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ABSTRACT. We introduce a new method for the analysis of singularities in the
unstable problem

Au = —X{u>0}»
which arises in solid combustion as well as in the composite membrane problem.
Our study is confined to points of “supercharacteristic’ growth of the solution,
i.e. points at which the solution grows faster than the characteristic/invariant
scaling of the equation would suggest. At such points the classical theory is
doomed to fail, due to incompatibility of the invariant scaling of the equation
and the scaling of the solution.
In the case of two dimensions our result shows that in a neighborhood of the
set at which the second derivatives of u are unbounded, the level set {u = 0}
consists of two Cl-curves meeting at right angles. It is important that our
result is not confined to the minimal solution of the equation but holds for all
solutions.
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1. INTRODUCTION

In the last decade, the theory of free boundary regularity of obstacle type has
got renewed attention, owing to the seminal paper [4] of L.A. Caffarelli as well as
[6]. Many interesting old and new problems, intractable by earlier techniques, have
been solved, thanks to the ideas in [4] and [6] (see for example [15]). All these
problems share a common feature: the scaling of the solution at free boundary
points coincides with the characteristic/invariant scaling of the equation. However,
there are problems arising in applications for which this does not hold. An example
is the unstable obstacle problem

(1.1) Au= —x{u>0p InQCR",

related to traveling wave solutions in solid combustion with ignition temperature
(see the introduction of [13] for more details), to the composite membrane problem
(see [8], [7], [3], [14], [9], [10]) as well as the shape of self-gravitating rotating fluids
describing stars (see [5, equation (1.26)]). Solutions of equation (1.1) may exhibit
“supercharacteristic’ growth of order

r2|logr|

not suggested by the invariant/characteristic scaling u(rz)/r? of the equation.

In this paper we introduce a new method to analyze the fine structure of singular
sets close to points of supercharacteristic growth of the solution.

Equation (1.1) has been investigated by R. Monneau-G.S. Weiss in [13]. They es-
tablish partial regularity for second order non-degenerate solutions of (1.1). More
precisely they show that the singular set has Hausdorff dimension less than or equal
to n—2, and that in two dimensions the free boundary consists close to points where
the second derivative is unbounded, of four Lipschitz graphs meeting at right an-
gles. They also show that energy-minimising solutions are in the two-dimensional
case of class C1'! and that their free boundaries are locally analytic.

J. Andersson-G.S. Weiss have constructed a cross-shaped counter-example proving
that the solution need not be of class C1! (see [1]). In [13] it has been shown
that the second variation of the energy at that particular solution takes the value
—oo. In this sense the cross-solution is completely unstable. Moreover, it cannot
be obtained by naive numerical schemes.

In this paper we analyze the behavior of solutions at points at which the second
derivatives are unbounded. Difficulties in the analysis are:

(i) At cross-like singular points the solution has the “wrong scaling”, i.e. wu(rz)
scales like 72|log(r)| which is different from the characteristic scaling r? of the
equation. The lack of a suitable local Lyapunov functional/monotonicity formula
implies that methods like the Lojasiewicz inequality (see for example [16], [17])
would be hard to apply even at isolated singularities.

(ii) The cross-like singularities are unstable.

(iii) The comparison principle does not hold.

Instead we use knowledge about the Newtonian potential of the right-hand side to
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derive a quantitative estimate for the projection of the solution onto the homoge-
neous harmonic polynomials of degree 2. This leads in the case of two dimensions
to the growth estimate Theorem A (i) for the solution as well as an estimate of
order

T 1 1
(12) u/ytﬁu&ﬂ@
0

s|log s|3/2

for how much the projection of u(x + s-) and also the approximate tangent space
of the singular set can turn as s moves from r to 0 (see Theorem A and Remark
1.1). Our main result Theorem A shows that close to a non-degenerate singular
point, the level set {u = 0} consists of two C'-curves meeting at right angles.
We provide estimates for the modulus of the normal of the free boundary close
to singular points. Different from the (also two-dimensional) unique tangent cone
result [13, Theorem 7.1], the result in the present paper is a quantitative result valid
uniformly for a certain class of solutions. Moreover the result in the present paper
is not confined to the minimal solution.

In the paper [2] in preparation the authors extend these new methods to the case
of higher dimensions.

Our main result in the present paper is the following (cf. Corollary 5.6 and Corollary
7.1):

Theorem A. Let u be a solution of (1.1) in Q C R? satisfying supg, |u| < M.
Moreover let d > 0. Then there exist an ro = ro(M,d) > 0 and a §o = do(M,d) >0
such that if 2° € Qq = {x € Q : dist(x,09Q) > d} and

1 /2 p2
1.3 S¢(2%,r) = / u?dH* > —
( ) ( ) (’I‘n_l 0B, (20) ) 6

for some § < &y, 7 < 1o and u(z®) = [Vu(z?)| = 0 then:

(i) (3 — C(M,d))s* + clog(r/s)s* < S*(a°, s) for every s <r.

