribution of the derivatives.
We are interested in the behavior of the spectrum at the upper and so begin by centering at
2y/n. We denote the centered, truncated matrix obtained by removing the first & — 1 rows
and columns by

of derivative of the reversed process is 1 — I'(5, 2), which is not the same distribution. [

[ N(0,2) X(n—k)B
|| Xe-ms N(0,2) Xm-k-1)8
X283 N<Oa 2) Xp

xs  N(0,2)

HY) = 2/nl — (9)

and denote its ordered eigenvalues by A1(n, k) < Aa(n, k) < --- < Ap_g41(n, k) with associ-
ated eigenvectors v(1,k),v(2,k),...,v(n —k+ 1,k)

Theorem 5. Suppose that A\i(n, k) < Aa(n, k) < --- be defined as above then

({n1/6)\ (n,n!/3)}e |t > o) = g® (10)
where g,it) etgenvalue process of Hp defined above.
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The reader might notice at this point that we are essentially considering the ‘minor
process’ associated to the tridiagonal matrix model. This turns out to define a very different
process than the classical ‘minor process’ when § = 2 that derives from the submatrices

of the full matrix model. For more details on this classical process see [1]. In particular
that process has Brownian type paths followed by the eigenvalues. The same process may
be realized by considering appropriate limits of Dyson Brownian Motions [5]. The fact that

two different process are obtained is particularly interesting in light of the fact that for
both models when one considers the sub-matrix obtained by removing the first k£ rows and
columns they again have the same eigenvalue distributions, and in both cases eigenvalues of
successive sub-matrices satisfy interlacing.

The paper will be organized as follows: We begin recalling properties of Hs and showing
that the process Qt(k) is stationary and differentiable. In the next section we show the
convergence statement in 5. Finally, in the last section we use the convergence statement to
determine the distribution of the derivative vector.

Acknowledgements: The authors would like to that Balint Virag for the problem sugges-
tion.

2 On the eigenvalues of the restricted operator

Proposition 6. For any fixed k the process gt(’“’ — t 18 stationary as a process in t.

Proof. We use definition that (A, ) is an eigenvalue/eigenfunction pair for ’ng) if (7) is
satisfied, we define the time sifted function ¥ (z —t) = ¢(x) and shifted Brownian motion
w(z —t) = b(x) — b(t) then 1) satisfies the equation

92 92 r—1 r—1
P (z—t)—'(0) = —=v(z—t)w(x—t)——= P (s)w(s ds+/ s—(A—=t))(s)ds. (11
()()\/3()()\/30 (s)w(s) O(())()()
This is equivalent in distribution to A — ¢t being an eigenvalue of
_ & 2 o d a0
H__@—i_x—i_ﬁwx_ﬂﬁ .

Therefore the lowest k eigenvalues of H(ﬁt) shifted by ¢ have the same distribution as the

lowest k eigenvalue of ’H(ﬁo) for all ¢t and so Q’t(k) — t is stationary. O

Before moving on to showing that (]t(k) is a differentiable process we must first prove
several results on the eigenfunctions of the operators Hg). We let fr: € L*[t,00) denote the

eigenfunction associated to Ay(t) the kth lowest eigenvalue of ”Hg). For t > 0 we can extend
fr+ to a function on L*[0,00) by taking fi+(z) = 0 for < ¢t. This extension should be
implicitly understood where necessary in the following computations.

The idea here will be to make use of the variational characterization of the eigenvalues:

7!('5)

=997 *

A(t) = ‘ DI ‘ 9
k(1) BCL;I,gimB:kilelg 4.~ =< it Hy frp > (12)
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Here the infimum is attained at the eigenfunction fy () associated to Ag(t). We will ap-
proximate fi(x) by using fi s(z) where s is close to ¢ and replacing the start of the function
with a linear approximation. In order for this to be a good approximation we need that the
eigenfunctions are ‘close’ to linear near their boundary.

Proposition 7. Let yi(x) be an eigenfunction of Hg(t). Suppose that sup,cp .. l@i(r) —
0y (t)] < My, for some ny, > 0. Then for every 0 < 6 < 1/2 and x € [t, xo] there exists Cy, s,

[ee(@) = (2 = G ()] < Como6(nag + 4(1) o — .

