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CHAPTER 1

Introduction

This course is devoted to the study of non-linear wave equations, so how are they
defined? A natural problem arising in physics is to determine a function u of (t, x),
where t ∈ R and x ∈ Rn, satisfying �u = 0

u(0, x) = f(x)
ut(0, x) = g(x),

where f and g are given functions and we have used the notation

�u = −utt + ∆u, ut = ∂tu =
∂u

∂t
, utt = ∂2

t u =
∂2u

∂t2
, ∆u =

n∑
i=1

∂2u

∂(xi)2
.

The equation �u = 0 is the wave equation. It can be used to model for instance
the vibrations of a string, in which case one should impose boundary conditions.
Formulating the Maxwell vacuum equations for an electric and magnetic potential
also yields wave equations. In order to define non-linear wave equations, it is
convenient to write the wave operator � in a different form. Let us define the
(n + 1) × (n + 1)-matrix η = diag(−1, 1, ..., 1). This is the n + 1-dimensional
Minkowski metric. Note that the inverse of η equals η. We shall use the notation
ηµν for the components of η and ηµν for the components of the inverse of η. Note
that

�u = ηµν∂µ∂νu

(
=

n∑
µ,ν=0

ηµν∂µ∂νu

)
,

where we use the notation ∂0 = ∂t, ∂i = ∂xi for i = 1, ..., n and the Einstein
summation convention, i.e. that we sum over repeated upstairs and downstairs
indices. By a non-linear wave equation, we mean an equation of the following
form:

gµν(u, ∂u)∂µ∂νu = F (u, ∂u),

where g is a symmetric matrix with one negative eigenvalue and n positive eigenval-
ues, depending on u and its first partial derivatives, and F is a function depending
on u and its first partial derivatives (here ∂u is the vector ∂u = (∂tu, ∂1u, ..., ∂nu)
of all first partial derivatives and gµν are the matrix elements of the inverse of g).
The function u is allowed to be vector valued. Equations of this form arise in the
study of Einstein’s equations. The dependence of g on u and ∂u leads to additional
technical complications that make the essential ideas less transparent. For this
reason, we shall in this course focus on equations of the form

�u = F (u, ∂u).
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6 1. INTRODUCTION

The step from linear to non-linear partial differential equations (PDE:s) is quite big.
The linear theory is based on the fact that by adding two solutions, one obtains a
new solution. In the non-linear case, this is no longer true. One is consequently
forced to develop new ideas and methods.

The questions of interest are first of all local existence: consider �u = F (u, ∂u)
u(0, x) = f(x)
ut(0, x) = g(x).

Is there a solution to the problem for t ∈ (−ε, ε) for some ε > 0? A second question
is that of global existence. Is it possible to find a solution for all t? In the case of
the Einstein equations, this question is related to the existence of singularities (big
bang and black hole type singularities). A related question is that of global existence
for small data. Given that the initial data are small in some suitable sense, is there
a global solution? In the case of general relativity, this question is related to that
of stability of special solutions. If one perturbs the initial data corresponding to
Minkowski space, does one get a solution that is roughly similar? Also, given an
expanding cosmological spacetime, does one get something similar after perturbing
the corresponding initial data?

Concerning the question of local existence, it is possible to develop a general theory,
but the questions concerning global existence depend in a rather subtle way on the
structure of the non-linearity, i.e. on the function F . Consider for instance the
equations

�u = −u2
t , �u =

3∑
i=1

(∂iu)2 − u2
t

where x ∈ R3. The first equation does not admit any non-trivial global solutions for
initial data that vanish outside a compact set, whereas the second admits global so-
lutions if the initial data are small. Another problem which illustrates how ignorant
we are is

�u = uk

for n = 3 and k odd. If k = 1, 3, 5 one obtains global existence for arbitrary initial
data. For k ≥ 7, nothing is known. Even for simple equations, there is in other
words very limited understanding.

The outline of the course is as follows. We begin by studying ordinary differential
equations (ODE:s), starting by proving local existence and uniqueness. The reason
for this is that the ideas behind the proofs are similar to those used when proving
local existence and uniqueness for non-linear wave equations. There are however
less technical complications. We also point out what the obstructions to global
existence are. After that we illustrate how the existence of monotone quantities
can be used to analyze the asymptotic behaviour of solutions to ODE:s. Monotone
quantities, if they exist, are powerful tools, a statement which is also true for non-
linear wave equations more generally. After this brief study of ODE:s, we turn to
1+1 non-linear wave equations (in the notation n+1-dimensional wave equation, the
n refers to the number of space dimensions and the 1 refers to the time dimension).
We start by making some comments on which types of functions are appropriate
as initial data, and we define some natural metric spaces associated with these
classes. Then we show how to solve the linear wave equation. This is necessary in
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order to be able the analyze the non-linear case. Then we discuss special types of
estimates that one obtains in the 1 + 1-dimensional case. These estimates can be
used to prove local existence and uniqueness of solutions. We then discuss global
existence, giving some examples in which one can prove it. Finally, we turn to n+1
dimensional wave equations, starting by mentioning the basic facts concerning the
linear wave equation needed in the non-linear theory. The idea for finding a local
solution is similar to the earlier problems; one carries out an iteration. The space
of functions in which one obtains convergence is however different. One needs some
basic knowledge of measure and integration theory in order to define these spaces,
but we shall see to it that the material is readable also for those who are not familiar
with this theory. To end the course, we give some examples of when one can prove
global existence and some examples for which it is possible to prove global existence
for small data.

In this course, we shall assume that the reader is familiar with the material covered
in the book Principles of Mathematical Analysis by Walter Rudin, at least until
and including Chapter 7 on Sequences and Series of Functions. However, for the
convenience of the reader, we shall repeat some of the definitions and basic results
proved there.

To end, a few words concerning what will not be contained in this course. We shall
give several examples from General Relativity, but we shall not derive the equations
starting with the Einstein equations. This would require significant amounts of
differential geometry, and we do not have the time to cover the necessary material
here. We shall simply state the equations in their end form and start working with
them.





CHAPTER 2

Local existence and uniqueness for ODE:s

A natural starting point in the study of non-linear wave equations is local existence.
Let us start by considering this question for ordinary differential equations. It is of
interest in its own right, but we mainly consider it here since it illustrates some of
the main ideas of the proof of local existence in general. Let f be a function from
R
n+1 to Rn, which is at least continuous (later we shall impose stronger conditions

on f). Consider the problem

dx

dt
(t) = f [t, x(t)](1)

x(0) = x0,(2)

for some x0 ∈ Rn. We wish to prove the existence of a continuously differentiable
x defined on the interval (−ε, ε) for some ε > 0 satisfying (1) and (2). How? The
idea is to define a sequence of approximations

xn = x0 +
∫ t

0

f [s, xn−1(s)]ds

for n ≥ 1 and then to prove that this sequence converges. We thus have a sequence,
and we wish to prove that there is a function x to which the sequence converges.
This makes it necessary to discuss the concept of metric spaces and completeness.

1. Background material

In order to make sense of the concept of convergence, it is natural to have a concept
of distance (even though it is strictly speaking not absolutely necessary). Let X
be a set. Intuitively, a distance function d on X should associate with each pair of
points x, y ∈ X a non-negative number d(x, y):

(3) d(x, y) ≥ 0

for all x, y ∈ X. Furthermore, we expect the distance between two points to be
zero if and only if the points coincide:

(4) d(x, y) = 0⇔ x = y.

Another natural condition is that the distance from x to y equals the distance from
y to x:

(5) d(x, y) = d(y, x)

for all x, y ∈ X. Finally, we require that the triangle inequality holds:

(6) d(x, y) ≤ d(x, z) + d(z, y)

for all x, y, z ∈ X. Let us make the following formal definition.

9



10 2. LOCAL EXISTENCE AND UNIQUENESS FOR ODE:S

Definition 1. Let X be a set. A function d : X × X → R satisfying (3)-(6) is
called a metric on X. If d is a metric on X, then we shall refer to (X, d) as a metric
space.

A situation that arises frequently in analysis is that we wish to find a solution to
an equation and in order to do so, we define a sequence of approximations. The
hope being that the sequence converges to a solution. The question is then how to
characterize “convergence” of a sequence when one does not have the element to
which the sequence is supposed to converge. We are naturally lead to the concept
of a Cauchy sequence.

Definition 2. Let (X, d) be a metric space. A sequence xn ∈ X, n ≥ 1, is called
a Cauchy sequence if for every ε > 0 there is an N such that for n,m ≥ N ,

d(xn, xm) ≤ ε.

As we mentioned above, it is quite common to try to solve an equation by con-
structing a sequence of approximations, and if one has set up the problem in a
good way, one might be able to prove that the sequence is a Cauchy sequence. It is
then crucial to prove that, given a Cauchy sequence, there is an element to which
the sequence converges. This is however a property of the metric space.

Definition 3. Let (X, d) be a metric space. If, for every Cauchy sequence {xn}
n ≥ 1, there is an x ∈ X such that xn → x, then we say that the metric space is
complete.

Remark. The notation xn → x means that for every ε > 0 there is an N such that
d(xn, x) ≤ ε for all n ≥ N .

For the reasons mentioned above, complete metric spaces are extremely important
in analysis. The real numbers form a complete metric space with respect to the
metric defined by d(x, y) = |x−y|. The rational numbers are however not complete,
and this is the main distinction between them. Thanks to the completeness, it is
possible to take the nth square root of a positive real number and to define the
integral of a continuous function by a limit.

Often there is more structure available than simply the metric structure. Let us
define the concept of a Banach space.

Definition 4. A normed linear space is a vector space X (over R or C) on which
there is a function ‖ · ‖ defined, called a norm, with the following properties:

‖x‖ ≥ 0, ‖x‖ = 0⇔ x = 0,
‖λx‖ = |λ|‖x‖,

‖x+ y‖ ≤ ‖x‖+ ‖y‖.

We leave it to the reader to check that if X is a normed linear space, with norm
‖ · ‖, then d(x, y) = ‖x− y‖ is a metric on X.

For the sake of completeness, we remind the reader of the definition of a vector
space. In the definition below, let F denote R or C.

Definition 5. A vector space over F consists of a set X, a mapping (x, y)→ x+y
of X × X into X, and a mapping (λ, x) → λx of F × X into X, such that the
following holds:
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• X is an abelian group with the group operation +.
• λ(µx) = (λµ)x for all λ, µ ∈ F and x ∈ X (associativity).
• (λ+ µ)x = λx+ µx and λ(x+ y) = λx+ λy for all λ, µ ∈ F and x, y ∈ X

(distributivity).
• 1x = x for all x ∈ X.

That X is an abelian group with group operation + means that

• (x+ y) + z = x+ (y + z) for all x, y, z ∈ X.
• x+ y = y + x for all x, y ∈ X.
• There is an element 0 ∈ X such that 0 + x = x for all x ∈ X.
• For every x ∈ X, there is an element −x ∈ X such that x+ (−x) = 0.

Definition 6. Let X be a normed linear space with norm ‖ · ‖ and let d(x, y) =
‖x− y‖. Then we say that X is a Banach space if (X, d) is complete.

Note that Rn is a Banach space with respect to the usual norm

(7) |x| =

(
n∑
i=1

(xi)2

)1/2

,

where x = (x1, ..., xn). Let us prove this. It is clear that Rn is a vectorspace over
R. Of the conditions for a normed linear space, the only one which is not clear is
the last one. In order to prove it we need Schwartz inequality. We shall use the
notation

x · y =
n∑
i=1

xiyi,

for x = (x1, ..., xn) and y = (y1, ..., yn). Note that x · x = |x|2.

Theorem 1 (Schwarz inequality). Let x, y ∈ Rn. Then

|x · y| ≤ |x||y|.

Proof. If y = 0, the inequality is obvious since both sides are zero. Assume therefore
y 6= 0. One can compute that

||y|2x− (x · y)y|2 = |y|2[|x|2|y|2 − (x · y)2].

Since the left hand side is non-negative and |y|2 > 0, we obtain

|x|2|y|2 − (x · y)2 ≥ 0.

This yields the theorem. �

Let us prove the last condition for a normed linear space. By Schwarz inequality
we have

|x+y|2 = |x|2 +2x ·y+ |y|2 ≤ |x|2 +2|x ·y|+ |y|2 ≤ |x|2 +2|x||y|+ |y|2 = (|x|+ |y|)2.

This proves that Rn is a normed linear space. All that remains to be proved is
completeness. Assume {xn} is a Cauchy sequence. Then {xin} is a Cauchy sequence
in R. Thus there is an xi such that xin converges to xi by the completeness of the
real numbers. This defines the limit and xn → x. We have proved that Rn is a
Banach space.
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As was mentioned in the introduction, we assume the reader is familiar with the
basic material in Rudin’s book, but for the sake of completeness, we repeat some
definitions and elementary results here.

Definition 7. Let (X, d) be a metric space. Let us introduce some terminology:

(1) If x ∈ X and r > 0, we define a neighbourhood of x to be a set of the form

Br(x) = {y ∈ X : d(x, y) < r},

for some r > 0, and we refer to r as the radius of the neighbourhood.
(2) A subset U of X is said to be open if for every x ∈ X there is an r > 0

such that Br(x) ⊆ U .
(3) A point x is a limit point of the set E if every neighbourhood of x contains

a y 6= x such that y ∈ E.
(4) A subset C of X is said to be closed if every limit point of E is a point of

E.
(5) Let K be a subset of X. An open covering of K is a collection {Uα} of

open sets such that K is contained in the union of the Uα.
(6) K is said to be compact if every open covering of K has a finite subcover-

ing, i.e. if there is a finite collection Uα1 , ..., Uαn such that K is contained
in the union of the Uαi , i = 1, ..., n.

(7) E is said to be bounded if there is a real number M and a q ∈ X such
that d(p, q) < M for all p ∈ E.

(8) If E is a subset of X, we denote by Ē the union of E and all its limit
points. We call Ē the closure of E. Note that Ē is closed.

One important result that was proved in Rudin’s book Principles of Mathemati-
cal Analysis is the Heine Borel theorem, which is the equivalence of the first two
statements in the following theorem.

Theorem 2. If a set E in Rn has one of the following three properties, then it has
the other two:

(1) E is closed and bounded.
(2) E is compact.
(3) Every infinite subset of E has a limit point in E.

Let us note that one part of the theorem can be generalized. First we need a
definition.

Definition 8. Given a sequence {xn}, consider a sequence {nk} of positive inte-
gers, such that n1 < n2 < n3 < ... . Then the sequence {xnk} is called a subsequence
of {xn}.

A subset Y of a metric space X is called sequentially compact if every sequence {yn}
in Y has a subsequence {ynk} that converges to a point of Y , i.e. d(ynk , y)→ 0 for
some y ∈ Y .

Theorem 3. A subset of a metric space is compact if and only if it is sequentially
compact.

We shall not prove this theorem here, nor shall we use it.



2. THE SPACE OF CONTINUOUS FUNCTIONS 13

2. The space of continuous functions

Let us return to the problem at hand, i.e. that of proving local existence of solutions
to ordinary differential equations. We have a sequence of approximations and we
wish to prove that this sequence is a Cauchy sequence in a complete metric space.
We need to find a suitable complete metric space. But first, let us define the concept
of continuity.

Definition 9. Let (X, d) and (Y, ρ) be metric spaces. Let f : X → Y . We say
that f is continuous at x if for every ε > 0 there is a δ > 0 such that d(x, y) < δ
implies that ρ[f(x), f(y)] < ε. If f is continuous at x for every x ∈ X, we say that
f is continuous.

We shall sometimes use the fact that f is continous at x if and only if for every
sequence {xk} such that xk → x, f(xk) → f(x). To prove this is a good exercise,
but the proof is also available in Rudin’s book. Let f be a continuous function
between metric spaces (X, d) and (Y, ρ). If K ⊆ X is a compact subset then f(K)
is compact. For a proof, we refer again to Rudin’s book. Note however that this is
a rather immediate consequence of the definition and the fact that f is continuous
if and only if f−1(U) is open for every open set U .

Definition 10. Let (X, d) be a metric space and (Y, ‖·‖) be a normed linear space.
Define C(X,Y ) to be the set of continuous functions from X to Y and define the
set of bounded continous functions from X to Y to be Cb(X,Y ). For f ∈ Cb(X,Y ),
define

‖f‖C = sup
x∈X
‖f(x)‖.

Note that this turns Cb(X,Y ) into a normed linear space (prove this).

Remark. That f is bounded means that there is a constant C < ∞ such that
‖f(x)‖ ≤ C for all x ∈ X.

Note that if X is compact, then a continuous function f from X to Y is automati-
cally bounded. The reason for this is the following. Let g(x) = ‖f(x)‖. Then g is
a continuous function from X to the real numbers (prove this). By the observation
made prior to the definition, we conclude that g(X) is a compact subset of the
real numbers. By Theorem 2, we conclude that g(X) is closed and bounded. In
particular, it is bounded. Thus if X is compact C(X,Y ) = Cb(X,Y ).

Theorem 4. Let (X, d) be a metric space and let (Y, ‖·‖) be a Banach space. Then
[Cb(X,Y ), ‖ · ‖C ] is a Banach space.

Proof. We need to prove completeness. Let the sequence {fn} of elements of
Cb(X,Y ) be a Cauchy sequence. Let x ∈ X. Note that fn(x) is a Cauchy sequence
in Y , so that fn(x) converges to, say, f(x), due to the fact that Y is a Banach
space. This defines the function f . We need to prove that f is continuous, that
it is bounded and that fn converges to f with respect to ‖ · ‖C . Let us start with
boundedness. There is an N such that for n,m ≥ N ,

‖fn − fm‖C ≤ 1.

In particular
‖fn‖C ≤ 1 + ‖fN‖C
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for all n ≥ N . Furthermore, since {1, ..., N} is only a finite set, there is a constant
C <∞ such that

‖fn‖C ≤ C
for all n ≤ N . We conclude that

‖fn‖C ≤ C + 1

for all n. Since
‖f(x)‖ = lim

n→∞
‖fn(x)‖ ≤ C + 1,

we conclude that f is bounded. Let us turn to continuity. Let x ∈ X and ε > 0.
Let N be such that ‖fn − fm‖C < ε/3 for all n,m ≥ N . Finally, let δ > 0 be small
enough that d(x, y) < δ implies ‖fN (x)− fN (y)‖ < ε/3. Then, for d(x, y) < δ,

‖f(x)− f(y)‖ ≤ ‖f(x)− fN (x)‖+ ‖fN (x)− fN (y)‖+ ‖fN (y)− f(y)‖
= lim

n→∞
‖fn(x)− fN (x)‖+ ‖fN (x)− fN (y)‖

+ lim
n→∞

‖fN (y)− fn(y)‖ < ε.

Consequently, f is continuous. Finally, let us prove that fn converges to f . Let
ε > 0. There is an N such that n,m ≥ N implies that ‖fn − fm‖C < ε. Let n ≥ N
and x ∈ X. Then

‖f(x)− fn(x)‖ = lim
m→∞

‖fm(x)− fn(x)‖ < ε.

Since the right hand side does not depend on x, we obtain ‖f − fn‖C < ε. This
proves convergence. �

As a special example of this construction, let X = [a, b] be a compact subinterval
of R with the metric d(x, y) = |x− y|. Furthermore, let Y = R

n with the norm | · |
defined in (7). We denote the resulting Banach space by C([a, b],Rn).

3. Local existence for ordinary differential equations

We are now in a position to prove local existence and uniqueness. In order to do so,
it will however be necessary to demand more of f than that it simply be continuous.

Theorem 5. Let f : Rn+1 → R
n be continuous and assume also that it is contin-

uously differentiable with respect to xi, i = 1, ..., n. Consider the problem

dx

dt
(t) = f [t, x(t)](8)

x(t0) = x0,(9)

where t0 ∈ R and x0 ∈ Rn. Then there is an ε > 0 and a unique, continuously
differentiable x : (t0 − ε, t0 + ε)→ R

n satisfying (8) and (9). Furthermore, there is
a function ε0(C0) > 0 which decreases when C0 increases such that ε can be chosen
to satisfy ε ≥ ε0(C0) where

(10) C0 = sup
|t−t0|≤1, |x−x0|≤1

(
|f(t, x)|2 +

n∑
i=1

|∂xif(t, x)|2
)1/2

.
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Remark. The first part of the theorem gives local existence, but what is the purpose
of the second part? The second part is there to help us when we wish to go from
local existence to global existence. Quite generally, local existence results come
with two parts. First, there is the existence and uniqueness of a local solution.
Second, there is statement giving the obstruction to extending this local solution
to a global one. In the present case, the second statement will later be used to
prove that either the solution becomes unbounded in finite time, or there is global
existence.

Proof. As described earlier, we set up the iteration

(11) xn(t) = x0 +
∫ t

t0

f [s, xn−1(s)]ds

for n ≥ 1. The zeroth iterate x0 is the constant vector given in the statement of
the theorem. Let us start by obtaining some rough control of the iterates xn.

Inductive assumption: |xn(t)−x0| ≤ 1 for |t−t0| ≤ ε. If n = 0, this is true. Assume
it is true for n. By (11) and the definition of C0 we get

|xn+1(t)− x0| ≤ C0|t− t0|

for |t− t0| ≤ ε. If we demand that ε ≤ 1/(C0 + 1), we conclude that the inductive
assumption holds with n replaced by n+ 1.

Rough control : If ε ≤ 1/(C0 + 1), then |t − t0| ≤ ε implies |t − t0| ≤ 1 and
|xn(t)− x0| ≤ 1 for all n. Note that due to the definition of C0, we thus control f
and its derivatives in [t, xn(t)].

Let us turn to convergence. Consider the difference of two successive iterates:

(12) xn+1(t)− xn(t) =
∫ t

t0

{f [s, xn(s)]− f [s, xn−1(s)]}ds.

Note that for x, y ∈ B̄1(x0) and s such that |s− t0| ≤ 1 we have

|f(s, x)− f(s, y)| =
∣∣∣∣∫ 1

0

∂τf [s, τx+ (1− τ)y]dτ
∣∣∣∣(13)

=

∣∣∣∣∣
∫ 1

0

n∑
i=1

(∂xif)[s, τx+ (1− τ)y](xi − yi)dτ

∣∣∣∣∣
≤ C0|x− y|,

where we have used the Schwartz inequality,

|z · w| =

∣∣∣∣∣
n∑
i=1

ziwi

∣∣∣∣∣ ≤ |z||w|,
for z, w ∈ Rn and the definition of C0. Inserting this information into (12), we
obtain

(14) |xn+1(t)− xn(t)| ≤
∫ t

t0

C0|xn(s)− xn−1(s)|ds.

Let us define ε by ε = 1/[2(C0 + 1)] and let

‖x‖ = sup
|t−t0|≤ε

|x(t)|
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for continuous x : [t0− ε, t0 + ε]→ R
n. Note that all the iterates xn are continuous.

Due to (14), we get the conclusion that

‖xn+1 − xn‖ ≤ C0‖xn − xn−1‖ε ≤
1
2
‖xn − xn−1‖.

Iterating this estimate, we obtain

‖xn+1 − xn‖ ≤
1
2n
‖x1 − x0‖.

Assume that m > n. Then

‖xm − xn‖ ≤
m−1∑
k=n

‖xk+1 − xk‖ ≤
m−1∑
k=n

2−k‖x1 − x0‖

≤ 2−n‖x1 − x0‖
∞∑
j=0

2−j ≤ 2−n+1‖x1 − x0‖.

Clearly, the xn constitute a Cauchy sequence. Thus there is a continuous function
x : [t0 − ε, t0 + ε]→ R

n such that xn converges to x with respect to ‖ · ‖.
Since xn converges to x, we conclude that |x(t)−x0| ≤ 1 for all t such that |t−t0| ≤ ε.
By (13), we conclude that

|f [t, x(t)]− f [t, xn(t)]| ≤ C0‖x− xn‖.

Thus f(·, xn) converges uniformly to f(·, x). Due to (11), we conclude that

x(t) = x0 +
∫ t

t0

f [s, x(s)]ds.

This proves that x is continuously differentiable and that it satisfies (8) and (9). For
a proof of uniqueness, see Theorem 6. Note that we can take ε0(C) = 1/[2(C + 1)],
which has the desired properties. �

In order to prove uniqueness, it will be convenient to have Grönwall’s lemma. It
will also be useful in the analysis of non-linear wave equations more generally.

Lemma 1 (Grönwall’s lemma). Let f, g : [t0, t0+T ]→ R be continuous non-negative
functions, where T is some positive number. Assume there is a constant C ≥ 0 such
that

(15) f(t) ≤ C +
∫ t

t0

g(s)f(s)ds

for all t ∈ [t0, t0 + T ]. Then

f(t) ≤ C exp
[∫ t

t0

g(s)ds
]

for all t ∈ [t0, t0 + T ].

Proof. Let ε > 0 and define a function h by

h(t) = C + ε+
∫ t

t0

g(s)f(s)ds.
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The reason we include an ε is technical; we wish to be sure that h is positive. Since
f and g are continuous functions, h is continuously differentiable. Estimate, using
(15) and the definition of h,

dh

dt
= gf ≤ gh.

Since h is positive, we are allowed to divide by it. Dividing by h and integrating,
we obtain

ln
h(t)
h(t0)

=
∫ t

t0

1
h(s)

dh

ds
(s)ds ≤

∫ t

t0

g(s)ds.

Taking the exponential of this inequality, we obtain

f(t) ≤ h(t) ≤ h(t0) exp
[∫ t

t0

g(s)ds
]

= (C + ε) exp
[∫ t

t0

g(s)ds
]
,

where we have used (15) in the first step. Since this inequality holds for any ε > 0,
we can take the limit ε→ 0 in order to obtain the desired conclusion. �

Exercise. Prove the following analogue of Grönwall’s lemma for going backwards
in time: Let f, g : [t0 − T, t0] → R be continuous non-negative functions, where T
is some positive number. Assume there is a constant C ≥ 0 such that

f(t) ≤ C +
∫ t0

t

g(s)f(s)ds

for all t ∈ [t0 − T, t0]. Then

f(t) ≤ C exp
[∫ t0

t

g(s)ds
]

for all t ∈ [t0 − T, t0].

Grönwall’s lemma is one example of how to obtain conclusions from inequalities.
In the study of non-linear problems, this is very important, and we shall see more
examples of how to obtain conclusions from integral and differential inequalities as
the course progresses. Let us turn to uniqueness for ordinary differential equations.

Theorem 6. Let f : Rn+1 → R
n be continuous and assume also that it is contin-

uously differentiable with respect to xi, i = 1, ..., n. Consider the problem
dx

dt
(t) = f [t, x(t)](16)

x(t0) = x0,(17)

where t0 ∈ R and x0 ∈ Rn. Assume x, y : (t−, t+) → R
n are two continuously

differentiable solutions to (16) and (17), where we assume t0 ∈ (t−, t+). Then
x = y on (t−, t+).

Proof. We have

(18) x(t) = x0 +
∫ t

t0

f [s, x(s)]ds, y(t) = x0 +
∫ t

t0

f [s, y(s)]ds.

Let t1 ∈ [t0, t+). Since x and y are continuous, there is a constant C < ∞ such
that |x(t)− x0| ≤ C and |y(t)− x0| ≤ C for t ∈ [t0, t1]. Let

C0 = sup
t0≤t≤t1, |x−x0|≤C

(
n∑
i=1

|∂xif(t, x)|2
)1/2

.
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Subtracting the two equations (18) from each other and using an estimate of the
form (13), we obtain

|x(t)− y(t)| ≤
∫ t

t0

|f [s, x(s)]− f [s, y(s)]|ds ≤ C0

∫ t

t0

|x(s)− y(s)|ds

for t ∈ [t0, t1]. Applying Grönwall’s lemma with f(t) = |x(t)− y(t)|, g(t) = C0 and
C = 0, we obtain the conclusion that f(t) = 0 for t ∈ [t0, t1]. Since t1 ∈ [t0, t+) was
arbitrary, we obtain x = y in [t0, t+). The argument to prove that the functions
coincide in (t−, t0] is similar. �

Thanks to this result, it makes sense to speak of a maximal existence interval for
a solution to (16) and (17). Let S be the set of solutions to (16) and (17). With
each solution there is an associated existence interval (t−, t+). Let A be the set
of right endpoints of existence intervals of solutions in S. There are two cases.
Either A is unbounded, in which case we define tmax = ∞ or it is bounded, in
which case we let tmax = supA. We define tmin similarly as the infimum of the left
endpoints of existence intervals. Let us prove that we get a solution to (16) and
(17) on (tmin, tmax). Let t ∈ [t0, tmax). Since t < tmax, there is a solution y in S
with t+ > t. Define x(t) = y(t). Due to Theorem 6, it does not matter which y one
takes. Furthermore x is continuously differentiable in a neighbourhood of t. This
defines a solution for t ∈ [t0, tmax). The definition of x in (tmin, t0] is similar.

It is of interest to find out when one can take tmax = ∞ and when one can take
tmin = −∞. That there are sometimes obstructions to this is clear from the equation

dx

dt
= x2,

one solution of which is x(t) = 1/(1− t). In fact, say that we have a continuously
differentiable x such that x(0) > 0 and

dx

dt
≥ x2

for t ≥ 0. Then x has to blow up in finite time. To see this, note first that x(t) > 0
for t > 0. Thus we are allowed to divide the inequality by x2 and integrate in order
to obtain

1
x(0)

− 1
x(t)

≥ t.

This can be rearranged to yield

x(t) ≥ x(0)
1− x(0)t

,

which clearly blows up in finite time. In fact, the only thing that can go wrong is
that the solution becomes unbounded.

Theorem 7. Let f : Rn+1 → R
n be continuous and assume also that it is contin-

uously differentiable with respect to xi, i = 1, ..., n. Consider the problem
dx

dt
(t) = f [t, x(t)](19)

x(t0) = x0,(20)

where t0 ∈ R and x0 ∈ Rn. Let (tmin, tmax) be the maximal existence interval. If
tmax < ∞, then |x(t)| is unbounded on [t0, tmax). Similarly, if tmin > −∞, then
|x(t)| is unbounded on (tmin, t0].
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Proof. Let us assume that tmax <∞ but that |x(t)| ≤ C <∞ for some constant C
and all t ∈ [t0, tmax). Define

C1 = sup
t0−1≤t≤tmax+1, |x|≤C+1

(
|f(t, x)|2 +

n∑
i=1

|∂xif(t, x)|2
)1/2

.

Let ε = min{ε0(C1), tmax − t0}, where ε0 is the function given in Theorem 5. Con-
sider the problem

dy

dt
(t) = f [t, y(t)](21)

y(tmax − ε/2) = x(tmax − ε/2).(22)

Let C0 be defined as in (10) with t0 replaced by t′0 = tmax − ε/2 and with x0 =
x(tmax − ε/2). By Theorem 5 we obtain a solution to (21) and (22) for |t − t′0| <
ε0(C0). Since |x0| ≤ C and t0 ≤ t′0 < tmax, we conclude that C0 ≤ C1 (C0 and
C1 are defined by taking the supremum of the same object, but the set over which
we take the supremum in C1 contains the set over which we take the supremum
in C0). Thus ε0(C0) ≥ ε0(C1). In other words, the existence interval of y includes
(tmax − 3ε/2, tmax + ε/2). Since x also satisfies (21) and (22), we conclude that x
and y coincide on their common domain of definition, due to Theorem 6. In other
words, y can be used to extend x beyond its maximal existence interval. This is a
contradiction. The argument in the other time direction is similar. �

The above result can be interpreted as a continuation criterion. Say that we have
a solution x to (19) and (20) on an interval (t−, t+). What the theorem says is that
if x(t) is bounded for t ∈ [t0, t+), then we can extend the solution beyond t+. The
continuation criterion is thus that x remains bounded. Note that the criterion is an
immediate consequence of the local existence theorem in the form we have proved
it; i.e. with an estimate of the existence time in terms of C0 defined in (10). It is
possible to improve the statement of the theorem.

Exercise. Prove the following statements. Say that we have a solution on an
interval (t−, t+), and assume there is a sequence tk ∈ (t−, t+) with tk → t+ and a
constant C < ∞ such that |x(tk)| ≤ C. Then we can extend the solution beyond
t+. This has the following consequence: say that the maximal existence interval
for x is (tmin, tmax) and assume that tmax < ∞. Then |x(t)| → ∞ as t → t+, i.e.
for every M > 0 there is a tM ∈ [t0, t+) such that |x(t)| ≥M for all t ∈ [tM , t+).

Example 1. Assume f satisfies an estimate

(23) f(t, x) · x ≤ g(t)(|x|2 + 1)

for t ≥ t0, where g : [t0,∞) → R is a continuous, non-negative function. Let x
solve (19) and (20) and let (tmin, tmax) be the maximal existence interval. Then
tmax =∞. In order to prove this statement, define

h(t) = |x(t)|2 + 1.

Then h is a strictly positive, continuously differentiable function. Compute

dh

dt
= 2

dx

dt
· x = 2f(t, x) · x ≤ 2gh,
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where we have used (23). Dividing by h, which is allowed since h is strictly positive,
and integrating yields

ln
h(t)
h(t0)

=
∫ t

t0

1
h(s)

dh

ds
(s)ds ≤ 2

∫ t

t0

g(s)ds

for all t ∈ [t0, tmax). Exponentiating this inequality, we obtain

h(t) ≤ h(t0) exp
[
2
∫ t

t0

g(s)ds
]
.

If tmax <∞, the right hand side is bounded, so that h, and therefore |x|, is bounded
on [t0, tmax). This contradicts Theorem 7.

