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Abstract

For a given convex ring Q = Q5 \ Q; and an L' function f: Q x R — R, we show,
under mild assumptions on f, that there exists a solution (in the weak sense) to

Apu = f(z,u) in Q
u=20 on 0y
u=M on 0%,

with {z € Q: u(z) > s} UQ convex, for all s € (0, M).

1 Introduction and statement of the problem

1.1 The mathematical setting

We start with the mathematical setting of the problem. Let us be given two convex
domains €; CC Q5 C RY and the function f(x,y). We study the following boundary
value problem:

u=0 on 0y (1)

Apu = f(z,u) in Q:=0Q\ N
u=M on 04,
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where M is a given constant and Ay, 1 < p < oo is the p-Laplace operator defined by
Apu = div(|Vul|P V).

The differential equation in (1) will be understood in the weak sense, i.e. for every

n e Cge(Q)
/|Vu )P2Vu(z) - V(z /f:c u(x (z)dzx. (2)

The differential equation in problem (1) is the Euler equation for the following minimiza-
tion problem:

/ (|Vu(x)|p + F(x,u(x)))da: —inf 3)
Q
ueK:={veW?(Q):u=0 on 902, u=M on 00},

F(z,t) ::p~/0 f(z,z)dz

Our objective is to prove the existence of a solution, with convex level sets, to problem
(1) (with some restrictions on the right hand side of the equation, of course). For our
proof, we require convex solutions to the multi-layer free-boundary problem, which occurs
in fluid dynamics (see [AHPS]). Our solutions are obtained by passing to the limit as
the number oflayers (and free boundaries) becomes infinite.

This approach was realized in [LS], where those authors have proved the existence of
the weak solution with convex level lines (in R?) of the following problem:

where

Au= f(u) in Q:=0\
u=0 on 0y (4)
w=M on 0%y,

where 21 and Q5 are as above and the function f satisfies
feLY(~o00,00), f(r)>0, and f(z)=0 on (—o0,0).

It should be added that recently, the third author and R. Monneau [MS] have con-
structed a solution wu, with non-convex level sets, to the above problem with f < 0 and
smooth.

Definition 1.1 (The class of functions F) We will always assume, unless otherwise
stated, that the function f(x,y) on the right hand side of (1) belongs to the class F of
functions having the following four properties:

(F1): f(z,y): Q@ x R — R is continuous and f(x,y) >0 for every (x,y) € Q x R.
(F2): For every o, 8 € [0, M] with a < 3, the function:

Jo,8(T ( / flz,y dy)
is concave in §).

(F3): There exists a number C, s.t.

M
/ (sup f(amy)) dy < C.
0 €N

g <sup f(w)) ~0.

zeQ

'ﬁ\»—\

(F4): For y — 0+, we have



1.2 Main result
The body of this paper is devoted to the proof of the following result:

Theorem 1.2 Let M > 0 be a given constant, and let f(x,y) € F. Then there exists a
weak solution u(x) of Problem (1) with convex level sets, for which

0<u(z) <M, ze€Q.

In addition, if f(x,y) is non-decreasing function with respect to its second argument,
then the solution is unique.

We remark that an alternate uniqueness result not requiring the monotonicity of f
relative to y appears in Section 5.

The continuity of f(z,y) and the last two assumptions in Definition 1.1 of the class F
are actually not critical to the validity of our convex existence results, although they fa-
cilitate the proof. In fact Theorem 1.2 directly generalizes by an approximation argument
(see [DPS], Section 3) to the following result:

Theorem 1.3 The assertion of Theorem 1.2 continues to hold when f(x,y) € F', where
F' denotes the closure of F in L.

We observe that F’ consists of the L! functions f(z,y) : 2 x R — R with properties
(F1) and (F2).

Example. The above existence theory applies to any function of the form

flz,y) = Z fi(z)i(y) € L'(Q),

where the functions f;(z) : Q@ — R, ¢;(y) : R — R are all non-negative, and (f;(z))”»
are concave in €.

