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A HILBERT SPACE OF DIRICHLET SERIES AND
SYSTEMS OF DILATED FUNCTIONS IN L2(0,1)

HAKAN HEDENMALM, PETER LINDQVIST, ano KRISTIAN SEIP

1. Introduction. The purpose of this paper is twofold. First, we study systems
of functions of the form ¢@(x),@(2x), ¢(3x),..., and second, we consider the
Hardy space H? of the infinite-dimensional polydisk. Building on ideas of Arne
Beurling and Harald Bohr, we find that the two topics are intimately connected,
the common feature being the use of Dirichlet series.

Let ¢ € L?(0,1) be given and consider ¢ as defined on the whole real axis by
extending it to an odd periodic function of period 2. The Riesz-Fischer theorem
of Fourier analysis states that for ¢(x)= /2 sin(nx) the sequence ¢(nx),
n=1,2,3,..., is an orthonormal basis in the Hilbert space L?(0,1). The ques-
tion raised in this paper is which functions can take the place of the sine in this
theorem. It is clear that the statement must be weakened, because the only
orthogonal bases are obtained from ¢(x) = C sin(nx). If we instead ask for a
classification of those ¢ for which the system {¢(nx)}, is a Riesz basis (a basis
orthonormal with respect to an equivalent norm) or of those ¢ for which the
same system is a complete sequence in L2(0, 1), we are led to profound problems.

The latter of the two problems—the completeness problem—was stated by
Beurling in his seminar on harmonic analysis in Uppsala in 1945. A brief note
from this seminar is found in [1]. Beurling’s note indicates that a natural way to
approach these problems is to associate to the given function

0
o(x) = z anV'2 sin(nnx)
n=1
the Dirichlet series
o0
Sp(s) = apm™, (1-1)
n=1

and to try to express the Riesz basis and completeness properties in terms of
analytic properties of S¢(s). This approach has proved fruitful. We have solved

Received 11 December 1995.

Hedenmalm’s work was supported in part by the Swedish Natural Science Research Council.
Lindqvist and Seip were supported in part by the Norwegian Research Council. While at the Mathe-
matical Sciences Research Institute, Berkeley, California, Hedenmalm and Seip were also supported in
part by National Science Foundation grant DMS-9022140.

1



2 HEDENMALM, LINDQVIST, AND SEIP

completely the Riesz basis problem (Theorems 3.1 and 5.2 below): the system
{o(nx)}, is a Riesz basis in L?(0,1) if and only if (1-1) defines an analytic function
bounded away from zero and infinity in the half-plane Rs > 0.

A major part of this paper consists of a study of Dirichlet series of the form
(1-1) with ), |a,,|2 < +00. Such Dirichlet series form, in a natural way, a Hilbert
space of analytic functions on the half-plane ®s > 1/2. From now on, we denote
this space by 4. In Sections 2 through 4, we seek to reveal the basic analytic
features of this space. A central problem is to characterize the so-called multi-
pliers of 2. Theorem 3.1 below states that the multipliers are precisely the
bounded analytic functions in the right half-plane Rs > 0 which can be represented
as Dirichlet series. This result is crucial for the characterization of the Riesz
bases {¢(nx)}, mentioned above. Apart from its relevance for the dilation Riesz
basis problem, the study of the space s can also be motivated by the mere fact
that its kernel function Ky (z,w) is more or less the Riemann zeta function:
K (z,w) = {(z + W).

Following an idea of Bohr, we find it both convenient and illuminating to use
the infinite-dimensional polydisk for the study of s#. This leads us to power
series in infinitely many variables, a concept studied already by Hilbert, and to
an identification of # as the Hardy space H? of the infinite-dimensional poly-
disk. The infinite-dimensional polycircle can be identified with the group E of
complex-valued characters y on the positive integers, which satisfy |y(n)| =1
and y(mn) = y(m)y(n). The characters constitute the (compact) dual group of the
discrete multiplicative group of positive rationals (@, ->.

A function f € # is said to be cyclic provided that the collection of functions
fg, where ¢ is a finite Dirichlet series, is dense in J#. A basic observation is that
the system {¢(nx)}, is complete if and only if the Dirichlet series S¢ is cyclic in
. We restate cyclicity in terms of our model of 5 as the H? space of the infinite-
dimensional polydisk, and state some conditions for cyclicity. There is some
overlap between these conditions and results due to Henry Helson [16], who
studied cyclicity in a more general context.

Since the multipliers of # extend analytically and boundedly to Rs > 0, but
the functions of # need only be analytic on Rs > 1/2, one is led to suspect
that, nevertheless, in a sense to be made precise, a function in 4, picked at ran-
dom, almost surely extends holomorphically to s > 0. Given a Dirichlet series
in H#,

00
f(s) = Z anpn”*,
n=1
we consider, for characters y,

) = an(mn,
n=1
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which again is an element of J#. The functions f, are the normal limits of vertical
translates of f. Almost every one of them has a convergent Dirichlet series on
Rs > 0, and is hence holomorphic there. The “almost every” is with respect to the
Haar measure on the character group Z, which is normalized to have total mass 1.
This result was obtained in a more abstract setting by Helson [16]. A curious
consequence is that a probabilistic “Riemann hypothesis” (Corollary 4.8) holds: for
almost all characters y, the Dirichlet series {,(s) = >~ x(n)n™* converges to a
zero-free holomorphic function in the region s > 1/2. The convergence part has
the following interpretation: for almost all characters y,

N
D x(m) = O(N'/***) as N — +oo

n=1

holds for fixed & > 0. For each n, it is fruitful to regard the function y(n) as a sto-
chastic variable, which for n > 1 is uniformly distributed on T. The stochastic
variables y(p), where p runs through the primes, are then mutually independent,
and the mutual dependence of the y(n), as n runs through the positive integers, is
governed by the multiplicative rule y(mn) = y(m)x(n). The above estimate of the
partial sum ) . x(n) is what one would expect if all the x(n) were mutually
independent, so although they do satisfy complicated multiplicative dependence
relations, this is insignificant additively.

The above-mentioned assertions may be compared with Jean-Pierre Kahane’s
paper [18] on random Dirichlet series. Kahane works with functions f(s),
where y(n) is treated as a sequence of independent random variables, and hence
no multiplicativity property holds.

In [15], Helson suggests that the classical theory of Dirichlet series be com-
bined with modern techniques from harmonic and functional analysis. We hope
that the present paper can inspire work in that direction.

2. The Hilbert spaces 5# and H2(ID®)

2.1. The space # and preliminaries on Dirichlet series. We are concerned
with Dirichlet series of the form

fs) = iann’s, (2-1)
n=1

where s = o + it is a complex variable. We recall briefly some classical facts about
such series. There are a number of critical lines or abscissae connected with (2-1).
We have the abscissa of absolute convergence 6, and the abscissa of ordinary con-
vergence o.. These numbers are such that the series converges in the prescribed
sense to the right but not to the left of the abscissa in question. We also have the
abscissa of uniform convergence a,, defined as the infimum of those o9 for which the
series converges uniformly in the half-plane Rs > 09. We have trivially —oo <
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0. < 0, < 6, <+0o0 and o, — 6. < 1 if anyone of the abscissae is finite. A theorem
of Bohr [4] says that g, — 6, < 1/2, and this inequality is sharp, as was shown by
Bohnenblust and Hille [2].

When we need to indicate which function we are taking the abscissae of, we do
this by putting the function in parenthesis; for instance, we would write o.( f) for
the abscissa of convergence. In terms of the partial sums of the coefficients,
SN = Y _nn<n Gn, the abscissa of convergence of the Dirichlet series (2-1) can be
expressed as follows: unless o.(f) is negative, o.(f) equals the infimum of all
positive real numbers « for which Sy = O(N%) as N — +c0.

Of relevance to us also is the abscissa of regularity and boundedness op, which
is the infimum of those g¢ for which the function defined by (2-1) (possibly by
analytic continuation from a smaller half-plane) is analytic and bounded for
Rs > g9. We shall need the following result of Bohr [3].

LemMA 2.1 (Bohr’s theorem). We have 6, = 6.

For a more complete account of the basic facts on the convergence of Dirich-
let series, the reader is referred to [12] and Bohr’s thesis [5].

