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Abstract Forintegersn,q =1,2,3,...,letPol, , denote the C-linear space of polynomials
in z and z, of degree < n — 1 in z and of degree < g — 1 in z. We supply Pol,, , with the inner
product structure of

L*(C, e””'z'sz), where dA(z) = 7~ 'dxdy, z=x +iy;

the resulting Hilbert space is denoted by Pol,, , ,. Here, it is assumed that m is a positive
real. We let K, ,, , denote the reproducing kernel of Pol,, , ,, and study the associated deter-
minantal process, in the limit as m, n — +o00 while n = m + O(1); the number ¢, the degree
of polyanalyticity, is kept fixed. We call these processes polyanalytic Ginibre ensembles,
because they generalize the Ginibre ensemble—the eigenvalue process of random (normal)
matrices with Gaussian weight. There is a physical interpretation in terms of a system of free
fermions in a uniform magnetic field so that a fixed number of the first Landau levels have
been filled. We consider local blow-ups of the polyanalytic Ginibre ensembles around points
in the spectral droplet, which is here the closed unit disk D:={zeC:|z| < 1}. We obtain
asymptotics for the blow-up process, using a blow-up to characteristic distance m~'/2; the
typical distance is the same both for interior and for boundary points of ID. This amounts to
obtaining the asymptotical behavior of the generating kernel K,, ,, ,. Following (Ameur et
al. in Commun. Pure Appl. Math. 63(12):1533-1584, 2010), the asymptotics of the K, , 4
are rather conveniently expressed in terms of the Berezin measure (and density)

2
(w)dA(w), B (w) = Mefm\wlz.

dB{ (w):=BY
m,n,q Km,n,q (Z, Z)

m,n,q m,n,q
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A. Haimi, H. Hedenmalm

For interior points |z| < 1, we obtain that dBlﬁffm (W) — dé, in the weak-star sense, where §,
denotes the unit point mass at z. Moreover, if we blow up to the scale of m~Y2 around z, we
get convergence to a measure which is Gaussian for ¢ = 1, but exhibits more complicated
Fresnel zone behavior for ¢ > 1. In contrast, for exterior points |z| > 1, we have instead that
dB,sf!)n, (W) — dw(w, z, D), where dw(w, z, D°) is the harmonic measure at z with respect
to the exterior disk D¢ := {w € C: |w| > 1}. For boundary points, |z| = 1, the Berezin
measure B9, , converges to the unit point mass at z, as with interior points, but the blow-
up to the scale m~!/2 exhibits quite different behavior at boundary points compared with
interior points. We also obtain the asymptotic boundary behavior of the 1-point function at
the coarser local scale g'/2m~!/2.

Keywords Bargmann-Fock space - Polyanalytic function - Determinantal point process

1 Introduction
1.1 Notation

We will write use standard notation, such as d X and int(X) for the boundary and the interior
of a subset X of the complex plane C. The complex conjugate of a complex number z is
usually written as 7. We write R for the real line, D := {z € C: |z| < 1} for the open unit
disk, and D° := {z € C: |z| > 1} for the open exterior (punctured) disk. The characteristic
function of a set E is written 1. We write

dA(z) =7 'dxdy, wherez=x+iyeC,

for the normalized area measure in C, and use the standard Wirtinger derivatives

1 -1
9= 5 (0 —i0y). b= (8 +idy). wherez=1x +iy.

We also write A for the (quarter) Laplacian

1.2 Determinantal Projection Processes

Given a locally compact topological space X with a positive Radon measure p, a finite deter-
minantal projection process is a random configuration of n points defined by the following
probability measure on X":

n

1
dP(z1, ... zn) = ;det[Kn(Zinj)] dpa(zr) - - - dpa(z). (1.1)

ij=1
Here, K, is the integral kernel of a projection operator to an n-dimensional subspace of
L?(X, w). It is customary to identify all the permutations of the points and think the process
as a random measure Z']’.=1 8;; on X. It should be mentioned that finite determinantal projec-
tion processes presented here are a subclass of more general determinantal point processes
which, for instance, can contain infinitely many points. We omit the general definition, as
the processes we will consider in this paper are only of the special form (1.1).
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The Polyanalytic Ginibre Ensembles

Determinantal processes were originally introduced by Macchi [28] to model fermions in
quantum mechanics. Indeed, the probability density (1.1) vanishes whenever any two points
in the n-tuple (zi, ..., z,) coincide (fermions are forbidden to be in the same state). We
interpret this as saying that the points in the n-tuple repel each other. Point processes of this
kind appear in several contexts, e.g., in random matrix theory and combinatorics (for general
surveys, see [10, 24]; we should also mention the books [6, 11, 12, 15, 29]).

1.3 Eigenvalues of Random Normal Matrix Ensembles

Our main motivating example comes from the theory of random normal matrices. This
topic has in recent years been subject to rather active investigation by physicists as well
as by mathematicians. For an introduction, see, e.g., [38]. So, we shall use X = C and
du(z) =e 2@ dA(z), for a positive weight function Q satisfying some mild regularity and
growth conditions; m is a positive real parameter, and dA(z) = 7w ~'dxdy is the normalized
area measure. Let us write L2(C,e™?) := L*(X, i) in this situation. The determinantal
projection process is associated with an n-dimensional subspace of L?(C,e™?), and we
will use the space Pol,, of all polynomials in z of degree < n — 1; we write Pol,, ,, to indicate
that we have supplied Pol,, with the Hilbert space structure of L?(C, e™"2). The density of
the process is then given by the reproducing kernel K,, , of the space Pol,, ,. So, we are
talking about the probability measure

1 n ; z
AP (21, z) = — det[ Ko (i, )] ;e MO0 T EIAAG) - dAG). (112)

In terms of the correlation kernel
1
Ko (@ w) 1= Ky (2, w)e™ 2O+, (1.3)

which is the integral kernel of an orthogonal projection on L?(C), the expression (1.2) sim-
plifies to

n

1
dP@1s..nzn) =3 det[ K n(zi, 2))]; ;_ dA(z1) - - dA(z,). (1.4)

i,j=1

The process described by (1.2) and (1.4) represents the eigenvalues of a random normal
matrix picked from the distribution

1
7 e " CMIdvol iy (M), (L.5)

where dvolyw(,) (M) is the natural Riemannian volume form on the n x n normal matrices
inherited from the metric of C"’ (see [38]); Z,,.» is the normalization constant needed to

make the total mass equal to 1. We are interested in the limiting behavior of the process
as m,n — 400 while n = mt + O(1) for some positive real number t. Without loss of
generality, we will consider only 7 = 1.

1.4 Local Blow-Up Processes

Let AV, and N, ¢ be the set of points defined by

N, :={we(C: AQ(w)>0}, J\/'+_0:={we(C: AQ(w)ZO}.

@ Springer



A. Haimi, H. Hedenmalm

In the arXiv preprint [20], which appeared later in the expanded form [21], the function Q
was defined as a certain envelope of Q, namely the largest subharmonic function in C which
is < Q everywhere and has the growth bound

0(z) =log|z> +0O(1), as |z| = +00.

It is known that AQ = 1sAQ for some compact set S (see, e.g., [21]). We assume that
S is the minimal compact with this property, and call S a spectral droplet. We then have
8 C N, . The point process (1.2) has the following property: as m,n — +oo while n =
m + O(1), the points will tend to accumulate on the set S with density A Q there. Moreover,
the set S N A is rather regular for real-analytic Q, as the Sakai theory applies (cf. [23];
see also the related papers [19] and [22]). Typically we then expect a real-analytic boundary,
with the exception of cusps and contact (or kissing) points. Let us refer to the set int(SNN.)
as the bulk. The results of [3, 4] show that for bulk points z, the local blow-up process at z,
with coordinates (&, ...&,),

£ :=m’[A0()] "z -2,

where (zi, ..., 2,) are from the process (1.2), converges weakly to the translation invariant
Ginibre(oo) process, as m, n — +oo while n = m + o(1). The associated generating kernel
is the reproducing kernel (£, ) — 7 of the Bargmann-Fock space. This has the flavor of
a universality result. The corresponding statement in the Hermitian random matrix theory is
the universality of the sine kernel for bulk (the points z; would in this context be eigenvalues
of the random matrix). We observe here that the sine kernel is the reproducing kernel for
the Paley-Wiener space (a subspace of L2(R) consisting of entire functions). As for the
two boundary points in the GUE model, the Tracy-Widom distribution appears, which is
generated by the Airy kernel. The Airy kernel is reproducing for another Hilbert space of
entire functions (see [27]). This suggests that for real-analytic Q and z € 3S N N, there
should exist a local blow-up

g :=m’(z; —2),

where 6 = 0(z) is a suitable positive real, such that as m, n — +o0o while n = m + o(1), the
process (&1, ..., &,) would converge to a determinantal process whose generating kernel is
the reproducing kernel of a Hilbert space of entire functions. We verify this in the context
of the Ginibre ensemble (i.e., with Q(z) = |z|?), and identify the associated Hilbert space
as the closed subspace of the Bargmann-Fock space characterized by slow growth in a half-
plane (see also Sect. 5 where a characterization via the Bargmann transform is presented). In
that case we have 6 = % as in the case of interior points. This is in contrast with Hermitian
random matrix theory, where a different scaling is required for boundary and for bulk points.

