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1. INTRODUCTION

1.1. Orthogonal polynomials. We consider polynomials in one complex variable of the

form
(1.1.1) P(z) =cp2" + 12" .. 4 ¢,
where cg, c1,...,c, are complex numbers. If ¢, # 0, we say that P has degree n, and call

¢p, 18 the leading coefficient. We denote the (n + 1)-dimensional space of all polynomials of
the form (1.1.1) by Pol,, ;. Given a positive Borel measure g with infinite support on the
complex plane C, with finite moments

(1.1.2) / 12| dp(z) < oo, 0<k<N,
C

for some positive integer N, we define the system {P,(2)}\_, of normalized orthogonal
polynomials (ONPs) with respect to p recursively by applying the Gram-Schmidt algorithm
to the sequence {z"}_, of monomials. Equivalently, the orthogonal polynomial P, is the
unique element in Pol,, 1 of unit norm in L?(C, x) with positive leading coefficient ¢,, > 0,

such that for all lower degree polynomials ¢ € Pol,, we have

/ Pu(2)a(Z)du(z) = 0.
C
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When the measure p = u,,, depends on a parameter m, the orthogonal polynomials will be
denoted by P, n, where the first index is the parameter for the measure, and the second is
the degree of the polynomial.

For additional definitions and notation we refer the reader to §1.9.

1.2. Carleman-Szeg6 asymptotics. The 1920s witnessed a rapid development in the
understanding of orthogonal polynomials and related kernel functions. Among the pioneers
were Gabor Szeg6, Stefan Bergman and Torsten Carleman. One of the early results is that
of Szegd [55] (see also [56]), who considered the orthogonal polynomials in L?(T, ds), where
I" a real-analytically smooth Jordan curve in the complex plane C supplied with normalized
arc length measure ds = (27)71|dz|. Let C\ T = QU Q. be the decomposition of the
complement into disjoint connected components, where €2 is bounded and €2, is unbounded,
and denote by ¢ the conformal mapping of the exterior domain {2, onto the exterior disk
D, := {2z € C: |z| > 1}, which fixes the point at infinity with positive derivative. Szegd’s
theorem asserts that

(1.2.1) Pa(2) = V&' (2)[0(2)]" 1+ 0(p"),  z€Q,

where p is some number with 0 < p < 1. Due to the real-analytically smooth boundary,
the conformal mapping ¢ extends conformally past the boundary 9€2. With the extended
mapping still denoted by ¢, the asymptotic formula (1.2.1) remains valid in a neighborhood
of Q,UT.

Slightly later, Carleman [13, 14] — inspired by the work of Szegd — considered instead the
orthogonal polynomials in L2(£2, dA), where dA = (27i)~'dz A dZ denotes the normalized
area element and €2 is a simply connected domain with real-analytic boundary curve I'. He
found an analogous asymptotic formula for the planar orthogonal polynomials, which holds
in a neighborhood €2, of the closure of the exterior domain €, and is expressed in terms of
the conformal mapping ¢:

Py(2) = (n+1)? ¢/ (2)[¢(2)]" 1+ 0(p™), 2 €,

for some p with 0 < p < 1. In the 1960s, Suetin extended Carleman’s result to domains
whose boundary has a lower degree of smoothness, as well as to weighted cases (see the
monograph [54]). We should also mention the more recent work of Dragnev and Mifa-Diaz
([18], [19], and [43]) which strengthens Carleman’s theorem on orthogonal polynomials,
and gives information on the asymptotic distribution of the zeros. In the work [35], which
expands on ideas developed here, we derive a complete asymptotic expansion for the or-
thogonal polynomials in a weighted Carleman setting. Earlier, only the first term of the
expansion was known.

In the above asymptotic formulee a Jacobian factor appears, it is (¢ )% in the case of
Szegd’s theorem and ¢’ in Carleman’s case. By inspection, the orthogonal polynomials
are asymptotically push-forwards of the monomials under the conformal mapping in the
relevant L?-space.

We wish to contrast the above-mentioned results with the more classical study of orthog-
onal polynomials on the real line R. Here, the earliest work is associated with Legendre,
Jacobi, Chebyshev, Hermite, Laguerre, and Gegenbauer, with further contributions by
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Markov, Stieltjes, Szegs, Bernstein, and Akhiezer. The structure of orthogonal polynomi-
als on the line is rather rigid with the appearance of a three-term recursion relation, which
comes from the fact that multiplication by the independent variable is self-adjoint on the
weighted L2-space. Analogous rigidity applies to the orthogonal polynomials on the unit
circle T as well. These facts are basic in many of the standard approaches to the asymp-
totics of orthogonal polynomials, see e.g. [51, 52|. Going beyond measures supported on
the line or the circle, the rigidity is lost (except in some special cases, including arc length
measure on ellipses [20]). For planar orthogonal polynomials, recursion formule are rare,
even if we allow any finite number of terms [44].

1.3. Exponentially varying weights. For a C2-smooth function @ : C — R U {+oc}
called the potential, subject to the growth bound

(1.3.1) lim inf -2

z—o0 log 2|

>1

and a real parameter m > 0, we consider the weighted area measures of the form

dpamo(2) = e 2mRE) dA(2), zeC

where we recall that dA denotes the normalized planar area element. The condition (1.3.1)
guarantees that the measure pt = pi2,,¢ has finite moments (1.1.2), with upper range given
by N = N, := [(1 + e1)m] — 2 for some ¢; > 0. Here, [-] denotes the standard ceiling
function. This allows us to consider the sequence { Py, » }o<n<n,, of normalized orthogonal
polynomials (ONPs) with respect to the measure duom,g where n denotes the degree (cf.
§1.1). Under certain additional assumptions on the regularity of the weight Q, we will
obtain an asymptotic expansion of P,,, valid as m and n tend to infinity with the ratio
7 = 2 confined to an open interval around 7 = 1.

The motivation for studying this particular class of orthogonal polynomials comes from
the theory of Random Normal Matrix (RNM) ensembles, a particular instance of two-
dimensional Coulomb gas. If m is a positive integer, the connection is that the eigenvalue
process associated to an m x m matrix from the RNM-ensemble with potential @ is deter-
minantal with correlation kernel K,,, given by

m—1

Ko (z,w) = Ky (z,w) e ™MQEHRW) where K, (z,w) = Z P i (2) P j(w),
j=0
see §5.1 below for details. Analogous families of exponentially varying weights confined to
the real line appear in connection with the study of random Hermitian matrices. In the
1980s, successive progress was made towards understanding the asymptotics of weighted
ONPs on the real line, with important contributions by Freud, Nevai, Lubinsky, Mhaskar,
Saff, and Totik, to mention a few (see e.g. the monographs [42], [53], and [59]). A deeper
understanding came through the efforts of Fokas, Its, Kitaev, and Deift and Zhou, whose
work brought novel methods into play. Their approach analyzes the ONPs with respect to
rather general potentials @ on the real line in terms of solutions to matrix Riemann-Hilbert
problems, see, e.g., [16, 17, 23, 24].

In the work [39] of Its and Takhtajan a natural soft Riemann-Hilbert problem, or matrix
O-problem, is considered, whose solution would give us the orthogonal polynomial Py, for
the planar measure p2,,0. However, unlike the one-dimensional situation, it is not clear
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FIGURE 1.1. (left) The Berezin density K,,(20,20) *|Km(2,20)|*> with
Q(z) = 1|z|? for the boundary point zp = 1 and m = 30. (right) The
orthogonal polynomial density |Py, ,,(2)[2e~2™2) for n = 25, m = 20 and
Q(z) = |z|> — Re(tz?), where t = 0.2.

how to constructively solve these soft Riemann-Hilbert problems. The main obstruction
appears to be the complex conjugation of the matrix, which results from the sesquilinearity
of the inner product. While our analysis of the asymptotics of the ONPs is different, we
try to connect with the Its-Takhtajan approach later on in §7.

1.4. The boundary universality conjecture. We return to the study of random normal
matrix ensembles with the associated correlation kernel K,,,. Macroscopically, the situation
is well understood. For instance, in the limit as m — +oo the eigenvalues condensate
to a certain compact set Sy, called the droplet, or alternatively spectral droplet (see §5.1
below). For simplicity, we assume below that Q is C?-smooth with positive Laplacian
AQ > 0 in a neighborhood of S;. An interesting question is how the process behaves at the
microscopic level, which we express in rescaled coordinates as follows. For a point zg € C
with AQ(zp) > 0 and a direction n € T, we let

£
1.4.1 (&) =20 +n—————
( ) zm(§) =20 + 1 2mAQ(z0)
where A, = 0.0, denotes the (quarter) Laplacian, and consider
1
(1.4.2) pm(§) = me(zm(€)7zm(§>)'

We introduce the notation £° for the interior and & for the closure of a subset £ C C, while
¢ = C\ & denotes the complement. Near any bulk point zg, i.e., a point in the interior
€ Sy of the droplet, there exists a full asymptotic expansion of the kernel K,,, see e.g.
[3, 4]. In this case lim,, p,,(§) = 1, uniformly on compact subsets. Away from the droplet,
i.e. for zyp € §§ we instead have lim,, p,,(£) = 0. It remains to analyze the boundary points
zp € 0S;. An illustration of this blow-up procedure for a boundary point in the context of
RNM-ensembles is supplied in Figure 1.2.

A natural simplifying assumption is that the boundary 9S; is smooth near zg, in which
case we let n be the outer normal to S; at zg. It is not known what is the limit of the
density p,,, but the following universal behavior is expected.
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Conjecture 1.4.1 (boundary universality). Let zp € 9S; and assume that 9S; is smooth
in a neighborhood of zy3. Then the density p,, converges as m — oo to the limit

p(€) = erf(2Re).

Here, we write erf for the complex error function

1 o0
erf(z) = \/—2?/ eftz/zdt,

where the integral is taken along a suitable contour from z to the origin and then from
the origin to co along the positive real line. This conjecture, which has circulated in the
community at least since 2008, may have appeared in print for the first time in Riser’s thesis
[46]. Tt has been verified in some specific cases, and partial results have appeared recently.
In connection with this we want to mention the work by Ameur, Kang, and Makarov [5]
who used a limiting form of the Ward identities to show that if p(§) is a priori known to
only depend on Re &, then it must necessarily be of the form predicted by Conjecture 1.4.1.
The full conjecture however remains open. In the setting of Kéhler manifolds, a similar
problem appears in the context of partial Bergman kernels defined by vanishing to high
order along a divisor. Under the assumption of S'-invariance around the divisor, Ross and
Singer [47] obtain the error function asymptotics near the emergent interface around the
divisor (see also the work of Zelditch and Zhou [62]). In recent work, Zelditch and Zhou
[63] find that this is a universal edge phenomenon along interfaces in the context of partial
Bergman kernels defined by a quantized Hamiltonian.

Let us briefly motivate why the interface asymptotics for the RNM-ensembles should be
approached via the orthogonal polynomials. The standard methods to obtain the asymp-
totics of Bergman kernels are local in nature, both the peak section approach of Tian (see
[58]) as well as the microlocal approach of Boutet de Monvel and Sjostrand, as explained
by Berman, Berndtsson, and Sjostrand [9] (see also [28]). The same applies to older work
of Hormander [37] and Fefferman [22]. One reason to expect the boundary universality
conjecture to be difficult is the apparent nonlocality of the correlation kernel. To illustrate
this, we consider the Berezin density of [2], associated with secondary quantization and
complementary to the Palm measure, cf. [12], given by

BY0) (2) = Ko (20, 20) " Em (2, 20) |2 e 2m9E),

m

We find numerically that for boundary points zy € 0S5y, this probability density develops
a noticeable ridge with slow decay along the whole boundary of the spectral droplet (see
Figure 1.1 (left)). For this reason we focus our analysis on the orthogonal polynomials,
which have an even more pronounced nonlocal behavior (see Figure 1.1 (right)). Indeed,
for rather general potentials ), the mean field approximation of the random normal matrix
model [3, 4] supplies information regarding the individual orthogonal polynomials, and gives
the weak-star convergence of measures

|Prn|?e72"9 — w(-,C\ 81, 00),

as n,m — oo with n = m + O(1). Here, the left-hand side is the density of a probability
measure, and the right-hand side expression w (-, C \ S1,00) stands for harmonic measure
of the domain C \ &1 evaluated at the point at infinity, which has the interpretation of
hitting probability of Brownian motion starting at co. We observe that harmonic measure
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FIGURE 1.2. The RNM process associated to a quadratic potential (The
Ginibre ensemble) with blow-up at a boundary point (courtesy of Nam-Gyu
Kang).

is concentrated to the boundary, so that the above convergence may be interpreted as
boundary concentration. Within the random normal matrix model, the addition of a new

particle has the net effect of adding a term |P,, ,[?e~2"?

of highest degree. This means
that the net effect of adding a particle is felt primarily along the droplet boundary. As
a consequence, we obtain a growing chain of spectral droplets S, so that the probability
wave |Pm7n‘2672mQ concentrates along 9S,; as m,n — oo with n = mr.

Finally, we mention that the orthogonal polynomial approach has proven to be successful
in several special cases. For instance, when Q(z) = 1|z|? + aRe(2?) with a > 0, Lee and
Riser [41] obtain the orthogonal polynomials in explicit form, and verify Conjecture 1.4.1
in this case. Along the same lines, in [10], Balogh, Bertola, Lee and McLaughlin consider

potentials @@ which are perturbations of the standard quadratic potential of the form
1
Q(=) = 3 #I? ~ cloglz — af?,

for some a € R, ¢ > 0. For this @, they obtain an asymptotic expansion of the orthogonal
polynomials. For parameters a and c such that the droplet S; does not divide the plane,
the expansion is expressed in terms of the properly normalized conformal mapping of the
complement S¢ onto the exterior disk D., denoted ¢,. After some rewriting, their formula
reads

(143) Pon(2) = ()" VIO (14 0(m™)).

valid in a neighborhood of the closed exterior of the droplet for 2 = 7+ O(m™"), where

Q; is the bounded holomorphic function on S¢, with real part equal to @ on the boundary
08, extended analytically across the boundary. Using the asymptotics (1.4.3), they verify
Conjecture 1.4.1 for the given collection of potentials. The analysis in [10] is based on
Riemann-Hilbert problem methods, which are accessible due to a miraculous identity which
transforms the Hermitian orthogonality over the plane into bilinear orthogonality relations
along curves. The latter approach should be compared with the work of Bleher and Kuijlaars
[11] in the context of a cubic potential.

At the physical level, it is understood that the asymptotic formula (1.4.3) should hold
for the wider class of potentials of the form Q(z) = %|z|? + H(z), where H is harmonic in
a neighborhood of the droplet (the so-called Hele-Shaw potentials) [1, 57, 60]. To the best
of our knowledge, no higher order correction terms have been identified earlier.
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FIGURE 1.3. Laplacian growth of the compacts S, for the potential Q(z) =
1122 - 272 log |z + i| (boundary curves indicated).

1.5. Summary of the results. Here, we study the orthogonal polynomials with respect
to a rather general exponentially varying weight e~2"< in the complex plane. To be more
precise, we will work with potentials ) that are admissible in the sense of the definition
below. Under C2-smoothness and some growth assumption on @, we consider for 7 > 0 the
coincidence set

Sri={2€C: Q:(2) = Q(2)},

where QT solves the obstacle problem

Q-(2) = sup{q(z) : ¢ € Subh(C), ¢ < Q on C}.
Here, Subh.(C) denotes the convex body of subharmonic functions in the plane which grow
at most like 7log|z| at infinity. The function Q, is C11-smooth and harmonic outside the
set Sr. Moreover, if () has sufficient growth, S is compact. For a subset £ C C we write
lg for the corresponding indicator function. The support of the probability measure p.,
given by
dpr = 27’7115;AQdA

is denoted by S; and called the droplet. Clearly, S, C 8, and 8 \ S; is a null-set for the
measure |AQ|dA. We note that p, is the equilibrium measure for the weighted logarithmic
energy problem in the external field 7=1Q. More details are supplied in §2.1 below.

Definition 1.5.1. The potential @ : C — R is said to be 7-admissible at 7 = 79 (or, in
short, 7o-admissible) if Sy, = S and the following conditions are satisfied:

(i) Q is C?-smooth in the entire complex plane,

(ii) @ is real-analytic and strictly subharmonic (i.e. AQ > 0) in a neighborhood of S,
(iii) @ is grows sufficiently fast at infinity:

(1.5.1) lim inf -2&)

|z| =400 log|z\ 7o

(iv) The boundary 98, is a smooth Jordan curve.

Note that under these conditions, it follows that Q,,(z) < Q(z) on Sy, As a consequence,
we may exclude the immediate birth of additional components of S, as 7 increases from 7.

In the sequel, we consider 79 = 1, and assume that Q is T-admissible at 7 = 1. As
observed in §1.3, the condition (1.5.1) with 7 = 1 guarantees that all polynomials of degree
up to [(1+€1)m]—2 belong to the space L?(C, e~2m% dA), for some fixed small ¢; > 0. As Q
is assumed 1l-admissible, the curve 0S8; is smooth, simple and closed. By known properties
of Laplacian growth, this assumption implies that the same holds for the boundaries 95,
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for 7 € I, :==[1 — €9, 1 + €] for some ¢y > 0 (cf. [32, 29]). By considering a smaller ¢y, we
can make sure this property holds on the larger interval I, as well, so that in particular
Q grows at least like (1 + 2¢g)log|z| + O(1) at infinity. Moreover, the assumption of 1-
admissibility entails that the smooth curves dS, are actually real-analytically smooth for
7 € I,. This follows from the work of Sakai [50] on boundaries with a one-sided Schwarz
function, as observed in [32].

We now proceed to present our main theorem. To set things up, we denote for 7 € I,
by ¢, the conformal mapping ¢, : S¢ — D, normalized by ¢.(c0) = oo and ¢/ (c0) > 0.
As a consequence of 1-admissibility, ¢, extends to a conformal mapping K¢ ; — De (0, po.o),
where 0 < ppo < 1 and K, C S; denotes an appropriate compact continuum. Here, we
use the notation De(0,7) := {z € C: |z| > r} for the exterior disk of radius r centered at the
origin. We let Q, denote the bounded holomorphic function on S¢ whose real part equals
the potential @) along the boundary 0S., and whose imaginary part vanishes at infinity. By
possibly adjusting po0, we may ensure that Q, extends holomorphically to K7 ;.

For a subset £ C C, we use the notation distc(z, ) = infy,eg |2 — w| for the Euclidean

distance from z to the set £.

Theorem 1.5.2. Assume that Q is 1-admissible. Given a positive integer k there exist
bounded holomorphic functions B, ; defined in a fized neighborhood of S¢ such that for any

positive real A, the asymptotic formula

Phaw=mﬂﬁwmwamwﬁ%@(§jmj&ﬂa+0@1ng)

j=0
holds, where the error term is uniform over all z € C with
distc(z,8¢) < A(m ™! log m)%
as n=T1m — +0o along the integers with T € I,.

In other words, the orthogonal polynomials P, ,, enjoy an asymptotic expansion
Prn(2) ~ mA G0 ()€™ (Bro(z) + & Bra(2) + ... ),

valid provided that distc(z,S¢) < A(m~'logm)? as n = 7m — 400 and 7 € I,,, for any
given A > 0.

Remark 1.5.3. (a) We derive Theorem 1.5.2 from an L?-version of the asymptotic expan-
sion, given in Theorem 3.1.2 below. An advantage of the L?-version is that it holds in a
fixed e-neighborhood of the exterior S¢.

(b) It is curious to note that the expansion of P, , contains the factor (¢.)2, rather than
¢! as one might expect from Carleman’s theorem. The square root is more reminiscent of
Szeg@’s theorem. We have no satisfactory explanation for this fact, other than appealing to
heuristics based on the steepest descent method. Naturally, the expansion could be written
with ¢/ as a factor, by adjusting the terms B ; accordingly. However, the term B, o takes

on the simplest possible form with the former choice, as shown in Theorem 1.5.4.

In the context of Theorem 1.5.2, we would like to know the coefficient functions B ;.
How to do find them is explained in the following theorem. For the formulation, we need
the Szeg6 projection P g2 . of L?(T) onto the conjugate Hardy space H?O = L*(T) o H?
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(cf. Subsection 2.5 below). In addition, we need the effective weight R, which takes into
account the growth behavior of polynomials and a conformal change-of-variables. It is
defined in a neighborhood of D, by

(1.5.2) R, =(Q—Q,)o¢ !,

where we need to explain what is the function QT. The solution QT to the obstacle problem
is a CM'-smooth function which equals Q on S, while it is strictly smaller and harmonic in
the exterior S¢. As a consequence of the smoothness of () and the boundary curve S, the

restriction QT |se to the exterior extends harmonically across the boundary for each 7 € I, .
We denote the extended function by QT.

Theorem 1.5.4. In the asymptotic expansion of Theorem 1.5.2, we have that B;o =

: Hq,-

T e , where Hg . is bounded and holomorphic in 8¢ and satisfies Im Hg -(00) = 0,

as well as )
ReHg r = 1 log AQ, on 0OS-.

Moreover, if Hr, denotes the bounded holomorphic function on D, with
ReHp, = ilog(élART) on T,
and Im Hg_(0c0) =0, then for j =1,2,3,..., the coefficients B. ; have the form
B, =[¢})? Brj o ¢r,
where the functions B, ; are bounded and holomorphic in D., and given by
B, = c,;efrr — Hrs PHE’O[eHRT Fr ;]

for some real-analytic functions F.; on the circle T and constants c;; € R. The functions
F. ; as well as the constants c-; may be computed algorithmically in terms of the potential
R, and the functions Brg,...,B;j_1, where By o = (477)_% efrr

Remark 1.5.5. (a) In the above theorem, all the functions B, ;, B;; as well as Hg  and
Hp_ extend holomorphically across their respective boundaries.
(b) The functions Hg  and Hp_ are related by

1
Hpg, 0¢; = B} log(2¢7) + Hq,r-

(¢) We point out that Theorems 1.5.2 and 1.5.4 together imply that for large enough m,
and for 7 = I € I, all the zeros of the polynomial P, ,(z) lie inside S;, and stay away
from the boundary curve dS, by a distance of at least A(m~!log m)%.

While Theorem 1.5.4 gives the asymptotic structure of the orthogonal polynomials, it
remains to specify how to algorithmically obtain the real-analytic functions F:; and the
constants ¢, ;, for j = 1,2,3,.... For £ = 0,1,2,..., let Ly be the differential operator
given by

3k _1\v—ko—v . v— .
(153) Talfl = Y oo ([Re = 5= 0202 e)] ™ ).
Kk Tt

This is a differential operator of order 6k, acting on a smooth function f defined in a neigh-
borhood of the unit circle. We are specifically interested in the restriction Lk[f](rew)L:l,
which expression only involves derivatives of order at most 2k. The operator L results
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from the asymptotic analysis of definite integrals using Laplace’s method, as in Proposition
2.6.1 below. Later on, in Lemma 4.1.1, we show the existence of differential operators My,

with the property that

/ﬂ‘ ez’lG (aERT(TeiG))*%Lk[rlflf(rew)]

md(;:/Te“eMk[f}(ew)]do,

for I =1,2,3,.... We use these operators to rid the left-hand side of any unwanted depen-
dence on the parameter [. In terms of the operators Ly and My, we may now express F; ;

and c; ; as follows:

(1.5.4) Frj(0) =Y Mi[B;](e”),  j=>1,
k=1

and the real constants c. ; are given by ¢, o = (4m)~1/* while for j =1,2,3,...,

(1.5.5) =30t Y [ MBI () ds(e)
Gikyyen; U T

where n; = {(i,k,0) € N* : il <j, k>0,i+k+1=j}and N:={0,1,2,...}. The
way this algorithm works is that we start with the known function B; o, which in its turn
gives the function F;; and the constant ¢, ; via (1.5.4) and (1.5.5), respectively. This then
gives B, from the expression in Theorem 1.5.4. In the next round, we obtain F. o and
¢r,2 followed by B; 2 in a similar fashion. An inductive procedure gives F ;, ¢, ;, and B ;
for all j > 2 as well. Knowing B;; then gives the coefficient function B, ; as well, by
Theorem 1.5.4.