We will assume that the function f given by the Dirichlet series (2-1) belongs
to S, that is,

0
Z |an|* < +o00. (2-2)

n=1
The Cauchy-Schwarz inequality yields

00 0

2
o0
(g |a,,n—S|) <SPS, s—ati,
n=1

n=1 n=1

and so the abscissa of absolute convergence is at most 1/2 for the series (2-1).
The abscissa of convergence may equal 1/2, as is seen by the example a, =
(n'/2 log(n + 1))~

As mentioned in the introduction, the collection of Dirichlet series (2-1) sat-
isfying (2-2) is denoted by 4. It is a complex Hilbert space when endowed with
the inner product

S Pw = Zangna
n=1

where f(s) =3, ann~%, and g(s) = 3, b,n~*. Thus, formally, # is just I*(N),
where N = {1,2,3,...} is the collection of natural numbers. However, as a Hilbert
space of analytic functions in the half-plane ®s > 1/2, # has a rich and interesting
structure. To be specific, let us mention the classical problem of multiplication of
two Dirichlet series. Formally, the product of f(s) = Y, a,n~*and g(s) = 3, byn~*
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is again a Dirichlet series

f(8)g(s) =Y can™, (2-3)

with

Cp = Z akbl.

k,l:kl=n

For f € # and g € 5, the product fg need not be in S, although the abscissa of
absolute convergence of (2-3) can be shown to be at most 1/2 (as it is for func-
tions in s#). We are led to the multiplier problem: Find those functions m, ana-
lytic in Rs > 1/2, for which m(s)f(s) is in # for every f € #. The collection of
these multipliers m is denoted by .#. Theorem 3.1 below solves the multiplier
problem.

Let us finally mention a classical theorem, which we will refer to from time to
time. We say that a set of real numbers &, &,,..., &, is Q-linearly independent if

céi+ab+--+¢& =0

holds with integer coefficients ¢y, ¢y, ..., ¢, only when the coefficients are all zero.
By the fundamental theorem of arithmetic, the prime example of a @-linearly
independent set of numbers is the image under the logarithm function of any finite
set of different primes. We have the following fundamental lemma.

LemMma 2.2 (Kronecker’s theorem). Suppose the real numbers 1,91,9,,...,%
are Q-linearly independent. Let ay, a5, . .., 0 be arbitrary real numbers, and N and
€ be given positive. Then there are integers

n>N’ q1,92,---,9k
such that
% — Gm —om| <& (m=1,2,...,k).

For a proof, we refer to Chapter XXIII of [13].
To give an example of how Kronecker’s theorem applies to our context, we
mention that an immediate consequence is the following identity:

1+Za,,p“s =1+Z|ap|;
P © p

here the sum is only over prime indices, and

[/l = sup |1 (s)]- (2-4)
Rs>0
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2.2. The Hardy space H? of the infinite-dimensional polydisk. Let f be the
Dirichlet series (2-1), and suppose f € #. A fundamental observation, first made
by Bohr [4], is that if we put

—S S

21=2"%2=3" .. Zm=p,",...,

where p,, denotes the mth prime, then, in view of the fundamental theorem of
arithmetic, the Dirichlet series (2-1) can be considered as a power series of infinitely
many variables. The point is, as Bohr clarifies in his work, that the quantities
Zm=p,;5,m=1,2,3,..., “obwohl sie ja in Wirklichkeit Funktionen nur des einen
Parameters s sind, sich in mancher Beziehung fast ganz benehmen, als wiren sie
von einander unabhingige Variable.” We put z = (zp),, = (21,22,23,...), and
write

\7

v v
n= PPy, Pi.»

r

so that (2-1) formally takes the form

Z a”Z zkz (2'5)

From now on, for a given element f € s, Qf denotes the corresponding power
series, and we drop the relationship between z and s.

Another, sometimes more convenient, way to think of the extension Qf of f in
(2-5) is to write it as

@) =S aubr), 25')
n=1

where ¢ is a quasi-character, by which we mean a mapping ¢: N — €, which is
multiplicative, g(mn) = ¢(m)¢(n), and has ¢(1) = 1 and ¢(n) € D for n > 1. Here,
D is the open unit disk. If we put, for the mth prime py,, (pm) = zm, and identify ¢
with z = (z,),,, then (2-5) and (2-5) express the same function Qf. The Cauchy-
Schwarz inequality applied to (2-5) (or (2-5')) and Euler’s product formula give

19f ()1 = 1RF @D < D lan* Y I6(m)]?
n=1 n=1

=115 - [T = 16 = 171% - [T =zl
p m=1

provided that |z,| < 1 for every m. It follows that we have bounded point evalua-



SYSTEMS OF DILATED FUNCTIONS IN L2%(0,1) 7

tion at z, id est,

19 (2)] < C(2) [ /1.5

if and only if |z,| < 1 for every m and

0

Z |Zm|* < +00.

m=1

We denote by D® the set of z = (zn),,.; for which |z,| < 1 for every m, and
call it the infinite-dimensional polydisk. The collection of power series (2-5) with
f € can be regarded as a space of analytic functions on D® n[2(N). We
denote this space by H?(ID®) and supply it with the Hilbert space structure
induced by #. Note that H2(ID®) differs from # only in that its elements are
considered as functions on D® N I?(IN) rather than on the half-plane Rs > 1/2.
In other words, 4 results from considering (2-5') for the special quasi-characters
$s(n) =n".

Before discussing further the nature of H?(ID®), we mention an interesting
problem, treated already by Hilbert [17]: Is it possible to extend the meaning of
(2-5) beyond the set ID® N I?(IN), at least under certain favorable cirumstances?
As indicated by Bohr, Hilbert’s solution to this problem has a remarkable signi-
ficance for Dirichlet series [4]. Let

Q = {z = (zm),, € D*: |zn| < B, for every m},

where {f,},, is a sequence of positive numbers, 0 < f,, < 1. For a given point
z = (z1,2,...) € D®, we put

Z(m) = (21’22,...,Zm70)07"')7

id est, the jth coordinate for j > m is put equal to zero. For the time being, let f be
a Dirichlet series (2-1), about which we assume only that it converges on some half-
plane Rs > o,. (We do not require (2-2) to hold.) The formal power series Qf (z™)
is the “mte Abschnitt” of Qf at z, and it only depends on the finitely many coor-
dinates zj,...,z,. If the “mte Abschnitt” converges absolutely on Q for each m,
and there exists a constant C = C(f) such that

™) <C, zeQ,

independently of m, Qf is said to be finitely bounded in Q. In particular, the col-
lection of series Qf that are finitely bounded in ID*® is denoted by H* (ID®), and
we write

12 ooy = sup (),
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where z ranges over ID®. It is natural to define the value of Qf(z) as the limit of
Qf (z"™) as m — 4-00. The limit makes sense for z € D® N co(IN), where co(N) is
the closed subspace of /°(IN) of sequences that converge to zero. Moreover, the
function Qf(z) is a bounded analytic function on ID® n ¢co(IN). Indeed, by the
Schwarz lemma, we have, for n < m,

191 (z™) — Qf (z™)] < 2 | || o =y max{|z;|: n <j < m}.

For z e D* n ¢p(N), the maximum on the right-hand side tends to zero as both n
and m tend to infinity, so that the above estimate says that the Qf(z™) form a
Cauchy sequence in the space of bounded analytic functions on ID® n ¢o(IN). We
note that the supremum of |Qf(z)| on ID® N ¢y(N) agrees with the norm of f in
H>*(D%).

It follows from our proof of the multiplier theorem in the next section that
H>*(ID*®) corresponds to the set of Dirichlet series representing bounded analytic
functions in s > 0; in fact,

oo = 11| 1o =) (2-6)

This norm identity reflects in a concise way Bohr’s observation that the p~* behave
as “independent variables.”

Thus far, we have thought about the space H?(ID®) as the Hardy space H2 on
the infinite-dimensional polydisk D®. A perhaps more natural setting is to
regard the spaces H%(ID®) and H®(ID®) as function spaces on the distinguished
boundary T®. To this end, we need a group-theoretical identification of T*,
which we shall now describe. Suppose that y : N — C satisfies

() x(mn) = g(m)x(n), mn=1,2,3,...,

(i) [x(n)| = 1.

We say that y is a character and write y € . We tacitly understand that y(n~!) =
x(n)™%, so that the multiplicative formula holds for all positive rational numbers
Q... The characters y constitute the dual group of <Q,-». (@, is given the discrete
topology, so that the space E of characters is compact.) Examples of characters are
the unit character y(n) = 1, and, more generally, for t € R,

The space E can be identified with the infinite-dimensional polycircle T*® in the
following way. Given a point z = (zi, z3,...) € T®, we define the value of y at the
primes through

x2) =z, 13 =2,..., x(Pm)=2m...

and extend the definition multiplicatively. This then yields a character, and clearly,
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all characters are obtained by this procedure. This provides a natural identification
of the character space E with T®. The product topology on T makes it a com-
pact space, and it is easily shown that it corresponds to the topology E gets as a
dual group, so that the identification & = T is topological. There exists a unique
(apart from normalization) Haar measure on E, which we identify with the ordi-
nary product measure p on T®. More precisely, let A be the arc length measure on
T, normalized so that A(T) = 1, and put, for Borel subsets E;, E,..., Ey of T,
and E=E| xEyx - XEyXxTxTx--- «T®,

P(E) = A(E1)A(E) X -+ x A(EN);

this defines a Borel measure p on T*, which coincides with the Haar measure on
Z, once it is agreed that the Haar measure should have total mass 1. We shall
think of p as living on E as well as on T®.