1.5 The Berezin Measure and the Berezin Density

In [3-5], Ameur, Hedenmalm, and Makarov study the Berezin measure dB,Sffn and Berezin
density B, :

2
|Km,n (z, w)| e mOw)

@ () — B o =
dB,”’ (w) =5, (w)dA(w), b, (w):= Knn(z,2)

m,n m,n

which arise in the study of the Berezin transform. The Berezin measure is a probability
measure, which makes it more stable than the reproducing kernel K, , of Pol,, , itself as we

@ Springer



The Polyanalytic Ginibre Ensembles

let m, n — +o0c. In terms of the point process (1.2), B¢, measures the amount of repulsion
from z caused by placing one of the points at z. For bulk points z, we have the convergence
dB{®) — ds. in the weak-star sense of measures, as m,n — +oo while n =m + o(1).
Here, d§;, is the Dirac point mass at z. In fact, there is a better result: the blow-up Berezin

density

. 1 £
B® — B®
m,n (g) mAQ(Z) m,n (Z + /—mAQ(Z)>

converges to the standard Gaussian e~ *. This corresponds to the convergence of the local
blow-up of the point process to the Ginibre(co) process (cf. [3, 4]). On the other hand, for
points z outside the spectral droplet, i.e., for z € C\ S, the Berezin measure dBf,ffn converges
in the weak-star sense of measures to harmonic measure at z with respect to the exterior do-
main C\ S as m, n — 400 while n = m + o(1) (see [3] for Q = |z|?, and [4] for the general

result).
1.6 The Local Blow-Up of the Point Process and the Berezin Density

It is convenient to think of the point process (1.2) in terms of the k-point intensities

k _1 7 R L
det[ (2, 2))]; ,_y = det[ Ky, (zi, 2)e 2T

We notice quickly that the intensities are unchanged if the kernel changed to
K (2 w) = x (@) X (W) K, u (2, w),

provided that x is measurable with |x (z)| = 1 (we can call this a “gauge transformation”).
This can help in the asymptotical analysis of local blow-ups. For k =2, we get the 2-point
intensity

2y 1) —
{KmA,n(Zlel)Km,n(ZZv 22) — |Km,n(217Z2)| }e mQ(1)-mQ(2)

|Km,n (Zl ) Z2)|2 eme(zz)

= KmJl (Zl s Zl)eimQ(Zl) { Km,n (ZZ: Zz)e’mQ(Q) —
Km,n(ZhZI)

}, (1.6)

where we recognize the Berezin density as a correction to the product of the two 1-point
densities; the 1-point intensity is

e Km,n (Z, Z) eme(z).

So, as far as the 2-point intensity goes, we just need the 1-point intensity and the Berezin
density. Since the 1-point intensity is just the restriction to z; = z; of the Berezin density, the
Berezin density is all we need to describe the 2-point intensity. We will be a little lazy and
just work with the Berezin density in the context of local blow-ups, although the asymptotics
of the k-point intensity would strictly speaking require a little more work. So, although we
state many of our assertions regarding local blow-ups in terms of the Berezin density, we
maintain that they generalize to statements about the point processes (cf. [4]).
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A. Haimi, H. Hedenmalm

1.7 The Ginibre Ensemble and Its Polyanalytic Generalization

The case Q(z) = |z|?> of (1.5) (or (1.2)) is known as the Ginibre ensemble. The (probability
generating or reproducing) kernel is now particularly simple:

n—1 — N
(mzw)’
Kun(zw)y=m) T
j:
Here, S = ID, the closed unit disk. We will consider a family of generalizations of the Ginibre
ensemble, the polyanalytic Ginibre ensembles, which are defined by the reproducing kernels
K n,q of the subspaces

Pol,, u4 ::span{z-fik:Osj <n—1,0<k<gqg- 1}

supplied with the Hilbert space structure of L?(C, e‘m‘z‘z). The correlation kernels 7K, ,
for the polyanalytic Ginibre ensembles are given by the formula analogous to (1.3):

}Km,n,q (z,w):= Knng (z, w)e—%m(Q(z)+Q(1u)]' (1.7)

The parameter value ¢ = 1 corresponds to the standard Ginibre process. In general, we now
project to the ng-dimensional subspace of the polyanalytic polynomials, where the degree
in z is < g — 1, and the degree in z is <n — 1. Note that the dimension of the subspace is
now ng and not n.

The polyanalytic Ginibre ensembles can be interpreted physically in the following way.
In quantum mechanics, the wavefunction of an n-body system consisting of non-interacting
fermions with wavefunctions ¥;, j =1, ..., n, is given by the Slater determinant

det[y; (Zk)]_r;,k:l'

The important property of this expression is that it satisfies the Pauli exclusion principle,
i.e., it is antisymmetric with respect to interchanging two wavefunctions.

In this paper, the wavefunctions of the form ¢ = ue=3m ‘2, where u is an eigenfunction
of the differential operator (densely defined on L(C, e~ )

A= —9.0, + mzd;,

play a special role. This operator represents (after suitable normalizations) a single particle
in the complex plane within a uniform magnetic field of which is strength m and perpendic-
ular to the plane. The eigenspaces for this operator are of the form (see, e.g., [30])

84;,,1(©C) =4, ,(C)e A, (O),

m,r

where A,znqr((C) is the Bargmann-Fock space of polyanalytic functions f satisfying
9" f(z) = 0 (cf. Sect. 2). These eigenspaces are often referred to as Landau levels (in
the literature, the term “Landau level” can also refer to the eigenvalue). The symbol “&”
means taking the orthogonal difference of the two subspaces of Aﬁw +1- We will denote by
Ury1,j, j =1,...,n, some orthonormal basis of the space

8P01m.n¢r+1 = POlm,n,r+l S POlm,nJ - 5A31,r+1 ((C)
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The Polyanalytic Ginibre Ensembles

Fig. 1 The polyanalytic Ginibre ! ' ! '
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and write ¥, 1 j = u,4, je’i’"'z' for the corresponding wavefunctions. We now form the

wavefunction for a system where there are n fermions at each of the g first Landau levels:
lpq,n(z) = det[wl‘,i(z.r,j)]nqanv 1 =< ia ] <n, 1 =< r,s =< q.

Here, we write z = (21,1, ..., Zri, - - - » Z¢,») fOr an ng-tuple of complex numbers. The corre-

sponding probability amplitude is %qu,n |2, where Z, » 1s a normalization constant. By a

standard argument in random matrix theory (see [25] p. 47), this expression can be rewritten

as (the correlation kernel is given by (1.7))

1 1
— W, =

det|iK n ris &s,j
Zq,n (nq)' e[ 1, ,q(Z. Z /)]

wgrng L Shj=n, l<rs<gq,

which is exactly the probability density of the polyanalytic Ginibre ensembles. As a result,
the polyanalytic Ginibre ensembles model systems of free fermions where all Landau levels
below a given level contain the same number of particles. We will focus on the case where
m and n large and kept relatively close to each other: physically, this corresponds to each
Landau level being completely filled. We should point out that in our treatment, there is no
special significance in the choice of having exactly the same number of particles in each
Landau level below the cut-off level—other configurations can be analyzed in a similar
manner.

For more background on the free fermion interpretation in the normal matrix (ground
state) model, see [37]; more information about the connection between polyanalytic func-
tions and Landau levels is contained in [1, 7, 30, 31, 36].

As for the point process, the points generally repel each other, but for g > 1, they also
tend to avoid certain geometric configurations, such as circles and lines. We have run a
simulation in Fig. 1.
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A. Haimi, H. Hedenmalm

Fig. 2 The limiting Berezin
density for polyanalytic Ginibre
process with ¢ = 3 exhibiting
Fresnel ring pattern. Here, white
is high and black is low Berezin
density

1.8 Results

Macroscopically, we find that the behavior of the polyanalytic Ginibre ensemble is similar
to that of the Ginibre ensemble. If we measure this in terms of the Berezin measure, we have
that as m, n — +o0o while n =m + O(1),

dB® ds, forze ]I_)), dBr(nZ.)n,

m,n,q

. dw, forze D,

where w, is the harmonic measure of z with respect to the exterior disk D°. Here, K, , 4 is
the reproducing kernel for Pol,, , ,, and we use the notation

| Knng (2w _
dB,, (W) =B, dAW). By, ,(w) = = e o),
m,n,q\<»

for the corresponding Berezin measure and Berezin density. Interestingly, the microscopic

behavior of the Berezin measure dBf,f;ly , 1s quite different for ¢ > 1 compared with the

Ginibre case ¢ = 1. In terms of the blow-up Berezin density (A Q(z) = A|z|> = 1 here)
BY), &) =m ' B, (c+m %),
we have the following asymptotics as m, n — +oo while n =m + O(1):

A (2 _ 2 e
By, & —q 'L, (1EP) e forzeD, (1.8)
where L}Fl denotes the generalized Laguerre polynomial of degree ¢ — 1 with parameter 1
(see (2.1) for the explicit expression). It is well-known that the Laguerre polynomial L ;71
has exactly g — 1 strictly positive roots, which implies that the Berezin density will exhibit a
typical Fresnel-type ring pattern (see Fig. 2). Taking (1.6) into account, we see that the zero
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The Polyanalytic Ginibre Ensembles

rings of the Berezin kernel B, (&) correspond to circles centered at z where in the limit
as m,n — +00 no repulsion occurs between the center z and points on those circles.