As a direct consequence of Theorems 1.5.2 and 1.5.4, we resolve the boundary universality
conjecture (Conjecture 1.4.1) for 1-admissible potentials. For the convenience of the reader,
we recall some notation. For zy € 9S; we denote by n the outward unit normal to S, at
20, and write z,,(§) for the rescaled variable around zy given by (1.4.1).

Corollary 1.5.6. Assume that Q is 1-admissible, and denote by k,,, the rescaled kernel

1
2mAQ(20)
Then, there exist unimodular continuous functions c¢,, : C — T such that we have the

convergence

m—0oQ

locally uniformly on C2, where the limiting kernel is the Faddeeva plasma kernel
k(&) = e 2 U+ (g 4 7).

The terminology Faddeeva plasma kernel comes from the plasma dispersion function,
which was tabulated by Faddeeva and Terent’ev in [21].

Remark 1.5.7. The above kernel convergence has an interpretation in terms of determinantal
point processes in the plane. More precisely, the blow-up of the eigenvalue process for the
RNM-ensemble around zy converges to the Faddeeva plasma point field, with correlation
kernel k(¢, 7). The unimodular continuous functions ¢, are irrelevant, as they do not affect

determinantal point processes.
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To complement the present exposition on planar orthogonal polynomials, we explain in
[34] how the ideas developed here also apply to give a full asymptotic expansion of the
Bergman kernel for exponentially varying weights when one of the variables is away from
the corresponding droplet. In that setting, the droplet arises typically from the repulsive
effect of patches where AQ < 0. This result gives error function transition behavior along
smooth loops of the droplet boundary.

In the follow-up work [36], we intend to explore further the implications of Theorem 3.1.2
and 1.5.4 for the theory of random normal matrices. In particular, we analyze the asymp-
totics of the free energy log Z,, o, where Z,, o denotes the partition function of the RNM-
ensemble, and relate the analysis to the planar analogue of the classical Szeg6 limit theorem

on Toeplitz determinants.

1.6. Sketch of the main ideas. The first step towards obtaining Theorem 1.5.2 is the
construction of a family of approximately orthogonal quasipolynomials, defined outside a
compact subset K, of the interior of the droplet §;. This family of functions have the
property that they are approximately orthogonal to the collection of lower degree polyno-
mials, have the correct polynomial growth at infinity, but need not be well-defined globally
(i.e. on K.). In a second step, these quasipolynomials may be corrected to true polyno-
mials using Hérmander’s O-estimates. The actual construction depends on our key lemma
(Lemma 3.4.1) which establishes the existence of what we call the orthogonal foliation flow.

We turn to the underlying ideas for the orthogonal foliation flow. Our approach will take
a slightly different point of view than what is used later on. It has the advantage of being
more intuitively direct. The approach begins with the following disintegration formula: let
{Ym,n,t}+ denote a smoothly varying family of closed simple curves, which foliate a region
Q. when ¢ runs through an interval J,,. If v(z) denotes the scalar normal velocity of the
curve flow as it passes through the point z, then for a suitably integrable function F' we

have

(1.6.1) /Q F(z) e 2R dA(z) = 2/ / F(2) e MRy (2)ds(z)dt

Im

We consider the weighted arc length measure e~2™?vds restricted to the curve Ym,n,t, and
the associated orthogonal polynomial P, ,,; of degree n. We would like to find a foliation
{Vm.n,t}e of the region Q,, ,, such that P, ¢ = c(t)Pm.no0, Where Py, , 0 is independent
of the flow parameter ¢ and c¢(¢) is an appropriate positive constant. As a consequence
of (1.6.1), the polynomial P,, ¢ is then orthogonal to Pol, with respect to the measure
1o, e =22 dA. Now, if the foliation covers a sufficiently large enough region Qm n, then the
resulting normalized orthogonal polynomial ought to be close to P,, ,, itself. In other words,
the two-dimensional orthogonality relations foliate into lower-dimensional orthogonality
relations along a curve family {7y, ¢ }e-

The stationarity condition Py, ,, + = ¢(t) P n,0 is quite demanding, and in fact we do not
know that such a foliation exists, at least if we require it to foliate the entire plane. Instead,
we obtain the foliation in an approximate sense, up to any given precision, so that Q,, ,
covers a band around dS; of width =< m~2 log m. We remark that the stationarity condition
may be thought of as a Hele-Shaw flow condition (see [27], [32]) for the curves 7, n.+,
with respect to the weight |Py, . 0/?e¢~?™?. Hele-Shaw flows are notorious for singularity
formation, after which the foliation flow cannot be continued. The requirement not to
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develop such singularities puts a strong requirement on the weight | P, , o|>e~2™%. This is
used in an approximate fashion in §6 to devise an algorithm to construct P, , o together
with the foliation iteratively in a self-improving manner. For technical reasons, we work
with the flow curves I'y, 1 = @7 (Ym,n,e) after applying the conformal mapping ¢., and
consider quasipolynomials rather than polynomials.

1.7. An outline of the presentation. In §2, we introduce some auxiliary material which
will be needed later on. In particular, we discuss some aspects of weighted logarithmic
potential theory and obstacle problems, and introduce the concept of weighted Laplacian
growth. Moreover, we collect some results on Hormander-type L2-estimates for the O-
operator, and the asymptotic analysis of integrals based on Laplace’s method.

In §3, we introduce the notion of quasipolynomials, and state our key lemma on the
orthogonal foliation flow (Lemma 3.4.1). Using Hérmander-type O-techniques we obtain
the L2-analogue of the main theorem (Theorem 3.1.2) from the key lemma. The main
theorem (Theorem 1.5.2) then follows from Theorem 3.1.2 by a weighted Bernstein-Walsh
lemma.

In §4, we obtain Theorem 1.5.4, which identifies the coefficient functions in the asymp-
totic expansion. The proof is based on steepest descent analysis. The starting point is the
existence of the expansion of Theorem 1.5.2 which tells us that the probability distribution
|Pr.n|?e™2™@ is approximately a Gaussian ridge centered around 9S,, so by composing
with the conformal mapping ¢, we obtain a Gaussian ridge around the unit circle. By
writing the relevant integrals in polar coordinates and applying Laplace’s method in the
radial direction, this structure allows us to collapse the orthogonality conditions into in-
tegral equations on the unit circle. The collapsed orthogonality conditions then reduce
to inhomogeneous Toeplitz kernel equations. The algorithm arises when we solve those
equations.

In §5, we supply more details on determinantal point processes, and give the proof
of Corollary 1.5.6 on boundary universality in the random normal matrix model for 1-
admissible potentials.

In §6, we supply the proof of key lemma on the existence of the orthogonal foliation flow.
The proof is based on an algorithm, which determines both the flow and the asymptotic
expansion of the approximately orthogonal quasipolynomials in an iterative and intertwined
fashion. An outline of the algorithm is provided in Subsections 6.2 and 6.4.

Finally, in Section 7, we connect our orthogonal foliation flow with the Its and Takhtajan
approach involving soft Riemann-Hilbert problems (2 x 2 matrix d-problems).

1.8. Acknowledgments. We wish to thank the anonymous referees for several helpful
and insightful comments, which have significantly improved the manuscript. In addition,
we would like to thank Gernot Akemann, Yacin Ameur, Alexander Aptekarev, Robert
Berman, Maurice Duits, Nam-Gyu Kang, Simon Larson, Nikolai Makarov, Julius Ross,

Seong-Mi Seo, and Ofer Zeitouni for stimulating discussions.
1.9. Notation and conventions. We denote by 0, and 0, the standard Wirtinger deriva-

tives, given by

0.= 3(0r—i0,) and 8= (0, +id,), z=atiy

|~
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When the dependence on z is clear we will omit the subscript and simply write 0 and 0.
The Laplacian factorizes as A = 39 (notice that this is a quarter of the usual Laplacian).

The Riemann sphere is denoted by (E, and we identify it with the extended complex
plane C=CuU {o0} via stereographic projection. If " is a bounded Jordan curve, and 2,
denotes the unbounded component of C\ T, then the domain . is simply connected if
regarded as a domain on the Riemann sphere C. Asa consequence, the Riemann mapping
theorem guarantees that there exists a conformal mapping ¢ : 2. — D, onto the exterior
disk D. This mapping is uniquely determined if we require that

(1.9.1) ¢(c0) =00 and ¢'(c0) > 0.

A conformal mapping of unbounded domains which is subject to the normalization (1.9.1) at
infinity is called orthostatic. Unless specified otherwise, a conformal mapping ¢ : Q1 — s
is tacitly assumed to be onto.

We use the standard Landau notation for control of asymptotic quantities. Namely, if
f(t) and g(t) denote two positive functions defined for ¢ € (0, 1], we say that f(¢) = O(g(t))
as t — 0 if there exists a constant C' with 0 < C' < oo such that f(¢) < Cg(t) for all ¢ > 0
sufficiently small. Moreover, we say that f(t) = o(g(t)) as t — 0 if lim; o f(¢)/g(t) = 0.
Moreover, we use the notation f(t) < g(t) to say that f(t) = O(g(t)) and g(¢t) = O(f(t)),
as t — 0. Similar comparisons when f and g are functions defined on more general sets are
understood analogously.

For a positive Borel measure p supported on the set Q C C, we denote by L?(Q, u1) the
standard L2-space of square integrable functions with respect to j, with inner product

) = /Q F(2)9(2) dpz).

For a domain  C C, we define the Bergman space A?(Q, 1) as the subspace of L?(£2, i)
consisting of all f € L2(£2, u) which are holomorphic on €. For an integer n and unbounded
Q, we denote by L2 (€, 1) and A2(Q, i) the subspaces of functions f with

If(2) =0(z|"™Y), 2€9Q, |z| = +oc.

If 2 = C is the entire complex plane, we drop it from the notation. Measures of the form
dp = e~?dA play a major role in our analysis, and for such measures we use the shorthand
notation Ai(Q), Li(Q), Aim(Q), and Lin(ﬂ) for the spaces discussed above. The L? norm
and inner products are denoted by ||-||, and (-,-),, or simply by ||-||¢ and (-,-)4 in the case
of measure of the form du = e~?dA.

Frequently used notation. For the convenience of the reader, we supply a list of frequently
used notation.

C, R, T Complex plane, real line, and unit circle, respectively.

D, D Open unit disk D = {z : |z| < 1} and exterior disk D, = {2 : |z| > 1}, also
for arguments (zg,r) denoting center and radius of the boundary circle.

Z,N, Z, Integers, natural numbers N = {0,1,2,...} and positive integers
Z. ={1,2,3,...}, respectively.

£¢,€°,&  Complement, interior, and closure of the set £. The complement is
understood as C \ &, unless specified otherwise.
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Pol,,
Q, Qr

Qr

®

T

Q-
S, S

Kor K+

Iéo

br

R

X7,0, X7,1
w(E,Q, z)
H?, H2, H?
Hq
PH?,PHE
n,o,B 7T

Ly, My
B‘r,ja BT,j

’(/}s,ta ija bj

Fm,n,t; Dm,n
Hs,ta Hj,l

Amn

B}

P )

Om

Ao, 0)
=L, <0OL
POL(")

W s
gp,u Hy,u

HEDENMALM AND WENNMAN

Indicator function for the set £.

Wirtinger derivatives, given by 9, = %(8;,3 — 10y), 0, = %(8,; +i0y),
where z = = + iy.

Laplacian, which factorizes as A = 99. N.B.: this equals one-quarter of
the usual Laplacian.

Space of polynomials of degree at most n — 1.

The potential and the solution to obstacle problem with growth 7log|z|
at infinity, respectively.

Harmonic extension of Q) across 0S;.

Se
Bounded harmonic extensiorTl of Q} as, O Se.

Holomorphic function on 8¢ with Re @, = Q% and Im Q. (o0) = 0.

The droplet and the coincidence set for the obstacle problem, respectively.
These are equal under the m-admissibility assumption, for |7 — 75| small.
Compact subsets of S; related with the radii pp o and pg, respectively.

I, = [1 — €, 1 + €o] for a small parameter ey > 0.

Conformal mapping ¢, : S¢ — D, with ¢,(c0) = oo and ¢ (c0) > 0.

The modified potential, given by (Q — Q) o ¢; .

Smooth cut-off functions related via xro0 = X1 © ¢-.

Harmonic measure of E relative to (€2, zo).

Hardy spaces, cf. §2.5.

The Herglotz operator for a domain {2 containing the point at infinity.
Orthogonal projection onto Hardy spaces.

Index sets, appearing with various subscripts and superscripts.

See pp. 36, 43 and 49.

Differential operators arising in steepest descent calculations.

Coefficient functions in asymptotic expansions of ONPs, related through
the conformal mapping ¢, (see Theorem 1.5.4).

Conformal mappings related to the orthogonal foliation flow, their Taylor
coefficients in (s,t), and bounded holomorphic coefficient functions.

The curves of the orthogonal foliation and the foliated region, respectively.
The logarithmic density in the master equation and its Taylor coefficients
in (s,t), see §6.4.

Canonical positioning operator, cf. §3.3.

Quasipolynomial and analogous bounded function, related through A, ;.
The number 8, = m™2 log m.

The 20-fattened diagonal annulus, cf. §6.1.

Lexicographic and order-lexicographic orderings.

Polynomial complexity classes, cf. §6.7.

Non-linear differential expressions for Faa di Bruno’s formula.

2. PRELIMINARIES

2.1. An obstacle problem and logarithmic potential theory. In this section, we

follow the presentation of [29]. The standard reference for the potential theoretic aspects
of this material is the monograph [49] by Saff and Totik.
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For a positive real parameter 7, let Subh,(C) denote the convex set of all subharmonic
functions ¢ : C — R U {—00} on the complex plane C which meet the growth bound

q(z) < Tloglz| +O(1)

as |z| — oo. For lower semicontinuous potentials () subject to the growth condition (1.5.1)
and for 0 < 7 < 719, we let QT be the solution to the obstacle problem

Q- (2) :=sup {q(z) : ¢ € Subh,(C) and ¢ < Q on C},

and observe that trivially QT < @, and if we regularize QT on a set of logarithmic capacity
0 (and keep the same notation for the regularized function) then Q, € Subh,(C) holds.
Suppose now that @ is C?-smooth. Standard regularity results then give that QT is C1-
smooth, so that the partial derivatives of order 2 of QT are locally bounded (in the sense
of distribution theory), see e.g. [8] for a simple argument to this effect. As a consequence
of the growth condition (1.5.1) on @, the coincidence set defined by

Sri={2€C: Q. (2) =Q(2)}

is compact, and moreover, a Perron-type argument shows that QT is harmonic off S*. It
now follows from the C*'-smoothness that AQ, = Ls: AQ holds in the sense of distribution
theory (see [40, p. 53]).

The above obstacle problem has a direct relation with weighted potential theory. The
weighted logarithmic energy, with respect to a continuous weight function V' : C — R, of a

compactly supported finite real Borel measure p is defined as
1
Il = [ og ——du(z)du(w) + 2 [ V()du(w)
CxC |z — wl C

With V = 771Q, we set out to minimize the energy I.—1g[p] over all compactly supported
Borel probability measures p. There is a unique such minimizer, called the equilibrium
measure, which we denote by p,. The connection with the obstacle problem is via the

relation
(2.1.1) dpr(2) = 21 AQ,dA = 277 15, AQ(2) dA.

As a consequence, we may recover the logarithmic potential for the equilibrium measure
from QT and a real constant F ;:
Uk (z) = / log ;duT(z) = —772Q.(2) + Fo.r, zeC.
C 2 — wl

Since p, is a probability measure by definition, we see from (2.1.1) that AQ > 0 a.e. on S7.
So, the coincidence set St will avoid the open subset of the plane where AQ < 0, which may
be nonempty. We call the support (as a distribution) of the equilibrium measure p, the
droplet, and denote it by S.. We alternatively call it the spectral droplet, due to the spectral
interpretation as the accumulation set for the eigenvalues of random matrices. In general
this is a subset of the coincidence (or contact) set S*. However, the difference set S*\ S, is
small, in the sense that it is a null set with respect to the weighted area measure |AQ|dA.
In this presentation, we will assume throughout that the potential @ is 1-admissible. Under
this assumption, we have the equality S, = S for 7 € I, := [1 —€p, 1 + €p] with some small

but positive €.
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The function Q, is C'-smooth, with Q, = Q on the droplet S,, whereas in the com-
plement S¢ it is harmonic and determined by the boundary data that Q, = Q on 88, and
the growth Q,(z) = 7log|z| + O(1) as |z| — 400. We proceed to introduce some further
functions related to the potential Q.

Definition 2.1.1. Assume that @) is 1-admissible, and let 7 € I.,. Then

(i) QT is defined as the harmonic extension of the restriction of QT to S¢ across 0S;.
(i) QP is the bounded harmonic harmonic function on 8¢ which equals @ on 9S;, ex-
tended harmonically across 0S;.
(iii) Q. is the bounded holomorphic function in S¢ such that Re Q, = Q% on S¢ with
Im Q,(c0) = 0, extended analytically across 9S;.

It is clear that the functions QT and Q¥ are related via

(2.1.2) QOr = rlog|ér| + Q2.

2.2. A weighted Bernstein-Walsh lemma. The significance of the set S; in relation to
orthogonal polynomials is made clear by Proposition 2.2.2 below. We begin with a useful

lemma taken from [2], see Lemma 3.2.

Lemma 2.2.1. Let u be holomorphic in a disk D(z,m~/268). Then

As?

‘u(z)|2672mQ(z) < me ‘u|2672deA’
2
d D(z,m=1/2)

where A denotes the essential supremum of AQ on D(z, m~1/25).

This lemma is used in [2] to obtain growth bounds for polynomials of degree at most
n. The approach works more generally, for functions of polynomial growth in the space
A%mQ(ICC) defined in §1.9, where K is a compact subset of the interior of the droplet S-.
The following result generalizes the classical Bernstein-Walsh lemma, see e.g. Chapter I11.2
in [49].

Proposition 2.2.2. Let 7 = -, and suppose K is a compact subset of the interior of S;.
Then there exists a positive constant C such that for any u € Ang(ICC) with the polynomial
growth control |u(z)| = O (|z|") as |z] = oo, we have that

u(2)] < Cm? [l L2 (e o 2may €™ ), diste(z,K) > 6m~ 12,

Proof. Assume that z € S, \K lies at a distance of at least m~!/2§ from K. By Lemma 2.2.1,

we have the estimate

m62A62
lu(2)]* < Tem@(”IIUI\iz(,cc,efzmQy

which yields the claim for z € S, \ K with the constant C' = Cs = 5149 Next, suppose
that v has norm equal to 1, and let ¢(z) be the subharmonic function

_ L u))?
a(z) = om mC% "’
It follows from the above estimate on |u(2)|? that ¢(z) < Q for z € S, \ K, and the growth
bound on |u(z)| as |z| — oo entails that ¢(z) < 7log|z|+O(1) as |z| — co. Now, we consider

z e K°.
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the difference g — QT and observe that it is harmonic in S¢ and that ¢ — QT < 0 holds on the
boundary dS., since Q, = Q there. Moreover, we see from the growth bound on ¢ that the
difference ¢ — Q. is bounded from above in S¢. It now follows from the maximum principle
for subharmonic functions that ¢(z) — Q(z) < 0 throughout z € 8¢, which completes the
proof. O

In particular, Proposition 2.2.2 tells us that | P, (2)[?e~2™® decays exponentially off
n

the droplet S; if 7 = . As alluded to in the introduction, it is possible to also locate the

mass of the probability density |Pp, . (2)|>e~2™2(=). We recall the notation w(-, C \ Sty 00)
for the harmonic measure of C \ S; relative to the point at infinity. The following is from

[3]-

Theorem 2.2.3. Asm,n — oo with 7= - =19 + O(m™1) for some 19 with 0 < 79 < 1,

we have the convergence
2 _—2m ~
‘ng'ﬂl € @ _>w(.7C\8To7OO)7
in the sense of weak-star convergence of measures.

See Figure 1.1 (right) above for an illustration of this convergence.

2.3. Weighted Laplacian growth. Weighted Laplacian growth (or weighted Hele-Shaw
flow) describes the movement of the boundary of a viscous fluid droplet in a porous medium,
as fluid is injected into the droplet. The weight appears as a result of the variable permeabil-
ity of the medium, or, alternatively, as a result of curved geometry. For the mathematical
formulation, consider a simply connected domain €2y on the Riemann sphere C := C U {0}
containing the point at infinity. A smoothly increasing family {Q;}; of domains is said to
be a Hele-Shaw flow with weight w, relative to the injection point at infinity, if the infin-
itesimal change of the measure 1g_w(z)dA equals harmonic measure (the derivative is as
usual taken in the sense of distribution theory):

(2.3.1) 9y (1g,wdA) = dw(-, O, 0).

Alternatively, we can think in terms of the weak formulation, which amounts to the re-
quirement that

/ hwdA = (t — s)h(0), s<t,
2\

holds for all bounded harmonic functions h on €;. At times, we prefer to think of the flow
of the boundary loops {02}, rather than the flow of domains itself. A basic reference on
Hele-Shaw flow is the book [27] by Gustafsson, Teodorescu and Vasili’ev. The weighted
Hele-Shaw flow problem appears to have been treated first in the paper [32] by Hedenmalm
and Shimorin, where the weight was interpreted as a Riemannian metric, motivated by
considerations in the potential theory of clamped plates [33]. This line of work is continued
by [31], [30]. In this connection, we mention the work [48] by Ross and Witt-Nystrom,
which deals with a less regular situation.

In the present work, weighted Laplacian growth appears for two distinct families of
weights that arise naturally. For instance, the complement S¢ evolves according to Lapla-
cian growth with the weight 2AQ and injection point at infinity, with 7 as backward time.
The second type of Laplacian growth occurs with the weight w = |P|?e~2™% where P is
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an approximation of the orthogonal polynomial P, ,, see the discussion in §1.6. The latter
flow of loops is what we call the orthogonal foliation flow.
We will need the following lemma, about the movement of the loops 0S, as 7 varies.

Lemma 2.3.1. Fiz 7 € I, = [1 — €9, 1 + €]. Denote by n,(¢) the outer unit normal to
0S; at a point ¢ € IS;, and let n.(Q)R denote the straight line which contains n.(¢) and
the origin. Then, if for real € the point (. is closest to ¢ in the intersection

(€ —n-(QOR)NIS; .,

we have as € — 0 that

G = €= enr(Q) 5+ O(E)

and the outer normal n,_.((.) satisfies

n;(C) = n-(¢) + O(e).-

Proof. We recall that the compact sets S, evolve according to weighted Laplacian growth
with respect to the weight 2AQ), so that we have (2.3.1) with Q, = S¢. For the details, we
refer to Theorem 5.22 and Proposition 6.10 in [29]. This means that

(2.3.2) 9y (1s,2AQdA) = dw (-, 8, 00) = | 4. |ds,

where we recall that ¢, is the (surjective) conformal mapping S¢ — D,. Informally, the
boundary S, moves at local speed (4AQ)~!|¢.| in the exterior normal direction, where
the number 4 appears in place of 2 as a result of the different normalizations associated with
ds and dA. Tt is known by Theorem 6.2 in [32], which is based on the Nishida-Nirenberg
version of the Cauchy-Kovalevskaya theorem, that the loops dS; deform real-analytically
as 7 varies. In view of this fact and the evolution equation (2.3.2), the claimed assertions
follow from Taylor’s formula. a

2.4. Polynomial 0-methods. Let ¢ be a strictly subharmonic function on C. Hoérman-

der’s classical result states that the inhomogeneous d-equation
ou = f

can be solved for any datum f € L2 (C) with the estimate

loc

—¢
u267¢dA</ 2 ga.
[upetaa< [1rpS

Taking this a starting point, in [2], Ameur, Hedenmalm, and Makarov investigate the case
when the solution u is constrained by an additional polynomial growth condition at infinity.
We now describe this result. Recall from §1.9 that L7 ,(C) denotes the subspace of L?(C)
subject to the growth restraint

f(z)=0(""")

near infinity. The polynomial growth Bergman space A2’n((C) is analogously defined there.
We will consider these spaces with ¢ = 2m@.
The following is a direct consequence of Theorem 4.1 in [2].
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Proposition 2.4.1. Let f € L>(C) be supported on S.. Then the L3, (C)-minimal

solution ug ,, to the problem
auO,n = f

satisfies

mQ

1 2
2e72mQu4 < 7/ 2 dA
JNE < o Jo VP a4

provided that the right-hand side is finite.