(i) There exists a second order homogeneous harmonic polynomial pmo’“ =0p
such that for each o € (0,1/2) and each 8 € (0,1),

u(x® + sx) ‘

Suppg, (x9) |ul

S ] E—

(14) | e = 1:ﬁgmgf~

(iii) The set {u = 0} N B,.(2°) consists of two C'-curves intersecting each other
at right angles at x°.

Remark 1.1. 1) By [13, Lemma 8.5] the estimate Theorem A (i) is sharp. The
inequality (1.3) is always satisfied for some r at singular points, that is, points at
which the solution u is not C'+!. Theorem A thus states that z° is a singular point
if and only if (1.3) is satisfied for some r.

2) The left hand side in (1.4) may be estimated by the somewhat sharper term
in (1.2) (see the end of the proof of Theorem 6.3).

The proof of (i) in Theorem A is contained in Corollary 5.6, and (ii) and (iii)
will be proved in Corollary 7.1.
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2. NOTATION

Throughout this article R™ will be equipped with the Euclidean inner product x-y
and the induced norm |x|. We define e; as the i-th unit vector in R, and B, (x°) will
denote the open n-dimensional ball of center 2", radius r and volume " w,, . When
not specified, z° is assumed to be 0. We shall often use abbreviations for inverse
images like {u > 0} :={z € Q : u(z) > 0}, {z, > 0} :={z € R" : z,, > 0} etc.
and occasionally we shall employ the decomposition z = (z1,...,z,) of a vector
x € R™. Since we are concerned with local regularity we will use the set 1y :=
{z € Q : dist(z,00Q) > d > 0}. We will use the k-dimensional Hausdorff measure
H*. When considering a set A, y 4 shall stand for the characteristic function of A,
while v shall typically denote the outward normal to a given boundary.

3. PRELIMINARIES

In this section we state some of the definitions and tools from [19], [13] and
mention some examples from [1].

First we need the monotonicity formula derived in [19] by G.S. Weiss for a class
of semilinear free boundary problems. For the sake of completeness let us state the
unstable case here:

Theorem 3.1 (Monotonicity formula, [19]). Suppose that u is a solution of (1.1)
in Q and that Bs(x°) C Q. Then for all 0 < p < o < § the function

Yo (r) = r_"_2/ (\Vu|2 - Zmax(u,O))
B,.(z9)

—2pn3 / u? dH L
9B, .(20)

defined in (0,9) , satisfies the monotonicity formula
o 2
wo(o) — @io(p) = / rnT2 / 2(Vu~1/729) dH" tdr >0 .
P 0B (z°) r

The following proposition has been proved in [13, Section 5].

Proposition 3.2 (Classification of blow-up limits with fixed center, Proposition
5.1 in [13]). Let u be a solution of (1.1) in Q and let us consider a point z° €
Qn{u=0}n{Vu=0}
(i) In the case ®%,(04) = —oo, lim,_or 37" faBr(zO)UQ dH" ! = 400, and for
1

S4(z%r) = (rl_" fBBT(mo) u? dH”_l) ® . each limit of

u(x® + rx)

S (a0, r)
as 1 — 0 is a homogeneous harmonic polynomial of degree 2.
(i) In the case ®%,(0+) € (—00,0),

w(x® +rx)

up(x) = -
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is bounded in W12(B1(0)), and each limit as r — 0 is a homogeneous solution of
degree 2.
(iii) Else ®%,(0+) =0, and

u(x® +rx)

5 — 0 in WH(B1(0)) asr — 0.

r

Remark 3.3. 1. As observed recently by one of the authors, case (ii) is possible
even in two dimensions (cf. [2]).
2. Case (iii) is equivalent to u being degenerate of second order at z°.

In [1], the authors have obtained abstract existence of solutions in two dimensions
that exhibit cross-like singularities, at which the second derivatives of the solution
are unbounded (case (i) of Proposition 3.2), as well as degenerate singularities, at
which the solution decays to zero faster than any quadratic polynomial (case (iii)
of Proposition 3.2):

Theorem 3.4 (Cross-shaped singularity in two dimensions, Corollary 4.2 in [1]).
There exists a solution u of

Au = —X{u>0} i B C R2

that is not of class CY''. Each limit of

u(ra)

Sv(0,71)
as r — 0 coincides after rotation with the function (z3 — x3)/||2? — 23|/ L2808, (0))-

Theorem 3.5 (Existence of a degenerate point, Corollary 4.4 in [1]). There ezists
a non-trivial solution u of

Au = —X{u>0y 1 B1 C R?

that is degenerate of second order at the origin.