This resembles what happens in the one-dimensional GUE case, where the zero density
points for the Berezin density come from the zeros of the sine kernel. Actually, the analogy
is more than a superficial similarity. If we consider rather big values of ¢, and scale down to
local distance (mq)~'/2, with

B, (8) = mg) ' B, (24 (mg)~'%€),
then by the above we have, for z € D,

B (§) — a7 Ly (a7 1§ e K,

m,n,q

as m,n — +oo with n = m + O(1). Next, if we let ¢ — +o00, we get that (see [26] 18.11.5)

+oo g2 )2 12
271 —1£112\2 . —q g2 (_1) |‘é>: | _ .11(2|S |)
a7 Ly1(q7'1E'P)e ’ {Z,-—o SN T

where J; is the standard Bessel function. The identity

Jl(2|§/|) :/CZiRe[E,E]dA(C)
&' D
shows that we are dealing with a planar analogue of the sine kernel (the sine kernel is the
Fourier transform of the characteristic function of the interval [—1, 1], the one-dimensional
unit ball). We remark here that the asymptotics (1.8) which is obtained here in the model
case Q(z) = |z|* can be shown to hold at bulk points for rather general weights Q, see [18].
We also investigate the local behaviour of the Berezin transform when |z| = 1, i.e., when
z is on the boundary of the bulk. Using the same blow-up scale as with an interior point, we
show that the blow-up Berezin density IAB,(j)n ;&) tends to a limit which can be expressed in
terms of Hermite polynomials (see Theorem 5.10). Here, too, there is a ring-like pattern in
the interior direction, but it is not so pronounced as it is for interior points (the bulk). We
express the 1-point intensity near a boundary point in terms of a sum of squares of Hermite
polynomials. The Wigner semi-circle law then gives the asymptotic behavior of the 1-point
function, which tells us the intensity of the process. We find that for big ¢, but much bigger
m,n with m =n + O(1), the 1-point function is nontrivial in the annulus

1—q"Pm™ 2 < jz) < 14¢"Pm™ V2

inside it is essentially constant, and outside it more or less vanishes. Near the outward bound-
ary of the annulus at the scale (mq)~!/2, we expect the statistics of the point process to be
related with the well-known Airy point process (in the sense of Tracy and Widom).

We should mention that the model of the present paper has been studied previously in
physics literature, see Dunne [13]. However, as far as we know, the exact scaling limits of
the blow-up correlation kernels were not obtained earlier.

1.9 Lifting to Two Complex Variables

Analogous results to [3] are obtained on complex manifolds by Berman [8]. We note that the
polyanalytic Ginibre processes can also be viewed as processes in C? with the rather singular
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weight e '280 (z1 — Z2), where &y is unit point mass at 0. Berman considers reproducing
kernels of polynomial subspaces as the total degree of the polynomials tends to infinity. In
contrast, here we discuss the case where one variable has bounded degree and the degree of
the other variable goes to infinity.

1.10 The Polyanalytic Ginibre Ensemble and Weighted Interpolation

It is well known in the theory of random matrices that for complex numbers zj, ..., z,, we
have

L detKiarn 2] = oA 2P

! m,n,1\Kis & j i,j=1 Zm,n,] 1y +++sZn )
where A(zy,...,2,) =1I1; j.i<j(zj — z;) is the van der Monde determinant. A point config-

uration in a compact set which maximizes the van der Monde determinant is known to be a
good choice of nodes for Lagrange interpolation [34]. Instead of considering points confined
to a compact set, one can add a weight to prevent the points from going off to infinity. This
leads to the same expression which arises in the context of random eigenvalues.

We turn to the polyanalytic case. One shows that

1
det[Km,n,q(Zis Zj)]ijzl = Z—|Aq(zlv cees an)|2’
' m,n.q

1
(ng)!

where Z,, , , is a normalization constant

—mS O(z:
Zng = f 1Ay 1y g7 " 21 2 dA(Z)) . dA(2ag)
Ccnq

and
1 1
21 e an
4ot
21 e an
Ay(z1, ..., 2pg) =det 7121 ceo ZngZng
—g—1 —q—1
lel .. ZZq
—g—1 _n—1 e
A< O P
So, Ay(z1,...,2ng) is the polyanalytic analogue of the van der Monde determinant. As
in the case ¢ = 1 (which gives the usual van der Monde determinant), the expression
|Ay (21, ..., Zug)|* measures how good the configuration is for Lagrange interpolation by

polyanalytic polynomials. So, the polyanalytic Ginibre ensemble is a way to produce ran-
dom Lagrange interpolation sets, using the Gaussian weight for confinement.
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1.11 Further Results and Open Problems

In [33] and [4], the authors showed that the fluctuations of eigenvalues of random normal
matrices tend to Gaussian free field. The fluctuations of the polyanalytic Ginibre process
will be discussed in a separate paper—the limit is again the Gaussian free field, but the
variance depends on the degree of polyanalyticity.

One could naturally address all the questions discussed in this article with a more general
weight Q. We conjecture that the spectral droplet will be the same as in the analytic case,
i.e. that the points from the process will accumulate on the set S, with density given by the
equilibrium measure 15 A QdA. It is also likely that the blow-up of the Berezin density at a
bulk point z will have a universal limit, which we here computed to be g ~! L D (8122

2 Polyanalytic Bargmann-Fock Spaces
2.1 An Orthogonal Basis

We will consider the Bargmann-Fock space A7, 4(©) of poly-analytic functions of degree
<gq — 1, i.e., functions of the form

q—1

f@Q=) 7 [,

r=0

where all the components f, are entire, subject to the norm integrability condition

1 o= /C 1 @Pe ™ dA(2) < +oo.

LZ(C —m|z |2

Here, as always, m > 0. We note that A2 1(C) is the standard Bargmann-Fock space. As
before, let Pol,, , , be the closed subspace of A2 4(©), defined by the condition that all
the components f, are polynomials of degree less or equal to n — 1. Moreover, let K, ,
and K, , , denote the reproducing kernels for A2, 4(©) and Pol,, ,, 4, respectively. We will
be concerned with the asymptotic behaviour of the kernel K,, ,, ,, as m,n — +o0o while
n=m+ 0O(1).

Bargmann-Fock-spaces of polyanalytic functions have been considered in, e.g., [36],
where the reproducing kernels and orthonormal bases were identified. We will attempt to
supply a self-contained account of these basic matters.

To begin with, we identify an orthonormal basis for the space Pol,, , ,. Here, and later
as well, we will need some standard properties of the classical orthogonal polynomials. For
details, we refer the reader to [26]. We need the generalized Laguerre polynomials ((x); :=
x(x+1)---(x 4+ j — 1) is the Pochhammer symbol)

k Diss
Lz(x):_zo( 1)( +a> Z(—l) ("‘ZT(]’{JFZ))f X @.1)

Proposition 2.1 For g <n, the following functions form an orthonormal basis for Pol,, , ,
(i,r, j, k are all integer parameters):

e (2) = /(r+l), mtV2Z Li(m|z]?), 0<i<n—r—1,0<r<gqg-—1,
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1@ = G m* VP L (mlz?), 0<j<q-k—1,1<k<q-1.

Proof Clearly, all the above functions belong to the space Pol,, , ,. Also, all the functions
ellﬁ,. are orthogonal to each of the functions e?‘ «» for the indicated ranges of the indices, as
can be seen by integrating along circles using polar coordinates. Next, we show that the
functions e , form an orthonormal set. Any two functions there having different parameter i
are orthogonal again by integrating along circles using polar coordinates. So, we fix i, and
pick two indices ry, r,. We compute the inner product of two such functions:

[ el @el,@e " Fare

\/(’1+l>'\/<rz+z>' m/'z'z’ L (mlzP) L, (mzP)e ™" dA )

r1!r2!
(r+dDr2+HJo

o0
L, (L, (1) fe”'dt =6, .,

where the delta is in Kronecker’s sense. In a similar fashion, the functions ei ¢ form an
orthonormal set. So, the functions ell o j! « together form an orthonormal set. Next, the di-
mension of the span equals the total number of vectors, which we calculate to ng, which

equals the known dimension of the space Pol,, , ,. The proof is complete. ]

2.2 The Reproducing Kernel

For g < n, we conclude that the reproducing kernel of Pol,, , , equals

g—1n—r—1
Kng (2, w) = mZO ZO T )'(mzw) Li(mlzP) L (m|w]?)

q—2q9—j— .
go kz U+t ),(mzw) LY (mz) L (m|w]?). (2.2)

Remark 2.2 In [2], it is pointed out that Perelomov in his book [32], p. 35, mentions that the
formula (2.2)—viewed as the explicit expression for the matrix elements of the displacement
operator—had been used by Feynman and Schwinger in a somewhat different form. For this
reason, Abreu and Feichtinger [2] suggest naming the orthogonal basis of Proposition 2.1
the Feynman-Schwinger basis for the polyanalytic Bargmann-Fock space.

We note that by plugging in n = +o0 in Proposition 2.1 we get an orthonormal basis for
the space A2 ((C) It follows that the same procedure of plugging in n = +o00 in the above

expression for Kinnq gives us K, ,, the reproducing kernel for Am q((C). What is probably
less obvious is that K,, , may be written in a much simpler form (this representation is,
however, known; compare with [7, 31]).