Exercise. Let n = 3. Find the maximal existence interval if the function f is given
by

a) f(t, x) = −|x|2x, b) f(t, x) = |x|2x, c) f(t, x) = |x|2(v × x),
where v ∈ R3 is a fixed vector. Note that the answer depends on the initial data.

Example 2, Hamiltonian dynamics. Let V : Rn → R be a twice continuously
differentiable function, which we shall refer to as the potential energy. Define the
Hamiltonian associated with V by

H(p, q) =
1
2
|p|2 + V (q),

where p ∈ Rn. Then H : R2n → R is a twice continuously differentiable function.
The Hamiltonian equations are then given by

dp

dt
= −∂H

∂q
(p, q)(24)

dq

dt
=

∂H

∂p
(p, q)(25)

p(t0) = p0(26)
q(t0) = q0.(27)

An important point to note is that if p, q are solutions to (24)-(27), then H[p(t), q(t)]
is constant.

Exercise. Prove that if there is a positive constant C <∞ such that V satisfies

(28) V (q) ≥ −C(|q|2 + 1),

then solutions to (24)-(27) have a maximal existence interval (−∞,∞) for arbitrary
initial data p0, q0. Hint : Use the fact that the Hamiltonian is conserved along a
trajectory and start by trying to control q(t). Note that for arbitrary z, w ∈ Rn,

|z · w| ≤ 1
2

[|z|2 + |w|2].

Prove this inequality.

It is interesting to note that (28) cannot be improved to

V (q) ≥ −C(|q|2 + 1)1+ε

for ε > 0. In fact, let n = 1 and

V (q) = −
(
q2 +

1
2

)1+ε

.
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Consider (24)-(27) with initial data q0 = 1/
√

2 and p0 =
√

2. Then H(p0, q0) = 0
so that

(29)
1
2
p2 −

(
q2 +

1
2

)1+ε

= 0

for all t ∈ (tmin, tmax). Using the Hamiltonian equations, one can prove that the
time derivative of the product pq is non-negative. Since pq starts out positive it
consequently has to remain positive. We conclude that both p and q have to remain
positive to the future. By (29), we conclude that

p =
√

2
(
q2 +

1
2

)1/2+ε/2

.

Combining this with (25), we obtain

(30)
dq

dt
=
√

2
(
q2 +

1
2

)1/2+ε/2

.

Exercise. Prove that (30), together with the condition q(t0) > 0 implies that q
blows up in finite time.

Example 3, homogeneous cosmologies. In cosmology, one often makes the assump-
tion that the universe is spatially homogeneous and isotropic. Under these assump-
tions, the only freedom left is one function of one variable. The function describes
the overall scale of the universe and Einstein’s equations is an ODE for it. If one
is interested in studying something more complicated, one can drop the isotropy
condition but keep the spatial homogeneity. This leads to a system of ordinary dif-
ferential equations. There is a formulation of Einstein’s equations for a large class
of spatially homogeneous spacetimes, the so called Bianchi class A spacetimes. Un-
fortunately it does not cover all of them. The equations are given by

N ′1 = (q − 4Σ+)N1

N ′2 = (q + 2Σ+ + 2
√

3Σ−)N2

N ′3 = (q + 2Σ+ − 2
√

3Σ−)N3(31)
Σ′+ = −(2− q)Σ+ − 3S+

Σ′− = −(2− q)Σ− − 3S−

where the prime denotes derivative with respect to τ and

q = 2(Σ2
+ + Σ2

−)

S+ =
1
2

[(N2 −N3)2 −N1(2N1 −N2 −N3)](32)

S− =
√

3
2

(N3 −N2)(N1 −N2 −N3).

The initial data should furthermore be such that

(33) Σ2
+ + Σ2

− +
3
4

[N2
1 +N2

2 +N2
3 − 2(N1N2 +N2N3 +N1N3)] = 1

is fulfilled. The above equations are a reformulation of Einstein’s vacuum equations.
In other words, no matter terms appear. Unfortunately, the variables have a rather
intricate geometric interpretation which is not easy to explain without a significant
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amount of differential geometry. A derivation of the above formulation starting
with the Einstein equations can be found in

Wainwright J and Hsu L 1989 A dynamical systems approach to Bianchi cosmolo-
gies: orthogonal models of class A Class. Quantum Grav. 6 1409–31.

Exercise. Prove that if (33) is satisfied for the initial data, then it is satisfied for
all τ . Hint. Define g to be the left hand side minus 1. It is enough to prove that g′

can be expressed as a multiple of itself (cf. Grönwall’s lemma). The computation
is long.

Exercise. Prove that if N1 is zero initially, then it is always zero and similarly for
N2 and N3. Hint : use Grönwall’s lemma.

As a consequence of the last exercise, if N1 is positive initially, it is always positive,
and if it is negative initially, it is always negative. The statements for N2 and N3

are similar.

Exercise. Assume that N1 ≤ 0 and N2, N3 ≥ 0. Prove that (33) implies that Σ+

and Σ− remain bounded for all time. Prove that the boundedness of Σ+ and Σ−
imply that N1, N2, N3 cannot become unbounded in finite time.

The above exercise proves that if N1 ≤ 0 and N2, N3 ≥ 0, then one obtains global
existence. In fact, it is possible to prove that one always gets global existence
for solutions to (31)-(33) unless all the Ni are strictly positive or all are strictly
negative. In that case, one has past global existence (which is not so easy to prove)
but blow up to the future (which is much more difficult to prove). Let us comment
briefly on the geometric meaning of this. Please note that the following discussion
is not an important part of this course, it simply serves the purpose of adding some
flavour. If all the Ni are non-zero and have the same sign, the interpretation of
the blow up to the future is simply that the spacetime reaches a point of maximal
expansion after which it recollapses. The future global existence in the other cases
corresponds to infinite expansion of the corresponding cosmological models. The
global existence to the past may seem strange since one expects there to be a
big bang to the past. In fact, τ → −∞ does correspond to a singularity, and
a freely falling observer going into the past will reach the singularity in a finite
proper time. The time coordinate in the formulation of the above equations has
however been chosen to be such that the singularity is infinitely far to the past with
respect to the τ -time. There are examples of initial data to (31)-(33) for which
the gravitational field remains bounded as τ → −∞. This is considered to be a
pathological feature of cosmological spacetimes. Consequently, one is interested
in analyzing the asymptotic behaviour of solutions in order to determine for what
initial data the gravitational fields become arbitrarily strong as one approaches the
singularity.

4. Generalizations

The hypothesis of some of the results mentioned above can be weakened. In all the
results, the condition that f be continuously differentiable with respect to x can be
replaced by a Lipschitz condition: f is said to be Lipschitz with respect to x if, for
all non-negative K, there is a constant C <∞, depending on K, such that

|f(t, x)− f(t, y)| ≤ C|x− y|
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for all t, x, y such that |t|, |x|, |y| ≤ K. This condition can replace the condition of
continuous differentiability with respect to x in Theorems 5, 6 and 7. In order to
obtain existence, it is actually not necessary to demand that f be Lipschitz.

Theorem 8 (Peano’s theorem). Let f : Rn+1 → R
n be a continuous function.

Consider the problem
dx

dt
(t) = f [t, x(t)](34)

x(t0) = x0,(35)

where t0 ∈ R and x0 ∈ Rn. Then there is an ε > 0 and a continuously differentiable
function x : (t0 − ε, t0 + ε)→ R

n satisfying (34) and (35).

We shall not prove this theorem here. If one drops the Lipschitz condition, one
does however get a problem with uniqueness. To illustrate this, let

x1(t) =
{

(2t/3)3/2
t ≥ 0

0 t < 0

and let x2(t) = 0. Then both x1 and x2 are continuously differentiable functions,
and both satisfy

dx

dt
= x1/3

x(0) = 0.

Note that x1/3 is a continuous function from R to itself.

5. Regularity

In Theorem 5, we only proved the existence of a continuously differentiable solution.
If we demand that f be more regular, do we obtain greater regularity of the solution?
Say that f is continuously differentiable with respect to t and x. Then it is clear
that if x is continuously differentiable solution, then the right hand side of (1) is
continuously differentiable. In other words, x is twice continuously differentiable.
Similarly, by an induction argument, we can prove that if f is k times continuously
differentiable with respect to t and x, then the solution is k+ 1 times continuously
differentiable.





CHAPTER 3

Monotone quantities

1. Vector fields and flows

In this chapter we shall carry on the study of ordinary differential equations. We
shall restrict our attention to equations of the form

dx

dt
(t) = f [x(t)](36)

x(0) = x0,(37)

i.e. we consider only autonomous systems. The starting point in the analysis of
equations of this form is the study of fixed points, i.e. points x0 for which f(x0) = 0.
One considers the derivative of f at the fixed point, computes the eigenvalues and
so on and so forth. This study is very important in the analysis of non-linear
ODE:s, but carrying out such an analysis here would take us too far away from
the purpose of the course. We shall however comment on how the existence of
monotone quantities can be used in the analysis. When considering non-linear
ODE:s or non-linear wave equations, it is difficult to make progress unless one can
find quantities that are conserved or have monotonicity properties. However, in
many special situations it is possible to find such quantities and to use them to
good effect. We shall see examples of this for ODE:s but also for non-linear wave
equations.

Note that there is a geometric interpretation of (36). The function f can be inter-
preted as a vector field, or as the velocity field of particles; at every point x the
velocity of a particle at that point is f(x). A solution of (36) and (37) is then the
trajectory of a particle moving in the velocity field. Given a vector field, we can
define its flow.

Definition 11. Let f : Rn → R
n be smooth (infinitely differentiable). We say that

f is a complete vectorfield if all solutions to (36) and (37) have maximal existence
interval (−∞,∞). If f is a complete vectorfield, we define the flow of f to be the
function Φ : Rn+1 → R

n defined as follows: for a given (t, x0), Φ(t, x0) = x(t),
where x is the solution to (36) and (37).

We leave it as an exercise for the reader to prove that the flow has the following
property:

(38) Φ[t1,Φ(t2, x)] = Φ(t1 + t2, x)

for all t1, t2 ∈ R and x ∈ Rn. The statement is a direct consequence of uniqueness,
Theorem 6. Below, we shall define the flow for vectorfields that are not complete.
The only difference is that, in general, one has to be careful about the domain of

25
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definition of Φ. One can prove that Φ is a smooth function of both its variables. We
shall not do so here, but be satisfied with proving that it is a continuous function.

Theorem 9. Let f be a complete vectorfield and let Φ : Rn+1 → R
n be its flow.

Then Φ is continuous.

Proof. We start by proving that for a fixed x0, Φ is continuous for |t| ≤ ε and
x ∈ B̄1(x0) for some ε > 0. We shall refer to this property as local continuity.
Define

C1 = sup
|x−x0|≤2

(
|f(x)|2 +

n∑
i=1

|∂xif(x)|2
)1/2

.

Rough control : The first step is to get some rough control of Φ(t, x). By the proof
of Theorem 5, we know that if x1 ∈ B̄1(x0), then

|Φ(t, x1)− x1| ≤ 1

for |t| ≤ ε0(C1) = 1/[2(C1 + 1)]. In other words,

(39) |Φ(t, x1)− x0| ≤ 2

for (t, x) ∈ S, where

S = {(t, x) : |x1 − x0| ≤ 1, |t| ≤ ε0(C1)}.
Local continuity. Let (tk, yk) ∈ S converge to (t, y). We wish to prove that
Φ(tk, yk)→ Φ(t, y). Note that

Φ(s, x) = x+
∫ s

0

f [Φ(u, x)]du.

For (s, y1), (s, y2) ∈ S, s ≥ 0, we thus get

|Φ(s, y1)− Φ(s, y2)| ≤ |y1 − y2|+ C1

∫ s

0

|Φ(u, y1)− Φ(u, y2)|du,

where we have used (13) and (39). Applying Grönwall’s lemma with C = |y1− y2|,
f(s) = |Φ(s, y1)− Φ(s, y2)|

and g(s) = C1, we conclude that

|Φ(s, y1)− Φ(s, y2)| ≤ |y1 − y2| exp[C1ε0(C1)].

Note that this proves that Φ is Lipschitz with respect to x. Above, we have assumed
s ≥ 0, but if s < 0, we can proceed similarly, cf. the exercise following Grönwall’s
lemma. We conclude that

lim
k→∞

|Φ(tk, yk)− Φ(tk, y)| = 0.

By the continuity of Φ(s, y) with respect to s for a fixed y,

lim
k→∞

|Φ(tk, y)− Φ(t, y)| = 0.

We conclude that Φ is continuous at (t, y) ∈ S. Thus Φ is continuous in S.

Continuity. Let us prove that Φ is continuous at an arbitrary point (t, y). Assume
therefore that (tk, yk)→ (t, y). Let K be such that

sup
|s|≤|t|+1

|Φ(s, y)| ≤ K.
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Note that the left hand side is bounded, since Φ(s, y) is continuous in s for a fixed
y. Let

CK = sup
|x|≤K+2

(
|f(x)|2 +

n∑
i=1

|∂xif(x)|2
)1/2

and define ε = ε0(CK). Due to the local continuity, if |x1| ≤ K, then Φ is continuous
for x ∈ B̄1(x1) and |t| ≤ ε. For the sake of convenience, let us assume that t > 0.
Then there is an integer l ≥ 0 such that

0 ≤ t− lε < ε.

Let us make the inductive assumption that

(40) lim
k→∞

Φ(mε, yk) = Φ(mε, y)

for m = 0, ..., j ≤ l− 1. For j = 0 it is true. Assume it is true for j ≤ l− 1. Due to
(38),

Φ[(j + 1)ε, yk] = Φ[ε,Φ(jε, yk)].
Since we have (40) withm = j, we conclude in particular that |Φ(jε, yk)−Φ(jε, y)| ≤
1 for k large enough. Due to the continuity of Φ for |t| ≤ ε and |x− Φ(jε, y)| ≤ 1,
we conclude that

lim
k→∞

Φ[(j + 1)ε, yk] = lim
k→∞

Φ[ε,Φ(jε, yk)] = Φ[ε,Φ(jε, y)] = Φ[(j + 1)ε, y],

where we have used (38) again in the last step. By induction, we obtain (40) for
m = l. Since

Φ(tk, yk) = Φ[tk − lε,Φ(lε, yk)]
and |tk − lε| ≤ ε for k large enough, we obtain the desired convergence by invoking
the local continuity once more. �

The condition of completeness is not necessary. Let f : Rn → R
n be a smooth

function. Let DΦ be the set of (t0, x0) such that if x is the solution of (36)-(37),
then t0 belongs to the maximal existence interval. If (t0, x0) ∈ DΦ, we define
Φ(t0, x0) = x(t0). As an immediate consequence of the definition, if (t0, x0) ∈ DΦ,
t0 > 0, then (t, x0) ∈ DΦ for all t ∈ [0, t0] and similarly for t0 < 0. Furthermore,
(0, x0) ∈ DΦ for all x0 ∈ Rn. Note that we still have (38) whenever the right hand
side is defined.

Theorem 10. Let f : Rn → R
n be smooth. Then DΦ is open and Φ : DΦ → R

n is
continuous.

Proof. Let (t0, x0) ∈ DΦ. We need to prove that there is a neighbourhood of (t0, x0)
contained in DΦ and that if (tk, xk) → (t0, x0), k ≥ 1, then Φ(tk, xk) → Φ(t0, x0).
Let x be the solution corresponding to the initial data x0. For convenience, let us
assume t0 ≥ 0. Let C < ∞ be a constant such that |x(t)| ≤ C for all t ∈ [0, t0].
The idea of the proof is to reduce it to the previous theorem. In order to do so, we
modify the vectorfield f for |x| ≥ C + 1, in other words, away from the trajectory
of x for t ∈ [0, t0]. The modified vectorfield f1 is complete and coincides with f for
|x| ≤ C+1. Consequently, the corresponding flow Φ1 is continuous by the previous
result. By showing that Φ coincides with Φ1 in a neighbourhood of (t0, x0), we
can draw the desired conclusion. Let us write down the technical details. Let
φ : Rn → R be a smooth function such that φ(x) = 1 for |x| ≤ C + 1 and φ(x) = 0
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for |x| ≥ C + 2. We shall later in the course prove that there are such functions.
Define

f1 = φf.

Then f1 is bounded and consequently it is complete (prove this). Let Φ1 be the
associated flow. Note that since f1(x) = f(x) for |x| ≤ C+1, the solution x satisfies

dx

dt
(t) = f1[x(t)], x(0) = x0,

for t ∈ [0, t0]. In other words Φ(t, x0) = Φ1(t, x0) for t ∈ [0, t0]. Let U =
Φ−1

1 [BC+1(0)]. Since Φ1 is continuous, U is an open subset of Rn+1. Note that
S = [0, t0] × {x0} is contained in U . Since U is open and S is compact, there is
an ε > 0 such that Sε = (−ε, t0 + ε) × Bε(x0) is contained in U (we leave it to
the reader to prove this; one needs to use the compactness of S). Note that for
(t, x1) ∈ Sε,

dΦ1

dt
(t, x1) = f1[Φ1(t, x1)] = f [Φ1(t, x1)],

since |Φ1(t, x1)| ≤ C + 1 for (t, x1) ∈ Sε. Consequently Sε ⊆ DΦ and Φ1 = Φ
on Sε. In particular, DΦ is open. Finally, if (tk, xk) → (t0, x0), where k ≥ 1 and
(tk, xk) ∈ DΦ, then for k large enough, (tk, xk) ∈ Sε so that for k large enough

Φ(tk, xk) = Φ1(tk, xk)→ Φ1(t0, x0) = Φ(t0, x0),

where we used the continuity of Φ1. The conclusion of the theorem follows. �

2. Limit sets

In complicated situations, it is impossible to solve (36) and (37) explicitly. How-
ever, one is often only interested in the behaviour as t→ tmax or t→ tmin, i.e. the
asymptotic behaviour, which is an easier problem. In the analysis of the asymp-
totics, it is convenient to have the concepts of α-limit set and ω-limit set at our
disposal.

Definition 12. Consider a solution x to (36) and (37) with maximal existence
interval (tmin, tmax). We say that x1 is an α-limit point of x if there is a sequence
tk ∈ (tmin, tmax) such that tk → tmin and x(tk) → x1. Similarly, we say that x1 is
an ω-limit point of x if there is a sequence tk ∈ (tmin, tmax) such that tk → tmax

and x(tk)→ x1. The α-limit set of x is defined to be the set of α-limit points and
the ω-limit set of x is defined to be the set of ω-limit points.

Note that if tmax <∞, then the ω-limit set is empty, due to the exercise following
Theorem 7. Similarly, if tmin > −∞, the α-limit set is empty. That tmax = ∞ is
a necessary, but not sufficient condition for the non-emptiness of the ω-limit set is
illustrated by the following example.

Example. Let x solve
dx

dt
= x, x(0) = 1.

The solution is of course x(t) = et, so that the α-limit set consists of the point 0
and the ω limit set is empty. The solution to

dx

dt
= −x, x(0) = 1
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has an empty α-limit set and an ω-limit set consisting of the point 0.

Exercise. Consider the equation
d

dt

(
x
y

)
=

(
−y
x

)
(
x(0)
y(0)

)
=

(
r0

0

)
where x and y take values in R and r0 ≥ 0. Compute the α-limit set and the ω-limit
set depending on r0.

Note that if x is a solution to (36) and (37) such that there is a sequence tk →∞
with the property that x(tk) is bounded, then the ω-limit set is non-empty. The
statement for the α-limit set is similar. The proof is an application of Theorem 2.
Note that there are two cases to consider.

Let us prove some general properties of the α-limit set and the ω-limit set.

Theorem 11. Let f : Rn → R
n be smooth, let Φ be the associated flow and let x be

a solution to (36)-(37). Then the α-limit sets and the ω-limit sets are closed and
invariant under the flow. The last statement means that if x0 is an α-limit point
(ω-limit point) and (t, x0) ∈ DΦ, then Φ(t, x0) is an α-limit point (ω-limit point).

Proof. We only prove the statements for the ω-limit set, the proofs for the α-limit
set are similar. Let x be a solution with maximal existence interval (t−, t+). If
t+ < ∞ the ω-limit set is empty, which means that it is closed. Furthermore, the
empty set is invariant under the flow and nothing remains to be proved. Assume
therefore that t+ =∞.

Let yk be a sequence of ω-limit points converging to a point y. In order to prove
that the ω-limit set is closed, all we need to prove is that y is an ω-limit point. Let
l ≥ 1 be a given integer. There is a ykl such that |y − ykl | ≤ 1/(2l). Furthermore,
there is a tl with tl ≥ l and |x(tl)− ykl | ≤ 1/(2l) (since ykl is an ω-limit point). By
construction tl →∞ and |y − x(tl)| ≤ 1/l. We conclude that y is an ω-limit point.

Let us prove that the ω-limit set is invariant under the flow. Let x0 be an ω-limit
point and assume that (t, x0) ∈ DΦ. By definition, there is a sequence tk → ∞
such that x(tk) → x0. Define sk = tk + t and note that sk → ∞. Since t+ = ∞,
[t, x(tk)] ∈ DΦ. By the continuity of Φ,

Φ(t, x0) = lim
k→∞

Φ[t, x(tk)] = lim
k→∞

x(sk).

Consequently, Φ(t, x0) is an ω-limit point. �

Under some circumstances, one can also prove that the ω-limit set is connected.
Let us remind the reader of the concept of connectedness.

Definition 13. Two subsets A and B of a metric space X are said to be separated
if both Ā ∩ B and A ∩ B̄ are empty. A set E ⊆ X is said to be connected if E is
not a union of two non-empty separated sets.

As illustrating examples, (0, 1) and (1, 2) are separated sets, whereas (0, 1) and
[1, 2) are not.

Theorem 12. Consider a solution x to (36) and (37), where f : Rn → R
n is

smooth. Assume there is a T and a C < ∞ such that |x(t)| ≤ C for all t ≥ T .
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Then the ω-limit set is connected. Similarly, if |x(t)| ≤ C for all t ≤ T , the α-limit
set is connected.

Proof. We prove only the statement for the ω-limit set. Denote this set by Ω. By
Theorem 11, Ω is a closed set and by the hypothesis of the theorem, Ω is bounded.
By the Heine-Borel theorem, we conclude that Ω is compact. Assume that Ω is not
connected. Then there are non-empty subsets A and B such that Ω = A ∪ B and
A ∩ B̄ and Ā ∩B are empty. Since A ⊂ Ω and Ω is closed, Ā ⊂ Ω = A ∪B. Since
no limit point of A can belong to B, we conclude that A = Ā. In other words, A is
closed. Similarly B is closed. Since Ω is compact, we conclude that A and B are
compact. Define

d0 = inf
x∈A,y∈B

|x− y|.

Note that g(x, y) = |x− y| is a continuous function from R
2n to R. Since A×B is

a compact set, g attains its minimum on A×B. In other words, there are x1 ∈ A
and y1 ∈ B such that d0 = |x1 − y1|. Since A and B are disjoint, we conclude that
d0 > 0. Define

A0 = {z ∈ X : inf
x∈A
|z − x| < d0/4}, B0 = {z ∈ X : inf

x∈B
|z − x| < d0/4}.

Note that A0 and B0 are both open sets. Note also that Ā0 ∩ B̄0 is empty. Since A
is non-empty, we can, for every integer k ≥ 0 find a tk ≥ k, T such that x(tk) ∈ A0.
Since B is non-empty, x must leave A0. Let

t′k = sup
t∈[tk,∞)

{s : x(s) ∈ A0}.

By the comments made, the set over which we take supremum is bounded from
above, consequently T, k ≤ t′k < ∞. By definition x(t′k) /∈ A0 and x(t′k) ∈ Ā0.
Since B̄0 ∩ Ā0 is empty, we conclude that x(t′k) ∈ Bc0 ∩Ac0. Since t′k →∞ and x(t′k)
is a bounded sequence, there is a convergent subsequence, converging to, say, x0.
Since Ac0 ∩ Bc0 is closed, x0 ∈ Ac0 ∩ Bc0. In other words, we have constructed an
ω-limit point, x0, which does not belong to Ω ⊆ A0 ∪B0. We have a contradiction
to the assumption that the ω-limit set is disconnected. �

3. The monotonicity principle

So far, we have established some basic facts concerning the flow and the α- and
ω-limit sets of solutions to (36) and (37). In order to be able to say something more,
it is very useful to have monotone quantities at one’s disposal. One reason for this
is the following result, which goes under the name of the monotonicity principle.

Theorem 13 (Monotonicity principle). Let f : Rn → R
n be smooth and consider

(36) and (37). Let U be an open subset of Rn and M a closed subset which is
invariant under the flow of the vectorfield f . Assume there is a continuous function
F : U → R such that F [x(t)] is strictly monotone for any solution x to (36) and
(37), as long as x(t) ∈ U∩M . Then no solution whose image is contained in U∩M
has an α- or ω-limit point in U .

Remark. That M is invariant under the flow simply means that if the initial data
belongs to M , then the entire solution is contained in M . A function g : (a, b)→ R

is said to be strictly monotonically increasing if t1 < t2 implies g(t1) < g(t2). The
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concept strictly monotonically decreasing is defined similarly and a function is said
to be strictly monotone if it is either strictly monotonically increasing or decreasing.
The reason we include the closed invariant set M in the statement is that we wish
to apply it to the cosmology example given in the previous chapter, for which there
is a constraint filling the role of M .

Proof. Let x be a solution which is contained in U ∩M . Let us prove the statement
for the ω-limit set. Assume that there is an ω-limit point p ∈ U . We wish to prove
that this leads to a contradiction. By definition there is a sequence tk → ∞ such
that x(tk)→ p. Due to this fact and the fact that F is continuous in U , we conclude
that F [x(tk)] → F (p). Note also that since M is closed, p ∈ M . By hypothesis,
F [x(t)] is strictly monotone. Consequently F [x(t)] → F (p). In other words, if
q is an ω-limit point, F (q) = F (p). Due to Theorem 11, the solution x̄ solving
(36) with initial value p is contained in the ω-limit set. By the above argument
F [x̄(t)] = F (p). On the other hand, there is an ε > 0 such that x̄(t) ∈ U ∩M for
|t| < ε so that F [x̄(t)] is strictly monotonically increasing or decreasing for |t| < ε.
We have a contradiction. �

4. Applications

The rest of this chapter is devoted to applications of the monotonicity principle. We
shall apply it to the equations (31)-(33). Let us make some comments concerning
the structure of these equations. As we know, due to one of the exercises, the sets
N1 < 0, N1 = 0 and N1 > 0 are invariant under the flow and similarly for N2

and N3. When analyzing the equations it thus makes sense to start by looking
at solutions with Ni = 0, i = 1, 2, 3, then look at solutions with one Ni non-zero
and so on and so forth. Let us look at a solution with all Ni = 0. We shall refer
to such solutions as type I solutions. By (32) and the constraint (33), q = 2 and
S+ = S− = 0. Considering (31), we thus see that all solutions of type I are fixed
points; any constant (σ+, σ−) with σ2

+ + σ2
− = 1 yields a solution [Σ+(τ),Σ−(τ)] =

(σ+, σ−). Solutions with one Ni non-zero are called type II solutions. Let us apply
the monotonicity principle in order to analyze the asymptotic behaviour of a type
II solution.

Proposition 1. Consider a solution of (31)-(33) with N1 > 0 and N2 = N3 = 0.
Then

(41) lim
τ→∞

N1(τ) = 0

and there is a (σ+, σ−) ∈ R2 with σ2
+ + σ2

− = 1 and σ+ > 1/2 such that

(42) lim
τ→∞

(Σ+,Σ−)(τ) = (σ+, σ−).

Proof. Using the constraint (33) we deduce that

Σ′+ =
3
2
N2

1 (2− Σ+),

(prove this). We wish to apply the monotonicity principle. We view the system as
being in R3. Let U be defined by N1 > 0, M be defined as the set of N1, Σ+ and
Σ− satisfying (33) and F (Σ+,Σ−, N1) = Σ+. Note that as long as the solution is
in U ∩M , N1 > 0 and |Σ+| ≤ 1 so that Σ′+ > 0, with the consequence that Σ+ is
strictly monotonically increasing. We can thus apply the monotonicity principle.
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Equation (41) follows, since if N1 does not converge to zero, we can construct an
ω-limit point in U due to the fact that the variables are contained in a compact set
(prove this). Combining this with the constraint, we deduce

lim
τ→∞

q = 2.

Since Σ+ is monotone and bounded, it converges. Let us call the limit σ+. Since
q → 2, we conclude that |Σ−|2 converges to 1 − σ2

+. If |σ+| 6= 1, the ω-limit set
could thus in principle consist of two different points. However, since the ω-limit
set is connected by Theorem 12, it consists of only one point. Consequently, Σ−
has to converge. We call the limit σ− and obtain (42), but we do not yet know
anything about the limit (σ+, σ−). Compute

(43)
(

Σ−
2− Σ+

)′
= 0.

Note that this equality can be used to give another proof of the fact that Σ− has
to converge. We get

(44)
Σ−

2− Σ+
=

σ−
2− σ+

for arbitrary (Σ+,Σ−) belonging to the solution. Since N ′1 = (q − 4Σ+)N1 and
N1 → 0 we have to have σ+ ≥ 1/2 (why?). If σ+ = 1/2 then σ− = ±

√
3/2. The

two corresponding lines in the Σ+Σ−-plane obtained by substituting (σ+, σ−) into
(44) do not intersect any points interior to the Kasner circle. Therefore σ+ = 1/2
is not an allowed limit point and the proposition follows. �

Exercise. Add the missing details to the proof above, i.e. fill in the details where
we have written “prove this” and “why?”. Analyze the asymptotics for solutions
to (31)-(33) with N1 > 0 and N2 = N3 = 0 as τ → −∞. Draw a picture of the
orbits in the Σ+Σ−-plane.

The answer to the above exercise yields conclusions concerning the character of the
Big Bang singularities in the corresponding cosmological spacetimes. If Σ− = 0
initially, then by (43) it remains zero for the entire solution. For such a solution,
one can prove that the gravitational field remains bounded as one approaches the
singularity. For all the other solutions, the gravitational field becomes arbitrarily
strong.

Consider a solution to (31)-(33) with N1 = 0, N2 > 0 and N3 < 0. Such solutions
are said to be of type VI0.

Exercise. Analyze the asymptotic behaviour of a VI0 solution as τ → ∞. Hint :
Proceed in the following steps. Prove that the solution is contained in a compact
set. Prove that Σ+ can be used as a strictly monotone quantity in the monotonicity
principle. Prove that these observations lead to N2, N3 → 0. Prove that (Σ+,Σ−)
has to converge. Prove that there is only one value of the limit which is consistent
with N2, N3 → 0.



CHAPTER 4

Local existence for 1 + 1-dimensional wave
equations

1. Introduction

The main object of study in this course is the equation

(45)

 �u = F (u, ∂u)
u(0, x) = f(x)
ut(0, x) = g(x).

In general, we wish to consider this equation in n+ 1 dimensions, i.e. in n spatial
and 1 time dimensions. As we mentioned in the introduction, the natural starting
point is to prove local existence of solutions to these equations. One question then
arises. What type of functions f and g are reasonable to choose as initial data?
Let us for the moment restrict our attention to smooth (infinitely differentiable)
initial data. It is however not clear that this is enough. Say for instance that
f and g become larger and larger as |x| → ∞. Is it then not possible that the
equation does not admit local solutions? In fact we shall give an example for which
there is no local existence. The example is however such that g grows as |x| → ∞.
One convenient class of functions to consider are such that are smooth and vanish
outside of a compact set. By considering such a class, one can avoid the problem of
the behaviour for large x. However, we need to prove that there are such functions.
Furthermore, in order to prove local existence, we set up an iteration, similarly to
the ODE case. Consequently, we need to find suitable metric spaces in which the
sequence converges. These problems will be the subject of the first two sections.

2. Smooth functions with compact support

Let us start by proving that there are smooth functions with compact support. We
shall use the following notation.

Definition 14. Let Ω ⊆ Rn be an open set. The set of smooth (infinitely differ-
entiable) f : Ω → R

k will be denoted C∞(Ω,Rk). The set of f ∈ C∞(Ω,Rk) such
that there is a compact set K ⊂ Ω with f = 0 for f /∈ K is denoted C∞0 (Ω,Rk).
We shall also use the notation C∞(Ω,R) = C∞(Ω) and C∞0 (Ω,R) = C∞0 (Ω). An
element f ∈ C∞0 (Ω,Rk) is called a smooth function with compact support. Simi-
larly, if m ≥ 0, we denote the set of m times differentiable functions by Cm(Ω,Rk).
The notation Cm0 (Ω,Rk), Cm0 (Ω) and Cm(Ω) is analogous to the above. Finally,
we shall use the notation C0(Ω) = C(Ω), C0

0 (Ω) = C0(Ω) etc.

Let us prove that, given an open set Ω ⊆ Rn and a compact set K ⊂ Ω, there is a
function φ ∈ C∞0 (Ω) such that φ = 1 on K. We shall do so in several steps.

33
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Lemma 2. Define f : R→ R by

(46) f(t) =
{
e−1/t t > 0
0 t ≤ 0.

Then f is smooth.

Proof. Note that f is smooth for t > 0 and for t < 0. The only problem is t = 0.
Note that for t > 0 and any integer m ≥ 0,

e−1/t =
1
e1/t

=

( ∞∑
k=0

t−k

k!

)−1

≤
(
t−m

m!

)−1

= m!tm.