Proof. We apply Theorem 4.1 of [2] with T = S;, ¢ = 2mQ, 0 =0, and

é— 2m(1 - E)QT +emlog(1+|2]?).

T
Then all conditions except (ii) are trivially satisfied with a,b = o(1) as € — 0". To see
why (4¢) holds, it is enough to observe that

b(z) = 2m7 (1 — ;) log|z| + 2emlog|z| + O(1) = log(]z|*") 4+ O(1)

as |z| — oo. Hence the inclusion Az C Pol,, follows. Letting e — 07 for fixed m and n
completes the proof. O

Remark 2.4.2. In Theorem 4.1 of [2] there is an additional freedom to modify the weight
with a function g, which we set to equal o = 0 in the above. The conditions on g are such
that there is flexibility in the interior direction inside the droplet, but none in the exterior
or along the boundary. As g is used to control the norm-minimal solution to the J-equation,
this flexibility tells us that decay of the datum f in the interior of the droplet translates to
a corresponding decay of the solution ug,. On the other hand, decay of the datum near a

boundary point in the tangential direction will not necessarily have the same effect.

2.5. Holomorphic boundary value problems and Toeplitz operators. For the reader’s
convenience, we include some elementary facts from the theory of Herglotz kernels and
Hardy spaces. Let f be holomorphic in the unit disk D with continuous extension to the

boundary. The classical Herglotz integral formula [25, pp. 52| asserts that
+z
1) = [ T2 Re(s(0) ds(O) + Im(F()),  zeD.

T¢—2

If F € LY(T) is real-valued, this allows us to solve the boundary value problem

Ref’T:F

where f is holomorphic in the disk by the integral formula

f(z) = HpF(2) == / ST 2 p¢)ds(c), zeD.

T¢—2

Moreover, the solution is unique up to an additive imaginary constant. For us, it is more

natural to work in the exterior disk. By reflection in the unit circle, we obtain the formula

f(2) = Hp, F(2) = / 246

T2—¢

which we refer to as the Herglotz transform of F. If F is L?(T)-integrable, its Herglotz

F(¢)ds(¢), z €D,

transform is in the Hardy space H2. If we assume slightly more smoothness, e.g. that F is
C'-smooth, then its Herglotz transform is continuous and bounded in the closed exterior
disk D.. Analogously, if we have a lot of smoothness, e.g. F is C“-smooth, then its Herglotz
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transform extends to a bounded analytic function on a slightly bigger exterior disk D, (0, p)
with p < 1. We recall the definition of the Hardy space H? = H?(D) mentioned above. A
function f is in H? if it is holomorphic in D with

sup / FrOPds(C) < +oo.

0<r<1

Alternatively, in terms of the boundary values, H? is the closed subspace of L?(T) defined
by the property that the Fourier coefficients with negative index all vanish. The conjugate
Hardy space H? consists of all functions of the form f, where f € H?, which may also
be viewed as Hardy space on the exterior disk D. In a similar fashion, the standard HP-
spaces can be defined as well. For instance, for p = oo the space H* consists of the bounded
holomorphic functions in the unit disk D equipped with the supremum norm.

Associated with the Hardy and conjugate Hardy subspaces of L?(T) there are the or-
thogonal projections P2 : L*(T) — H? and Py : L?*(T) — H2. These are associated
with the Szegd integral kernel:

f©)

PH2f(Z) = T 1 —ZC_

ds(Q), z €D,

and

PHgf(z):/TZZf_(Cg ds(¢),  z€D..

We will also be interested in the subspace H? ; of H? consisting of all functions that vanish

at infinity (or equivalently, have average 0 on the unit circle). The associated projection is
¢f(©)
T2—C

It is clear from the above concrete formulee that the Herglotz transform Hp, can be ex-

PHE,Of(Z): ds(Q), z € De.

pressed in terms of projections: Hp, = P2 +Pp2 . For an L™ (T)-function O, we define
the (exterior) Toeplitz operator Te : H2 — H? by

Tof = Py2 [Of], feH?.

The nullspace (kernel) of this operator consists of all solutions in H2 to Te f = 0. Assuming
that © is nonzero almost everywhere on the circle T, it follows that the condition that f
belongs to the nullspace is equivalent to f € H2NO ™1 HZ, where HZ consists of the functions
in H? with mean 0. If we implicitly define the function ¥ by ©(2) = 219(z), we may rephrase
this condition as

feH>NnY tH?,
which we refer to as a homogeneous (exterior) Toeplitz kernel condition. For a function F
in the space L?(T), we also consider the related condition
feH> Ny Y —F+ H?),

which we refer to as an inhomogeneous Toeplitz kernel condition. In terms of Toeplitz
operators, this condition may be written as T,y f +P y2 [2F] = 0. The following proposition
provides the structure of solutions to the homogeneous and inhomogeneous Toeplitz kernel
conditions for sufficiently regular symbols .
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Proposition 2.5.1. Suppose that ¥ can be written in the form ¥ = e“*?, where u and v
are in H*®, and let F be a function in L?(T). Then f solves

feH>NY Y (—F + H?)
if and only if
f=Ce ™’ —e "Py2 U[e‘“F],
for some constant C.
Proof. That f € H2 N9~Y(—F + H?) is equivalent to having
(2.5.1) e'f € e"H2 N(—e “F+e “H?*) = H2N(—e “F+ H?).
Since eV f € H2, an application of the projection PHg0 gives
Py [e"f]=¢"f-C

for some constant C. On the other hand, since e’ f € —e~“F + H? holds by (2.5.1), it is
immediate that

Ps [¢f] = Py [e7F)
since H? projects to {0}. It follows that
e"f=C+Pp2 [e"f]=C—Py2 [e7"F],
as claimed. ]

Remark 2.5.2. The Toeplitz kernel equation (2.5.1) may be viewed as a scalar Riemann-
Hilbert problem with jump from the inside D to the outside D, equal to e *F. Later, we
will use the conformal mapping from the complement of the droplet S¢ to the exterior disk
D,, and the interpretation of the Toeplitz kernel equation in that context is as a scalar
Riemann-Hilbert problem on the Schottky double of S¢.

2.6. Steepest descent analysis. For our computational algorithm in §4, we will need the
following result (|38], p. 220, Theorem 7.7.5). The formulation requires some notation. For
an open subset 2 of R, we let C*(Q) denote the space of k times differentiable functions on
€, and for a compact subset K of R, we let C¥(K) denote the space k times differentiable,
compactly supported functions on R whose support is contained in K. The norm in the
space C*(Q) is defined as

k
lullor@) = D Il L0,

and the norm in C¥(K) is analogously defined.

Proposition 2.6.1. Let K C R be a compact interval,  an open neighborhood of K, xq
an interior point of K, and k a positive integer. If u € CZ*(K), V € C3*+1(Q) and V >0
in Q, V'(xg) =0, V"(x0) >0, and V' # 0 in K\ {zo}, then, for w >0, we have

-
2
e“V(xU)Au(aj)e_w\/(x)dm_ (wvu (z0) ) Zw "Lju < Cw™Flulloan .
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Here, C is bounded when V stays in a bounded set in C3*+1(Q), and |x — xo|/|V'(x)| has
a uniform bound. With
1
Wao(2) =V (x) = V(o) — 5(3: — x0)?*V" (0),

we have
Liu@) = DRk ) ),
_ NNV ()]t "
(k,0):l—k=j, 21>3k
In the definition of the above differential operator L;, it is implicit that the summation
takes place over nonnegative integers k and . The differential operator (1.5.3) mentioned
in connection with Theorem 1.5.4 is obtained from this formula.
The following proposition is tailored to our needs, based on Proposition 2.6.1.

Proposition 2.6.2. Let three reals po, p1, p2 be given, with 0 < pg <1 < p1 < pa. Assume
that V' : [po,00) — R is C3*+1_smooth, and that V has a unique minimum at 1, with
V(1) =V'(1) = 0. Suppose furthermore that we have

(a) the convezity bound V" > « on (po, p2) for some real a > 0,

(b) and that V' has a bound from below of the form V(x) > ¢logx on the interval [p1,00),
for some real constant 9 > 0.

If the function u : (pg,00) — C is bounded and continuous throughout, and in addition u is
C?*_smooth on the interval [0, p3] and vanishes on [0, pg|, then we have

/Oo u(z)e V@ dy = <wV2’7’T(1)) : jZ:ijj [ul(1) + E,

PO

where the error term E = E(w, k,u, 9, po, p1, p2) enjoys the bound

|E| < Crow™ " [Julloz (o pa) + 1l 2o (1,000 7 7T,

provided that w > %, where C remains uniformly bounded when V' stays in a bounded set
of 03k+1([P07P2])~

Sketch of proof. Let x be a smooth cut-off function with 0 < y < 1 throughout, which
equals 1 on the interval [pg, p1], and vanishes on [ps,00). We use the cut-off function to
split the integral

(oo}

/oc u(x)e—wv(m)dx _ /p2 X(x)u(m)e—wv(m) dr + / (1— X(l’))u($)€_wv(m) de.

0 PO P1
The first integral gives the main contribution, which is estimated using Proposition 2.6.1.
The other two integrals are estimated using the given bounds from below on V. The details
are omitted. |

3. EXISTENCE OF AN ASYMPTOTIC EXPANSION

3.1. An L2?-version of the main theorem. The proof of Theorem 1.5.2 goes via an
expansion valid in weighted L2-space, which is of independent interest. Modulo the key
lemma (Lemma 3.4.1) concerning the orthogonal foliation flow, we first obtain the weighted
L?-expansion, and then obtain Theorem 1.5.2 as a consequence. The proof of the key lemma
is deferred to §6.



ASYMPTOTICS OF PLANAR ORTHOGONAL POLYNOMIALS 23

For two sets £, F C C we define the distance between them as

distc(€,F) = inf }_|z—w|.

zeE,we
We shall need the following notion.
Definition 3.1.1. If K and S are compact sets in the plane with L C S and
distc (K, 8¢) = ¢,
we say that a compact set X is intermediate between K and S if K C X C S with
€ €

diste(C, X9) > ——  and  diste(X,S¢) > .
isto(K, &%) 2 755g and - diste (&, 8%) 2 7555

We recall from the discussion following Definition 1.5.1 the notation I, = [1 —€g, 1 +€q],
where € is fixed and positive, with the property that the curves 0S5, form a smooth flow

of simple loops for 7 € I,,.

Theorem 3.1.2. Assume that Q is 1-admissible, and fix the precision parameter k € N.
Then, for each T € I, there exists a compact subset K, C S; with distc(K;,0S8;) > € for
some positive real number ¢, such that the following holds. On the complement K2, there
are bounded holomorphic functions B, ; such that the associated function

K
Fi = ms /@ o] m™IB,
j=0
approximates well the normalized orthogonal polynomials Py, ,, in the sense that we have
the norm control

HPm,n - XT;OF’I’<77,K;’>I’LH2mQ = O(m_ﬁ_l)
as n,m — oo while T = > € I,. Here, xro denotes a smooth cut-off function with

0 < xr0 £ 1 and uniformly bounded gradient. In addition the function xro vanishes on
K, and equals 1 on the set X where X is an intermediate set between K, and S-. In the

above estimate, the implicit constant is uniform for T € I, .

In the above theorem, the products XﬁoF,(,{f)n are understood to vanish on the set IC.,

where F{%), may be undefined.

Remark 3.1.3. (a) By inserting a further family X! of intermediate sets between K, and
S: such that X, is intermediate between X! and S, we can make sure that the cut-off
function x, o vanishes on X/ (and not just on K,). We mention that the compact sets K.,
X! and X, may be obtained, e.g., as the complements of the conformal images under ¢,
of the exterior disks De(0, p) with p = po, po,1 and pg 2, where 0 < pg < po,1 < po,2 < 1. As
for the intermediate property of Definition 3.1.1 regarding the sets K, X!, X;, and S;, this
is a little subtle, and depends on making a correct choice of the parameters pg, po 1, and
po2. At our disposal, we have the Koebe distortion theorem and the fact that log(¢- 1)’
is a Lipschitz function in the hyperbolic metric with known Lipschitz constant (see, e.g.,
Corollary 1.4 and Proposition 1.2 in [45], respectively). We omit the necessary details.

(b) Without loss of generality, we may assume that the cut-off function x, ¢ is uniformly
smooth in the sense that for any fixed positive integer k the C*(C)-norm of x o is uniformly
bounded for 7 € I, .
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(¢) Our method of proof involves Toeplitz kernel problems and the construction of an ap-
proximate orthogonal foliation flow of loops. The underlying idea is inspired by an approach
to the local expansion of Bergman kernels, which involves a flow of loops emanating from
the point of expansion [26].

3.2. Introduction of quasipolynomials. We turn to the approzimate orthogonal quasipoly-
nomials Fy, ,,, by which we mean certain functions which behave like orthogonal polyno-
mials with respect to the measure e 2™%dA, in a sense specified below. Let K, be an
appropriately chosen compact subset of the droplet S, which lies at a fixed positive dis-
tance from 0S,. Moreover, we require that the conformal mapping ¢, : S; — D, extends
to a (surjective) conformal mapping

(b‘l': Icqc— — De(ova)a TE Ieov

for some py with 0 < ppo < po < 1, where we recall that pg o was defined in the discussion
preceding Theorem 1.5.2. In what follows, we will disregard the behavior on the compact
set K. We will justify this a posteriori, using 9-methods.

Definition 3.2.1. We say that a function F is a quasipolynomial on K¢ of degree n if it

C
T

is defined and holomorphic on K¢, with polynomial growth near infinity: |F(z)| < |z|" as

|z| = oo.

In the context of this definition, a quasipolynomial F' of degree n has F(z) = az™ +
O(|z|*~1) near infinity, for some complex number a # 0. We refer to the number a as the
leading coefficient of the quasipolynomial F'.

We now fix a positive integer x, which we think of as an precision parameter. Moreover,
we denote by X0 asmooth cut-off function that vanishes on X! and equals 1 on X¢, where
X! denotes an intermediate set between K, and S, while X is an intermediate set between
X! and S,. In addition, we shall require that the C2(++1) _norm of Xr,0 remains uniformly
bounded for 7 € I, .

Definition 3.2.2. We say that a sequence {F,, , }m.n of quasipolynomials of degree n on
K¢ is normalized and approximately orthogonal (of accuracy k) if the following asymptotic
conditions (i)-(iii) are met as m — oo while 7 = I € I :

(i) we have the approximate orthogonality

W EPol: [ XaFun(@0G) e dAE) = O (m™ B lln).

(ii) the quasipolynomials F,, ,, have approximately unit norm,
[ oI e da) = 14 0=,

(iii) and the quasipolynomial F), , has leading coefficient ¢, ,, at infinity which is approx-
imately real and positive, in the sense that

Imc,, 1
—— =0(m " 12
Recm,n ( )

where all the implied constants are uniform.
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In terms of the above definition, Theorem 3.1.2 implies in particular that FT%KZL is a
sequence of approximately orthogonal quasipolynomials with accuracy k. The fraction %
which appears in the definition is convenient in our calculations. The concept would be

meaningful even if this number were replaced by e.g. 1.

3.3. The renormalizing ansatz. Since @) is assumed 1-admissible, the curves I' := 98-
remain real-analytically smooth and simple for 7 € I, = [1 — €9, 1 + €. In view of the
requirement that X, o C K, the functions Q¥ and Q. are harmonic while Q, is holomorphic
in the domain K¢ (see Definition 2.1.1). We define the operator A, ,, by

n

(3:3.1) A f(2) = 84(2) [ (™ e D) (fo6,)(z),  T=

m

If f,g are well-defined in D (0, po), then A,,, f and A,, ,g are well-defined in £S. We
observe that by a change-of-variables,

(33.2) Apnf Ange ?™0dA= [ (fodr)(go ) e *m@TloslorlmReQ) 6] 124

Ke Ke
= / fge i da,
De(ovpﬂ)

where we write
R; = (Q_Qr) © :1’
and the first equality holds by (2.1.2).

The function R, given by (1.5.2) is a central object in our analysis, and we turn to some
of its basic properties.

Proposition 3.3.1. The function R, is defined on Dy(0, pg), and is real-analytic in a
neighborhood of T. Moreover, near the unit circle R, satisfies

RT(Tew) = QART(ew)(l — 7“)2 +0((1 - 7“)3), r—1,

where the implied constant is uniform for e* € T and T € I.,. Furthermore, R, has the
growth bound from below

RT<Z) Z1910g|’2:|’ ZGDG<O7p1)7
for some real parameters ¥ > 0 and p1 > 1, which do not depend on T € I,.

Remark 3.3.2. In particular, R.(z) =< (1 — |z|)? near the unit circle. Indeed, since Q, is
harmonic on K¢, we find that

AR, = AQ - Qr) 097" = (67 1)1 (AQ) 0 97,

which shows that near the circle T, we have uniform bound of AR, from below by a positive
constant. As a consequence, the same holds for 92R, (re'?) for r close to 1, which will be
useful in the context of Proposition 2.6.2.

Sketch of proof. The assertion on the local behavior near the circle T results from an appli-
cation of Taylor’s formula, using that along the boundary 88, we have Q = Q,, VQ = VQT
while

O2(Q—Qr) = (924 02)(Q — Qr) = 4AQ.
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Here, 0, and 0y denote the normal and tangential derivatives, respectively. We turn to the
global estimate from below on R,. By the assumption (1.5.1) with 7 = 1 on the growth of
@ near infinity, and the growth control

Or(2) = Qr(2) = Tloglsl + 0(1),  as [2] o,
it follows from the choice of the interval I, that

lim inf (Q B QT)(Z)

Z 1 + 260 - T > 0
lz2l—=o0  log|z|

for 7 € I.,. Since |¢;1(2)| < |z| near infinity, we see that

R, (%)

|z|l~>oo log|z|

>1+2€0*T>O.

There is no point in D, where R, vanishes, since the coincidence set (where @, and @

coincide) equals S, (see Definition 1.5.1). We may conclude that the ratio ﬁfg(li‘) is bounded

below by a positive constant ¥ on the exterior disk D¢(0, p1), independently of 7 in I,. O

Informally, Proposition 3.3.1 tells us that near the unit circle, the function e 2%

T may
be thought of as a Gaussian wave around the unit circle T.

We return to the operator A,,,, defined in (3.3.1). It renormalizes the weight, and
transports holomorphic functions in the exterior disk D, (0, pg) to holomorphic functions in
the region K2. In the sequel, we will refer to A, ,, as the canonical positioning operator.
Its basic properties are summarized in the following proposition, which involves the spaces
L7 (X¢) and A3(X), as well as the restricted growth subspaces L3 ; (X¢) and A3 (X°), all
defined in §1.9. Below, these appear for various choices of the weight ¢, the parameter k,

and the compact set X.

Proposition 3.3.3. The canonical positioning operator A, ,, is an isometric isomorphism
L3, k. (De(0, po)) — Lng(lCi), and the inverse operator is given by

mnd(2) = 2707 (2) e ™ N (go g ) (2), g € LKD),

Moreover, the operator A, ., preserves holomorphicity, and in addition, it maps the sub-
space A3, o(De(0, po)) onto A3, (KS).

Proof. As direct consequence of the (3.3.2), we see that L3, 5 (Dc(0, po)) is mapped iso-
metrically into Lng(lCﬁ), and moreover if A, ! is given by the above formula, we see
that it is actually the inverse to A,,,. By definition, A, ,f is holomorphic in K¢, if
f is holomorphic in De(0, po). It follows that A,,, is actually an isometric isomorphism

A3,k (De(0, po)) = A3,,o(KS). Tt remains to note that A, , maps bijectively

A3k 0(De(0, p0)) = A3, (KS),

which is a direct consequence of the fact that |¢,(z)| < |z| as |z] = 0. O

3.4. The orthogonal foliation flow. We will obtain our main result, Theorem 3.1.2, as
a consequence of the existence of what we call the approzimate orthogonal foliation flow of
simple loops I'y, ¢, parameterized by the parameter ¢. For a brief sketch of the intuition
that lies behind the construction of this flow of curves, we refer to the discussion in §1.6
above.
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We recall from §1.9 that a conformal mapping 1 of the exterior disk D, onto a domain
containing the point at infinity is said to be orthostatic if it maps oo to oo, and has ¢’ (c0) >
0. Given a smooth family v; of orthostatic conformal mappings on the exterior disk, indexed
by a real parameter ¢ close to 0, such that the image domains ; := 1;(D,) increase with ¢,
we put I'y = 9,(T) and denote by D = |J, I'; the region covered by the flow. We may form
the foliation mapping ¥ by the formula

() =g ()

for z in some annulus A containing the unit circle. The foliation mapping ¥ maps A onto the
domain D covered by the boundaries. Moreover, the Jacobian Jy of the foliation mapping
is given by

Ta(rQ) = —L Re (0w (V)| Ly, CET,

for r near 1. We may integrate over a flow encoded by a foliation mapping ¥ as follows: If
we denote by A, the annulus A, = D(0,1+¢) \ D(0,1 — ¢), we have for integrable f,

(3.4.1) /qU(AE)fdA - /A foW JydA
:2/_ /Tfowt(o(l—t)h((l—t)()ds(c)dt.

The existence of the foliation flow may be phrased as follows. We call the relation (3.4.2)
below the master equation for the orthogonal foliation flow. For convenience of notation,
let 4,,, be the number

—1/2

Om :=m logm.

Lemma 3.4.1. Fiz the precision parameter k to be a positive integer. For 7 = I € I,
there exist 0 < pg < 1 and bounded holomorphic functions B; ; onDe(0, po) for j =0,...,k,
such that the the following properties hold. The function Br g is bounded away from zero
with By o(00) > 0, while for j =1,...,k we have Im B, j(co) = 0. Moreover, there exists a
smooth family of orthostatic conformal mappings {Wm n.tymnt on De, such that if we write

o = > i—om ™ By j, we have that

(84.2) m? |15 0 () €72 vmn O (1 1)y, (1= 1))
m3

(4m)3

provided that |t| < &,,. Here, the implicit constant is uniform in T € I.,. Moreover, if Dy, »,

denotes the union Dy, n, = Ult\gém Yimnt(T), then diste (DS

m,n’

ot (1+O(m_“_%)), CeT,

T) > cobm for some positive
constant cg.

Remark 3.4.2. The equation (3.4.2) may be understood as an approximate weighted Polu-

barinova-Galin equation with weight | f;,'f >n|26_2mp”f

, and variable speed of expansion. In-
deed, we should compare with equation (6.11) in [32], which states in a similar context that
along concentric circles,

Jy=wlto0,
where ¥ is a foliation mapping, and w denotes a weight. In comparison, our factor
(47r)_% e—mt’ appears as consequence of the variable speed.
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In what follows, we take this key lemma for granted. The proof is supplied in §6.

3.5. The L2-expansion for quasipolynomials. We first find a sequence of approxi-
mately orthogonal quasipolynomials with an asymptotic expansion.

Lemma 3.5.1. Let £ € N be given and let fﬁ,’f% = >0 m ™I B ;(z) be the functions
defined in Lemma 8.4.1. Then the functions

(3.5.1) F) (2) = mT A o [f50] = m3 @l (2) [0 (2)]" €™ 2 D (), 0 6,)(2)

constitute a family of approximately orthogonal quasipolynomials to accuracy k in the sense
of Definition 3.2.2.

Proof. We denote by X1 a radial smooth cut-off function which vanishes on (0, pg 1) and
equals 1 on (0, pg2), where the parameters 0 < py < po1 < po2 < 1 are chosen in
accordance with Remark 3.1.3. The cut-off function ;¢ is then given by x, 0 = X+1 © ¢-.
The intermediate sets X! and X are given as the complements of the conformal images of
De(0, po,1) and De(0, po2) under ¢, respectively.