We return to the setting of the function f € # given by (2-1). The series

S au(n) (27)
n=1

converges in the norm of L2(E, p) (though we do not know if we have pointwise
convergence almost everywhere) to a function Bf(x), which is determined uniquely
by the two requirements that it be in L?(E, p) and that

L QB (0 dp(x) =ag,  qeQy,

where we declare a; = 0 for g € @, \IN. This function Pf is an extension to the
characters of the earlier defined function Qf on the quasi-characters. Our short-
hand for the above relationship between the function Bf(y) and the coefficients
{an}, will be

B () ~ > anx(m), x€E.

It is clear that the Plancherel identity
2 = 2 2
[ 1P do =Yl = 111
= n=1

holds.

Let H?(E) (also written as H2(T*)) be the closed subspace of L*(E, p) con-
sisting of functions that can be expanded in a series (2-7), with {a,}, € I*(N).
Furthermore, let H®(E) be the intersection L®(E, p) n H2(Z), which is a closed
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subspace of L®(E, p). To get the connection between the Hardy spaces on the
distinguished boundary T® and on the interior ID®, we need the operator
€: H*(T®) — H*(ID®), which associates with a function g(x) ~ 3_, bax(n) in
H?(E) the function €g(¢) = 5, bud(n) for quasi-characters ¢ € D* N I?(N). It is
clear that it is an isometric isomorphism. The operators Q, B, and € are related
via Q = EP.

LemMma 2.3. The operators B: # — H*(E) and €: HX(E) — H?(D®) are iso-
metric isomorphisms. Furthermore, the restriction of € to H*(E) is an isometric
isomorphism H® (E) — H®(ID%).

Proof. The first part just restates what was already done above. For the rest,
we can refer to [8], where it is shown that the space H®(p) is canonically iso-
metrically isomorphic to both H® on D® n ¢y(N) and on D® ~ [2(N). In [8],
H%(p) is defined as the weak-star closure in L®(T®, p) of the infinite-dimen-
sional polydisk algebra A(ID®). We have the inclusion H®(p) < H?(T®), and by
inspection, the above canonical mapping coincides with our €. It follows that it
suffices to check that the spaces H®(p) and H®(T*®) are the same as (closed)
subspaces of L® (&, p). Since both H®(p) and H® (T*) are subspaces of H?(T®),
it is enough to check that their images under € coincide. In [8], it was shown
that the operator € was in fact furnished by integrating against the Poisson ker-
nel in each variable, so that € applied to H*(T®) consists of bounded analytic
functions on ID® N [2(N). By the above-mentioned result from [8], the assertion
of the lemma follows. []

2.3. Vertical limit functions. The notion of characters allows us to clarify an
important property of #. A natural unitary operator on 4 is that of vertical
translation,

T f(s) =f(s+it).

Fix an f € #. To every sequence 1, of translations, there exists a subsequence, say
Tn(k)> Such that T; , f(s) converges uniformly on compact subsets of the domain
Rs > 1/2 to a limit function, say f(s). We will say that f is a vertical limit function
of f. We have the following result.

LeMMA 2.4. The vertical limit functions of the function f € # given by (2-1)
coincide with the functions of the form

£, =3 anglmn, (29)
n=1

¥ being a character.

Proof. 1t is clear that every vertical limit function is of the form (2-8). The
fact that every function of this form is a vertical limit function is a consequence
of Kronecker’s theorem (Lemma 2.2). []
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3. The theorem on multipliers. We put
Ci={s=0+iteC:0 >0},

and let, as usual, H*(C, ) denote the set of bounded analytic functions on C... By
2 we denote the collection of functions f which can be represented by a con-
vergent Dirichlet series

o0
= E amn”*
n=1

in some half-plane o, < Rs < +00. A multiplier m on # is by definition a holo-
morphic function on the half-plane Rs > 1/2 with the property that mf € s#
whenever f € . By standard functional analysis, the operation of multiplying by
a multiplier is a bounded operator on #, and the multipliers form a commutative
Banach algebra. The collection of all multipliers on # is denoted by .#. We find it
convenient to consider a multiplier both as a function and as a bounded linear
operator on 3. The operator norm of m is denoted by ||m|| , and the supremum
norm in € by ||m||,.
Our theorem on multipliers can be stated as follows.

THEOREM 3.1. We have M = 2 n H*(C,). Moreover, ||m| , = ||m|, holds
forme M.

The proof of Theorem 3.1 splits into two parts.

3.1. Proof that M/ =« 2 " H*(C;) and |m|, < ||m|,. Let me .# be given.
The idea of the proof is to show that m lifts to a multiplier on H?(ID®), from
which we deduce that it belongs to H*(ID®). This then entails that m is a
Dirichlet series and that it is bounded throughout C.. Since 1 € 5#, we have
m € #, and hence

0
m(s) = Z byn*, Rs > % )
n=1

where the sequence {b,}, is in I2(N). So, if we apply the operator P to m and f,
where f e #, we get that both Pm and Bf are in H?(E). Consequently, their
product PmPf is in L1(E, p). Since m is a multiplier, we have mf € #, so that
B(mf) € H2(E). We wish to prove that P(mf) = Pm PBf as functions in L' (E, p).
To this end, note that for finite Dirichlet series f, this is verified by direct calcu-
lation. The general case when f € # is arbitrary then follows by approximating f
with finite Dirichlet series.

Smce Imfl < ||m||v,,||f||”, we get, by success1ve1y plugging in f=1,m,

, that ||m/||,, < ||m|’, holds for j = 1,2,.... By what we just did, P(m’) =



12 HEDENMALM, LINDQVIST, AND SEIP

(Pm)’, so that

Pl dp) = | = ) <
B dp) = (B Mgy = I <

As j — +o0, the left-hand side tends to ||Pm|| .- ,- We conclude that Pm belongs
to L®(E,p) as well as H?(E); that is, Pme H®(E). It also follows that
|Bm|| geo =) < |lml| 4- By Lemma 2.3, the function Qm = EPm is in H*(ID*), and
its norm equals the norm of pm in H*(E). Recall that by Hilbert’s approach to
power series of infinitely many variables, the functions in the space H® (ID%) are
bounded and analytic in D® N ¢p(IN), and that the formula giving Qm on (part of)
the quasi-characters is

om@) =3 bpn), DA L(N).
n=1

Plugging in the special quasi-character ¢,(n) = n~5, we get our function m(s) back:
m(s) = Qm(g,) for Rs > 1/2. Since @, depends analytically on the parameter s
and is in ID® N ¢o(N) for RNs > 0, the fact that Qm is bounded and holomorphic
on D® N co(IN) entails that m(s) is bounded and analytic in €, and ||m||, <
“Qm“Hw(]Dw) = ||‘<Bm||Hw(s) < [Iml|_4-

3.2. Proof that 2 nH*(C,) c M and |m| , < ||m||,. The key to the proof
of the converse relation is the following lemma, which is due to Fritz Carlson

[7].

LemMma 3.2 (Carlson’s theorem). Let f(s) = > .- asn™* be convergent (and
hence analytic) in €. and bounded in every half-plane R(s) > 6 with 6 > 0. Then,
for each o > 0,

0 1 T
S Jann = lim -_j \f (o +if))? dt.
n=1 -T

An immediate corollary is the following.

LemMA 33. If f(s) = > _;2 ann™ is convergent and bounded in C., then
feH and

. 1 (7 » )\
”f”x’=GE%1+(TETmﬁJ_T|f(G+lt)| dt) .

Remark. Note that together with Lemma 2.1, Lemma 3.3 implies Bohr’s
inequality o, — g, < 1/2.
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We carry on with the proof, and suppose that

00
m(s) = z byn™*
n=1

converges in some half-plane Rs > op, and that it extends boundedly and hol-
omorphically to €. Then, by Bohr’s theorem (Lemma 2.1), the Dirichlet series
defining m(s) actually converges uniformly to m(s) on every half-plane Rs > ¢,
with &> 0. Let f e s# have Dirichlet series ) .., a,n~°, and introduce, for
N =1,2,3,..., the cutoff series

N
In(s) = Za,,n“s, seC.
n=1

The function mfy is given by a convergent Dirichlet series in €., and it is bounded
there. We can now apply Lemma 3.3 to the function mfy, to obtain

Imfwllse < lmlloo ll il < limllcol] f1lse -

Since ||mf || < supy ||mfn||, it follows that

lmf 1l < llmllcollf1l e »

which completes the proof of Theorem 3.1. []

Remark. 1In the proof of Theorem 3.1, we acually prove that the multipliers
on s may be identified with the space H® (ID®). It is remarkable that just being
able to extend the function m € 5# holomorphically and boundedly to €. should
entail that the function Qm e H?(ID®) is bounded on ID® N I(N) (and hence
bounded and analytic on ID® N ¢o(IN)). After all, the condition on m just corre-
sponds to the behavior of Qm along the one-dimensional complex variety which
is the image of €, under s — ¢,.

4. Some function theoretic properties of #. We first recall some results from
ergodic theory. We then turn to the almost-sure behavior of the vertical limit
functions f,, with y € B, of a given f € . As an application, we consider the
famous zeta function, which here plays the role of the kernel function. After that,
we look at the function-theoretic properties of individual functions in 5#; in par-
ticular, we study zero sets.