4. A NEWTONIAN POTENTIAL AND ITS PROJECTION

In what follows we will need the space P of second order homogeneous harmonic
polynomials and two dimensional homogeneous polynomials respectively which we
define now.

Definition 4.1. Let us first define in each dimension n > 2 the space P of 2-
homogeneous harmonic polynomials, i.e. harmonic polynomials of degree 2.

Definition 4.2. (i) Let us define the projection
Im: W?2(B,) — P

as follows: for v € W22(By), let II(v) be the, by Lemma 4.3 unique, minimizer of

pr | D0 —D%f?
B,
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on P, where |A] = /37", af; is the Frobenius norm of the matrix A.

(ii) Let us also define 7(v) > 0 by

H(v) = 1(v)p, p€ P, Sup Ip| = 1.
1

Lemma 4.3. (i) For each v € W%2(By) the minimizer of Definition 4.2 exists and
is unique. Thus I1: W22(By) — P is well-defined.
(ii) 11 is a linear operator.
(iii) If h € W22(By) is harmonic in By then U(h(x)) = I (h(rz)/r?) for all v €
(0,1).
(iv) For every v,w € W22(By),

sup [TI(v + w)| < sup [II(v)| + sup [I(w)].

B, B1 By
Proof. The first and second statement follow from the projection theorem with
respect to the L?(By; R )-inner product and the linear subspace

{f € L*(By; R"Z) : f(z)is symmetric, constant, and trace(f) = 0}.

Writing h as the sum of homogeneous harmonic polynomials h; that are orthogonal
to each other with respect to

n
(’U,’U}) I:/ Z 6ijv82-jw,
B =1
we see that II(h;) = 0 for all j such that the degree of h; is different from 2, im-
plying the third statement.
The last statement follows from the linearity of II and the triangle inequality in
L2(By;R™). 0
In [12] L. Karp-A.S. Margulis derive eigenfunction expansions for generalized New-
tonian potentials with respect to a large class of right-hand sides. In the follow-
ing lemma we calculate explicitly a normalized generalized Newtonian potential of
—X{z122>0} as well as its projections. Properties (iv), (v) and (vi) in Lemma 4.4
are crucial for what follows.

Lemma 4.4. Define v : (0,+00) x [0,+00) — R by
v(xy,20) 1= —4x 20 log(z? + 22) + 2(2? — 23) <72T — 2arctan (:EQ)) — (22 + 23).
T
Moreover let
v(x1,x2), r129 > 0,27 # 0,
w(r, x2) == —v(—z1,22), x <0,22 >0,
_U(xla _xQ)a x> 07x2 S 07
and let

w(z1,m2) — w(x3 + x3) + w120

z(xy,x9) = e

Then, z is the unique solution to

(Z) AZ = 7X{$1$2>0} ZTL RQ?
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(ii) z(0) = [Vz(0)| = 0,

(i) limg_, o % =0,

(iv) I(2) = 0,

(v) I(z1/2) = log(2)z172 /T,
(vi) T(z1/2) = log(2)/(2m).

Proof. A calculation shows that w can be extended to a C'-function and that
Aw = —4TX(5,2550} + 4TX{z,2,<0}- We obtain that z can be extended to a C'-
function solving Az = —x{4,4,>0} in R? and satisfying (ii) and (iii).

Next we show that h :=II(z) = 0: setting

2, a b
Dh(b a),

we obtain
0= ab/ |D?2 — D*h|> =4 | O1o(h—2)=4b—4 [ 0Oz
Bq B B1
2 2
:4b+2/ Ltlog(ei +73) _
B T
as well as
0=0, | |D?2— D?h|? = 4a,
B1
implying that h = 0.
Rescaling z we see that
z(rxy, reg) 129 log r?
T ) s
which implies
2
x122 log( (%
(z1/2) = II(2) — H(”Tm) = —log(1/2)Il(x122)/7m = —log(1/2)x 22 /7.

Thus (v) and (vi) are true.

Last, we show uniqueness of z satisfying (i)-(iv). Observe that (v) and (vi) are
not needed to show uniqueness. If z! and 2? are two solutions to (i)-(iv), then
by (i), 2! — 2? is harmonic. Condition (iii) implies that z! — 22
polynomial. Conditions (ii) and (iv) then imply that 2 — 22 = 0. O

is a second order

5. GROWTH OF THE SOLUTION AT SINGULAR POINTS.
The next lemma is crucial for all that follows.

Lemma 5.1. Let u solve (1.1) and suppose that d > 0, supq |u| < M < +o0,
2% € Qq, u(2°) = |Vu(z®)| =0 and r < d/2. Then

