
GOOD HILBERT FUNCTORS

GUSTAV SÆDÉN STÅHL

Abstract. We introduce the good Hilbert functor and prove that it is algebraic. This
functor generalizes various versions of the Hilbert moduli problem, such as the multi-
graded Hilbert scheme and the invariant Hilbert scheme. Moreover, we generalize a result
concerning formal GAGA for good moduli spaces.

1. Introduction

In this paper we introduce the following variant of the Hilbert moduli problem. Let X
be an algebraic stack over a scheme S, and suppose that X admits a good moduli space
φ : X → X. The good Hilbert functor is the functor Hilbgood

X : Schop
S → Set that sends an

S-scheme T to the set of closed substacks Z ⊆ XT that have proper good moduli spaces.
That is, we consider the set of closed substacks Z fitting into the the following commutative
diagram

Z �
�

//

��

XT

φT
��

Z �
�

//

!!

XT

��

T

where
• Z → T is flat and finitely presented, and
• Z → T is proper, where Z := φT (Z ) is the good moduli space of Z .

The main result of this paper is then the following.

Theorem A. Let S be a scheme of finite type over a field k, and let X be an algebraic
stack of finite type over S. Suppose that X has affine diagonal, has the resolution property,
and admits a good moduli space X → X, such that X → S is separated. Then, the functor
Hilbgood

X is an algebraic space that is locally of finite presentation over S.

The assumptions of the theorem implies that X is quasi-compact, quasi-separated, and
noetherian. A noetherian algebraic stack X has the resolution property if every coherent
sheaf F on X has a surjection E � F from a locally free sheaf E [Tot04].
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Background. The Hilbert moduli problem seeks to parametrize all closed subschemes of
projective space. More generally, given an algebraic stack X over a scheme S, the Hilbert
functor HilbX : Schop

S → Set sends an S-scheme T to the set of closed substacks Z ⊆ XT

such that the composition Z ↪→XT → T is flat, finitely presented, and proper. The Hilbert
functor is an algebraic space when X → S is separated and locally of finite presentation
[Ols05]. On the other hand, the Hilbert functor is never algebraic if X → S is non-seperated
[LS08]. See also [HR14a, HR15]. The reason that the algebraicity fails is that formal GAGA
does not hold when X → S is non-separated. In fact, Grothendieck’s existence theorem
says that formal GAGA holds for separated morphisms X → Spec(A) of finite type.

When X = U is a scheme, many variations of the Hilbert functor have been studied in
great detail. In particular, when U = Spec(R) is affine we have the multigraded Hilbert
scheme [HS04] and the invariant Hilbert scheme [AB05], [Bri13]. The multigraded case
studies closed subschemes of an affine space whose defining ideals have a given Hilbert
function with respect to a grading by an abelian group. The invariant Hilbert scheme is a
generalization of this and parametrizes closed subschemes that are invariant under an action
of a linearly reductive group G. By considering the quotient stack of U by G, we have that
every G-invariant closed subscheme V ⊆ U corresponds to a closed substack Z ⊆ [U/G].
In fact, there is a cartesian square

V

��

// U

��

Z // [U/G]

and Z = [V/G]. Thus, parametrizing invariant closed subschemes V is equivalent with
parametrizing closed substacks Z ⊆ [U/G]. However, when the group G is non-proper,
then [U/G]→ Spec(A) is non-separated, so the Hilbert functor Hilb[U/G] is not algebraic.
What will save us is that [U/G] admits a good moduli space, in the form of the GIT quotient
[U/G]→ U//G, which is separated over Spec(A). Good moduli space morphisms have many
properties similar to those of proper morphisms, and in [GZB15] the authors showed that
formal GAGA holds, under certain conditions, when X → Spec(A) is a good moduli space.
That setting is not sufficiently general for us, but we will generalize their result.

This paper. We introduce the good Hilbert functor which is similar to the classical one.
Indeed, there is an inclusion HilbX ⊆ Hilbgood

X of functors, with equality if X → S is proper.
The classical Hilbert functor is not algebraic when X → S is non-separated, but in

Theorem A we show instead that the good Hilbert functor is algebraic under some other
assumptions on X . The main problem needed to be worked out in order to show this is a
version of formal GAGA for algebraic stacks that admit good moduli spaces. For instance,
we show the following.