To show this, it suffices to show that if ¢, h are non-negative £' functions and satisfy
the concavity condition Fs, then so does f = (g + h). Observe that a sufficiently
regular function g satisfies the concavity condition JF» if and only if gg” > C(g’)?, where
C=(1+(1/p)) and ¢' and g” refer to 1st and 2nd order directional derivatives at any
point and in any direction. Thus, if f, g are sufficiently regular, then

ff"=(g+h)(g"+1")=gg" +gh" + hg" + hh" = (1 + (h/g9))g9g” + (L + (g9/h))hh"

> C((1+ (h/g)(g")* + (L + (g/M)(W)* = C((g)* +29'D + (W')?) = C(f)?,

where we have used the fact that 2f'g’ < (h/g)(g')?>+ (g/h)(h')%. Now an approximation
argument gives the result for non-negative L!-functions.

2 The multilayer free boundary problem

We start with the following multilayer free boundary problem.
Let T = {to,t1,...,t,} be a partition of [0, M], i.e. 0 =ty < t; < ... < t, = M, and
let =M —t;,sothat M =179 >7>--->7, =0. Also let

F(z,t) ::p~/O f(z, 2)dz.

We consider the following (n — 1)-layer problem:



Problem 2.1 Find conver domains K1, Ko, ..., K,,_1 such that
KyCcCcKiCCKyCC...CCK, 1 CCK,,

where Ko := Qy, K, := Qa, with the property that the p-capacitary potentials u; for each
annular convex region K; \ K;_1 satisfies a nonlinear joining Bernoulli condition

|Vu;(z)]? — |[Vupr ()P = ﬁ[F(x, Ti—1) — F(z,7;)] ondK;, i=1,...,n—1. (5)

By p-capacitary potential of the annular region K; \ K; ; we mean the solution of the
following Dirichlet problem

Apul- =0 in Kz \Fi—l
U; = T;—1 ON 8K1'71 (6)
U; = Ty on 8KZ

Theorem 2.2 For every partition T of [0, M] and every function f(x,y) € F Problem
2.1 has a (Lipschitz) solution, where the joining condition (5) is satisfied strongly.

Remark We will define the function u” (z) : Q@ — R by
ul(z) = ui(z), ze€K;\ K.

Proof of Theorem 2.2
We only need to verify that if f(z,y) € F and «, 5 € [0, M] with a < 3, then the
function ¢(z,y), defined by

B P
aly) = (pll IRCEE +yp> (7

satisfies conditions (A1)-(A4) of Definition 2.3 in the paper [AHPS], which are the fol-
lowing;:

(A1): g is continuous and 3 ¢y > 0 such that g(x,0) > ¢ for all z € Q,

(A2): g is non-decreasing with respect to second argument,

1
A3): ¢ satisfies the following concavity property: £ — ————— is concave whenever
( q g y property
q

(z, h(z))

h is a given function such that 1/h is concave, and

(A4): for any given value yo > 0, there exist constants 0 < C; < Cs such that C; <
(q(z,y)/y) < Oy, uniformly for all z € Q and all y > yo.

The conditions (A1) and (A2) are obvious, the condition (A3) can be easily verified
if we use Lemma 2.1 of the above mentioned paper and the concavity property (F2) of
f € F. The last condition (A4) follows from the fact that

q(z,y)
y

— 1, y — +oo uniformly in €.

3 Passage To Limit

For a partition T' = {to, t1, ..., t,} we denote |T| := max{t;11 —¢;:i=0,1,....,n—1}.



Theorem 3.1 For a given conver annular domain Q := Qu\Qy, there exist a continuous,
(strictly) increasing function ¢(s) : [0,00) — R with ¢(0) = 0, and a strictly-positive
function P(z) : Q@ — R, such that for any partition T of [0, M] with |T| sufficiently small,
and any solution u” (z) of the multilayer free boundary problem (2.1), corresponding to
T, we have (dist( )47
T p(dist(z,00)) + |T

e v P TON)

(8)
and

(VT (x)] > (P(z) — |T)|)dist(z, 09s), (9)
both wherever VuT (x) exists.

Proof. We break the proof into the following 5 steps.
Step 1. (Estimates for a family of multilayer subsolutions) Let the function V(z)
solve the Dirichlet problem

A)V(z)=0 in Q
V(z)=0 on 0 (10)
V(z)=1 on 0%s.