qu(a® +re) o u(@® + )| ey e -
(/B DR - DI () ) < C(n, M, d,p)
and o o
u(z® + rz) u(z? + ro)
— < .
| ()| L, < 0 Ld.p)
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Proof. Let u,(x) = u(wijm). From [18, 4.1 Proposition 1] we infer that D?u is

locally of class BMO, and that

2 2 2 1/2
( |D%uy — D?ug,. o ) < (y,
B3/2

where

1
and (] is a constant depending only on n, M and d. It follows that

_ \1/2
Cl 2 (/ |D2ur - D2u3r/2|2>
Bz /o

2
D2U3r/2 = D*uy.,

1 1/2
> ( / |D?u, — (D2uz, 5 — —trace(D%us, /2)1)|2)
Bs/» n

1 12
—(/ | —trace(D?us, 2)1| ) ,
By, T

where I is the identity matrix. Next it is easy to see that
1 _
/ | —trace(D2ug, 2)I|* < 1,
Bs/2

since
1

_— Au,
on 312" I, ,

trace(D?ug, o) =

and |Awu,| < 1. In particular we have

1 - 1/2
Ci+12> (/ |D*u,, — (D%ug, /s — ftrace(D2u3r/2)I)\2)
B3 /o n

Using the minimizing property of the projection IT we get

(Cy + 1) 2/

B3/s

z/ D%uy — D*T(ug, )P
B3 /2

1 -
|D*u, — (D2ug,. /2 — —trace(D2uy, /2)1)|?
n

Observe that if we set v := u, — II(us,/2), then
[ 1D < (@ 17 ) g2y < G,
B3 /2

IML(0) || 2(Bs/0) < C3 and [lv = TL(v)|[L2(5,,2) < Ca-
It follows that D?(u, — II(u,)) is bounded in L?(Bs/2). Moreover, since II(u,) is

harmonic, A(ur — H(ur)) = —X({u, >0} Poincare’s inequality implies that

= — 2 2

Hur —(u,) — Vu, -z — UT”WM(BS/Q) < HD u, — D H(uT)HLQ(BS/Z) < Cs,
where Vu, and %, denote the averages. Thus LP-theory (see for example [11,
Theorem 9.11]) implies that

Hur—l_[(u,,)—Viur-x < Cg.

_QTTHWM(Bl) =
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The embedding into Holder spaces therefore yields

||ur7H(ur)fV7uT~x— < (Cs.

Tl s,y <

Using that u(z°) = |[Vu(2?)| = 0 and the above estimates implies the statement of
the Lemma. O

Remark 5.2. The above Lemma implies in particular that when one of the quan-
tities [|ul|poo (B, (z0)), S“(2%,7) and 7(u(z® + 7)) is large in comparison to 72 then
all these quantities are comparable. Let us indicate how to prove this: assume that
7(u(z® + r-)) > Cr? for some large constant C = C(n, M, d) then

1 1/2 1 1/2
qu 0, _ 2d n—1 > / I 2d n—1
= (o [ ™) 2 (G [ i)

~( ! / (u— H(u))QdH"*)l/ ® > en)r(u(® + 1)) — C(n, M, d)r?.
9B (z0)

rnfl

It follows that if C > 2C(n, M,d)/c(n) then S*(20,7) > ¢(n)7(u(x® +r-))/2. Simi-
larly one may deduce that under the above assumptions S*(2°%,7) < C(n)7(u(z® +
r-)) and that the corresponding relationships between the other quantities above
hold.

In what follows, we denote by z(x1,...,%,) := z(x1,23) the solution of Lemma
4.4, extended to R".

Lemma 5.3. For each ¢ > 0,n € N;d > 0, M < +oo,a € [1,+00) and 8 € (0,1)
there exist ro,d > 0 with the following property:

Suppose that 0 < r < rg, x € Qq and that u is a solution of (1.1) in Q satisfying
supg [u| < M, u(z) = |Vu(z)| =0 and

L£*(({u(z +r) > 0}A{z122 > 0}) N By) < 6.

Then
u(z + 1)
)

_H(U(x:g— r)) .

<e.
C1.A(By)

Proof. Suppose that r; — 0, that
L"({uj(x? +7rj) > 0}A{z129 > 0}) = 0 as j — oo
and that
uj (27 +1j°)

2 — TI(

rj

uj (@ +1j°)
2

)— Zin Cllo’f (R™) and weakly in Wlica (R™)
T

as j — oo (cf. Lemma 5.1).
Now let N be the Newtonian potential of xo,Au;, i.e.

iy = | T e by = P (0, Bui)(€) dE, m> 2,
5 Jue 10g [y — &l (e, Auy)(€) de, n=2.