Theorem B. Let A be a complete local noetherian ring, and let X be a noetherian al-
gebraic stack over Spec(A). Suppose also that X has the resolution property and that X
admits a good moduli space X that is proper over Spec(A). Then, the completion functor
Coh(X )→ Coh(X̂ ) is an equivalence of categories.
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This result is not sufficiently general for what we require, but in Theorem 5.4 we prove a
stronger version of this theorem, where X → Spec(A) is only separated and of finite type,
and we show that there is an equivalence between the coherent sheaves that have supports
admitting good moduli spaces that are proper over Spec(A).

Returning to the invariant Hilbert scheme, we consider the quotient stack X = [U/G],
where U = Spec(A) and G is a linearly reductive group. We then recover the invariant
Hilbert scheme as part of a stratification of Hilbgood

[U/G]. This is explained in Section 7.

Acknowledgements. I am indebted to David Rydh for all the invaluable discussions and
helpful feedback while writing this paper. Moreover, I thank Jack Hall for his many insightful
comments.

Conventions and notation

We will always assume that the algebraic stack X is quasi-compact and quasi-separated.
Given an S-scheme T , we write XT = X ×S T for the base change. If T = Spec(A) is affine,
then we also write XA = XT . Given two sheaves F and G, we let Hom(F ,G) denote the set
of morphisms from F to G, and we let Hom(F ,G) denote the sheaf T 7→ Hom(F|T ,G|T ).

The paper [Alp13] follows the conventions of [LMB00] and assumes that all stacks have
quasi-compact and separated diagonal. As all our results will build on this paper, we will
make the same assumptions. However, the results of [Alp13] should remain true without the
separatedness assumption, and the same would then hold here. Regardless, many results in
Section 6, in particular Theorem A, will assume that the stack has even affine diagonal.

2. Good moduli spaces

Good moduli spaces were introduced by Alper in [Alp13]. A good moduli space of
an algebraic stack X over a scheme S is a quasi-compact and quasi-separated morphism
φ : X → X, where X is an algebraic space over S, such that

(1) the natural map OX → φ∗OX is an isomorphism, and
(2) the functor φ∗ : QCoh(X )→ QCoh(X) on quasi-coherent sheaves is exact.

Good moduli spaces are generalizations of GIT-quotients as explained in op. cit. Moreover,
even though good moduli space morphisms are generally non-separated, they have many
properties similar to those of proper morphisms. For us, they are important since they
behave well with respect to formal GAGA, as will be explained in Sections 4 and 5.

Assuming that X and S are noetherian we here list a few results concerning the good
moduli space of X that will be used throughout the text. The references to these results
are all, except number (7), with respect to op. cit.

(1) The good moduli space X is unique up to canonical isomorphism [Theorem 6.6].
(2) The map φ is surjective and universally closed [Theorem 4.16(i+ii)].
(3) If T is an S-scheme, then the base-change φT : XT → XT is a good moduli space

[Proposition 4.7(i)].
(4) If Z is a closed substack of X , then Z → Z := φ(Z ) is a good moduli space

[Lemma 4.14].
(5) The push-forward functor φ∗ takes coherent sheaves on X to coherent sheaves on X

[Theorem 4.16(x)].
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(6) The projection morphism φ∗F ⊗ G → φ∗(F ⊗ φ∗G) is an isomorphism for all quasi-
coherent sheaves F ∈ QCoh(X ) and G ∈ QCoh(X) [Proposition 4.5].

(7) If X → S is of finite type, then X → S is of finite type [Alp14, Theorem 6.3.3].

3. Artin’s criteria for algebraicity

In [Art69], Artin gave criteria for when a functor Schop
S → Set is an algebraic space.

He later extended these results in [Art74] to give a criterion for when a category fibered in
groupoids over SchS is an algebraic stack. This criterion was studied in [Hal14], where a
more streamlined version was presented. We state this criterion for the sake of completeness.