By Lemma 3.4.1, the functions f,gf ZI are bounded and holomorphic on the exterior disk
D (0, po), with f7<,';">n (00) > 0. As the leading term B, ¢ is bounded away from 0 on D, (0, po),
it follows that for large enough m, the same can be said for f,gf >n In view of this, the
functions F,ﬁf"ZL given by (3.5.1) are quasipolynomials of order n on K¢ := ¢ (IDe(0, po)) in
the sense of Definition 3.2.1.

It remains to verify the properties (i), (ii), and (iii) of Definition 3.2.2. To this end,
we recall the definition of the domain D,, , from Lemma 3.4.1, which is a certain closed
neighborhood of the unit circle which arises from our orthogonal foliation flow. We recall
that

distc (D00, T)) > co0m

m,n’
holds for some fixed constant ¢y > 0, where 8,, = m™2 logm. We first check property (ii)
of Definition 3.2.2. As a step in this direction, we claim that most of the weighted L?-mass
of the function x;. ff/f >n lies in the domain D,, ,. Indeed, a computation based on the
change-of-variables formula (3.4.1) reveals that

(3.5.2) m%/ L F4 26 2mEe 4

— om? / / £, 0 G ()P €2 Beo¥m (O Re (— Gty m e me) ds(C) d

= 2m% / ((47r)_§ + O((ng"rl))e—th dt =14+ 0(572;:—1-1) -1+ O(m—m—%)’
5

where we move the integration to the flow coordinates (¢,¢) € [, 0m] x T
We know that the functions féf ), are bounded uniformly in D (0, pg) independently of

m and n while 7 € I, so that

(3.5.3) Xralf3] < Co

holds in the whole plane C, for some constant Cy. Let Dg denote a fixed bounded domain
which contains D U D,,, »,, such that the bound from below R.(z) > 6glog|z| holds outside
Dg, for some 6§y > 0 and all 7 € I.,. That such a domain exists for sufficiently large m
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is shown in Proposition 3.3.1. On the other hand, in view of Remark 3.3.2 we have the

estimate
672mR‘r < e—ag(logm)(‘)’ on D@ N De(07 pO) \ Dma"

for some constant oy > 0 (if necessary we adjust pg and Dg). As a consequence, we have

(354) m% / X?— 1|f7<7:€2n|2€—2mR7- dA < Cgm% / e—2m00 log\z\dA
C\Dm,n ' C\De

+ C’gm% / e—ao(logm)2 dA — O(m% e—ao(logm)z) _ O(m—ao logm—i-%).
DeND(0,00)\Dm,n

It now follows from (3.5.2) and (3.5.4) that

mb [l Pemaa = md [ g et aa
C D

m,n

b [P da = 14 O ),
C\Dm,n
where we use that x; = 1 holds on the set D,, ,, together with our foliation flow Lemma 3.4.1
and the estimate (3.5.4). Hence, by the isometric property of A, , from Proposition 3.3.3,
it follows that

/ ol FS2e 2R dA = 14 O(m ™" 3),
c ,

as required by property (ii) of Definition 3.2.2.

We turn to property (i) of Definition 3.2.2; the approximate orthogonality property.
For a polynomial p € Pol,, of degree at most n — 1, we put g = A;ﬁn [p] and note that
g(co0) = 0. For all large enough n and m with 7 = = € I, the function fff% is zero-free in
a neighborhood of the extended exterior disk D, U{cc}, which we may assume to be a fixed
exterior disk D¢ (0, pg) U {oo} for some fixed py < 1. By the isometric property of Ay, ,, we
find that

(3.5.5) / Xﬂopr(n'lee*QdeA =mi / Xr1 gf,%'%efszT dA(z)
C C

1 g _ _e0 3
—mt [l e+ O(m # P ),
m,n Jm,n
where we are required to justify the indicated error term estimate. To do this, we need

Proposition 2.2.2, or more accurately, Lemma 3.5 in [2], which gives the estimate for p €
Pol,

(3.5.6) Ipl < Cvm= [|pllamqe™ "

in the whole plane C for some constant C, independent of 7 = = € I.,. The missing term
on the right-hand side of (3.5.5) equals

C\Drm.n C\¢7 (Do)
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and if we apply the pointwise estimate (3.5.6), we obtain

/ xrolp FE)] e~2m9dA
C\¢> " (Drm,n)
< Com¥ pln | Yoo F{E) | e=2mQme- g
C\¢7 (D ,n)

3 - 1
:Clm‘*llpllzmcz/ Xea | £, | em(@rm @)oo mmits g4
C

m,n

< CoCrm [pllamo / e~ g4

De(0,00)\Dm,n
where in the last step, we applied the estimate (3.5.3) and the fact that QT < @. The rest
of the argument that gives (3.5.5) involves splitting the domain of integration using the set
D,, and proceeds as in (3.5.4). This establishes (3.5.5), although we still need to control
the main term on the right-hand side. To this end, we denote by h the ratio h = g/ ffrﬁ )n
In view of the stated properties of f,gf >n and g, the function A is holomorphic in the exterior
disk De(0, po) and vanishes at infinity. Using the foliation flow as coordinates on D,, , in
terms of (¢,{) € [=dm, 0m] X T, we find from Lemma 3.4.1 that

35.7) m} / B2 £ (2)[2e 2R ) dA(2)
D.

m,mn

)

Sm
1 K 2 _om o t
= 2mi /5 /howmm,t(g)}f;nglowmynvt(@, =2 Ry ot n 4(O)
T

—Om

x Re ( - éatwm,n,t(C)w;n,n,t(C)) dS(C)dt
Om 2 1 2
— om? [ ; /T B0 Yna(O) ()32 £ O(m~~d o)) as(C) e

Om 2
—o(mt [ " o vl e ).

Here, the crucial reduction in the last step of (3.5.7) is based on the fact that the function
h o, n+ is holomorphic in D, and vanishes at infinity, so that by the mean value property

/ hotmmnsds=0.
T

Now that (3.5.7) is established, we need to simplify the error term further. We will use the
observation that all the steps before the last in (3.5.7) apply to a fairly general sufficiently
integrable function in place of h, for instance |h| will work. It then follows from (3.5.7) with

|h| instead that large enough m, we have

Om
/ /T o s (0)] e~ ds(C)dt < 2 / ()| 145 (2) Pe2mP=3) dA(2)

-

m,n

s

—2 / l9(2) £, (2) | e~2m R () dA(z) < 2C, / 9(2)] =2 dA(2),
D.

m,n Dm,n

where in the last step we applied the bound (3.5.3). Finally, we apply the Cauchy-Schwarz
inequality, and recall that recall that g = A;ﬁn [p] where A, ,, has the isometry property
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of Proposition 3.3.3:

Sm ,
(3.5.8) [5 /Tmo%n,t(g)\e*mt ds(g)dtgzco/ lg(2)| e 2B (2) dA(2)

Din,n
1/2 )
< 2Co||g||L2(Dm,n,eMRT)(/ meTdA) = 0(m ™% [pl2mq)-
Dwt,n

Here, we used a simple decay estimate of the integral of the Gaussian ridge e~ Next,
we write g/f7§f>n in place of h, and combine the estimates (3.5.7) and (3.5.8), and arrive at

(3.5.9) m%/ gf,iﬁzle_QmRT(z)dA(z) :m%/ h(z)|f7§f’>n(z)|26_2mRT(z)dA(z)
D D

m,mn m,n

= O(m ™" % pllama)-

In view of (3.5.5) and (3.5.9), we find that for all polynomials p € Pol,,

(3.5.10) / XT70pFT<,L'f>ne_2deA = O(m_“_% ||p||2mQ)7

C
as required. Since in addition, ff%(oo) > 0, while Q,(o0) € R and ¢/ (c0) > 0 hold, the
leading coefficient of the quasipolynomial Féle is now positive, which settles property (iii)
of Definition 3.2.2 as well. This completes the proof. O

3.6. Polynomialization of quasipolynomials and proof of Theorem 3.1.2. We have
applied Lemma 3.4.1 to obtain the existence of quasipolynomials F,gle, of degree n and ac-
curacy « with an asymptotic expansion, and shown that they are approximately orthogonal
and normalized. To obtain the full L?-expansion, it remains to show that they are indeed
good approximations of the true normalized orthogonal polynomials P, ;.

Proof of Theorem 8.1.2. We retain the above notation, and consider the J-problem

O.u(z) = F,;”;(z)ész,o(z).

s

In view of Proposition 2.4.1, the Lng,n—norm minimal solution ug, which then has the
growth ug(z) = O(]z[*~!) near infinity, enjoys the norm bound
1 _
(3.6.1) / g [2e—2mQ dA < 7/ 85 12(3 022 dA,
C am Js. '

where a1 > 0 stands for the minimum of AQ on the biggest droplet S; with 7 € I, (which
is attained for the rightmost endpoint 7 = 1 + ¢g). Next, given that the quasipolynomials
of degree n are of the form E = m%Amm[ ff,ﬁ >n], where the functions ff,ﬁ ) are uniformly

bounded in D¢ (0, pg) for some radius pg < 1, we find that

(3:62) [ |BELFIOxnol e maA =m? [ (£ Ploxaa Pl o 6 e da
S- D
= O(m%e_O‘?m)

for some oy > 0 such that 2R, > as on the support of 5)(771. This exponential decay
estimate is possible since the support of 5)(771 is located inside DD away from the boundary.
Note that in the context of the estimate (3.6.2) it is important as well that the expression
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|¢" o ¢7 1|2 is uniformly bounded on the support of dx, 1 as well. If we combine the above
estimates (3.6.1) and (3.6.2), we find that

(3.6.3) / luo|2e 2P dA = O(m~ 2 e~*2™),
C
as m — oo while 7 = - € I, with a uniform implicit constant. Next, we put
P;;L,n = m’i,ZzXT,O — Uo
which is then automatically a polynomial of degree n, since the function is entire and has

growth |PJ, ,(2)] < |2|" near infinity. Moreover, in view of (3.6.3), this polynomial is very

close to the function F)\)x+o in the norm of L2(C, e~2m®):

s

(3.64) / |P;1,n - 7§’LH>TLXT,O|2672deA = / |UO|2€72deA = O(mié e x2m),
€ c

It now follows from (3.5.10) and (3.6.4) that for all polynomials p € Pol,, of degree at most
n — 1, we have that

(3.6.5) [P e = O planc)

while

(36.6) [1PraPem@aa =14 06 b)
C

We observe that by duality, (3.6.5) asserts that
(3.6.7) 1P P ll2me = O(m™"75),

where P, ,, denotes the orthogonal projection in L?(C, e~2mQ) onto the subspace Pol,, of
polynomials of degree at most n — 1. If we use this to correct the polynomial P}, ,, and
put P, == P Bhn = Py — PmaPl, . then automatically P,,., has degree n and it
is also orthogonal to all the lower degree polynomials. As a consequence, IE’mm must be a
scalar multiple of P, ,, the orthogonal polynomial we are looking for, which we write as

P, n = cPp, , for a constant c. Putting things together so far, we have obtained that
(3.6.8) 1P = F§ X0l gy = O(m ™)

with a uniform implied constant. Moreover, by (3.6.6) and (3.6.7), the norm of P,, ,, equals
(3.6.9) el = lcPmnllzm = || P oy = 1 + Olm 1),

Next, by our version of the Bernstein-Walsh lemma (Proposition 2.2.2), it follows from
(3.6.8) that
|CPm,n - an"jzl} = ’Pnl,n — 7&5% = O(miﬁ"kéemQr)
holds in S¢, which after division by Fffz, gives that
‘ Pm,n

£,

(3.6.10) - 1‘ = O(m ™" 1),

since ff,% is uniformly bounded away from zero. Next, we let |z| — +oo and observe
that both the functions Fﬁn'i)n and P, ,, have positive leading coefficients, whose quotient is
denoted by V.. Since Yy, ,, > 0 we obtain from (3.6.10) that

| Im ¢

o < lerma =1 =0m™H),



ASYMPTOTICS OF PLANAR ORTHOGONAL POLYNOMIALS 33

where the left-hand side inequality is elementary. Moreover, we can also realize from the
above that Re(c) > 0. But then it follows from (3.6.9) that

c=1+40(m " 12).
It now follows from this observation combined with (3.6.8) that
1P = X0 F{ilamg = O(m ™"~ 7%).

This falls slightly short of allowing us to obtain Theorem 3.1.2 right away. The problem
is that our error term is larger than what is claimed. However, since the precision k is
arbitrary, we might as well replace x by x + 1 and see what we get. This would give that

(3.6.11) 1Prn = Xr 0 S Y lome = O(mf'{*lfflz).

m,n
By analyzing the last term in the asymptotic expansion, it is easy to verify that

||XT;OF7§7,K;:L_1> - XT,OFS;ZLHQWQ = O(m_ﬁ_l)’

and hence the assertion of the theorem immediate from this estimate and (3.6.11). g

3.7. Proof of the main theorem. We are now ready to obtain the pointwise asymp-
totic expansion of the orthogonal polynomials. We still work under the assumption that
Lemma 3.4.1 holds.

Proof of Theorem 1.5.2. The quasipolynomials F,ﬁfZL obtained in Theorem 3.1.2 may be
written in the form

ED, = miy/@rle, ] em 9y m B,
j=0

where B, ; = [qS’T]% B jo¢, are uniformly bounded, and holomorphic in the exterior domain
K. To obtain the theorem, we need to show that FSfZL is close to P, , pointwise in the

complement of the set
(3.7.1) Kram={z€C:distc(z,8) > A(m™" 1ogm)%}.
On the complement K7 , ,, we have the estimate

0 < m(Qr — Q-)(2) < Dlogm,

and hence

¢m(Qr=Qr) < Dlogm _ D

where D is some positive constant, which is uniformly bounded while 7 € I.,. To see
this, a simple Taylor expansion of the difference QT — QT in the interior direction suffices.
In view of Theorem 3.1.2, and the pointwise estimate of Proposition 2.2.2 applied to the
intermediate set X, between K, and S¢ where the cut-off function x, o assumes the value
1, we find that

| P (2) — F“Zl(z)\ = O(m_”_% emQT(z)) = O(m_"‘_%+DemQT(z)), z €K<

m, T,A,m>
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where the implicit constant again is uniform in the relevant parameter range. We may

rephrase this as saying that

van(Z) = F<521(Z) + O(miﬁi%{FDemQT(z))

= mi\/@][6,]" e (Z B+ O(m*"*%JFD))’

=0

for z € K7 4,,- This essentially proves the theorem, except that the error term is now
worse than claimed. However, we may fix this by replacing x by £’ := k + [D] + 1 in the
above argument, to obtain on K7 , ,, that

Eon(2) = mE /3L, (o m B, + 0(m~ )

where the last step follows since the functions m=7B; ; are all O(m~=*~!) for j in the range
K+ 1 < j < k'. The proof is complete. O

4. ALGORITHMIC DETERMINATION OF THE COEFFICIENT FUNCTIONS

4.1. Implementation of the radial Laplace method. We turn to the algorithm of
Theorem 1.5.4. To proceed, we need two families of differential operators. We recall
the differential operators Ly defined in (1.5.3) appearing in the application of Laplace’s
method in Proposition 2.6.1. We need to apply these operators to functions defined in a
neighborhood of the unit circle, and we apply them in the radial direction. So, for functions
f(re?), we put

o~y

Lil/lre) = 3 A — WO, (re®)]7 " (W= et

“fre)).
where

. . 1 .
Wy (re') = Ry (re'”) = 5 (r = 1?02 R, (ze)|
The second family of operators is defined implicitly in the following lemma, which turns
explicit appearances of the parameter [ into differential operators.

Lemma 4.1.1. Let k be a nonnegative integer. Then there exist partial differential opera-
tors My, of order 2k with real-analytic coefficients, such that for any integer I > 0 and any
function smooth function f defined in a neighborhood of T, we have that

/e““’(a,%RT(re“’))’%Lk[rlflf(re“’)] de):/e“"Mk[f](e“’)de.
T r=1 T

Proof. We first observe that by integration by parts, multiplication by [ corresponds to
applying the differential operator i0y inside the integral:

z/f(o)e“"de = / idpf(0)e'?db.
T T
From this it is immediate that the formula

(4.1.1) p(z)Af(e)eilade:/Tp(iag)f(e)e“@de
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holds for polynomials p. Structurally, Ly[r' =" f(re*?)] can be written as

(4.1.2) Lg[r 1- lf re Zb ret 82V W, (re )]Vﬁk?"lflf(rew)},

where b, is the real-analytic function given by

(_1)1/7]{)2711

bo(re) = R e

We observe that by the Leibniz rule

J

Z() 170 = 1), ()

=0

(4.1.3) (1 7tf(re®

r=1

J

=3 (1)1 sotse”)

1=

7
r=1

where (z); = z(z+1)--- (x +i—1) denotes the standard Pochhammer symbol. We return
to the formula (4.1.2) for Li. Again by the Leibniz formula we have that

a%”[W:-’%ei%rl-lf(rei%]

3k—v 203 (W (r-e?) ] —F aj<r17lf(7,ei9))

j_o( )a (W (rey=+) o 3
3k—v j ‘ , - o i
-2 3 () () vy (e oo

where the truncation of the sum follows from an application of the flatness of W, near
the unit circle T, and the last equality is due to (4.1.3). We write the expression for
Li[r' "' f(re'?)] as

3k 3k—v J

Li[r' ! f(ret \ =333 - Dyreigu ()0 f(re®)

v=k j=0 =0

where

s () = (1)1 (2]) () (1= 1)3-bu ()02 (W (rei®) )

Changing the order of summation, we arrive at

r=1

(2R (re™) Ll (et

r=1

J)z—1”aR(re ))

2k 2k

=22 (-1

BRI
0= 3 (e

=

2

dy (oL (re)| .

where
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It follows from (4.1.1) that the asserted identity holds with My given by
2k 2k

Mi[fl(e") =D D (=) (j) (100 = )iy (02 Ro(re®)) "2 ()01 (re®)]
i=0 j=i r=1
The proof of the lemma is complete. |

4.2. Algorithmic computation of the coefficients in the asymptotic expansion. In
this section we supply the proof of Theorem 1.5.4, and explain the underlying computational
algorithm. The main point is that we show how to iteratively obtain the coefficients, given
that an asymptotic expansion exists, as formulated in Theorem 3.1.2.

Proof of Theorem 1.5.4. Fix the precision k to be a positive integer. Let Féle be the
approximate orthogonal quasipolynomials from Theorem 3.1.2 with the expansion

F{(2) = mE /0L (2)[6: (2)]em 2O N mIB, 4 (2),

§=0
where the functions B, ; are bounded and holomorphic on K¢ for some compact subset K,
of 82, which we may assume to be the conformal image of the exterior disk D, (0, po) under
the mapping ¢ !. If we make the ansatz

By j(2) = Vé7(2)(Brj 0 67)(2),
(%)

. . el . K 1
we may express I, , using the canonical positioning operator F7<n21 = ma Ay, p[fmn], where

(4.2.1) F) =S m B (), 2 € D0, po).
j=0
According to Theorem 3.1.2, the functions FT%HZL have the approximate orthogonality prop-
erty
(4.2.2) / XroF 5 e ?m2dA = O(m " !pllamq),  p € Poly.
C

The function x; o is a cut-off function with 0 < x < 1 throughout C, such that x, o vanishes
on C; and equals 1 on X, where IC; lies at a fixed positive distance from 0S,, and X is
an intermediate set between them (cf. Definition 3.1.1). We consider the associated cut-off
function x,1 = X0 0 ¢; !, tacitly extended to vanish where it is undefined. Without loss
of generality, we may assume that x.; is radial. By Remark 3.1.3, we may assume that
Xr1 vanishes on D(0, pf)) for some number pj, with py < p{, < 1. In order to compute the
functions B; ;, we would like to apply equation (4.2.2) to

4(2) = A=) = GL(2)[pr ()" e O )

for a positive integer [, but this function is unfortunately not a polynomial. To fix this, we
consider the L%mQ’n—minimal solution v to the d-problem

v = 5()(7,0(1) = qur,o.

If v is the solution, then the difference x, og—v will be an entire function with the polynomial
growth bound O(|z|"~1) at infinity, and hence a polynomial of degree less than or equal to
n — 1. By the estimate of Proposition 2.4.1, we have the norm control

[repemeins o [iqpio e gy A | e
) < o JJ IOl —zamdd < g :
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where we have used that there exists a positive real oy such that AQ > a7 holds on S,
which contains the support of dx, 0, and that we have the bound [dx, 0| < A. Since
the support of dx, o lies in K¢, we may use the structure of ¢ as ¢ = A,,,[27'] and
Proposition 3.3.3

/ |q|2€_2deA :/ ‘Z|_2l€_2mRT(z)dA(Z),
XK, po<|z1<py

where pj is associated with a natural choice of the intermediate set X as the image of an
exterior disk under ¢ !, and satisfies pg < pfy < pj < 1. Due to Proposition 3.3.1, this
immediately gives that for any fixed positive integer [

/|’U|26_2deA =0(e™ ™)
c

as m,n tend to infinity while 7 = > € I, for some positive real €;. This means that for a
fixed positive integer [, we have for ¢ = A[27!] the approximate orthogonality

(4.2.3) /XTOF” e 2MQdA = O(m~"1),

where we have used that x,og — v is a polynomial of degree at most n — 1, and the above
smallness of v. If we use the canonical positioning operator as in Proposition 3.3.3 in
polarized form, (4.2.3) reads in polar coordinates

(4.2.4) m%/e’w/ ri= lle( )fnf)zl(rew)e_QmR*(”m)drds(ew) :O(m_“_l),
T Po

for fixed I. We now apply Proposition 2.6.2 to the radial integral, with V(r) = 2R, (re®).
Note that O?R, (re'?)|,—1 = 4AR.(e'). As a consequence, the inner integral in (4.2.4) has

an expansion

[ e et ey
PO

r=1

+ ()<WLN1||T1 lxz 1f1<nm,>n79Hc2<~+1>([po,p2]) + Hrl le 1) m,n GHLOO [pl,oo))pl_mﬁ+1>’

where we to simplify the notation we use the subscript # to denote the radial restriction
fo(r) = f(re'). Here, ¥, a and p; are some real numbers with ¥ > 0, a >0 and 1 < p; <
p2, which are independent of 7 € I.,. By applying the standard Cauchy estimates to the
functions fﬁ,ﬁ )., and by Remark 3.1.3 (both part (a) and (b) are needed) we have uniform
control on the norms

Hll Hll

and

XS leatesn) (oo, Xz 1f7<n’inﬂ“m°<[m,oo>>

provided that [ is fixed, and that f,g'f ZI are uniformly bounded. For fixed [, it follows that

> ] —2m re'?
(@25) [ e e e dr
Po

(imgemy) Sl tiee] 0o,

r=1
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where the implied constant is uniformly bounded as long as féf >n is uniformly bounded on
D¢ (0, po). By expanding the expression (4.2.1) for fm n, it follows from (4.2.5) that

> 0
(4.2.6) / ri= lle( )f(f”»)( ) —2mR, (re'?) g..
PO
) S L e )| O
<4mAR e’e) Z -

<4mARG) Zm Y LBl

k=0

+O(m™"h,

r=1

as m — oo. We multiply the expression (4.2.6) by e?? and integrate with respect to 6 to

get

oo ) ]
mi [ [ ()5 e e 2 s )
T PO

= v —j—1 o T L[ 1B
jz::Om /Te (4ART(6’9) Z k[ Bk (re™)]

=0

ds(e') + O(m™"" 1),

r=1

as m — oo. This is an asymptotic series, and so is (4.2.4), only that all the coefficients
vanish in the latter, and only the error term remains. Since two asymptotic series coincide
only if they coincide term by term, we find that for integers j =0,...,k

J
/eil@(mRT(ew))*%ZLk[rlleT,j_k(rew)] ds(e) =0,  1=1,2,3,....
T k=0

r=1

This condition looks like the standard condition membership in the Hardy space H2. The
problem with this is that the functions unfortunately depend on the parameter [, so the
criterion does not apply. To remedy this, we apply Lemma 4.1.1, which gives

(4.2.7) /”"ZMk cikl(e®)ds(e?) =0,  1=1,2,3,...,

which is now of the desired form. So, by the standard Fourier analytic characterization of
the Hardy space, the equation (4.2.7) is equivalent to having
J
(4.2.8) Z1\/Ik[137,j,k]‘T € H?,  j=0,... K
k=0
We look at the case j = 0 first. Then (4.2.8) says that MO[BT,OHT € H?. The operator
My, with the defining property given by Lemma 4.1.1, has the form

(4.2.9) Mo[f](e™) = (4AR,(e™)) 72 f(e™).