Next we let N(y) := N(y) — N(27) — VN(27) - (y — 27), and consider the harmonic
function h(y) := u;(y) — N(y). Since supg |u;j| < M, |h| < Cy on dB4(z7), and
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it follows that |D3h(y)| < C3 in Bgjs(2?), where C3 depends on n, d and M.
Consequently
[uj(y) — N(y) = D*h(a”)(y — 27)(y — a7)| < Cala? —y|* in Byya(a?),
where C, depends only on n,d and M. For the scaled functions v;(y) := u;(z7 +
rjy)/rjz-,Nj(y) = N(2? + rjy)/r? and p;(y) = D?h(2?)(y)(y) we obtain
|0 (y) = Nj(y) = pj(y)| < Carjlyl® in Bayar,).
Thus
v; —II(v;) = N; —II(N;) 4+ o(1) as j — oc.
Passing if necessary to another subsequence j — oo, the functions N; converge
locally to Ny, where
ANy = =X{z12,>0}, No(0) = 0, VNp(0) = 0 and No — II(No) = .

We need to establish that |No(y)| = o(]y|®) as |y| — oo. Once this is established
the uniqueness part of Lemma 4.4 implies that Z = Ny —II(Ny) = z and the Lemma
follows. First, D2Ny € BMO(R™"), so that

Js

for all R € (0,+00), where D%(Ny(R-)) denotes the mean value of D?(Ny(R-)) on
By. Thus limsupp_, . supp, [D?No(R-)|/R? = +o0 implies that

D2(No(Ry)) — DA(No(R)) || R
supg, | D2 Ny |

(5.1) NO(Rk~)/supBRk | D2 Ny| converges for a sequence Ry — 00
’ to a 2-homogeneous harmonic polynomial.
Now suppose towards a contradiction that
N
lim sup | O(g”
|y|—o0 |y‘

Then A(Ng — z) =0 in R™ and

> 0.

Jim sup |No(y) — 2(y)l

> 0.
|y|—o0 |y‘3

Thus Ny — z must be a harmonic polynomial of degree m > 3, contradicting (5.1).
([

Lemma 5.4. Let n = 2,d > 0 and M < +oo. Then there are ro,6 > 0 with the
following property:

Suppose that 0 < r < ro,x° € Q4 and that u is a solution of (1.1) in Q satisfying
supg |u| < M, u(z°) = |[Vu(z?)| = 0 and

7”2

u 0 > .
S“(z”,r) > 5
for some r < rg. Then
| log(S“(°,7)/r?)|

S (@9, r)/r?

L ({u(@® +r) > 0YA{II(u(z® + 7)) > 0}) N By) < C

where C' = C(d, M, r9).
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Proof. Let u,(y) := u(z® + ry)/r?. Then u, is a solution to (1.1) and S*~(0,1) >
1/4. Let 7(u,)p, = (u,). By Lemma 5.1, supg, |u, —7(u,)p,| < C, and we obtain
at each point z € {u, > 0} N {p, < 0} that
C Cy
. < <
(o) € 75 < gy

where we have used that S¥(0,1) is comparable to 7(u,) (see Remark 5.2). Next

we calculate

£ ({ur > 0} 1 {pr < 0} 1 By) < £7({Ipr] < 30@1)} nB)

C
<AL"({(z1,22) 1 0 <21 < 1,0 <@ < 1,712 < Wil)})
aren 1 1 ur (0.1
:4/ dxq —|—4/ uoildxl < C] OgiS (0, ))|
0 cr/ser(o,1) 215 (0,1) S (0,1)

The Lemma follows by scaling back S%(z°%,r) = 7254 (0,1). O

Lemma 5.5. Let n = 2. For each vy € (0,l0g(2)/(27)),d > 0 and M < 400 there
are 19,0 > 0, depending only on v, d and M, with the following property:
Suppose that 0 < r < rg, 2° € Q4 and that u is a solution of (1.1) in Q satisfying
supg |u| < M, u(z®) = |Vu(2®)| = 0 and for some r < o,
u (.0 7"2
Sz, r) > 5
Then 7(4u(z® +r - /2)/r?) > 7(u(2® +7-)/r?) + 7.

Proof. Suppose towards a contradiction that 7(4u;(z/ + ;- /2)/rF) < 7(u;(2? +
rj~)/rj2-) + for a sequence u; satisfying the assumptions with 6 = d; — 0 as j — oo.
Let v; := uj(x? +7;-)/r7. A straightforward calculation shows that v; solves (1.1)
and that )
SY1(0,1) > —.
From Lemma 5.4 it follows that
£n({’l}j > O}A{H(’U]) > 0}) N Bl) — 0.