Theorem 3.1 ([Hal14, Theorem A]). Let C be a category fibered in groupoids over SchS,
where S is excellent (see Remark 3.2). Then, C is an algebraic stack, locally of finite pre-
sentation over S, if and only if the following conditions are satisfied.

(1) [Stack] C is a stack.
(2) [Limit preservation] For any inverse system of affine S-schemes {SpecAj}j∈J with

lim←−j Spec(Aj) = Spec(A), the natural functor

lim−→jC (SpecAj)→ C (SpecA)

is an equivalence of categories.
(3) [Homogeneity] For any diagram of affine S-schemes

Spec(B) Spec(A)oo i // Spec(A′),

where i is a nilpotent closed immersion, the natural functor

C
(
Spec(B ×A A′)

)
→ C (SpecB)×C (SpecA) C (SpecA′)

is an equivalence of categories.
(4) [Effectivity] For any complete noetherian local ring (B,m) with an S-scheme struc-

ture Spec(B)→ S, such that the induced morphism Spec(B/m)→ S is of finite type,
the natural functor

C (SpecB)→ lim←−nC (SpecB/mn)

is an equivalence of categories.
(5) [Conditions on automorphisms and deformations] For any affine S-scheme T that

is of finite type over S, and ξ ∈ C (T ), the functors AutC /S(ξ,−) and DefC /S(ξ,−)
from QCoh(T ) to Ab are coherent.

(6) [Conditions on obstructions] For any affine S-scheme T that is of finite type over S,
and ξ ∈ C (T ), there exists an integer n and a coherent n-step obstruction theory
for C at ξ.

Remark 3.2. We refer to [GW10, Definition 12.49] for a definition of an excellent scheme.
A scheme of finite type over a field is excellent, which is the setting we will consider in this
paper.

A category fibered in setoids over SchS is equivalent to a functor Schop
S → Set. Moreover,

this equivalence restricts to an equivalence between algebraic stacks fibered in setoids and
algebraic spaces. Thus, we have the following immediate consequence.
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Corollary 3.3. Let F : Schop
S → Set be a functor, where S is excellent. Then, F is an

algebraic space that is locally of finite presentation over S if and only if F is a sheaf in
the étale topology, and the analogous versions of properties 2-6 in Theorem 3.1, given by
replacing “equivalence of categories” with “bijections” and removing the condition on the
automorphisms, are satisfied.

We will in Section 6 show that the good Hilbert functor Hilbgood
X satisfies the properties

of Corollary 3.3, and is therefore an algebraic space. All properties except condition 4 turn
out to follow from previous work. Indeed, condition 1 is a standard descent argument (both
for stacks and for sheaves). Condition 2 is equivalent to C being locally finitely presented,
and can also be shown by standard methods, see e.g. [Ryd15, Appendix B]. In [Hal14], Hall
also stated the following results that are helpful when verifying conditions 3, 5, and 6.

Proposition 3.4. Fix an algebraic stack f : X → S, and let Morflb,lfpb
X be the fibered cat-

egory consisting of pairs (T,Z → XT ) where T is an S-scheme, Z → XT is a morphism
of algebraic stacks, and the composition Z → XT → T is flat and locally finitely pre-
sented. Then, Morflb,lfpb

X satisfies property 3. Moreover, given a formally étale morphism
C → Morflb,lfpb

X of categories fibered in groupoids, then 3 is also satisfied for C .

Proof. This is proved in [Hal14]. More specifically, it is a combination of Lemma 9.3,
Lemma A.6, and Lemma 1.5(9) in op. cit. �

Proposition 3.5. With the notation of Proposition 3.4. The automorphisms, deformations,
and a 2-step obstruction theory of an object (T, g : Z → XT ) ∈ Morflb,lfpb

X are given by
certain functors of the form

ExtnOZ

(
F , g∗f∗T (−)

)
: QCoh(T )→ Ab,

where n = 0, 1, 2, and F is a bounded complex with coherent cohomology. Moreover, if
C → Morflb,lfpb

X is formally étale, then these functors also describe automorphisms, defor-
mations and a 2-step obstruction theory for C .