Proposition 2.3 We have that

g—1 oo

K g(z,w) = mZZ (r+ )‘(mzw) Ll (m|z| ) (m|w|2)
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qg—2q—j—1

il
Y DD sz L nl<P) L )

j=0 k=1

—m Ll mzw

a1 (mlz —w)e

Proof It is clear from Proposition 2.1 that the double sum expression equals K,, 4(z, w), so
the only thing that needs attention is the last equality. We first do the case w = 0. Many of
the terms in the double sum vanish, so that we are left with

g—1
Kug(z.00=m Y L(m|z[*)LY(0),
r=0

. LY = L], so that the above reduces to

It is well-known that L%(0) = 1 and that ) 7 sty

Km,q(Zs 0)=m Ltllfl (m|Z|2)

We turn to general w € C. It is well-known that the transformation

T, [f1(z) =™ 2" £z )

acts unitarily on A,zn,q((C); its adjoint is T) = T_,. By the reproducing property of
Kn.4(z,0), we have, for f € Aﬁw((C),

e 2P f () =T, [£1(0) = / T f(2) Ky 2, 0)e "< dA(z)
C
B fc FOTL[Kng (0] @ e dAR)
— me—2mlv? / f@ Ly(mlz— wl)e e dA().
C

The claim that K,,, ,(z, w) =m L;fl (m|z — w|?)e™*® now follows immediately. O

2.3 Szegd Asymptotics

We shall show that the kernel K, , 4(z, w) is approximated well by K,, ,(z, w), provided
that z, w € D are rather close to one another. It will be instrumental to study the asymptotic
behavior of the partial sums

k
1 .
E@)=) —¢
=07

of the Taylor expansion of the exponential function. In [35], Szegd showed that

Exke) 1 ek ¢ .
ke =1 m({e ) 1_;(1+6k(§))7 (2.3)
provided that |¢e'~%| < 1 and |¢| < 1, whereas
E.(k 1
) (ce' ) ——(1+ ). 2.4)

ek 2k ¢—1
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provided that |¢e'~%| < 1 and |¢| > 1. Here, we have the convergence
lim e,}(z) = lim e,f(z) =
k——+00 k—+o00
uniformly on compact subsets of the respective domains. As for (2.4), the uniform conver-
gence €; 2(¢) — 0 as k — +oo holds also in certain unbounded subdomains; in particular,
along the real line, we have uniform convergence on all intervals [a, +o0o[ with a > 1.
2.4 An Elementary Estimate of Laguerre Polynomials

The following elementary estimate of generalized Laguerre polynomials will prove useful.

Lemma 2.4 Suppose « is a positive real. Then, for k =0, 1,2, ..., we have that

1
|L§ (x0)] < Gt + k)X, xe[0,+o0l.

Moreover, with B :=a + 2k —2 + 2\/% + (k—1)(k +a — 1), we have that

1 k kra Ly
E(x =B =(=D"Lykx) < ¥ X€ [B, +ool.
Actually, the related inequality | LY (x)| < k, x* holds for all x € [ B, +ool.
Proof We begin with the estimate (0 <i < k is assumed)
(@+i+ 1 < (@+k)'.

Next, we note that for x >0and k =0, 1,2, ..., we have

, (a—l—z—i—l)k, ; @+it Di (@ +i+ D,
LOC)—Z( R T = Y= ik —0)! > ECED

i even i odd

and in view of the above estimate,

(@+i+ Dy (@+b" 1
ZWSZW Zk‘((a-f—k-f—x) +(O{+k—x))

i even i even

and, analogously,

(e +i+ 1) @+ 1 k k
ZJQWEZ&W @tk 0 =@+ k—x)").

By discarding alternatively the even or odd contribution, we arrive at
|L{ (0| < <5a (x+a+k)k + o + k — x[*),
which is slightly stronger than the first estimate.
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It is well-known that L{ is a polynomial of degree k all of whose zeros are distinct and
real, and they all fall in the interval ]O, B[ (see 18.16.13 of [26]). Therefore, we can write

« (=D*
Ly =—— @& =B & = Bo), 2.5)

where B; < --- < B are the zeros of Ly. Now, all the zeros satisfy x — 8; >x — >0
for x > B and |x — B;| < x for x > B/2. The remaining estimates of the proposition follow
immediately from combining these observations with the representation (2.5). ]

2.5 Approximation of the Polynomial Polyanalytic Reproducing Kernel
We estimate the difference K,y g — Ky g

Proposition 2.5 Let 7, w € C be such that |zw| < 6; < 1 and |zwle!™ <6, < 1. Let M
be a positive real number. Then, as m,n — 400 while |m —n| < M,

| Konng (2 w) — Ko g (2, w)| €700 < Cm905 (1 — 00)2[1+ [2* + [w]*],
where the constant C depends on q and M.

Proof In view of (2.2) and Proposition 2.3, we have that for ¢ <n,

g—1 +oo ' o ]
K@) = Kpngz,w)=my " (rii),(mzzm'L;(m|z|2)L;(m|w|2).

r=0i=n—r

By Lemma 2.4, we get that

+o00 |

r _ iy i
) 3 o ey Ly (mlzP) L (mlw )

+00
1 ,- o .
Sigrm(lnlzuﬂ) (mlzl® +i+r) (mlw +i+r)
— 1 oo n—r+j ) o , .
_ﬁZm(mlzwD (mlz +n+ ) (mlw® +n + j)
Jj=0

r

4r71 = 1 n—r+j r r
2 Gy bl Lmizl) o Y J[m )+ +5)] @26)
j=0 :

<

r!

For r confined to 0 <r < g — 1 and for big n, say n > ny(q), we have

(n+ ) 2 (n+j) 2
— < - and — < - ,
(n+ j)! (n+j—2r)! 4+~ (n+j—r)

so that if we use the notation

+00

[
R@= ) =2 =¢—E@.

j=k+177
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we obtain from (2.6) that for 0 <r < g — 1 and n > ny(q),

+00

r! — i i
2 G e Ly (mlzP) L] (mhwP)

i=n—r

r—1._.r

" [lzwl Ray (mIzw]) + 2(12 + [w]?) Ry (mlzw])

r!

+ 2|zwl" Ry—ar—1 (mlzw])]. 2.7)

Next, we see from Szeg6’s asymptotical expansion (2.3) that for large k, [ with / = k+O(1),
we have

Re(¢) —12 r ¢ 11z /k\K 1
il OB U] %77:jg(ze ) (1+€Uz/b), (2.8)
as k,I - 400 and [ = k + O(1). By a careful application of (2.8) to (2.7), and summing
over 0 <r < g — 1, the assertion of the proposition follows. O

Corollary 2.6 For z,w € D, let 1 — |zw| > © > 0. Then, as m,n — 400, while
lm—n| <M,

Km,n,q (Z, w) — Km,q (Z, U)) + O(e—%mrzem\zw‘)’
where the “O” constant depends on t, q, and M.

Proof A Taylor series expansion of the logarithm gives that

1

1 2
tel™ <e 20707 o<y <,

and, together with the fact that the exponential function grows faster than any given power,
the assertion follows from Proposition 2.5. O

As we shall see, Proposition 2.5 implies that the Berezin density

2
Bir?n q(w) = 7| Km’n’q @, w)l e—m\wlz
" Kinng(z,2)

behaves locally near z like the Berezin density

271 242 .2m Re 2
(2) |Km,q(Zy w)|2 —mlw|? m qul(m|z - w| ) eamresw —mlw?
quq(w) =——=¢ = ; — e
Ky(z,2) mL, (0)em

[ 2

m 2 —m|z—w
;L;Amu—wﬁ)e Iz (2.9)

To make this precise, we recall the definition of the blow-up Berezin density:

By, &) =m~'BY, (e +m™'7).
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Proposition 2.7 Fix z € D. Then
. 3 2 i
/C B, & — g 'L, (I6F)%e %" [dAE) —> 0,

as m,n — 400 whilen =m + O(1).
Proof By (2.9), we have

fal — _ _1£12

B0 = B e ) =g L (e
so the comparison is with the blow-up Berezin density for K, ,. We write w := z +m~'/%¢;
since z € D is fixed, we have 1 — |z|> > T > 0 for some small 7, and we suppose that w is

close to z so that 1 — [zw| > T > 0 as well. Then, by Proposition 2.3 and Corollary 2.6,

| mi,,,q(z,w)| e*m\w|2 |Kmq(z w) + O(e™ émt m\zwl)|2
Km,,,,q(z, 2) mq(z )+ O(e 7—mrzem\ ‘2)

7m|w\2

mnq(w)

B |mL1 I(m|z_w| )em w+o(677m‘r m\zw|)|2

(mg +O(e2"™")) enleF

—mlw\2
s

so that if we expand the square using that
|Lg-i (mlz —wl?)| = O(m*™),

where the “O” depends only on ¢ (this follows from Lemma 2.4), and simplify the expres-
sion, we arrive at

2 S w2
mnq(w) (mlz—w|2) —m\~—w| +O( 2q—-2 —imz e—m(M lwl]) )7

which immediate gives that

B

w) = %L;_l(mk . w|2)ze—m\z—w\2 + O(qu—Ze—%mrz).

The corresponding blow-up Berezin density then has

Bg’)mq(%-)zm—l mnq(z+m 1/2%-) —lL(1171(|E|2) —|g? +O( -3 —7m1—2). (210)

As exponentials grow faster than polynomials, the error terms is negligible for big m. For
fixed z € D, the requirement on £ so that 1 — |zw| > t for some fixed t > 0 is fulfilled for
big m if, say, |&| <logm is required. So, (2.10) has the immediate consequence that

/D 5 B, ) —q 'L (1€1) e[ dA®E) = O(m™ > (ogm)®e™ "), (.11
(0.logm)

where more generally D(zo, p) denotes the open disk of radius p about z,. Since the associ-
ated blow-up Berezin measures

2 —lg?

dBY, ,(&):=B% (w)dA®),  dBY (&) :=q 'L} (1) e " dA®).
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are both probability measures, the assertion of the proposition follows from (2.11) once it is
noted that the right-hand side of (2.11) tends to 0 as m — +o0. a

We note that the claimed convergence dBr(,ffn, , — d8; for z € D is an immediate conse-
quence of Proposition 2.7.