Since f(t) = 0 for t ≤ 0, we obtain

(47) |f(t)| ≤ m!|t|m

for all integers m ≥ 0 and t ∈ R. As a consequence, it is clear that f is continuous
at 0. Let us turn to the differentiability of f at 0. Estimate, for h 6= 0,

(48)
∣∣∣∣f(h)− f(0)

h

∣∣∣∣ =
∣∣∣∣f(h)
h

∣∣∣∣ ≤ m!|h|m−1,

where we have used (47). We conclude that f is differentiable at zero and the
derivative is zero.

Exercise. Prove that f is continuously differentiable. By an induction argument,
prove that f is smooth. �

Note that all the derivatives of f are zero at the origin. In other words, if we do a
series expansion of f around the origin, all the coefficients in the expansion are zero.
However, if t > 0, then f(t) > 0. In other words, the class of smooth functions is
very different from the class of analytic functions we are familiar with from complex
analysis.

Lemma 3. Let ε > 0. There is a g ∈ C∞(R) such that 0 ≤ g(t) ≤ 1 for all t ∈ R,
g(t) = 0 for t ≤ 0 and g(t) = 1 for t ≥ ε.

Proof. Define
φ(t) = f(t)f(ε− t),

where f is as in (46). Note that φ ∈ C∞(R), φ ≥ 0, φ(ε/2) > 0, and that φ(t) = 0
for t ≤ 0 and for t ≥ ε. Define

g(t) =
∫ t

0

φ(s)ds
[∫ ε

0

φ(s)ds
]−1

.

Note that the integral in the denominator is non-zero. Then g has the desired
properties. �

Lemma 4. Let x0 ∈ Rn and 0 < r1 < r2. Then there is a φ ∈ C∞(Rn) such that
φ(x) = 1 for x ∈ B̄r1(x0), φ(x) = 0 for x /∈ Br2(x0) and 0 ≤ φ ≤ 1.

Remark. Due to this lemma, there are functions of the form needed in the proof of
Theorem 10.

Proof. Let f be as in (46) and define

φ1(x) = f [r2
2 − |x− x0|2].
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Then φ1 ∈ C∞(Rn). Furthermore, φ1(x) = 0 if x /∈ Br2(x0) and φ1(x) ≥ f(r2
2−r2

1)
for x ∈ B̄r1(x0), since f is monotonically increasing. Let ε = f(r2

2 − r2
1) > 0 and

let g be a function as in Lemma 3. Define

φ(x) = g[φ1(x)].

Then φ has the desired properties. �

Proposition 2. Let Ω ⊆ Rn be open and let K ⊂ Ω be compact. Then there is a
φ ∈ C∞0 (Ω) such that φ(x) = 1 for x ∈ K and 0 ≤ φ ≤ 1.

Proof. For every x ∈ K, let rx > 0 be such that B̄2rx(x) ⊂ Ω. There is such
an rx > 0 since Ω is open. The collection of sets Brx(x) for x ∈ K is an open
covering of K. By compactness, there is a finite subcovering Bri(xi) i = 1, ...,m,
where ri = rxi . Let K1 be the union of the B̄2ri(xi). Since K1 is a union of a
finite number of compact sets, it is compact. Furthermore, it is contained in Ω by
construction. Let φi ∈ C∞0 (Ω) satisfy φi(x) = 1 for x ∈ B̄ri(xi) and φi = 0 for
x /∈ B2ri(xi). That there are such functions follows from Lemma 4. Define

ψ =
m∑
i=1

φi.

Note that ψ ∈ C∞(Ω), ψ(x) = 0 for x /∈ K1 and ψ(x) ≥ 1 for x ∈ K (since for each
x ∈ K, there is at least one i such that x ∈ Bri(xi)). Let ε = 1 and let g be the
function one obtains as a result of Lemma 3. Define

φ(x) = g[ψ(x)].

Then φ has the desired properties. �

3. Metrics and function spaces

Before we define the needed function spaces, we need to introduce some notation.

Definition 15. If α = (α1, ..., αn), where the αi ≥ 0 are integers, we shall say that
α is a multi index. Define

|α| = α1 + ...+ αn, α! = α1! · ... · αn!.

If f ∈ C |α|(Ω) for some open set Ω ⊆ Rn, we define

∂αf =
∂|α|f

∂(x1)α1 · · · ∂(xn)αn
.

Let us try to find a suitable function space for our initial data. Consider the space
C∞(Ω) for an open set Ω. Note that functions in this space need not necessarily be
bounded. For instance, f(x) = 1/x defines a perfectly good element of C∞[(0, 1)]
and ex certainly defines a member of C∞(R). As was mentioned in the introduction,
initial data that are unbounded are not always desirable, since they can constitute
and obstruction even to local existence. One candidate for a function space would
then be C∞0 (Ω). However, we shall see that this class does not lead to a complete
metric space, at least not if one uses the most primitive choice of metric.
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3.1. Finite degree of differentiability. We shall mostly be interested in
working with a finite degree of differentiability. By comments made above, in order
to obtain local existence, we need to have at least bounded functions. This leads
to the following definition.

Definition 16. Let Ω ⊆ R
n be open and let m, k ≥ 0 be integers. Define

Cmb (Ω,Rk) to be the set of f ∈ Cm(Ω,Rk) such that for each multi index α with
|α| ≤ m, there is a Cα <∞ such that

|∂αf(x)| ≤ Cα
for all x ∈ Ω. For f ∈ Cmb (Ω,Rk), define

‖f‖Cmb (Ω,Rk) =
∑
|α|≤m

sup
x∈Ω
|∂αf(x)|.

We shall also use the notation C0
b (Ω) = Cb(Ω) etc.

Proposition 3. Let Ω ⊆ Rn be open and let m, k ≥ 0 be integers. Then the space
[Cmb (Ω,Rk), ‖ · ‖Cmb (Ω,Rk)] is a Banach space.

Proof. We leave it as an exercise to the reader to prove that the space is a normed
linear space. If m = 0, the result is a consequence of Theorem 4. Let us prove
the theorem by induction. Assume the statement is true for m ≥ 0 and let {fl}
be a Cauchy sequence in Cm+1

b (Ω,Rk). Then {fl} and {∂ifl}, i = 1, ..., n, are
Cauchy sequences in Cmb (Ω,Rk). By the induction hypothesis, there are functions
f, gi ∈ Cmb (Ω,Rk) for i = 1, ..., n such that fl → f and ∂ifl → gi with respect to
‖ · ‖Cmb (Ω,Rk). We wish to prove that f ∈ Cm+1

b (Ω,Rk). Let x ∈ Ω and let h ∈ Rn

be such that B̄|h|(x) ⊂ Ω. Compute

f(x+ h)− f(x) = lim
l→∞

[fl(x+ h)− fl(x)]

= lim
l→∞

∫ 1

0

∂t[fl(x+ th)]dt

= lim
l→∞

∫ 1

0

(∂ifl)(x+ th)hidt =
∫ 1

0

gi(x+ th)hidt.

This proves that f is continuously differentiable in Ω and that ∂if = gi. Since
gi ∈ Cmb (Ω,Rk), we conclude that f ∈ Cm+1

b (Ω,Rk). That fl → f follows from the
above (prove this). �

Let Y = Cmb (Rn,Rk) and let ‖ · ‖ = ‖ · ‖Cmb (Rn,Rk). Then the space C([a, b], Y ) =
Cb([a, b], Y ) is a Banach space due to Theorem 4. If F : Rn+1 → R

k is m times
continuously differentiable with respect to the last n variables, we can can view
F as a map from R into Cm(Rn,Rk); we have a map t 7→ F (t, ·), where we view
F (t, ·) as a function of n variables and t as a fixed parameter. If this map is in
C{[−T, T ], Y } for some T > 0, we shall write F ∈ C{[−T, T ], Y }. We shall also
use a similar abuse of notation for similar function spaces. The space C([a, b], Y )
is a possible candidate for a metric space in which we could obtain convergence of
an iteration in the case of a non-linear wave equation. This construction may seem
unnatural at first sight, but it is in some sense forced upon us by the equation,
cf. the section on estimates. For this reason, the above considerations will be very
important in what follows. In the case of n + 1-dimensions, we shall encounter
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similar function spaces, the only difference being that we shall have to replace Y
with another function space.

It is important to keep in mind that the above spaces have some perhaps unexpected
properties.

Proposition 4. Let Y and ‖ · ‖ be as above. There is a φ ∈ C∞(Rn+1,Rk) such
that

• For each fixed t, φ(t, ·) ∈ C∞0 (Rn,Rk).
• There is a constant C <∞ such that for all t ∈ R, ‖φ(t, ·)‖ ≤ C.
• Let f be defined by f(t) = φ(t, ·). By the above, f : R → Y . However,
f /∈ C([−1, 1], Y ).

Remark. The purpose of the proposition is to point out that one has to be very
careful when dealing with spaces of the form C([a, b], Y ). One’s intuition might
very well be misleading.

Proof. Let φ1 ∈ C∞0 (Rn) satisfy |φ1| ≤ 1, φ1(0) = 1 and φ(x) = 0 for |x| ≥ 1. Let

φ2(t, x) =
{
φ1(x1 − 1/t, x2, ..., xn) t > 0

0 t ≤ 0.

Note that for t > 0 and t < 0, φ2 is clearly smooth. For t = 0 it is not so clear.
However, if x ∈ Rn, then φ2 is zero in a neighbourhood of (0, x), since |x1−1/t| ≥ 1
implies φ2(t, x) = 0. In other words φ2 is smooth in a neighbourhood of (0, x). We
conclude that φ2 is smooth. By construction, φ2(t, ·) has compact support in x for
every t. Define

φ = (φ2, 0, ..., 0).
Then φ ∈ C∞(Rn+1,Rk) and φ has the first property of the proposition. The
second property follows from the fact that

sup
x∈Rn

|(∂αφ2)(t, x)| = sup
x∈Rn

|(∂αφ1)(x)| ≤ C <∞

for t > 0. If t ≤ 0, the supremum is of course 0. Assume that the third statement
is not true. Then g(t) = ‖φ(t, ·)‖ would be a continuous function from [−1, 1] to
the real numbers. However, g(t) = c0 > 0 for t > 0 and g(t) = 0 for t ≤ 0. �

There is another problem with these spaces which is more serious for our purposes.

Proposition 5. There is a function f ∈ Cb(R) such that the function ψ(t, x) =
f(t+ x) satisfies ψ /∈ C{[−1, 1], Cb(R)}.

Remark. Note that if f ∈ C2(R), then ψ is a solution of the homogeneous wave
equation ψtt − ψxx = 0. Furthermore, we can view ψ as a map from R to Cb(R).

Proof. Let f(x) = sinx2 and define ψ to be as in the statement of the proposition.
Let k ≥ 1 and define

xk =
(

2kπ +
π

2

)1/2

, tk = [(2k + 1)π]1/2 − xk.

Then ψ(tk, xk) = 0 and ψ(0, xk) = 1. Consequently

‖ψ(tk, ·)− ψ(0, ·)‖Cb(R) ≥ 1.

However, tk → 0. The proposition follows. �
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We shall see that as a consequence of this proposition, it is not meaningful to
use C{[−ε, ε], Ckb (R)} as the space in which our iteration converges. In fact, the
proposition has the consequence that we cannot even prove that the 0:th iterate is
in the right space. We therefore define the following spaces.

Definition 17. Define Cmd (Rn,Rk) to be the set of f ∈ Cmb (Rn,Rk) such that for
every ε > 0 there is an M such that |x| ≥M implies∑

|α|≤m

sup
|x|≥M

|∂αf(x)| ≤ ε.

We shall also use the notation C0
d(Rn,Rk) = Cd(Rn,Rk) etc.

The space Cmd (Rn,Rk) is in other words the subspace of Cmb (Rn,Rk) consisting of
functions that tend to zero as x tends to infinity. The letter b signifies that that
the functions in the corresponding space are bounded and the d is for decay. Let
us note the following fact.

Proposition 6. The space Cmd (Rn,Rk) with the norm ‖ · ‖Cmb (Rn,Rk) is a Banach
space.

Proof. The only thing we need to prove is completeness. Let fn be a Cauchy
sequence. Due to the completeness of Cmb (Rn,Rk), we know that there is a function
f ∈ Cmb (Rn,Rk) such that fn → f . The only problem is to prove that f is in the
right space. Let ε > 0. There is an N such that ‖fN − f‖Cmb (Rn,Rk) < ε/2. Since
fN is in the right space, there is an MN such that∑

|α|≤m

sup
|x|≥MN

|∂αfN (x)| < ε

2
.

Adding up these facts, we obtain the desired conclusion. �

For our purposes, the following result will be of interest.

Proposition 7. Assume f ∈ Cd(R). Let ψ±(t, x) = f(x ± t). Then ψ± ∈
C[R, Cd(R)].

Proof. The idea of the proof is to divide R into two parts. On one part (for |x|
large), |f(x)| is small. On the remaining compact part, f is uniformly continuous.
Note that the problem with the counterexample in Proposition 5 is that f is not
uniformly continuous.

Since the two cases are similar, so let us consider only ψ+. Let t ∈ R and assume
tk → t. Let ε > 0. There is an M such that |x| ≥ M implies |f(x)| < ε/2. Let
I = [−M − 2,M + 2]. Since I is a compact interval, f is uniformly continuous
on I, so that there is a 1 > δ > 0 such that if x, y ∈ I and |x − y| < δ, then
|f(x)− f(y)| < ε. Let N be such that for k ≥ N , |tk − t| < δ. Let k ≥ N . There
are two cases to consider. Assume |x+ t| ≤M + 1. Then x+ tk ∈ I so that

|ψ+(tk, x)− ψ+(t, x)| = |f(tk + x)− f(t+ x)| < ε.

If |x+ t| ≥M + 1, then |x+ tk| ≥M so that

|ψ+(tk, x)− ψ(t, x)| < ε.

We conclude that
‖ψ+(t, ·)− ψ+(tk, ·)‖Cb(R) ≤ ε.
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The proposition follows. �

We immediately obtain the following consequence.

Corollary 1. Assume f ∈ Cmd (R). Let ψ±(t, x) = f(x ± t). Then ψ± ∈
C[R, Cmd (R)].

Later, it will be convenient to have the following result.

Lemma 5. Assume F ∈ C[I, Cmd (R)] for some compact interval I = [a, b]. Then
for every ε > 0 there is an M such that

(49)
∑
|α|≤m

sup
|x|≥M

|∂αF (t, x)| ≤ ε

for all t ∈ I.

Proof. Let ε > 0. Since I is compact, F is uniformly continuous. In other words,
there is a δ > 0 such that t, s ∈ I and |s− t| < δ implies

(50) ‖F (t, ·)− F (s, ·)‖Cmb (R) ≤ ε/2.
Let l ≥ 0 be such that lδ ≤ b− a < (l + 1)δ. Define ti = a+ iδ for i = 0, ..., l. Let
Mi be such that

(51)
∑
|α|≤m

sup
|x|≥Mi

|∂αF (ti, x)| ≤ ε/2.

Let M = max{M1, ...,Ml}. Then (49) follows from (50) and (51). �

3.2. Infinite degree of differentiability. The spaces Cmb (Ω,Rk) are only for
a finite degree of differentiability. What about smooth functions? It is possible to
something in this case as well, but one does not obtain a Banach space. Let us note
that this subsection is not of central importance in the course, but it is sometimes
useful to know that one can endow the smooth functions with a complete metric.
Let us use the notation

C∞b (Ω,Rk) =
⋂
m≥0

Cmb (Ω,Rk).

We shall define a complete metric on this space, but we need some preliminaries.

Exercise. Let (X, d) be a metric space. Define ρ : X ×X → R by

ρ(x, y) =
d(x, y)

1 + d(x, y)
.

Prove that (X, ρ) is a metric space and that {xn} is a Cauchy sequence with respect
to d if and only if {xn} is a Cauchy sequence with respect to ρ.

Note that the metric ρ has the property that ρ(x, y) ≤ 1 for all x, y ∈ X. This is
the purpose of the construction. For an integer m ≥ 0 and f, g ∈ Cmb (Ω,Rk), define

dm(f, g) =
‖f − g‖Cmb (Ω,Rk)

1 + ‖f − g‖Cmb (Ω,Rk)

.

For f, g ∈ C∞b (Ω,Rk), we define

d∞(f, g) =
∞∑
m=0

2−mdm(f, g).
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Note that since dm(f, g) ≤ 1, the series is convergent.

Exercise. Prove that d∞ is a metric.

Proposition 8. Let X = C∞b (Ω,Rk). Then (X, d∞) is a complete metric space.

Remark. As opposed to the case with a finite degree of differentiability, X is not a
Banach space.

Proof. We shall prove that d∞ is complete. Let {fl} be a Cauchy sequence. As a
consequence, {fl} is a Cauchy sequence with respect to dm for every m ≥ 0 and
thus with respect to ‖ · ‖Cmb (Ω,Rk). Due to Proposition 3, we conclude that there is
a gm ∈ Cmb (Ω,Rk) such that fl → gm with respect to ‖ · ‖Cmb (Ω,Rk). Since fl → gm
with respect to ‖ · ‖Cb(Ω,Rk) for all m ≥ 0, we conclude that all the gm coincide. Let
f = g0. Since all the gm coincide, f ∈ X and for any m ≥ 0, fl → f with respect
to ‖ · ‖Cmb (Ω,Rk). For a fixed m and a fixed ε > 0, there is thus an N such that for
l ≥ N ,

dm(fl, f) < ε.

Let us prove that fl converges to f with respect to d∞. Let ε > 0. Then there is an
M such that 2−M < ε/2. Let N be such that dm(fl, f) < ε/4 for all m = 0, ...,M
and all l ≥ N . Let l ≥ N and estimate

d∞(fl, f) =
∞∑
m=0

2−mdm(f, fl) ≤
M∑
m=0

2−m
ε

4
+

∞∑
m=M+1

2−m ≤ ε

2
+ 2−M < ε,

where we have used the fact that dm(f, fl) ≤ 1. �

In a similar fashion, one can construct a metric that turns C∞(Ω,Rk) into a com-
plete metric space. Note that Y = C∞0 (Rn,Rk) is a subspace of X = C∞b (Rn,Rk).
However, Y is not a closed subspace. In other words, if fl ∈ Y converges to f ∈ X
with respect to d∞, then f need not be in Y . To prove this, let f(x) = exp(−|x|2).
Let φ ∈ C∞0 (Rn) equal 1 for |x| ≤ 1 and 0 for |x| ≥ 2. That there is such a function
follows from Lemma 4. Define, for R > 0,

φR(x) = φ(x/R).

Then φR equals 1 for |x| ≤ R and 0 for |x| ≥ 2R. Define, for l = 1, 2, ...,

fl = φlf.

Exercise. Prove that fl converges to f with respect to d∞. Hint : By using the
ideas of the proof of Proposition 8, it is enough to prove that fl converges to f with
respect to ‖ · ‖Cmb (Rn,Rk) for every fixed m ≥ 0.

As a consequence of the above exercise, we see that (Y, d∞) is not a complete metric
space.

4. The wave equation in 1 + 1 dimensions

The linear wave equation in 1 + 1-dimensions is simply the equation utt − uxx = 0.
In order to be able to solve non-linear equations, we however need to consider the
more general problem of an inhomogeneous wave equation:

(52)

 utt − uxx = F
u(t0, x) = f(x)
ut(t0, x) = g(x).
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Here F is a given function of t and x and f and g are given functions of x. We shall
be more specific concerning the regularity conditions on these functions below, but
in the meantime, let us assume that f, g and F are smooth functions. Is it possible
to solve (52)? The answer is yes, and we shall now write down the solution.

Proposition 9. Let f ∈ Ck+1(R), g ∈ Ck(R) and F ∈ Ck[(T−, T+) × R] for
some k ≥ 1 and T−, T+ ∈ R. Assuming t0 ∈ (T−, T+), there is a unique u ∈
Ck+1[(T−, T+)× R] solving (52). It is given by

u(t, x) =
1
2

[f(x+ t− t0) + f(x− t+ t0)] +
1
2

∫ x+t−t0

x−t+t0
g(s)ds(53)

+
1
2

∫ t

t0

[∫ x+t−s

x+s−t
F (s, v)dv

]
ds.

Proof. Let us start by assuming we have a solution to (52). Define

(54) h−(s) = (ut − ux)(s, x0 + s),

where we consider x0 to be a parameter. The curve (s, x0 + s) is an example of
a characteristic and in physical terms it describes a line along which light travels,
assuming we are in 2-dimensional Minkowski space. The reason we consider the
above expression is that
dh−
ds

= (utt + utx − uxt − uxx)(s, x0 + s) = (utt − uxx)(s, x0 + s) = F (s, x0 + s).

Note that since u is at least C2, we are allowed to differentiate h−. In other words,
dh−/ds can be expressed purely in terms of known quantities. Integrating this
equality, we obtain

(ut − ux)(t, x0 + t) = h−(t) = (ut − ux)(t0, x0 + t0) +
∫ t

t0

F (s, x0 + s)ds

= (g − ∂xf)(x0 + t0) +
∫ t

t0

F (s, x0 + s)ds,

where the last equality is due to the initial conditions. Inserting x0 = x− t in this
equality, we obtain

(55) (ut − ux)(t, x) = (g − ∂xf)(x− t+ t0) +
∫ t

t0

F (s, x+ s− t)ds.

In analogy with the above, let us define

(56) h+(s) = (ut + ux)(s, x0 − s).
The curve (s, x0 − s) is another characteristic in 2-dimensional Minkowski space.
By a similar computation, we obtain

(57) (ut + ux)(t, x) = (g + ∂xf)(x+ t− t0) +
∫ t

t0

F (s, x+ t− s)ds.

Note that in this case, we put x0 = x+ t. Adding up the equations (57) and (55),
we obtain

ut(t, x) =
1
2

[(g − ∂xf)(x− t+ t0) + (g + ∂xf)(x+ t− t0)](58)

+
1
2

[∫ t

t0

[F (s, x+ t− s)ds+ F (s, x+ s− t)]ds
]
.
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Integrating this equality, we obtain

u(t, x) = f(x) +
1
2

∫ t

t0

[(g − ∂xf)(x− s+ t0) + (g + ∂xf)(x+ s− t0)]ds

+
1
2

∫ t

t0

[∫ v

t0

[F (s, x+ v − s) + F (s, x+ s− v)]ds
]
dv.

Note that∫ t

t0

[∂xf(x+ s− t0)− ∂xf(x− s+ t0)]ds = f(x+ t− t0) + f(x− t+ t0)− 2f(x).

Furthermore, by suitable changes of variable,∫ t

t0

[g(x− s+ t0) + g(x+ s− t0)]ds =
∫ x+t−t0

x−t+t0
g(s)ds.

Finally, by changing the order of integration and then changing variables, one
obtains∫ t

t0

[∫ v

t0

[F (s, x+ v − s) + F (s, x+ s− v)]ds
]
dv =

∫ t

t0

[∫ x+t−s

x+s−t
F (s, v)dv

]
ds.

We conclude that (53) holds. This equality proves uniqueness, since the right hand
side only depends on the given functions. To prove existence, define u by (53).

Exercise. Prove that u defined by (53) is a C2[(T−, T+)× R]-solution to (52).

We need to prove that the solution is in Ck+1[(T−, T+)×R]. Since we already know
that the solution is in C2, we can carry out the derivation leading to (55) and (57).
From these equations and the assumptions, it is clear that u is in the desired space.
�

The essential idea of the above proof is to consider (ut−ux) along the characteristic
(s, x0 +s) and (ut+ux) along the characteristic (s, x0−s). The reason we consider
these objects is of course that dh−/ds and dh+/ds yield utt − uxx, which in the
case of the inhomogeneous wave equation is a known function. This is a special
technique which is only available in 1 + 1 dimensions, and thanks to this technique
much more can be said in 1 + 1 dimensions than in the general case. It will play
an essential role in the results of this chapter.

The formula (53) is very interesting due to the fact that it says something about
the propagation of information. Let (t, x) ∈ R2 with t > t0. Then u(t, x) only
depends on f and g in the interval [x− t+ t0, x+ t− t0] and on F in the triangle
with base {0} × [x − t + t0, x + t − t0] and vertex (t, x). If we start at t = t0,
no information outside of this region can affect the value of u at (t, x). In other
words, information cannot propagate at a speed higher than 1. This is consistent
with special relativity where we have set the speed of light equal to 1. Let us
write down some consequences. Assume we have two solutions ui, i = 1, 2 to (52)
corresponding to initial data fi, gi, i = 1, 2 at t0 = 0 respectively. Assume that
f1 = f2 and g1 = g2 in an interval [x − |t|, x + |t|]. Then u1(t, x) = u2(t, x). In
particular, if u is a solution to (52), where t0 = 0 and F = 0, and f(x) = g(x) = 0
for |x| ≥ C, then u(t, x) = 0 for |x| ≥ C + |t|.
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Let us contrast the above properties of the wave equation with the heat equation.
Consider the equation {

ut −∆u = 0
u(0, x) = f(x),

where x ∈ Rn and t ∈ R. Let f ∈ C∞0 (Rn) and assume that f ≥ 0, f(x) = 1 for
|x| ≤ 1 and f(x) = 0 for |x| ≥ 2. The solution is given by

u(t, x) = (4πt)−n/2
∫

exp
(
−|x− y|

2

4t

)
f(y)dy.

We shall not prove this statement here. We refer instead to Fritz John’s book on
Partial Differential Equations. Note that if t = 0, then u(t, x) = 0 for |x| ≥ 2.
However, if t > 0, then u(t, x) > 0 for all x. The information that u(0, x) 6= 0 for
|x| ≤ 1 has thus propagated arbitrarily far in an arbitrarily short time. In the case
of the heat equation information is in other words allowed to travel with infinite
speed.

5. Domain of dependence

Due to the propagation of information, there are certain sets that appear again and
again. For this reason it is convenient to introduce some terminology for them.

Definition 18. Consider an interval I = [a, b]. Assuming |t − t0| ≤ (b − a)/2,
define

It0,t = [a+ |t− t0|, b− |t− t0|].
If t0 ≤ t1 and |t1 − t0| ≤ (b− a)/2, we define

DI,t0,t1 = {(s, x) : s ∈ [t0, t1], x ∈ It0,s}.
Similarly, if t0 ≥ t1 and |t1 − t0| ≤ (b− a)/2, we define

DI,t0,t1 = {(s, x) : s ∈ [t1, t0], x ∈ It0,s}.

We shall take it to be understood that if we speak of It0,t, then |t− t0| ≤ (b− a)/2.
The observations concerning the propagation of information made in the previous
section can be summarized by saying that information concerning the initial data
in an interval I for t = t0 and concerning the function F in DI,t0,t1 determines the
solution in {t1} × It0,t1
It will be convenient to say that we have a solution on a set of the formDI,t0,t1 . Since
this set is closed, we do however need to be careful. We say that u ∈ Ck(DI,t0,t1) if
it is Ck in the interior of DI,t0,t1 and all derivatives up to order k can be extended
to be continuous functions on all of DI,t0,t1 .

6. Estimates

In order to prove local existence for non-linear wave equations we carry out an
iteration exactly as in the ODE case. In order to prove that the iteration converges,
we need to develop some tools. Let us define the following quantity:

(59) E [u](t) = ‖(ut − ux)(t, ·)‖Cb(R) + ‖(ut + ux)(t, ·)‖Cb(R).

Here we assume that ut(t, ·), ux(t, ·) ∈ Cb(R) so that the right hand side is finite. We
shall also use the notation E(t) when the function is understood from the context.



44 4. LOCAL EXISTENCE FOR 1 + 1-DIMENSIONAL WAVE EQUATIONS

What is the reason for considering this object? In the proof of Proposition 9 we
saw the use of the quantities ut−ux and ut+ux. Let us give another illustration of
their importance. Assume u is a solution to (52) with F = 0. Assume furthermore
that fx and g are bounded. By the arguments presented in the proof of Proposition
9, h+ and h− are constant. In particular,

(ut − ux)(t, x0 + t) = (g − fx)(x0 + t0), (ut + ux)(t, x0 − t) = (g + fx)(x0 − t0).

As a consequence,

‖(ut − ux)(t, ·)‖Cb(R) = ‖g − fx‖Cb(R), ‖(ut + ux)(t, ·)‖Cb(R) = ‖g + fx‖Cb(R)

In other words, we see that E defined by (59) is a conserved quantity for a solution
to the wave equation. Note also that it bounds the sup norm of |ut| + |ux|. In
general, we shall need to control more derivatives, and therefore, we need to define

(60) Ej [u](t) = ‖(∂jx∂tu− ∂j+1
x u)(t, ·)‖Cb(R) + ‖(∂jx∂tu+ ∂j+1

x u)(t, ·)‖Cb(R).

When it is clear what function is intended, we shall also write Ej . The Ej defined
above are naturally associated with the equation. In particular, for a solution to
the wave equation, Ej [u] is conserved. They do however have one drawback: they
do not give immediate control over the function u itself. We therefore define the
following quantity:

(61) Ek[u](t) =
k∑
j=0

Ej [u](t) + ‖u(t, ·)‖Cb(R).

When it is clear what function is intended, we shall also write Ek.

In order to prove the convergence of the iteration, we need to have estimates for
Ek in situations where u is a solution to (52) with F 6= 0.

Lemma 6. Let f ∈ Ck+1
d (R), g ∈ Ckd (R) and F ∈ Ck[(T−, T+)×R] for some k ≥ 1

and T−, T+ ∈ R such that t0 ∈ (T−, T+). Assume F ∈ C[(T−, T+), Ckd (R)]. Then if
u is the solution to (52),

(62) u ∈ C[(T−, T+), Ck+1
d (R)] and ∂tu ∈ C[(T−, T+), Ckd (R)].

Furthermore, for j = 0, ..., k,

(63) Ej(t) ≤ Ej(t0) + 2
∣∣∣∣∫ t

t0

‖∂jxF (s, ·)‖Cb(R)ds

∣∣∣∣
and

Ek(t) ≤ Ek(t0) + 2
k∑
j=0

∣∣∣∣∫ t

t0

‖∂jxF (s, ·)‖Cb(R)ds

∣∣∣∣(64)

+
1
2
E(t0)|t− t0|+

∫ t

t0

[∫ s

t0

‖F (u, ·)‖Cb(R)du

]
ds.

Remark. The last row in the estimate (64) arises due to the fact that we want to
estimate ‖u(t, ·)‖Cb(R).

Proof. Let us prove (62), starting with ut. Consider the expression (58) (note that
this expression holds since u is a C2 solution). That the first line on the right hand
side defines a function in the right space follows from Corollary 1. What remains is
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the integral. The integrand is a sum of two terms, but since the terms are similar,
we consider only one of them. Let t1 ∈ (T−, T+) and consider∫ t1

t0

F (s, x+ t1 − s)ds−
∫ t

t0

F (s, x+ t− s)ds.

We wish to prove that this object converges to zero uniformly in x as t→ t1. Due
to the continuity properties of F , there is a δ > 0 and an M such that

‖F (t, ·)‖Cb(R) ≤M
for all t ∈ [t1 − δ, t1 + δ] ⊂ (T−, T+). For t ∈ [t1 − δ, t1 + δ], we thus obtain∣∣∣∣∫ t

t1

F (s, x+ t− s)ds
∣∣∣∣ ≤M |t− t1|,

which clearly converges to zero uniformly in x. Consider

(65)
∣∣∣∣∫ t1

t0

[F (s, x+ t− s)− F (s, x+ t1 − s)]ds
∣∣∣∣ .

Due to Lemma 5, for every ε > 0, there is an M such that |F (s, x)| ≤ ε for all
|x| ≥ M and all s in the interval defined by t0 and t1. For |x| ≤ M and s in the
interval defined by t0 and t1, F is uniformly continuous. These two observations
can be combined to prove that (65) converges to zero uniformly in x as t → t1.
Note that we can differentiate (58) j ≤ k times with respect to x and use the same
argument to prove continuity in t. We conclude that

∂tu ∈ C[(T−, T+), Ckd (R)].

Integrating this, we obtain

u ∈ C[(T−, T+), Ckd (R)].

In order to get the last derivative, observe that (55) and (57) can be combined to
yield an expression for ux similar to the expression for ut. By an argument similar
to the argument for ut, we obtain

∂xu ∈ C[(T−, T+), Ckd (R)].

This proves (62).

Consider (55). Differentiating this equality j ≤ k times and taking the supremum,
we obtain

‖(∂jx∂tu−∂j+1
x u)(t, ·)‖Cb(R) ≤ ‖(∂jx∂tu−∂j+1

x u)(t0, ·)‖Cb(R)+
∣∣∣∣∫ t

t0

‖∂jxF (s, ·)‖Cb(R)ds

∣∣∣∣
Starting with (57), we obtain a similar estimate. Adding the two estimates, we
obtain (63). Finally, note that

u(t, x) = u(t0, x) +
∫ t

t0

ut(s, x)ds,

so that

‖u(t, ·)‖Cb(R) ≤ ‖u(t0, ·)‖Cb(R) +
1
2

∣∣∣∣∫ t

t0

E(s)ds
∣∣∣∣ ,

since 2|ut(s, x)| ≤ E(s). We can use (63) for j = 0 in order to estimate the right
hand side. Adding the resulting estimate to the sum of (63) for j = 0, ..., k, we
obtain (64). �
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7. Localized versions of the estimates

Sometimes it is of interest to have local versions of the above estimates. Let I =
[a, b] be a compact subinterval of R. Recall the terminology of Definition 18.

(66) EI,t0,j [u](t) = ‖(∂jx∂tu−∂j+1
x u)(t, ·)‖Cb(It0,t) +‖(∂jx∂tu+∂j+1

x u)(t, ·)‖Cb(It0,t).
Similarly, we define

(67) EI,t0,k[u](t) =
k∑
j=0

EI,t0,j [u](t) + ‖u(t, ·)‖Cb(It0,t).