Proof. The first part is proved in Section 9 of [Hal14], while the second part is a combination
of Lemma 6.3 and Lemma 6.11 in op. cit. �

We will in our Lemma 6.5 show that the inclusion Hilbgood
X → Morflb,lfpb

X is formally étale,
which by the above implies that many of the properties in Artin’s criterion hold for the good
Hilbert functor. However, showing that the functors in Proposition 3.5 are coherent is not
trivial, but for the good Hilbert functor this follows by earlier results, cf. Lemma 6.6. Thus,
the only remaining problem is showing condition 4, which requires formal GAGA.

4. Formal GAGA

Let A be a complete local noetherian ring with maximal ideal m, and consider an algebraic
stack f : X → Spec(A) of finite type. Then, we let X0 = f−1

(
V (m)

)
be the closed substack

given by the inverse image of the unique closed point of Spec(A), and let I ⊆ OX be the
corresponding ideal sheaf. Given a coherent sheaf F on X , we define the completion of F
along X0 as the sheaf

F̂ := lim←−nF/I
n+1F
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on Xlis-ét. In particular, we define the sheaf (of rings)

O
X̂

:= ÔX = lim←−nOX /In+1.

Given an algebraic stack X , we define the completion of X along X0 as the ringed topos
X̂ = (Xlis-ét,OX̂

), see [Con05]. This constuction gives a natural completion functor
Coh(X ) → Coh(X̂ ) defined by F 7→ F̂ . As we are working over a fixed scheme Spec(A)
with a unique closed point, the substack X0 is uniquely defined and we will talk about
completions without referring to X0 in the sequel.

Moreover, letting
Xn = X ×Spec(A) Spec(A/mn+1),

we get a sequence X0 → X1 → X2 → · · · of closed immersions. We define the category of
compatible systems lim←−nCoh(Xn) consisting of sequences (Fn) where Fn ∈ Coh(Xn) and
Fn+1/In+1Fn+1 = Fn for all n ≥ 0. In other words, a compatible system (Fn) is a sequence
of coherent sheaves such that Fn⊗OXn

OXm = Fm for all m ≤ n. Studying such compatible
systems is equivalent to studying coherent sheaves on X̂ , as the following result shows.

Theorem 4.1 ([Con05, Theorem 2.3]). The natural functor

Coh(X̂ )→ lim←−nCoh(Xn),

is an equivalence of categories.

We will call a compatible system (Fn) algebraizable if there is some F ∈ Coh(X ) such
that F/In+1F = Fn for all n, that is, if the system (Fn) lies in the essential image of the
natural functor Coh(X )→ lim←−nCoh(Xn).

Given a coherent sheaf F ∈ Coh(X ), we have the annihilator ideal sheaf

AnnOX
(F) = ker

(
OX → EndOX

(F)
)

and we define the support of F as the closed subset Supp(F) ⊆ |X | defined by AnnOX
(F).

Remark 4.2. Equivalently, one can define the support of F as the complement of the under-
lying set of the largest open substack U ⊆X where F vanishes.

The support will by construction commute with flat base change. That is, given a flat
morphism f : Y → X , then Supp(f∗F) = f−1(SuppF). In fact, similarly to the case for
schemes, flatness is not required.

Lemma 4.3. Let f : Y → X be a morphism of algebraic stacks and let F be a coherent
sheaf on X . Then, Supp(f∗F) = f−1(SuppF).

Proof. Let u : U → X be a smooth surjection with U a scheme, and let V → U ×X Y be
a smooth surjection with V a scheme. Then, we have a commutative diagram

V
v //

g

��

Y

f
��

U
u // X

where both u : U →X and v : V → Y are flat and surjective. Supports commute with flat
base change, so Supp(u∗F) = u−1(SuppF) and Supp(v∗f∗F) = v−1(Supp f∗F).
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Moreover, supports of coherent sheaves on schemes commute with arbitrary base change
[Sta16, Tag 0BUR], so Supp(g∗u∗F) = g−1(u∗ SuppF). Putting these together, we get

v−1(Supp f∗F) = Supp(v∗f∗F) = Supp(g∗u∗F) = g−1u−1(SuppF) = v−1f−1(SuppF).