3 Berezin Density Asymptotics for an Exterior Point
3.1 Convergence to Harmonic Measure

We show that the Berezin measures have the convergence dBS?, g — do; for z € D° as
m,n — o0 while n = m + O(1). Here, w, is harmonic measure with respect to the point z
and the exterior disk D°.

3.2 Concentration of the Berezin Mass

We first study the concentration of the Berezin measure to neighborhoods of the closed unit
disk . We recall the standard notation ID(z, p) for the open disk of radius p centered at z;.

Lemma 3.1 Suppose z € D° and that p > 1. Then
/ BL2, o (w) dAw) = 0, (3.1)
C\D(0.p)
as m,n — 400 while n <m + O(1).
Proof Let w € C\ (0, p). We note that

n—1<m+0()<2m 3.2)

for sufficiently big m, and so, by Lemma 2.4,

n—r—1

! L. .
> | e L i) L ()|

i=0

n—r—1
o EEE— i 2 H r 2 . r
—~ r!(r+,‘)z(m|zw|) (mlzl® +i+r) (mlwl* +i+r)
9r ' 1 i+2r 9"
E— Z m( m|zwl) o2 (mlzw|) a1 (mlzwl). (33)

If we replace (n, r) by (g, j) in (3.3), we obtain

q—j—1

j 9J .
> G +k)'|(mzw) L (m|z?) LY (m|w|?) | < j!(m|zw|)-’Eq,1(m|zw|). (3.4)

k=1

We may restrict to g < n; after, we are considering the limit as n — +o00. As E,_; < E,_;
on the positive half-axis for g < n, an application of (3.3) and (3.4) to (2.2) gives

| Ko g (2, w)| < 2me® (mlzw|)" ™" E,_ (m|zw]). (3.5)
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Next, we observe that Pol,, ,; C Pol, , 4 (since ¢ > 1), which implies that
Km,n,q (Z’ Z) > Km,n,l(z» Z) = mEnfl (m|Z|2)
We conclude that the Berezin density may be estimated as follows:

2g-2 En—l (leU_)|)2 —m|w|?

B(Z) <4 618 7 36
ming () < dmeB omlzw) ™= G0
Finally, we see from Szeg6’s asymptotical expansion (2.4) that
E (ZC) _le/ink
22— k) 23U = (ce' ) (1 + 2t /K)). (3.7

¢ = k/l

Here, k <14 O(1), where the convergence ¢; 2(1¢ / k) — 0 is uniform if ¢ is real with ¢ > a
for some fixed a@ > 1. This leads to

E,—i(ml|zw))®
E,_1(m|z]?)

“ 29

=27 — D] [m/n = D] e w2 (1 4 o(D)),

where the term is uniform in the convergence. As we implement this estimate in (3.6),
and integrate over C \ (0, p), the claim follows. O

3.3 A Principal Value Calculation
We follow the approach of [3], and calculate a certain principal value integral. As on the real
line, principal value integrals in the complex plane are defined by first removing a disk of

radius € around the singularity and then letting € — 0.

Lemma 3.2 Fix z € D°. Foranyl=0,1,2, ..., we have

pvf B, ,(wdAw) > 27,
C
asm,n — +o0o withn =m + O(1).

Proof The case g = 1 was treated in [3], so we may from now on assume that g > 2. We
write

Km,n q — KI + K”

where
q—1n—r—1
Ky (zow): —m; ZO T ),(mzw> 'L (mlz?) L] (m|w])
and
429

K, (@ w) ::mZ Z G +k)‘( mzw)* Lk (m|z|*) LY (m|w]?).
Jj=0 k=l
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It follows that the expression | K, , 41> decomposes accordingly:
2 2 2 —
’K’"J“Z (Z’ w)‘ = |Kr1n-n,q (Z’ w)| + |Kr{1{n.q (Z’ w)‘ + 2Re[KnI1,n,q (Z’ w)Krfz{n,q (Z’ w)]
(3.8)

1 |2.

We first consider the following integral involving |K, , .

— 2 _mw|?
pv/(;w l’Kthw(z, w)’ e dA(w)

g—1 n—ri—1n—ry—1

) 1 r1!r2! — i) = \i2
- ”%;o ; ; pV/cw (1 ik + it )
x LI (m|z?) L2 (m|w[?)LE (m]z?) L2 (m]w|?)e ™"  d A (w)
g—1 n—ri—1ln—rp—1 i1+
o m' 2y ) iy yi 2\ i 2
= Y X X i i [ (el ) L (ml<P)

ri,rp=0 i1=0 =0

x[clwlz”Lill (mlw) L2 (m]w[*)e""" dA(w), (3.9)

where the delta is understood in Kronecker’s sense. The identity (for p =1, 2,3, ...)

L;‘*l’@):Z(’_‘;i”_ 1) L% (x) (3.10)

s=0 1
plus the standard orthogonality properties of the Laguerre polynomials gives that

(ri+i)lrr—r+1—1)!
rlr—r)'d -1 7

+oo )
/ LY (L (e dr =
0

where the right-hand side should be interpreted as O for r, < r;. By polar coordinates, then,
we have

i = 1= 1)!
ril(r, —r)!d — 1!

)

. . . —mlw 2
[C|w|2”L;_1] (mlw?) L (m|w]*)e™" " dA(w) = m
and (3.9) simplifies to

pv / w KL, Gow)Pe P dAw)
) |

—1 g—1 n—=l—-rp—1
KR H Pl —r +1—1)!

=mz' Y N Y (ry =!I = D2+ iy +1)!

ri=0rp=r; i1=0

x (mlz?)" Ly (mlzP) iy (ml2P?). (3.11)
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provided n is so big that ¢ + [ < n. Next, we apply Lemma 2.4 and (3.2) (using that z € D¢)
to arrive at

n—Il—ry—1
rilr;! AL [
2 m(’" P L (mzP) L (mlzf?)|
i1=0 !
n—l—ry—1 1 .
= 2 m(m|zlz)ll+l(m|z|2+i1+”1)rl(m|Z|2+i1+l+r2)r2
i1=0 .
n—l—ry—1 | A
= Z (ry+ir+D)! (m|z|2)rl+r2+ll+l <32 (m|zP)" E,oi(mlzl?). (3.12)
i1=0 :

On the other hand, by the estimate from below in Lemma 2.4,

g—1n—r—1
mnq(Z Z)>Kmnq(Z )= m; IX(; (r+ )' m|z| ) L'(m|z| )
g—1n—r—1 2
2 r
mr — o r'(r+ )'(mm ) [mlz? - )] (3.13)

provided that m|z|> > B(n), where

Bn) :=n+q—4+2\/%+(q—2)(n—1)=n+0(ﬁ).

As we assume z € D¢ and n =m + O(1), we must have

1
mlz]* — ) =m(|zI* = 1) +m — B(n) > EM(IZI2 —-1)
for big enough m, n, and so, by (3.13),

q—1n—r—1 —r

4 i+2r
K02 2 K@) zm 30 30 o mlz )

r=0 i=0

l—¢

4
> = 1 1D [Ena(mlel) = Eq-o(m1zP)]

“4m

4
>
(g — D!

(m)z)? ™ E,—i (m|z)?). (3.14)

Here, we used that the E,_; (m|z|?) is much bigger than Eq_z(m|z|2) as m, n both grow. Let
us look at the contribution from 0 < r; < g — 2 in the right-hand side of (3.11) using the
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estimate (3.12):

q—2 qg—1 n—Il—-rp—1

_ r2!(r2—r1+l—l)! l+ i
m|z| lZ Z Z = DT D! (m 1 ’L (m|z|2)Lr2+l(m|z|2)|

ri=0ry=r; i1=0
q—2 q—1
|Z| - (”2 1"]+l— )‘ 2\"1 2
YD 3 () Eaa (mlzP?)
- ril(ry —r)!
ri=0r=r|

<mCy(g, D) (mlz?)" "> Eoei (mlzP),

for an appropriate positive constant Ci(q, [). As we combine this estimate with (3.14), we
obtain

e qZ qi': "*’i’f*‘ Py —ri 41— 1)!
mnq(z ) = v (r2 —r)! = D2 + iy + D!
x (mlz[?) ”+]L” (mlzl?) L (m]z?)| < Calg. DHm ™ =O(m™") — 0,

as m,n — +o0 in the prescribed fashion. So the contribution to (3.11) which comes from
0 <r; <g — 2 is negligible from the point of view of the Berezin density. It remains to
consider the contribution from r; = g — 1. The corresponding part of the sum in the right-
hand side of (3.11) equals
,ﬁif g1
(+i+1-1D)!

110

(m|Z|2)i1+lL;17]( |Z|) 11+l(m|z|)

and we now claim that

S @

Knng(z.2) = (q+i1+1—1)! (mlz)" LY (mlzP) Ly (mlzl?) — 27,
m,n, by i1=0 .

