FOURIER UNIQUENESS IN R*

ANDREW BAKAN, HAAKAN HEDENMALM, ALFONSO MONTES-RODRIGUEZ, DANYLO RADCHENKO,
AND MARYNA VIAZOVSKA

AsstrACT. We show an interrelation between the uniqueness aspect of the recent Fourier interpolation formula
of Radchenko and Viazovska and the Heisenberg uniqueness for the Klein-Gordon equation and the lattice-
cross of critical density, studied by Hedenmalm and Montes-Rodriguez. This has been known since 2017.

1. INTRODUCTION

1.1. Basic notation in the plane. We write Z for the integers, Z, for the positive integers, R for the real
line, and C for the complex plane. We write H for the upper half-plane {t € C: Im7 > 0}. Moreover, we
let (-, )4 denote the Euclidean inner product of RY.

1.2. The Fourier transform of radial functions. For a function f € Ll(Rd), we consider its Fourier
transform (with x = (x,...,x5) and y = (y1, ..., ¥a))

fly) = f e 2M Wi f(x)dvoly(x), dvoly(x) := dx; - - - dxy.
Rd

If f is radial, then f is radial too. A particular example of a radial function is the Gaussian
(1.2.1) Ge(x) = e,
which decays nicely provided that Im 7 > 0, that is, when 7 € H. The Fourier transform of a Gaussian is

another Gaussian, in this case

-2 —-d/2
G'r(y) .= (%) e—mly|2/r — (%) G—l/T(y)r

Here, it is important that 7 — —1/7 preserves hyperbolic space H. In the sense of distribution theory, the

above relationship extends to boundary points 7 € R as well. We now consider the relationship

(1.2.2) D(x) := fR G.(x)p(1)dt = fR ™ o(rydr,  xeRe

In terms of the Fourier transform, the relationship reads
R x?
o) =i - )

where the subscript signifies that we are dealing with the Fourier transform on R!. This tells us that
@ is radial, but pretty arbitrary, if, say, ¢ € L!(R). In view of the functional identity (1.2.1), the Fourier
transform of the radial function ® equals

—d/2

123 b= [ G- [ (})d/zcl/xy)cp(r)du 16 e (e
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We now rewrite the relationships (1.2.2) and (1.2.3) using integration by parts. If ¢ is a tempered test
function, integration by parts applied to (1.2.2) gives that

f ™o/ (r)dr,  x e R\ {0}
R

A similar application of integration by parts to (1.2.3) gives that

(1.2.5) dy) = ! jl;(E)(4_d)/2(j)(r)3Te_i"|ylz/Td’(= ! fR31{(£)(4_d)/2¢(1)}e‘i”le/TdT,

ud i inyl? i

i

(1.2.4) ) =~

where y € R\ {0}, and we need to be a little careful around 7 = 0 unless d € {0,2,4}. We now restrict to
d := 4, so that (1.2.5) simplifies to
1

(1.2.6) by = IyP

f ¢’ (e dr, e R\ {0},

R

As for the test function ¢, we could think of the relations (1.2.4) and (1.2.6) as the fundamental relationship
in place of (1.2.2) and (1.2.3). This allows us to place conditions on the derivative ¢’ in place of ¢. For
our considerations, we need one more piece of information:

(1.2.7) fqb’(r)d’c =0,
R
which is obvious for tempered test functions ¢.

2. MAIN RESULTS

2.1. Fourier uniqueness meets Heisenberg uniqueness and the Klein-Gordon equation. Let Cy(R)
denote the space of continuous functions on R with limit value 0 at infinity. Moreover, let H.(R) denote
the Hardy space of the upper half-plane. It may be defined as the subspace of functions in L!(R) with
Poisson harmonic extension to H which is holomorphic.

Theorem 2.1.1. Let @ be given by ¢ in the above fashion, where ¢ € Co(R) with ¢’ € L'(R) and d = 4. If
D(x) = D(y) = 0 whenever x,y € R* meet |x|?, |yl* € Z,, then ¢ € HL(R) and as a consequence, ®(x) = 0 on

R\ {0}.

Proof. In view of the assumptions that ¢ € Cy(R) and ¢’ € L(R), it follows that (1.2.7) holds, so that
¢’ € LY(R) annihilates as a functional the constant function 1. Moreover, by (1.2.4) and (1.2.6), ¢’ € L}(R)
annihilates the subspace of L (R) spanned by the functions e™T and e~ /T as well, where m, n € Z, and ©
is the real variable. By Theorem 1.8.2 in [4], which relies on technology developed in [5] and is motivated
by [3], it follows that ¢’ € HL(R). Finally, in view of the standard Fourier analysis characterization of
HL(R), it follows from this and (1.2.4) that ® = 0 on R* \ {0}. o

Remark 2.1.2. (a) The method used in [3], [4], and [5], as well as in [1] is based on ideas from dynamical
systems and ergodic theory, We use the strongest result that is available to us. However, we could use
the results in e.g. [3] to derive a similar assertion under stronger assumptions on the function ¢.

(b) The above theorem is a four-dimensional analogue of the uniqueness part of the Fourier interpolation
formula found by Radchenko and Viazovska [6]. That work in its turn was motivated by Fourier
interpolation formulee associated with optimizing the Cohn-Elkies method for sphere packing [7], [2].
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