4.1. Preliminaries from ergodic theory: Kronecker flows. Given a collection
of real numbers ay, a,a3,..., we consider the continuous group of vertical
translations

—ita —ita, —ita
Ty(21,22,23,...) = (e 7™z, e "2y, 67 23,...),
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acting on the infinite-dimensional polycircle T®, where ¢t ranges over the reals. The
Kronecker flow {T.}, is known to be ergodic if and only if for each fixed n,
n=1,2,3,..., the numbers oy, a,..., &, are Q-linearly independent. This is done
for finite-dimensional polycircles T” in [9, pp. 64, 67, 69, 99]. After a few minor
modifications, the proof in [9], which is based on the approximation property in
Kronecker’s theorem (Lemma 2.2), covers the infinite-dimensional case as well. We
pick a; = log p;, where p; denotes the jth prime, and note that by the fundamental
theorem of arithmetic, any finite subset of the collection {a;} jis Q-linearly inde-
pendent, so that the flow {T;}, is ergodic. If we write out the flow explicitly, we
get

Ti(z1,22,23,...) = (27%21,37%2,,572;,.. ), teR.

As in Section 2, points z = (zy, 23, 23,...) in T® are identified with elements y of
the character group E by putting (p;) = z; for the jth prime p;. The flow then
takes the more elegant form

(Tix)(n) = n~y(n), neN, teR.

We note that the ergodicity of the flow {7;}, may now be checked off directly from
condition (iv) in [9, p. 99]. By the Birkhoff-Khinchin ergodic theorem [9, pp. 11—
12, 39, 99], we have

1 (T
Jim o[ ot de = [ ot dpta) (1)

for every y, € E if g is continuous on E, and for almost every , if we only assume
that g € L'(E, p). We now apply this result in the context of our space #. For
f e, with series expansion f(s) =) ,a.n"°, we write fo(s)=f(c+5s)=
> . axn~°"°, and note that for ¢ > 0, this is again an element of . Recall that
op(f) € [-0,1/2] is the abscissa of boundedness for f, and that by Bohr’s theo-
rem (Lemma 2.1), it coincides with the abscissa of uniform convergence. It follows
that for o, op(f) < 6 < 400, the Dirichlet series for f;(s) is uniformly convergent
on Rs > 0, so that by Kronecker’s theorem (Lemma 2.2), the partial sums of the
series PBf, converge uniformly on E, making PBf, continuous on E. Now, by (4-1),

T 0
tim | I‘Bf«(ﬂ%o)lzdt=L|‘Bfa(x)|2dp(x)=;|an|2n‘2" (42)

-T

holds for almost all y, € E if 0 < ¢ < 65(f), and for all y, (in particular, for the
unit character y, = 1) if ¢ > 1/2. Notice the close resemblance with Carlson’s
theorem (Lemma 3.2). Indeed, Carlson’s theorem can be read off from (4-2), with

%0 = 1.
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4.2. The almost sure behavior of vertical limit functions. As before, let f € #
be given by (2-1), and write f, for the vertical limit function of f, given by (2-8).
The function f, shares with f the property that it is holomorphic on Rs > 1/2.
Helson [16] has shown that the function f, extends analytically to s > 0 and
that its Dirichlet series converges there, for almost every y € E. We wish to illu-
minate his elegant argument, and obtain additional properties of the vertical
limit functions. To make the statement as precise as possible, we need the space
H2(C,) of functions f holomorphic in C; which have fo ¢ e H?(D); here
H?(DD) is the usual Hardy space of the unit disk ID, and ¢ is the Cayley transform
¢(z) = (1 — z)/(1 + z). The subscript “i” stands for (conformal) invariance. Let 4;
be the probability measure dA;(t) = n~'(1 + %)}, which is got as the image under
the Cayley transform of the normalized arc length measure on the unit circle:

o0 ®
| Cisrane = 5[ 1rooeras, 5 eBAC).

The space H?(ID) is frequently regarded as a subspace of L?(T), and likewise the
space H2(C,) may be considered as a subspace of L2(iR, A}), the space of func-
tions g on iR that have g(it) in L2(R, ).

Apart from the ergodic statement, the following theorem is due to Helson
[14]. For the benefit of the reader, we adapt Helson’s idea of proof to the present
setting.

THEOREM 4.1. Let f € # be given, with series expansion (2-1), and let I1 be a
countable collection of absolutely continuous Borel probability measures on the
real line. For almost every character y € E, the function

00
_ 1
fu(s) = ;anx(n)n 5 Rs > 3
extends analytically to an element of H?(C.), has

—+00
J 1, (i6)|2 deo () < +o0, forall w e,
Q0

and enjoys

1 T 0
ﬁj 15— Y el as T = +co.

n=1

Proof. We first decide on how to define f,(it). It should correspond to the
possibly divergent sum Y, a,x(n)n~*. This sum, however, makes sense as
PBf (Ttyx), for almost every y, where {T;}, is the ergodic Kronecker flow of the
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previous subsection. We thus put f,(it) = Pf(T;x), and observe that by (4-2),
with ¢ = 0, this function is locally in L? along the imaginary axis, and has the
asserted property

1 T 00
ﬁj (i) de— S lan? as T = +oo, (4-4)
=T n=1

almost surely in y. Moreover, by Fubini’s theorem, for a Borel probability measure
w,

+00 5 +00 )
|| il a0t = || 15600 dote) o

—00

+00
=j 17113 deot) = | £11% < +o.

—00

In particular, the function f,(it), considered as a function of ¢, almost surely is
square integrable on the real line with respect to w. Elementary measure theory
shows that the same holds true simultaneously for all measures w in II, since the
latter set is countable. By the same token, f,(it) is almost surely in L%(IR, 4;).

A function g in L?(T) is in H?(ID) if and only if

J z"g(z) dA(z) =0, n=1,273,...,
T

where A is as before the normalized arc length measure on the unit circle. After an
application of the Cayley transform, we have that a function g € L2(iR, A¥) is in
H2(C.) if and only if

+00 l—itn
|7 (e amano =0, n=123....
—00

Therefore, to see that f, is almost surely in H3(C..), it suffices to check that

o —ir\" .
| () nwanw =0, n=123...,

for almost all y. However, to check that an L%(E,p) function vanishes almost
everywhere, it is enough to show that all of its Fourier coefficients are 0. We set
a; =0 for g€ Q,\N, and integrate the left-hand side of the above expression
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against ¥(q) to get the Fourier coefficients:

|| ((55) nwane

= J —00

[ 58 s

[+t /1 — i\ .
B (1 ¥ it) % dAi(1) = 0,
J —00

where we have used Fubini’s theorem, and that a, = 0 for g < 1. This completes
the proof. [

The ergodic reasoning behind (4-4) leads to an estimate of f,, which does not
seem to follow from Helson’s work.

THEOREM 4.2. Let f and f, be as in Theorem 4.1, and write s = o + it. Then
almost surely in y € E,

1+t
Ifx(S)—anISC(—‘Tl'—/l2 ,  seCy,

for some constant C = C(f,y), 0 < C < +00. Moreover, almost surely in y,

|t|1/2

fx(S) =a + 0(—;72—) as Itl — +00

holds uniformly in ¢ > 0.
Proof. As in (4-4), we have, by ergodic theory, that almost surely in j,

T
%J (fylin) — a1)>dv -0 as|T| -+,
0
the space average of the function (in y) being 0. This entails that the function
x 2
Fix) = | (i) — e ar

meets
F,(ix) = o(|x|) as |x| — +o0, (4-5)

almost surely in x. By Theorem 4.1, the function f, is almost surely in H?(C..), so
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that the squared function (f, — a1)? almost surely belongs to the analogously
defined space H!(C.). As such it is given by the Poisson formula

(flo+it)—ap)? = ZJ*‘” (fy(ix) —a)? |

T) o 62+ (t—x)*
Integrating by parts and using (4-5), we obtain the representation formula

2 +00 _
o0 -a =3 o Gy 0

for ¢ > 0 and t € R. After an application of the size control (4-5) to this integral,
the desired estimates follow by taking square roots. []

For a certain class of functions in s, the estimate of Theorem 4.2 can be
improved considerably. Note that the conclusion is that the growth in the imag-
inary direction is precisely what the Schnee-Landau theorem requires to imply
convergence of Dirichlet series [5], [20].

COROLLARY 4.3. Let f € # be such that all powers f~, where N is a positive
integer, also are in #. Then, for each ¢ > 0, we have, almost surely in y € E,

€
|fx(s)—01|<C(-1iﬁ>, s=o+iteCy,

ot

for some constant C = C(y, f,¢), 0 < C < +c0.
Proof. The estimate is more or less immediate from Theorem 4.2. []

The general question about almost sure convergence of the Dirichlet series of
vertical limit functions was treated by Helson in [16], in a somewhat more gen-
eral context. He obtained the following basic result.

THEOREM 4.4 (Helson). Let f € # be given, with series expansion (2-1). For
almost every character y, the Dirichlet series

£(9) = any(mn™®

converges in the half-plane Rs > 0.