We recall that it is given that B, is bounded and holomorphic in a neighborhood of the
closed exterior disk D, so that in particular BT’0|11‘ € H?. If we combine this with the
observation that MO[BT,OHT € H? together with the explicit expression (4.2.9) for My, we

arrive at

(4.2.10) Broly € (4AR,)2H? N H2.
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Let Hpr. be the bounded holomorphic function in D, such that
1 1
(4.2.11) ReHp, =5 log(4AR,)? = 1 10s(4AR,), on T

with Im Hp_(0c0) = 0. It follows from the given regularity of R, that Hp_ is a bounded
holomorphic function in the exterior disk, which extends holomorphically to a neighborhood
of D.. We may rewrite (4.2.10) in the form

Bro| € e?Relr 2 g2,

By Proposition 2.5.1 applied with u = v = —Hpg_ and F = 0, it follows that B, is of the

form
(4.2.12) Bro = c,pefnr

for some constant ¢, o, which must be positive by our normalization.
We proceed to consider more generally 7 = 1,2,3,.... If we separate out the term
corresponding to k = 0 from equation (4.2.8), we find that

B, 4
(4.2.13) — 4 My[Br ]

This equation allows us to compute B, ;, given that we have already obtained the functions
Bro,...,Brj—1. Indeed, if we put
J
Frj = Mi[B,; 4],
k=1

which involves only the functions B, ,..., By j—1, we may write (4.2.13) in the form
Brjly € H2 N(4AR,)2 (=Fy; + H?) = H2 0 &* MM (= F,; + H?),
which by Proposition 2.5.1 has the solution

(4.2.14) B, =c, et — eHR*PHg,O[eﬁR* Fr 5l

for some constant ¢, ;, which have to be real in view of our normalization f}gﬁ >n(oo) > 0.
Since B; ¢ is known up to a constant multiple, this allows us to iteratively derive B, ; for
j =1,...,k. The only remaining freedom is the choice of the constants ¢, ; for j = 0,..., .
We proceed to determine them. Since the orthogonal polynomials P, ,, are normalized, it
follows from Theorem 3.1.2 together with the triangle inequality that

0P g =1+ O™

as m — oo. Since XT’OF,S{‘,ZL = m%Am,n[XT’lf,sleL it follows from the isometric property
described in Proposition 3.3.3 that

(4.2.15) m%/xi7l|f,§l’le|2e‘2medA:/X§,0|F7<n’f21|26_2deA: 14+0(m™" 1.
C C

Here, the integrals are over the whole plane, although the isometry is only over the the
complements of certain compact subsets. However, since we interpret the products with



40 HEDENMALM AND WENNMAN

the cut-off functions as vanishing where the cut-off function vanishes itself, this is of no
concern to us. We now expand f,<,'f>n according to (4.2.1), so that by equation (4.2.15),

K o0 ; .
(4.2.16) 2m* Y m_(j+k)// X21(r) By j(re?®) Br i (re) e 2 e dr s ()
4,k=0 T/ po

=14+0(m™"71),

where the factor 2 appears as a result of our normalizations. This equation is what will
give us the values of the constants c; ;. We turn first to the case j = 0. By a trivial version
of Proposition 2.6.2, for any integers j, k with 0 < j, k < k we have the rough estimate

/ X3,1(T)Br,j (TeiO)BT,k(Tew)e_QmRT(Tew)rdeS(rew) _ O(m_%),
Po

where the implicit constant is uniform for 7 € I,. If we disregard all the contributions
in (4.2.16) which are of order O(m_%)7 we see that only j = k = 0 gives a nontrivial
contribution. The term corresponding to 7 = k = 0 in (4.2.16) can be expanded using the
Laplace method of Proposition 2.6.2 (recall the formula (4.2.12) for B, (), to give

omt [ [ lBro(re ) Pe e rdrds(e)
T J po

1
— om? ol ( T )2L 2Re Hp, (re'?)
m2|c 70| /11‘ 4mART(ew) 0[7’6 ]

Since in general, for a smooth function f we have that Lo[f(r)Hr:1 = f(1), the leading
contribution simplifies to (recall the definition (4.2.11) of Hg_),

_lds +0(m™2).

r=

1 ™ % i0
omile, 2 ( 4 ) L 2Re Hg, (re'”) d
m2|c, o /11‘ AR () ofre ] _ds

. _1 i .
= arblenol? [ (BARL () H 2R a0
T

= 271'%|CT)0\2/ ds(e') = 277%\@70\2.
T

As this is the leading contribution to (4.2.16), we must have 277 ¢, o|2 = 1. This determines
the constant ¢, up to a unimodular factor, and by positivity we find that ¢, g = (47) " %.
We turn to the remaining coefficients c, j, for j = 1,...,x. By applying the Laplace

method of Proposition 2.6.1 to the radial integral in the formula (4.2.16), we arrive at

ds(e®)

r=1

oz domT Y /(4ART(6W))*%L,€[rBT,i(rew)Bﬂ(reie)]
=0 E

i,k,l)En]

=1+0(m™""%),

where the index set is 0} := {(i,k,l) EN3 : i+k+1l= j}. Here, N = {0,1,2,...} as
usual. As this represents an equality of asymptotic series, we may identify term by term.
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The term with 7 = 0 was already analyzed, and it follows that for j = 1,..., xk we have
(4217) % / (AAR, () ¥ Lu[rBya(re®) Bry(re®)|  ds(e®)
(iknyen 7T r=1
= 2Re/(4ART(6’L.0))7%LO[TBT7j(T€i0)BT70(T€i0)] ds(e)
T r=1

+ Z /(4ART(ew))*%Lk[7“BT7i(Tew)BT,l(rew)}
(ikyen; U T

where N; denotes the restricted index set n; := {(i,k‘,l) eny il < j}, and where we
separate out the terms involving the leading term B, ;. We successfully resolve the first
term on the right-hand side of (4.2.17), while the second term is much more complicated.
However, we may observe that it only depends on the functions B, , with v =0,...,5 —1,
and hence only on the constants ¢, , with v =0, ..., j—1. This allows us to algorithmically
determine these constants, albeit with increasing degree of complexity. As for the first term
on the right-hand side, we observe that the operator Lo| , only evaluates at r = 1. Using

r=

the structure of B, ; as given by (4.2.14), we find that

ds(e')

r=1

/ (AR, (¢))FLo[r B, ;(re™®) By o (re'®)]
T
= [ ABR() 2By () Bra(e s )
T
_ CT,O/ (4ART(ei‘9))_%eZReHRT (re'?) (CT,j _ PHE O[eHRT Ff’j](ew))ds(ew)
| |

= CT’O/ (crj—Pr2 O[GHRT FT,j](ew))ds(ew) = Cr0Crj-
T ,

Here we use the definition (4.2.11) of Hg, and the fact that the projection Pp2 —~maps
into a subspace of functions with mean 0. Assume now that j is given, and that we have
determined ¢, j, for k =0,...,7 — 1. The above equality together with (4.2.17) then gives
that

2Recrjcro=— Z /(4ART(61'0))7%Lk[TBT,z‘(Teie)BT,z(Tew)] ds(e').
Gk, yen; U T

. _1 . ..
Since Cro = (471') 7 and moreover since the constants Cr,; must be real by our normalization,
we obtain that

Crj = f%(4w)% Z /T(4ART(ei0))7%Lk[TBT,i(rew)BTﬁl(rew)] ds(e'),

(i,k,1)en;

where the integral may be expressed in terms of the operator My by

/T (4AR. (7)) ?La[rBy(re®) By (re®)]

ﬂds(ew)
= /11‘Mk [BTvi(rew)Bﬂl(rew)} ds(ew).

This completes the proof. O
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5. APPLICATIONS TO RANDOM MATRIX THEORY

5.1. The random normal matrix model. For extensive treatments of the random nor-
mal matrix ensembles, see e.g. [29, 3, 4, 5, 6, 61]. Here we only briefly discuss the topic, in
order to fix the notation and recall some basic concepts.
Let M be a matrix, picked with respect to the probability measure (“tr” stands for trace)
1

dﬂm(M) _ ~ 5 6_2mtr(Q(M))dM,

where dM denotes the measure induced by the flat Euclidean metric of C™ on the sub-
manifold of normal m x m matrices, where Z,, g is a normalizing constant. Such a matrix
M has a set of m random eigenvalues, which we denote by ®,,, = {Z1,m,.-., 2Zm.m}. It is
known that the eigenvalues follow the law

(5.1.1) AP (21, .. .\ 2m) = % [ 1B z,ﬂ eI T QED GAB (21 ),
mQ Lk

where Z,, ¢ is a related normalizing constant, known as the partition function of the en-
semble. Here, dA®™ stands for Euclidean volume measure in C" normalized by the factor
7~ ". We recognize this as the law for the Coulomb gas with m particles at the inverse
temperature § = 2 in the external field (). Courtesy of the fact that the product expression
in (5.1.1) may be written as the square modulus of a Vandermondian determinant, these
ensembles are determinantal. That is, if the k-point intensities Ry (21, ... 2x) are defined
as the intensities associated to finding points simultaneously at the locations z1, ..., zg,

then we may compute Ry ,, by
(5.1.2) Rim (21, ..., 2) = det (K (25, 20)) 1< 1<, -
Here K,,, is the correlation kernel

Ko (2, w) = K (2, w) e ™QE)FTRW) z,we C

where K, is the reproducing kernel for the space Pol,,, supplied with the inner product of
the space L%mQ (C). We remark that the correlation kernel K,, is not uniquely determined
by the above-mentioned intensities, since any kernel modified by a cocycle

K¢ (z,w) = ¢(2)e(w)Kpm (2, w),

will generate the same point process by the determinantal formula (5.1.2). Here, the cocycle
is associated with a continuous unimodular function ¢ : C — T. This means that in terms
of convergence of point processes, we need only correlation kernel convergence modulo
cocycles. It is known (see [29, 61]) that the process ®,, condensates to the droplet S; as
m — +oo. Indeed, if v, denotes the empirical measure

Vm:% Zaza

2€®,,
then almost surely, v, converges weakly to the equilibrium measure p, with 7 = 1, the
support of which equals S;. We rescale the point process near a boundary point zg, in
the outer normal direction n, in order to understand the microscopic behavior of ®,,. To
rescale we use the linear transformation

¢
V2mAQ(z0)

zm(C) =20 +n
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Writing ®,,, = {z;m};, we introduce the rescaled local process by ¥,,, = {(;m };, where

Zjm = Zm(Cjm), j=1...,m.

Similarly, we denote by k,, the rescaled correlation kernel

1
km y = ———Kn(zm s ~m .
(€)= Gagraey Sz (©): 7 )
We recall the familiar notion that a function F'(§,7n) is Hermitian entire if it is an entire
function of the two variables (£,7) with the symmetry property F(¢£,m) = F(n,€). The
following is from [5].

Theorem 5.1.1. There exists a sequence of continuous unimodular functions ¢, : C — T,
such that for any given infinite sequence of positive integers N, there exist an infinite
subsequence N* C N and an Hermitian entire function F(£,n) such that

B e (€)m () ki (2 (), 2m () = €T 20+ ey,

N*>m—oo

5.2. Uniform asymptotics near 7 = 1. We take as our starting point the first term of
the asymptotic expansion of Theorem 1.5.2. Recall the definition of the compact set K- 4.m
in (3.7.1).

Corollary 5.2.1. Let Hqg, be the bounded holomorphic function in the set K with real
part ReHg,r = ilog(QAQ) on the boundary 0S,, which is real-valued at infinity. Then, in
the limit as m,n — oo while T = 7> € I,, we have the asymptotics

|pm7n(z)‘2672mQ(z) _ m%|¢;(z)‘ 672m(Q*Q7)(z) (7'['7%62REHQ17(Z) i O(mfl)),

(&

where the implied constant is uniform for z € K 4 ..

Proof. We recall that
Q- = Re Q; + 7log|¢,| = Re Q; + 2 log|¢,|,

and in view of Theorems 1.5.2 and 1.5.4, we may write

2

1
| P nl® = m?|¢)(2)|| 6, [*" €™ R <

BT,O + O(m_1)|
= mb|g (2)| €29 (74 2R Har (D) 4 O(m ) ),
and the assertion follows. O

5.3. Error function asymptotics. In view of Corollary 5.2.1, we observe that the prob-
ability density |P,, »|?e 2@ resembles a Gaussian wave which crests around the boundary
0S8 of the droplet, where 7 = . As a consequence, we expect the density to be obtained
as the sum of such Gaussians. Near the droplet boundary, this effect is the strongest, and
adding a large but finite number of such Gaussian waves crested along boundary curves

08, which move with the degree parameter n results in error function asymptotics.

Proposition 5.3.1. If Q is 1-admissible and zy € 081 is a boundary point, then if p,, is
the blow-up density given by (1.4.1) and (1.4.2), we have the convergence

lim _ppm (¢) = erf(2¢),

locally uniformly on C.
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Proof. We recall the rescaled variable from the introduction

&
V2mAQ(z0)

where zg € 9S; and n is the outward unit normal to S; at zo, and the rescaled density p,, (&)

Zm(§) = 20 +1

given by (1.4.2). In terms of orthogonal polynomials, the object of study is the function

m—1
1
= P n{<m 2 72mQ(zm(§))'
() = Gz 2 Fralen@e
We begin by noting that 2,,(§) is in the set K¢ , ,, (see Theorem 1.5.2), provided that ¢ is

confined to the disk D(0,r,,), where r,,, = A\/AQ(z) logm, and that m is large enough.
We shall assume throughout that £ € D(0,7,,).
Next, we write

1 mlfl
i m — Pmn m 2 _2mQ(Zm,('f))
(€)= iy 2 [Prnlen(€)e
and split accordingly for m; < m
1 m—1
5.3.1 m = 5 A\ Pm n\*#m 2= 2mQ(Em(€) mi,m .
(5:3.1) ) = gy 2 IPnnenl€)le + s (©)

We choose my to be the integer part of m — m3 logm.
By Proposition 2.2.2 it follows that for n < myq,

(5.3.2) | Py (2)[2e72mR() < O e=2m(Q=Qn)(2),

where 7y = 7+ € I, for m large enough. By Taylor’s formula applied to the relative
potential Q — Q,, = R, 0 ¢, in S¢ (Proposition 3.3.1), it follows that

(5.3.3) (Q — Q) (2) > Bodistc(z, 8Sy,)?

for some constant By > 0, provided that z € S5 is close enough to dS;,. For instance, this
estimate holds for z € & \ S;,. Moreover, as 7, = L eventually is in I, the function
Q — Qﬁ does not vanish on S5 , and tends to infinity at infinity. The latter observation
shows that further away from the boundary 0S.,, the right-hand side of (5.3.2) decays
exponentially.

n

Ifn<m;and 7= =, then 1 —7 > m=z logm = d,,,. As a consequence of Lemma 2.3.1

we obtain that the boundary S, moves at a positive speed in 7. In particular, for 7 = >
where n < my we have that the distance distc(9S;,08) is at least 2aqdy,, for some fixed

positive ag. Since distc(9S;,,081) is at least 2a0d,,, we have that
(5.3.4) distc(z,08r,) > apdpm, z € D(zq, agdm)-

Next, we note that if ¢ € D(0,r,,), then for large enough m we have z,,({) € D(zo, ¥odm)-
This follows from the obvious fact that (logm)z = o(logm). By a combination of (5.3.3)
and (5.3.4) it follows that

(Q = Qr)(2m(Q) = Boagor.
Now, it follows from the above estimates (5.3.2) and (5.3.3) that for n < my

(B (2 (€)) P2 (€D = O(m ¢ =2 tos ™),



ASYMPTOTICS OF PLANAR ORTHOGONAL POLYNOMIALS 45

where the implicit constant is uniform in £ € D(0,7,,). It follows that
pry.m(€) = O(mPe~Poalos™™) ¢ € D(0,7,)

which shows in particular p,, (&) = O(m~=™) for arbitrarily large M.

As a result of the above considerations, it follows that we may focus on the remaining
sum in (5.3.1) over the degrees n with m; <n <m —1, that is, 7 = > with 7, <7 < 1.
In particular, the asymptotics of Corollary 5.2.1 applies in the whole range. Set 7(j) =
Tm(j) =1— %, where j ranges from 1 to m — my, which is approximately m2 logm. We
obtain

_1 m—-—m

2 —2m(Q=Qr(j)) (2m (£))+2Re He 7 () (2m (£))
pm(8) = 2AQ Z |97 (2 ()] € @ 27

+O0(m=M),
By Taylor’s formula, it follows that
|¢/T(j)(zm(f))| = ¢ (z0)| + O((m ™" log m)%%
and by the same token that
2Re g +(j)(2m(§)) = %log AQ(z0) + O((m ™ logm)?)

as m — oo for all j < m — my. The next thing to consider is the movement of 0S,, where
7 = 7(j) and j increases. As n denotes the outward pointing unit normal to 9S; at the
point zg, Lemma 2.3.1 tells us that the line 29 + nR intersects JS,(;) at the nearest point

_ J 16120 ((] )2)
KA nm 4AQ(z0) +0 m/ )’
and the outer unit normal n; to 95, ;) at the point z; will satisfy

n; = n—&-O(%) = n—i—O(m_% logm).

We may hence write

R CACH IO To z(logm))>

5 o er 2 m zZ0
(@Q ~ Qe () = (Q — Qi) ( o @AQ%)

A simple Taylor series expansion in normal and tangential coordinates at the point z; gives
that

(Q ~ Gr) (5 +153) = 28Q(z) (Re A)* + O(A) = 24Q(z0)(Re A + O(IAP L + 7).
for A close to 0. From this we deduce that for n with |n| = O(log m) we have

m(Q — QT(j))(Zj + njm) = %(2 Re 7’)2 + O(m*1/2(logm)3), m — 00.

We apply this with n given by

|91 (20)|

j 4 (log m)?
5 2mAQ(zo)+O(m (logm)?),

=¢4

which then gives that

2 ¢ (z0)] N2 _1
(2Ren) :(2Re£+jﬁg2(zo)) +0(m z(logm)3).
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Putting these asymptotic relations together, we find that
1 1
5.3.5 = ——(1+0(m 0gm)?))

8 A e - o ) o

We recognize immedlately (5.3.5) as an approximate Riemann sum for
1 > 1 2
erf(2Re&) = —/ e 2(2Re&H)" gy
ereg = —— |

with respect to a partition of the interval [0, vo log m], with step length m~2~o, where
¢’ (20)|
2AQ(20)

Since such Riemann sums converge to the corresponding integral with small error, this

Yo =

implies that
lim p,,(§) = erf (2 Re{),

m— o0

which completes the proof. O

5.4. Convergence of correlation kernels to the Faddeeva plasma kernel. Finally,
we turn to the convergence of the rescaled kernels k,,, (2, (€), zm (1)) as m — oo. In principle,
this should follow from our expansion of the orthogonal polynomials, but to do this directly
seems a bit tricky. However, given the work of Ameur, Kang, and Makarov [5], it turns out
to be enough to obtain the more straightforward diagonal convergence of the correlation
kernel.

Proof of Corollary 1.5.6. We denote by G(&,n) the Ginibre-co kernel
G(&,n) = efn—a (e +ml*)

which is the correlation kernel of a translation invariant planar point process. We now
present some material from [5]. An important concept is that of cocycles. By Theorem 5.1.1,
there exists a sequence of continuous functions ¢,, : C — T such that, for any subsequence
N of the natural numbers N, there exists a Hermitian entire function F(&,n) and a further
subsequence N* C N such that

(5.4.1) cm()Cm(0) K (2m (), 2m(n)) = G(&n)F(&,m), m e N*,m — oo,

where the convergence is uniform on compact subsets of C?. For Hermitian entire functions,
the diagonal restriction F(&,&) determines the function uniquely. Indeed, the polarization
of the diagonal restriction gives back our function F'(§,n). We denote by p(§) the limiting
density

p(&) =~ lim_ kp(zm(§), 2m(8)) = G(§, EF(E, ),

m—oo,meN

and since G(&,€) = 1, it follows that F(&, &) = p(€). By Proposition 5.3.1 we have that
p(€) = erf(2Re ).

Moreover, by the uniqueness property of diagonal restriction, the only possibility for the

Hermitian entire function is

F(&n) =erf(§+7).



ASYMPTOTICS OF PLANAR ORTHOGONAL POLYNOMIALS 47

This shows that the limit along some subsequence of any given sequence of positive integers
is always the same. We claim that this means that the whole sequence converges. Indeed,
in case the convergence (5.4.1) were to fail along the positive integers, by a normal families
argument, we could distill a sequence Ny such that the left-hand side of (5.4.1) would
converge to something else along the subsequence Njy. This would contradict what we have
already established, which is that the we have diagonal convergence to the error function.

The assertion of the corollary follows. O

6. THE EXISTENCE OF THE ORTHOGONAL FOLIATION FLOW

6.1. Smoothness classes and polarization of functions. In order to proceed with less
obscuring notation, we consider a smooth family of bounded holomorphic functions fs(z),
and a smooth family of orthostatic conformal mappings 1) ;. Here, fs corresponds to f,sf >n
where s = m™!, and 1), ; corresponds to the mappings v, appearing in Lemma 3.4.1.
We suppress 7 and & in the notation, because « is thought of as fixed, and we work with
uniformity in the parameter 7. Moreover, we denote by R a weight whose properties are
analogous to those of R, as captured in Definition 6.1.1 below.
We denote by A(g1, 02) the annulus

Aor, 02) :==D(0, 02) \ D(0, 1),

for positive real numbers ¢, and o with 91 < g2 (notice that we distinguish between
the symbols p and g). In addition, for parameters gy and g, we denote by A(go, 0p) the
20(-fattened diagonal annulus in C2:

A(Q(),O'O) = {(va) S A(QOaQ(;l) X A(QO)Qal) : |Z - U)| S 2O-O}a

For a real-analytic function R there exists a polarization R(z,w), which is holomorphic
in (z,w) and has R(z,z) = R(z). This is easy to see using convergent local Taylor series
expansions of R(z) in the coordinates which are the real and imaginary parts, Rez and
Imz. By replacing Re z by %(z + w) and Imz by %(z — ) in this expansion, we obtain
the polarization R(z,w). We observe that if R(z,w) is such a polarization of a function
R(z) which is real-analytically smooth near the circle T and in addition is quadratically
flat there, then R(z) = (1 — |z|?)?R*(z), where R*(z) is real-analytic near the circle T. In

polarized form, R(z,w) factors as
(6.1.1) R(z,w) = (1 — 20)?R* (2, w),

where R¥(z,w) is holomorphic in (z,w) in a neighborhood of the part of the diagonal where

both variables are near T.

Definition 6.1.1. For positive real numbers g, 0¢ where gy < 1, we denote by W(oq, 09)
the class of C?-smooth non-negative functions R on D¢(0, go) such that the following holds:

(i) The functions R and VR both vanish on T, while AR > 0 holds on T.

(ii) R is real-analytic on A(go, (00)~!) and both R(z,w) and R*(z,w) given by (6.1.1) po-
larizes to bounded holomorphic functions in (z, @) on the diagonal annulus A(Qm 00),
such that Rf(z,w) remains bounded away from 0 there.

(iii) In addition,

R¥(z,2) > a(R) > 0, z € Moo, 05 "),
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and further away,
R(z)

2eD.(0,051) loglz]
We say that a subset & C W(go,00) is a uniform family, provided that for each R € &, the
corresponding R?(z, w) is uniformly bounded and bounded away from 0 on A(gg, o) while

6(R) > 0.

the controlling constants such as a(R) and 6(R) are uniformly bounded away from 0.