We may apply Lemma 5.3 and deduce that, after a rotation of the coordinate
system, v; — II(v;) — 2z weakly in W% (B;) and strongly in C1#(B;) as j — oo,
and that therefore — rotating each v; only slightly more — II(v;) = M,z 22 with
M; — 400 as j — oo. Defining fy,2(y) := 4f(y/2), it follows from Lemma 4.4
(v) that TI((v;)1/2 — Mjx122) — Tl(21/2) = log(2)z122/7 as j — co. On the other
hand, 7((v;)1/2) < 7(v;) + 1, so that

(log(2)/m + M;)/2 = 7((log(2)/m + M;)x12)
= o(1) + 7((vj)1/2) < o(1) +7(v;) + v = o(1) + M;/2 +,
a contradiction for large j. O

The next Corollary proves the first statement in Theorem A and is fundamental
for the rest of the paper.
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Corollary 5.6. Let n = 2. Fiz a v € (0,10g(2)/27) and let u satisfy the assump-

tions in Lemma 5.5 for some r <1y (with possibly somewhat smaller §). Then
(2% u(x® +277r) /r?) > 7(u(2® +7-) /r?) 4 jvy for all j € N.

Moreover, for each s <,

Su(x0)s) S St (20 7) log(r/s)

—2C
2 = 72 “ log(2) ’
where ¢ = ||x172]|12(9B,), and C = C(M,d,ry).
Proof. Since by Lemma 5.1
w(x® + ra w(z® + ra
qup 12 0) )y
B r r

it follows that for s <r, us(x) = u(2 + sz)/s? and ¢ = ||z122]|2(08,),

(5.2) 8% (0,1) — /2Com < (/aB |H(us)|2dHl>é + </63 g — H(us)|2dH1>§
—V2Com < er(us).

Similarly it follows that

(5.3) T (us) ( /(9 i (x1m2)2)1/ "M < 8% (0,1) + \/2Cor.

From Lemma 5.5 we infer that if S*(z° r)/r? > 1/0 with 0 < § and § is as in
Lemma 5.5, then 7,5 > 7, +~. Here we use short hand 7, = 7(u(z +7-)/r?). From
inequalities (5.2) and (5.3) we see that

(5.4) W > (1 +7)c— /2Cym > %;,r) + ~ve — 24/2Cy,

where ¢ is the constant in the statement of the Corollary. In particular, if ¢ has

been chosen small enough, say 1/0 > 1/6 4+ 2C1, then u satisfies the assumptions
of Lemma 5.5 in B, /3. We may thus apply Lemma 5.5 again and deduce that

Su (20, 7/4)

(r/4)?
Applying Lemma 5.5 j times, we arrive at
S0, r/27)

(r/27)?
Notice that since 75-;, is increasing in j and thus S*(x°,2777) > 7. — 21/2Cy for

each j and the assumptions of Lemma 5.5 are therefore satisfied for each j.

If we put s = 2777 then j = log(r/s)/log(2) and we obtain the statement in the

Corollary. For general s < r we may consider a j such that 2=ty < s < 2777,
Using Lemma 5.1,

> (1 + 2y)c — 2+/2Cy.

S0 r)

> (1 + jy)e—C1 > 2 +cvyj —2C,.

u(z® “Irg u(z® “irg
H ((2+j27“)2 - ( ((2+j27’)2 ))‘

< 027

C1-8(By)
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and it follows that
S (29, s) B Su(zY,27r)
52 (2=ir)?

The Corollary follows with a slightly larger constant C'. O

< Cs.

6. CONTROLLING THE MOVEMENT OF II(u(x + r-))

In this section we will exploit the estimate in Corollary 5.6 to obtain control of
how much the projection of u(z + r-) can turn when passing to a smaller radius r.

Lemma 6.1. Let n = 2, d > 0 and M < oo. Then there is rq,0 > 0 with the
following property:
Suppose that 0 < r < rg, 2° € Qg and that u is a solution of (1.1) in Q satisfying
supq |[u] < M, u(z) = |Vu(z)| =0 and
S(zY r)
r2

Y

1
5
Let g be the solution of

Ag = X{m(u(a+r))>0} = X{u(z+r)>0} @ B,

g=20 on 0B.
Then

u (0 2
HD29HL2(31) S C\/log(s (:L' ,7’)/’1" )|

“(@d,r)/r?

(i)

log(5" (20, 7)/r?)|
T(g)fd Se @)

where C = C(d, M, o).

Proof. (i) follows from Lemma 5.4 and L*-theory (see for example [11, Theorem
8.8]).
(ii) Rotating and setting p := I1(g) = a;2? + ax23, we obtain

log(S%(x9, 1) /r2
||D2p||L2(Bl>scuD?gan(Bl)scz\/' 85 (e, 1)/7)

@)

and

Su(a0,r)/r?

for j =1,2. O
The next Proposition already contains the desired estimate for how much the pro-
jection may turn when passing from u(z® +r-) to u(z® +r - /2).