For any p € (0,1), we define

V,(z) = V(px) and Q,:={z€Q:V(x)<p}, (11)

observing that V,,(x) is the p-capacitary potential in the domain Q,. Let T' = {to,t1, -, tn}
be a given partition of [0, M], and let A = {ag, a1,...an}, 0=ap < a; < ... < ay, =1,
denote a partition of [0, 1] which is to be determined. In terms of p € (0,1) and A, we
define the convex domains w; := Q; U{z € Q, : V,(z) < a;}, i = 0,---,n. Let the
functions U;(x), i = 1,---,n, solve the Dirichlet problems:

ApUl(Z‘) =0 in wj \U,;l
Ul(x) =T;—1 On 6&)1‘_1 (12)
Ui(x) =7 on Ow;.

Then it is clear that

Ti—1

Ti — .
Ui(z) =Ti-1 + ——— - (Vo(2) —ai—1), i=1,---,n. (13)
Qf — Q1
Now (wq, -+, wp—1) will be a subsolution of the multilayer problem relative to the annular

domain Q, and corresponding to the given partition T' (see [AHPS], section 4.2.2), if the
partition A is chosen such that
F(x,7i-1) — F(z,7)

IVUi(@)|P = VUi (2)]” + b =1

, T € Ow; (14)

fori=1,---,n—1. Set

6 :=t;—ti1=7i_1—17>0 and §;:=a; —a;_1 >0

fori=1,---,n. Then we must have
b14 40, =M, (15)
o1+---+d, =1 (16)

By (13) and (14), (w1, ,wn—1) is a subsolution if

& ! 5i+1 : F(z,7i-1) — F(z,7;) z s
<5i> Z( > e W "




for i =1,---,n — 1, where (1/|VV,(z)|) is uniformly bounded from above in Q,. It is
suffices to require for a fixed value € > 0 that

AP . p
d; dit1
— > A, 1
<5i> - <5¢+1> taite (18)

A;:=Cq-sup (F(z,7i—1) — F(z, 7)) (19)
e

fori=1,---,n—1, where

and Co = Co(p) = sup,eq, (1/((p — 1)[VV,(2)[F)). Let the values y;, i = 1,---,n be
chosen such that p; — i1 =A;+e>0,i=1,---,n—1, and pu, = 0. Then

O=pin <pin1 <<y =Cr+(n—10e<C*"+(n— 1, (20)

where Cp == S A; and C* = C*(p) = p - Col(p) fOM (sup,eq f(x,y)) dy (due to
Assumption (F3). To define a subsolution (wq,---,w,_1) satisfying (17), it suffices to

choose
R 5 \"
8 = 0; - (pi + )77 <<:> <62> —MmL)\) ; (21)

for i =1,---,n, where A > 0 is a constant determined by (15). Namely, the continuous
n

function ¢ (s) := Z& - (i + s)"YP is such that ¢/(s) < 0 for all s > 0, ¥(s) — oo as
=1

510, and ¢(s) — 0 as s — oo. Therefore, there exists a unique value A > 0 such that
®(A) = 1. Assuming (15), we have

from which it follows that A < MP.

Now let us consider the case e = 0. Due to Property (F4) of f, we can choose a
function z(y) such that 177 f(x,t) < 2(y) for all x € Q and 0 < ¢ < y, and such that
z(y) — 0+ as y — 0+. For any m = 1,---,n, we have A; < Con?~t2(n)(r,_1 — 7;) for
ali=m+1,---,n—1, where n = 7,,,. Thus

|
—

n—1 n

e =3 A < o 2(m) S (71 — ) < ConP V2 () (71 — Ta 1) < ConP2(n), (23)
i=k i

-
I
=

fork=m+1,---,n—1, with n = 7,,,. Thus

~

¢ o; . o; U
1> % - . 24
- i:%;—l A+ pi)t/e = i:;-l A+ Conrz(n)/? (A + Conpz(n))M/» (34

Thus A > nP(1 — Cpz(n)), from which it follows that A > (1/2)nP, provided n > 0 is
small enough so that 2Cyz(n) < 1. By (20), (21), and the fact that (1/2)n? < A < MP,
we have

S

n 1/p
21/p SATS

L= (i MY < (Crt(n—1)e+ NP < (C*+(n—1)e+MP)'/P (25)

K2

(=7)

forall i =1,---,n, provided that |T| is sufficiently small and 2Cyz(n) < 1.
Step 2. (Inner barriers for multilayer solutions) For any p € (0,1) and partition
T = {to,t1,...,tn} of [0, M], we let (wi(p), --,wn_1(p)) denote the explicit subsolution



constructed in Step 1 for the n-layer problem (Problem 2.1) corresponding to the parti-
tion T', the annular domain €, the function V,, and the value ¢ = 0. Let (K4, -+, K,_1)
denote any (fixed) solution of the n-layer problem in the original domain 2 corresponding
to the same partition 7. Then

(W1(p),-~~,wn_1(p)) C (Klv"'vKn—l) (26)

for any p € (0,1), where ”C” is interpreted componentwise.