If a function f(z,w) is holomorphic in (z,w), we may consider the associated function

(6.1.2) fr(z) = f(z, %)

which is then holomorphic in z, wherever it is well-defined. We note that fr(z) = f(z,2)
on the circle T. We recall the notation of Definition 6.1.1.

Proposition 6.1.2. Suppose that f(z,w) is holomorphic in (z,w) on the domain A(Q,O‘),
where 0 < o < 1 and o > 0. Then the function fr(z), which extends the restriction of the

diagonal function f(z,z) to T, has a holomorphic extension to the annulus
1
o <ld<—
4

where
o = max{g,( 1+ 02 —1—0)_1}.

Proof. The function fr(z) = f(z,z7!) is automatically holomorphic and bounded in the
variable z in the domain 1
‘Z - j‘ < 20',
z
provided that z € A(g, 0=!). The displayed condition is equivalent to the requirement that
—20|z| < |2]* — 1 < 20]2],
from which the claim follows by solving two quadratic equations. |

Remark 6.1.3. We note that if g is close enough to 1 to guarantee that ¢ > (V1 + 02+0)71,
then o' = o.

Remark 6.1.4. Suppose a real-analytic function F(z) admits a polarization F(z,w) which
is holomorphic in (z,w) for (z,w) € A(p,0), and let f be given in terms of the Herglotz
kernel by f = Hp_[F|1] (cf. §2.5). We note that by the properties of the Herglotz kernel, f
may be obtained by the formula f = 2P y2 [F|r] — (F)T, where (F)1 denotes the average of
F on the unit circle. Let Fy be as in (6.1.2), and express it in terms of its Laurent series,
which by Proposition 6.1.2 converges in the annulus A(¢’, (¢')~1):
Fr(z) = Z anz".
neZ

In terms of the Laurent series, P2 [F|r] equals ) _,an2™ and (F)r = ag. As a conse-
quence, P g2 [F|7] defines a holomorphic function on the exterior disk D¢ (0, ¢') and hence,
f is holomorphic on D (0, ¢') as well.

The setting which will prove useful to us is when we may control certain related quantities
and their polarizations, which is possible on thinner C?-complexified annuli. The polariza-
tion of log AR appears later in the induction algorithm, while log(zﬁl%) is important for
the control associated with the implicit function theorem.
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Proposition 6.1.5. If R belongs to a uniform family & C W(op,00) for some positive
reals 0,00 with o9 < 1, and if R = V'R is chosen so that R(z) is positive for |z| > 1
and negative for |z| < 1, then there exist positive g1,01 with o9 < 01 < 1, o1 < g and
01 > (\/1+ 02+ 01)" L, such that the polarizations of the functions log AR, R, log(zaf{)
are all holomorphic in (z,w) and uniformly bounded on the 201 -fattened diagonal annulus

A(Qhal)-

Proof sketch. This follows from the assumptions on the uniform family, if we use the stan-
dard Cauchy estimates plus the fact that log AR = log(2(R*)?) and log(zdR) = 1log R
hold on the unit circle T. The condition g1 > (/1 + 07 + 01)~! is achieved by choosing o1
large enough, but still in the range oo < o1 < 1. O

6.2. The master equation for the orthogonal foliation flow. For an integer n, we
denote by 7, the triangular index set

(6.2.1) te=1{0,1) eN?: 2j+1<n},
and supply it with the inherited lexicographic ordering <,
(t,k) <L (4,0) if i<j or i=j and k<l

We recall the notation of the pair (g1,01) from Proposition 6.1.5.
The following is an analogue of Lemma 3.4.1. We introduce a parameter s, which is
supposed to be close to 0, and plays the role of the Planck constant s. Later on, we will

put s =1/m.

Proposition 6.2.1. Let k be a given positive integer and let R € W(go,00), for some
00,00 with 0 < pg < 1 and g9 > 0. Then there exist a radius oo with 91 < p2 < 1, bounded
holomorphic functions b; on the exterior disk De(0,01) for j = 0,...,K, and orthostatic
conformal mappings

Ve =toet Y st

(4D ET2m+1
j>1

defined on De(0, 02) with s (De(0, 02)) C De(0, 01) for s and t close to 0, such that the
following holds. For fized s, the domains s (D) increase with t: s (De) C s (De) for
t <t and if we put hy = E;:o sbj and fs = exp(hs), the functions fs and s have the
property that for ¢ € T

—2s Y Rotg ¢ = T A
(6:22) |fsotua(Q)fPe VO Re (= COs i (OV,(0))
= e ((@m)TE 4+ O+ [t ).
Here, the implicit constant remains uniformly bounded as long as R is confined to a uniform
family in W(go, 00), for fized 0o, 00.

Remark 6.2.2. (a) Strictly speaking, the functions t,, and hs we write down depend on
the precision parameter x, while the coefficient functions b; and 1[)]',1 do not. We observe
that the orthostaticity of 1, gives that 1[)6,0(00) > 0, and moreover that Im 1/3;[(00) =0
for all 7,1 > 0.
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(b) The function fs will also admit an asymptotic expansion of the form
£(Q) =D 'Bi(Q) + 0", ¢ €De(0,01)),
§=0

where the coeflicient functions B; may be obtained algorithmically as multivariate polyno-

mials in the functions by, ..., b;.

The first step towards finding the conformal mappings 1), ; is to note the following: we
find by taking logarithms that

2Rehs 0 1hs 1 (C) — 23_1(R 0 ts:)(¢) + log Re ( - gatws,tw;t(o) = —s 7+ 0(1),

as s,t — 0. Next, we multiply both sides by s, to obtain

(6.2.3)  2sRehs0ths(() —2R ot (¢) + slogRe ( - Eatws,tw;,t(o) = —t* 4+ 0(s).

Finally, we take the limit as s — 0 in (6.2.3), expecting that Re hs0tps ¢ and log Re(—(sths,¢ 0 ;)
remain bounded, and arrive at the equation
t2
Roo(¢) = bR
As a consequence, 1 should be a conformal mapping of D, onto the exterior of the

appropriate level curve of the weight R.

Proposition 6.2.3. Let R be as in Proposition 6.2.1. There exists a positive number

to, and a real-analytically smooth family {10, }ic(—10,10) 0f orthostatic conformal mappings

De — Q, where Q; is the unbounded component of C\I'y, and where I'y are real-analytically
smooth, simple closed level curves of R:

2

R‘Ft - 5

Moreover, Qg = D, and ; increases with t.

Proof. The assumed strict subharmonicity of R gives that there exists a neighborhood U of
T such that VR|U\T = (0. This shows that the level sets must be simple and closed curves,
for |t| sufficiently small. Indeed, if a curve would possess a loop, then R would have to
have a local extremal point inside the loop, which is impossible. Since VR vanishes on T,
we cannot apply the implicit function theorem directly to R to obtain the result. However,
the function .

5 ioy . B(re’)

R(re*) = o1
is, in view of Proposition 3.3.1, strictly positive and real-analytic in a neighborhood of the
unit circle T. We form the square root R=VR by

R(re'?) = (r —1)y/R(rei),

where the square root on the right-hand side is the standard square root of a positive
number. We may now apply the implicit function theorem to the function R. The result
follows immediately by applying the Riemann mapping theorem to the exterior of the

resulting analytic level curves of R. ]
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Remark 6.2.4. Proposition 6.2.3 tells us that the conformal mappings 1 ; extend to some
domain containing D,, but supplies little information on how much bigger such a domain
is allowed to be. We will discuss this issue in §6.3 below. Along the way, we also obtain
an alternative proof of Proposition 6.2.3, which may be viewed as a quantitative version of
the implicit function theorem in the given context.

The Taylor coefficients ’l/AJ()’l (in the flow variable ¢) of the conformal mappings o, may
be explicitly computed in terms of the weight R, using a higher order version of Nehari’s
formula for conformal mappings to nearly circular domains. We will return to this in
§6.8. Before we carry on, we formulate the following lemma, which allows us to draw the

conclusion that the mappings v, ; of Proposition 6.2.1 are actually conformal.
Lemma 6.2.5. Assume that ¢ is a holomorphic function on De(0, o) of the form
¥(z) =2+ F(z2),

such that |F'| < % and

2

% o
2[zF"(2)| < R z € De(0, 0).
Then v is univalent on Dg(0, o).
Proof. This is immediate from the Becker-Pommerenke univalence criterion [7]. g

It is clear that the mappings 15 meet this criterion for some ¢ < 1, for small enough s

and t for a fixed precision parameter .

6.3. The smoothness of level curves and the implicit function theorem. In this
subsection, we analyze the extension properties of conformal mappings from D, onto the
exterior of the level curves of R near the unit circle. In a sense, this may be viewed as a
quantitative version of the implicit function theorem.

The function R is assumed to belong to the class W(gp, 0g) of Definition 6.1.1, which
is a quantitative way to say that R is real-analytic near the unit circle T, and vanishes
along with its normal derivative on T, while AR is positive on T. We recall the definition
of the choice of square root R of R from the proof of Proposition 6.2.3. This function is
also real-analytic near the circle, vanishes on T but its gradient is nonzero and points in
the direction of the outward normal. To make this more quantitative, we let g1 and o1 be
the parameters of Proposition 6.1.5. Then, in the 20;-fattened diagonal annulus A(QL o1),
we have the control

(6.3.1) sup [log(28. R(z, w))| < +oo0.
(z;w)€A(e1,01)
We recall that the mappings 1 ; are defined by the requirement of orthostaticity and
t
57

By differentiating the relation (6.3.2) with respect to ¢, we obtain from the chain rule

(6.3.2) Ro(¢) = — CeT.

[(0v ) © o.] Bilibo.s] + (D) o tboe] Dy arg o s = —%7
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which we may rewrite as

+ [(89R) 0 1o.4) By arg o

= Re ([(TGTR - i@gI:{) o lbo,t] 0 log %) = f%.

Here, we divided by the coordinate function ¢ in order to avoid issues with branch cuts of

(10 R) 0100 ] 81og|to ¢

the logarithm. The differential operator acting on R may be written as rd, — 10y = 220,,
so the above expression simplifies further to

(6.3.3) Re ([(Qz(')zf%) 0 1o,¢] Oy log ¢2’t> = —% on T.

It is on the basis of the relation (6.3.3) that we will try to recover information on the
mappings ¢o,. We introduce the notation

(6.3.4) w(¢) :=log (22’62R), e =pothyy, Fi(()=0log 1%’2(0,

and observe that (6.3.3) may be written in the form
(6.3.5) eMF, 4+ ef*F, = —/2 on T.

We note that along the unit circle T, the function e# = 220, R equals the positive function
V2AR, so there are no problems with taking the logarithm in the definition of & in a
neighborhood of T. In particular, if 1 is a perturbation of the identity, the function
¢ is well-defined and smooth. Next, we decompose u; = pui” + p; , where p € H? and
Uy € Hio are both smooth, and write G; = e*t F;,. Given that F; € H2, it is clear that
G € H?. If we multiply the above equation (6.3.5) by e‘QRe“j, we arrive at

e_‘[t+Gt + 6_“t+(;t =2Re (e‘ﬂjGt) =—V2e72 Re“;r,
where we point out that et G; € H? while e—hi G € H?. This is equation is solved by

applying the Herglotz kernel, and yields the solution

1 _+ _ +
Gy = ———= et Hp, [e 2Repy ]’

V2
where we use the fact that F; and y;" are real-valued at infinity (cf. Remark 6.2.2 (a)).
That is,

1 - _
(636) Ft = 75 e.“«j—*//«t H]D)e[672 Rep,j'] )

Let us write

Yo,¢(¢)
C )
so that 0;g; = G+ and go = 0. Here, the logarithm is understood as the principal branch. In

9:(¢) = log

terms of these functions, the equation (6.3.6) becomes the following nonlinear differential

equation in ¢:

(637) 3tgt = —% exp (PH2 [,U, o ’(/}O,t} _PHE,O [MO@[JO,t])HDC [exp (— 2Re PH2 [/J,O’(/}O’t})] .
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It is not difficult to see that the equation (6.3.7) may be solved by an iterative procedure,
if we rewrite it in integral form
(6.3.8)

t

90 =——= [ exp (Pualuodoa] = Pz o o] ) Hp, [exp ( — 2ReP [0 o) ] o

f

As a first order approximation, we start with w([)[jl(o = (, and use the formula (6.3.8) to

define gyﬂ] in terms of w([)j]t, for j = 0,1,2,... by integration. The process is interlaced
with computing w[] L = Cexplg; [+1 ]) and results in convergent sequences g,@ and w([)]; }t

We are interested in analyzmg where the function v + extends as a holomorphic mapping.
To this end, we recall that the function p given by (6.3.4) has a well-defined polarization
to A(Qhal). It is clear that if for some g; < 1, 1o+ maps the annulus A(g:, (9¢)™') into
A(p1,07"), we obtain the estimate

V2 <5||MH°°(A(91,@11)))

0 o
12 gell zroe (aar.(20)-1)) < 1-8 €xp 1— @2

where we use the estimate

f Nl Eree gt,(gt) 1)
1— t ’

IP 2 [f]1| oo (00, (0)-1)) <

and the analogous estimate for P ;2 [ f]- Assume for the moment that g; < 1 is monoton-
ically increasing in |¢|, and recall that 10,4(¢) = Cexp(g:). In light of the above estimate of
0¢g¢, we obtain

V2|t 14/l e (o107
||gtHH°°(A(@ta(£3t)7l)) < 1— o2 exp | 9 1— g = = Ct|t|’
01 0%

where C} is defined implicitly by the last relation. This leads to the control
et gy < Japo . (Q)] < el 7, ¢ e Ao (a)h),
which means that 1o maps the annulus A(g¢, (9;) ') into A(py, o7 1), provided that
Celtl, > py.

Let us make the ansatz 9; = 01 e™ !, for some positive constant M. The above requirement
is then satisfied provided that M > C,. If we restrict ¢ to the interval

1
log o

2M

(6.3.9) It| <

it is immediate that
1 1
— S <
1—o; 1- Ql
This then gives the estimate for C;

V2 142l 7= (a1 077)
C < 5 01
)

where the right-hand side does not depend on t. We may finally choose M to be this

constant,

fll e o
(6.3.10) M- V2 exp (5 i< aer ez ))

1—01 1—0
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and obtain that )+ is holomorphic in the exterior disk De(0, §;), where

N M|t
0t = 01€ Ha

provided that ¢ satisfies (6.3.9). For t close to 0, ¢; is then close to g1 in a quantifiable

fashion. We gather these observations in a proposition.

Proposition 6.3.1. Suppose R is in the class W(po,00) and that (6.3.1) holds. Then
the conformal maps o, initially defined on D., extend to holomorphic functions on the
exterior disk De(0, py), where p; = preMItl < VP1 and M is given by (6.3.10), provided that
t is in the interval (6.3.9).

6.4. An outline of the orthogonal foliation flow algorithm. We now proceed to
describe an outline of the algorithm. With the notation

(6.4.1) T1,,1(Q) = 2Re g0ty (Q) — 2 ((Rot4,) ()~ 3#2) +log ( Re { =0 s (OVLL(O)}),

we may rewrite the master equation (6.2.2) for the orthogonal foliation flow as

N 01T,
(6.4.2) 11;,(¢) = WL—t—O
_ 7% log(4) for ¢e€T and (j,1) = (0,0),
0 for ¢ €T and (j,1) € y2x \ {(0,0)}.

provided that the functions hs and 5+ obtained by solving these equations do not degen-
erate, as long as R remains in a bounded set of W(pq, 0¢) for some gy with 0 < gg < 1 and
some gg > 0. We recall that hg is defined by the finite expansion

K
he =Y s'b;.
j=0
As it turns out later on in Proposition 6.11.1, we have for j,1 > 1,

(6.4.3) I_1.4(¢) = —2(4AR()? Re(Ciji—1(0) + Ty—14(¢), (€T,

where T;_1; is real-valued and real-analytic, and depends only on bg,...,b;—1 and dAJpwq
where (p,q) <1 (4,0 — 1), where we recall that <;, denotes the standard lexicographic
ordering. Moreover, when [ = 0 we get

(6.4.4) I1;0(¢) = 2Reb;(¢) + T,0(¢), (€T,
where T o depends only on by, ...,bj_; and ﬁp,q for (p,q) <1 (j+1,0). Such dependencies

will be encoded in terms of complexity classes introduced in §6.7.

STEP 1. We let 9o ; be the orthostatic conformal mappings to the exterior of level curves
of R, as given by Proposition 6.2.3. In particular, this determines uniquely the coefficient
functions 1&0,l7 for I =0,...,2k 4+ 1 (for the details, see Proposition 6.8.1 below). For in-
stance, we find that g o(¢) = ¢, while 401 (¢) = —CHp, [(4AR)2].

STEP 2. By evaluating IIy o(¢) = Hs,t(C)L:t:O, we obtain from (6.4.2) that

2Reby(¢) + log Re(—&[;o,l(g)) = —%1og(47r), CeT.
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As 121071 is already known and the above real part is strictly positive on T (see Proposi-
tion 6.8.1 below), this gives the value of 2Re by on the unit circle T, which gives that

1 1
by = ~1 log(4m) + EHDE [log(4AR)].

We proceed from Step 2 to Step 3 with j = 1.

STEP 3. We have determined by, ...,bj,—1 and ’(/AJj’l for all (5,1) <1 (Jo,0), and in this
step we intend to determine all the coefficient functions ¢, for (7,1) <1, (jo +1,0). In view
of Proposition 6.11.1 below, we may obtain explicitly T;,_1 1 in terms of this known data
set, which by the equations (6.4.2) and (6.4.3) gives an equation for 1/A1j070. More generally,
the equation which gives '(/AJjO’lO takes the form

Re(Cthjo 1) = L(4AR) 3T, 1441 on T,
and we solve it with the formula

/(ﬁjo’lo(g) = %CHDO [(4AR)_% jo*l,loJrl] (C)

If we apply this solution formula with [ = 0, the background data gets extended to all ﬁj,l
with (j,1) <1, (jo,1). Continuing in the same fashion, Proposition 6.11.1 shows that T, _1 2
may be expressed in terms of this extended data set. Consequently, the above solution for-
mula also determines 1/;j0,1~ More generally, as we proceed iteratively in the same manner,
we obtain all the coefficient functions 1[)j’l with j = jo and (4,1) <1 (jo + 1,0).

STEP 4. At this stage, using Step 3, we have at our disposal the functions by, ..., bj,—1,
and z/A)jJ for all (4,1) <1, (jo + 1,0). Proposition 6.11.1 now allows us to compute T o in
terms of this data, and from (6.4.2) and (6.4.4), we derive an equation for b;,:

2Re bjo = _‘Ijo,()v on T.

We solve this equation explicitly by

1

bjs(¢) = —5H, [Fo.0] (), ¢ € D.

After completing this step in the algorithm, we have extended the data set to contain
by, ...,bj, and all coefficient functions 1%71 with (4,1) <p (jo + 1,0).

STEP 5. Finally, we iterate Steps 3 and 4 with jy replaced by jg + 1, until all coefficient
functions b, and TZJ]',Z have been determined, for 0 < k < x and (j,1) € Y2r+1. This also
means that the flow equation (6.4.2) is met with the given choices of coefficient functions.

Remark 6.4.1. If we apply the above algorithm to the function R = R, the coefficient
functions Bj in the expansion of fs; = exp(hs) obtained here are the same as those appearing
in Theorem 1.5.4. There, the algorithm was based on Laplace’s method and inhomogeneous
Toeplitz kernel equations. The algorithm presented here is in principle an alternative route
towards finding the coefficient functions. However, a drawback is that the algorithm requires
us to compute the additional functions 1/;]-,1, which adds further complexity.
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6.5. The general multivariate Faa di Bruno formula. We recall the Faa di Bruno
formula in several variables, and study some of its properties. To prepare for the formu-
lation, we introduce the well-ordering used in [15], which we call the order-lexicographical
ordering (OL for short). Given two multi-indices

a:(al,...,ad) and ﬂ:(ﬁl;“wﬁd)v

we write that a <oy, 8 if:

(i) la| < 18], or if

(i) || = |8| and a <1, B (lexicographically).

Here, we recall that in the lexicographical ordering a« <, 8 holds if either a; < 81 or ay =
By ..oy ap—1 = Pr—1 while a1 < Bry1 holds for some 1 < k < d. As a matter of notation,
a = 3 means that either &« < 3 or a = 3; this applies to both the lexicographical and
order-lexicographical orderings. We use some elements of standard multi-index notation.
For instance, if @ = (a1,...,@q) is a d-dimensional multi-index, that is, a d-vector of
integers in N :={0,1,2,...}, we write

a!:H(aj!)a
J
:Hfa%’ €= (61,...,&) € CY,
J

0% f(x) =05} - 03¢ f(x), x=(r1,...,24) € R

We will need the index set

(6.5.1) 80% ;= {(a1,...,cu;B1,....0) € (NV)F x (N)*

0 <oL @1 <oL - <oL ar and Vj:1,...,k: |ﬁj| >0}.
We now formulate the multivariate Faa di Bruno’s formula as it appears in [15].
Proposition 6.5.1. Let @ C R? and ¥ C RY be domains in the respective Euclidean
space. Let g = (g1,...,94) : ¥ — Q and f: Q — R be C™-smooth, so that the composition

fog:Q — R is C™-smooth as well. Then, for any d’'-dimensional multi-index v with
|v| = n, we have on

o (fog)= Y 10" ogl Guul(g),

1<|pul<n

where p Tuns over the d’-dimensional multi-indices, and the function G,, ., (g) is given by

guu _V'Z Z H allﬁ]'

=1 (et (a1 P

Here, the indicated index set is given by

OL(M’/) = {(0155):(ala---7ak;51,---7ﬂk Emkd’ Zﬁg— Z\ﬁﬂaj:'/}-

J
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Note that since g is assumed vector-valued, the multi-index partial derivative 0% g is
vector-valued as well, and the multi-index power [0% g]?s produces a real-valued function.

Remark 6.5.2. Both the order-lexicographical and the lexicographical ordering are well-
orderings of the multi-indices. If in (6.5.1) we replace <or, by the lexicographic ordering
<, to obtain the analogous index set DI,;; @4 this amounts to a reshuffling of the multi-
indices a, . . ., ay to get them ordered with respect to <p, instead. This allows us to define
the index set oF(p,v) as well, based on m%; @.q instead. It is important to note that the
assertion of Proposition 6.5.1 holds with the index set 0Q%(p, v) replaced by oF(u,v). The
reason why this is so is that if we reshuffle both the a; and the 3;, then nothing really
happened and the involved sum remains the same.

6.6. The multivariate Faa di Bruno formula adapted to our setting. We specialize
Proposition 6.5.1 to the situation that we need to analyze. We will consider only the case
of d = d = 2. We work in terms of polar coordinates (r,8), and put §I(r,0) = R(re*?).
Although still not specified completely, we assume the function 1), ; is sufficiently smooth
in both (s,t), and introduce the function ¥, 4,

(6.6.1) 'I’s,t = (lws,t

which maps to polar coordinates, so that

,arg ws,t)7

Ro 1/15,1‘, =4o ‘I’s,t~
Accordingly, we denote by D¥, the differential operator
Df,o =0"0y*, p= (1, p2),

and obtain by applying Proposition 6.5.1 to 1o ¥, , with v = (j,1) that along the circle T,

(6.6.2) 010} (Rotsy)| _,_o=0l0,(ToWey)| _,_,
= Y [(Dr) o Wa ] G i (Psr) o
2<|p| <5+l o
= > (DR G (T,
2< |l <5+l T

= Z (DﬁeR) gu,(j,l)(‘IlS,t) s=t=0"
2< | <G+
where the terms corresponding to indices g with |p| < 1 vanish and hence get dropped.
The reason for this is that 1 0(¢) = ¢ preserves T and that the function R together with
its gradient vanish along the unit circle T. More generally, we find that

(6.6.3) D::GRH' = 8#185‘2R\T =0, n = (,ul,,uQ) S {0, 1} x N.

In the context of (6.6.2), it is important to point out that the multi-index derivatives
that appear in the expression G,, (;,)(¥s,) (as defined in Proposition 6.5.1) are taken with
respect to the variables (s,t). Moreover, in the equality (6.6.2) we have suppressed the
variable { € T, and consider it to be fixed.