We shall also use the notation EI,t0 instead of EI,t0,0 and the notation EI,t0 instead
of EI,t0,0.

Lemma 7. Let I = [a, b] be a compact subinterval of R and assume that f ∈
Ck+1(I), g ∈ Ck(I), F ∈ Ck(DI,t0,t1) and that u ∈ Ck+1(DI,t0,t1) is a solution of
(52). Then

(68) EI,t0,j(t) ≤ EI,t0,j(t0) + 2
∣∣∣∣∫ t

t0

‖∂jxF (s, ·)‖Cb(It0,s)ds
∣∣∣∣

and

EI,t0,k(t) ≤ EI,t0,k(t0) + 2
k∑
j=0

∣∣∣∣∫ t

t0

‖∂jxF (s, ·)‖Cb(It0,s)ds
∣∣∣∣(69)

+
1
2
EI,t0(t0)|t− t0|+

∫ t

t0

[∫ s

t0

‖F (u, ·)‖Cb(It0,u)du

]
ds.

Remark. In Lemma 6 it was necessary to have F ∈ C[(T−, T+), Ck+1
d (R)]. No

analogous condition is necessary in the present lemma for the simple reason that
we are taking supremum over a compact set.

Proof. The proof is for all practical purposes identical to the proof of Lemma
6; one only needs to be careful concerning the intervals over which one takes the
supremum. �

8. Uniqueness

Let us illustrate how one can use Lemma 7 in order to prove uniqueness.

Theorem 14. Let I = [a, b] be a compact subinterval of R. Assume that F ∈
C1(R3) and that ui ∈ C2(DI,t0,t1), i = 1, 2 are solutions to the equation

utt − uxx = F (u, ∂u).

Then, if u1(t0, x) = u1(t0, x) and ∂tu1(t0, x) = ∂tu2(t0, x) for x ∈ I, we have
u1(t, x) = u2(t, x) for all (t, x) ∈ DI,t0,t1 .

Proof. Let u = u1 − u2. By (69), we have for t ≥ t0,

(70) EI,t0 [u](t) ≤ 2
∫ t

t0

‖F̂ (s, ·)‖Cb(It0,s)ds+
∫ t

t0

[∫ s

t0

‖F̂ (u, ·)‖Cb(It0,u)du

]
ds,

where F̂ = F (u1, ∂u1)− F (u2, ∂u2). Note that

(71) |F (u1, ∂u1)− F (u2, ∂u2)| ≤ C[|u|+ |∂u|]
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in DI,t0,t1 since u and ∂u are bounded on this set and F is C1, cf. (85) below.
Combining this observation with (70), we conclude that

(72) EI,t0 [u](t) ≤ C
∫ t

t0

EI,t0 [u](s)ds+ C

∫ t

t0

[∫ s

t0

EI,t0 [u](v)dv
]
ds.

We wish to apply Grönwall’s lemma, but this is not immediately possible, since we
have a double integral. There is however a simple remedy. Define, for s ∈ [t0, t1],

h(s) = sup
u∈[t0,s]

EI,t0(u).

Since the right hand side of (72) is monotonically increasing with t, we obtain

h(t) ≤ C
∫ t

t0

h(s)ds+ C

∫ t

t0

|t1 − t0|h(s)ds.

Now we can apply Grönwall’s lemma in order to conclude that h(s) = 0 for all
s ∈ [t0, t1]. The desired conclusion follows. If t1 ≤ t0, the argument is similar. �

Due to this result it makes sense to speak of a maximal existence interval for C2-
solutions to the equation. We could also define a maximal existence interval for
Ck+1-solutions for k ≥ 1. Note that these intervals could be different for different k.
In principle, a solution could cease to be C3 but remain C2 with the consequence
that the maximal existence interval for C3-solutions would be shorter than the
existence interval for C2-solutions.

9. Local existence for 1 + 1 non-linear wave equations

Let us consider an equation of the form

(73)

 utt − uxx = F (u, ∂u)
u(0, x) = f(x)
ut(0, x) = g(x)

where F is a smooth function with the property that F (0, 0) = 0 and we shall
specify the regularity properties of f and g later. We wish to prove that we have
local existence. Note that we have taken t0 = 0 above. We can do so without loss
of generality since if u is a solution to (73), then v(t, x) = u(t−t0, x) is a solution to
(73) with the initial time 0 replaced by t0. We define a sequence of approximations
in the following way. Let u0 be defined by

(74)

 ∂2
t u0 − ∂2

xu0 = 0
u0(0, x) = f(x)
∂tu0(0, x) = g(x).

We then define un for n ≥ 1 by

(75)

 ∂2
t un − ∂2

xun = F (un−1, ∂un−1)
un(0, x) = f(x)
∂tun(0, x) = g(x).

We wish to prove that there is a k ≥ 1 and an ε > 0 such that un converges in
C{[−ε, ε], Ck+1

d (R)} and that ∂tun converges in C{[−ε, ε], Ckd (R)}. In order to do
so, we need to prove that the iterates are in the right spaces.
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Lemma 8. Assume that f ∈ Ck+1
d (R) and that g ∈ Ckd (R) for some k ≥ 1. Then

(74) and (75) defines a sequence un ∈ Ck+1(R2), n = 0, .... Furthermore,

(76) un ∈ C[R, Ck+1
d (R)] and ∂tun ∈ C[R, Ckd (R)].

Proof. To start with, let us prove that the un ∈ Ck+1(R2). For u0 this follows from
Proposition 9. Assume it is true for un. Then F (un, ∂un) is in Ck(R2), so that
the statement follows for un+1 by another application of Proposition 9. That (76)
holds for n = 0 is a consequence of Lemma 6. Assume it is true for n. In order to
prove the statement for n+ 1, all we need to do is to prove that

(77) F (un, ∂un) ∈ C[R, Ckd (R)],

due to Lemma 6. Let us start by proving that [F (un, ∂un)](t, ·) ∈ Ckd (R) for every
fixed t. For k = 0, this follows since F is smooth, F (0, 0) = 0 and un, ∂un tend to
zero as |x| tends to infinity. For k ≥ 1, it follows from the fact that ∂jx[F (un, ∂un)]
can be written as a sum of terms of the form

(78) (∂j1z1∂
j2
z2∂

j3
z3F )(un, ∂un)∂l1x un · · · ∂lmx un∂

p1
x ∂tun · · · ∂pox ∂tun,

where we have denoted the variables upon which F depends zi, i = 1, 2, 3. Here
li, pi ≥ 1. Note however that m or o could be zero, but if k ≥ 1, one of them has to
be non-zero. Since li ≤ k + 1 and pi ≤ k all the terms ∂lix un and ∂pix ∂tun converge
to zero as |x| tends to infinity. Furthermore, since un and ∂tun are bounded for
a fixed t, the expression involving derivatives of F is bounded. Consequently, the
expression (78) is in Cd(R) for every fixed t. We conclude that [F (un, ∂un)](t, ·) ∈
Ckd (R) for every fixed t. We need to prove continuity in t. Since F is smooth and
un, ∂un is uniformly bounded on sets of the form [t0 − ε, t0 + ε]×R, the continuity
follows from the continuity of un and ∂un.

Exercise. Finish the proof of (77). �

Theorem 15. Let F ∈ C∞(R3) have the property that F (0, 0) = 0. Let f ∈
Ck+1
d (R) and g ∈ Ckd (R) for some k ≥ 1. Then there is an εk > 0, depending on
‖f‖Ck+1

b (R) and ‖g‖Ckb (R) and the function F , such that the equation

(79)

 utt − uxx = F (u, ∂u)
u(0, x) = f(x)
ut(0, x) = g(x)

has a unique solution in Ck+1[(−εk, εk)× R]. Furthermore,

(80) u ∈ C{(−εk, εk), Ck+1
d (R)} and ∂tu ∈ C{(−εk, εk), Ckd (R)}.

Remark. Note that at first sight, this result is very unsatisfactory. The reason is
that the existence time depends on the degree of differentiability. Given the above
theorem, it is not immediately clear that if one has smooth initial data, then one
gets a smooth local solution; εk could very well converge to zero as k →∞.

Proof. The uniqueness follows from Theorem 14. What remains to be proved is
existence. Define the sequence of functions un, n = 0, ... by (74) and (75). Due to
Lemma 8, we know that this sequence is well defined and that (76) holds.

Rough control. Just as in the ODE case, we start by proving that we have rough
control over the sequence of approximations. Consider Ek[un], where Ek is defined
in (61). Note that Ek[un](0) = Ek[u0](0) for all n, since Ek[un](0) only depends
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on the initial data, which coincide for all n. Define ck = Ek[u0](0). Assuming that
ε ≤ 2, (64) yields
(81)

Ek[un](t) ≤ 2ck + 2
k∑
j=0

∣∣∣∣∫ t

0

‖∂jxFn(s, ·)‖Cb(R)ds

∣∣∣∣+
∫ t

0

[∫ s

0

‖Fn(v, ·)‖Cb(R)dv

]
ds,

where F0 = 0 and Fn = F (un−1, ∂un−1) for n ≥ 1. Let us make the inductive
assumption that

(82) Ek[un](t) ≤ 2ck + 1

for all t ∈ [−ε, ε] for some 0 < ε ≤ 2. First, we need to prove that it is true for
n = 0. Consider (81). Since F0 = 0 we obtain (82). Assume that (82) is true for
n. We wish to prove that it is true for n+ 1. Note that ∂jxFn+1 is a sum of terms
of the form (78). All the factors in this expression are controlled by the inductive
hypothesis. Thus there is an αk, depending on ck and F such that

2
k∑
j=0

∣∣∣∣∫ t

0

‖∂jxFn+1(s, ·)‖Cb(R)ds

∣∣∣∣+
∫ t

0

[∫ s

0

‖Fn+1(v, ·)‖Cb(R)dv

]
ds ≤ αkε

for all t ∈ [−ε, ε]. Choosing ε ≤ min{1, 1/(αk + 1)}, we obtain (82) for n+ 1 due to
(81).

Convergence. We are interested in the differences ûn = un+1 − un. It will be
convenient to consider Ek[ûn]. The reson for considering this object is that it
dominates the Ck+1

b -norm of ûn and the Ckb -norm of ∂tûn. In other words, if we
can prove that there is an ε > 0 and a constant Ck (which is allowed to depend on
k but not on n) such that

(83) sup
t∈[−ε,ε]

Ek[ûn] ≤ 1
2n
Ck,

then un is a Cauchy sequence in C{[−ε, ε], Ck+1
b (R)} and ∂tun is a Cauchy sequence

in C{[−ε, ε], Ckb (R)}. The argument to prove this is identical to an argument pre-
sented in the proof of local existence for ODE:s. Since Ek[ûn](0) = 0, (64) implies

(84) Ek[ûn](t) ≤ 2
k∑
j=0

∣∣∣∣∫ t

0

‖∂jxF̂n(s, ·)‖Cb(R)ds

∣∣∣∣+
∫ t

0

[∫ s

0

‖F̂n(v, ·)‖Cb(R)dv

]
ds,

where

F̂n = F (un, ∂un)− F (un−1, ∂un−1).
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Let us consider, for n ≥ 1,

F (un, ∂un)− F (un−1, ∂un−1)(85)

=
∫ 1

0

∂τ{F [τun + (1− τ)un−1, τ∂un + (1− τ)∂un−1]}dτ

=
∫ 1

0

∂z1F [τun + (1− τ)un−1, τ∂un + (1− τ)∂un−1]dτ · ûn−1

+
∫ 1

0

∂z2F [τun + (1− τ)un−1, τ∂un + (1− τ)∂un−1]dτ · ∂xûn−1

+
∫ 1

0

∂z3F [τun + (1− τ)un−1, τ∂un + (1− τ)∂un−1]dτ · ∂tûn−1.

Here F (u, ∂u) = F (u, ux, ut) and we name the three coordinates zi, i = 1, 2, 3.
Since F is a smooth function and we have (82), we obtain∣∣∣∣∂jx(∫ 1

0

∂ziF [τun + (1− τ)un−1, τ∂un + (1− τ)∂un−1]dτ
)∣∣∣∣ ≤ βk,i

for some constants βk,i which only depend on ck and F . The ∂jx derivative of the
factors ûn−1, ∂xûn−1 and ∂tûn−1 for j ≤ k on the other hand, are dominated by
Ek[ûn−1]. In other words, there is a constant βk depending only on ck and F such
that

2
k∑
j=0

∣∣∣∣∫ t

0

‖∂jxF̂n(s, ·)‖Cb(R)ds

∣∣∣∣+
∫ t

0

[∫ s

0

‖F̂n(v, ·)‖Cb(R)dv

]
ds

≤ βk
2

∣∣∣∣∫ t

0

Ek[ûn−1](s)ds
∣∣∣∣+

βk
2

∫ t

0

[∫ s

0

Ek[ûn−1](v)dv
]
ds.

Combining this inequality with (84), we obtain (for |t| ≤ ε ≤ 1),

Ek[ûn](t) ≤ βkε sup
t∈[−ε,ε]

Ek[ûn−1](t).

Define εk = min{1, 1/(αk + 1), 1/(2βk + 1)}. Then

sup
t∈[−εk,εk]

Ek[ûn](t) ≤ 1
2

sup
t∈[−εk,εk]

Ek[ûn−1](t)

for n ≥ 1. Just as in the proof of local existence for ODE:s, this leads to (83). As
noted above, this in its turn leads to the consequence that un is a Cauchy sequence
in C{[−εk, εk], Ck+1

b (R)} and ∂tun is a Cauchy sequence in C{[−εk, εk], Ckb (R)}.
The limit is in Ck+1. We wish to prove that the limit is in Ck+1[(−εk, εk)×R]. In
order to do so, we prove that the un form a Cauchy sequence in Ck+1

b [(−εk, εk) ×
R]. What we know so far is that ∂jxun and ∂lx∂tun form Cauchy sequences in
Cb[(−εk, εk)×R] for j ≤ k+ 1 and l ≤ k. This is however not enough. We need to
prove that ∂jx∂

m
t un is a Cauchy sequence for j + m ≤ k + 1. By the equation, we

obtain

∂jx∂
2
t (un − um) = ∂j+2

x (un − um) + ∂jx[F (un−1, ∂un−1)− F (um−1, ∂um−1)].

Assume j + 2 ≤ k+ 1. Then, by arguments similar to the ones made in connection
with the proof of convergence, we conclude that ∂jx∂

2
t un is a Cauchy sequence for
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j + 2 ≤ k + 1. Differentiating the equation further with respect to t and repeating
the argument, one inductively obtains the desired conclusion. �

10. Continuation criteria

As was noted after the statement of Theorem 15, it does not imply local existence of
smooth solutions given smooth initial data. This is clearly unsatisfactory. Secondly,
we wish to have a a criterion which, when fulfilled, allows us to take the step from
local to global existence. It turns out that one can acheive these two goals in one
step.

Theorem 16. Let F ∈ C∞(R3) have the property that F (0, 0) = 0 and let f ∈
Ck+1
d (R) and g ∈ Ckd (R) for some k ≥ 1. Let u be a Ck+1[(T−, T+)×R]-solution to utt − uxx = F (u, ∂u)

u(0, x) = f(x)
ut(0, x) = g(x)

for some T− < 0 < T+. Then if there is a real constant c0 > 0 such that E0[u](t) ≤
c0 for all t ∈ [0, T+), where T+ < ∞, then there is a real constant Ck depending
only on F , c0, T+ and Ek[u](0) such that

(86) Ek[u](t) ≤ Ck
for all t ∈ [0, T+). The statement concerning T− is similar.

Proof. Let us prove (86) by induction. By assumption, it is true if we replace k by
0. Assume it is true if we replace k with j for some j ≤ k − 1. We wish to prove
that it is true for j + 1. Due to (64), we have

Ej+1(t) ≤ (1 + T+/2)Ej+1(0) + 2
j+1∑
l=0

∣∣∣∣∫ t

0

‖∂lxF (s, ·)‖Cb(R)ds

∣∣∣∣
+
∫ t

0

[∫ s

0

‖F (v, ·)‖Cb(R)dv

]
ds,

where we have written F instead of F (u, ∂u) and Ej+1 instead of Ej+1[u]. Since u
and ∂u are bounded by assumption, F is bounded, so that the last term is bounded.
Letting αj be the sum of the supremum of the first and last terms on the right hand
side, we thus obtain

(87) Ej+1(t) ≤ αj + 2
j+1∑
l=0

∣∣∣∣∫ t

0

‖∂lxF (s, ·)‖Cb(R)ds

∣∣∣∣
for all t ∈ [0, T+). Note that αj only depends on the constants mentioned in the
statement of the theorem. Consider ∂lxF . It can be written as a sum of terms of
the form

[∂i1z1∂
i2
z2∂

i3
z3F ](u, ∂u)∂l1x u · · · ∂lmx u∂p1

x ∂tu · · · ∂pox ∂tu.
Here l1 + ... + lm + p1 + ... + po = l, li ≤ l + 1 and pi ≤ l. By induction, if all of
the li < j + 2 and all the pi < j + 1, then this term can be bounded by a constant
(depending only on F , c0, T+ and Ek[u](0)). If one li = j + 2 or one pi = j + 1, all
the other li and pi have to be zero. The term will thus consist of two factors, one of
which is ∂z2F or ∂z3F and the other of which is ∂j+2

x u or ∂j+1
x ∂tu respectively. The
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first term is bounded by the induction hypothesis and the second term is bounded
by Ej+1[u]. Consequently, there are constants βj and γj (depending only on F , c0,
T+ and Ek[u](0)), such that

Ej+1(t) ≤ αj +
∣∣∣∣∫ t

0

{βj + γjEj+1(s)}ds
∣∣∣∣ ≤ αj + βjT+ +

∣∣∣∣∫ t

0

γjEj+1(s)ds
∣∣∣∣ .

By Grönwall’s lemma, the theorem follows. �

In the above theorem, we obtain control over an arbitrary number of derivatives
starting with control of only one derivative. As a consequence, we obtain a contin-
uation criterion.

Corollary 2. Let F ∈ C∞(R3) have the property that F (0, 0) = 0 and let f ∈
Ck+1
d (R) and g ∈ Ckd (R) for all k. Let u ∈ C2[(T−, T+)× R] be a solution to utt − uxx = F (u, ∂u)

u(0, x) = f(x)
ut(0, x) = g(x)

where (T−, T+) is the maximal existence interval. Then u ∈ C∞[(T−, T+)×R] and
either T+ =∞ or E0[u](t) is unbounded on [0, T+). The statement concerning T−
is similar.

Proof. Fix k ≥ 1. Assume the maximal existence interval for Ck+1 solutions is
(T−,k, T+,k). Clearly, this interval is contained in (T−, T+). We wish to prove that
the two intervals coincide. Since there are two similar cases, let us only prove that
T+ = T+,k. In order to obtain a contradiction, let us assume T+,k < T+. Then
E0[u] is bounded on [0, T+,k]. Due to Theorem 16, Ek[u](t) satisfies a uniform
bound on [0, T+,k). As a consequence of Theorem 15, we conclude that there is an
εk > 0 such that for every t ∈ [0, T+,k), we can find a solution to the equation with
initial data u(t, ·), ut(t, ·) with existence time at least εk. Similarly to the ODE
case, we conclude that we can extend the solution beyond the maximal existence
interval. Thus u is smooth. To prove that either T+ = ∞ or E0[u] is unbounded,
one proceeds in a similar fashion. �

The corollary represents a continuation criterion in the sense that if E0[u] remains
bounded on [0, T+), then the solution can be continued beyond T+.

If F only depends on u, one gets a better result.

Theorem 17. Let F ∈ C∞(R) have the property that F (0) = 0 and let f ∈ Ck+1
d (R)

and g ∈ Ckd (R) for some k ≥ 1. Let u be a Ck+1[(T−, T+)× R]-solution to utt − uxx = F (u)
u(0, x) = f(x)
ut(0, x) = g(x)

for some T− < 0 < T+. Then if there is a real constant c0 > 0 such that
‖u(t, ·)‖Cb(R) ≤ c0 for all t ∈ [0, T+), with T+ < ∞, then there is a real constant
Ck depending only on F , c0, T+ and Ek[u](0) such that

Ek[u](t) ≤ Ck

for all t ∈ [0, T+). The statement concerning T− is similar.
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The proof is similar to the proof of Theorem 16.

Exercise. Prove the above theorem.

Corollary 3. Let F ∈ C∞(R) have the property that F (0) = 0 and let f ∈
Ck+1
d (R) and g ∈ Ckd (R) for all k. Let u ∈ C2[(T−, T+)× R] be a solution to utt − uxx = F (u)

u(0, x) = f(x)
ut(0, x) = g(x)

where (T−, T+) is the maximal existence interval. Then u ∈ C∞[(T−, T+)×R] and
either T+ =∞ or ‖u(t, ·)‖Cb(R) is unbounded on [0, T+). The statement concerning
T− is similar.

The proof is similar to the proof of Corollary 2.

Exercise. Prove the above corollary.

11. A counterexample to local existence

Let us illustrate how local existence can fail if we do not impose conditions on the
behaviour of the initial data for large x.

Proposition 10. Consider the equation

(88)

 utt − uxx = u2
t

u(0, x) = f(x)
ut(0, x) = g(x).

There are initial data f, g ∈ C∞(R) such that for any ε > 0, there is no u ∈
C∞[(−ε, ε)× R] solving (88).

Proof. Consider the equation utt = u2
t . Say that the initial data for ut is k > 0.

Then
ut =

k

1− kt
,

and
u = u(0)− ln(1− kt).

In other words, the solution blows up at t = 1/k. Consider a solution such that
g(x) = k and f = 0 for x ∈ [a − 1/k, a + 1/k]. Then u = − ln(1 − kt) in the
triangle with base {0} × [a− 1/k, a+ 1/k] and vertex (1/k, a) due to Theorem 14.
Let φ ∈ C∞(R) be such that φ(x) = 1 for |x| ≤ 1 and φ(x) = 0 for |x| ≥ 2. Let
k ≥ 1 be an integer, and consider gk(x) = kφ(x − 4k), f(x) = 0. Then gk(x) = k
for x ∈ [4k − 1/k, 4k + 1/k]. Consequently the corresponding solution blows up
in time 1/k. Note also that if k1 6= k2 for integers k1, k2, then gk1(x) 6= 0 implies
gk2(x) = 0. Consequently, we can define

g(x) =
∞∑
k=1

gk(x).

Then g is a smooth function and g(x) = k for x ∈ [4k − 1/k, 4k + 1/k]. Define
f(x) = 0. Then f and g are the desired initial data. Since any solution to (88) has
to blow up in time 1/k for any integer k ≥ 1, it is clear that there can be no local
solution. �
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12. Generalizations

The results of this chapter can be generalized in a number of ways. The proof of
local existence of solutions to (79) where f ∈ Ck+1

d (R,Rm), g ∈ Ckd (R,Rm) and
F ∈ C∞(R3m,Rm) is a function such that F (0, 0) = 0 is practically identical to
the proof in the case m = 1. One can also generalize and let F depend on x and t.
This requires some modifications, but the argument is essentially the same.

We shall use the exercises below in an application to Einstein’s equations.

Exercise. Prove the following local existence theorem.

Theorem 18. Let F ∈ C∞[(T−, T+)×R3,Rm) have the property that F (t, 0, 0) = 0
for all t ∈ (T−, T+). Let f ∈ Ck+1

d (R,Rm) and g ∈ Ckd (R,Rm) for some k ≥ 1.
Then there is an εk > 0, depending on ‖f‖Ck+1

b (R), ‖g‖Ckb (R), t0 and the function
F , such that the equation  utt − uxx = F (t, u, ∂u)

u(t0, x) = f(x)
ut(t0, x) = g(x)

has a unique solution in Ck+1[(t0 − εk, t0 + εk)× R]. Furthermore,

u ∈ C{(t0− εk, t0 + εk), Ck+1
d (R,Rm)} and ∂tu ∈ C{(t0− εk, t0 + εk), Ckd (R,Rm)}.

Exercise. Formulate and prove uniqueness more generally for the type of functions
F that appear in the statement of the above theorem.

Exercise. Prove the following theorem.

Theorem 19. Let F ∈ C∞[(T−, T+)×R3m,Rm) have the property that F (t, 0, 0) =
0 for all t ∈ (T−, T+) and let f ∈ Ck+1

d (R) and g ∈ Ckd (R) for some k ≥ 1. Let u
be a Ck+1[(t−, t+)× R,Rm]-solution to utt − uxx = F (t, u, ∂u)

u(t0, x) = f(x)
ut(t0, x) = g(x)

where t0 ∈ (t−, t+). Then if there is a real constant c0 > 0 such that E0[u](t) ≤ c0
for all t ∈ [t0, t+), where t+ < ∞, then there is a real constant Ck depending only
on F , c0, t0, t+ and Ek[u](t0) such that

Ek[u](t) ≤ Ck

for all t ∈ [t0, t+). The statement concerning t− is similar.

Exercise. Prove the corollary below.

Corollary 4. Let F ∈ C∞[(T−, T+)×R3m,Rm) have the property that F (t, 0, 0) =
0 for all t ∈ (T−, T+) and let f ∈ Ck+1

d (R) and g ∈ Ckd (R) for all k. Let u ∈
C2[(t−, t+)× R,Rm] be a solution to utt − uxx = F (t, u, ∂u)

u(t0, x) = f(x)
ut(t0, x) = g(x)
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where (t−, t+) is the maximal existence interval and t0 ∈ (t−, t+). Then u ∈
C∞[(t−, t+) × R,Rm] and either t+ = T+ or E0[u](t) is unbounded on [t0, t+).
The statement concerning t− is similar.





CHAPTER 5

Global existence for 1 + 1-dimensional wave
equations

In this chapter, we shall consider global existence of solutions to non-linear wave
equations. There are essentially no general theorems guaranteeing global existence,
so we shall simply consider some examples of interest.

1. Wave map equations

One family of equations that has been studied extensively is the class of wave map
equations. We shall not define it in all generality, since this requires knowledge of
Riemannian geometry, but only consider a special case. First we need to define the
concept of a Riemannian metric on Rm.

Definition 19. Let g : Rm → R
m2

be a smooth map. We shall view g as a map
that takes a point x ∈ Rm into an m×m-matrix at that point, and we shall denote
the matrix components of g(x) by gij(x). If g(x) is a symmetric and positive definite
matrix for each x ∈ Rm, we shall call g a Riemannian metric on Rm. Then g(x)
is invertible for each x ∈ Rm and we shall denote the matrix components of the
inverse of g(x) by gij(x).

Remark. A matrix A is positive definite if and only if vtAv > 0 for all v 6= 0. This
implies in particular that the matrix is injective so that it is invertible.

Definition 20. Let g be a Riemannian metric on R
m. Given a smooth map

f : R2 → R
m, we define its Lagrangian density by

(89) L[f ](t, x) = gij [f(t, x)][f itf
j
t − f ixf jx](t, x).

We shall say that f satisfies the Euler-Lagrange equations corresponding to L if for
every φ ∈ C∞0 (R2,Rm),

(90)
d

dε

∣∣∣∣
ε=0

Iε = 0,

where
Iε =

∫
K

L[f + εφ](t, x)dtdx,

and K is any compact set such that φ = 0 outside of K. A solution to the Euler
Lagrange equations corresponding to the Lagrangian density (89) is called a 1 + 1
dimensional wave map with target (Rm, g).

Remark. The definition of Iε depends on K which is quite arbitrary. However,
if we define Ii,ε for i = 1, 2 by replacing K with Ki, i = 1, 2, then I1,ε − I2,ε is

57
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independent of ε by construction, so that the equation (90) remains the same. For
those familiar with Riemannian geometry, let us note that (Rm, g) can be replaced
by an arbitrary Riemannian manifold in this definition. Furthermore, the definition
can be generalized to higher dimensions than 1+1. Finally, in the physics literature,
the terminology σ-model is used instead of wave map.

Wave map equations are a special case of a wider class of variational problems. One
reason they have received so much attention is probably due to the fact that (89) is
the simplest Lagrangian density one can write down which leads to non-linear wave
equations. However, equations of wave map type appear frequently in physics and
in particular in General Relativity. Let us derive the Euler Lagrange equations.

Proposition 11. Let g be a Riemannian metric on Rm. Then f : R2 → R
m is a

solution to the Euler Lagrange equations corresponding to the Lagrangian density
(89) if and only if

(91) f ltt − f lxx = −Γlkj ◦ f [fkt f
j
t − fkxf jx],

where

(92) Γljk =
1
2
glm

[
∂gkm
∂xj

+
∂gjm
∂xk

− ∂gjk
∂xm

]
.

Remark. In the statement of the proposition, f i are the components of f and we use
the Einstein summation convention of summing repeated upstairs and downstairs
indices. In particular, in the right hand side we sum over all indices except l.
Furthermore we use the notation Γlij ◦f to denote the function whose value at (t, x)
is Γlij [f(t, x)]. The objects Γlkj are called the Christoffel symbols of the metric g
and they are very important in Riemannian geometry.

Proof. Fix φ ∈ C∞0 (R2,Rm). Let us compute

d

dε

∣∣∣∣
ε=0

∫
K

gij [(f + εφ)(t, x)][(f + εφ)it(f + εφ)jt − (f + εφ)ix(f + εφ)jx](t, x)dxdt,

where φ = 0 outside of K. We obtain∫
K

{
∂gij
∂xk

[f(t, x)]φk(t, x)[f itf
j
t − f ixf jx](t, x) + 2gij [f(t, x)][φitf

j
t − φixf jx](t, x)

}
dxdt.

Here, we have used the fact that g[f(t, x)] is a symmetric matrix. Below we take it
to be understood that f and φ are to be evaluated at (t, x) and g and its derivatives
are to be evaluated at f(t, x). Let us integrate by parts in the part that contains
derivatives of φ. Note that when doing so, there are no boundary terms since φ is
zero on the boundary of K. We obtain∫

K

gij [φitf
j
t − φixf jx]dxdt = −

∫
K

{
∂gij
∂xk

[fkt f
j
t − fkxf jx] + gij [f

j
tt − f jxx]

}
φidxdt

By renaming indices, we can write∫
K

∂gij
∂xk

φk[f itf
j
t − f ixf jx]dtdx =

∫
K

∂gkj
∂xi

φi[fkt f
j
t − fkxf jx]dtdx.
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Adding the pieces, we obtain

d

dε

∣∣∣∣
ε=0

Iε =
∫
K

{
∂gkj
∂xi

[fkt f
j
t − fkxf jx]− 2

∂gij
∂xk

[fkt f
j
t − fkxf jx]

−2gij [f
j
tt − f jxx]

}
φidxdt.

Since φ is arbitrary, Lemma 9 below implies that (90) is equivalent to

0 =
∂gkj
∂xi

[fkt f
j
t − fkxf jx]− 2

∂gij
∂xk

[fkt f
j
t − fkxf jx]− 2gij [f

j
tt − f jxx].

Let us multiply this equation by −gli/2 (and sum over i). Since gilgij = δlj , we
obtain

(93) (f ltt − f lxx) = −gli ∂gij
∂xk

[fkt f
j
t − fkxf jx] +

1
2
gli
∂gkj
∂xi

[fkt f
j
t − fkxf jx].

Note that we can interchange the names of the indices j and k in order to obtain

gli
∂gij
∂xk

[fkt f
j
t − fkxf jx] = gli

∂gik
∂xj

[f jt f
k
t − f jxfkx ].

Since we are summing over both j and k, the names are of course not important.
As a consequence, we have

−gli ∂gij
∂xk

[fkt f
j
t − fkxf jx] = −1

2
gli
[
∂gij
∂xk

+
∂gik
∂xj

]
[fkt f

j
t − fkxf jx].

Combining this equality with (93), we obtain (91). �

Lemma 9. Let f ∈ C∞(R2,Rm) have the property that for every φ ∈ C∞0 (R2,Rm),∫
fiφ

idxdt = 0,

where fi and φi are the components of f and φ respectively. Then f = 0.

Remark. The regularity condition on f in this lemma is absurdly strong. Much
weaker conditions lead to the same conclusion, but we shall not need to know that.

Proof. Assume there is a (t0, x0) ∈ R2 such that f(t0, x0) 6= 0. Then by the
continuity of f , there is a δ > 0 and an ε > 0 such that |f |2(t, x) ≥ ε for all
(t, x) ∈ Bδ(t0, x0). Let φ ∈ C∞0 (R2) be such that φ = 1 in this ball, φ ≥ 0 and
define φi = φfi. Then

0 =
∫
fiφ

idxdt =
∫
φ|f |2dxdt ≥ πδ2ε > 0.

We have reached the desired contradiction. �

Note that (91) is an equation of the form for which we have proved local existence.
The right hand side defines the non-linearity F (u, ∂u). By the continuation criteria
we have developed, the only obstruction to global existence is that u or ∂u become
unbounded. If we can prove that these objects cannot become unbounded in finite
time, we have proved global existence. Let us consider a special target.

Lemma 10. Define a Riemannian metric on R2 by g11 = 1, g12 = g21 = 0 and
g22(x) = e2x1

. Then the only non-zero Christoffel symbols are given by

Γ1
22 = −e2x1

, Γ2
12 = Γ2

21 = 1.
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Remark. For those familiar with Riemannian geometry, let us note that the metric
g is the hyperbolic metric.

Proof. Note that g11 = 1, g22 = e−2x1
and that gij = 0 for i 6= j. Let us consider

the case when l = 1 in (92). Then m has to equal 1 since gij is diagonal. No matter
what k and j are, gk1 and gj1 are constant so that the two first terms on the right
hand side of (92) are zero. The third term is only non-zero if j = k = 2. We then
obtain

Γ1
22 = −e2x1

,

since g22 = e2x1
. Assume l = 2. Then m has to equal 2. Since gij is independent

of x2, the last term in (92) is zero. The first two terms can only be non-zero if one
of j, k is 1 and the other is 2. We obtain

Γ2
12 = Γ2

21 =
1
2
e−2x1

2e2x1
= 1.