(3.15)
as m,n — +00 in the given fashion. We use the recurrence relation (3.10) to write
: q+l—s5s—-2
l 1 i i
L) =L ) — Z( L >L; (x). (3.16)

s=0

A straightforward argument allows us to show that as insert this into (3.15), the sum that is
subtracted on the right-hand side of (3.16) makes asymptotically no contribution to the sum
in (3.15). Consequently, (3.15) is equivalent to having

—I n—l—q
Z (g — 1! 2\i1H i+ 212 —l
; m|z L " (m|z —Z 3.17
Konng(z,2) 2 (q+11+l—1)!( J2?) " L (1) (3.17)

as m, n — o0 in the given fashion. If we insert the expression (2.2) defining K, ,, 4(z, 2),
we see that (there is some cancellation of terms)

— n—Il—q
-1 _ z (g — 1! i H i1+ L
z m Kinng(z,2) ilg() (G+i1+1— 1)!(m|Z| ) L, 1 (mlz] ) [ (mlz?)
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q .
= (mlzP) L (mlz )’

mnq(Z 2)
q—2q—j-1 j! .
+m121: kXI: (]—i—k)'(mm )Lk L (mlzl? )?
(g —D! 2Niri 22
+m Z(q+, 1)’ mz|?) L], (m|z?) } (3.18)

By careful application of Lemma 2.4 to all the Laguerre polynomials in this expression,
while inserting (3.13) to control the denominator, we indeed get (3.17). So, after a lot of
effort, we have obtained that

K ,w)f?
pV/ Me—m“‘)'zdﬂw) — 7 3.19)
c Knng(z,2)

as m,n — +oo with n = m + O(1). Analogous but slightly easier arguments (left to the
interested reader) show that

K” 7w 2
pv/ 7| el q( )| e_’"‘wlsz(w) —0
C m,n,q (Z’ Z)

and

i m,n (Z w)Kl;[” (Zv w)
/ v Re{ ’ ) }efm‘wlzdf‘(w) — 0,
C mA,n,q (Zv Z)

again as m,n — +oo with n = m + O(1). Finally, we put everything together based on the
decomposition (3.8):

g (2o w2

- | K
J
pv/c Bininq (W)dAGw) = pv/ Knng 222)

e WP A (w) —s 77,

as m,n — +oo with n = m + O(1). This ends the proof. |
3.4 Convergence to Harmonic Measure

We now show that even in the principal value sense, the Berezin density tends to avoid the
interior of the unit disk.

Lemma 3.3 Fix a real parameter p with 0 < p < 1 and a point 7 € D°. Then, for | =
0,1,2,..., we have the convergence

pv / w B,  (w)dAw) — 0,
D(0,p)

asm,n — +oo withn =m + O(1).
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Proof In terms of the decomposition (3.8), we will focus on the term |K7{m’ q|2 and leave
the other two to the reader (the necessary arguments are similar but slightly easier). The

analogue of (3.9) reads

pv / w|K} (2w e dA(w)
D(0,p)

g—1 min{n—ri—1,n—I—ry—1}
r !1‘2!

=m2 -1
P> 2 (il + i1 + )

ry,ro=0 i1=0
s m(12P) "L (m1zP) L (mz?)

x/ (m|w|2)i'Lill (m|w|2)le2+’(m|w|2)e—'"'W‘2dA(w). (3.20)
D(0,p)

By Lemma 2.4, we have

/ (mlwl?)" L (mlw]?) L2 (m]w]) e dA (w)
D(0,p)

<

< — '/ (m|w|2)il(m|w|2+i1+r1)r](m|w|2+i1—|—l—|—r2)rzef""“’|2dA(w)
ryirp: D(0,p)

2r1+r2—2 i o )

S [ ) [nrwP) + ]
r|!r2! D(0,p)

 [(mIw]?)? + (i1 +1+r2)2]e " dAw)

2r1+r2—2 mp2 ) mp2 )
= [[ AT 4 (G 4y / t1t2edt
ryirpim 0 0

mp2

m,o2 ) .
+ (i +z+r2)’2/ (e e 4 (i ) G ““Z)rz/ t”e_tdt}'
0 0

In terms of the function
1 b
x(a,b):= m/() t“e”'dt, a,bel0,+o0[,
which takes values in the interval [0, 1[, the estimate becomes

/ (m|w|2)il|Li‘1(m|w|2)Lilz+l(m|w|2)|e’""“"2dA(w)
D(0,p)

2r1+r272

{Gr+r1+ ) (i + 11+ r2,mp?) + (1 + 1) Gy 4 1) x (i1 + 2, mp?)

~ n'rnm

+ (i1 14+ r2)2 G+ )X (i + 1, mp?) + Gy + )" —|—l—|—r2)’2i1!)((i1,mp2)}.

and if we use that a — x(a, b) is decreasing for fixed b (a direct calculation involving
derivatives suffices to verify this), we get

/ (m|w|2)i] L (m|w|2)Li12+’(m|w|2)|e—m‘w|2dA(w)
D(0,p)
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2r1+r2—2

< ——{G+r+m)!+ G +r)" G +r)! + G+ +r) 3 +r1)!
rilr'm
+ (i1 + ) G+ 1+ )i x (i1, mp?). (3.21)

Next, since z € D°, n =m + O(1), and iy + 1 <n — 1, we may use another aspect of
Lemma 2.4 to see that

) . 1
i 2 i+l 2 2\"1+r
L}t (mlzP) L (mlzl?)| < W(’"'Z' )1, (3.22)
provided m, n are big enough. As we combine the equality (3.20) with the estimates (3.21)
and (3.22), and use some well-understood comparisons of factorials and powers, we arrive
at

o [ IR e aaw)
D(0,p) '

n—I—1

<mCs(g. Dzl Y
i1=0

(mz*)"

G+ or X (0me?) 329

for some appropriate positive constant Cs(g, [). The function x (i1, mp?) drops off exponen-
tially quickly to O as i; exceeds mp? by a margin greater than O(m'/?), as can be seen, e.g.,
by an application of the Central Limit Theorem (compare with the next section). This means
that effectively we are summing up to m|p|> + O(m'/?) in the right-hand side expression of
(3.23), which does not permit the sum to compare with the size of K, , 4(z, 2); cf. (3.14).
This results in the convergence

Kong (@ w)I?
pV/ w‘lM e"”'w‘sz(w) —0
D, p) Kypng(z,2)

as m,n — +oo with n = m + O(1). Together with the estimates which were left as an
exercise to the reader, we get

K S w)?
pv / ! Kona @OV it g 4 ()
D(0,p) Km,n,q (Z7 Z)

as m, n — 400 with n =m + O(1), which amounts to the assertion of the lemma. O
As in the proof of the Theorem 2.10 in [3], we may now conclude the following.

Theorem 3.4 Fix z € D° and a bounded continuous function g on C. Then

fg(w)Bf,ffn,q(w)dA(w)a/g(w)dw(w,z,mf),
C C

as m,n — +00 with n =m + O(1). Here, dw(w, z, D°) is harmonic measure with respect
to the point 7 and the domain D*.

Naturally, the harmonic measure in question can be written explicitly with the Poisson
kernel:

. 1 |z>P -1
da)(w, Z,]D) ) = Emd&‘(ﬂ))
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Here, ds(w) denotes the arc-length measure on the unit circle.

4 Poly-Bargmann Transforms

4.1 Purpose of the Section

In this section, we discuss the poly-Bargmann transforms, a generalization of the classical
Bargmann transform, which are needed later when we analyze the Berezin density at a
boundary point. The poly-Bargmann transforms appeared in Vasilevski’s paper [36], where

the basic properties were presented.

4.2 The Hermite Polynomials and the Bargmann Transform

We denote by H; the j-th Hermite polynomial with respect to the Gaussian weight e 2"
(“probabilistic (monic) Hermite polynomials”). The generating function identity

1.2 =3 Zj
Yo
j=0 J

allows us to write

1 zt*% 2152 Z Hj(t)e™ 24 2
(271.)1/4 (27‘[)1/4\/— \/_

We recall the standard definition of the Bargmann transform:

BLf1(z) = /R I f(ydt,  f € LA(R).

Qm)l4

As the function systems

{ L wo itz}m d { Z }m
———I1; € an —
(2 AN j=0 Vit iz

form orthonormal bases for L*(R) and the Bargmann-Fock space A7 | (C) (this is A7, ,(©
with m = g = 1), respectively, we obtain the following well-known fact.

Proposition 4.1 The Bargmann transform B : L2 (R) — A? 11(C) acts isometrically and
bijectively, and for each j =0,1,2, ..., the basis function (2m)~"4(j!)~ '/2H (t)e™ it is
mapped to the basis function (j!)~'/%z/

4.3 A Class of Auxiliary Operators

Let 9,, 9, denote the standard Wirtinger differential operators
. = 1 . .
0, := = (0 —10,), 0, := 5(8X+18y), where z =x +1iy.
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Forr=0,1,2, ..., we introduce the operator
T.[f1(2) = —=e 37 { f (2)e "
N = e o)

with the semi-group property T; o T,_; = r'/>T,. We also consider the dilated variant

Tm,r [f](z) = Tr[fmfl/z](ml/zz)a

where f,,-12(z) = f(m~"2z). It has the semi-group property T,, | o T, .1 = r'/*T,, ., and
may be expressed in more concrete terms:

_r/
T [f1(z) = vl el gr {fz ye il ).