4] < Cs \/ | Log($" (2%, )/r2)]
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Proposition 6.2. Letn=2,d >0 and M < 4+oo. Then there are ro,6 > 0 with
the following property:

Suppose that 0 < r < rg, 2° € Q4 and that u is a solution of (1.1) in Q satisfying
supq [u| < M, u(z) = |Vu(z)| =0 and

SS9 r) < 1

T
Then
sup Mu(z+7r))  Hu(@+r-/2)) < O\/\ log(|S“ (2%, 1) /r|)|
By [supp, [(W(u(@+ )| supp, M(u(z +7-/2)| 7 (gu(a0,7)/r2)**

where C' = C(n, M, d).

Proof. Let us consider v = u, — 2 0 Q, — h, — 7(u,)p, where u,(y) = u(z + ry)/r?,
II(u,) = 7(u,)pr, the orthogonal matrix @, has been chosen such that {II(u,) >
0} = {(z122) o @, > 0} (we may assume that @, = I, the identity matrix),
h. = h(ry)/r?, and h is harmonic and satisfies h(z) < Ci|z|3. Tt follows that
II(v) = 0. Moreover we may express v = g + h where g is the solution of Lemma
6.1 and h is harmonic. Lemma 6.1 (ii) implies now that for iLl/g(y) = 4h(y/2),

g1/2(y) = 49(y/2) and vy 2(y) = 4v(y/2),

sup [I1(vy 2)| = sup [T~y /2 + g1/2)| < sup [I(g1/2)|
B4 Bq Bq

|log(S* (20, r)/r?)|

—|—sup |H(h1/2)| < bUP |H(h1/2 |+ C2 (29, 7) /12

Since TI(v) = 0 we also know that |TI(h)| < |TI(g)| < C» % On the

other hand, using that A is harmonic and Lemma 4.3 (iii), TI(h) = H(h1/2) so that

log(S%(x0,r)/r?
Sglp |H(Ur/2 —Z1/2 — hr/2 - T(Ur)p’r)| = Sgllp |H(’U1/2)| < 202\/| gs(vu(m(o’r)/)ré )l .

From the linearity of II, |h(x)| < C3|z|> and Lemma 4.4 we infer that

(6.1) sup [T (urj2) = (7(ur) +log(2)/(27))pr|

[ log(5* (2%, r)/r2)]| [ log(5™ (%, 7)/r2)|.
Su(x0,r)/r? Su(x0,r)/r2
here we also used that supp, [II(h,/2)| < Cyr which can be absorbed in the last
term since S“(z°,r)/r? is large by assumption.
From (6.1) we conclude that

<20

+s§p\ﬂ(hr/z)| <Oy

sup M) ___ M2) ‘
B, |supg, [H(u,)|  supp, [H(u,/2)|
(u) ((ur) +log(2)/(2m))pr V[ log(Su(x0,7)/r2)]|
< sup — Cs 372
B, |supp, [MI(u.)] supp, [I(uy2)] (Su(20,7)/r?)
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where we also used suppg, [I(u,/2)| > C75"(2%, r)/r? (c.f. Remark 5.2). Next we
make the following estimate, which together with the previous estimate yields the
conclusion of the Proposition:

T(ur)pr _ (7(ur) +log(2)/(27))pr

Sglp T(ur) B Sup g, |H(ur/2)|
sy _ ) ) 2[00+t 2)
B | T(ur) (7(ur) + log(2)/(27)) supg, [(ur/2)|

1 | log(5*(z,7)/r?)|
Su(z0, 1) /r2 Su(z0, 7)/r2

where we have used (6.1) to estimate

< Cg

| log(5* (0, 7)/r?)]
Su(z0,r)/r2

\Sgp T (ur/2)| = (7(ur) +10g(2)/(2m))| < C4

wnﬂ%mmm_q

supg, [(u,/2)]

|log(S (%, 7)/72)|
xo )/r2 w20, r)/r2

O

Theorem 6.3. Letn = 2, d > 0 and suppose that u solves (1.1) and that supg |u| <
M < +o0. Then there exists a 6 = 6(M,d) > 0 and an ro = ro(M,d) > 0 such that
if 2% € Qg and

U (5.0
Su(x0,r) < 1
72 -4
for some r < rqy then for each o € (0,1/2) and all s <,

M(u(z®+re))  M(u(a® + sz)) AR
0P S, TG0 7]~ 55, M 5 51| < O ()

Proof. For simplicity we will only prove the Theorem for s = 277r; for general s

we may use the estimate in Lemma 5.1 as indicated in the proof of Corollary 5.6.
Let us choose § small enough so that Corollary 5.6 holds for some fixed v > 0,

ie.

Su(zY,279r) _ S%(a% 1)

(6.2) 2—2j,2 = r2

+ cyj — 2C.