For proof of this claim, let (wi(p,e), - -,wn—1(p,€)) denote the (strict) subsolution
constructed in Step 1 corresponding to the partition 7', the annular domain €,, p €
(0,1), and a small value € > 0. There is an r € (0,1) so small that

(wi(rye), -+ wn-1(r,e)) C (K1, -, Kn-1)

for all small € > 0. We assert that the same inequality holds for all » € (0,1) and all
sufficiently small € > 0. Clearly, the domains w;(r, €) depend continuously on r € (0,1)
and € > 0. Therefore, if this claim is false, then for some small ¢ > 0, there is a
largest value p = p(e) € (0,1) such that (wi(r,e), -, wn_1(r,€)) C (K1, -+, K1) for
all r € (0,p). Then (w1(p, &), ,wn-1(p,€)) C (K1,--+,K,_1) by continuity, and there
exists a point xg € dw;(p,e) NIK; for some i € {1,---,n—1}. This leads to the following
contradiction: By maximum and comparison principles for p-harmonic functions, we have

7 <wj(z) <Uj(z) <751

in w;(p,e) \ K1 for j = i,i+ 1, where u; (resp U;) solves the Dirichlet problem (6)
(resp. (12)) with 4 := j. Thus

|VUi(z0)| < [Vui(zo)| and  [VUi1(20)| > |uir1(wo)]

at xg € dw;(p,e) NOK;, contradicting the fact that (Ky,---, K,_1) is a classical solution
while (wy(p,€),- -+, wn_1(p,€)) is a strict C?-subsoluton. Finally, our assertion follows in
the limit as € — 0+.

Step 3. (Estimates for multilayer inner solutions.)  Let u’ correspond to any solution
(K1, -+, K,—1) of the n-layer problem (Problem 2.1) in §, corresponding to the parti-
tion T. Then for any p € (0,1), there exist positive constants A = A(p), B = B(p)
(independent of the particular partition) such that

M—B-Vy(z)—|T|<u"(z) <M in Q,. (27)

A-Wy(z)—|T| <ul(z) <M in Q, (28)

where we define W, (z) :=1—V,(z).

Proof: Although our development of the multilayer subsolutions in Step 1 depends
on the partition T, the estimate (25) is independent of T' (provided only that |T| is
sufficiently small to permit a suitable choice of 7 in (25)). Thus, we have

A-5;<6;<B-§ (29)

for i =1,---,n, independent of T (with |T'| sufficiently small), where A = A(p) > 0 and
B = B(p) := (C*(p) + MP)'/? are independent of T' (as follows from (25) with € = 0).
By summation of (29), we have

Ton = Tm — Tn = i 5> A- i bi=A-(1—am), (30)
i=m+1 i=m+1
M—Tm:tmzi&SB-iéiSB-am, (31)



both for any m € {1,2,---,n}. It follows that:
IT| +inf{u”(z): 2 € Kppy1 \ 0} > inf{u” (2) : 2 € K, \ 0} > o (0K,,)  (32)

=UT(0wp) =Tm > A- (1 —ay) = A-W,(0wn) > A-sup{W,(z) : 2 € Q2 , \ K},
T+ inf{u” (z) 2 € Kpy1 \ i} > inf{u?(2):2 € K, \ 0} =u” (0K,,) (33)
=UT(0wp) =T > M—B-ay, = M—B-V,(0wy,) > M —B-inf{V,(z) : 2 € Q. ,\ K.},

both for any partition T" of [0, M] and any m € {0,---,n— 1}, where Qy , = C1(Q1)UQ,.
Therefore, the asserted estimates (27) and (28) both hold relative to Q, N (K1 \ Kim)
for each m € {1,---,n —1}.