We will be interested in identifying the mazimal index (p,q) with respect to the lexi-
cographical ordering, such that the partial derivative 9?0] W ;, appears nontrivially in the
right-hand side expression of (6.6.2).
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Proposition 6.6.1. Let v, p € N? be double-indices with 2 < |p| < |v| and p & {(1,1),(0,2)},
and let (a; B) € OF(p,v). Then
(i) If v = (4,1), where j,1 > 1, then for all i = 1,...,k, we have that o; =y, (j,1 — 1).
Moreover, the equality a; = (j,1 — 1) holds if and only if i = k =2, u = (2,0), and

(a;ﬁ) = ((Oa 1)7 (]J - 1); (1v 0)7 (170))

(ii) If v = (§,0) with j > 3, then each «; is of the form (a,0) with a < j — 1. Moreover,
the equality a = j — 1 holds if and only if i =k =2, u = (2,0), and

(a; 8) = ((1,0), (j — 1,0);(1,0), (1,0)).

(iii) If v = (0,1) with | > 3, then «; is of the form (0,b) with b < [ — 1. Moreover, the
equality b =1 —1 holds if and only if p = (2,0) and

(iv) If v = (2,0), then necessarily = (2,0) and the only nontrivial index (a; B) is

(a;8) = ((1,0);(2,0)).
(v) If v =(0,2), then necessarily p = (2,0) and the only nontrivial index (a; 3) is

(aaﬁ) = ((Oa 1); (27 0))

Note that since |v| > 2, the above list covers all the possibilities. We will denote by
(a®; 3®) the indicated extremal index (a; 3) in each of the cases (i)—(v).

Proof of Proposition 6.6.1. We show how to obtain (i), (ii) and (iv). The remaining cases
(iii) and (v) are analogous and omitted. We recall the compatibility conditions on the index
set OF (p, V). After all, the assertion (a;3) € oF (u, ) means that (a; 3) € BI,;;QQ plus the

K K
(6.6.4) dBilai=v, > Bi=up,
=1 =1

where each 8; has |3;] > 1, and the multi-indices «; are strictly increasing with ¢ in the
lexicographical ordering. From these assumptions it is immediate that each «; satisfies
o; 3, V.

As for assertion (i), we see that equality a; = (j,1) could hold only if & = 1, with
a1 = (4,1) and |B1] = 1. But then |u| = 1, which would contradict our assumption that
|| > 2. Hence, given the structure of the lexicographic ordering, for any index i, we
have a; <1, (j,I — 1). However, if equality holds here, that is, if for some iy we have
a;, = (j,1 — 1), we find from (6.6.4) that |3;,|] = 1, whereas the sum on the left-hand
side, taken over all other indices ¢ # ig, must equal (0,1). As a consequence, only k = 2
is possible, and then a = ((0,1), (5,1 — 1)). In addition, we get that |31]| = |B2| = 1, so
that by the second relation in (6.6.4), |p| = 2 holds. Given the assumptions on p, the only
remaining possibility is p = (2,0), and then 8; = B2 = (1,0).

We turn our attention to the assertion (ii). In a similar manner as above, since the
weighted sum of the multi-indices a; equals (j,0), we see that for each index ¢ = 1,...,k,
a; = (a;,0) for some a; € N with 0 < a; < j. It is clear that a;, = j could occur for
some ig only if ig = k = 1, |B1] = 1 and |u| = 1, which again would contradict our
assumption |p| > 2. It follows that a; < j — 1 for each i. Next, the only way we could have
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a;, = (j—1,0) for some iy is if 4o = k = 2 and correspondingly o = ((1,0), (j —1,0)). The
remaining properties are immediate.
Finally, to see why (iv) holds, we analogously find that each «; is of the form a; = (a;,0),

where 0 < a; < 2. In view of (6.6.4),

ar|Bi] + -+ + axlBr| = 2,

with |3;| > 1 for each i. This is possible only if 1 < k < 2. If k = 2, we get that a1 = as =1
and |B31] = |B2| = 1, which leads to ¢y = a2 = (1,0). This gets excluded on the basis of the
monotonicity requirement a; <y, a, so k = 1 is the only possibility. So the requirement
(6.6.4) now reads a1|B1] = 2 and By = p. If a; = 2, then |31 = 1, and consequently
|ee| = 1, which is contrary to our assumption that || > 2. The only remaining alternative
is that @y = (1,0) and |B1| = 2. Since B; = p, and the only admissible p of length 2 is

= (2,0), it follows that 8; = (2,0), and the claim follows. O

We observe that in each of the cases (i)-(v), the lexicographically maximal e; occurs as
the index i = k, where k € {1,2} and (e; 8) € Ok (p,v) and p = po := (2,0) while || > 2.
If we put

A(v) = max max ay
kE (a;B)eoy (po,v)
where the maximum is taken lexicographically over the entire range k = 1,...,|v|, then

the maximum occurs for k¥ = 2 unless if v = (2,0) or v = (0,2). Moreover, if v = (2,0)
or v = (0,2), the maximum occurs for k = 1. Let k, € {1,2} be the parameter value for
which the maximum is attained, depending on v, as just explained. In any of the instances
(1)-(v), there exists a unique extremal pair (a®;3%®) € ok(uo,v) provided that k = k,.
Next, let D%@(Mm v) denote the depleted index set

O%([J/(],V), lf k#kuv
ok (o, v) \ {(a®; B8®)}, if k=k,,

and consider the associated expression in the context of the multivariate Faa di Bruno

Ok,@(”(% V) =

formula:

lv|

g, 18
(6.6.5) G (W) =01y > H lI’Stm

=1 (e B)€ok , (o) 1=

Then G, (¥s,) splits as follows (where (a®; 8%) = (af, ... ,a?u;,@?, .. ,,8,%*) )):

[0% \Ils
(6.6:6) Gpow (W) = Gty (W) + Hpso(Pit), Hpso (W) = ! H ey jﬂ@
If v = (2,0), the depleted index set OI,;@(;LO, v) is empty for k € {1, 2}, which gives that

gf?m,,(xps,t) =0 if v=(2,0).

6.7. Polynomial complexity classes. In order to make sure that the algorithm outlined
above in §6.4 does not break down, we need to carefully keep track of the dependency
structure of the coefficient functions involved. In particular, when solving for the coefficient
function 7721]-71 in terms of a Herglotz operator applied to a function g;;, we need to know
that g;; may be computed in terms of functions already determined in previous steps of
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the algorithm. To help with this, we introduce for a nonnegative integer j and a subset
¥ C N2 the polynomial complexity class POL(j,%), defined as the following function class
on the unit circle T:

POL(j, %)

- R[Re ¢,Im ¢, D2, R(C), Re b, Tm b*) Re )y, 4, Tm 1), ¢, Re ¥, . Tm ¢!

p,q

such that k€N, 0<v <7, (p,q) €%, a € N?|.

Here, R[X : Y] denotes the class of multivariate polynomials with real coefficients in the
variables X, restricted by the condition Y. In other words, POL(j,X) is the collection of
multivariate polynomials in the expressions
Re(,Im ¢, D23 R(C), Reb , Im b Re v, 4, Im by, ¢, Re ¥, ., and Ime), .,

under the conditions k € N, 0 < v < 4, (p,q) € X, and o € N2, If there is no dependence
on any of the functions b;, we simplify the notation and write POL(X) for the polynomial
complexity class. In connection with these classes, we will find it useful to introduce for
nonnegative integers p and ¢ the rectangular index sets

Ep,q:{(a,b)eN2 :a<p and b<q}.

6.8. The semiclassical case of the orthogonal foliation flow. We first explore STEP 1
of the algorithmic procedure outlined in §6.4. We recall the notation W¢ ; = (|1bg ¢|, arg 1o.¢)
from (6.6.1). Moreover, we recall that p; is as in Proposition 6.1.5 (see also Proposi-
tion 6.1.2). We have already established the regularity of 1o, in the implicit function
theorem of §6.3. We proceed to compute the Taylor coefficients in ¢, and highlight the
algorithmic aspects. We use the notation introduced in §6.5 and §6.6 freely.

Proposition 6.8.1. The Taylor coefficients 1&071 in the variable t near t = 0 of the confor-
mal mapping Yo ¢ with
2k+1

Yo.u(C) =Y o (C) + Ot *2),

=0

are uniquely determined by the level-curve requirement

t2
Rowo,t(c):§7 <€T7

together with the monotonicity condition that the images 1o (De) grow with t and the nor-

malization ZZ)(/),t(OO) > 0. Moreover, as such, they are given by

$o,0(¢) = ¢,
do.1(¢) = —CHp, [(4AR) 2] (C),

and, more generally, by

You(0) = CHp, [AAR) 3] (C),  1=2,....26+3,
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where ®;(¢) € POL(3¢,-1) is given by the formula (o = (2,0))

1

8i(C) = G+ (4(AR) g§07(0,1+1)(‘1’0,t)|t:0

bY@ R G (B0 _ - 20+ V(AR ).

3<|p|<I+1 N

where
g1 = 0} [Yo.el|,_, — I'Re(Cebo,)-
The coefficient functions 1&011 all extend holomorphically to the domain D (0, 01).

Proof. By Proposition 6.2.3, the conformal mappings 19+ are uniquely defined by the given
requirements, and g,0(¢) = ¢ holds. Moreover, since ¢t — g, is smooth, the validity of
the indicated expansion follows from Taylor’s formula, and the first coefficient then equals
1[)070(() = 10,0(¢) = ¢. In view of Taylor’s formula applied to the function ¢ — R o) ¢, we
have that

2k+1 g

(Rowo,t)(o = Z %ai(RowO»t(O)’t:O+O(|t|2'§+2).
=0

Since by assumption R o ¢ ¢(¢) = % holds on T, we find that for ( € T,

; 1, forl=2,
(6.8.1) Ot(R o 1o,)(Q)],_y =
0, forl # 2.
It is automatic that (6.8.1) holds for 0 < I < 1, since R is quadratically flat on T. We
now consider ! = 2. By the multivariate Faa di Bruno formula (6.6.2) with s = 0 treated
as constant, together with the quadratic flatness of R near the unit circle T a calculation
shows that

3Z(R ° 7/10,t)|t:0 = (53R)(5t|1/)0,t|)2|t:0 =4AR [Re(&z)o,l)]Q on T.

Since the left-hand side equals 1 by (6.8.1), we may solve for Re(&[;oﬁl) using either the
positive or the negative root. We choose the negative square root, which gives that

(6.8.2) Oelo.el|,_, = Re(Ctho1) = —(4AR)™% on T.

This choice is the one which is compatible with the growth of the domains g +(IDe) as ¢
increases (so that the loops 19 +(T) move inward). Finally, we solve this equation by means
of the formula

o1 (¢) = —CHp, [(4AR) %] (),

as in STEP 3 of the algorithmic procedure in §6.4. Here, the uniqueness of the solution
follows from Remark 6.2.2 (a). Since (4AR)™2 has a polarization which is holomorphic
in (z,w) for (z,w) € A(QLUl), the function 1%71 extends holomorphically to D(0, ¢1), by
Proposition 6.1.2 and Remark 6.1.4.

As for the higher order Taylor coefficients, we again apply the multivariate Faa di Bruno
formula (6.6.2). As a result, on the circle ¢ € T we have for [ > 3 that (apply (6.8.2) in the
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last step)

(6.8.3) O{(Rotou)|,_, = Z (011 05* R) Gpu(0.041) (Wo,t)
2<|p| <l

= 4L(AR)(O} o)) @1lbo)) + G, ((Wo.)|

+ Z (00105 R) Gy, 0.1y (Po,e)

3<|ul<!

= —U(4AR)% Re(Cthoy—1) — I(AAR) g1 + g§07(07l)(\p0,t)‘

t=0

t=0

t=0
+ Z (0F10y* R) Gy (0, (®o,e)

3<|pl<l

)
t=0

where po = (2,0) and we recall that

gi—1 =0 Mtboul|,_, — (1 — 1)! Re(Cto,1—1)-

An elementary computation shows that the highest order derivatives cancel out, and it
follows that g;—1 € POL(X¢,—_2).

We recall that the expression G
(6.6.5). We write

®

10,0 l+1)(\1l0»t) appearing in the above formula is as in

1 1
T ( —l(4AR 1+ Gy o) (o)l + D (010 R) gu,m,l)(‘l’t)‘t:o)’
3<|pl<i

and claim that &;_; € POL(X¢,;_2). We already saw that g; has this property, and hence
(AR)2g;_; = (AR)Re(—Cto,1) does as well. That the same holds for the remaining two
terms of the above formula can be seen from Proposition 6.6.1, and hence it follows that
®;_1 € POL(X¢,—2). It is a consequence of (6.8.3) that the condition (6.8.1) for I > 3 may
be expressed as

—(4AR)% Re(&/?o,l,l) +®&;_1=0, 1=3,4,5,....

This is an equation of a kind we have met before, and we know that a solution 1/3071 is
supplied by the formula (change [ by [ + 1 in the previous relation)

&,

(6.8.4) t0.(¢) = (Hp, [(443)21’

}((), 1=2,3,4,....

Let us assume for the moment that the lower order terms 1&0’6 with 0 < b <[ —1 all
extend holomorphically to an exterior disk De(0, 01). Then the entire expression inside
brackets in (6.8.4) polarizes to extend to a 20;-fattened diagonal annulus A(gl, o1) given
that various partial derivatives of R do, as well as (AR)*%7 which follows from Proposition
6.1.5. Moreover, since g; is big enough to guarantee that g1 > (\/1+ 0% + o1)71, then in
view of Proposition 6.1.2, the expression on the right-hand side of (6.8.4) will be holomorphic
in the same exterior disk D, (0, 01) as well, by Remark 6.1.3. But then we have enough to

keep the iteration going, and obtain that all the terms 1/30,1 extend holomorphically to a
single exterior disk D¢ (0, g1). O
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6.9. Taylor expansion of the weight term in the master equation. We continue
with the Taylor expansion of the composition R o in terms of powers of s and ¢, where
the starting point is the application of the Faa di Bruno formula in (6.6.2). We recall the
definition (6.2.1) of the triangular index set y,. We work under the assumption that 1,
depends sufficiently smoothly on both (s, t) near (0,0). This assumption gets justified in the
stepwise proof which we outlined in Subsection 6.8, which retrieves the Taylor coefficients
of ¥s, in (s,t) iteratively. We use the notion of polynomial complexity classes POL(j, X)
and the index sets ¥, ; from §6.7.

Proposition 6.9.1. On the unit circle T, the function R o, enjoys the expansion

2Rovy, =2Roto,+ Y &R0+ O(s| (s F + 1P+)),
(1) €Er2n

where Ro o = 0, while for the remaining indices (j,1) # (0,0), we have

2
= ——— ((44R) [H“07(j+1,z)(‘1’s,t)]’5

R G+ Dt (( o F t”)’

where po = (2,0). Here, the main term is given in terms of Hy, (j41,)(Ws,t), defined by

L@t D@10 pal), if 5> 0,121,
HMO,(J'+1J)(\IIS¢) = (.7 + 1)(5s|¢s,t|)(3ﬁ\¢s,t|)7 if 5>2,1=0,
(85|’(/}S,t|)27 ij = 17 l = 07

while the term v, considered as a remainder, is given by

vi=(AR)GE (T + Y (DER) Gy (Ws) o’
3< |l <j+HI+1 T

where we recall that QSO_(].H l)(‘I’s,t) is given by (6.6.5). For j >0 andl > 1, we have

t;; € POL(Y), with ¥ ={(p,q) € Zj41,: (p,q) <L (j+1,1—-1)}).

In a similar fashion, for j > 1, we have that the Taylor coefficient R;o € POL(Z;,0).
Moreover, the implied constant in the above expansion of R o remains bounded if the
weight R is confined to a uniform family in W(oo, 00) for some fized 0 < g9 < 1 and oo > 0,
while the functions s are smooth with bounded norms in C?**4 with respect to (s,t) in a
neighborhood of (0,0), uniformly on the circle T.

Proof. The fact that Ro1),; enjoys an expansion of the indicated form for some coefficients
R, with the given error term is an immediate consequence of the multivariate Taylor’s
formula. The coefficients 93;; are then obtained from the successive partial derivatives
(6.6.2). It just remains to calculate them:

2 ) 2 .
Rij=— 00 (Rotpsy — R = — = 99 (Ro,
G e d(Bowsr = Rovo)| G+ L(Bovar)|
2
S ©w
SR NS SR AP

2< || <G +HI+1

In particular, %0 = 0, as the sum is over the empty set. In the right-hand side, the sum
over |u| = 2 is special as the only nontrivial contribution comes from the index p = po =
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(2,0), by (6.6.3):

on T.

Z (Df,oR) gu,(j+1,l)(‘1’s,t)

[p]=2
Here, we use the fact that 92R = 4AR on T. It follows that for (j,1) # (0,0), we have on
T that

= (44R) Gy (j+1.0) (Tsrt)

s=t=0 s=t=0

2
Rji = G ((4AR) Gpo(i+1,0)(Pse) + Z (DY R) gu,(j+1,z)(‘1’s,t))

3< || <j+1+1

s:t:O.

We write v := (j + 1,1), and split the expression G, ., (¥s ) further according to formula
(6.6.6):
Grow(Psy) = gf?o,y(‘l’s,t) + Hpor (Ps t)-
We turn to the task of expressing
07w, )P

|
Hﬂm st =V Hﬁ®| ®||5 I

in explicit form in the various cases as outlined in Proposition 6.6.1. First, if j > 0 and
[>1, then k, =2 and

Hpuowr (Wst) = U0t |s,e) (01710, s

It remains to consider j > 1 and [ =0. If j =1 and [ = 0, then

IHILO,V(‘IISJ) = (88‘ws,t|)2ﬂ
while if instead 7 > 2 and [ = 0, then

Mo (Pst) = (7 + 1) (Os|s,e]) (0[5t

It remains to discuss the algebraic properties of v;; for j > 0,1 > 1 and those of R; o for
j > 1. In view of Proposition 6.6.1, for 7 > 0,7 > 1 all the indices a; have

0 <1, g <L, -+ <L ap <1, (j+1,l—1),

provided that (a;3) € o%(u,v) holds for a k = 1,.. ., |v|, given that |u| > 3. In addition,
the same conclusion remains valid if 4 = po = (2,0) provided that it is assumed that
(a;8) € OI,;@(;LO,V), which excludes the extremal multi-index. After some additional
simplifications, this shows that t;; has the claimed form. For j > 1 and [ = 0, the assertion
about the algebraic properties of 9R; o follows from the observation that if (a; 3) € of (u, V)
with v = (j + 1,0), then for ¢ = 1,...,k, we have a; = (a;,0) with 0 < a; < j, by
Proposition 6.6.1. The computational aspects are analogous to the case already discussed.
This completes the proof. O

6.10. Taylor expansion of the remaining terms in the master equation. We recall
that hs and 1), stand for the functions
hs(Q) =Y s0;(¢) and ¥ () =vor(Q)+ Y 10,

j=0 (J.D)€Er2r+1
j=1

where £ is a (big) positive integer. Moreover, the b; are bounded holomorphic functions in
the exterior disk De(0, 1), and 1o+ is a conformal mapping of the exterior disk onto the
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exterior of the level curves I'y of R as above, and where z/A)jJ are holomorphic functions on
D (0, o1) with bounded derivative. Let us denote by $,;, %,,; and J,;; the corresponding
coefficient functions in the following three expansions (for ¢ € T):

(6.10.1) 2Re(h,s ° %,t)(() — Z Sjtlﬁj,l(C) + O(|s|n+% + ‘t|2.‘{+1)’
(J,))ET2x

(6.10.2) 2571(Ro1/)57t(<) — %tz) = Z Sjtl%j,l(C) + O(|S|K+% + |t‘2n+1)7
(5,1)€r2n

(6.10.3) 10%Re(—Eat%,t(C)w;,t(C)) = Z Sjtlﬁj,l(C) +O(|S|r€+% + ‘t|2n+1).
(G, ET2x

where (6.10.2) holds since R o 1)y +(¢) = % on T as a matter of definition. Moreover, we

recall that by Proposition 6.8.1 we have that

1

exp(Jo,0) = Re(—=COts ¢ (O)¥L4(C))] ;o = (4AR(C))"% on T.

We have already analyzed the coefficient functions %, for (j,1) € Y2, back in Proposi-
tion 6.9.1. Here, we refine the analysis and obtain a more convenient splitting of 9i;; into
a main term plus a remainder, and express the coefficients §;; and J;; in terms of the
successive partial derivatives of the functions b; and ), ;.

Proposition 6.10.1. In the above context, the Taylor coefficients 1, in (s,t) of the func-
tion 2Re hs 0 954 in (s,t) according to (6.10.1) have the following properties. For j > 0 we
have

$Hj0=2Reb; +b;0

where b0 € POL(j — 1,%;0). On the other hand, for (j,1) € Y2, with | > 1, we see that
$j1 € POL(5,%;,).

As for the Taylor coefficients R associated with R o1 according to (6.10.2), we have
for (j,1) € Yor with j >0 and | > 1 that

Rj1 = 2(4AR)? Re(Cthjsr1-1) + 55
where
5,0 € POL({(p,q) € Sj1,.: @) <L (G +1,1—1)}).

As for the coefficients J;,; appearing in (6.10.3), Jo,o is given by

— 1
Jo,0 = log Re(—(vo,1) = 3 log(4AR),
while for (3,1) € Y2, \ {(0,0)} we see that J;; € POL(3;141).
Proof. This follows from an application of the multivariate Taylor’s formula, together with
the multivariate Faa di Bruno formula (Proposition 6.5.1), and the equation (6.10.2) above.

Let us indicate the necessary computations, starting with the coefficients $);;. For (j,1) €
P2x \ {(r,0) : 7 > 0} we have

j JjHl—i
5 /(/)st
(6.104)  Hu=2Red > "n(Q) Y > H ; ‘W' ’
i=0 1<u<j+l—i k=1 (a,B)€0k (u,(j—i,l)) T=1 r

and consequently 9;; € POL(j, Z;,;), while for indices (j,0) with j > 0 we have
$Hj0=2Reb; +b,o
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where ;o € POL(j — 1,%, ) is given by

j—1 j—i k r
(6.10.5) hio=2Red Y () > 11 Stw;tgr

i=01spsj—s k=1 (a,B) €05 (1,(j—1,0)) 7=1

Turning to the claim about the coefficient 23, ;, we note that
2 <5§“3§_1|ws,t|
(7 + D! G+ —-1)

The claim in the proposition follows from Proposition 6.9.1 together with the observation
that

D=

(6106) 551 = v+ 2(4AR) — Re(C_zZA)jHJ_l))

s=t=0

IO st Q)] ~
G+ DN — 1) ls=t=0

Re(&;jﬂ,z—l(C))
€ POL({(p,q) € Tj11.0: (@) <0 ( + LI —1)}).