According to a classical formula for the abscissa of convergence [12, pp. 6-8]
(see also Section 2 of the present paper), Theorem 4.4 is equivalent to the state-
ment that, almost surely in g, the partial sum function

Sv(x) = Y anx(n) (4-6)

nn<N
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has Sy(x) = O(N?®) as N — +o0, almost surely in y, for all ¢ > 0. So, in light of
Helson’s theorem, we find the following special case interesting.

THEOREM 4.5. Let fe H# be given, with series expansion (2-1). Suppose
a, =0 for all composite numbers. For almost every character x, we then have
Sn(x) = O(1) as N — oo, where Sy(y) is as in (4-6).

Proof. Without loss of generality, we may suppose that a; =0. As the
parameter p runs through the primes, the x(p), treated as functions of y, run
through the distinct coordinate variables in the polycircle T®, which is our
standard realization of the character space E. This has a clear interpretation: the
random variables

1~ ax(p), p=2,3,5711,...

are mutually independent, have mean squares 0, and variances 62 = |a,,|2.

For a given positive integer N and a positive real number M, let E(N, M) be
the set of all characters y for which |Sy(x)] < M. By Kolmogorov’s inequality
[9, p. 260], we have

P(OWEN,M) > 1= MY a2 = 1= M2 Y Jap|2.
p p

By letting M tend to +o0, we see that Sy(x) = O(1) as N — +oo holds for almost
allyeZ 0O

4.3. The kernel function. Riemann’s zeta function for random characters.
Given a separable Hilbert space &/ of analytic functions on a domain Q (in the
complex plane, or in higher dimensions), one forms the kernel function K (z,w)
by taking some orthonormal basis {e,(z)}, in &, and putting

Ky(z,w) = zen(z) en(w), (z,w) e Q x Q.

This then proves to be independent of the particular choice of orthonormal basis
and has the reproducing property that

f(w)=<f$Kd(.7W)>‘d) weQ.
In fact, as an element of o/, K(-,w) is uniquely determined by its reproducing

property. In s, an orthonormal basis is supplied by e,(z) =n"?, for n=
1,2,3,..., so that its kernel function is

s = 1 1
K”(z,w)z E n_z_w=C(Z+W), §RZ>§, §RW>E’
n=1
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where {(s) is the Riemann zeta function:
0
C(s)=Zn's, Rs > 1.
n=1

In Section 2, we modeled the space # as both the Hardy space on the infinite-
dimensional polydisk ID* and the polycircle T®. The polycircle T® was identified
with the character group E of the multiplicative positive rationals. In particular,
for quasi characters ¢ € D® N [2(N), the “point evaluation” f — Qf(¢) is a con-
tinuous linear functional on 2, so that it too must be given by a kernel function
Ky (¥, 8),

Qf (§) =< Ko (-, 0Dy, $ €D IA(N).

In terms of a series expansion, it is written
w -
Ko (,9) =D _¥(mdn),  ¥,¢ D nPW).
n=1

The inner product in 5, and hence in H?(ID®), is better visualized on the dis-
tinguished boundary T® = E, where we have

@00 = <D, QQ>H2(JD°°) = (%P, ‘BQ>H2(1P’°)

- j B ) Ba() dp(r),  frge .

m

This suggests introducing the kernel

K (8) =Y x(n)d(n),  x€E, eD°nA(N),

n=1

where the sum, for fixed ¢, is understood to converge in the sense of the space
L2(E, p). This kernel then has the reproducing property

Qf (¢) = <P, KHZ(E)('a¢)>H2(E)

- | WO K@@ o), D= ALEM).

On the other hand, it is well known that the reproducing kernel on H2(TY) for
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finite-dimensional polydisks is given as the product of the Cauchy kernel in each
variable,

N
Kpaqny (2, w) = H(l — Waz)t, zeTY weDV,

n=1

and in the limit as the dimension N tends to infinity, we get [8]
B 1
Ko (X, 8) = H(l — Wnzn)~
n=1
=[[-4@x(p)™", xeT® geD®nI*N),
P

where the second product runs over the primes, and z, = x(p»), Wwa = @(p»), for the
nth prime p,. For ¢ e D® nI'(N), the above product converges pointwise to a
continuous function of y, but in general we must interpret the above product as
being convergent in L2(Z, p) [8]. (Cole and Gamelin used martingale theory to
obtain the convergence.) Since the kernel function of a given Hilbert space of
analytic functions is unique, we arrive at the equality K n2E) = Kp2(pe); that is, the
Euler identity

ix(n)f(n) =[IA-x@ém)™", xeT”, eD™nIXN),
n=1

p

which holds pointwise in y for ¢ € D® ~ I!(IN), and almost everywhere for general
¢. This is a surprising interpretation of the Euler identity as arising from two ways
of looking at one and the same kernel function! If we specialize to the particular
quasi characters ¢(n) = n~5, we get the more familiar

00

S oxmn~ =T[-2o™)",  ze5 Rs> 7, 7)

n=1 r

with pointwise convergence in x for s > 1. We shall write {,(s) for the analytic
function on Rs > 1 given by either side of (4-7). By Lemma 2.4, suitably modified,
these are the vertical limit functions of the zeta function {(s).

THEOREM 4.6. Suppose the coefficients {a,}, are totally multiplicative and
square summable, with a; = 1. Then, for almost every character y, the Dirichlet
series

0 s 1
Ss) = D anxmn™, - B> 3,

converges to a zero-free analytic function on the half-plane s > 0.



22 HEDENMALM, LINDQVIST, AND SEIP

Proof. The convergence statement follows from Theorem 4.4. We check that
the function f,(s) almost surely lacks zeros in Rs > 0. Let u(n) be the Mobius
function, which has u(1) =1, u(n) = (—=1)* if n is the product of k different
primes, and u(n) = 0 if n is divisible by a square (other than 1). The Mobius
function enables us to express the reciprocal of f,(s),

V) =3 uman(n™,  Rs> 1,
n=1

because the coefficients {a,}, are totally multiplicative. By Theorem 4.1, 1/f,(s)
extends analytically to €, almost surely in y, whence the assertion follows. []

Theorem 4.6 has a curious interpretation for the vertical limit functions {,(s)
of the Riemann zeta function: the Riemann hypothesis holds for almost every y.
The latter fact was mentioned by Helson in [16].

CoROLLARY 4.7 (Helson). For almost every character y, the Dirichlet series
Cy(s) = >, x(n)n~° converges on the half-plane Rs > 1/2 to an analytic function
which has no zeros there.

Proof. Apply Theorems 4.1 and 4.6 to the coefficients a, = n=1/27¢, with
¢ > 0. The assertion follows, but only in the slightly smaller half-plane Rs >
1/2 + &. A simple measure-theoretical argument now yields the desired result. []

By the formula for the abscissa of convergence of a Dirichlet series (see Sec-
tion 2), Corollary 4.7 has the following consequence.

COROLLARY 4.8. Let ¢ > 0. For almost every character y, we have SN | x(n) =
O(N'/2+#) g5 N — +co.

Question. Can the above be sharpened to the statement that, almost surely,
SV %(n) = 0(v/N log N) as N — +00?

Using Corollary 4.3, we can control the growth of the logarithm of {,(s). The
branch of the logarithm intended is the one with

log {(s) == log(1 —x(p)p™),  Rs>1,
P

where the logarithms on the right-hand side are given by the principal branch.

THEOREM 4.9. Suppose the coefficients {a.}, are totally multiplicative and
square summable, with a; = 1. Then, for almost every character ¥, the function
f1(8) = >, anx(n)n=* has a logarithm

log fy(s) == log(l —apx(p)p™), Rs> %
p
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(the right-hand side involves the principal branch), which extends holomorphically to
Rs > 0, and enjoys (s = 6 + it)

log fy(s) = o(log m) as |t| — +o0,

[

uniformly in o, 0 > 0.

Proof. Let a be a complex parameter. We define the power
1
& I I 1-— —5)T¢ —
f(S) p( aPp ) ) §RS>2,

where the right-hand side employs the principal branch of the logarithm. The
identification of # with H2(E) in Section 2 allows us to express the square of the
norm of f*in # as

L (" i0\—a2
Ilﬂj|ﬂ—%e)|d&

P /1

Using a Maclaurin expansion on (1 — ape“’)_“, one sees that for a confined to a
compact subset of C,

1 (" i\ —
22| 1= ey "o = 1+ 0(ia ).
4

It follows that f*e . In particular, /"N e # for all N=1,2,3,..., and
y = 1,—1,i, —i. By Corollary 4.3, we have, for each ¢ > 0, and almost all y,

l4°

(50 =0(1L) as = e

0-8
uniformly in g, ¢ > 0, whence the assertion follows. []

CoROLLARY 4.10. Fix ¢ > 0. Almost surely in y,
log {,(o +it) = o(log |t|) as |t| = 40

holds uniformly in 6,0 > 1/2 + ¢.