Proof. We begin with two bounds.
Bound on Brownian Motion: Using that Brownian Motion a-Holder continuous for o < 1/2
and for all £ > 0 we have that almost surely for all BM paths and z,t < x

b(z) — b(t)| < Cppslr —t]°, for 0 < 6 < 1/2. (13)
Bound for p(z): We apply the Mean Value Theorem to ¢;(z) to get that for some r € (¢, x)

pi(x) = Gi(r) - (z = 1) < (1 + 1)) (z — 1) (14)

Now suppose that ¢;(x) is the eigenfunction corresponding to eigenvalue A. Then

¢;<x>—w;<t>—j3m Db —b) ~ 7 / y)dy + /ﬂy—wt(y)dy.

Applying the two bounds given at the beginning of this proof ((13) and (14)) we obtain that

|¢4(2) = @) < Cays(nag + (1)) Jw — ¢+
We use the mean value theorem again to get ¢ (z) — (z — t)@}(t) = (¢j(r) — @i(t))(x — )
which gives us the final bound
[pe(x) = (@ = )] < Cags (e + 0h(0) | — .
0

Proposition 8. Let [c,d]| be any interval, then for any v < 1/2 and 0 < € < ;£ there exists
a constant C, ., depending only on v and p such that for any s <t € [c,d] cmd z =1,....k we
have

t—s ¢

€ /
11 €<fi,s(s))2 - Opmglﬂ(t —5)7 <

(fz,t(t))2 + Op,vglﬂ(t —s)7. (15)

Remark 9. Observe that the choise ¢ = (t — s)~° meets the conditions of the theorem and
converges to oo as t — s, therefore if we can show that lim;,, f; (t) = f;(s) this will be
enough to show that the process is differentiable with the derivative at t being given by

(fi: ().

Corollary 10. The process Qlit) s continuous as a function of t.
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This follows immediately from the inequality in the previous Proposition 8, simply mul-
tiply through by (¢ — s).

Proof of Proposition 8. For every pair s < t we define two new families of functions

“ (@) = (x—s)f“() s<z<a e (2) = (x—t)ﬁ%(:) t§x<a‘ (16)
k,s,t fkt( ) J]Z(l ) k,s,t fk,s(x) JIZCL

The function ap,(;it approximates the kth eigenfunction for HE;) by building a function from

the kth eigenfunction of ’H(ﬁt). The function zﬂ,(j;t does something similar, but instead ap-

proximates the kth eigenfunction of ’H(ﬁt) by looking at the kth eigenfunction of H(ﬁs). We
will begin by showing the necessary estimates for £ = 1 and then show how to expand the
result to arbitrary k.

The 1dea is to use the variational characterization of our eigenvalues to get upper bounds
using ¢1 s and gol s ¢ In particular we have that

(a) (t),(a) (a) (), (a)
=Yg s H 8, - < e ,H e -
A () < (0 it 7g (Gl o and Ay(s) < Plst g Pist
||¢lst||2 ||¢1,s,t”2

Before continuing we show that \\w,ias)t|]% is close enough to 1 that it may be neglected for
the remainder of the calculations. In particular we have

[%vt>ﬁ” - [ e

Applying Proposition 7 we obtain that

1) 113 =

(fis)(@) -

08 =11 < (0= Hla =97 + @@= 5)) 222 4+ Casla— 9™ (17)

Taking a = t + ¢(t — s) we obtain that H||¢,€St\|2 — 1| < C(t — s)3. These errors may be
bounded using the constant C,.e'*7(t — s)7 term in equation (15). Because of this we will
neglect the normalization for the remainder of the argument.

We can then compute the following:

< HORED - A (s /mn stM—/m DU foa(2)da

We show that for a = ¢+ e(t — s)
I+e

0 << i MG, = —Aa(s) < (fL)7()(E = 9) +M(1+e)" (=) (18)

In order to do this we must bound [;* wi“ﬁt( )7—[ { . t( )da above and [ fy 4( HB fis(x)dz
below. We use Holder continuity of Browman motion to say that for ¢ < x < y < a and
v < 1/2 fixed with probability 1 there exists a constant C' such that

by — by| < Ca,le —y.
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This gives us

a%‘?&ff?ﬁ? @t(@dx = /t“ (fks—@) [1 +z(z — )%+ (by — by)(z — t)] dx

a—t
1 (a —t)? +t(a —t)3 N C(m(a—t)”Y) ‘

a—t+ 4 3 1+~

< fi(a) (

An application of proposition 7 allows us to write fi (z) < (z — s)f] ,(s) + Caq(z — 5)'7,
which leads us to