Step 4. Proof of Theorem 3.1, eq. (8). It is easily seen, using the continuity of the
function V,, (for any fixed p € (0, 1)), that B(p) - V,(z) < ¢(dist(z, 9Q4)) relative to Q,,
where ¢(s) : [0,00) — R denotes a suitable continuous, monotone increasing function
such that ¢(0) = 0. In view of this, it follows from Step 3 that

M>u"(z)>M - B- Vo(z) — |T| > M — p(dist(x, 01)) — | T, (34)

for any partition T of [0, M], any solution u” (corresponding to T') in €2, and any z € €,,.
By enlarging ¢ if necessary, we can assume (34) holds for all z € Q. Therefore

V" ()] - dist (e, 8%) < [VaT (@)] - |y < / VT (y)ds (35)

<M —u"'(z) < (dist(z,00;)) + | T

for any partition T of [0, M], any solution u" of Problem 2.1 in Q corresponding to T,
and any point z € Q\ (0K; U--- UK, _1), where ~ is the arc of steepest ascent of u”
joining = to 0€;. Here, we have used the fact that |Vu” (z)| is weakly increasing (with
increasing u” (z)) on 7. The assertion (8) follows.

Step 5.  Proof of Theorem 3.1, eq. (9). In view of (28), we have

u”(2) + |T| > P(z) := sup{A(p)W,(x) : p € (0,1),2 € Q,} >0, (36)

for any z € ). Therefore
V' ()] > / [Vu (y)lds = u” (2)|y] = u” (z)dist(z, 9) (37)
v

> (P(z) — |T|)dist(z, 9Qs)

for any partition T of [0, M], any solution u” of Problem 2.1 in  corresponding to 7,
and any point x € Q\ (0K; U---U0K,,_1), where « is the arc of steepest ascent of u”
joining = to 9§2s. The assertion (9) follows.

Theorem 3.2 Let T* be the sequence of partitions of [0, M] such that |T*| — 0 when
k — 4o00. Then there exists a subsequence {uTkm} which converges in WP (Q)NC%*(Q)
to a limit ug € WHP(Q). Also, due to equicontinuity, the convergence holds true in C(Q).

Proof The proof follows from Theorem 3.1.



4 Proof of Theorem 1.2

In case f(x,z) is monotone nondecreasing in z, the uniqueness follows by classical ar-
guments. Next, we will show that the function wg(z), defined in Theorem 3.2, solves
problem (1) in the weak sense, i.e. for every n € C§°(f2)

/Wuo )P 2Vuo () - V(e /f £ up(2)) - () dz. (33)

For simplicity we denote u"(x) := u”" (z) and we assume, that u™ — ug in W'P(Q).
Let {K,i = 0,...,n} be the corresponding solution of the multilayer free boundary
problem for the partltlon 7 = {tg, 17, ..., 15 }, and let ui! := u"|(gn\xr ).

Let n € C§°(2). By the dlvergence theorem we have

| v @pva @) Inte dx-z / (1Vuz s (@) [Vur@)P") - nle)de
(30)

where I'}' = 0K .
JFrom the free boundary conditions we get

/Q Vu' (@) [P~2Vu" () - Vi(z)de =

., th u™ ()P~ — V()P
=—Z/nF Fla ) [V P = [Var@p

-1 V@)l = [V (@)

i

- pSlog) V(@ Dl )
- Z/ / Nl @ — [Vup()p 1=

/tn / pdle) a0

IVuiy, ()P — [V (z)]?

It is easy to see that for every A > 0 there exist § = d(p,A\) > 0 and C = C(p,\) >0

such that - .
p—1 _ ,p— 1

T P i< cp—g (41)
br — ap pa

for every a,b > ) satisfying |b — a| < 4.
We have that |Vu(z)| = q(x, [Vuj,(z)]) on I'} (see (7)). Using the fact, that the
function ¢(z,y) is increasing by y, and the function —— is concave, we can claim that

q(z,0)

q(x,y) is bounded from below, that is, there exists a constant Cy > 0 such that
|[Vui(z)| > Co, =z €T}

(From (5) and (41) we can conclude, that there exists a 6 > 0 such that if [T <
then on I'}

‘ [Vui (@)P~! = [Vuda ()Pt p—1
|V (z)[P — |Vu?+1(x)\l’ p|Vui(z)]