This proves the lemma. �

Denote the coordinates of the wave map f1 = P and f2 = Q. Let us write down
the equation (91) in this case. Set l = 1 in (91). Then k, j both have to equal 2,
since the Christoffel symbols are zero otherwise by Lemma 10. By Lemma 10, we
obtain

Ptt − Pxx = e2P (Q2
t −Q2

x).
Set l = 2 in (91). The right hand side is a sum of two terms; k = 1, j = 2 and
k = 2, j = 1. We obtain

Qtt −Qxx = −2(PtQt − PxQx).

Let us prove global existence for solutions to these equations.

Theorem 20. Consider a solution to

Ptt − Pxx = e2P (Q2
t −Q2

x)(94)
Qtt −Qxx = −2(PtQt − PxQx)(95)

with initial data

(96) (P,Q)(0) = f, (Pt, Qt)(0) = g

for some f, g ∈ C∞0 (R,R2). Then the maximal existence interval is (−∞,∞).

Proof. Due to Corollary 4, all we need to prove is that P,Q and their first derivatives
cannot become unbounded in a finite time. Let us define the objects A+ and A−
by

A± =
1
2
[
(Pt ± Px)2 + e2P (Qt ±Qx)2

]
.

Let us compute

(∂t ∓ ∂x)
1
2

(Pt ± Px)2 = (Pt ± Px)(Ptt − Pxx) = (Pt ± Px)e2P (Q2
t −Q2

x)

and

(∂t ∓ ∂x)
1
2
e2P (Qt ±Qx)2 = (Pt ∓ Px)e2P (Qt ±Qx)2

+e2P (Qt ±Qx)(Qtt −Qxx)

= (Pt ∓ Px)e2P (Qt ±Qx)2

+e2P (Qt ±Qx)[−2PtQt + 2PxQx].
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By adding these two expressions, one obtains 0 as a result. In other words,

(97) (∂t ∓ ∂x)A± = 0.

Similarly to the derivation of the solution to the inhomogeneous wave equation, it
is natural to consider the objects

h±(s) = A±(s, x0 ∓ s)

for some fixed x0. Due to (97), we obtain

dh±
ds

= [(∂t ∓ ∂x)A±](s, x0 ∓ s) = 0.

In other words, the h± are constant. Taking the supremum over x0, we obtain

‖A±(t, ·)‖Cb(R) = ‖A±(0, ·)‖Cb(R)

for all t belonging to the maximal existence interval (t−, t+) of the solution. Since
the initial data have compact support, the right hand side is finite. Note that

(98) P 2
t + P 2

x + e2P (Q2
t +Q2

x) = A+ +A− ≤ ‖A+(t, ·)‖Cb(R) + ‖A−(t, ·)‖Cb(R).

We conclude that the left hand side is bounded by a constant given by the initial
data. Consequently Pt and Px are bounded. Integrating this bound, we conclude
that P cannot become unbounded in a finite time. Combining this observation
with (98), we conclude that Qt and Qx cannot become unbounded in a finite time.
Integrating the control of Qt, we conclude that Q cannot become unbounded in
finite time. Consequently, P,Q and their first derivatives cannot become unbounded
in a finite time. The theorem follows. �

It is possible to improve the above result and prove that there is global existence
for f, g ∈ C∞(R,R2). In other words, the condition that the initial data have
compact support is not necessary. Consider (94)-(96) for such initial data. Let
(t0, x0) ∈ R2. We wish to define the solution in a neighbourhood of this point. Let
I = [x0 − |t0| − 1, x0 + |t0| + 1]. Let φ ∈ C∞0 (R) be such that φ(x) = 1 for x ∈ I.
Let f1 = φf and g1 = φg. Then there is a global solution (P1, Q1) to (94)-(96) with
f and g replaced by f1 and g1. We then define the solution in the interior of the
square determined by the corners (|t0|+ 1, x0), (0, x0− |t0| − 1), (−|t0| − 1, x0) and
(0, x0 + |t0|+ 1) to equal (P1, Q1). By uniqueness, Theorem 14, if two such squares
have non-empty intersection, then the corresponding solutions have to agree on the
intersection. This means that the above definition makes sense and that we get
a solution to (94)-(96) on all of R2. In fact, it is possible to generalize the result
to a finite degree of differentiability as well. We leave the details to the interested
reader.

The key ingredient to prove global existence is (97). This is the identity that leads
to control of the solution and its first derivatives. The definition of A± might seem
a bit arbitrary, but in fact it comes from the wave map structure.

Let f be a solution to (91). Define

A±(t, x) =
1
2
gij [f(t, x)][f it ± f ix](t, x)[f jt ± f jx](t, x).

The interested reader is encouraged to prove that

(∂t ∓ ∂x)A± = 0.
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As a consequence of this,

(99) ‖A±(t, ·)‖Cb(R)

are conserved quantities. This is a good starting point for proving global existence,
but it is not in general enough. It is not clear how we should obtain control of the
first derivatives with respect to the standard Euclidean norm by controlling (99).
Due to a paper of Gu Chao-Hao, 1980, On the Cauchy Problem for Harmonic Maps
Defined on Two-Dimensional Minkowski Space, Comm. Pure Appl. Math., 727-737,
there are geometric conditions that ensure global existence. For those familiar with
Riemannian geometry, we mention that the condition is that of completeness of the
target manifold.

Exercise. Consider a Riemannian metric on R3 defined by g11 = 1, g22 = exp(2x1),
g33 = exp(2x2) and gij = 0 for i 6= j. Prove that there is global existence of solutions
to (91) given this metric and smooth initial data with compact support.

2. A wave map equation arising in General Relativity

As we have already mentioned, when considering General Relativity, one often con-
siders solutions that satisfy symmetry conditions. We have already given examples
of equations one obtains by dropping the isotropy condition. In this section, we
give an example where the condition of homogeneity has also been relaxed. There
are symmetry assumption under which Einstein’s equations reduce to the following
system of equations:

Ptt +
1
t
Pt − Pxx = e2P (Q2

t −Q2
x)(100)

Qtt +
1
t
Qt −Qxx = −2(PtQt − PxQx).(101)

Note the similarity of these equations with (94)-(95). In fact, these equations can
also be viewed as wave map equations, but that requires a reformulation that is not
of any greater interest here. The purpose of this section is to prove global existence
of solutions to these equations. Since there is a 1/t appearing in the equations,
global existence here means existence for t ∈ (0,∞). Furthermore, the reasonable
initial value problem for (100)-(101) is to specify initial data for some time t0 > 0.
The tools for proving local and global existence of solutions to these equations are
Theorem 19 and Corollary 4.

Exercise. Consider a solution to (100)-(101) given smooth initial data with com-
pact support at some time t0 > 0. Let the maximal existence interval be (t−, t+).
Define B+ and B− by

B± =
t

2
[
(Pt ± Px)2 + e2P (Qt ±Qx)2

]
.

Prove that

(∂t ∓ ∂x)B± =
1
2
[
−P 2

t + P 2
x + e2P (−Q2

t +Q2
x)
]
.

Prove that this implies that (t−, t+) = (0,∞).

The sort of solutions to (100)-(101) that one is interested in in General Relativity
are such that are periodic in the x coordinate. To prove global existence of solutions
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with such initial data, one simply proceeds as in the argument presented after the
proof of Theorem 20.

3. Energy

So far we have considered quantities of the form (59). These quantities are very
powerful tools when analyzing 1 + 1-dimensional wave equations, but they are not
available in higher dimensions. Assume that u is a solution of the linear wave
equation corresponding to initial data with compact support. Then u has compact
support in x for every fixed t. Consequently, it makes sense to define

(102) H(t) =
1
2

∫ ∞
−∞

[u2
t + u2

x](t, x)dx.

Let us differentiate this object. Under the assumptions we have made on u, there
is no problem in differentiating under the integral sign. We obtain
dH

dt
=
∫ ∞
−∞

[ututt + uxuxt]dx =
∫ ∞
−∞

[ututt − uxxut]dx =
∫ ∞
−∞

[utt − uxx]utdx = 0.

The crucial step is the second equality. We integrate the term uxutx by parts. By
this trick, we obtain utt − uxx which is given by the equation. We see that if u
solves (52) and we assume that u and F both have compact support in x during
any finite time interval, then

dH

dt
=
∫ ∞
−∞

utFdx.

We shall refer to the object defined in (102) as the energy of the solution. In the
case of the linear wave equation the energy is conserved. For the inhomogeneous
wave equation this is no longer true. The higher dimensional analogues of (102)
are essential tools in proving local existence and uniqueness in higher dimensions;
they play a role similar to the objects based on the quantity (59).

The energy H gives us control over the integral of certain quantities. Is it possible
to obtain control over the function itself given bounds on the integral of the function
and its derivatives?

Proposition 12. Assume φ ∈ C1
0 (R). Then

(103) |φ(x)| ≤
(∫ ∞
−∞

[φ2 + (φ′)2](s)ds
)1/2

for all x ∈ R.

Proof. Since φ has compact support, there is an M such that φ(x) = 0 for |x| ≥M .
Consequently

(104) φ2(x) =
∫ x

−M
∂s[φ2](s)ds =

∫ x

−M
2φ(s)φ′(s)ds ≤

∫ x

−M
[φ2 + (φ′)2](s)ds,

where we have used the fact that ab ≤ (a2 + b2)/2, which in its turn follows from

0 ≤ (a− b)2 = a2 + b2 − 2ab.

Note that if we take the square root of the left hand side of (104), we obtain the left
hand side of (103) and the square root of the right hand side of (104) is bounded
by the right hand side of (103). �
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Note that we can rewrite (103) in the following way:

(105) ‖φ‖Cb(R) ≤
(∫ ∞
−∞

[φ2 + (φ′)2](s)ds
)1/2

for all φ ∈ C1
0 (R). The inequality (105) is the first example of a so called Sobolev

inequality. In the analysis of higher dimensional wave equations these sorts of
inequalities play a very important role and we shall see that they are one crucial
ingredient to proving local existence.

Let us consider the non-linear wave equation

(106)

 utt − uxx = −uk
u(0, x) = f(x)
ut(0, x) = g(x)

where f, g ∈ C∞0 (R) and k is an odd integer. Note that since there is a constant
C <∞ such that f(x) and g(x) are zero for |x| ≥ C, u(t, x) is zero for |x| ≥ C+ |t|.
This is a consequence of uniqueness, Theorem 14. Let us define

(107) Ĥ(t) =
1
2

∫ ∞
−∞

[
u2
t + u2

x +
2

k + 1
uk+1

]
(t, x)dx.

Note that since k is odd, k + 1 is even, so that all the terms in the integrand are
non-negative. Again, we are allowed to differentiate under the integral sign in order
to obtain,

dĤ

dt
=
∫ ∞
−∞

[utt − uxx + uk]utdx = 0.

In other words, Ĥ is a conserved quantity. This is all that is needed to prove global
existence of solutions to (106).

Theorem 21. Let k be an odd integer and f, g ∈ C∞0 (R). Then there is a unique
u ∈ C∞(R2) solving (106).

Proof. We know that there is a local solution to the equation, and due to Corollary
3, all we need to show is that u cannot blow up in finite time. Due to (103), all we
need to prove is that ∫ ∞

−∞
[u2 + u2

x](t, x)dx

does not blow up in finite time. We know that Ĥ is a conserved quantity, and
consequently there is a constant C <∞ such that∫ ∞

−∞
[u2
t + u2

x](t, x)dx ≤ C.

All that remains to be proved is thus that

F (t) =
∫ ∞
−∞

u2(t, x)dx

cannot blow up in finite time. Let us compute∣∣∣∣dFdt
∣∣∣∣ = 2

∣∣∣∣∫ ∞
−∞

uutdx

∣∣∣∣ ≤ ∫ ∞
−∞

[u2 + u2
t ]dx ≤ C + F.
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Letting G = F +C, we conclude that as long as the solution is not identically zero,
G > 0 and ∣∣∣∣dGdt

∣∣∣∣ ≤ G.
Integrating this inequality, we obtain the conclusion that G, and therefore F , cannot
blow up in finite time. The theorem follows. �

When considering (106), we demanded that k be odd. Why? We already pointed
out that all the terms in the integrand of the right hand side of (107) are non-
negative due to the fact k is odd. If k is even, Ĥ will also be conserved, but it is
not possible to draw any conclusions from that. In fact, consider the ODE

utt = −uk,
where k ≥ 2 is an even integer. If we let u(0) < 0 and ut(0) < 0, then the solution
blows up in finite time. Similarly to the proof of Proposition 10, one can then
construct smooth initial data with compact support such that the solution to (106)
blows up in finite time. Similarly, if we consider the equation

utt − uxx = uk

for some integer k ≥ 2, then the solution will in general blow up in finite time.

The global existence result given by Theorem 21 is a special case of a more general
result.

Exercise. Consider the equation

(108)

 utt − uxx = −F (u)
u(0, x) = f(x)
ut(0, x) = g(x),

where F ∈ C∞(R) is a function with the properties that F (0) = 0 and there is a
function G ∈ C∞(R) such that G′ = F , G(u) ≥ 0 for all u and G(0) = 0. Then for
any f, g ∈ C∞0 (R), there is a u ∈ C∞(R2) solving (108).

Note that Theorem 21 is the special case of this result when k is odd and F (u) = uk,
G(u) = uk+1/(k + 1). Note also that the restriction that the initial data have
compact support can be removed by an argument similar to the one presented after
the proof of Theorem 20.

4. Asymptotic behaviour

So far, we have only discussed the question of global existence. What about the
asymptotics? It is possible to say something about the asympotic behaviour of
solutions to (100)-(101) for instance, but that would require a substantial amount
of time. Let us consider the special case of (100)-(101) when Q = 0. One is then
left with a linear equation

(109)

 Ptt + 1
tPt − Pxx = 0

P (0, x) = f(x)
Pt(0, x) = g(x).

Note that in order to prove existence of solutions to this equation, we can appeal
to Theorem 19. This equation can of course be solved by separation of variables,
but we shall use the methods developed in this chapter to analyze the asymptotics.
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As was mentioned before, the case of interest for General Relativity is when P is
periodic in x, with period 2π. Define

(110) H(t) =
1
2

∫ 2π

0

(P 2
t + P 2

x )(t, x)dx.

Using the standard integration by parts trick and the fact that P is 2π-periodic,
one can compute that

(111)
dH

dt
= −1

t

∫ 2π

0

P 2
t dx.

From this we conclude that H decays to the future. However, it is not clear that it
decays to zero. This is rather similar to the following ODE situation. Let us make
(a rather long) digression to explain it.

Consider the ODE

(112) ẍ+ 2aẋ+ b2x = 0

where a > 0 and b2 > a2. Of course we know how to solve this equation, but the
idea is to develop methods that do not depend on our ability to solve it. We know
that the solution in this case has to decay to zero as e−at. Let us try to prove this
without solving the equation. Define the quantity

H =
1
2

[ẋ2 + b2x2].

Compute that
dH

dt
= −2aẋ2.

Again, we obtain the conclusion that H decays, but it is not clear that H converges
to zero, even though we know that it should converge to zero exponentially. The
idea is then to introduce a correction term

Γ = axẋ.

Why should one want to introduce such a quantity? The first reason is that
dΓ
dt

= aẋ2 − 2a2xẋ− ab2x2,

so that
d(H + Γ)

dt
= −2a(H + Γ).

In other words, H + Γ has to decay as e−2at, which is very promising. The second
property is that

(113) |Γ| =
∣∣∣a
b

∣∣∣ |bxẋ| ≤ ∣∣∣a
b

∣∣∣ 1
2

(ẋ2 + b2x2) =
∣∣∣a
b

∣∣∣H.
Note that |a/b| < 1 so that (113) implies

(114)
(

1−
∣∣∣a
b

∣∣∣)H ≤ H + Γ ≤
(

1 +
∣∣∣a
b

∣∣∣)H.
This means that H can be bounded by a positive constant times H + Γ, which in
its turn decays as e−2at. We conclude that x and ẋ decay like e−at, which is the
optimal result. So what’s the point of all this? We could have solved the equation to
start with and we would have obtained the same conclusion. Consider the equation

(115) ẍ+ 2aẋ+ b2x = f(x, ẋ),
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where f is smooth and

(116) |f(x, ẋ)| ≤ C[|x|2 + |ẋ|2]α/2

for some α > 1 and some constant C. Define H and Γ as above. Then one can
compute

(117)
d(H + Γ)

dt
= −2a(H + Γ) + ẋf(x, ẋ) + axf(x, ẋ).

Combining (114) with (116) and the definition of H, we conclude that there is a
positive constant c0 such that

|ẋf(x, ẋ) + axf(x, ẋ)| ≤ c0(H + Γ)γ ,

where γ = (α + 1)/2. Note that γ > 1. Combining this estimate with (117), and
using the notation

Ĥ = H + Γ,
we obtain

(118)
dĤ

dt
≤ −2aĤ + c0Ĥ

γ = [−2a+ c0Ĥ
γ−1]Ĥ.

If Ĥ(t0) = 0 for some t0, then Ĥ(t) = 0 for all t, so let us assume this is not the
case. Assume Ĥ satisfies the bound

(119) −2a+ c0Ĥ
γ−1(t) ≤ −c1

for some c1 > 0 and t = t0. Due to (118), we conclude that dĤ/dt is strictly
negative at t0. One can conclude that Ĥ decays to the future so that (119) holds
for all t ≥ t0. Combining this observation with (118), we obtain

dĤ

dt
≤ −c1Ĥ.

As a consequence Ĥ decays as e−c1t. This means that Ĥγ−1 is an integrable
function, so that (118) implies

Ĥ(t) ≤ Ĥ(t0) exp
[
−2a(t− t0) +

∫ t

t0

c0Ĥ
γ−1(s)ds

]
≤ K exp(−2at)

for some constant K. In other words, solutions to the equation (115) behave in the
same way as solutions to (112) if the initial data are small enough, where smallness
is defined by (119). The conclusion of the above argument is that it sometimes
makes sense to develop methods that are based on decay of energy (H) and not on
our ability to solve the equation. In a more general setting, we are usually not able
to solve the equation, but arguments concerning decay of energy might very well
generalize. Let us point out that the above argument was brought to our attention
by Vincent Moncrief.

Let us return to the equation (109). Let H be defined by (110) and note that we
have (111). We are in a similar situation to the one in the ODE case. Let us see if
we can define a similar correction. The most naive analogue would be

Γ =
1
2t

∫ 2π

0

PPtdx.

The analogy here is that in (109), 1/t corresponds to 2a in (112), whereas x and ẋ
correspond to P and Pt respectively. Since H only depends on t, we of course also
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need to integrate. This leads us to our definition of Γ. There is however a problem
with this definition. In analogy with the ODE case, we want |Γ| to be bounded by
H at the very least. However, if we add a constant to P , it still solves the equation

(120) Ptt +
1
t
Pt − Pxx = 0,

and the energy H is unchanged, but if we assume that the average of Pt is non-zero,
Γ does change. In other words, given the above definition of Γ, it is not possible
to have the inequality |Γ| < H in all generality. Since the problem is related to
constant translations in P , it is natural to subtract the average of P . Let us define

〈P 〉(t) =
1

2π

∫ 2π

0

P (t, x)dx.

Furthermore

Γ =
1
2t

∫ 2π

0

(P − 〈P 〉)Ptdx.

In order to prove that using the above definition of Γ, one does get the desired
bound, it is useful to have the bound

(121)
∫ 2π

0

f2(s)ds ≤
∫ 2π

0

(f ′)2(s)ds,

which holds for all f that are smooth, 2π periodic and such that the average is
zero. To prove this inequality, note that for such f , we have

f(s) =
∑
n∈Z

ane
ins,

where a0 = 0. Thus∫ 2π

0

f2(s)ds = 2π
∑
n∈Z

|an|2 ≤ 2π
∑
n∈Z

n2|an|2 =
∫ 2π

0

(f ′)2(s)ds.

Since P − 〈P 〉 clearly has zero average, is smooth and 2π-periodic, we obtain∫ 2π

0

(P − 〈P 〉)2dx ≤
∫ 2π

0

P 2
xdx.

Using ab ≤ (a2 + b2)/2 and our definition of Γ, we thus obtain

|Γ| ≤ 1
4t

∫ 2π

0

[(P − 〈P 〉)2 + P 2
t ]dx ≤ 1

4t

∫ 2π

0

[P 2
x + P 2

t ]dx =
1
2t
H.

For t ≥ 1, there is thus no problem in bounding |Γ| in terms of H. The question is
then if we get something nice by differentiating Γ. Compute

dΓ
dt

= − 1
2t2

∫ 2π

0

(P − 〈P 〉)Ptdx+
1
2t

∫ 2π

0

(Pt − 〈Pt〉)Ptdx

+
1
2t

∫ 2π

0

(P − 〈P 〉)Pttdx

= −1
t
Γ +

1
2t

∫ 2π

0

P 2
t dx−

π

t
〈Pt〉2 +

1
2t

∫ 2π

0

(P − 〈P 〉)
(
−1
t
Pt + Pxx

)
dx

= −1
t
Γ +

1
2t

∫ 2π

0

P 2
t dx−

π

t
〈Pt〉2 −

1
t
Γ− 1

2t

∫ 2π

0

P 2
xdx,
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where we integrated by parts in the last equality. Observe that the point of the
definition of Γ is that when differentiating, we obtain the last term; what’s missing
in (111) is a term involving the integral of P 2

x . Combining this equality with (111),
we obtain

(122)
d(H + Γ)

dt
= −1

t
(H + Γ)− 1

t
Γ− π

t
〈Pt〉2.

Note that the last term is negative. Furthermore, since |Γ| ≤ H/2 for t ≥ 1, we
have

1
2
H ≤ H + Γ ≤ 3

2
H

for t ≥ 1. Letting E = H + Γ, we then obtain

|Γ| ≤ 1
t
E

for t ≥ 1. Adding these observations to (122), we obtain

dE

dt
≤ −1

t
E +

1
t2
E = −

(
1
t
− 1
t2

)
E.

If H is identically zero, the solution is constant, so let us assume this is not the case.
Then neither H nor E are ever zero. Consequently, we can divide this inequality
by E and integrate for t ≥ 1 in order to obtain

ln
E(t)
E(1)

≤ − ln t+ 1− 1
t
≤ − ln t+ 1,

which implies

(123) E(t) ≤ e

t
E(1).

In other words E and thus H decay as 1/t. Note that if we differentiate the equation
(120) with respect to x k times, the equation remains the same. In other words,
∂kxP also satisfies (120). Consequently we also get decay of the form (123) for the
higher derivatives. Thus there is for every k a real constant Ck such that for t ≥ 1,∫ 2π

0

[(∂kx∂tP )2 + (∂k+1
x P )2]dx ≤ Ck

t
.

In order to turn this decay into information concerning the function itself, we need
an inequality of the form (105). The functions we are interested in estimating do
however not have compact support. Let us consider a smooth, 2π-periodic function
with zero average. Then there must be an x0 ∈ [0, 2π) such that f(x0) = 0 (in
order for the average to be zero). Consequently, for x ∈ [0, 2π), we obtain

f2(x) =
∫ x

x0

2f ′(s)f(s)ds ≤
∫ 2π

0

[f2(s) + (f ′)2(s)]ds ≤ 2
∫ 2π

0

(f ′)2(s)ds,

where we have used (121) in the last step. Consequently

‖f‖Cb(R) ≤
√

2
(∫ 2π

0

(f ′)2(s)ds
)
.

In our situation, this means that

(124) ‖P − 〈P 〉‖Cb(R) ≤
C

t1/2
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for some constant C and t ≥ 1. Since 〈P 〉 satisfies the equation

〈Ptt〉+
1
t
〈Pt〉 = 0,

there are constants α and β such that

〈P 〉 = α ln t+ β.

Combining this with (124), we obtain

P = α ln t+ β +O(t−1/2).

By the comments made earlier, one can also make statements concerning the deriva-
tives of P .

The point of the above discussion is not really the conclusions, since it would have
been possible to obtain them using separation of variables methods. The point is
rather to illustrate that there are methods based on energy quantities such as (110)
and which do not depend on our ability to solve the equation. Similarly to the
ODE case, these methods can be generalized to the non-linear case assuming the
energy is small initially. In fact, it is possible to obtain conclusions for solutions to
(100)-(101) assuming the initial energy is small using this sort of method.



CHAPTER 6

Local existence for n+ 1-dimensional wave
equations

By now we have illustrated how to prove local existence in several different situ-
ations. The only difference with proving local existence in the n + 1-dimensional
case as opposed to the 1+1-dimensional case is the function spaces used, plus some
small technical complications. Our first task is thus to develop suitable function
spaces. In the 1 + 1 dimensional case we had tools such as the quantity (59). This
is no longer available in the n+ 1-dimensional case. On the other hand, if we have
a solution to the wave equation

�u = 0,

then the quantity

(125) E(t) =
1
2

∫
Rn

[u2
t + |∇u|2](t, x)dx,

which we shall refer to as the energy, is conserved, assuming the initial data for u
have compact support for instance. In this definition

∇u = (∂1u, ..., ∂nu).

In order to prove that E is conserved, let us compute

dE

dt
=
∫
Rn

[ututt +∇u · ∇ut]dx =
∫
Rn

[utt −∆u]utdx = 0.

In the 1+1-dimensional case, the fact that E defined in (59) was a conserved quantity
for the linear wave equation led us to use the Ckd spaces as suitable spaces for the
initial data. Furthermore, it led us to consider spaces of the form C([−ε, ε], Ckd (R))
when proving convergence of the iteration. In the n+1-dimensional case, the natural
norm comes from the energy (125) and its analogues obtained by differentiating u.
Thus the natural norm that presents itself is not the Ckb (Rn) norm, but rather
something of the form

(126) ‖u‖Hk(Rn) =

∑
|α|≤k

∫
Rn

|∂αu|2dx

1/2

.

That this object defines a norm is not completely clear at this point, but we shall
prove it in the section on Sobolev spaces. However, we need the corresponding space
of functions to be complete in order to get convergence of an iteration. Furthermore,
we need to relate this norm to the function itself; i.e. we need analogues of the
inequality (105) in n dimensions. These questions will be the subject of the first
three sections.

71
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1. The Fourier transform

The sources for this section are Peter Gilkey’s book Invariance Theory, the Heat
Equation and the Atiyah-Singer Index Theorem and Lars Hörmander’s book The
Analysis of Linear Partial Differential Operators I.

Before defining the Fourier transform and writing down its basic properties, it is
natural to define the set of Schwartz functions.

Definition 21. The Schwartz class S(Rn) is the subset of C∞(Rn,C) (i.e. smooth,
complex valued functions) such that for every pair of multiindices α and β, there
is a real constant Cα,β such that

(127) |xα∂βf(x)| ≤ Cα,β
for all x ∈ Rn.

Note that in the above definition, we use the notation

xα = (x1)α1 · · · (xn)αn

for x ∈ Rn and a multiindex α. Note that C∞0 (Rn,C) is a subset of S(Rn). The
function spaces do however not coincide. An example of a function which is in
S(Rn) but not in C∞0 (Rn,C) is exp(−|x|2). Let us define the Fourier transform.

Definition 22. Let f ∈ S(Rn). Define the Fourier transform of f , f̂ , by

(128) f̂(ξ) =
∫
Rn

e−ix·ξf(x)dx.

Since f is a Schwartz function, there is for every k a constant Ck such that

|f(x)| ≤ Ck(1 + |x|2)−k,

cf. (127). Consequently (128) makes sense. We leave it to the reader to prove
that if f ∈ S(Rn), then f̂ is a smooth function and one can differentiate under the
integral sign. As a consequence,

(129) ∂αξ f̂(ξ) =
∫
Rn

(−ix)αe−ix·ξf(x)dx.

By integration by parts, we also obtain

(130) ξαf̂(ξ) =
∫
Rn

i|α|∂αx
(
e−ix·ξ

)
f(x)dx =

∫
Rn

e−ix·ξ(−i)|α|∂αx f(x)dx.

Combining these two observations, we conclude that f̂ ∈ S(Rn). Our next goal
is to prove that it is possible to invert the Fourier transform. In fact, we wish to
prove that for f ∈ S(Rn),

(131) f(x) =
1

(2π)n

∫
Rn

eix·ξ f̂(ξ)dξ.

As a preparation, let us prove the following lemma.

Lemma 11. Let f0 be defined by

(132) f0(x) = exp
(
−1

2
|x|2
)
.
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Then

f̂0(ξ) = (2π)n/2 exp
(
−1

2
|ξ|2
)
.

Proof. Note first that

(133)
∫
Rn

f0(x)dx = (2π)n/2.

Compute

f̂0(ξ) =
∫
Rn

e−ix·ξ exp
(
−1

2
|x|2
)
dx

= exp
(
−1

2
|ξ|2
)∫

Rn

exp
[
−1

2
(x+ iξ) · (x+ iξ)

]
dx

Note that ∫
Rn

exp
[
−1

2
(x+ iξ) · (x+ iξ)

]
dx

=
n∏
j=1

∫ ∞
−∞

exp
[
−1

2
(xj + iξj) · (xj + iξj)

]
dxj .

Each factor on the right hand side is an integral in the complex plane, and by
standard methods of complex analysis, we are allowed to shift the contour t+ iξj ,
t ∈ R, to the real axis. By (133), we obtain the result. �

Due to Lemma 11, we conclude that (131) holds for f = f0 (in order to obtain this
conclusion we have used the fact that f0(x) = f0(−x)). Let us prove (131) in all
generality.

Theorem 22. For all f ∈ S(Rn), we have (131).

Proof. Assume first that f(0) = 0. Then

f(x) =
∫ 1

0

d

dt
[f(tx)]dt =

∑
j

xj
∫ 1

0

(∂jf)(tx)dt =
∑
j

xjgj(x)

for some gj ∈ C∞(Rn,C), j = 1, ..., n. Let φ ∈ C∞0 (Rn) equal 1 on B̄1(0). We can
then write

f(x) = φ(x)f(x) + [1− φ(x)]f(x) =
∑
j

xjφ(x)gj(x) +
∑
j

xj
xj [1− φ(x)]f

|x|2
.

Since the first term has compact support, it is in S(Rn). The last term is also in
S(Rn) since f ∈ S(Rn) and 1 − φ is identically zero in B̄1(0). In fact, the above
shows that there are hj ∈ S(Rn), j = 1, ..., n, such that

f =
∑
j

xjhj .

By Fourier transforming this equality and using (129), we obtain

f̂(ξ) =
∑
j

i∂ξj ĥj .
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Evaluating the right hand side of (131) at 0, we have

(2π)−n
∫
Rn

f̂(ξ)dξ = (2π)−n
∫
Rn

∑
j

i∂ξj ĥj(ξ)dξ = 0.

Since the left hand side of (131) vanishes at 0 by assumption, we conclude that
(131) holds at x = 0 for all functions f such that f(0) = 0. Let f ∈ S(Rn) be
arbitrary and decompose

f = f(0)f0 + (f − f(0)f0),

where f0 is defined in (132). Since the second term vanishes at zero and since (131)
holds for f0, as was noted before the statement of the theorem, we obtain (131) for
x = 0 and arbitrary f ∈ S(Rn). In order to prove the equality for arbitrary x, let
x0 ∈ Rn and let g(x) = f(x+ x0). By a change of variables, one can then compute
that

ĝ(ξ) = eix0·ξ f̂(ξ).

Consequently,

f(x0) = g(0) = (2π)−n
∫
Rn

ĝ(ξ)dξ = (2π)−n
∫
Rn

eix0·ξ f̂(ξ)dξ,

which proves (131) in all generality. �

The Fourier transform is a very powerful tool that can be used in several different
contexts. Here, we shall however only make very crude use of it. The main reason
for discussing the Fourier transform is that we are interested in function spaces
where the norm is given by (126). As we have seen, differentiation of the function
corresponds to multiplication by powers of ξ on the Fourier side. This property of
the Fourier transform makes it possible to give a very simple characterization of the
norm (126) on the Fourier side. Before we can write down this characterization, we
do however need to make a few more observations. Let us define the convolution
of two elements f, g ∈ S(Rn) by

(f ∗ g)(x) =
∫
Rn

f(x− y)g(y)dy.

By a change of variables, one obtains f ∗ g = g ∗ f . There is a natural relation
between convolution and the Fourier transform. Let f, g ∈ S(Rn) and consider

f̂(ξ)ĝ(ξ) =
∫
Rn

∫
Rn

e−ix·ξf(x)e−iy·ξg(y)dxdy

=
∫
Rn

∫
Rn

e−i(x−y)·ξf(x− y)e−iy·ξg(y)dxdy

=
∫
Rn

∫
Rn

e−ix·ξf(x− y)g(y)dxdy.

Let us change the order of integration in the last expression. Note that this requires
justification, which is provided by measure and integration theory due to the fact
that the integral is absolutely convergent. We obtain

f̂ ĝ = f̂ ∗ g.

From this one can obtain
f̂g = (2π)−nf̂ ∗ ĝ.
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We also have

(134)
∫
Rn

f̂hdx =
∫
Rn

fĥdx,

since both integrals equal ∫
Rn

∫
Rn

f(x)h(ξ)e−ix·ξdξdx,

after a change of the order of integration. Let us apply (134) to h and f , where

h(x) = (2π)−n ¯̂g(x) = (2π)−n
∫
Rn

eix·ξ ḡ(ξ)dξ.