(a—s)”

Before continuing we make the following observation

S Ca,y(a - 5)’Y+17

/ (x — 5)1”?-[5;) (x — s)ds

where C' is a random constant depending on the interval [c,d] and the choice of a and ~.
From this we can check that Proposition 7 implies that

/mﬁA@H?ﬁJWMw—/%x—ﬁﬁA$H?@—sﬁgﬁmwSC%%G—$H“ (20)

We finish the lower bound on [ flys(x)/HE;) f1.s(x)dz by computing

[ @R M @ = )5 = (1)) 0 = 5) — Mala— 5P (21)

Putting together (19), (20), and (21) we are led to the conclusion that for all a = ¢ +¢(t — s)

we have

1
e MY — ) (22)

Ar(t) = Ma(s) < (fL)* ()t = 9)

This leads us one of the inequalities in Propostion 8 for ¢ = 1. Similar techniques may be

used to study gpgas)t These lead to the inequality

€
1+e¢

Ar(t) = Ma(s) > (f1)*(0)(t — s) — Mt — 5)". (23)

We now consider the problem for the higher eigenvalues. For these we turn to the
Courant-Fisher characterization which is given by

<g,7—[g)g -

A = inf _ 4
e = e S (24)

From this characterization we have

Ai(t) < sup ——2=" " where B, = Span {¢\"),, ... v}"),}.



We make the following observations: For i # j <k

<, 0, »—/t E”_ti fis(@) fs(a d:c—/ fis(@) fr0(2)d

And so an application of Proposition 7 gives us that

<00 = < 50t 5)a — 8 FLu(5) Fhuls) + Cla— ). (25)

First observe that for all j using bounds identical to those used to prove (18) we can show
that

0 <=0 HOUD, = () < (0 =L M- (26)

Now observe that for g = cldﬁas) R ckw,(cazt € B, we have

<o HOg > < Z ( I L) | G NS VA >)

a—1

+204(8) Y ejen] <08 0 - |

Jj1<j2

Taking a =t + (¢t — s) and applying the bound in (25) we are led to

M) < s ol Y (4,60 + P L b (o))
£204(0) 3 enenl+ 920t () + O)

J1<Jj2

For t sufficiently close to s this is maximal for ¢; = 0 for j # k and ¢}, = Hqﬂ,:ji (t=s) H; ' This
is because the Aj(s) < Ag(s) < --- < Ag(s) are fixed and distinct with probability 1, but all
the remaining terms (except possibly the error term on the first line) converge to 0 as t — s.
The error term is identical in all terms so does not change the optimization. Therefore for
some ¢ sufficiently close to s Ag(s) + (f,’f’s)Q(s)W + My ((L+e)(t— s))lJr7 will be the
dominant term and so the right hand side is maximized when all of the ¢; are 0 except for
cx. By previous argument in line (17) we have that ¢ = 1+ O(t — s)* and so the error we
obtain by replacing ¢, with 1 may be neglected. This gives us that

(I+e)(t—s)
€

Ai(t) = Ae(s) < (fi)*(s) + Mop (14 2)(t =),

which complete the upper bound in the proposition. To complete the lower bound we perform
a similar analysis with B; = Span {gog‘f;t, s go,(fgt} O

Lemma 11. The eigenfunctions fis, ..., fxs of H(Bt) converge uniformly on compact subsets

to the eigenfunctions fi¢, ..., fur of ’H(ﬁt) as s — t.

8



Proof. We begin by reusing the notion introduced in equation (16) from the proof of propo-
sition 8. We will show that the proposition holds for s ™\, ¢ by using the functions (pk st One

can show the identical result for s 7 t by instead using the functions 1/},(€a3t We consider
families of functions of the form

t+e(t—s t+e(t—s t+e(t—s
(@g,s,:( ))7 g,s,i( ))7"'7 l(f,s;( )))

From the proof or 8 we get that < goﬁt:ft ) Hy (o) §t:f NN Aj(s) as s \(t.
We apply fact 2.2 from [(] to get that there exists a subsequence s; N\, t and functions
(g1, .-, g ) such that