In order to see why this claim holds, we simply observe that the first term on the left-hand
side is the Taylor coefficient in (s,¢) corresponding to the multi-index (j + 1,1 — 1) of the
function |15 +|. The Taylor expansion of this function may be found as follows. We notice
that 190 = (, so that if we apply the generalized binomial theorem with exponent 2 5, We

obtain
(6.10.7)
. 12 1 . NKk|?
s, (Q)] = ‘(1 + Z Sptqéwp,q) = '1 + Z (2) ( Z Sptqﬁl’pyq)
(p,q)#(0,0) k>1 (p,q)#(0,0)
1\ /1 . = '
S (E) T e (2 wed,)
k,k'>1 (p,q)#(0,0) (p,q)#(0,0)
+2ReY (i) ( 3 sPtQ&/}p,q)k, CeT.
k>1 (p,q)#(0,0)

Apart from the contribution from the conformal mapping 1o+, the series involve a trunca-
tion given by the index set y2,.41, and hence we have no convergence issues. The maximal
index (p, q) in the lexicographical ordering for which @[;p,q appears in the Taylor coefficient
for s7t1#=1 of the above expression (6.10.7), is easily seen to be (j + 1,1 — 1). The con-
tribution corresponding to the maximal index comes from the last term on the right-hand
side of (6.10.7), and equals

l R — A
2Re <i>4¢j+1,l—1 = Re(C¥j+10-1)-

As for all the other indices, the contribution in the above sum to the Taylor coefficient lies
in the complexity class

POL({(p7 q) € Zj-‘rl,l—l : (pa Q) =L (.] + 17l - 1)})7

and the claim follows.
Finally, we turn to the coefficient J;;. We know that Jo,0 = log Re(f&fzoyl), while for
indices (j,1) € T2x \ {(0,0)} we apply the Faa di Bruno’s formula to the logarithm of the
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Jacobian expression to obtain

(610.8) Fu= 3. (—1)(u—1I4AR)

1<p<j+l

jt ﬁ 05 Re(—COits 10 )]

X
(a)Pr B!

k=1 (a,B)eoy (13(5,1)) r=1
As we may eliminate the half-powers of AR by writing
(4AR)* = (4AR)*(4AR)"% = (4AR)* Re(~CY0.1 ()", C€T,
it follows that J;; € POL(X; j4+1). O

6.11. Taylor expansion of the density in the master equation. We recall from §6.4
the function

Me0(¢) = 2Rehy 0 6,0(C) = 2((Ro (€)= 322) +og ( Re (= Crbun( OV, (0)) )-
We compute the Taylor coefficients fIN for (j,1) € P2, given implicitly by
M) = D tT0a(¢) +O(IsI™ = + |t ).
(1) €T2x
This will determine what the master equation for the Taylor coefficients (6.4.2) entails for
the coefficient functions b;, and ﬁpﬂ for k < k and (j,1) € Yor+1-
We recall that the Taylor coefficients $;, b0, J5,0, Rj,0, and s;; have appeared above

in Propositions 6.9.1 and 6.10.1. See in addition the explicit formulee (6.10.4), (6.10.5),
(6.10.6), and (6.10.8).

Proposition 6.11.1. The coefficients ﬂj,l(C) i the above expansion are given explicitly as
follows. For j =1=0, we have

To,0(¢) = 2Rebo(¢) + log Re(—Cdo.1(C)),
while for 1 =0 and j = 1,2,3,... the coefficient function is given by
1T;0(¢) = 2Reb;(¢) + T; 0,

where T = hjo — Rj o0+ Jj0 € POL(j — 1,%,1). Moreover, for j = 0,1,2,... and
1=1,2,3,... the coefficient function f[jJ is given by

I = —2(4AR(C))* Re((y1,-1(0) + Ty
where T;; = 9, — 55, + J;1 € POL(4,%), with ¥ as the index set

Y= {(pa Q) € Ej-‘rl,l U Ej,l-‘,—l : (p7 Q) <L (.7 + 1al - 1)}

Proof. The formula for ﬁo,o = II, 4|s=¢=0 is immediate from the definition (6.4.1). Indeed,
10,0(¢) = ¢, and the formula (6.4.1) reads, where hy = 2Relog fs,

Io,0(¢) = ho(¢) + log (Re ( — &50,1(0))7

where we use the fact that g = 0 according to Proposition 6.9.1. The conclusion now
follows by obberving that ho(¢) = 2Reby(C).
The coefficients II; o for j > 1 are given by

Hj0 =950 —Rj0+ Jjo0-
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The main contribution will come from the term §); o, and we need to prove that the remain-
der of this term, as well as both terms 9R; ¢ and ;¢ belong to the polynomial complexity
class POL(j — 1,3, 1). By Proposition 6.10.1, it follows that
941 =2Rebj + b,
with h;; € POL(j — 1,%;0). Moreover, by Proposition 6.9.1 and Proposition 6.10.1, re-
spectively, it follows that
mj’() S POL(EJ’()) - POL(] -1, Ej’l), and :jj’() S POL(EJJ) C POL(] — 172j11)

and hence the claim follows.
We next turn to the coefficients T1;; with (j,1) € P2x for which [ > 1. The main term of

=90 — R+,
will come from the term 93, while the total remainder, consisting of the remainder from

the term 9R;; together with the full terms $);; and J;,;, is supposed to lie in the correct
polynomial complexity class POL(j, 3), where

Y={(p,q) € Ej+1,U%j 11 (p,g) <u (G + 1,1 -1}
By Proposition 6.10.1, we have for such indices (j,1) that
Rj1 = —2(4Re R)* Re(Ctjs1.1-1) + 551,
where s;; € POL(j, X). By Proposition 6.10.1 it also follows that
$;. € POL(4,%;,;) C POL(4,%), and J,; € POL(E;;4+1) C POL(j, ).
which proves the claim. O

6.12. Algorithmic resolution of the master equation. We are now ready to make the
algorithm outlined in §6.4 rigorous. We recall the master equation for the Taylor coefficients
(6.4.2)

i1, = —1 log(4r) for ¢ €T and (4,1) = (0,0),
’ 0 for ¢ €T and (j,1) € Y2 \ {(0,0)}.
In order to solve this system, we solve for the coeflicient functions of h, and 1), iteratively,
according to the algorithm outlined in §6.4.

Proof of Proposition 6.2.1. In view of Propositions 6.2.3 and 6.8.1, the conformal mapping
10,+ and its Taylor coefficients 1&0’1 forl =0,1,...,2k+1 with respect to the time parameter
t of the flow are well-defined, and they satisfy the required smoothness properties: for ¢t near
0, the conformal mapping 1)y ; extends holomorphically across the boundary T to an exterior
disk De (0, \/01) according to Proposition 6.3.1. In addition, the derivative 1y ; remains
uniformly bounded as long as the weight R is confined to a uniform family in W(go, 09)
for fixed gy and oy. Moreover, the coefficient functions 1/30)1 extend holomorphically to
D¢ (0, 01), by Remark 6.1.4. This completes STEP 1 of the algorithmic procedure.

Turning our attention to STEP 2, we recall from Proposition 6.8.1 that on the circle T,
we have Re(—Co1) = (4AR(C))™=. Hence, by Proposition 6.11.1 the equation Iy =

— 3 log(4) is equivalent to

2Reby — 3 log(4AR) = —% log(4m) on T.
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Since we want the function fs to be zero-free in the exterior disk and real at infinity, this
tell us that

bo = — 1 log(4m) + 1Hp, [log(4AR)].

We note that this automatically gives the normalization Im bg(c0) = 0. By Proposition 6.1.5
and Remark 6.1.4, it follows that by extends holomorphically to the exterior disk D, (0, g1).
Moreover, by clearly remains uniformly bounded provided that R is confined to a uniform
family in W(g9, 00). This completes STEP 2.

We proceed to STEP 3 of the algorithmic procedure. We are now in the following
situation. For some jy > 1, our known data set is POL(jo — 1, %), where

S ={0,0) €12 : (4:1) <1 (jo,0)}

and all elements of POL(jy — 1,%) meet the required extension conditions. In particular,
all the functions by, ...,bj,—1 and ﬁj’l for all (,1) € Yar41 with (4,1) <1 (Jjo,0) are already
known. In addition, the relations (6.4.2) are met for all (j,1) € Y2, with (j,1) < (jo—1,1).
We will now show how this allows us to obtain the relations (6.4.2) for all subsequent indices
(4,1) € Yor with (j,1) <L (Jjo,0), by making appropriate choices of the functions 1[}j0_’l for
I > 0 with (jo,!) € Y2xt+1. The additional indices for which we need to solve (6.4.2) are
those (j,1) € Y2x of the form (j,1) = (jo — 1,1+ 1), where [ > 0.

To achieve this, we assume that for all [ with 0 < [ < [y — 1, we have obtained the
coefficient functions 1[)]-0’1 by solving the equation (6.4.2) for the index pair (jo — 1,1+ 1),
and turn to the next equation. This reads ﬂjo,uoﬂ =0, as long as (jo — L,lo+1) € Vok-
At this point, the known data set is POL(jo — 1,%’), where

' ={(j,1) € Pant1: (4, 1) <v (o, lo)}

If Iy is too large for (jo,lo) € Y2x+1 to hold, we are in fact done, we don’t need to obtain
1/}]40710 for such indices. On the other hand, if (jo,lo) € Y2x+1 We proceed as follows. By
Proposition 6.11.1, the equation ﬁjo_l,lo_l,_l = 0 may be written in the form

Ty 11041 = —2(44AR)? Re(Ctjo 1y) + Tjo—11041 =0 on T,

where T, 1,41 € POL(jo — 1,%’). We provide a solution to this equation by the formula

i T'o*l’loJrl
(6.12.1) $joto = 5CHp, [W}

The function T 1,41 has a polarization which is holomorphic in (z,w) for (z,w) €
A(gl,ol), and the same holds for the weight R. As a consequence, it follows that 1%07;0
extends holomorphically to the exterior disk D (0, 01), and that 1, ;,(¢) = O(|¢]) with an
implicit constant which is uniformly bounded, provided that R is confined to a uniform
family in W(0o, 00)-

The base step Iy = 0 of the induction procedure of STEP 3 is entirely analogous. Indeed,
the known data set is POL(jo—1, ) with ¥ as above, and by Proposition 6.11.1 the relevant
equation ﬁjo—Ll = 0 takes the form

—2(4AR>% Re(g’(/;j()p) + ‘Ijofl)l =0 on T,

where T _11 in particular lies in POL(jy — 1,X). Hence we obtain 1/3j0,0 by the formula
(6.12.1) with [ = 0 replaced by 0.
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We now turn to STEP 4. After the completion of STEP 3, the situation is as follows. the
known data set is POL(jo — 1, %) with

S ={00: (G, < (o +1,0)},

where every element of POL(jy — 1,X) polarizes to A(gl,ol). In addition, the relations
(6.4.2) are met for all (j,1) € y2, with (j,1) < (jo,0). We recall that this in particular
this means that the known data set consists of the coefficient functions by, ...,b;,—1 and
QZJJ-J for (j,1) € Yor41 with (4,1) <i (jo + 1,0) are known. In this step, we need to find the
function bj,, and verify that the relation (6.4.2) is then met with (j,1) = (jo,0). To this
end, we apply Proposition 6.11.1, and observe that the equation (6.4.2) with (4,1) = (jo,0)

is equivalent to having

1,0 =2Re bjo +%5,0=0 onT,

where T, o € POL(jo—1, %), with the same 3 as above. Since POL(jo—1,X) is a collection
of known functions, we hence obtain an equation for the unknown function b;,, with solution

bj, = —3Hb, [Tjo0]-

In view of Proposition 6.1.5 and Remark 6.1.4, the function b;, extends holomorphically to
the exterior disk D, (0, 1), and remains uniformly bounded if the weight R is confined to a
uniform family in W(oo, 0¢). Moreover, we observe that bj, has the required normalization
at infinity: Imb;,(c0) = 0.

We finally turn to STEP 5. The key observation is that we are now in a position to
return to STEP 3 followed by STEP 4, with jy replaced by jo + 1. Since STEP 1 and STEP
2 combine to form the initial data for STEPS 3 AND 4 with jy = 1, the algorithm produces
iteratively the entire set of coefficient functions, and solves in the process all the equations
(6.4.2) for (j,1) € V2.

Equipped with the functions b; for j = 0, ..., &, the conformal mappings 1 and the
coefficients tﬁj,l for (7,1) € Yax+1N{(4,1) : 7 > 1}, we observe that the functions hy and 1,
given by

he(Q) = s7b;(Q)y  Yea(QO) =vou+ D sTt(0)
j=0 (j,l)_E>Yim+1
J1=

are well-defined, and have the desired smoothness and mapping properties. By the Becker-
Pommerenke criterion of Lemma 6.2.5, it is immediate that 1+, as defined, is univalent
in a neighborhood of the closed exterior disk D, for s and ¢ close to 0. As Vs extends
holomorphically to the exterior disk D,(0, \/51), and since 1), ; is a smooth perturbation of
the identity it follows that 1, is univalent on D, (0, g2) and that

¢s,t(De(Ov 02)) C De(0, 01)

for s,t close to 0, provided that g5 is chosen appropriately with /o1 < 02 < 1.
The conclusion of Proposition 6.2.1 is now an immediate consequence of the relations
(6.4.2) for the Taylor coefficients of the logarithm of the function

exp(IT,(0)) = £ 0 e ()2 {EVQO=35Y Re (— Coy5, ()T 1(0))

for ¢ € T, in the variables (s,t) near (0,0), as verified in the above algorithm. O
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6.13. Implementation of the orthogonal foliation flow for R = R.. It remains only
to prove the key lemma (Lemma 3.4.1). The hard work was completed in the previous
subsection. The existence of the orthogonal foliation flow now follows if we use s = 1/m as

our quantization parameter.

Proof of Lemma 3.4.1. We first claim that Qo ¢! is uniformly real-analytic in the exterior
disk De (0, po,0) for 7 € I,. By this we mean that there exists a number og g > 0 such that
Qo ¢, has a polarization which is uniformly bounded on the 20 ¢-fattened diagonal annulus
A(po)o, 00,0) (see Definition 6.1.1). Let p1 ¢ be the number given by p; o := max {P0,0, ((1+
030)% + 00,0)"'}. Moreover, the function Q¥ o ¢!, which is the harmonic extension
of Qo ¢t to the exterior disk D, is uniformly bounded on A(pl,o,ooyo) in view of
Proposition 6.1.2 and an elementary decomposition of harmonic functions into holomorphic
and conjugate holomorphic functions. In view of (2.1.2), the same holds for QT o ¢t
and consequently also for R, = (Q — Q,) o ¢;'. In view of the uniform flatness of R,
near the unit circle, the function R, defined by the relation R,(¢) = (1 — [¢|*)?R,0(¢)
enjoys the same property as well, namely that its polarization is uniformly bounded on
A(Pl,o, 00,0)- By possibly replacing o ¢ by a smaller positive number o} o we may guarantee
that the polarization of R, o remains bounded away from zero in the slightly smaller fattened
diagonal annulus A(pw,al,o). If necessary, we replace p1 by the larger number ps g =
max{p1,0, ((1+ aio)% +01,0) "1}, which is still smaller than 1.

In view of the above considerations and the uniform bounds from Proposition 3.3.1,
the family R, for 7 € I, constitute a uniform family in W(go,0¢) where g9 = p2, and
0o = 01,0. By Proposition 6.1.5 we obtain numbers g; and o; with 0 < ¢y <1 and o7 > 0.
We set pp = p1 and apply Proposition 6.2.1 to obtain the desired conformal mappings
Umont = Vst and féf >n = fs with associated asymptotic expansion to precision x, where
s = m~!. Here, the function fﬁ,ﬁ ) is holomorphic and bounded on D, (0, pg), positive at
infinity and bounded away from zero in the entire exterior disk D, (0, pg). Moreover, the flow
equation (3.4.2) of Lemma 3.4.1 holds to the desired accuracy, in view of Proposition 6.2.1

with s = m~1. O

7. CONNECTION WITH SOFT RIEMANN-HILBERT PROBLEMS

7.1. Matrix 0-problems and orthogonal polynomials. Given the successful applica-
tion of Riemann-Hilbert problem methods to the study of orthogonal polynomials in the
context of the real line and the unit circle, it has been proposed that the planar orthogonal
polynomials should be approached in a similar fashion. Following Its and Takhtajan [39],
we consider a matrix d-problem (or a soft Riemann-Hilbert problem) and see how it fits in
with our orthogonal foliation flow.

A polynomial is said to be monic if it has leading coefficient equal to 1. So, let mp,
denote the monic orthogonal polynomial of degree n with respect to the measure e=2"% dA
where @ is assumed 1-admissible. In other words, 7, , is given by

men(z) = H;v,}npm,n(z)7

where K,y ,, is the leading coefficient of the normalized orthogonal polynomial P, .
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If f € LP(C) for some 1 < p < 2, we let Cf be its Cauchy transform, given by

f(w)
Cf() = [ 7 da(w)
which is well-defined almost everywhere and represents a function which is locally in the
Sobolev space WP, The importance of the Cauchy transform comes from the fact that in
the sense of distribution theory, OCf = f.
In [39], Its and Takhtajan propose to study the asymptotics of 7y, , starting from the
observation that the matrix-valued function

(711) Ymn(z) _ ( Fm,n(z) *C[ﬁm’ne*QmQ] (Z) )

' _“iz,n—lﬂm,nfl(z) ’{En,n—lc[ﬁm,n71672mQ] (2),
solves the O-problem

Y (z) = =Y (2)W(z), for z € C,
7.1.2 n
( ) Y(z)=(I+0(z71)) . 0 . as |z| = +oo,

—n

where W(z) = W,,,(2) is the matrix-valued function

—amQ(2)
W) = (2 ¢ .
0 0

Moreover, the solution is unique, as shown in [39]. We remark that classical Riemann-
Hilbert problems where a jump occurs on a curve I' may be phrased as 0-problems where
JY (z) is understood as a matrix-valued measure supported on I', and the above problem
is a natural generalization to a more genuinely two-dimensional situation.

The idea that underlies the Its-Takhtajan approach, as well as the classical Riemann-
Hilbert approach to orthogonal polynomials, is the expectation that one may constructively
obtain an approximate solution ¥ = Y, ,,(2) to the problem (7.1.1) (or the corresponding

RHP), which should then produce an entry (Y;,,)1,1 which is approximately equal to

T (2)-

7.2. Integration of Riemann-Hilbert problems along curve families. Unfortunately,
it has proven difficult to solve the problem (7.1.1) constructively. The following simple ob-
servation shows how our orthogonal foliation flow reduces the d-problem to a family of more
classical Riemann-Hilbert problems along closed curves.

In order to describe this problem, we denote by J(z) a 2 x 2 jump matrix and let T be
an oriented smooth simple closed curve in C. We denote by QT and Q~ the interior and
exterior components of the complement C \ T', respectively. If f is a function defined on
C\ T, which is continuous up to the boundary I' as seen from each component, we define
the two boundary value functions f* and f~ on I by

fH(Q) = lim f(z), (el

z—(
2eQ*



ASYMPTOTICS OF PLANAR ORTHOGONAL POLYNOMIALS 73

We consider the Riemann-Hilbert problem of finding a 2 x 2 matrix-valued function Y (z)
which meets

Y is holomorphic on C\ T,

(7.2.1) YH(z) =Y (2) + Y (2)J(2), for z € T,

z" 0
Y(2)=(I+0(z71Y)) , as|z| = +oo.
0 =z
In order to analyze this problem, we need a variant of the Cauchy transform, which applies
to functions defined on I'. For smooth I' and reasonable f, we write

Cpf(z):%lri/ri(widw, z e C\T.

As is well-known, the classical Plemelj formula is a useful tool in the study of Riemann-
Hilbert problems:

(7.22) (Crf)*(2) = (Crf)~(2) + f(2).

We now connect the more classical Riemann-Hilbert problem (7.2.1) with the matrix O-
problem (7.1.2).

Proposition 7.2.1. Let {T'i}1cr be a smooth strictly expanding flow of positively oriented
simple closed curves, and denote by D the union D = | J,;I't. Let w(z) denote a smooth
positive function on D, and denote by £ : D — C the vector field vij, where n(z) denotes
the outward unit normal field to the curve family and v denotes the scalar normal velocity
of the flow. Then, for each t € I, there is a unique solution Y(z) to the Riemann-Hilbert

problem (7.2.1) with jump matriz
g 0 2w .
0 0

Moreover, if there exists a continuous positive function \(t) such that (Y;)1,1 and A(t)(Y:)2.1
are independent of t, then the matriz-valued function

Y (2) :A;l/IA(t)Yt(z)dztA;1

1
0 lpw , provided that
0 0

(1 0 (1 0 _ (Ml o
Mt)(o A(t))’ Al(o f,A(t)dt)’ A2<0 1)'

Proof. We first establish the existence of solutions to the problem (7.2.1) of T';, which may

is the unique solution to (7.1.2), with W = (

be expressed in terms of a family of ¢-dependent orthogonal polynomials. We recall that &
factors as v7, where v denotes the speed of the boundary in the normal direction while n
denotes the outward pointing unit normal field. Since arc-length measure |dz| on T'; relates
to the complex line element dz by dz = 7|dz| where T denotes the unit tangent vector field
along I'y, it follows that

1

1
%dz = %(—zﬁ')\d,ﬂ =nds
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= %. From this it follows that (2mi)~1¢ dz = v ds, and

we may consequently define an inner product by

where we recall the convention ds

_ 1 _
(f:9)e:= | f(2)g(2)v(2)ds(2) = 5— / f(2)g(2)¢(2)dz=.
T, 271 T,
Let {w;’t}n denote the sequence of monic orthogonal polynomials with respect to this inner
product, such that 7, , has degree n, and denote by r7, ;, the sequence of leading coefficient of
the corresponding normalized orthogonal polynomials Py, = 7, 7y ;. It is straightforward

to check that the function
2Cr, [} wé] )

ﬂ:;,,t
_%(’{:Lfl,t)%r;:fl,t _(Kzfl,t)zcl‘t[77271,#5](2)
supplies a solution to the Riemann-Hilbert problem (7.2.1).

As for the uniqueness, it is clear from Plemelj’s formula (7.2.2) and the jump condition
that any solution Y;(z) must take the form

() (=) + 200, [awe)(2)
Yilz) = (bt(z) vi(2) +2Cr, [bwf}(z)) ’

where ay, by, us, v; are entire functions. From the growth constraint at infinity, we see that
these four functions are all polynomials. Moreover, u; = v; = 0 for the same reason. A
standard expansion of the Cauchy kernel at infinity shows that a; is a monic polynomial of
degree n which is orthogonal to the lower degree polynomials Pol,, with respect to wfdz on
[';. It follows that a; = 7}, ;. Analogously, b; is given by b; = —%(ﬁfklyt)Qﬁkat. We have
established the unique solvability of the Riemann-Hilbert problem (7.2.1) with the given
jump matrix.

Next, we turn to the connection with the d-problem (7.1.2). Under the assumption that
(Y:)1,1 = ax = A is independent of ¢, and that for some t-dependent parameter A(t), the

expression A(t)(Y;)2,1 = A(t)b, = B is also independent of ¢, we may consequently write

A(z) 2Cr, [2@5}(@) |

A(t)Yi(z) = (B(Z) 2Cr, [Bwé](2)

where we recall that A(¢) is the matrix given in the proposition. Recall that we may
integrate over the flow {T';}; using the disintegration

/tel (2/FtU(Z)V(Z)dS> dt = /Du(z)dA(z)’

for functions u such that the indicated integrals have a well-defined meaning. It now follows
that if (\); = [; A(t)dt, the matrix-valued function

7| B(z) —Cl[Bwlp](2)

_( A(z) ~ClAw1p](2) )
(NN~ B(z) —((N 1)~ C[Bwlpl(2)

solves
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with asymptotics

n
N 0
Y(z)= (I—|— O(z_l)) ZO o as |z| = 400,
z
as a consequence of the corresponding asymptotics of Y; for each ¢t € I. ]

Remark 7.2.2. (a) For the orthogonal foliation flow, in the context of a neighborhood of the
boundary curve of the droplet S, with 7 = >, the (approximate) orthogonal polynomial
of degree n is also approximately orthogonal to the lower degree polynomials along the
individual flow loops corresponding to w = e~ 2™, So, in view of Proposition 7.2.1, the

conditions
(7.2.3) (Y11 =0, 9 (At)(Ye)21) =0

should be met at least approximately for some appropriate scalar-valued function A(¢) (cf.
the presentation in §1.6). Alternatively, we could use (7.2.3) as a criterion to define a flow
of curves. In the given setting, this should give us back our orthogonal foliation flow. In
other words, (7.2.3) should be analogous to the condition (6.4.2), once the Riemann-Hilbert
problems of Proposition 7.2.1 are approximately solved in a constructive fashion, and we
would expect that in an approximate sense,

Ft ~ ¢;1(wm,n,—t(’]r))'

It is entirely possible that the conditions (7.2.3) would be more stable close to the zeros
of the orthogonal polynomial 7,,,. For instance, this might be the case with a highly
eccentric ellipse.

(b) In their work, Its and Takhtajan use a bounded domain 2 to address possible conver-
gence issues. Here, the potential () grows sufficiently rapidly, so there is no need for us to
consider such a truncation.
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