We now study the effect of T, on the basis elements (j!)~'/%z/

Proposition 4.2 For j > r, we have

7/ 1 ) , 7/ r!lo. .
— lzI7gr ) o= lzl = | J=rpi=r(171?
Tr|:\/7i|_«/ﬁe 8:{6 \/ﬁ}_ ]‘Z Lr (|Z| )

while for j <r,

Zj = ! 212 gr | o=z Zj _ r—j n! sr—jyr=ij 2
T’[ﬁ]‘me a{ T =T T (),

Proof The proof is based on an induction argument. The statement is obviously true for
r =0 and all j. So, by induction, we assume that the statement holds for some r — 1 > 0
and all j. In case j > r, we then have

e ) =0 {0 — D1 LI (12)e
= (= DG —r+ DL (12P) = L5 (122) 122
— |2PL (12P) fe
= rILI " (|2)2/ e,

if we use the standard identity rL%(x) = (o + 1 — x)L*"} (x) — xL*?(x). Next, in case
Jj <r — 1, we have instead (see [17], 8.971(5))

or{e i} = (—1y a1 LT (1) )
_( l)r J er ]{ (|Z| ) L J—1(|Z|2)}e—\z\2
= (=) HT L (12P)e

which completes the proof. a
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4.4 Pure Poly-analytic Fock Spaces

Write ¢;(z) := (j)~/?z/ for j =0, 1,2, ..., which functions form the standard orthonormal
basis for the space A%’l (C). The function T,[e;] € A%,H»l (C) is then a polynomial in z, Z,
where the degree in z remains equal to j, and the degree in z equals r. For general positive m,
the functions e, ,,(z) := (j!)*‘/zm%<j+”zf, with j =0, 1,2, ..., form an orthonormal basis
for the space Alzn’1 (C). The functions T,, ,[e; ] are computed using Proposition 4.2 above,
and we then recognize that we can identify them with the basis elements which appear in
Proposition 2.1. We clearly have that

Span{Tm,r[ej,m] : 0 =< J <n-— 1, 0 <r<gq-— 1} = POlm,n,qy
and in view of the orthogonality properties in Proposition 2.1, we also must have
span{T,, ,[ejn]: 0 < j<n—1}=Poly . +1 ©Poly,,, @.1)

where the “©” is with respect to the inner product in L2(C, e~**). Following Vasilevski
[36], then, we define the pure (true) polyanalytic Fock space of level r 4 1:

8P01m,n,r+1 = POlm,n,r+l © Polm,n,m aAz

m,n,r+1

©):=4,,.,(©C A4, (OC), 42

m,r

with the understanding that Pol,, , o := {0} and Afmo((C) := {0}. The operator T,, , now be-
comes an isometric isomorphism

Ty : A} | (C) — SA (©), T, :Poly,1 — 8Pl 1.

m,n,r+1

‘We obtain the orthogonal decompositions

g—1 q—1
POlm.n,q = @ (SPOlm,n.r-H s Ai,q ((C) = @ fSAi,er] ((c)
r=0 r=0

As a consequence, if Ks. n.,+1 and K., 41 denote the reproducing kernels for the spaces
POl r41 and 8A7, . (C), respectively, we must have that

g—1 qg—1
Km,n,q = Z K&:m,n,r+l’ Km.q = Z K(S:m.r~ (43)
r=0 r=0

4.5 The Poly-Bargmann Transforms

For m = 1, the poly-Bargmann transform of level r is defined by
Br[f] = Tr OB[f]

Proposition 4.3 We have

1 oy afz—i22—12 _
B,[f](Z):WAf(f)H,(I—Z—Z)C 2 atde, r=0,1,2,....
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Proof We proceed by induction. For r = 0, the formula reduces to the usual Bargmann
transform (if we recall that Hy = 1). By the induction hypothesis, we suppose therefore that
the formula is valid for all integers up to r — 1. From the semi-group property T; o T,_; =
r/2T,, we see that

B,[f1=T,oB[f]1=r"""T;oT,_; oB[f1(z) =r "*T, o B,_[ f].

Since the formula holds for  — 1, the following calculation shows that it holds for r as well:

r—l/ze|z|232([(r _ 1)!]_1/2Hr_1(t e erz—%zz—%tze—\zlz)

2

= () VA(—H_ (1 —2 =D+ (t — 2 —DH, (1 =z — 7)) &34

2

_ 121
= ()P H, (1 — 2 - D)et T2 A

here, we used the standard identity H,(x) = xH,_;(x) — H/_, (x). The proof is complete. (]

5 Reproducing Kernel and Berezin Density Asymptotics for a Boundary Point
5.1 Purpose of the Section

In this section, we will calculate the limit of the blow-up Berezin transform ﬁfj?,l, gata
boundary point z, that is, |z| = 1. There is no loss of generality to take z = 1. Our strategy
is to investigate the blow-up of the reproducing kernel of the space of analytic polynomi-
als Pol,, ,.1 (with g = 1) first, and then use this information together with poly-Bargmann

transform to lift the asymptotics to the context of the general polyanalytic spaces Pol,, , 4.
5.2 The Central Limit Theorem Revisited

The following improvement of the central limit theorem will be needed. Let cdfy denote the
cumulative distribution function of a real-valued random variable X and let

1 z
erf(z) = JT_n/ C_%tzdt
—00

be the error function. Here, for complex z, we may think of the contour of integration as
following the real line from —oo to 0, and then from going from O to z along any smooth
curve.

We shall write i.i.d. as shorthand for independent identically distributed in the context of
random variables. The following result is from [9, 14].

Theorem 5.1 (Berry-Esséen) Let X, X», ... be i.i.d. real-valued random variables with
E(Xj) =0, E(X7) =1 and E(|X;’) = p < +o0 for all j. Also, let Y, =n""?3"_, X;.
Then there exists an absolute constant C such that

c
ledfy, (x) — erf(x)| < 7’%, x eR.

The Berry-Esséen theorem gives the following asymptotics for the partial Taylor sums of
the exponential function.
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Lemma 5.2 We have

Enf ()C) n—x —
S e ) or)

as n — 400, uniformly in x € [0, +o0[.

Proof Let X,,...,X, be independent exponentially distributed random variables on
[0, +oo[ with density e™. It is well known that the sum Z;Zl X; obeys a gamma dis-
tribution with the cumulative distribution function 1 — e ™ E,,_;(x). The random variables
X, —1,..., X, — 1 all have zero mean and variance 1, and the third moment is finite, so by
the Berry-Esséen theorem, we have

X —n X —n
1 — e E, (x) =cdfyn y () =cdfyn y o[ ) =erf( 22 ) + O(n~/2)5.1
) sty 0 ety (Y2 ) () 0l

where the “O” term is uniform in x as n — +00. O

Results of this nature are well known. A reader who prefers a more direct approach might
use Taylor’s formula with remainder term to obtain

. 1 X
E,_i(x)e*=1- 7/ e~ dr,
(n—D!Jy

and then analyze the integral by Laplace’s method.
This allows us to blow up the function E,_;(mzw) when z and w are close to the point
1 and m,n — +oo withn =m + O(1).

Lemma 5.3 Fix a positive real ¢. For complex &, n € C, we then have

E, i(m(1+m™'2E)(1+m™'?q))
em+~/m(E+i) -

&7 erf(—& — 7j) + O(m~27),

as m,n — 400 while n =m + O(1). Here, the “O” expression on the right-hand side is
uniform on compact subsets of C.

Proof If we put
¢i=m(1+m2E) (14 m™"27) = m +m' P& + i) + €7,
then

n—t n—m—m'?E+0)—En

N Jn N

where the “O” term is uniform on compact subsets. If we use that E,_; has only nonnegative
Taylor coefficients, we get from Lemma 5.2 that

B, @) Eaa (2D TS i
e\l\ = elm =erf< Jn >+0(" '), (5.2)

—&—i+0(m™'?),
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with a uniform “O” term. So, for real &, n, we may deduce from (5.2) the assertion of the
lemma with & = 0. For general complex &, n, we note that

lcl=m|(1+m™'?&)(14+m™ "))l
=m+m'?Re[& +n]+Re&ERen + %(Im&)z + %(Imn)z +0(m™"?)

uniformly in the domain where max({|£], ||} < m'/®. As the right-hand side of (5.2) is < %
for big n, we see that

—1/2 —1/2
Ep (L4 m™28) (14 m” ' 2m) < §e—<lms)(lmn>+%(Ims>2+%(Imn>2+o<m*‘/8>
em+y/mE+n+En -2

< Ze%ﬂmg—lmn]z
holds in the domain where max{|£|, ||} < m!/8, provided m is big enough. We need to show
that the difference

E,_1(m(1+m™"2E)(1+m~"2p))
em+ﬂ(§+ﬁ)+§'_]

Fm,n (57 77) = - erf(—é - 7_7)

is of order O(m~'/>*¢) uniformly as £, n remain confined to some compact subset of C. We
know that F,, ,, (¢, n) = O(m~"/?) uniformly when &, € R with confined to max{|£|, |n|} <
m'/8. In view of the calculation we just made, we also have a good uniform estimate of
F,..(,1) when &, € C with max{|£|, |n|} < m'/®. With an elementary estimate of har-
monic measure (see exercise I1.3a in [16]), we can show that F,, ,(£, ) = O(m¢~!/?) holds
uniformly when &, n € C belong to a compact subset of C, and in addition, n € R. Here, € is
a positive number which we can get as small as we like. A similar argument with n in place
& worsens the control to F, , (£, ) = O(m>~!/2), but now the control is uniform when both
&, n are both complex and confined to some compact subset. The proof is complete with
e =12e. O

5.3 The Reproducing Kernel for a Subspace of the Fock Space

We shall identify both the right-hand and the left-hand side expressions appearing in
Lemma 5.3 with reproducing kernels of certain Hilbert spaces of entire functions. This will
be the case r = 0 of the proposition below.

Let us agree to identify

L*R)={feL*R): f(x)=0 forx>0}.

In the following proposition and later, we encounter integrals ranging from —oo to some
complex number w. We can use any contour that first goes from —oo to 0 along the real axis
and then connects 0 to w. Our integrands are usually holomorphic, so we are allowed us to
perturb the contour of integration when needed.