< Of|Vui(@)] = [Vui, (2)]]-

Using the last inequality, we can get the following estimate:

[ plen) Wl V@, Sy
n r

p—1 (Vur,, (z)[P — [Vup (z)]? e

n(z)dr| <




<Ci- sup f(%y)'Slen(x)l-/Fn IVuit (@) = [Vuily, (2)||dz (42)

zel'?Nsuppn
for y € [t 1,t], where C; depends only from p and Cp.
Using the inequality
IVup @) — [Vuin @)IPl  _ Fle, ) - Flz, t,)
min(|Vai (2)[P~1 [Vup, (@)P~1) = (p—1)-C§~!

IVui (2)] = [Vuiy (2)]] <

from (42), we conclude that

p-flzyy) [V, (@)P~' — |[Vug (z)[P! / f(z,y)
. - -n(x)dx — =7 n(z)dr| <
L R v e v Wur(e)] ")
;L t?
<) [ [ swoin) do < Ca)- w7l ma fa, )t <
I'?*Nsuppn 24 z €'} Nsuppn tr
i
< Ca(y) - |02 - f(xo, t)dt (43)

n
f’Ll

for some zg € I'}" N suppn, where |I'?| denotes the length of 'Y, and
Co(y):==C1-  sup  f(z,y) sup|n(z)].

€l Nsuppn
Now from the compactness of the set I'}' Nsuppn we can obtain, that for any small € > 0
we can choose d; > 0 such that for all T satisfying |T"| < 01 (n is fixed)

&
flzo, t)dt < e (44)
i

i—1

for all zy € I'} N suppn.
Finally, from (40), (43) and (44) we obtain

)P 2V (z) - Vin(z dx+z/ /

(z)dzdy| <

M
<e- |09 - / Ca(y)dy < Cs - ¢, (45)
0

where in the last inequality we have used the property 3) of the definition of the class F.
Just like in [LS] (see pp. 494-495) we can prove, that for small |77

f(z.9) f(e.9)
/F e () — / T@Y) i

L ge? y e i— atz 46
Va7 (2) oy VU @) fntd o)

Combining (45) and (46), we obtain

[ v @rea)- Z/ o, T ot ol =

/ /um) , |vun(7;()g|6)dxdy+° / fla,u™ (@) - nx)de +o(1).  (47)

10



Since f(z,y) is uniformly continuous in suppn x [0, M], we can claim that

f(w,U"(x))w(x)daf—/ f(@,u(x)) -n(z)de| < e
Q Q

for n > ng. For the first integral in (47), we have, due to local-uniform Lipschitz
estimates of u”, that, for a subsequence, |Vu"|P~2Vu" converges weakly (in L?/(P—1)
to |VulP~2Vu.

5 A uniqueness result

Theorem 5.1 Let u(x) :  — R denote a classical solution of the Dirichlet problem (1)
with f >0, and let v(x) : @ — R denote a classical solution of the same Dirichlet problem
(1) with f replaced by a function g > 0 (we assume 0 < u,v < M, from which it follows
that |Vul|, |Vv| > 0, both in Q). Then u < v in Q provided that 0 < g(z,y) < f(x,y) and
that g(z,y) < tPg(tx,y) for allz € Q, 0 <y < M, and t > 1 for which the inequality is
meaningfull.

Proof. (See [A].) We set vi(x) = v(z/t) in Q = t-Q for any t > 0, observing that
Apvy = (1/t)Pg(x/t,vi(z)) in Q; by change of variables. It is easy to see that v, > u
(resp. vy < w) in QN Q; for any sufficiently large (small) ¢ > 0. Since v; depends
continuously on t, we can choose ¢ > 0 to be minimum subject to the requirement that
vy > uin QN Q, for all 7 > t. We claim that ¢ < 1. Assuming that ¢ > 1, it is easy
to see that vy > u on 9(Q N ) and that v (zg) = u(xg) for some point xzy € (2N Q).
Thus Apve(zo) > Apu(xo), and we conclude using the final assumption on g that

9(x0,90) > (1/t)Pg(wo/t, vi(x0)) = Apvi(w0) = Au(w0) = f(w0, u(20)) = f(%0,%0),

where yo = u(zg) = v(zg). However, this violates the assumption that g < f.
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