Due to the Fourier inversion formula, we conclude that ĥ = ḡ. By applying (134),
we obtain

(135) (2π)−n
∫
Rn

f̂ ¯̂gdx =
∫
Rn

fḡdx.

This identity is referred to as Parseval’s formula, and it is a very useful tool. Let
us for instance apply it with f = g = ∂αu, where u ∈ S(Rn). Since

∂̂αu = i|α|ξαû,

due to (130), we obtain

(2π)−n
∫
Rn

ξ2α|û(ξ)|2dξ =
∫
Rn

|∂αu(x)|2dx.

By comparing with (126), we see the use of this expression. In fact, let u ∈ S(Rn).
Then

‖u‖2Hk(Rn) = (2π)−n
∑
|α|≤k

∫
Rn

ξ2α|û(ξ)|2dξ.

It is convenient to give a somewhat different definition of the norm ‖ · ‖Hk(Rn) on
the Fourier side. We shall need the following preliminary result.

Lemma 12. For every positive integer k, there are positive real constants c1,k, c2,k
such that

(136) c1,k(1 + |ξ|2)k ≤
∑
|α|≤k

ξ2α ≤ c2,k(1 + |ξ|2)k.

Proof. In order to prove the lemma, we only need to prove that the two functions

(137) (1 + |ξ|2)−k
∑
|α|≤k

ξ2α, (1 + |ξ|2)k

∑
|α|≤k

ξ2α

−1

are bounded. For |ξ| ≤ 1, both expressions are bounded since they are continuous
functions. Furthermore, for |ξ| ≥ 1, we have

(1 + |ξ|2)−k
∑
|α|≤k

ξ2α ≤ |ξ|−2k
∑
|α|≤k

ξ2α =
∑
|α|≤k

(
ξ

|ξ|

)2α

|ξ|2|α|−2k ≤
∑
|α|≤k

(
ξ

|ξ|

)2α

.
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This expression is also bounded, since |ξj |/|ξ| ≤ 1. Consequently, the first expres-
sion in (137) is bounded. Consider the second expression for |ξ| ≥ 1. We have

(1 + |ξ|2)k

∑
|α|≤k

ξ2α

−1

≤ 2k|ξ|2k
∑
|α|=k

ξ2α

−1

= 2k

∑
|α|=k

(
ξ

|ξ|

)2α
−1

.

In order to obtain the desired result, we need to prove that∑
|α|=k

(
ξ

|ξ|

)2α

is bounded from below. Since
n∑
j=1

(ξj)2

|ξ|2
= 1,

there must be a j such that
|ξj |
|ξ|
≥ 1√

n
.

If α is the multiindex whose j:th component is k, we then obtain(
ξ

|ξ|

)2α

=
(
ξj

|ξ|

)2k

≥ n−k.

Consequently ∑
|α|=k

(
ξ

|ξ|

)2α

≥ n−k

and the lemma follows. �

We are now in a position to define a norm which is equivalent to (126) (we shall
prove below that (138) defines a norm).

Definition 23. Define for u ∈ S(Rn) and s ∈ R,

(138) |u|Hs(Rn) =
(∫

Rn

(1 + |ξ|2)s|û(ξ)|2dξ
)1/2

.

Note that if s = k is a non-negative integer, there are positive constants Ci,k,
i = 1, 2 such that

(139) C1,k|u|Hk(Rn) ≤ ‖u‖Hk(Rn) ≤ C2,k|u|Hk(Rn)

due to Lemma 12. When two norms satisfy this type of inequality, we say that they
are equivalent. Due to this equivalence, it is clear that the index s has something
to do with the degree of differentiability of the function. On the other hand, the
definition (138) makes sense for any real number s. This makes it natural to speak
of for instance half a derivative. In fact, one can use the Fourier transform to define
non-integer powers of certain differential operators, though that will not be of any
major interest in this course.

Before we can state the result that motivates the entire section from our point of
view, we need the following.
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Definition 24. Define

‖f‖L2(Rn) =
(∫

Rn

|f |2(x)dx
)1/2

for f ∈ C(R) such that the right hand side is finite.

Lemma 13. Let f, g ∈ C(Rn) be such that their square is integrable. Then

(140)
∫
Rn

|f(x)g(x)|dx ≤ ‖f‖L2(Rn)‖g‖L2(Rn).

Proof. By assumption ‖f‖L2(Rn) and ‖g‖L2(Rn) are finite. If one of them is zero,
then the corresponding function has to be zero, and then the inequality follows
trivially. Assume therefore that ‖f‖L2(Rn) and ‖g‖L2(Rn) are both positive. Define

f1 =
f

‖f‖L2(Rn)
, g1 =

f

‖g‖L2(Rn)
.

Then ‖f1‖L2(Rn) = 1 and ‖g1‖L2(Rn) = 1. By the inequality ab ≤ (a2 + b2)/2, we
obtain∫

Rn

|f1(x)g1(x)|dx ≤ 1
2

∫
Rn

[f2
1 (x) + g2

1(x)]dx =
1
2

[‖f1‖2L2(Rn) + ‖g1‖2L2(Rn)] = 1.

Multiplying this inequality with ‖f‖L2(Rn)‖g‖L2(Rn), we obtain the conclusion of
the lemma. �

Corollary 5. Let f, g ∈ C(Rn) be such that their square is integrable. Then

(141) ‖f + g‖L2(Rn) ≤ ‖f‖L2(Rn) + ‖g‖L2(Rn).

Proof. Let us estimate

‖f + g‖2L2(Rn) =
∫
Rn

|f + g|2dx ≤
∫
Rn

[|f |2 + 2|fg|+ |g|2]dx

≤ ‖f‖2L2(Rn) + 2‖f‖L2(Rn)‖g‖L2(Rn) + ‖g‖2L2(Rn)

= (‖f‖L2(Rn) + ‖g‖L2(Rn))2,

where we used (140) in the second to last step. We conclude that (141) holds. �

So far it is not so clear why we should be interested in any of these things. However,
as we mentioned in the introduction, norms of the form (126) are forced upon us
by the wave equation. On the other hand, at some stage we need to control the sup
norm of the derivatives of the function. The purpose of this section is to bridge the
gap.

Theorem 23. Let k be a non-negative integer and assume that s > k+ n/2. Then
there is a constant C, depending on k, n and s such that for all f ∈ S(Rn),

(142) ‖f‖Ckb (Rn,C) ≤ C|f |Hs(Rn).

Remark. In the statement of this theorem and below, we shall use the letter C to
denote any constant. In other words, what C actually is may change from line to
line. This inequality is an example of a Sobolev inequality.
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Proof. Let us first consider the case k = 0. Due to (131), we have

|f(x)| ≤ (2π)−n
∫
Rn

|f̂(ξ)|dξ = (2π)−n
∫
Rn

(1 + |ξ|2)−s/2(1 + |ξ|2)s/2|f̂(ξ)|dξ

≤ (2π)−n
(∫

Rn

(1 + |ξ|2)−sdξ
)1/2(∫

Rn

(1 + |ξ|2)s|f̂(ξ)|2dξ
)1/2

= (2π)−n
(∫

Rn

(1 + |ξ|2)−sdξ
)1/2

|f |Hs(Rn),

where we have used (140) in the second to last step. Since (1 + |ξ|2)−s is integrable
for s > n/2, we obtain the desired result. Let α be any multiindex. Then if
s− |α| > n/2, we obtain

‖∂αf‖Cb(R,C) ≤ C|∂αf |Hs−|α|(Rn) ≤ C|f |Hs(Rn),

where we have used the inequality (143) below. Adding these inequalities for all α
such that |α| ≤ k, we obtain the statement of the theorem. �

Lemma 14. Let α be a multiindex and s ∈ R. Then there is a constant C depending
on α and s such that for all f ∈ S(Rn),

(143) |∂αf |Hs−|α|(Rn) ≤ C|f |Hs(Rn).

Proof. Note that there is a constant C such that

|ξα|2(1 + |ξ|2)s−|α| ≤ C(1 + |ξ|2)s.

This follows from (136). Consequently

|∂αf |2Hs−|α|(Rn) =
∫
Rn

(1 + |ξ|2)s−|α||ξαf̂(ξ)|2dξ ≤ C|f |2Hs(Rn),

and the lemma follows. �

Corollary 6. Let k and m be non-negative integers such that m > k+n/2. Then
there is a constant C depending on n, k and m such that for all f ∈ S(Rn),

‖f‖Ckb (Rn,C) ≤ C‖f‖Hm(Rn).

Proof. The statement follows from (142) and (139). �

2. Elements of measure and integration theory

As we have already mentioned, “norms” of the form (126) are forced upon us by
the equation. In order to get an iteration that converges, we need to provide a class
of functions such that this class, with the norm (126) constitutes a Banach space.
We begin this section by illustrating that this class of functions must have certain
peculiarities.

Let us consider the special case of (126) when k = 0 and n = 1. Consider the
sequence of functions

fn(x) =
{
xn if x ∈ [−1, 1]
x−n if x /∈ [−1, 1].
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For n = 1, 2, ..., this defines a sequence of continuous, square integrable functions.
Compute

‖fn‖2L2(R) =
∫
R

|fn(x)|2dx =
2

2n+ 1
+

2
2n− 1

.

We conclude that ‖fn‖L2(R) converges to zero. This leads to several problems. If
one considers the pointwise convergence of fn, one sees that for x /∈ {−1, 1}, fn(x)
converges to zero, for x = 1, fn(x) converges to 1 and finally, for x = −1, fn(x) does
not converge at all. It is thus natural to think of the limit function f as being 0 for
x /∈ {−1, 1}, as being 1 for x = 1 and as being undefined for x = −1. On the other
hand ‖fn‖L2(R) converges to zero, so the limit should be zero. Thus, if we want a
class of functions such that ‖ · ‖L2(R) defines a norm on this class, which turns the
space into a Banach space, then the limit function has to be thought of as being
zero. The second problem is that even though the sequence of functions we started
with was continuous, the pointwise limit certainly is not. So what is the resolution
to these problems? First of all, one has to give up the continuity of the limit; that
is not reasonable to ask. Secondly, one has to give up the idea to consider spaces
of functions. Instead, one has to consider spaces of equivalence classes of funtions,
where f is equivalent to g if the set on which they differ has “zero measure”. For
practical calculations, one can however think of an equivalence class as being one
function, at least when integrating, since sets of measure zero do not influence the
result.

We shall not give a detailed account of measure and integration theory here, but
we wish to provide the reader with enough information that at least the definition
of the L2(Rn)-functions becomes clear. The presentation given in this section is
inspired by Avner Friedman’s Foundations of Modern Analysis. The first question
we are confronted with is how to define the volume, or measure, of as general subsets
of Rn as possible. We know what the measure of a cube or a ball is, but how far
can we genaralize this concept? Say that we can assign a measure to two sets A
and B, then we should reasonably be able to assign a measure to the sets

A ∪B, A ∩B, A−B,

where
A−B = {x ∈ A : x /∈ B}.

More optimistically, if An, n ≥ 1 is a countable collection of sets to which we can
assign a measure, it should be possible to assign a measure to⋃

n≥1

An and
⋂
n≥1

An.

We are led to the following definition.

Definition 25. Let X be a set. A class A of subsets of X is called a σ-algebra if
the following conditions are fulfilled:

• ∅ ∈ A and X ∈ A.
• If A, B ∈ A, then A−B ∈ A.
• For any sequence of sets An ∈ A, n ≥ 1,

(144)
⋃
n≥1

An ∈ A.
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Remark. The way to think about a σ-algebra is as a collection of sets to which one
can assign a measure. In the above definition, ∅ denotes the empty set

If we apply (144) with A1 = A, A2 = B and An = ∅ for n ≥ 3, we can conclude
that A, B ∈ A implies A ∪ B ∈ A. Let us denote the complement of a set A by
Ac. In other words, Ac = X − A. Note that if A ∈ A, then Ac ∈ A. If A, B ∈ A
then A ∩B = A−Bc ∈ A. Finally, if An ∈ A for n ≥ 1, then⋂

n≥1

An = X −
⋃
n≥1

Acn ∈ A.

The next step is to define what we mean by a measure. First of all, it should be
defined on a σ-algebra. It should also be non-negative, even though we allow it to
equal ∞ for some sets. We shall say that a function which is allowed to equal plus
or minus infinity as well as any real number an extended real-valued function. We
expect the empty set to have measure zero and finally the measure of the union of
two disjoint sets should be the sum of the measure of the sets. In fact, we are going
to ask a little bit more. Let A be a σ-algebra and let µ be a function defined on it.
Then we say that µ is completely additive on A if

µ

⋃
n≥1

An

 =
∞∑
n=1

µ(An),

whenever the An ∈ A, n ≥ 1 are all disjoint.

Definition 26. A measure is an extended real-valued set function µ having the
following properties:

• The domain of µ is a σ-algebra A.
• µ is non-negative on A.
• µ is completely additive on A.
• µ(∅) = 0.

From the definition one can draw several conclusions. Say for instance that A ⊆ B,
where A, B ∈ A. Then B = (B − A) ∪ A is a union of disjoint sets. Applying
the complete additivity of the measure with A1 = A, A2 = B − A and An = ∅ for
n ≥ 3, we obtain

µ(B) = µ(A) + µ(B −A).
Since µ(B − A) ≥ 0, we obtain the conclusion that for any A, B ∈ A such that
A ⊆ B,

µ(A) ≤ µ(B).

We shall take the following fact from measure and integration theory for granted.
There is a σ-algebra An of subsets of Rn which contains all the open and all the
closed subsets of Rn and a measure µn defined on An such that:

• If ai ≤ bi, i = 1, ..., n are real numbers and A is defined by

A = {x ∈ Rn : ai ≤ xi ≤ bi},
then

µn(A) =
n∏
i=1

(bi − ai).
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• The measure µn, with domain An, is complete. In other words, if A ⊆ B,
B ∈ An and µ(B) = 0, then A ∈ An.

This measure is referred to as the Lebesgue measure.

The next step is to generalize the concept of integration. In order to do so, we need
to define a suitable class of functions.

Definition 27. Let X ∈ An and let f : X → R. We say that f is a (Lebesgue)
measurable function on X if for every open U ⊆ R,

f−1(U) = {x ∈ X : f(x) ∈ U}

is measurable, in other words if f−1(U) ∈ An.

Remark. A function with values in Rm is said to be measurable if all the components
are.

One can prove that if f and g are measurable functions, then so are f ± g, fg and
af for any a ∈ R.

Let us turn to the definition of the integral. If A is a measurable set, let

χA =
{

1 if x ∈ A
0 if x /∈ A.

Clearly χA is a measurable function, since the only possibilities for χ−1
A (U) are A,

X and ∅. The natural definition of the integral of χA is∫
χAdµn = µn(A).

Let us define a more general class of functions. A function f is called a simple
function if there is a finite number of mutually disjoint measurable sets E1, ..., Ek
and real numbers α1, ..., αk such that

f =
k∑
i=1

αiχEi .

It is also clear how to define the integral of f :∫
fdµn =

k∑
i=1

αiµn(Ei).

Of course, in order for this to make sense, µn(Ei) has to be finite if αi 6= 0. If this
is the case, we say that the simple function f is integrable. Note that, to make sure
that this definition makes sense, we need to check that two different representations
of the same simple function lead to the same result for the integral. This can be
done. If f is an integrable simple function, we also define the integral of f over a
measurable set E by ∫

E

fdµn =
∫
χEfdµn.

In order to define the concept of integrability more generally, we need to introduce
some terminology.
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Definition 28. A sequence {fm} of integrable simple functions is said to be a
Cauchy sequence in the mean if for every ε > 0 there is an N such that l,m ≥ N
implies ∫

|fl − fm|dµn ≤ ε.

Definition 29. An extended real valued measurable function f is said to be inte-
grable if there is a sequence {fm} of integrable simple functions such that

• {fm} is a Cauchy sequence in the mean.
• The set A of points x for which fm(x) does not converge to f(x) has zero

measure.

If f is integrable, we define the integral by∫
fdµn = lim

m→∞

∫
fmdµn.

This definition requires some justification. First of all, note that the limit exists,
since ∣∣∣∣∫ fldµn −

∫
fmdµn

∣∣∣∣ ≤ ∫ |fl − fm|dµn → 0

as l,m → ∞. Secondly, one needs to prove that the definition does not depend
on the chosen sequence of simple functions. This can be done, but we shall not
write down the argument here. If f is integrable we shall refer to the above limit
as the Lebesgue integral of f . Finally, let us note that if f is continuous and |f |
is Riemann integrable, then the Riemann integral of f coincides with the Lebesgue
integral.

We are now in a position to define the L2 spaces.

Definition 30. Denote the class of Lebesgue measurable functions f : Rn → C

such that |f |2 is integrable by L2(Rn).

One can prove that if f, g ∈ L2(Rn), then f + g ∈ L2(Rn). Furthermore, the norm
‖ · ‖L2(Rn) can be extended to make sense for f ∈ L2(Rn):

‖f‖L2(Rn) =
(∫
|f |2dµn

)1/2

.

We also have the inequality (141). One property of the Lebesgue integral is that
if f is measurable and the set A on which f is non-zero has the property that
µn(A) = 0, then ∫

|f |dµn = 0.

Consequently, if f ∈ L2(Rn) has the property that the set on which it is non-zero
has measure zero, then ‖f‖L2(Rn) = 0. In other words, in order to turn ‖ · ‖L2(Rn)

into a norm, we need to think of functions that are only non-zero on a set of measure
zero as being zero. Let us introduce the following equivalence relation on functions
in L2(Rn): we say that f and g are equivalent and write f ∼ g, if the set A on
which f 6= g has the property that µn(A) = 0. Note that this relation is reflexive:

f ∼ f,
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symmetric:
f ∼ g ⇒ g ∼ f,

and transitive:
f ∼ g and g ∼ h⇒ f ∼ h.

Any relation having the three properties of being reflexive, symmetric and transitive
is called an equivalence relation. Given f ∈ L2(Rn), we denote its equivalence class
by

[f ] = {g ∈ L2(Rn) : g ∼ f}.
Due to the fact that ∼ is an equivalence relation, g ∈ [f ] implies [g] = [f ].

Definition 31. Define L2(Rn) to be the set of equivalence classes [f ] of functions
f ∈ L2(Rn). In other words,

L2(Rn) = {[f ] : f ∈ L2(Rn)}.
We define the norm ‖ · ‖L2(Rn) on L2(Rn) by

‖[f ]‖L2(Rn) = ‖f‖L2(Rn).

This definition requires some justification. First of all, we need to prove that the
norm is well defined. Say that [f ] = [g]. Then f = g except for a set of zero
measure, and consequently ‖f‖L2(Rn) = ‖g‖L2(Rn). Secondly, we need to prove
that ‖ · ‖L2(Rn) defines a norm. Since we have (141) and since it is clear that
‖a[f ]‖L2(Rn) = |a| · ‖[f ]‖L2(Rn), the only thing that remains to be proved is that
‖[f ]‖L2(Rn) = 0 implies [f ] = 0. However, it is a result of measure and integration
theory that if ‖f‖L2(Rn) = 0, then f = 0 except for a set of measure zero, so that
[f ] = 0. The main result is the following.

Theorem 24. The space L2(Rn) with norm ‖ · ‖L2(Rn) is a Banach space.

For the sake of notational simplicity, we shall from now on write f when we actually
mean [f ].

3. Sobolev spaces

We have introduced several objects that we have referred to as norms, cf. (126)
and (138). We of course have to prove that these formulas actually define norms.
Furthermore, we would like to have function spaces that together with these norms
constitute Banach spaces.

Lemma 15. Let f, g ∈ S(Rn), λ ∈ C, s ∈ R and let k be a non-negative integer.
Then

‖f + g‖Hk(Rn) ≤ ‖f‖Hk(Rn) + ‖g‖Hk(Rn),(145)

|f + g|Hs(Rn) ≤ |f |Hs(Rn) + |g|Hs(Rn),(146)
‖λf‖Hk(Rn) = |λ| · ‖f‖Hk(Rn),

|λf |Hs(Rn) = |λ| · |f |Hs(Rn).

Remark. Note that there is one important property of the norm that we do not
prove in this lemma. We need to know that ‖f‖Hk(Rn) = 0 implies f = 0. If
f ∈ S(Rn) this is clearly true, but it turns out that if we give S(Rn) the norm
‖·‖Hk(Rn), then the resulting space is not complete. Since we want to have a Banach
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space, we consequently have to consider a larger space of functions than merely
the Schwartz functions, and it turns out that in this larger space, the question of
whether ‖f‖Hk(Rn) = 0 implies f = 0 or not is more delicate. We shall therefore
consider it separately below.

Proof. The only assertions of the lemma that are not obvious are (145) and (146).
Consider

‖f + g‖Hk(Rn) =

∑
|α|≤k

∫
Rn

|∂α(f + g)|2dx

1/2

=

∑
|α|≤k

‖∂αf + ∂αg‖2L2(Rn)

1/2

≤

∑
|α|≤k

[
‖∂αf‖L2(Rn) + ‖∂αg‖L2(Rn)

]21/2

≤

∑
|α|≤k

‖∂αf‖2L2(Rn)

1/2

+

∑
|α|≤k

‖∂αg‖2L2(Rn)

1/2

= ‖f‖Hk(Rn) + ‖g‖Hk(Rn),

where we have used (141), and in the second to last step, the inequality∑
|α|≤k

[|aα|+ |bα|]2
1/2

≤

∑
|α|≤k

|aα|2
1/2

+

∑
|α|≤k

|bα|2
1/2

where aα and bα are complex numbers for multiindices α such that |α| ≤ k. This
inequality in its turn is simply a reformulation of the fact that for any x, y ∈ Rm,
we have

|x+ y| ≤ |x|+ |y|.
Let us turn to (146). We have

‖f + g‖Hs(Rn) =
(∫

Rn

(1 + |ξ|2)s|f̂ + ĝ|2dξ
)1/2

= ‖(1 + |ξ|2)s/2f̂ + (1 + |ξ|2)s/2ĝ‖L2(Rn)

≤ ‖(1 + |ξ|2)s/2f̂‖L2(Rn) + ‖(1 + |ξ|2)s/2ĝ‖L2(Rn)

= ‖f‖Hs(Rn) + ‖g‖Hs(Rn),

where we have used (141). The lemma follows. �

We defined the L2-”functions” in Definition 31. Note that we can view S(Rn) as a
linear subspace of L2(Rn) and that ‖ · ‖Hk(Rn) is defined on S(Rn). Furthermore,

‖∂αf‖L2(Rn) ≤ ‖f‖Hk(Rn)

for any f ∈ S(Rn) and |α| ≤ k. Consequently, if {fm} is a Cauchy sequence with
respect to ‖ · ‖Hk(Rn), i.e. if for every ε > 0 there is an M such that m, l ≥ M
implies

‖fm − fl‖Hk(Rn) ≤ ε,
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then {∂αfm} is a Cauchy sequence with respect to ‖ · ‖L2(Rn) for |α| ≤ k. By the
completeness result, Theorem 24, we conclude that there is a function fα ∈ L2(Rn)
such that ∂αfm → fα with respect to ‖ · ‖L2(Rn). We shall also use the notation
f = f0. We wish to think of fα as being ∂αf , but it is not so clear that this is
allowed, since f need not be differentiable or even continuous. One can however
generalize the concept of differentiability in the following way. Let φ ∈ S(Rn).
Then, for any g ∈ S(Rn), we have∫

Rn

φ∂αgdx = (−1)|α|
∫
Rn

g∂αφdx

by partial integration. Since fα ∈ L2(Rn) and φ ∈ L2(Rn), fαφ is integrable.
Furthermore, we have∣∣∣∣∫

Rn

φfαdx−
∫
Rn

φ∂αfmdx

∣∣∣∣ ≤ ∫
Rn

|(fα − ∂αfm)φ|dx

≤ ‖fα − ∂αfm‖L2(Rn)‖φ‖L2(Rn) → 0.

Similarly, ∫
Rn

fm∂
αφdx→

∫
Rn

f∂αφdx.

We conclude that ∫
Rn

φfαdx = (−1)|α|
∫
Rn

f∂αφdx.

This observation leads to a natural generalization of the concept of differentiability.

Definition 32. Let k be a non-negative integer. We say that a function f ∈ L2(Rn)
is k times L2-weakly differentiable if for every multiindex α such that |α| ≤ k, there
is a function fα ∈ L2(Rn) such that for every φ ∈ S(Rn),

(147)
∫
Rn

φfαdx = (−1)|α|
∫
Rn

f∂αφdx.

We refer to fα as the α:th weak derivative of f .

Remark. One can generalize this definition in the following way. We say that f is
a locally integrable function if f is measurable and if χKf is integrable for every
compact set K. We say that f is k times weakly differentiable if for every multiindex
α such that |α| ≤ k there is a locally integrable function fα such that (147) holds
for all φ ∈ C∞0 (Rn,C). This generalization will however not be of any interest to
us here.

The definition requires some justification, since it is not clear that the weak deriv-
ative fα is well defined. This can however be proved by measure and integration
theory.

Note that if f is a k times L2-weakly differentiable function, we can define ‖f‖Hk(Rn)

by

‖f‖Hk(Rn) =

∑
|α|≤k

∫
Rn

|fα|2dx

1/2

.

By the above observations, if we have a sequence {fm} of functions in S(Rn) which
is a Cauchy sequence with respect to ‖ · ‖Hk(Rn), then there is a k times weakly
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differentiable function f such that ‖f −fm‖Hk(Rn) converges to zero. This suggests
the following function space.

Definition 33. Let Hk(Rn) be the set of k times L2-weakly differentiable functions
f such that there is a sequence fm ∈ S(Rn) with ‖f − fm‖Hk(Rn) → 0.

Remark. One can in fact prove that Hk(Rn) is simply the set of k times L2-weakly
differentiable functions. We shall however not do so here.

Theorem 25. The space Hk(Rn) with norm ‖ · ‖Hk(Rn) is a Banach space.

Proof. We have already proved that ‖ · ‖Hk(Rn) is a norm. What remains to
be proved is that we have a Banach space. Let {fl} be a Cauchy sequence of
functions in Hk(Rn). By definition there is, for each l, a sequence of functions
in S(Rn) converging to fl. Thus, for every l, there is a gl ∈ S(Rn) such that
‖fl − gl‖Hk(Rn) ≤ 1/l. Then {gl} is a Cauchy sequence. To prove this, let ε > 0.
Then there is an L such that 1/L < ε/3 and m, l ≥ L implies ‖fl−fm‖Hk(Rn) < ε/3.
Consequently, if l,m ≥ L,

‖gl − gm‖Hk(Rn) ≤ ‖gl − fl‖Hk(Rn) + ‖fl − fm‖Hk(Rn) + ‖fm − gm‖Hk(Rn)

<
1
l

+
ε

3
+

1
m
< ε.

By arguments presented prior to the statement of the theorem, there is a g ∈
Hk(Rn) such that ‖g − gl‖Hk(Rn) → 0. We need to prove that ‖g − fl‖Hk(Rn) → 0.
However

‖g − fl‖Hk(Rn) ≤ ‖g − gl‖Hk(Rn) + ‖gl − fl‖Hk(Rn) → 0.

Thus for every Cauchy sequence {fl} in Hk(Rn), there is an f ∈ Hk(Rn) such that
‖f − fl‖Hk(Rn) → 0. �

We shall need to know that Corollary 6 holds for f ∈ Hk(Rn).

Theorem 26. Let k and m be non-negative integers such that m > k+ n/2. Then
there is a constant C depending on n, k and m such that for all f ∈ Hm(Rn)

(148) ‖f‖Ckb (Rn,C) ≤ C‖f‖Hm(Rn).

Remark. This statement should be interpreted in the following way. An element
of Hm(Rn) is strictly speaking an equivalence class of functions. The statement is
that in this equivalence class, there is one function which is in Ckb (Rn,C), and for
this function, we have the inequality (148). Note that if there are two functions
fi, i = 1, 2 which are in the same equivalence class and which are both continuous,
then they have to coincide, since if two continuous functions differ, they have to
differ on a set of positive measure.

Proof. Let f ∈ Hm(Rn). This means that there is a sequence {fl} of functions in
S(Rn) such that ‖fl−f‖Hm(Rn) → 0. We are allowed to apply (148) to the functions
fl due to Corollary 6. In particular, we conclude that {fl} is a Cauchy sequence
in Ckb (Rn,C). Thus there is an g ∈ Ckb (Rn,C) such that fl converges to g with
respect to ‖·‖Ckb (Rn,C). Of course, we would like to say that f = g, but this requires
some justification. We know that fl → f with respect to ‖ · ‖Hm(Rn). In particular
fl → f with respect to ‖ · ‖L2(Rn). By a result of measure and integration theory,
there is then a sequence flj such that flj (x) → f(x) except for a set of points of
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zero measure. Since we know that flj converges to g uniformly, we conclude that
f = g except for a set of zero measure. The theorem follows. �

4. The linear wave equation in n+ 1-dimensions

In this section, we follow quite closely the presentation given in Lectures on nonlin-
ear wave equations by Christopher D. Sogge. We shall only consider the case n = 3.
The reader interested in the general case is referred to Sogge’s book. The reason
for the restriction is that it is in the interest of brevity; to consider the general case
does not require that much more of an extra effort. For h ∈ C2(R3), let us define

(149) (Arh)(x) =
1

4π

∫
S2
h(x+ ry)dσ(y),

where dσ is the standard measure on the 2-sphere. Let us compute

∂r(Arh)(x) =
1

4π

∫
S2

(∂jh)(x+ ry)yjdσ(y)

=
r

4π

∫
|y|<1

(∆h)(x+ ry)dy

=
1

4πr2
∆
∫
|x−y|<r

h(y)dy.

Here and below the Laplace operator ∆ is taken with respect to x. Note that
1

4π

∫
|x−y|<r

h(y)dy =
∫ r

0

ρ2(Aρh)(x)dρ

so that

∂r[Arh(x)] = r−2∆
∫ r

0

ρ2(Aρh)(x)dρ.

Multiplying with r2 and differentiating with respect to r, we obtain

∂r{r2∂r[(Arh)(x)]} = ∆[r2Arh](x).

Letting H(r, x) = (Arh)(x), we obtain

(150) ∆H = r−1∂2
r (rH).

Let us now suppose that u ∈ C2(R4) solves

(151) utt −∆u = F

and define
U(r; t, x) = [Aru(t, ·)](x) =

1
4π

∫
S2
u(t, x+ ry)dσ(y).

Due to (150), we obtain
∆U = r−1∂2

r (rU).
Furthermore, using (151),

∆U =
1

4π

∫
S2

∆u(t, x+ ry)dσ(y)

= ∂2
tU − [ArF (t, ·)](x).

Fixing x and defining v(t, r) = rU(r; t, x) and

G(t, r) = r[ArF (t, ·)](x),
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we thus obtain
vtt − vrr = G.

If u(0, x) = f and ut(0, x) = g, then the initial data for v are

v(0, r) = r(Arf)(x), (∂tv)(0, r) = r(Arg)(x).

Using (53), we obtain

v(t, r) =
1
2
{[(r + t)Ar+tf ](x) + [(r − t)Ar−tf ](x)}+

1
2

∫ r+t

r−t
ρ(Aρg)(x)dρ

+
1
2

∫ t

0

[∫ r+t−s

r+s−t
G(s, v)dv

]
ds.

Since v = rU and Arf and Arg are even functions of r, we obtain

U(r; t, x) =
1
2r
{[(r + t)Ar+tf ](x)− [(t− r)At−rf ](x)}+

1
2r

∫ r+t

t−r
ρ(Aρg)(x)dρ

+
1
2r

∫ t

0

[∫ r+t−s

r+s−t
G(s, v)dv

]
ds.

Note that U(0; t, x) = u(t, x). The natural thing to do is thus to take the limit
r → 0 in the above expression. The first two terms converge to

∂t[tAtf ](x) + t(Atg)(x).

What remains to be considered is thus the limit of

1
2r

∫ t

0

[∫ r+t−s

r+s−t
G(s, v)dv

]
ds

as r → 0. Consider

1
2r

∫ r+t−s

r+s−t
G(s, v)dv =

1
2r

∫ r+t−s

r+s−t
v[AvF (s, ·)](x)dv

=
1
2r

∫ r+t−s

−r+t−s
v[AvF (s, ·)](x)dv,

due to the fact that AvF is an even function of v. Taking the limit, we thus obtain

(t− s)[At−sF (s, ·)](x).

Consequently

1
2r

∫ t

0

[∫ r+t−s

r+s−t
G(s, v)dv

]
ds→

∫ t

0

(t− s)[At−sF (s, ·)](x)ds.

To conclude, we thus obtain

u(t, x) = ∂t[tAtf ](x) + t(Atg)(x) +
∫ t

0

(t− s)[At−sF (s, ·)](x)ds.

We can rewrite this as

u(t, x) =
1

4πt2

∫
|x−y|=t

[tg(y) + f(y)− (∂jf)(y)(xj − yj)]dσ(y)(152)

+
1

4π

∫ t

0

∫
S2

(t− s)F [s, x+ (t− s)y]dσ(y)ds.
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Note that this proves uniqueness of solutions to

(153)

 utt −∆u = F
u(0, x) = f(x)
ut(0, x) = g(x).

Furthermore, it proves that given f ∈ C3(R3), g ∈ C2(R3) and F ∈ C2(R4), there
is a C2(R4) solution to (153).

Due to the formula (152) it is clear that if we want to determine the solution to
(153) at some point (t, x) with t > 0, all we need to know is what f and g are on
the sphere St,x = {y : |x − y| = t} and what F is on the cone with base St,x and
vertex (t, x). The formula (152) also has the following interesting consequence.