( (t+e(t=s;)) (t+e(t—s;)) (t+€(t*8j)))

1,85,t 7%02,3j7t 7"'a90k,sj7t — (gla"'agk)

uniformly on compact subsets in L? and weakly in H!. It remains to be shown that
(91,2 9%) = (fi4, -y fir) the eigenfunctions of H(ﬂt) To complete the picture we use the

variational derivative characterlzatlon = =< g; +eh, H(t) (gj +¢€h) = |.—o to get that g; sat-
isfies HB gj = AJ g; for some A] and so g] is an eigenfunction 0~f H(Bt). The strict ordering
of the eigenvalues is enough to complete the picture and give A; = A;(t). It follows that

g; = fj+- Therefore we conclude that we in fact have

( (t+e(t—s;)) (t+e(t—s;)) (t+e(t—5j))) . (f1t7 fr t)

].,Sj,t ) Q,Sj,t VAR k‘,Sj,t

uniformly on compact subsets in L? and weakly in H*.
m

This weak convergence in H' suggests that we should have convergence of the derivatives
11(t) = [, (to) as t — 1o, and indeed by making use of the fact that the eigenfunctions are
almost hnear near the boundary point this can be shown. In particular if the eigenfunctions
are approximately linear near their endpoint then convergence on compact subsets will imply
that the derivatives converge at the end points.

Lemma 12. For all ty, and any j = 1,...,k we have lim; ., f;,(t) = f;, (o).

Proof. Let ¢ > 0 We use the following: In a fixed neighborhood of t; we have the bound
from Proposition 7 with a Cs. depending on the neighborhood size § and 0 < v < 1/2. We
now observe that for x >t Aty in a neighborhood of ¢y we have

5200 = Fato)] < 1750 = 2220 g g 1) — L))y 2l Sl
< O (1 + £ (00 =157 4 (s + P (10— 10)"*7)

|fJ7( ) fj,to(x)
t T —to

The previous convergence result Lemma 11 give us that the final term may be made arbi-
trarily small as ¢t — t; for any fixed . Choose t and ¢y close enough and x small enough so
that (z —¢)'™ and (z — #,)'™ are both small enough that the first two terms are both less

9



than /3, then by letting ¢ go to ¢y (which won’t hurt the bounds on the first two terms) we
will get that the final term is also bounded by €/3. Therefore

lim (1) = f1,(t).
]

Proposition 13. For any fized k the process Qt(k) 1s differentiable as a function of t. With
the derivatives given by

d ! 2
EAj(t) = (fj,t(t)) .

See Remark 9 for the proof.

3 The discrete to continuous convergence

In this section we wish to use the machinery developed for the proof of the original soft edge
limit in order to show convergence of the ¢ dependent eigenvalue process. To do this we
begin by recalling the general convergence theorem from section 5 of [(].

Theorem 14 (Theorem 5.1 [0]). Suppose that H,, is a tridiagonal matriz with

diagonal 2my, + mpYn1 (1), 2my, + mpyna(2), 2m, + muyn1(3), ...
1 1 1

Oﬁ-diCLQOTL(Zl — My + EmnynQ(l)? —Mmy + §mnyn,2(2)a —Mmy + émnyn,2<3)a
and H = —924Y"(z) acting on H{,. — D the space of distributions with boundary condition
f(0) =0 (see [0] for further details). LetY, (x) = Z]LZ?J Yni(j). For any fived k, the bottom
k eigenvalues of H, converge to the bottom k eigenvalues of H if the following two conditions
are met:

1. (Tightness/Convergence) There exists a process x — Y (x) such that

(Yoi(z) 2 >0) i=1,2 are tight in law,

(Yoi(z) +Y,e(z):2>0) = (Y(x);2>0) inlaw,
with respect to the Skorokhod topology of paths; see [3] for the definitions.

2. (Growth/Oscillation bound). There is a decomposition

k) =~ (s (8) + i),

n

for m,.i(k) > 0, deterministic, unbounded non-decreasing functions n(x) > 0,((z) > 1,
and random constants k,(w) > 1 defined on the same probability space which satisfy
the following: The Kk, are tight in distribution, and, almost surely,

N(x)/Kn — Fn < M1 (@) + Nnp(z) < Ka(1+7(2)),
Nn2(x) < Qmi.