Since v is surjective it now follows that Supp(f∗F) = f−1(SuppF). �

The support of a coherent sheaf can be given the structure of a closed substack by giving
it the reduced structure, and we let Cohps(X ) denote the full subcategory of Cohps(X )
consisting of the coherent sheaves with proper support. That is, we let Cohps(X ) consist
of those F for which Supp(F)→ Spec(A) is proper.

Remark 4.4. The choice of stack structure on the support is irrelevant for asking when
Supp(F)→ Spec(A) is proper. Indeed, a morphism being separated and universally closed
depends on the underlying topological spaces, and being of finite type is automatic here.

We let Cohps(X̂ ) := lim←−nCohps(Xn). A classical result within the theory of formal
GAGA is Grothendieck’s existence theorem, which states that the completion functor

Cohps(X )→ Cohps(X̂ )

is an equivalence of categories if X → Spec(A) is separated and of finite type. In particular,
if X → Spec(A) is proper, then there is an equivalence Coh(X ) → Coh(X̂ ). This was
originally proved for schemes by Grothendieck [Gro61], and for algebraic spaces by Knutson
[Knu71]. Later, this was generalized to Deligne-Mumford stacks by Olsson and Starr in
[OS03] and to algebraic stacks by Olsson in [Ols05], [Ols06, Appendix A].

In [GZB15] a version of Grothendieck’s existence theorem was proved when X → Spec(A)
is not separated, but instead when Spec(A) is a good moduli space of X . More specifically,
they showed that if X is a noetherian algebraic stack with the resolution property, and
X → Spec(A) is a good moduli space, then there is an equivalence Coh(X )→ Coh(X̂ ).
In that paper it was also remarked that this could be generalized to when X admits a good
moduli space X → X, such that X → Spec(A) is separated and of finite type. We will
make this claim precise in the next section. Before that we state a useful result which is a
special case of more general facts explained in [GZB15].

Lemma 4.5 ([GZB15, Lemma 3.2-Remark 3.5]). Let X be a noetherian algebraic stack.
Then, the completion functor Coh(X )→ Coh(X̂ ) is exact. Moreover, the canonical map

HomOX
(F ,G)∧ →HomO

X̂
(F̂ , Ĝ)

is an isomorphism for any F ,G ∈ Coh(X ).

5. Formal GAGA for good moduli spaces

Using the setup of the previous section, we will now consider a noetherian algebraic
stack X → Spec(A) that has the resolution property, and that admits a good moduli
space φ : X → X, where X → Spec(A) is separated and of finite type. By Section 2,
the pushforward and pullback of φ restricts to functors φ∗ : Coh(X ) → Coh(X) and
φ∗ : Coh(X)→ Coh(X ) of coherent sheaves.

For Xn = X ×Spec(A) Spec(A/mn+1), we have that φn : Xn → Xn := φ(Xn) is a good
moduli space for any n. With some abuse of notation we will in the sequel write φn = φ.
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Letting I denote the ideal sheaf that defines X0 in X, it follows that the ideal In+1 then
defines Xn in X for all n.

Lemma 5.1. Let φ : X → X be a good moduli space. Given a compatible system (Fn)
of coherent sheaves on X , we have that (φ∗Fn) is a compatible system of coherent sheaves
on X. Moreover, given F ∈ Coh(X ), we have that (φ∗F)⊗OXn = φ∗(F ⊗OXn).

Proof. Let (Fn) be a compatible system of coherent sheaf on Xn. Then, since the projection
morphism is an isomorphism [Alp13, Proposition 4.5], it follows that

(φ∗Fn)⊗OXm = φ∗(Fn ⊗ φ∗OXm) = φ∗(Fn ⊗OXm) = φ∗(Fm)

for m ≤ n. The second statement follows in the same way by [Alp13, Proposition 4.5]. �

When we give the support of a coherent sheaf F ∈ Coh(X ) a stack structure, we get a
good moduli space

Supp(F)→ Suppgood(F) := φ(SuppF),

and we call this algebraic space the good support of F . We define Cohpgs(X ) as the full
subcategory of Coh(X ) consisting of the coherent sheaves with proper good support. That
is, we letCohpgs(X ) consist of coherent sheaves F where Suppgood(F)→ Spec(A) is proper.
There is then an inclusion of categories

Cohps(X ) ⊆ Cohpgs(X ) ⊆ Coh(X ).