Proposition 13. Consider a solution to (153) with F = 0 in 3 + 1-dimensions.
Assume that f, g ∈ C∞0 (R3) and that f(x) = g(x) = 0 for |x| ≥ R. Then there is a
constant CR only depending on R such that for all t,

|u(t, x)| ≤ CR(1 + t2)−1/2

‖f‖Cb(R3) +
∑
j

‖∂jf‖Cb(R3) + ‖g‖Cb(R3)

 .
Proof. Consider first the case 0 < t ≤ 2(R+ 1). The case t < 0 can be obtained by
a simple time reversion. Then

|u(t, x)| ≤ 1
4πt2

∫
|x−y|=t

[t|g(y)|+ |f(y)|+ |(∂jf)(y)(xj − yj)|]dσ(y)

≤

‖f‖Cb(R3) + t
∑
j

‖∂jf‖Cb(R3) + t‖g‖Cb(R3)

 .
Since t ≤ 2(R+ 1), we can in this case use

CR = 2(R+ 1)[1 + 4(R+ 1)2]1/2.

Let us estimate∫
|x−y|=t

|f(y)|dσ(y) ≤ ‖f‖Cb(R3)

∫
|x−y|=t,|y|≤R

dσ(y).

Consider the last factor. We want to maximize the area of the intersection of a
sphere of radius t and a ball of radius R, where t ≥ 2(R + 1). If the center of the
sphere is inside the ball, the intersection is empty, so let us assume this is not the
case. Then, let us place the origin at the center of the sphere and let the direction
from the origin to the center of the ball define the z-axis. If we let θ measure the
angle to the z-axis, then any point p which lies in the intersection between the
sphere and the ball must have sin θ ≤ R/t. Let θmax correspond to the maximum
angle. The maximum area of the intersection is then bounded by

t2
∫ 2π

0

dϕ

∫ θmax

0

sin θdθ = 2πt2(1− cos θmax) = 2πt2
[

1−
(

1− R2

t2

)1/2
]

= 2πR2

[
1 +

(
1− R2

t2

)1/2
]−1

≤ 2πR2.
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The argument for the other terms is similar, and we obtain the desired conclusion.
�

Note that as a consequence of this result, a solution to the free wave equation has to
decay like 1/t. In 1 + 1-dimensions there is no decay, but the larger the dimension,
the higher the decay. In fact, in n+1-dimensions the decay is of the form t−(n−1)/2,
cf. Sogge’s book.

5. Energy, weak solutions

The basic tool in the proof of local existence will be the energy, defined by

H(t) =
1
2

∫
R3

[u2
t + |∇u|2]dx,

assuming for example that u has compact support in x on any finite time interval.
Similarly to the argument in 1 + 1-dimension, we can compute

dH

dt
=
∫
R3
utFdx,

assuming u is a solution of (151). Note that this equality immediately gives a
different proof of uniqueness of solutions to (153). In fact, assume we have two C2-
solutions ui, i = 1, 2 to (153) with compact support in x for any finite time interval.
Then the difference u = u1 − u2 satisfies (153) with F = 0 and f = g = 0. If we
let H be the energy corresponding to u, we thus obtain H(0) = 0 and dH/dt = 0.
Thus H = 0 so that u1 = u2.

Note that if we look at the homogeneous wave equation, then the energy H is pre-
served, and similarly the energies for any number of derivatives of u are preserved.
In other words, if we define

(154) Hk[u] =
1
2

∑
|α|≤k

∫
R3

[(∂α∂tu)2 + |∇∂αu|2]dx,

then Hk is preserved for a solution to the homogeneous wave equation. The natural
spaces for the initial data that then present themselves are

f ∈ Hk+1(R3), g ∈ Hk(R3)

(here and below we take it to be understood that f and g are real valued) and the
natural space in which an iteration should converge would be

C{[0, T ],Hk+1(R3)}, C{[0, T ],Hk(R3)},
the former for u and the latter for ∂tu. The question then arises, what does it mean
for a function to belong to this space? How can one relate membership in this class
with classical differentiability?

Lemma 16. Assume u ∈ C{[0, T ],Hk(R3)} where k > 3/2. Then u is continuous,
i.e. u ∈ C{[0, T ]× R3}.

Proof. Since u(t) ∈ Hk(R3) and k > 3/2, Theorem 26 yields the conclusion that
there is a unique continuous function coinciding with u(t). Thus we can think of u
as a function of 3+1 variables. Let (tk, xk)→ (t, x), where 0 ≤ t, tk ≤ T . Estimate

|u(t, x)− u(tk, xk)| ≤ |u(t, x)− u(t, xk)|+ |u(t, xk)− u(tk, xk)|.
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The first term tends to zero as k tends to infinity, due to the fact that u(t, ·) is
continuous, cf. Theorem 26. The second term can be estimated by

C‖u(t)− u(tk)‖Hk(R3)

due to Theorem 26, but since u ∈ C{[0, T ],Hk(R3)}, this also converges to zero.
The lemma follows. �

As a consequence, if

(155) u ∈ C{(T−, T+),Hk+1(R3)}, ut ∈ C{(T−, T+),Hk(R3)},
where k > 3/2, then u ∈ C1{(T−, T+)×R3}. We shall be interested in solutions to

(156) utt −∆u = F (u, ∂u)

satisfying (155). Note that it is not completely clear what should be meant by this.
Since u is C1, the right hand side is well defined, but the left hand side is not. A
function u ∈ C1{(T−, T+) × R3} is said to be a weak solution of (156) if for every
φ ∈ C∞0 [(T−, T+)× R3],

(157)
∫

(T−,T+)×R3
[φtt −∆φ]udtdx =

∫
(T−,T+)×R3

F (u, ∂u)φdtdx.

Note that a weak solution which is also C2 is a solution in the classical sense.

6. Iteration

The goal is to prove local existence of solutions to

(158)

 utt −∆u = F (u, ∂u)
u(0, ·) = f
ut(0, ·) = g

where f ∈ Hk+1(R3) and g ∈ Hk(R3). In order to do so, we set up an iteration.
For the sake of convenience, we wish to have smooth iterates, and consequently, we
consider the iteration

(159)

 ∂2
t u0 −∆u0 = 0
u0(0, ·) = f0

∂tu0(0, ·) = g0

and, for l ≥ 0,

(160)

 ∂2
t ul+1 −∆ul+1 = F (ul, ∂ul)
ul(0, ·) = fl
∂tul(0, ·) = gl.

Here, the sequences {fl} and {gl} have been chosen such that fl, gl ∈ S(R3), fl → f
with respect to Hk+1(R3) and gl → g with respect to Hk(R3). The first task we
have to perform is to prove that the iterates belong to the right spaces. By the
equation prior to (152), the solution to (153) can be written

u(t, x) = ∂t[tAtf ](x) + t(Atg)(x) +
∫ t

0

(t− s)[At−sF (s, ·)](x)ds,

where At is defined in (149). Using this equation and the fact that the initial data
are in S(R3), one can prove that

ul, ∂tul ∈ C[R,Hm(R3)]
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for all non-negative integers m. Note however that this does require some work.

7. Local existence

Prior to proving local existence, let us prove a result that will be of interest in the
following. Note the similarity with Grönwall’s lemma.

Lemma 17. Let f, g ∈ C([0, T ]) be non-negative functions and assume that there is
a constant C ≥ 0 such that

(161) f(t) ≤ C +
∫ t

0

g(s)f1/2(s)ds

for all t ∈ [0, T ]. Then, for all t ∈ [0, T ],

(162) f1/2(t) ≤ C1/2 +
1
2

∫ t

0

g(s)ds.

Remark. There is of course a similar result in the opposite time direction.

Proof. Define

h = C + ε+
∫ t

0

g(s)f1/2(s)ds

for some ε > 0. Then h is continuously differentiable and strictly positive. We have
dh

dt
= gf1/2 ≤ gh1/2.

Since h is positive we can divide by h1/2 and integrate in order to obtain

2[h1/2(t)− h1/2(0)] ≤
∫ t

0

g(s)ds,

so that

h1/2(t) ≤ (C + ε)1/2 +
1
2

∫ t

0

g(s)ds.

Using (161) and letting ε tend to zero, we obtain (162). �

Theorem 27. Let f ∈ Hk+1(R3) and g ∈ Hk(R3). Assume furthermore that
F (0, 0) = 0 and that k > 3. Then there is an ε > 0, depending on F , the Hk+1-
norm of f , the Hk-norm of g and k, and a unique Ck−1[(−ε, ε) × R3] solution to
the equation (158) such that

(163) u ∈ C{(−ε, ε),Hk+1(R3)}, ut ∈ C{(−ε, ε),Hk(R3)}.

Proof. Similarly to the earlier local existence proofs, we start by proving that we
have rough control of the iterates. We wish to prove that there is an ε > 0 and a C
such that

Hk[ul](t) ≤ C
for all l and |t| ≤ ε. Note that we can choose the sequences {fl} and {gl} to be
such that

(164) ‖fl‖Hk+1(R3) ≤ 2‖f‖Hk+1(R3), ‖gl‖Hk(R3) ≤ 2‖g‖Hk(R3).

For the sake of convenience, let us introduce the following convention. When we say
that a constant depends on the initial data, we mean that it depends on ‖f‖Hk+1(R3)

and ‖g‖Hk(R3). When we say that a constant depends on the data, we mean that
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it depends on the initial data, on F and on k. Since u0 is a solution to the homo-
geneous wave equation,

Hk[u0](t) = Hk[u0](0) ≤ C1,

where C1 only depends on the initial data and is such that

(165) Hk[ul](0) ≤ C1

for all l. Let us make the inductive assumption that

(166) Hk[ul](t) ≤ C1 + 1

for |t| ≤ ε. For l = 0 this is clearly true. Let us note some consequences of this
assumption. Since k > 3/2, we get a bound (depending on the initial data) on

3∑
j=1

‖∂jul(t, ·)‖Cb(R3), ‖∂tul(t, ·)‖Cb(R3).

Note that we do not obtain a bound on ul in L2 directly. However,∣∣∣∣∂t ∫
R3
u2
l dx

∣∣∣∣ = 2
∣∣∣∣∫
R3
ul∂tuldx

∣∣∣∣ ≤ 2
(∫

R3
u2
l dx

)1/2(∫
R3

(∂tul)2dx

)1/2

,

where we used Lemma 13 in the last step. Letting

al =
∫
R3
u2
l dx, bl =

(∫
R3

(∂tul)2dx

)1/2

and integrating this inequality, we obtain

al(t) ≤ al(0) + 2
∣∣∣∣∫ t

0

bl(s)a
1/2
l (s)ds

∣∣∣∣ .
We can then apply Lemma 17 in order to obtain

a
1/2
l (t) ≤ a1/2

l (0) +
∣∣∣∣∫ t

0

bl(s)ds
∣∣∣∣ .

If we assume that ε ≤ 1, we can use the inductive assumption together with (164)
in order to get an estimate for

al(t) =
∫
R3
u2
l (t, x)dx

for |t| ≤ ε which only depends on the initial data. To conclude

(167) ‖ul(t, ·)‖Hk+1(R3) + ‖∂tul(t, ·)‖Hk(R3) ≤ C,

for |t| ≤ ε, where C only depends on the initial data. Note that as a consequence,
we also have a bound on ‖ul(t, ·)‖Cb(R3). Thus we have a bound on

‖[(∂βF )(ul, ∂ul)](t, ·)‖Cb(R3)

for |β| ≤ k which only depends on the data.

We need to prove (166) with l replaced by l + 1. Let us consider

dHk[ul+1]
dt

=
∑
|α|≤k

∫
R3
∂αF (ul, ∂ul)∂α∂tul+1dx.
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By Schwartz inequality,∣∣∣∣∣∣
∑
|α|≤k

aαbα

∣∣∣∣∣∣ ≤
∑
|α|≤k

|aα|2
1/2∑

|α|≤k

|bα|2
1/2

.

Combining this observation with Lemma 13, we obtain
(168)∣∣∣∣dHk[ul+1]

dt

∣∣∣∣ ≤
∑
|α|≤k

∫
R3

[∂αF (ul, ∂ul)]2dx

1/2∑
|α|≤k

∫
R3

(∂α∂tul+1)2dx

1/2

.

The last factor can be estimated by a constant times H1/2
k [ul+1]. We need to

estimate the first factor. Let us consider the case |α| > 0. Note that

∂αF (ul, ∂ul)

can be written as a sum of terms that consist of a constant times an expression of
the form

(169) (∂βF )(ul, ∂ul)∂γ1ul · · · ∂γiul∂δ1∂j1ul · · · ∂δk∂jkul∂ζ1∂tul · · · ∂ζm∂tul,

where γ1 + ...+ γi + δ1 + ...+ δk + ζ1 + ...+ ζm = α and |γp|, |δq|, |ζr| > 0. We have
already noted that the first factor, involving F , is bounded. Consider the remaining
factors. Note that if k > 1/2 + |γp|, then

‖∂γpul‖Cb(R3)

is bounded by a constant depending on the initial data due to the induction hy-
pothesis and Theorem 26. Similarly, if k > 3/2 + |δq| or k > 3/2 + |ζr|, then

‖∂δq∂jqul‖Cb(R3), ‖∂ζr∂tul‖Cb(R3)

are bounded by a constant depending on the initial data respectively, due to the
induction hypothesis and Theorem 26. Let us prove that for k > 3, there can only
be one factor in an expression of the form (169) that cannot be estimated by a
constant depending on the data. Assume that there are two factors that cannot be
so estimated. We then have to have

k ≤ 3/2 + |δq|, k ≤ 3/2 + |ζr|,

k ≤ 1/2 + |γp|, k ≤ 3/2 + |ζr|,
or

k ≤ 3/2 + |δq|, k ≤ 1/2 + |γr|.
Since |γ1|+ ...+ |γi|+ |δ1|+ ...+ |δk|+ |ζ1|+ ...+ |ζm| ≤ k, we obtain,

2k ≤ 3 + k.

In other words, k ≤ 3. Since we are assuming k > 3, we have a contradiction. In
an expression of the form (169), there can thus at most be one term that cannot be
estimated in the sup-norm. Say that ∂ζr∂tul cannot be estimated in the sup norm.
Then(∫

R3
|(∂βF )(ul, ∂ul)∂γ1ul · · · ∂γiul∂δ1∂j1ul · · · ∂δk∂jkul∂ζ1∂tul · · · ∂ζm∂tul|2dx

)1/2
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can be estimated by

C

(∫
R3
|∂ζr∂tul|2dx

)1/2

≤ C,

where C depends on the data and the last inequality is due to the fact that the
integral can be bounded by a constant times H1/2

k [ul]. If all the terms in an expres-
sion of the form (169) can be bounded in the sup-norm, we still retain one term
inside the integral, and we obtain a similar conclusion. In order to estimate∫

R3
|F (ul, ∂ul)|2dx,

we use the fact that F (0, 0) = 0 to derive an estimate

|F (ul, ∂ul)| ≤ C[|ul|+ |∂ul|],

where C is allowed to depend the data. Using the fact that we control ul and ∂ul
in L2, we obtain the conclusion that∫

R3
|F (ul, ∂ul)|2dx ≤ C,

where C depends on the data. To conclude,∑
|α|≤k

∫
R3

[∂αF (ul, ∂ul)]2dx

1/2

≤ C,

where C depends on the data. Inserting this information into (168), we obtain∣∣∣∣dHk[ul+1]
dt

∣∣∣∣ ≤ CH1/2
k [ul+1].

Due to Lemma 17, we obtain

H
1/2
k [ul+1](t) ≤ H1/2

k [ul+1](0) +
1
2
C|t|.

Due to (165) we obtain, for ε small enough (the bound on ε depending only on the
data), the inductive assumption (166) with l replaced by l + 1.

Let us turn to convergence. Similarly to the above, we have

(170)
∣∣∣∣dHk[ûl]

dt

∣∣∣∣ ≤
∑
|α|≤k

∫
R3

(∂αF̂l)2dx

1/2∑
|α|≤k

∫
R3

(∂α∂tûl)2dx

1/2

,

where
ûl = ul+1 − ul, F̂l = F (ul, ∂ul)− F (ul−1, ∂ul−1).

In order to estimate the L2-norm of F̂l, we rewrite it in a way similar to (85). Let
us consider for instance

G(ul, ul−1, ∂ul, ∂ul−1)∂tûl−1

=
∫ 1

0

∂z2F [τul + (1− τ)ul−1, τ∂ul + (1− τ)∂ul−1]dτ · ∂tûl−1.
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We have

∂α[G(ul, ul−1, ∂ul, ∂ul−1)∂tûl−1]

=
∑

β+γ=α

cβ,γ∂
β [G(ul, ul−1, ∂ul, ∂ul−1)]∂γ∂tûl−1.

Consider one term in the sum. There are two cases to consider. If |β| < k − 3/2,
then we can estimate

‖∂β [G(ul, ul−1, ∂ul, ∂ul−1)‖Cb(R3) ≤ C,
where C depends on the data. In order to prove this, one uses the bound (167)
together with an argument which is similar to the one given above in order to bound
∂αF (ul, ∂ul) in L2. Furthermore,

‖∂γ∂tûl−1‖L2(R3) ≤ 21/2H
1/2
k [ûl−1].

If |β| ≥ k − 3/2, then we have to have |γ| < k − 3/2, since k > 3 and |β| + |γ| =
|α| ≤ k. In that case, we have

‖∂β [G(ul, ul−1, ∂ul, ∂ul−1)]‖L2(R3) ≤ C,
and

‖∂γ∂tûl−1‖Cb(R3) ≤ CH
1/2
k [ûl−1].

Regardless of which case actually occurs, we thus have a bound

CH
1/2
k [ûl−1],

where C depends on the data. When considering terms of the form∫ 1

0

∂ziF [τul + (1− τ)ul−1, τ∂ul + (1− τ)∂ul−1]dτ · ∂j ûl−1,

we get a similar estimate. However, when we consider∫ 1

0

∂z1F [τul + (1− τ)ul−1, τ∂ul + (1− τ)∂ul−1]dτ · ûl−1,

the situation is somewhat different. If at least one derivative hits ûl−1, we get a
similar estimate, but if not, we have an estimate of the form

C
[
‖ûl−1‖L2(R3) +H

1/2
k [ûl−1]

]1/2
.

To conclude, we thus have∑
|α|≤k

∫
R3

(∂αF̂l)2dx

1/2

≤ C
[
H

1/2
k [ûl−1] + ‖ûl−1‖L2(R3)

]
.

Inserting this information in (170), and using the notation

el = sup
|t|≤ε

H
1/2
k [ûl−1](t) + sup

|t|≤ε
ûl−1(t, ·)‖L2(R3)

we obtain, for |t| ≤ ε, ∣∣∣∣dHk[ûl]
dt

∣∣∣∣ ≤ CelHk[ûl]1/2.

Applying Lemma 17, we obtain

(171) H
1/2
k [ûl](t) ≤ H1/2

k [ûl](0) +
1
2
Celε
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for |t| ≤ ε. In order to prove convergence, we also need to know something about
the L2-norm of ûl. Since∣∣∣∣ ddt

∫
R3
û2
l dx

∣∣∣∣ ≤ 23/2H
1/2
k [ûl]‖ûl‖L2(R3),

we can apply Lemma 17 in order to obtain

‖ûl(t, ·)‖L2(R3) ≤ ‖ûl(0, ·)‖L2(R3) + 21/2

∣∣∣∣∫ t

0

H
1/2
k [ûl](t)dt

∣∣∣∣ .
Assuming ε < 1/2 and combining this inequality with (171), we obtain

(172) el+1 ≤ ‖ûl(0, ·)‖L2(R3) + 2H1/2
k [ûl](0) + Celε,

where C only depends on the data. Let us make the inductive assumption that
there is a constant C0 > 1, depending on the data, such that

(173) el ≤ C02−l.

Note that for l = 1 this is true, assuming C0 is big enough. By a suitable choice of
approximating sequence, we can assume that

‖ûl(0, ·)‖L2(R3) + 2H1/2
k [ûl](0) ≤ 2−l−2.

Combining this inequality with (172) and (173), we obtain, assuming Cε ≤ 1/4,

el+1 ≤ 2−l−2 + C02−l−2 ≤ C02−l−1.

This proves that the induction hypothesis (173) is true for all l. Similarly to the
proof of convergence for 1 + 1 non-linear wave equations, we conclude that ul is a
Cauchy sequence in

C{[−ε, ε],Hk+1(R3)},
and that ∂tul is a Cauchy sequence in

C{[−ε, ε],Hk(R3)}.
Using Lemma 16 and its proof, we conclude that ul, ∂iul, ∂tul, ∂i∂jul and ∂i∂tul
converge in C{[−ε, ε]×R3}. Using the equation and an argument similar to the end
of the proof of local existence for 1 + 1 non-linear wave equations, one can conclude
that ∂2

t ul is also a Cauchy sequence in this space. Consequently, we obtain a C2

solution to the equation which is also in the right spaces (163). Similarly to the
1 + 1-dimensional case, we obtain Ck−1 by a little more work. In order to prove
uniqueness, one can proceed in a fashion similar to the proof of convergence, and
then use Grönwall’s lemma. �

Let us make some remarks concerning the result. Note that it is disappointing
because it does not give local existence of smooth solutions right away. This is
however a problem which can be dealt with similarly to how we dealt with the
same problem in 1 + 1 dimensions. The argument can be generalized to n + 1
dimensions; all we need to do is to change the condition on k to k > n. The reason
for this condition is the following. Assume that f, g ∈ Hk(Rn) for k > n and say
that we want to estimate

‖∂α(fg)‖L2(Rn)

for some α such that |α| ≤ k. Since

∂α(fg) =
∑

β+γ=α

cβ,γ∂
βf∂γg,
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where |β|+ |γ| = |α|, we obtain an estimate if we can take out one of the factors in
the sup norm and estimate the other in L2. The natural factor to take out in the
sup norm is the one with the least number of derivatives. Say that |γ| ≤ |β|. Then
|γ| ≤ k/2. Since k > n, we have k > |γ|+ n/2. Due to (148), we have

‖g‖C|γ|(Rn) ≤ C‖g‖Hk(Rn),

so that
‖∂βf∂γg‖L2(Rn) ≤ C‖f‖Hk(Rn)‖g‖Hk(Rn).

Consequently,
‖fg‖Hk(Rn) ≤ C‖f‖Hk(Rn)‖g‖Hk(Rn).

As a consequence we see that if we multiply two functions in Hk(Rn) for k > n, we
get a function in the same space. For low k, for instance k = 0, we certainly do not
get this conclusion. The reason why these sorts of observations are important is
that the crucial step in obtaining the rough control and in proving convergence is to
estimate, in L2, derivatives of the non-linear function of the unknown. One is then
forced to estimate the L2-norm of the product of derivatives of functions that are
in certain Hk-spaces. Above, we have illustrated a very primitive way of estimating
the derivative of products of functions. If we were able to acheive better estimates,
then we would be able to prove local existence with lower regularity conditions on
the initial data. One can then of course ask the question why this would be of any
interest. Proving local existence with a lower degree of regularity is perhaps not of
any greater interest if one is only interested in classical solutions, but the point is
that reducing the regularity condition on the initial data is intimately connected
with improving the continuation criterion, as we shall see below. The fact is that it
is possible to prove the following result. The reader interested in a proof is referred
to e.g. Lars Hörmander’s book Non-linear Hyperbolic Differential Equations.

Theorem 28. If u, v ∈ Cb(Rn), ∂αu, ∂αv ∈ L2(Rn) for all |α| = m, then ∂α(uv) ∈
L2(Rn) for all |α| = m, and∑
|α|=m

‖∂α(uv)‖L2(Rn) ≤ Cm
∑
|α|=m

(‖∂αu‖L2(Rn)‖v‖Cb(Rn) + ‖∂αv‖L2(Rn)‖u‖Cb(Rn)).

Note that this theorem can be used to improve the estimates we wrote down above.
In fact, if f, g ∈ Hk(Rn) with k > n/2, then f, g ∈ Cb(Rn) due to (148), so that we
can apply the theorem in order to conclude that fg ∈ Hk(Rn). Using this sort of
estimate, one can prove that if F is smooth and F (0, 0) = 0, then, for k > n/2,

(174) ‖F (u, ∂u)(t, ·)‖Hk(Rn) ≤ C[‖u(t, ·)‖Hk+1(Rn) + ‖∂tu(t, ·)‖Hk(Rn)]

where the constant C depends on F , ‖u(t, ·)‖C1
b (Rn) and ‖∂tu(t, ·)‖Cb(Rn). In the

proof of local existence we used a similar estimate, the only difference being that
we only obtained the estimate for k > n and the constant depended upon higher
norms of u. Due to the improved estimate (174), one can prove the following result.

Theorem 29. Let f ∈ Hk+1(Rn) and g ∈ Hk(Rn). Assume furthermore that
F (0, 0) = 0 and that k > n/2. Then there is an ε > 0, depending on F , the Hk+1-
norm of f , the Hk-norm of g and k, and a unique weak C1[(−ε, ε) × Rn] solution
to the equation (158) such that

u ∈ C{(−ε, ε),Hk+1(Rn)}, ut ∈ C{(−ε, ε),Hk(Rn)}.
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Let us turn to the question of proving local existence of smooth solutions and to
providing a continuation criterion. In doing so, we shall use estimates of the form
(174) even though we shall not prove them. One can of course derive continuation
criteria without these estimates, but they are not very powerful.

Theorem 30. Let f ∈ Hk+1(Rn) and g ∈ Hk(Rn) for some k > n/2. Let F be a
smooth function such that F (0, 0) = 0. Assume we have a solution to (158) on the
time interval (T−, T+) satisfying

u ∈ C{(T−, T+),Hk+1(Rn)}, ut ∈ C{(T−, T+),Hk(Rn)}.

If there is a real constant c0 such that

‖u(t, ·)‖C1
b (Rn) + ‖∂tu(t, ·)‖Cb(Rn) ≤ c0

on [0, T+) where T+ < ∞, then there is a constant Ck depending on F , c0, T+,
‖f‖Hk+1(Rn) and ‖g‖Hk(Rn) such that

‖u(t, ·)‖Hk+1(Rn) + ‖∂tu(t, ·)‖Hk(Rn) ≤ Ck

for all t ∈ [0, T+). The statement concerning T− is similar.

Proof. Estimate

(175)
∣∣∣∣dHk[u]

dt

∣∣∣∣ ≤
∑
|α|≤k

∫
R3

[∂αF (u, ∂u)]2dx

1/2∑
|α|≤k

∫
R3

(∂α∂tu)2dx

1/2

.

Note that, strictly speaking, we are not allowed to carry out this argument; we
cannot assume we have enough regularity to differentiate Hk[u]. It is however
possible to prove an integral version of this estimate. Note that if we set up an
iteration as in the proof of local existence, we have the following version of (175),

Hk[ul+1](t) ≤ Hk[ul+1](0)

+

∣∣∣∣∣∣∣
∫ t

0

∑
|α|≤k

∫
R3

[∂αF (ul, ∂ul)]2dx

1/2∑
|α|≤k

∫
R3

(∂α∂tul+1)2dx

1/2

dt

∣∣∣∣∣∣∣ .
Since all the different objects appearing in this inequality converge as l → ∞,
assuming t is within the interval in which the iteration converges, we obtain

Hk[u](t) ≤ Hk[u](0)

+

∣∣∣∣∣∣∣
∫ t

0

∑
|α|≤k

∫
R3

[∂αF (u, ∂u)]2dx

1/2∑
|α|≤k

∫
R3

(∂α∂tu)2dx

1/2

dt

∣∣∣∣∣∣∣ ,
for t inside the interval in which the iteration converges. Since this estimate has
nice additive properties, we obtain it for all t for which a solution exists. Using an
estimate of the form (174), we obtain

Hk[u](t) ≤ Hk[u](0) + C

∣∣∣∣∫ t

0

[‖u(s, ·)‖Hk+1(Rn) + ‖∂tu(s, ·)‖Hk(Rn)]H
1/2
k [u](s)ds

∣∣∣∣ ,
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where the constant C depends on F and c0. In order to get an estimate for
‖u(t, ·)‖L2(Rn), we note that, similarly to the above, one can prove the estimate

‖u(t, ·)‖2L2(Rn) ≤ ‖u(0, ·)‖2L2(Rn) + 2
∣∣∣∣∫ t

0

‖u(s, ·)‖L2(Rn)‖∂tu(s, ·)‖L2(Rn)ds

∣∣∣∣ .
Letting

Ek[u] = ‖u(t, ·)‖2L2(Rn) +Hk[u](t)

and adding up the last two estimates, we obtain

Ek[u](t) ≤ Ek[u](0) + C

∣∣∣∣∫ t

0

Ek[u](s)ds
∣∣∣∣ ,

where the constant C depends on F and c0. Using this inequality together with
Grönwall’s lemma, we obtain the conclusion of the theorem. �

Similarly to the 1 + 1 dimensional case, this leads to local existence of smooth
solutions. Since the argument is essentially the same, we omit the proof.

Corollary 7. Let F be smooth and have the property that F (0, 0) = 0 and let
f, g ∈ S(Rn). Let u ∈ C2[(T−, T+)× Rn] be a solution to (158) satisfying

u ∈ C{(T−, T+),Hk+1(Rn)}, ut ∈ C{(T−, T+),Hk(Rn)}
for some k > n/2, where (T−, T+) is the maximal existence interval. Then u ∈
C∞[(T−, T+)× Rn] and either T+ =∞ or

‖u(t, ·)‖C1
b (Rn) + ‖∂tu(t, ·)‖Cb(Rn)

is unbounded on [0, T+). The statement concerning T− is similar.

Similarly to the 1 + 1 dimensional case, we can improve the results in the case that
F only depends on u.

Theorem 31. Let f ∈ Hk+1(Rn) and g ∈ Hk(Rn) for some k > n/2. Let F be a
smooth function such that F (0) = 0. Assume we have a solution to

(176)

 utt −∆u = F (u)
u(0, ·) = f
ut(0, ·) = g

on the time interval (T−, T+) satisfying

u ∈ C{(T−, T+),Hk+1(Rn)}, ut ∈ C{(T−, T+),Hk(Rn)}.
If there is a real constant c0 such that

‖u(t, ·)‖Cb(Rn) ≤ c0
on [0, T+) where T+ < ∞, then there is a constant Ck depending on F , c0, T+,
‖f‖Hk+1(Rn) and ‖g‖Hk(Rn) such that

‖u(t, ·)‖Hk+1(Rn) + ‖∂tu(t, ·)‖Hk(Rn) ≤ Ck
for some t ∈ [0, T+). The statement concerning T− is similar.

Remark. In this case, one can in fact improve the local existence result to k >
n/2− 1.

Furthermore, we have the following result.
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Corollary 8. Let F be smooth and have the property that F (0) = 0 and let
f, g ∈ S(Rn). Let u ∈ C2[(T−, T+)× Rn] be a solution to (176), satisfying

u ∈ C{(T−, T+),Hk+1(Rn)}, ut ∈ C{(T−, T+),Hk(Rn)},
for all k > n/2, where (T−, T+) is the maximal existence interval. Then u ∈
C∞[(T−, T+) × Rn] and either T+ = ∞ or ‖u(t, ·)‖Cb(Rn) is unbounded on [0, T+).
The statement concerning T− is similar.

Let us end this chapter with a comment on uniqueness. To prove that, given initial
data, one obtains a unique solution is not very difficult; one simply uses the sort
of results that were used in the proof of local existence and Grönwall’s lemma.
However, it is of some interest to prove that if the initial data coincide in some
finite ball Br(x0), then the solutions have to coincide in

Λr,x0 = {(t, x) ∈ R4 : |x− x0| < r − |t|}.
In fact, it is possible to prove such results, but we shall not do so here.





CHAPTER 7

Global existence in n+ 1-dimensions

Similarly to the situation in 1 + 1-dimensions, it is not possible to prove any par-
ticularly general theorems concerning global existence in n + 1 dimensions. Con-
sequently, one has to be satisfied with considering special cases. Let us start by
considering equations of the form

(177)

 utt −∆u = F (u)
u(0, ·) = f
ut(0, ·) = g

The question we are interested in answering is, for which F do we get global exis-
tence for arbitrary smooth initial data with compact support? It is not so difficult
to prove that if there are solutions to the ODE u′′ = F (u) that blow up in finite
time, then there are smooth initial data with compact support such that the cor-
responding solution to (177) blows up in finite time. In order to prove this, one
does however need to use the uniqueness result we stated, but did not prove, at the
very end of the last chapter. It is then very tempting to conjecture that if there
is no solution to the ODE u′′ = F (u) that blows up in finite time, then there is
global existence for arbitrary initial data to (177). As far as we are aware, there
are no counter examples to this conjecture, but there are special cases of it that
by themselves have turned out to be very difficult to solve. In the following we
shall only consider 3 + 1 dimensions. Note that in some cases, this is certainly a
restriction. In particular, when considering equations of the form (177), we have
the formula (152), and there are essential aspects of it that do not generalize to
arbitrary dimensions. Finally, let us note that in this chapter, we do not strive for
any degree of optimality in the statements; we simply wish to give some examples
of when it is possible to prove global existence without any greater effort.

1. General conditions on the non-linearity

Let us try to find some general conditions on the non-linearity that lead to global
existence. Let us start by an estimate on F .

Proposition 14. Let F be a smooth function satisfying F (0) = 0 and assume that
there is a constant C such that

(178) |F (u)| ≤ C(1 + u2)1/2

for all u. Then the existence interval for solutions to (177) with f, g ∈ S(R3) is R.