Wi, 1 (€) = w1 ()] + |wn2(€) = wno(@)* < wn(1+7(2) /¢ (2))
for allm and x,& € [0,n/m,| with |x —¢&] < 1.

10



Ramirez, Rider, and Virdg show in section 6 of [0], that the tridiagonal model Hflkg

defined in (9) with £ = 1 satisfies the the conditions of the theorem with mn = n'/? and

(Ltn

Y(z) = %2 + \/lex The same arguments rnay be used to show that for H, ") the same

convergence statements hold with m,, = n'/® and Y (z) = & — to 4 -2 b These are two
different distributional convergence statements, but with a Shght modlgcatlon of the proof
of Theorem 14 we may show a joint distributional convergence for any finite collection

{t1,ta, ... 1;}.

Proof of 5. Let t; < --- < t; be any finite collection of times (possibly negative). We observe

using the work in Section 6 of [0] that the matrices H&gnl/%, Hﬂ?nl/m, o H&gnl/ﬂ) satisfy

the conditions of Theorem 14 with m,, = n'/? and Y %) (z) = % —tjx + \/Lﬁbx' Moreover we
have

Ut (k) = ) (k4 [1m"°)).
Because of this identity the if the conditions of Theorem 14 hold for ¢; then they also hold
for tg, ..., t,. Therefore for any subsequence we can extract a further subsequence such that
we have the following joint distributional convergence:

</:n2izi><y>dy;mzo>:</o 1 (y)dy > 0),

2
(Vi@ > 0) = (5 —tir +bila+1)0 2 0), j=1..0

K/’gltj) = K/(tj)

where the first line converges uniformly on compact subsets and the second in the Skorokhod
topology. Notice that the brownian motions b; that appear are the same for all j. The
Skorokhod representation theorem (see Theorem 1.8, Chapter 3, or [3]) gives us that there
exists a probability space so that the necessary convergence statements hold with probability
1. This allows us to reduce to working with the deterministic case and the remainder of the
proof goes through unchanged. In all at this point we have proved that

Ml ) (L2 ) M(Ltm P D}y = A (), Ae (), At b

where Ay (t;) < Ao(t;) < --- are the eigenvalues of the operator
0 __ T
H'Y :_ﬁ+x+tj+db(l'+tj)

acting on functions in L*[0,00). These are exactly the eigenvalues of the operator ng)
defined in (6). Therefore we have convergence of finite dimensional distributions which
completes the proof of Theorem 5. n

4 Distribution of the derivatives

We need to begin by showing that the eigenvalues of the discrete operator follow an approx-
imately linear pattern where the ‘slope’ is determined by the first entry of the eigenvector.

11



Because we know the distribution of the spectral weights which are found in these first en-
tries we can then use this property to determine the distribution of the eigenfunctions in the
limit. This will in turn give us the derivative of the process as desired.

Proposition 15. Let v be the eigenvector associated to A\;(n,0) the ith lowest eigenvalue of
HY) defined in (9), and let 1/4 < v < 1/2, then for t € [0,x¢] there exists C, ., depending

n,

only on v and xy such that
[Vnrs) — tn30n| < O M5,

Before continuing on to the proof of the proposition we will need some information on
the distribution of v;.

Lemma 16 (Dumitriu-Edelman [1]). The spectral weights associated to the tridiagonal model

in (2) are Dirichlet with parameters (g, cey g) These weights are the same as the first entry

of each normalized eigenvector. The marginal distribution of a single spectral weight is

p 5 1 f(n—1)
z'NBt<_7 —1—>; Eq = —, Var ¢ = ———-
¢ ) (n )2 “=0 o n?(fn + 2)
proof of Lemma 15. Recall that we're working with the matrix Hé?% =n'/%(2y/n — Ag). To

2/3

start let’s scale the n*/® out of the leading term then the resulting matrix has the form