If X → Spec(A) is proper, then we have an equality Cohpgs(X ) = Coh(X ), and if X = X
is an algebraic space, then there is an equality Cohps(X) = Cohpgs(X).

Lemma 5.2. Let φ : X → X be a good moduli space.
(1) For F ,G ∈ Cohpgs(X ) we have:

(a) if f : F → G is a morphism, then ker(f), coker(f) ∈ Cohpgs(X ).
(b) F ⊗OX

G, HomOX
(F ,G) ∈ Cohpgs(X ).

(2) φ∗ : Coh(X )→ Coh(X) restricts to a functor φ∗ : Cohpgs(X )→ Cohps(X).
(3) φ∗ : Coh(X)→ Coh(X ) restricts to a functor φ∗ : Cohps(X)→ Cohpgs(X ).

Proof. These all follow by general results on the support.
(1) Good moduli spaces are universally closed, and closed immersions are proper. More-

over, compositions of proper are proper. Using these results we have:
(a) Supp(ker f) is closed in Supp(F), so Suppgood(ker f) is closed in Suppgood(F).

Thus, the composition Suppgood(ker f) ↪→ Suppgood(F) → Spec(A) is proper.
The case of Supp(coker f) follows analogously as it is closed in Supp(G).

(b) Supp(F ⊗OX
G) and Supp

(
HomOX

(F ,G)
)
are closed in Supp(F) ∩ Supp(G).

In particular, they are closed in Supp(F), and the result follows as in (a).
(2) For any F ∈ Cohpgs(X ) we write U = X \ φ(SuppF) and U = X \ Supp(F).

Given Y → U in the étale site of U we have that

φ∗F(Y ) = F(Y ×X X ) = F(Y ×U U ) = 0,

which implies that (φ∗F)|U = 0. The support of φ∗F is the complement of the
largest open subalgebraic space on which φ∗F vanishes, which implies that

Supp(φ∗F) ⊆ φ(SuppF) = Suppgood(F).
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Thus, the composition Supp(φ∗F) ↪→ Suppgood(F)→ Spec(A) is proper.
(3) Take G ∈ Cohps(X). By Lemma 4.3, we have that Suppφ∗G = φ−1(SuppG). Thus,

Suppgood(φ∗G) = φ(Suppφ∗G) = φ
(
φ−1(SuppG)

)
= Supp(G),

and the result follows. �

In the sequel, we will write Cohpgs(X̂ ) := lim←−nCohpgs(Xn).

Proposition 5.3. Suppose that X is a noetherian algebraic stack that admits a good moduli
space φ : X → X, such that X → Spec(A) is separated and of finite type. Then the
completion functor Cohpgs(X )→ Cohpgs(X̂ ) is fully faithful.

Proof. Given any F ,G ∈ Cohpgs(X ), we need to show that we have an equality

HomOX
(F ,G) = HomO

X̂
(F̂ , Ĝ).

With H = HomOX
(F ,G) ∈ Cohpgs(X ), we note that we have an equality of sets

HomOX
(F ,G) = Γ(H) = Γ(φ∗H) = HomOX

(OX , φ∗H).

Since X → S is separated and of finite type, we have that Cohps(X) → Cohps(X̂) is an
equivalence [Knu71, Theorem 6.3]. In particular, Cohps(X) → Cohps(X̂) is fully faithful,
so it follows that

HomOX
(F ,G) = HomOX

(OX , φ∗H) = HomO
X̂

(
O
X̂
, φ̂∗H

)
= Γ

(
φ̂∗H

)
.