Proposition 5.4 Forr =0,1,2, ..., the function

e L,
& 271/ Ho(t+&—n)H (t+7—E)e 2" dr

riy/
is the reproducing kernel for the Hilbert space B,[L*(R_)] C A%,r-%—l (©).
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Proof Let M(&,1) = M,(§) be the reproducing kernel for B,[L*(R_)]. This kernel has
M, €B,[L*(R_)] and

Tom /R FOH == ie" 27374 =B, [f10) = (B LS1 My) 2

= (f’ B [M’?]>L2(R)

for all € C and all f € L>(R_), which allows us to conclude that

1.2

— _ _ _ il
B, [M,1(6) = (r) "2 @1) o0 (0) H (1 = — ) €737
After applying the operator B, to both sides, we see that (cf. Proposition 4.3)

1

1 0 - 12 1.2 S 12 12
MyE) = ——— | H.(t—&—8)e* 25 2" H.(t —n—q)e" 273" dt
2 () r!m/_m (t—§-8) (t—n—mn)

e«/—ﬁE / G- DG me 206 gy
a—— r - s r - = €
r! 27'[ —00 " 1

ot —i-k o i
= r!@[w H.(t+n—&H.(t +&—n)e 2" drt. 0

Remark 5.5 The special case r = 0 of the kernel in Proposition 5.4 is ef7erf(—& — 7j), which
is what we have on the right-hand side in Lemma 5.3.

5.4 The Blow-Up of the Polynomial Space at the Boundary Point
We turn to the polyanalytic analogue of the left-hand side of Lemma 5.3.
Definition 5.6 We introduce the blow-up space at 1,

Pol!h .= {e_’"mgp(l +m™'2E) : p €Poly gl

mmn,q "

which we equip with the norm
—m!/2 —-1/2 . 12,4
||“§ e " Ep(l +m 5;')”1,01;11')""] =m'/ 02m||P||Lz(C’efm|z\2)-
For 0 <r < g — 1, we denote by (SPolf;’)nyrH the subspace

8P011<7i.)n,r+l = {eiml/ZEp(l + m—l/Z%.) ‘pE 8P01m,n,r+1 }!

equipped with the same norm.

An elementary change of variables argument allows us to identify the norm on Polfnlfm p
with that of A7 ,(©):

Hf - e—m1/2§p(1 +m—1/2§) ”polg.)”.q = Hg > e_m1/2-§p(1 + m—1/2%~) ||A%q(<c), (5.3)
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As a consequence, we may regard Pol!" and sPol'!

m,n,q m,n,r+

Ai p (C). We may read off from the definition of the norm in Polfnl’)n, 4 that the kernel on the

, as norm closed subspaces of

left-hand side in Lemma 5.3 is the reproducing kernel for the space Polﬁyf?n,l. So, Lemma 5.3
can be understood as saying that

_1
Kpol,g) ; (¢.m) = Kgy2e_y(E.m) +0(m™27°), 5.4

n

where Kpo,,,, and Ky ;2@ y denote the reproducing kernels of the spaces in the sub-
scripts, and the bound is locally uniform on compact subsets. We want to generalize (5.4)
beyond g = 1. To this end, we make use of the operators T,.

Proposition 5.7 Forr =1,2,3, ..., we have that

r~12T, : §Polll)  — sPol)

m,n,r+1

is an isometric isomorphism.

Proof From the isometry properties of T,_; and T, together with the semi-group property
r~'2T, o T,_; =T,, we get that

r~V2T, 1 842 (C) — 8A2,,,(O)

is an isometric isomorphism. In view of (5.3), the isometry part of the assertion follows. It
remains to show that the operator is onto. This is an algebraic exercise which we leave to
the reader. ]

By iterating Proposition 5.7, we obtain the following.

Corollary 5.8 Forr =1,2,3..., we have that

T, : Pol{) | — sPol|)’

m,n,r+1

is an isometric isomorphism.
5.5 The Blow-Up of the Polynomial Reproducing Kernel at a Boundary Point

From Corollary 5.8 above, we get that

Kspof,, €1 = (DT 1 (Ko (6.). 3
where the subscripts z and w are used to indicate that the operator is acting with respect to
that variable, and the bar means complex conjugation of the operator. In the above formula,
T, is as before, and T, is given by

T.[f1z) = %e‘* 7 {f(2)e Y.

r!

We would like to plug in the approximation (5.4) into (5.5). We recall that the operator T,
is given by the analogous formula, which expands as a sum of certain polynomials in Z of
degree < r times powers of the differential operator 9, of degree < r (a similar assertion
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can be made about T, as well). The Cauchy integral formula allows us to control the size of
the derivatives on a compact subset in terms of the size of the functions on a slightly bigger
compact subset. This means that the approximation (5.4) carries over, and we find that

K5p01<1> " (Ev T]) = [Tr]§ [Tr]n(KBO[LZ(]R_)](E’ 77)) + O(m_%+g)7 (56)

m,n,r

with uniform control on compact subsets. Next, as

g—1
n (1)
POlm,n,q - @ 5P01)n,n,r+l ’
r=0

we get that
q—1 g—1
= _1
Koo, , & m = X_(; Kspa, ., &M = Z(;[T’]S[Tr]n(KBo[ﬂ(R—)J(S’ m) +O(m™=2**),

5.7
again with uniform control on compact subsets. Next, it should be rather clear that

[Tr]s[Tr]n(KBO[L2(R_)](§a 77))

is the reproducing kernel for the space T,Bo[L>(R_)] = B,[L?(R_)], which was identified
in terms of Hermite polynomials back in Proposition 5.4. We write this down as a proposi-
tion.

(1)

m,n,q has

Proposition 5.9 Fix a positive real number €. Then the reproducing kernel for Pol
the following form:

UL —5—i]

(S _ PN ) _1

Ky, = ——= /w Ho(t 4§ —mH, (1 47— E)e 2" dr +O(m™2"),
r=0"" -

as m,n — +o0o while n = m + O(1), where the control is uniform on compact subsets.

If we like, we may use the classical Christoffel-Darboux identity

g—1
S L i () = PO a1 ) = Ay ) ()
—r (g —Dlx—y)

(5.8)

to rewrite the above sum. Also, we should note that reproducing kernel for the blow-up space
Pol,(,f,)n, P is connected with the reproducing kernel K, , , for Pol,, , , via the identity

KPOll(y})n 4 (Ss 77) = m71e*mfml/Z(Z;'Jr’_/)Km,n,q (l + mfl/Zg’ 1 + mil/zn)- (59)
5.6 The Blow-Up of the 1-Point Intensity Near a Boundary Point

The 1-point intensity function is

—m|z)?

Kinng(z,2)e
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and the localized version with z =1 +m™!/2¢ is

Um,n,q (é:) = m_le,n,q(l + m—l/ZE’ 1+ m—l/ZS) e—m\l-f—m*l/lélz,

where we throw in a factor of m~! to compensate for the expected number of Jacobian. In
view of (5.9) together with Proposition 5.9, we obtain

—2Reé |

g—1
1 2 i
U, = T — H, 27 dr + O(m™27F).
nal®) gr!m/_ (Y'e Pt 4 O(m~H+°)

o0

So, essentially, the 1-point intensity function is determined by the density

which corresponds to filling the lowest energy eigenstates of the harmonic oscillator. By the
Wigner semi-circle law, then, we get the approximation

—g /2 Ret

2
Um.n,q(f) ~ ;q/ vV 1-— Tzdf,
-1

valid for big m,n with n = m + O(1), and big g (but much smaller than m, n). So, if we
rescale to characteristic distance ¢'/>m~'/? we find an interesting law in the limit. To be
more precise, we find that

—Re&’

G ' Unng(q'€") — 3/ Vv1-—12ds, (5.10)
T 1

for & confined to a compact set with —1 < Re&’ < 1. Here, it is assumed that the limit
m,n — 400 while m = n 4+ O(1) is taken first, and the limit ¢ — 400 is taken afterwards.
Asymptotically, then, (5.10) asserts that the one-point function is the definite integral of the
semi-circle function.

5.7 The Blow-Up Berezin Density at a Boundary Point

The blow-up Berezin density at 1 is given by

1 g=mll+m~ 122 |Knng(14+m~" 28, DI?

Lo —m B (1 —172g) =
g &) =m (1+m™128) =m Kpng (1, 1)

m,n,q

From (5.9), we have that

K 0,0) =m"e " Ky nq(l,1),
q

polil),

while Proposition 5.9 gives

q-1 0
1 12 1
K o (0,0)= E —/ Hr(t)2€:77' dt +O(m™2%%),
Pol,,,{,w g 7! /27_[ o ( )
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as m,n — 400 with n =m + O(1). Now, as each Hermite polynomial H, is either even or
odd,

+o00 ‘ 2
/ H, (1) e 3 dr = H (1) 3 dr =~ 5 T

—00

which leads to

1

K, o (0,0)= % +0(m 1)

Polly).g
and
1 m - l+£
Km.n,q(lal)zimqe [1+O(m 2 )]
A similar calculation gives that

Konng (1+m™12€,1) = me"™ 6K, 0 (5,0)

Polm )n

g—1

— memtm'/% Z '«/_/ H,(t + &) H, (t — E)e 2" dt
r

+0(m™2%%)

Putting things together, we obtain the following asymptotics for the blow-up Berezin
density.

Theorem 5.10 Fix a positive real number €. Then the blow-up Berezin density at 1 has the
following form:
2
1

fsﬁ,?nq(g)_— / H (1t +&)H, (1 —E)e 2 dr +0(m~ z“),
n, o

as m,n — +00 while n = m + O(1), where the constant of the error term is uniform on
compact subsets.

Remark 5.11 When we make some explicit calculations based on Theorem 5.10, we see that
the Fresnel zone pattern is less pronounced for a boundary point z.
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