Proof. Say that we have a solution on the interval [0, T+), where T+ <∞. We wish
to prove that there is a bound on ‖u(t, ·)‖Cb(R3) for t ∈ [0, T+) depending only on
F , the initial data and T+. Such a bound would immediately imply global existence

103
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due to Corollary 8 (the result in the opposite time direction is obtained by a simple
time reversal). Consider (152). We have

‖u(t, ·)‖Cb(R3) ≤ (1 + T 2
+)1/2[‖f‖C1

b (R3) + ‖g‖Cb(R3)]

+(1 + T 2
+)1/2

∣∣∣∣∫ t

0

‖F (s, ·)‖Cb(R3)ds

∣∣∣∣
≤ C + C

∣∣∣∣∫ t

0

‖(1 + u2)1/2(s, ·)‖Cb(R3)ds

∣∣∣∣ ,
where the constants depend on the initial data, F and T+. Note however that

‖(1 + u2)1/2(t, ·)‖Cb(R3) ≤ 1 + ‖u(t, ·)‖Cb(R3).

Letting h(t) = ‖(1 + u2)1/2(t, ·)‖Cb(R3), we thus obtain

h(t) ≤ C + C

∣∣∣∣∫ t

0

h(s)ds
∣∣∣∣ .

By Grönwall’s lemma, we obtain an estimate for h, and thus for u, depending only
on the initial data, F and T+. The proposition follows. �.

Note that as a consequence, any solution to (177), where

F (u) = (1 + u2)1/2 sin(eu − 1),

corresponding to smooth initial data with compact support exists globally in time.
Similarly to the 1 + 1 dimensional case, the condition that the initial data have
compact support can be removed by a standard argument. If we relax the estimate
(178) to, say,

|F (u)| ≤ C(1 + u2)γ

for some γ > 1/2, then we do not obtain global existence, since it is not difficult to
prove that there are solutions to the ODE

u′′ = (1 + u2)γ − 1

that blow up in finite time assuming γ > 1/2. If we want a condition on F which
is simply a crude estimate, we can consequently not do much better than (178).
However, if we take the sign of the non-linearity into account, we can obtain different
statements.

Proposition 15. Let F be a smooth function satisfying F (0) = 0 and assume that
F (u) ≤ 0 for u ≥ 0 and that there is a constant C such that |F (u)| ≤ C for u ≤ 0.
Then the existence interval for solutions to (177) with f, g ∈ S(R3) is R.

Proof. The strategy of the proof is similar to that of the previous proposition.
Assume we have a solution on [0, T+) and consider (152). We obtain

u(t, x) ≤ C +
1

4π

∫ t

0

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds,

where C is a constant depending on the initial data and T+. Since F is bounded
from above, the second term is also bounded by a constant, depending on F and
T+. We conclude that u is bounded from above. Since |F (u)| ≤ C for u ≤ 0, we
conclude that |F (u)| is bounded in the interval [0, T+). Inserting this information
into (152), we obtain the conclusion that |u(t, x)| is bounded on [0, T+). �
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Note that as a consequence, if

F (u) = −eu + 1,

then we obtain global existence of solutions to (177) for arbitrary initial data. On
the other hand, this function certainly does not satisfy the inequality (178).

2. Inequalities

The purpose of the present section is to prepare for the study of (177) when F (u) =
±uk. Note that if k is positive and even or if F (u) = uk with k ≥ 2, then solutions
typically blow up in finite time. In the case of 1 + 1 dimensions, we were however
able to prove that if F (u) = −uk with k positive and odd, then there is global
existence. We are now interested in seeing if it is possible to prove something
similar in 3 + 1 dimensions. In order to do so, we do however need to develop some
tools. The presentation given below is by and large taken from Elliptic Partial
Differential Equations of Second Order by D. Gilbarg and N. Trudinger.

Let 1 ≤ p < ∞. We define the space Lp(Rn) similarly to the space L2; it is the
space of equivalence classes of measurable functions (two functions being equivalent
if the set on which they differ has Lebesgue measure zero) such that their absolute
value raised to the power p is integrable. One can prove that the Lp functions can
be made into a Banach space. We shall most of the time not be very careful but
rather think of elements of Lp as being functions. For u ∈ Lp(Rn), we define

‖u‖p =
(∫

Rn

|u|pdµ
)1/p

.

In order to prove that this defines a norm, we need some preparations. Let us prove
that if p and q are positive real numbers such that

1
p

+
1
q

= 1,

then Young’s inequality,

(179) ab ≤ ap

p
+
bq

q
,

holds for all non-negative a, b. If either a or b are zero, then the inequality holds
trivially. If we let t = a/bq−1, then (179) is the same as

t ≤ 1
q

+
tp

p
.

However, the function
t−1

q
+
tp−1

p

tends to infinity as t → 0+ and as t →∞. Furthermore it has a unique minimum
for t = 1. This proves (179). In fact, Young’s inequality can be generalized in the
following way. Assume p1, ..., pk are positive numbers such that

(180)
1
p1

+ ...+
1
pk

= 1.
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Then if a1, ..., ak are non-negative numbers, we have

(181) a1 · · · ak ≤
ap1

1

p1
+ ...+

apkk
pk

.

We know that (181) holds for k = 2. Assume it holds for some k ≥ 2, and let us
prove that it holds for k + 1. Given p1, ..., pk+1 satisfying (180) with k replaced by
k + 1, let us define ri = pi for i = 1, ..., k − 1 and

rk =
pkpk+1

pk + pk+1
.

Then r1, ..., rk are positive numbers satisfying a condition of the form (180). Con-
sequently

a1 · · · ak+1 ≤
ap1

1

p1
+ ...+

a
pk−1
k−1

pk−1
+

(akak+1)rk

rk
.

However, if we let p = pk/rk and q = pk+1/rk, we can apply (179) in order to
obtain

(akak+1)rk ≤
arkpk

p
+
arkqk+1

q
= rk

(
apkk
pk

+
a
pk+1
k+1

pk+1

)
.

This completes the induction. As a consequence, we obtain the following result.

Lemma 18. Let p1, ..., pk be positive numbers such that (180) holds. Assume ui ∈
Lpi(Rn) for i = 1, ..., k. Then u1 · · ·uk ∈ L1(Rn) and

(182)
∫
Rn

|u1 · · ·uk|dx ≤ ‖u1‖p1 · · · ‖uk‖pk .

Proof. Note that if ‖ui‖pi = 0 for some i, then the right and the left hand side of
(182) equal zero. We can consequently assume ‖ui‖pi > 0. Define vi = ui/‖ui‖pi .
Due to (181) we have∫

Rn

|v1 · · · vk|dx ≤
∫
Rn

(
|v1|p1

p1
+ ...+

|vk|pk
pk

)
dx = 1,

where we have used (180) and the fact that ‖vi‖pi = 1. Multiplying this inequality
with ‖u1‖p1 · · · ‖uk‖pk , we obtain the desired result. �

Lemma 19. Assume 1 ≤ p <∞ and that f, g ∈ Lp(Rn). Then

(183) ‖f + g‖p ≤ ‖f‖p + ‖g‖p.

Remark. This is the only non-trivial aspect of proving that ‖ · ‖p defines a norm on
the space of Lp-functions.

Proof. If p = 1 the result holds trivially. Otherwise, note that

(184)
∫
Rn

|f + g|pdx ≤
∫
Rn

|f ||f + g|p−1dx+
∫
Rn

|g||f + g|p−1dx.

Let q = p/(p − 1) and note that 1/p + 1/q = 1. We can thus apply (182) with
p1 = p and p2 = q in order to obtain∫

Rn

|f ||f + g|p−1dx ≤ ‖f‖p‖f + g‖p−1
p ,
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and similarly if we replace f by g. Inserting these observations into (184), we obtain∫
Rn

|f + g|pdx ≤ (‖f‖p + ‖g‖p)‖f + g‖p−1
p .

If ‖f + g‖p > 0, we can divide this inequality with ‖f + g‖p−1
p in order to obtain

the conclusion. If ‖f + g‖p = 0, the conclusion holds trivially. �

Proposition 16. Let p and n be given with 1 ≤ p < n. There is a constant C,
depending on p and n such that for all u ∈ C1

0 (Rn),

(185) ‖u‖np/(n−p) ≤ C‖∇u‖p.

Proof. For any 1 ≤ i ≤ n, we have

|u(x)| ≤
∫ xi

−∞
|∇iu|dxi ≤

∫ ∞
−∞
|∇iu|dxi.

Thus

|u(x)|n/(n−1) ≤

(
n∏
i=1

∫ ∞
−∞
|∇iu|dxi

)1/(n−1)

.

Let us integrate this inequality with respect to x1. Note that there are only n− 1
factors that depend on x1. Consequently, we can apply (182) to these n− 1 factors
using p1 = ... = pn−1 = n− 1 in order to obtain∫ ∞
−∞
|u(x)|n/(n−1)dx1 ≤

(∫ ∞
−∞
|∇1u(x)|dx1

n∏
i=2

∫ ∞
−∞

∫ ∞
−∞
|∇iu(x)|dx1dxi

)1/(n−1)

.

We can then integrate with respect to x2, ..., xn and use the same argument. In the
end we obtain, after raising the inequality to (n− 1)/n,

(186) ‖u‖n/(n−1) ≤

(
n∏
i=1

∫
Rn

|∇iu|dx

)1/n

≤ 1
n

∫
Rn

n∑
i=1

|∇iu|dx ≤
1√
n
‖∇u‖1,

where we have used (181) with p1 = ... = pn = n in the second step and Schwartz
inequality in the third step. We have thus established (185) for p = 1. Let us apply
this inequality to |u|γ for some γ > 1. Note that if u ∈ C1

0 (Rn), then |u|γ is in the
same space. Applying (186) with p = 1 to |u|γ we obtain

‖ |u|γ‖n/(n−1) ≤
γ√
n
‖|u|γ−1|∇u|‖1 ≤

γ√
n
‖ |u|γ−1‖q‖∇u‖p,

where 1/q = 1− 1/p. Choosing

γ =
(n− 1)p
n− p

,

we obtain
‖u‖γnp/(n−p) ≤

γ√
n
‖u‖γ−1

np/(n−p)‖∇u‖p.

If ‖u‖np/(n−p) = 0, then the inequality holds trivially. Otherwise, we divide by
‖u‖γ−1

np/(n−p). The theorem follows. �
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3. Power type non-linearities

Let us consider (177) with F (u) = −uk where k is an odd non-negative integer. By
Proposition 14, we have global existence for k = 1. The interesting cases are thus
when k = 3, 5, .... Let us assume that the initial data are smooth with compact
support. Then the same will be true for u(t, ·) for any t. This follows from the
uniqueness result we mentioned at the end of the last chapter, but it can also be
obtained simply by looking at the proof of local existence. If the initial data are
zero outside of the ball of radius R, then the solution at t is zero outside the ball
of radius R+ |t|. Note also that if we let

H =
1
2

∫
R3

[
u2
t + |∇u|2 +

2
k + 1

uk+1

]
dx,

then H is preserved for a solution to (177) with F (u) = −uk.

Proposition 17. Consider a solution to (177) with F (u) = −u3 and f, g ∈
C∞0 (R3). Then the maximal existence interval is R.

Proof. Due to the fact that H is preserved, ‖∇u(t, ·)‖2 is bounded. By applying
(185) with p = 2 and n = 3, we obtain the conclusion that ‖u(t, ·)‖6 is bounded by
a constant that only depends on the initial data. Let

H1 =
1
2

3∑
j=1

∫
R3

[(∂j∂tu)2 + |∇∂ju|2]dx.

Then

dH1

dt
=

3∑
j=1

∫
R3
∂j(utt −∆u)∂j∂tudx = −3

3∑
j=1

∫
R3
u2∂ju∂j∂tudx,

so that ∣∣∣∣dH1

dt

∣∣∣∣ ≤ 3
3∑
j=1

∫
R3
u2|∂ju∂j∂tu|dx.

Let us apply (182) to the last integral. Note that 1/3 + 1/6 + 1/2 = 1. We obtain

(187)
∣∣∣∣dH1

dt

∣∣∣∣ ≤ 3
3∑
j=1

‖u2‖3‖∂ju‖6‖∂j∂tu‖2.

Note here that ‖u2(t, ·)‖3 = ‖u(t, ·)‖26 is bounded due to the observations made in
the beginning of the proof. Furthermore, by (185), we obtain

‖∂ju‖6 ≤ C‖∇∂ju‖2 ≤ CH1/2
1 .

Combining these observations with (187) and the fact that

‖∂j∂tu‖2 ≤ CH1/2
1 ,

we obtain ∣∣∣∣dH1

dt

∣∣∣∣ ≤ CH1.
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This proves that H1 cannot blow up in finite time. Using the fact that ‖∂tu(t, ·)‖2
is bounded, one can prove that ‖u(t, ·)‖2 cannot blow up in finite time. Conse-
quently, ‖u(t, ·)‖H2(R3) cannot blow up in finite time. By (148), we conclude that
‖u(t, ·)‖Cb(R3) cannot blow up in finite time. This proves global existence. �

It is also possible to prove global existence of solutions to (177) when F (u) = −uk
and k = 5, but the argument is much more complicated. We refer the interested
reader to Sogge’s book. Concerning the cases k = 7, 9, ... essentially nothing is
known for large data.

4. Global existence for small data

Let us consider the equation

(188)

 utt −∆u = F (u)
u(0, ·) = εf
ut(0, ·) = εg,

where f, g ∈ C∞0 (R3). The question we are interested in is if there is an ε0 > 0
such that for ε ≤ ε0 solutions to (188) exist globally. When asking this question,
we first fix f and g and then we vary ε.

Proposition 18. Let F ∈ C∞(R) satisfy

|F (u)| ≤ C0|u|k

for some k ≥ 4. Let f, g ∈ C∞0 (R3) be given. Then there is an ε0 > 0 depending on
C0, k, f and g such that for ε ≤ ε0 the existence interval for solutions to (188) is
R. Furthermore, there is a constant C, depending on f and g such that for all t

‖u(t, ·)‖Cb(R3) ≤ Cε(1 + t2)−1/2.

Proof. Due to (152) a solution to (188) satisfies

u(t, x) =
1

4πt2

∫
|x−y|=t

[tεg(y) + εf(y)− ε(∂jf)(y)(xj − yj)]dσ(y)(189)

+
1

4π

∫ t

0

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds.

The first term is the solution to the homogeneous wave equation corresponding to
initial data εf , εg. Let us call it u0,ε. Due to Proposition 13 there is a constant C1,
depending on f and g such that for all t,

(190) |u0,ε(t, x)| ≤ C1ε(1 + t2)−1/2.

Let us prove that for any T > 0, there is an ε1 > 0, depending on f , g and T , such
that if ε ≤ ε1, then the solution to (188) exists on [0, T ] and satisfies

(191) |u(t, x)| ≤ (C1 + 1)ε(1 + t2)−1/2

for all x ∈ R3 and t ∈ [0, T ]. Let A be the subset of [0, T ] defined by the property
that s ∈ A if and only if s belongs to the maximal existence interval of solutions to
(188) and (191) holds for all x ∈ R3 and for all t ∈ [0, s]. We wish to prove that for
ε small enough, A = [0, T ]. In order to do so, we have to prove four things: that
A is connected, that it is closed, that it is open and that it is non-empty. That it
is connected and non-empty follows by definition. Let us prove that it is closed.
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Let sk → s with sk ∈ A. Assuming T+ is the maximal existence time, we have to
have s ≤ T+ since sk < T+ for all k. Furthermore, since (191) is fulfilled in [0, sk]
for all k, we conclude that it is satisfied in [0, s). Due to Corollary 8, we conclude
that s < T+ so that the solution to (188) exists on [0, s]. By continuity (191) holds
on [0, s]. Thus A is closed. All that remains to prove is that A is open. Assume
s ∈ A. Since the maximal existence interval is open, we conclude that the solution
to (177) exists in some open neighbourhood of s. What remains to be proved is
that (191) holds in some neighbourhood of s with respect to [0, T ]. Consider the
last term in (189). For t ∈ [0, s], we have

1
4π

∣∣∣∣∫ t

0

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds
∣∣∣∣ ≤ T 2C0(C1 + 1)kεk.

Let us demand that ε satisfy

T 2C0(C1 + 1)k(1 + T 2)1/2εk−1 ≤ 1
2
.

Combining this estimate with (189) and (190) we obtain the conclusion that

|u(t, x)| ≤
(
C1 +

1
2

)
ε(1 + t2)−1/2

for t ∈ [0, s]. By continuity, we conclude that there is an open neighbourhood of s
such that (191) holds.

Let us assume that ε is small enough that we have (191) for x ∈ R3 and t ∈ [0, T ],
where T = 8(R + 1) and R is such that f(x) = g(x) = 0 for |x| ≥ R. In order
to prove that we have future global existence, let us define a set B similarly to A
defined in the first half of the proof. Let B be the subset of [0,∞) defined by the
property that s ∈ B if and only if s belongs to the maximal existence interval of
solutions to (188) and (191) holds for all t ∈ [0, s] and x ∈ R3. Similarly to the
first half of the proof, B is connected, non-empty and closed. What remains to be
proved is that it is open with respect to the topology induced on [0,∞). Since we
know that [0, T ] ⊆ B, let us assume t ≥ T and let us prove that there is an open
neighbourhood of t contained in B. Let us consider the second term in (189). Let
us divide the integral with respect to s into two parts; 0 ≤ s ≤ t/4 and t/4 ≤ s ≤ t.
Our first task is thus to estimate

1
4π

∫ t/4

0

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds.

Note that∣∣∣∣∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)
∣∣∣∣ ≤ 1

t− s

∫
|x−y|=t−s

C0|u(s, y)|kdσ(y).

Note that t − s ≥ 3t/4, since s ≤ t/4. Furthermore u(s, y) = 0 for |y| ≥ R + s.
Consequently, there is a constant C, depending on C0, C1 and k such that

1
t− s

∫
|x−y|=t−s

C0|u(s, y)|kdσ(y)

≤ Cεk(1 + t2)−1/2(1 + s2)−k/2
∫
|x−y|=t−s,|y|≤R+s

dσ(y).
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Here we have used the fact that there is a constant C such that
1

t− s
≤ C(1 + t2)−1/2

when s ≤ t/4 and t ≥ T . Note that since t ≥ T and s ≤ t/4, we have

2(R+ s+ 1) ≤ t− s.
Consequently, we can use the argument presented at the end of the proof of Propo-
sition 13 in order to conclude that∫

|x−y|=t−s,|y|≤R+s

dσ(y) ≤ 2π(R+ s)2.

Adding the pieces together, we obtain∣∣∣∣∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)
∣∣∣∣ ≤ 2πCεk(1 + t2)−1/2(1 + s2)−k/2(R+ s)2.

For k ≥ 4 it is clear that this quantity is integrable with respect to s. We obtain∣∣∣∣∣ 1
4π

∫ t/4

0

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds

∣∣∣∣∣ ≤ Caεk(1 + t2)−1/2.

What remains to be considered is the integral

1
4π

∫ t

t/4

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds.

However,

1
4π

∣∣∣∣∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds
∣∣∣∣ ≤ Cεk|t|(1 + s2)−k/2,

for some constant C depending on C1, C0 and k. Thus

1
4π

∣∣∣∣∣
∫ t

t/4

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds

∣∣∣∣∣ ≤ Cbεk(1 + t2)−1/2,

since ∣∣∣∣∣
∫ t

t/4

|t|(1 + s2)−(k−1)/2ds

∣∣∣∣∣
is bounded. To conclude

1
4π

∣∣∣∣∫ t

0

∫
S2

(t− s)[F (u)][s, x+ (t− s)y]dσ(y)ds
∣∣∣∣ ≤ (Ca + Cb)εk(1 + t2)−1/2.

If we assume that ε is small enough that

(Ca + Cb)εk−1 ≤ 1
2
,

we obtain the conclusion that

|u(t, x)| ≤
(
C1 +

1
2

)
ε(1 + t2)−1/2

for all x. Since u has compact support in x for any finite time interval, we ob-
tain the conclusion that there is a neighbourhood of t such that for all τ in this
neighbourhood and all x, we have

|u(τ, x)| ≤ (C1 + 1)ε(1 + τ2)−1/2.
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We have thus proven that B is open. Consequently B = [0,∞) and the result
follows in the future time direction. In order to get the conclusion in the opposite
time direction, it suffices to make a simple time reversal. �

As a consequence of the above result, proving global existence for small data is not
a problem if we are interested in equations of the form

utt −∆u = ±uk

and k ≥ 4, even though we know that for even k or the wrong sign, solutions
to these equations typically blow up. Note that the condition of fixed compact
suppport is important. Consider the ODE

utt = u4.

If ut(0) and u(0) are both positive, then the corresponding solution will blow up in
finite time regardless of how small ut(0) and u(0) are.

5. Observations concerning the Einstein equations

The pupose of this section is to try to connect the material we have presented so
far with the Einstein equations. It will not be possible for us to do so in any detail;
our goal is rather to give the reader a feeling for the type of arguments that are
involved when considering the question of global existence. In the beginning of this
section we shall presuppose some knowledge of Lorentz geometry. If we consider
the Einstein equations in vacuum, they can be written in the form

Rµν = 0,

where Rµν is the Ricci tensor associated with a Lorentz metric g. If we write out
these equations in coordinates, they are

(192) −1
2
gαβ∂α∂βgµν +∇(µΓν) + gαβgγδ[ΓαγµΓβδν + ΓαγµΓβνδ + ΓαγνΓβµδ] = 0.

Here Greek indices run from 0 to 3,

Γαµβ =
1
2

(∂αgβµ + ∂βgαµ − ∂µgαβ), Γµ = gαβΓαµβ ,

∇(µΓν) =
1
2

(∂µΓν + ∂νΓµ)− gαβΓµανΓβ ,

and we sum over all repeated indices. The first term in (192),

−1
2
gαβ∂α∂βgµν ,

looks promising; it can be thought of as a wave operator acting on the metric. The
problem is that we also have the term∇(µΓν). This term involves second derivatives
of the metric and makes it impossible to view (192) as a non-linear wave equation for
the metric. This problem is fundamental; it is due to the diffeomorphism invariance
of the equations. Say that we specify initial data for (192) at t = 0 for x ∈ R3 and
say that we have a solution gµν to this equation on an interval [−T, T ]. Let φ be
a diffeomorphism of R4 which is the identity close to t = 0 and let ĝ = φ∗g be the
metric obtained by pulling back gµν by φ. Since

0 = φ∗Ric[g] = Ric[φ∗g],
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we obtain the conclusion that ĝ also satisfies (192). Since ĝ 6= g in general, it is
not possible to get uniqueness of solutions to (192) given initial data, and conse-
quently (192) cannot be a non-linear wave equation. However, the diffeomorphism
freedom, which causes the problem, also gives us an opportunity; we can impose
extra conditions on the metric in order to obtain a unique solution. When we do so
we do need to keep one thing in mind; the extra conditions we impose can lead to
complications that do not reflect any pathology of the geometry. In other words,
the solution to the equation we are considering might blow up, even though space
time has no singularities. In the pioneering work of Yvonne Choquet-Bruhat, she
showed that one can make the choice Γµ = 0 consistent. The idea of the argument
is to consider (192) with Γµ = 0. One then obtains a non-linear wave equation
for which there is local existence and uniqueness. Then one proves that the metric
thus constructed has Γµ = 0, given that the initial data have been set up properly.
Thus one obtains a solution to the equation Ric = 0. The condition Γµ = 0 is re-
ferred to as wave coordinates gauge. There is one complication which appears when
considering the Einstein equations that we have not mentioned. The initial data
cannot be imposed freely but rather have to satisfy so called constraint equations.
These equations by themselves have a complicated structure and they are far from
understood. We shall however ignore this complication here.

In wave coordinates gauge, the Einstein vacuum equations take the form

(193) −1
2
gαβ∂α∂βgµν + gαβgγδ[ΓαγµΓβδν + ΓαγµΓβνδ + ΓαγνΓβµδ] = 0.

Since the Γαµβ are just a sum of first derivatives of the metric, the essential structure
of this equation is

�gg + F (g, ∂g) = 0,
where F is quadratic in the first derivatives of g. The first sort of question one
might want to ask is the following. Say that we start with initial data close to
those of Minkowski space, do we get a solution which is global in time (in some
suitable geometric sense) and behaves in a way similar to Minkowski space? We
have to be careful when specifying what we mean by small data in the case of
(193). First of all, g should be a Lorentz metric, and we want it to be close to the
Minkowski metric. Thus g itself should not be small. Instead, gµν − ηµν should
be small. Furthermore, it is a consequence of the so called positive mass theorem
that if the difference between the perturbed initial data and those of Minkowski
space decays rapidly, in particular if the difference has compact support, then the
perturbed initial data actually have to coincide with those of Minkowski space. As
a toy problem, we shall however consider

(194)

 utt −∆u = F (u, ∂u)
u(0, ·) = εf
ut(0, ·) = εg,

where F is quadratic in the first derivatives of u and f, g ∈ C∞0 (R3). Reasonably,
this should be a simpler problem. If we consider this problem in n+ 1-dimensions
with n ≥ 4 and for an F which only depends on ∂u, then global existence is ensured
for ε small enough, cf. Sogge’s book. In three dimensions the problem is however
more subtle. The reason is that one crucial aspect of the problem is the decay
of solutions to the linear wave equation, and the decay is better the larger the
dimension is. In fact, if we let F (∂u) = u2

t , then solutions to (194) blow up in finite
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time in 3 + 1 dimensions for all non-trivial compactly supported data, cf. John, F.
Blow-up for quasi-linear wave equations in three space dimensions, Comm. Pure
Appl. Math. 34 (1981), 29-51.

Due to this example, it seems one has to believe in miracles in order to believe that
it is possible to prove global existence for initial data close to those of Minkowski
space. However, there is a condition, called the null condition, on the non-linearity
F that can improve the situation. Before we discuss this condition, let us write
down the Klainerman Sobolev inequalities. The starting point is the observation
that if we define

L0 = t∂t +
n∑
i=1

xi∂i, Ωij = xj∂i − xi∂j , Ω0i = t∂i + xi∂t,

where Latin indices range from 1 to n and i < j in the definition of Ωij , then

[�,Ωµν ] = 0, [�, L0] = 2�,

where Greek indices range from 0 to n. Let Λi, i = 1, ...,m = n2/2 + 3n/2 + 2
denote the vectorfields

∂0, ..., ∂n, L0,Ω01, ...,Ωn−1n

and let us use the notation
Λα = Λα1

1 · · ·Λαmm .

The following result is referred to as the Klainerman-Sobolev inequalities:

Theorem 32. Let u ∈ C∞(Rn+1) be such that for a fixed t, it vanishes when |x| is
large. Then, if t > 0,

(1 + t+ |x|)
n−1

2 (1 + |t− |x||) 1
2 |u(t, x)| ≤ C

∑
|α|≤(n+2)/2

‖Λαu(t, ·)‖2.

The reader interested in a proof is referred to Sogge’s book. A primitive but in-
teresting use of this inequality is the following. Say that we have a solution u to
the homogeneous wave equation. Then due to the properties of the vectorfields Λi,
Λαu is also a solution to the homogeneous wave equation. Consequently

(195)
1
2

∫
Rn

{[∂t(Λαu)]2 + |∇(Λαu)|2}dx

are conserved quantities. On the other hand, due to the Klainerman Sobolev in-
equalities, we have

(1 + t+ |x|)
n−1

2 (1 + |t− |x||) 1
2 |∂u(t, x)| ≤ C

∑
|α|≤(n+2)/2

‖Λα∂u(t, ·)‖2.

We would like to relate the right hand side of this inequality to (195). Since

[Λi, ∂ν ] =
∑
µ,ν,λ

aiνλ∂λ,

where aiνλ are constants, we obtain∑
|α|≤(n+2)/2

‖Λα∂u(t, ·)‖2 ≤ C
∑

|α|≤(n+2)/2

‖∂(Λαu)(t, ·)‖2.

However, since (195) is a conserved quantity, the right hand side is bounded by a
constant depending on the initial data, assuming that the initial data have compact
support for instance. Note that the Λi sometimes depend on t and x, but this
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dependence is of no greater importance if the initial data have compact support.
Adding up these estimates, we obtain

(1 + t+ |x|)
n−1

2 (1 + |t− |x||) 1
2 |∂u(t, x)| ≤ C.

Thus we obtain decay for ∂u. In odd dimensions, this inequality can be used to
obtain decay for u of the form (1 + t2)−(n−1)/4, but not in even dimensions. The
main point of this argument is however that we obtain a decay estimate without
knowing the fundamental solution. If one is interested in equations of the form

�u = F (u, ∂u),

then it is possible to use the fundamental solution to good effect, cf. Proposi-
tion 18. However, in the case of the Einstein equations, � should be replaced by
gαβ∂α∂β , where gαβ is not known. Trying to get a decay estimate by first finding
the fundamental solution might consequently be complicated. For that reason, the
Klainerman Sobolev inequalities are a very attractive tool.

An observation that naturally leads to the introduction of the null condition is that
the decay rate for different derivatives is different. Let us assume that t, |x| > 0.
One can compute that

∂t + ∂r =
1

t+ |x|

(
L0 +

xj

|x|
Ω0j

)
,

where we sum over j and

∂r =
xj

|x|
∂j .

As a consequence, if u solves the homogeneous wave equation,

|(∂tu+ ∂ru)(t, x)| ≤ 1
t+ |x|

|(L0u)(t, x)|+
n∑
j=1

|(Ω0ju)(t, x)|


≤ C(1 + t)−1(t+ |x|)−1,

where the last step is due to the fact that L0u and Ω0ju are solutions to the
homogeneous wave equation, which decay as (1 + t)−1. By similar arguments, cf.
Sogge, one can prove that all derivatives that are tangent to the forward light cone
have better decay properties. However, for derivatives that are transversal to the
light cone one does not get any improvement. Consider (194) with F (u, ∂u) = u2

t .
Let us express the non-linearity in derivatives that are tangential and derivatives
that are transversal to the forward light cone. We have

u2
t =

[
1
2

(∂tu− ∂ru) +
1
2

(∂tu+ ∂ru)
]2

=
1
4

[(∂tu− ∂ru)2 + 2(∂tu− ∂ru)(∂tu+ ∂ru) + (∂tu+ ∂ru)2].

The problem with this expression is that there is a term which is the square of a
derivative transversal to the forward light cone. This is something that cannot be
dealt with in 3+1-dimensions. The idea behind the null condition is to prevent such
terms from appearing. Let us simply quote a result from Sogge’s book. Consider
(194) where u, F, f, g take values in RN .
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Definition 34. We say that F satisfies the null condition if the following condition
holds:

F = F0 +O(|u|3 + |∂u|3),
where F0 only depends on ∂u and for every I = 1, ..., N ,

F I0 =
N∑

J,M=1

3∑
µ,ν=0

f IJMµν ∂µu
J∂νu

M

where f IJMµν are constants such that for all I, J,M ,

f IJMµν ξµξν = 0

whenever ξ is a null vector with respect to the Minkowski metric, i.e.

ηµνξ
µξν = 0.

This condition prevents the occurrence of the square of derivatives transversal to
the forward light cone. Consequently, one obtains better decay estimates for the
non-linearity than for a general F satisfying

F = O(|∂u|2 + |u|3).

The main result is the following.

Theorem 33. Let n = 3 and assume F satisfies the null condition. Then, if we fix
f, g ∈ C∞0 (R3,RN ), (194) always has a global solution for ε small enough.

For a proof, we refer the reader to Sogge’s book. One can in fact generalize the
result to situations where � is replaced by

gµν∂µ∂ν ,

and g depends on u and ∂u. In order to obtain such a result, one does however
need to impose some sort of null condition on gµν .

To what extent are these observations of any relevance to the study of Einstein’s
equations? Say that we consider Einstein’s equations in wave coordinates gauge
(193). Do these equations satisfy the null condition? Unfortunately, the answer
is no. This led to Christodoulou and Klainerman using quite a different approach
to prove the global non-linear stability of Minkowski space, see The Global Non-
linear Stability of the Minkowski Space (1993), Princeton University Press, by
Christodoulou, D. and Klainerman, S. Unfortunately, the argument is a book of
more than 500 pages. One reason the argument is so long is that the authors
cannot use the conformal Killing fields Λi in their arguments, but rather have to
construct approximate conformal Killing fields adapted to the particular solution.
Recently, the work of Hans Lindblad and Igor Rodnianski has showed that it does
make sense to look at Einstein’s equations in wave coordinates gauge and that it
is possible to prove the global non-linear stability of Minkowski space using these
equations as well. One attractive feature of the argument is that it is enough to use
the conformal Killing vectors of Minkowski space, Λµ, rather than construct vector-
fields adapted to the particular solution. This fact, among other things, reduces the
size of the argument (in terms of pages) roughly by a factor of ten. However, that
is not to say that all the conclusions that are obtained in the book can be obtained
by the arguments of Lindblad and Rodnianski. Another advantage of the new ar-
gument is that it seems to be easier to generalize to cases with matter. In fact, the
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case of a scalar field seems to come for free. This distinguishes the argument from
that of Christodoulou and Klainerman, since their argument depends in a crucial
way upon properties of the vacuum equations that do not hold for a scalar field.
So how do these things add up? Einstein’s equations in wave coordinates gauge do
not satisfy the null condition, and yet we obtain global existence for small initial
data. In their work, Lindblad and Rodnianski introduce what they refer to as the
weak null condition. The rough idea is to construct a new system by ignoring all
terms of degree higher than two and all terms satisfying the null condition. If the
new system allows global existence for small data, the system is said to satisfy the
weak null condition.