Proof. Apply Theorem 4.9 to the coefficients a, =n"1/27% with 6=
(1/2)e. O

4.5. Function-theoretic properties of individual functions in #. The purpose of
this paragraph is to obtain some basic information about the function theoretic
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properties of individual functions in 5. In particular, we are interested in the
structure of their zero sequences. The situation starkly contrasts the “almost-
sure” behavior that we have concentrated on so far, because here, the functions
are only known to be analytic in the half-plane s > 1/2 (which we denote by
€, ), and zeros may actually accumulate at a boundary point such as s = 1/2.

Let HZ(C;/;) denote the uniformly local H? space on Cy;: a function g
holomorphic on €y, is said to be in it if

6+1
sup sup J lg(e + it)|* dt < + 0.
0eR o>1/2 JO

It is a Banach space, and the functions in it are bounded in every half-plane
Rs > o9y, with a9 > 1/2.

THEOREM 4.11. We have the inclusion # < H fo(Cuz), and the injection map-
ping is continuous.

Proof. Let f € s# have the series expansion (2-1). We wish to prove that for
alle >1/2,

0+1 )
J flo+in)2de<CY la? (4-8)
6 n=1

holds, where C is an absolute constant.! We note that it suffices to obtain (4-8) for
finite Dirichlet series f, since on compact subsets of Cy/;, elements of # are uni-
formly approximable by them. Moreover, by making a vertical translation, we see
that we can set § = 0, and by the Poisson integral formula, we see that it suffices to
consider the limit case ¢ = 1/2. By duality, we have

1 1 ) 2
) f(i*”)

2

dt = sup
g

1
J Zann—l/Ze—it log ng(t) dt
05

2

= sup
g

> aun'*j(log n)
n

00 00
<Y lanf? sup > n~"|g(log m))?, (49)
g

n=1 n=1
where the supremum is taken over all g e L2(0,1) of norm <1, and § is the

! Note added in proof. The inequality (4-8) follows from equation (27) on page 140 of H. Mont-
gomery, Ten Lectures on the Interface Between Analytic Number Theory and Harmonic Analysis, CBMS
Regional Conf. Ser. in Math. 84, Conf. Board Math. Sci., Washington, D.C., 1994. It is a variant of
Hilbert’s inequality.
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Fourier transform of g,
1
i© = [ o0 a,
0

which extends to an entire function of exponential type < 1. For such functions §,

—00

o] +00
S nlig(log m)? < cj GO de
n=1

holds for some absolute constant C. This follows from a suitable adaptation of a
classical inequality of Plancherel and Poélya [21, pp. 96-98]. Heuristically speak-
ing, the reason is that the left-hand side looks like a Riemann sum of part of the
integral to the right, and that the functions § are sufficiently smooth. Modulo the
Plancherel identity, the assertion now follows from (4-9). [J

CorOLLARY 4.12. Let fe s, f(s) #0. If {sk}r, Sk = ok +itx, denotes the
sequence of zeros of f in Cy/,, then

1
sup (ak — —) < +o00,
geRk:skze:Qo 2

where Qg is the half-strip Rs > 0,0 < Is < 6+ 1.

Proof. By Theorem 4.11, f(s)/s is contained in H2(Cy/,), and so {sc}, sat-
isfies the Blaschke condition

All convergent nontrivial Dirichlet series have a zero-free half-plane, so that
sup,ox < +oo. Hence,

A= Y (ak—%) < +o0,

k:sy € Qa

for each real 6. If the function 4(6) were unbounded, we could find a sequence 6
of reals such that A(f;) — +co. But then the functions fi(s) = f(s+ ifx) would
tend to zero uniformly on compact subsets of €y, because they would have an
ever-increasing mass of zeros, and their norms in H 30((131 ,2) are uniformly
bounded. By Lemma 2.4, any vertical limit function has the form

0
Z anX(n)n—s ’
n=1

where y is a character. Such a function cannot be identically zero. This is a con-
tradiction, and so A(0) is bounded. []
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PrOPOSITION 4.13. There exists a function f € #, other than the O function,
whose zero set contains a subsequence tending to s = 1/2 along the real line.

Proof. Let {b,}, be the sequence b; =0, b, = n~'/2(log n)~! for n > 1, and
notice that it has 3, b2 < +oo and ¥, n™1/2b, = +00. We now select integers 7
and points o according to the following fashion. Let ny = 1. Given ni, we pick
ok > 1/2 so close to 1/2 and ny4; so much larger than ny that

i1 —1 m—1
E n~%b, — E n~%b, — E n~%b, > 0.
n=ny n=Nj,y

The sequence {0y}, is strictly decreasing, with limit 1/2. If we put a, = (— l)kb for
ny < n < ngyq, and let f be as in (2-1), then f is real-valued on the real half-axis
]1/2,+0[, and the sign of f(oy) alternates as (—1)*. By the intermediate value
theorem of calculus, f has infinitely many zeros along the real line, which accu-
mulate at s =1/2. [

5. Systems of dilated functions in L2(0,1). In this section, we return to the
basis and completeness problems described in the introduction.

Let ¢ € L2(0,1) be given and again consider it as an odd periodic function of
period 2. The basic questions are: For which ¢ is the system

o(x), o(2x), p(3x),...

a Riesz basis in L?(0, 1), and for which ¢ is the same system complete in L2(0, 1)?
We recall that completeness means that the system spans a dense linear subspace.
The observation that the only orthogonal bases of this kind are generated by the
functions ¢(x) = C sin(nx) motivates introducing the representation

o(x) = Zan\/_ sin(nnx)

for an arbitrary ¢ € L?(0, 1), and seeking solutions in terms of the coefficients ay.
For both problems, a necessary condition is a; # 0, because otherwise the function
sin(nx) cannot be approximated. It is no restriction to normalize: a; = 1 from now
on.

Let {e,}, be the standard orthonormal basis e,(x) = V2 sin(nnx). Following
Beurling [1], we associate to each f e L?(0,1) with sine series expansion
f(x) =3, cuen(x) the auxiliary Dirichlet series

Sf(s) = i can”.

n=1
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Let || - || .2 and (-, D2 be the norm and inner product in L?(0, 1), respectively. The
operator S is an isometric isomorphism between L2(0, 1) and 5#: ||Sf|,» = || f|l -
Also, inner products are preserved: {Sf,Sg)» = {f,g>r.. Given a function f in
L%(0,1) of the form f(x) = 3, cxen(x), where only finitely many c, are nonzero,
we associate to it the function T, f(x) = Y, ca9,(X), where ¢,(x) = @(nx). It is
clear that T, f € L2(0,1), given the restriction on f. When the operator S is
applied to T, f, we arrive at the identity

1
S(To f)(s) = So(s) Sf(s),  Rs>5. (5-1)
This has the interpretation that replacing the basis sequence {e,}, with {¢,},
corresponds to multiplication by S¢ on the S-transformed side.

5.1. The function 1/S¢: The biorthogonal system. Let So(s) =), a.n"", as
before. We formally write 1/S¢(s) = >, byn°. The coefficients b, are given by
by =1,

b, = Z (-1)*ag,a4,- - aq,, n>1,
dydy-dy=n

where the sum runs over all the finitely many possible product decompositions of
n, where the various factors d; are integers > 1. The series ), b,n™° converges
absolutely in some half-plane Rs > gy, as is readily seen by considering the
extremal situation where a, < 0 for all n > 1. In fact, any g with 3, |as|n™" <
a; = 1 will do. Multiplying S¢ with 1/S¢, we read off from the coefficients that
b1a1 =1 and

> baaya=0, n>1 (5-2)
d:din

Formally, we have 1/S¢ = Sy, where y/(x) = 3.7, bnen(x). It follows from (5-2)
that the functions y,(x) = 344 bnjqea(x) (they are not the dilates of ) form a
system which is biorthogonal to the original system {¢,},, with ¢,(x) = ¢(nx);
that is, {@;, ¥;> = 6;k, where ; is the Kronecker delta symbol, which is 1 when
j =k, and 0 otherwise. It follows that the system {¢,}, is minimal; that is, each ¢,
lies outside the closure of the linear span of the other vectors. Moreover, e,(x) =
> &djn Wn/a¥a(x), and since these sums contain only a finite number of terms, it is
clear that the biorthogonal system {\,}, is complete in L?(0,1). The biorthogonal
system consists of dilations of a single function only in the trivial case ¢(x) =

e1(x) = v/2 sin(nx).

5.2. Riesz bases. Recall that a basis { f,}, in a separable Hilbert space H is a
Riesz basis if for some bounded invertible operator L on H, the sequence {Lf,},
is an orthonormal basis. An equivalent characterization is the following (see [21,
pp- 30-37]).
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LemMA 5.1. Let H be a separable Hilbert space. A system {f,}, of vectors
from H is a Riesz basis in H if and only if

(a) every f € H can be expanded as f =, cufn;
(b) there are constants A and B, 0 < A < B < +o00, such that

1/2
A(Z 'cnlz) <
n

for every finite sequence of scalars c,.