Decreasing § somewhat more if necessary, we see that (6.2) implies that the assump-
tions in Proposition 6.2 hold for every ball By—;,(2°). Using the triangle inequality
we obtain that

H(u(z® + rx)) B M(u(z® +277rz)) H
supp, [M(u(z® +rz))|  supp, [[(u(z®+ 2~ ”"96 )|

sup { sup
J B,

<3 [

7=0

(u(z® +277rz)) B (u(z® 4+ 277" trz)) ‘
suppg, \H( (20 +27Jrx))|  supp, [TL(u(x® + 277~ 17‘x )|
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This sum may be estimated, by Proposition 6.2, from above by
Vlog(S%(x0,2-ir)/(2-2ir2))
;;S%w%MMQ%%WQ'
Let us set k to be the smallest integer satisfying
1 ,8%%r)
2

kza( .

(6.3)

—20).

For S*(z°,r)/r? large enough we see that

S (2% 1)

(64) k> 2

Using (6.2) we may estimate (6.3) by

V1 > /1 1) 2+ logk
Z og(cvJ) og(cyt) it < 0, 2718k oy

= (eyg)3r T “(eyt)32 N

for each a € (0,1/2). Using (6.4) gives the Theorem. O

7. CONCLUSION

Corollary 7.1. Under the assumptions in Theorem 6.3 the following holds:
(i) there exists a homogeneous harmonic polynomial pzo*“ = p of second order

such that for each o € (0,1/2) and each 8 € (0,1/2)
H (2 + sx) 3 ‘

SUppR, (29) |u‘

) e’
1 +5log(r/s)) '

s SO M. B)(

(ii) The set {u = 0} N B,.(x°) consists of two C-curves intersecting each other

at right angles at x°.

Proof. From Corollary 5.6 we know that for each s <r

Uzl s
%2’) > cl(% +log(r/s)).

It follows from Theorem 6.3 that

(u(z® + sx)) O
(7:2) I Supg, M@ +sa)] P P

(7.1)

exists. Using Lemma 5.1 gives

(7.3) oy *S‘r) SRLUCERRY

s cre

- u(x® + sx) SUPp, (20) |u|
H 52 o 52

_ Supp (40 |u| <H u(z® + sz)

52 Supp, (40 |Ul

SPm i T + )

- )

p“cm -

_pHCLB

lp - SPEE) M(u(a® +s2))]  I(u(a® + s1)) I
b Sup g, (0 [ul sup, L(u(z® + sz))['c"”
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As a direct consequence of Lemma 5.1 we obtain

suppg, [T (u(2® + sx))] ‘ C5s2

Supp, (x9) |U| B Supp, (z9) |’LL| .

This, together with Theorem 6.3, implies that

Ip - supp, [H(u(2® + sz))|  T(u(a® + sz)) |y <C ( s )a
supp, zoy [ul  supp, [M(u(a® + s2))[ 1M = 7\ Su(a0,5) ) 7

Rearranging terms in (7.3) we get

H u(2® + sx) ‘ 52

<C ( 0
Sup g, (40 Ul Pllors =58 Su(x0, s)

1+6log(r/s))a'

)" <l M, a,p)(
This proves (i).

Rotating the coordinate system we may assume that p“o’“ = p = 2x125. The
first part of the Corollary implies that

]

u(z®+s) <0in {(z1,22) € By : m122 < —C(d, M’a’ﬁ)(HTg(r/s))a} =K,

that

]

w(z®+s) >0in {(z1,22) € By : z122 > C(d,M,a,ﬁ)(HTg(r/s))o‘} =K

and that

(2 + sx)

Supp, (z0) [ul

Oy > cglz| in By \ (K, UK.

From the implicit function theorem it follows that, for each € > 0, {u = 0} consists
of four C'-curves in By(2°) \ B,/2(2?). To show that {u = 0} consists of two C''-
curves we only need to show that these four curves are differentiable at 2° and that
their derivatives match.

The normal v of {u = 0} will point in the same (or opposite) direction as Vu at
any point of (B,(z°) \ {2°}) N {u = 0}. Let us consider a point 2° + sz of {u = 0}
such that 2o = 1 and |21 < 1: from (i) it follows that at the point z° + sz,

V (u(z° V (u(z°
(u(aj —|—sa,“)) = ( (u(x +Sx)) 72V($1$2)> + 2V (z172)
SUP, (z0) |ul Supp, (29) |ul
0

= 2e; + terms of order (HTg(r/s))a

By a similar argument for each of the four components of {u = 0} N (B4 (z°)\ {z°})
it follows that each component is a Cl-curve with modulus of continuity o(s) =
Cr(log(r/s))~ and that each component approaches ° tangentially relative to the

xl- or 2%-axis. This proves (ii). O
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