2+p1 —1+7’1
n_2/3H5 = —1+r 2+,02 —1+ry

Under this we have that p; ~ \/iﬁ/\/ (0,2) and r; = ﬁ + \/iﬁm where 7; is an order 1 random
variable with Gaussian tails. Notice that this rescaling does not change the distribution
of the eigenvectors, but the lowest eigenvalues will now be on the order of n=2/3. Before
we start we give two bounds: First suppose we have a sequence X1, Xs, ... of independent
random variables with EX; = 0 and EX? = 02 and let 0 < v < 1/2 there exists a random
constant C., such that

k
D X < Cy(a%k) forall k =1,2,3, ... (27)
j=1

To prove this we merely need to observe that the sum when normalized by dividing by
(0%k)Y converges to 0 in probability. This is a consequence of the Lindeberg-Feller theorem.
The second bound involves sequences. Suppose that ai,as,as,... is a sequence such that
|(ag11 — ar) —ay| < nfor all k > 1, then
|ax| < k(a1 +n). (28)
Now we move on the the main part of the proof. Suppose that v solves H,(L(’%v = \jv with
|v|| = 1. We can check that vy satisfies the following:

V1 — U = (V) — V1) + Th106—1 + (P& — AUk + TkUk41

k
= reavey + (e — Nve + reveg (29)
(=1
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if we assume that |vgy1 — vp — vy < n/y/n for k < z2on'/? then using (28) we get that
lug| < k(vy +n/y/n). We rewrite the first term in the sum:

k k k

> rewen =Y (Rept — Rovers = vpa R + Y Ro(ve — 1)
=1 =1 =1

Notice that Ry is the sum of k independent mean 1/(2n) random variables each with variance
2/Bn (approximately). By (27) there exists some random constant C. such that |R;| <
C,(k/n)Y for all k. Therefore we have

k
Z TyUpiq < 201k31+'y(1)1 + n/\/ﬁ)n”.

(=1

This same argument holds for the other two terms in (29). Using Lemma 16 and the obser-
vation v; = ¢; and the fact that ); is order 1/n%? we get that:

k
qj—i_n/\/ﬁ}:l—&- /‘Jj\/ﬁ‘i‘n 2+
— < = v e i S Y
|Uk+1 (k+1)111| ~ C o 5216 O n%""’Y k

for some constants C' and C’ uniform in k (for k < zon'/®). For k ~ tn!/? this give us
‘ULtn1/3J — tn1/3q}1| < C/t2+7n1/6_§7‘

Choose v > 1/4, then for n sufficiently large this still fit’s within our original assumption,
and so for t**7 < 7 the initial assumption on the increments holds.

[]

Proposition 17. At any fized time t > 0 the derivatives of the process Q,it) i t are inde-
pendent with distribution

—A;j(t) =T

W
N
S

),

i I'; ~ Gamma (7,

forj=1,2,... k.

Proof. We begin with the observation that the process Q,E:t) — t stationary in ¢ and therefore
the distribution of the derivative for all ¢ is determined by the distribution of the derivate
at t = 0. Let o™, ..., v® be the eigenfunctions of H,E%. These may be embedded as step

1/6,)(® in L2[0,n*?). We need to check that |[v@| > = 1.

|znl/3|
Indeed we have |[v(z)||2 = (n'/6)2n=Y3||v@||,. From the proof of Theorem 5 (see Lemma
5.8 [6]) we get that there exists a subsequence along which

n 20, 0l7) = (f16(0), f50(0), ey f10(0)).

The continuous mapping theorem immediately gives us convergence of the squared entries
to the squared derivatives. Therefore if we can compute the limiting distribution of the first

functions with v@(z) = n
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entry of each of the first ¢ eigenvectors of the matrix H fLO% this will determine the distribution
of {(f{4(0))*};=,, which by Proposition 13 gives us the distribution of the derivative of the
eigenvalue process in t.

From Lemma 16 we know that the square of the spectral weights ¢7, ..., ¢> are exchange-
able with distribution Dirichlet(g, s g) and UY) = ¢;. We now use the following character-
ization of a Dirichlet distribution: Let X, Xs, ..., X, be independent identically distributed
with X; ~Gamma (g, 1), then for

X+ X+ X

q we get (2, G5, ..., q2) ~ Dirichlet(g, . g)
We observe that by the strong law of large numbers (X; + -+ X,,)/n — g in probability,

and note that for n ~ Gamma (k,0), cn ~ Gamma (k, cf). Therefore this characterization
this is enough to give the joint convergence statement

n(Qi QS7 ceey QE) = (3/1,07 }/2,07 RS }/Z,O)u 1/i,(] ~ F(gv %)7

where Y] g, ..., Yy o are independent. This is using the shape and scale convention for Gamma
random variables. O
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