1/2
<B (Z |c,.|2) (5-3)

chfn

L2

We now state the main result of this section.

THEOREM 5.2. The system ¢(x), p(2x), ¢(3x),... is a Riesz basis in L*(0,1) if
and only if both S¢ and 1/S¢ belong to M.

Proof. As before, we write e,(x) = v/2 sin(nnx), and let T, be the linear
mapping which sends e, to ¢,, forn=1, 2, 3,.... Let # denote the dense sub-
space of L2(0, 1) consisting of functions f = 3", cses, Where all but finitely many
of the coefficients ¢, equal zero. By Lemma 5.1, we have a Riesz basis if and only
if the image of # under T, is dense in L%(0, 1), and

Alflle: < Tofllez < Bllfllees  fe#, (5-4)

holds for some constants A and B, 0 < A < B < +o0. After an application of the
transformation S, the Riesz basis condition becomes, if we use (5-1), that the image
of S under multiplication by S¢ should be dense in 5#, and that

AlSflle < SoSflle < BlSfllse,  feZ. (5-5)

We first do the sufficiency part. If S and 1/S¢ are both in .#, then clearly, Sp SF
is dense, and (5-5) holds with 4 = ||1/S¢|| ) and B = ||S¢||_,.

We turn to the necessity part. By an argument involving Cauchy sequences,
(5-4) extends to all f € L2(0, 1), so that S¢ is a multiplier on 5. The denseness of
SoSF in # together with (5-5) forces 1/S¢ to be a multiplier on 5# as well. The
proof is complete. [

Example. In conjunction with Theorem 3.1, the theorem above provides a
precise statement about the subtle dependence on the “closeness” of ¢ to e;(x) =
v/2 sin(nx). To illuminate the condition, consider

o(x) = i fl;%z V3 i sin(nntnx) ,
n=1

n=1
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for T > 1/2. Then
o0
So(s) =3 nn" = L(e +9),
n=1
and
0
1/8S¢(s) = Zu(n)n"n‘s,
n=1

where u(n) is the Mébius function, which has u(1) = 1, u(n) = (—1)* when n is the
product of k different primes, and u(n) = 0 if n is divisible by a square (other than
1). The function S¢(s) is bounded in the half-plane Rs > 0 if and only if © > 1.
Using Theorem 5.2 and the fact that multipliers are bounded analytic functions, we
conclude that the system ¢(x), ¢(2x),... is a Riesz basis in L(0,1) if and only if
T>1.

The above example is covered by the following corollary to Theorem 5.2.

CoROLLARY 5.3. If the coefficients a, of S¢ € 3# are totally multiplicative, the
functions ¢(x), 9(2x), ¢(3x),... form a Riesz basis in L*(0,1) if and only if
2_p lap| < +00, where the sum runs over the primes.

Proof. Since the totally multiplicative coefficients come from a function in
H, they must satisfy sup,|a,| < 1, and by the Euler product formula,

So(s) = zoo:a,,n‘s = H(l - app‘s)—l. (5-6)
n=1 p

By the remark following the proof of the multiplier theorem, . is isometrically
isomorphic to H®(ID®). As we calculate the norm of QS¢ there, using the analog
of (5-6), we obtain

ISell.e = [Tt = laph ™",

p

so that in view of Theorem 5.2, 3, |a,| < +o0 is certainly a necessary condition to
have a Riesz basis. Incidentally, this is also sufficient, since

1/50(9) = 3 atmann™ = T[ (1 = app™). O
n=1 p

Note next the following consequence of Theorems 3.1 and 5.2; for the second
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statement, one should keep in mind the identification of .# with H®(ID*) sup-
plied by Section 3.

CoROLLARY 54. If ¢(x) =, anen(X), and Y, |an| < a1 =1, then the col-
lection {p(nx)}, (n=1,2,3,...) forms a Riesz basis in L?(0,1). On the other
hand, if a, = O unless n is a prime or 1, the condition Y _,. , |a,| < 1 is necessary to
have a Riesz basis.

5.3. The completeness problem. The completeness problem is considerably
more delicate than the Riesz basis problem. It does not seem likely that it has a
solution as simple as the one given by Theorem 5.2. In fact, as we shall see, it is
equivalent to the problem of describing the cyclic vectors in the space H2(ID®),
which is definitely quite hard. The relationship to the invariant subspaces in an
infinite-dimensional setting was pointed out by the editors of Beurling’s collected
works [1]. The level of difficulty of Beurling’s completeness problem is empha-
sized by the fact that a complete characterization of the cyclic vectors in H2(DV)
is known only when the (complex) dimension of the polydisk is N = 1.

In some special cases, conditions that are both necessary and sufficient for
completeness can be formulated in terms of the coefficients in the expansion

D) =3 anenx),
n=1

where a; = 1, as before. For instance, the case when a, = 0 for all composite
numbers 7 is interesting (Theorem 5.9).

Let ¢,, S, Ty, and & be as before. Then & = S is the dense subspace of #
of finite Dirichlet series.

A subspace I of S is said to be invariant if it is closed, and fg € I whenever
f €I and g € . One shows, by suitably approximating functions in .# with ele-
ments of ®, that invariant subspaces are actually invariant under multiplication
by elements of .#. The invariant subspace generated by a function f € # is
denoted by [ f],,, and we say that f is cyclic if [ f] , = J#. Similarly, a subspace J
of H?(ID®) is called invariant if it is closed, and invariant under multiplication by
polynomials in the coordinate functions zj, z;,... on D®. The invariant sub-
spaces are actually invariant under multiplication by H® (D). We write
[f]i2e) for the invariant subspace generated by f € H 2(D®), and say that f is
CyCliC if [f]Hz(]D”) = Hz(]Doo)

A moment’s reflection on the definition of T, reveals that ¢y, ¢,, ¢;,... form
a complete system in L2(0, 1) if and only if the image of # under T, is dense in
L2(0,1). After an application of the transformation S, using (5-1), the latter con-
dition becomes the requirement that S¢ times the set & = S# of finite Dirichlet
series be dense in #, id est, that Sp be cyclic in #. By the isometry between #
and H%(ID®) supplied by the operator Q back in Section 2, the following can be
said.
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THEOREM 5.5. Let ¢ be as above. Then the following are equivalent:

(a) the system @, @3, @s,. .. is complete in L2(0,1);

(b) the function So is cyclic in 3#; that is, the subspace S¢ M is dense in #;
(c) the function QS is cyclic in H?(D®).

A necessary condition for the completeness of the system {¢,}, mentioned by
Beurling in his 1945 seminar (confer [1, p. 378]), is that the function S¢(s) be
zero-free in the half-plane s > 1/2. We shall prove something slightly stronger.
For a sequence z = (z;); in D®, let ||z|; = sup{|z|:j=1,2,...} and ||z||,22 =
2 |zj[2. We extend this notation to sets Q € D® by taking suprema over all the
points in Q.

LEMMA 5.6. If the system @y, ®,,... is complete in L2(0,1), and Q < D® has
|12}« < 1 and ||Q|];2 < 400, then

inf |QS¢(z)| > 0.
zeQ

Proof. In view of Theorem 5.5, we need to show that if g € H?(ID®) is cyclic,
then |g| is bounded away from zero on Q. We argue by contradiction. So, sup-
pose |g| is not bounded away from zero on Q; then there is a sequence of points
z(k) in Q such that g(z(k)) — 0 as k — +oc0. When I*(N) is given the weak top-
ology, its closed unit ball becomes a compact metric space (the Banach-Alaoglu
theorem), so that by the Bolzano-WeierstraBl theorem, the sequence {z(k)}, pos-
sesses a cluster point z(c0), with ||z(00)|[; < 1 and ||z(00)||;2 < +c0. By the con-
ditions on Q, sup,.q[]; (1 - |z;|*)™! < 400, so that point evaluations in Q are
uniformly bounded. It follows that as the subsequence of points z(k;) converges
to z(c0), the function values g(z(k;)) converge to g(z(0)), so that g(z(c0)) = 0.
We conclude that g cannot be cyclic, as it is annihilated by a bounded point
evaluation. [J

Remark. 1In particular, it follows that for the system ¢, ¢,,... to be com-
plete, a necessary condition is that

sup |Se(s)| > 0,

Rs>o0

for any o9 > 1/2. This result is sharp, in the sense that for complete systems,
infgs1/2/Se(s)| = 0 can occur. An example is given after Corollary 5.8. A slightly
more refined necessary condition for completeness can be obtained from Theorem
4.10: for all characters y, the function (S¢),(s) = >_, anx(n)n™* must be outer
in HZ (Cy,). Also, by a remark Helson makes in [16], it is necessary that (S9),
almost surely be outer in H2(C..).

5.4. The Dirichlet-type space #;. We introduce next a subspace of # which
seems to play a natural role in the study of the completeness problem. To this
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end, let

d(n) = Zl

did|n
denote the number of divisors of a natural number n. As a function of n, the
number of divisors is quite irregular, but it is well known that d(n) = 0(n’) holds

for every 6 > 0; however, the average order of d(n) is log n (confer [13, pp. 260—
266]). We denote by 5#; the collection of Dirichlet series Y- | a,n~* for which

> lanl*d(n) < 0.
n=1

Clearly, s#; = s#. For the interesting class of series with totally multiplicative
coeflicients (amn = ama,), we have the opposite inclusion. Indeed,

2
S a2 () = (z w)

in this favorable case. The identity can be verified by expanding both sums as
Euler products. If we write n = Hp p'», where the product runs over the primes,
and all but finitely many of the nonnegative integers v, are zero, we have, some-
what formally,

DlaPdm) = lagap - ap - P )L+ va) - (L4 vp)

n n

o0 0 ©
= Z(l + V2)Ia2l2"2 . Z(l + v3)|a3l2\'3 e Z(l + vp)lap|2vp .

v,=0 v3=0 vp=0

=(1—lal)?- (1= as) - (1= Jap) 2 =TT = a2,

provided that each |a,| < 1, and a; = 1. Note that if some |a,| > 1, the sequence
{an}, is not even in I>(N). We have, by using a similar argument,

o0
Z |a,,|2 = H(l - |ap|2)—1»
n=1 )4
where a; = 1 and |a,| < 1. The product converges if and only if

> lap)* <+o0,  ap| < 1.
4
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This is a necessary and sufficient criterion for a Dirichlet series with totally multi-
plicative coefficients to belong to the space #, and thus to the space ;.

The reciprocal series of a Dirichlet series f(s) = ), a,n™° with totally multi-
plicative coefficients and a; = 1 is

1 o0
—= u(n)a,n=*,
7 = 2 Han
where u(n) is the Mébius function. A direct calculation yields

S el =T[A+1aP), 3 lumad? din) = [[ (1 +2lap)
n=1 p n

p

for the expressions defining the norms in # and in 5. These norms are finite if
and only if } -, |a,,|2 < +o00. This criterion for 1/f(s) differs from the one for f(s) in
one respect: the condition |a,| < 1 is skipped.

5.5. Completeness, continued. We now use the space #; to formulate a fairly
general sufficient condition for completeness.

THEOREM 5.7. The system {¢,}, is complete in L2(0,1) if one of the following
conditions is fulfilled:

(a) S and 1/S¢ are both in H#y;

(b) Sp e M and 1/S¢ € H#;

() SpeH and 1/Sp e M.

Proof. We first look at parts (a) and (b). As before, we write 1/S¢(s) =
3, ban~5. Put Ry(s) = SN b,n~5. Suppose we can show that ||SpRy|,, has a
bound that is independent of N. Then S¢pRy tends to the constant function 1
weakly, as N — +o0. By standard functional analysis, 1 is in the norm closure of
So.#, so that S¢ is cyclic in . Under condition (b), it is clear that this bounded-
ness condition is fulfilled, by the estimate ||[Ry||,» < ||1/S¢|| 4. Under condition
(a), we apply the Cauchy-Schwarz inequality,

2
ISoRNIZ =D | D awbm| <D d(k) Y lanl*lbwl’
k m,n: k m,n:mn=k
mn=km<N

< (Z lanlzd(n)) (Z Ibmlzd(m)) = ISol511/Sl%

where we used that d(mn) < d(m)d(n). Part (a) follows. Under condition (c), we
just multiply S¢ with the function 1/S¢ in .#, to get that 1 € [S¢|,, so that S¢ is
cyclic. The proof is complete. []
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CoROLLARY 5.8. If the coefficients of Sp € # are totally multiplicative, the
system {@,}, is complete in L*(0,1).

Proof. According to the previous subsection, we have that both S¢ and 1/S¢
are in S, because the coeflicients are totally multiplicative. The assertion now
follows from part (a) of Theorem 5.7. []

Remark. 1t follows that in the context of the example considered after Theo-
rem 5.2, we have completeness if and only if = > 1/2. This reproves a theorem of
Helson [16].

Example. We use Theorem 5.7 to construct a complete system ¢, @,,...
with

f =
i 1S0(s)] =0

as promised in the remark following Lemma 5.6. Let by = 1, by =0, and put
b,=p ~12(1og log p) for prime indices p > 2, and extend the sequence multi-
phcatlvely, so that by, = b,,b,. By Chebyshev’s theorem [19, Vol. 1, p. 25], the
series

1
Sl = 3 e

ro>2 P (log log p)

(summation over the primes) converges if and only if

i 1

‘=3 n(loglog n)4/ 3logn

converges. Since the last series converges by the integral test, we conclude from the
results of the previous subsection that the functions ® and 1/® are in J#;, where
®(s) = ,bun°. Let ¢ be given by S¢ = 1/®. The completeness now follows
from Theorem 5.7. The estimate

1 % 1
O0)> Y 73 Zs 273
n=

pp>2 PY/2*7(log log p) n1/2+9(log log n)

logn’

where Chebyshev’s theorem has been used again, shows that ®(¢) — +o0 as
6 — 1/2, since the right-hand-side series diverges for o = 1/2. It follows that
S¢(c) - 0aso — 1/2.

THEOREM 5.9. Let So(s) = 1+ 3, app™, summing only over the primes. Then
the system {¢,}, is complete in L2(0, 1) ifand only if 3, |ap| < 1.
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Proof. To see the necessity, observe that if 3 |a,| > 1, there exist a positive
integer N and a point z = (z1,2,,...) € D® with z; = 0 for j > N, such that (p; is
the jth prime)

0
QSp(z) =1+ _ a2 =0.
Jj=1

By Lemma 5.6, we cannot have completeness.

To get the sufficiency, we introduce the auxiliary function g =1 — S¢, and
note that ||g|| , < 1. The function 1 —g" = (1 —g)(1 +g+--- +g"!) tends to 1
in the norm of 3 as n — +o0, and for each n, it is in Sp.#. It follows that S¢ is
cyclic. O

6. Possible directions of further investigation. According to a theorem of
Helson (Theorem 4.4), we have that for f € #, with series expansion (2-1), the
Dirichlet series

) =3 ang(mn™
n=1

converges in the half-plane Rs > 0, for almost all characters y. In terms of the
coefficients, this amounts to having, almost surely in j,

ianx(n) =O(N®) asN — +o0, (6-1)
n=1

for each fixed & > 0. In view of Theorem 4.5 and Carleson’s theorem on the almost-
everywhere convergence of Fourier series with 12 coefficients [6], which cover the
probabilistic and deterministic extremes, the following conjecture seems reason-
able: for almost all y,

EN:a,,x(n) =0(1) asN — 4.

n=1

The conjecture appears to be related to the question of how many of the stochastic
variables y(n) on a given interval N < n < N + k are mutually independent. The
latter translates into the following basic number-theoretic problem: What is the
multiplicatively rational dimension of the interval N < n < N + k? Here, the mul-
tiplicatively rational dimension of a set E of positive integers is the dimension of
the @Q-linear span of log E over the field Q. For instance, the multiplicatively
rational dimension of the interval 1 < n < k equals the number of primes <k.
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By Corollary 4.7, almost every {,(s) converges to a zero-free analytic function
in the half-plane Rs > 1/2. It will now be indicated how this result may be used
to obtain information about particular characters. Given positive reals M and &,
let Q(e, M) be the set of all y for which

N
> )
n=1

for all N=1,2,3,.... By Corollary 4.8, the p-mass of Q(¢, M) tends to 1 as
M — 40, for fixed &. A point yx, in E is a mass point for Q(e, M) provided that
each open neighborhood of y;, intersected with Q(g, M), has positive p-mass. If
is a mass point for some Q(e, M), then {, extends analytically to a zero-free function
on Rs > 1/2 + ¢. This is so because this function may be approximated by func-
tions {,(s) which lack zeros on Rs > 1/2, in the topology of uniform convergence
on compact subsets of s > 1/2 + ¢. This may be a way to handle nonprincipal
Dirichlet characters, a topic to be discussed below.

As a matter of definition, a character is a multiplicative mapping y : Q, — T,
and if we like, we may extend it to all of Q\{0} by setting y(—1) equal to 1 or
—1. The characters that so extend continuously to the archimedian completion
R \{0} are of the type x(r) = |r| ™" for some real number ¢ (if we fix y(—1) = 1).
There are also the nonarchimedian completions Q,, the p-adic number field, for
a given fixed prime p. The Dirichlet characters associated with Q, are the ones
that extend continuously to Q,\{0}, and one checks that for some k € N, when
restricted to the integers, they are periodic with period p*, except on numbers
divisible by p. Traditionally, one sets the value of the Dirichlet character y equal
to zero on the integers divisible by p, but this is not our choice here. The princi-
pal Dirichlet characters take value 1 on all integers indivisible by p. (There are
several because we do not prescribe the value at p.) The nonprincipal Dirichlet
characters all have partial sums )., v x(n) that grow like O(log N) as N tends
to infinity (with the traditional definition, these sums are actually bounded), so at
first glance they seem like ideal candidates for mass points. In the final analysis,
this may prove to be naive.

< M- N1/2+8,
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