As the projection morphism is an isomorphism for good moduli spaces [Alp13, Proposi-
tion 4.5] we have that φ∗(H⊗OXn) = (φ∗H)⊗OXn for all n. Thus,

φ̂∗Ĥ = lim←−nφ∗(H⊗OXn) = lim←−n (φ∗H⊗OXn) = φ̂∗H,

where φ̂∗ : Coh(X̂ )→ Coh(X̂) denotes the induced map. This implies that

HomOX
(F ,G) = Γ

(
φ̂∗H

)
= Γ

(
φ̂∗Ĥ

)
= Γ

(
Ĥ
)

= Γ
(
HomOX

(F ,G)∧
)
.

Lemma 4.5 now gives that

HomOX
(F ,G) = Γ

(
HomOX

(F ,G)∧
)

= Γ
(
HomO

X̂
(F̂ , Ĝ)

)
= HomO

X̂
(F̂ , Ĝ). �

Theorem 5.4. Let A be a complete local noetherian ring, and let X be a noetherian alge-
braic stack over Spec(A). Suppose that X has the resolution property and that X admits
a good moduli space φ : X → X, where X → Spec(A) is separated and of finite type. Then
Cohpgs(X )→ Cohpgs(X̂ ) is an equivalence of categories.

Proof. From Proposition 5.3 we have that the functor Cohpgs(X ) → Cohpgs(X̂ ) is fully
faithful. We will now show that this functor is also essentially surjective. That is, we will
show that every F ∈ Cohpgs(X̂ ) is algebraizable. Such a coherent sheaf F is equivalent to
a compatible system (Fn) with Fn ∈ Cohpgs(Xn) for each n.

Let j0 : X0 → X denote the inclusion. Then j∗F0 is a sheaf on X and by the resolu-
tion property there is a locally free sheaf E ∈ Coh(X ) that surjects onto j∗F0. Letting
En = E ⊗ OXn , we see for any m ≤ n that

Hom(En,Fn)⊗OXm = (E∗n ⊗Fn)⊗OXm = E∗m ⊗Fm = Hom(Em,Fm).
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Thus,
(
Hom(En,Fn)

)
is a compatible system of coherent sheaves on (Xn), and Lemma 5.1

then implies that
(
φ∗Hom(En,Fn)

)
is a compatible system on (Xn). As X → S is separated

and of finite type this system is algebraizable [Knu71, Theorem 6.3]. That is, there is a
coherent sheaf G ∈ Cohps(X) such that G⊗OXn = φ∗Hom(En,Fn) for all n.

We now let G = φ∗G, so that

Gn := G ⊗OXn = φ∗(G⊗OXn) = φ∗φ∗Hom(En,Fn),

and we consider the compatible system (En ⊗ Gn) on (Xn). By combining the pullback-
pushforward-adjointness with the hom-tensor-adjointness we get canonical maps

En ⊗ Gn = En ⊗ φ∗φ∗Hom(En,Fn)→ Fn
for all n [Gro13, 1.6.2].

We started by choosing a surjection E � j∗F0 giving a surjection s : E0 � F0 = j∗j∗F0.
It follows that E0 ⊗ G0 � F0 is surjective. Indeed, G0 has a global section given by s,
and the induced composition E0 → E0 ⊗ G0 → F0 equals the surjection s : E0 � F0. By
Nakayama’s lemma it therefore follows that En ⊗ Gn � Fn is surjective for all n. Note
that En ⊗ Gn = En ⊗ φ∗φ∗Hom(En,Fn) is a coherent sheaf with proper good support by
Lemma 5.2. As

lim←−n (En ⊗ Gn) = lim←−n
(
(E ⊗ G)⊗OXn

)
= Ê ⊗ G,

we get a surjection Ĝ′ → F from an algebraizable sheaf, where G′ = E ⊗ G. Applying the
same approach to the kernel of this surjection we get a presentation

Ĝ′′ → Ĝ′ → F→ 0.

By the full faithfulness of Cohpgs(X )→ Cohpgs(X̂ ) we have that the morphism Ĝ′′ → Ĝ′
corresponds to a morphism G′′ → G′, and we let F = coker(G′′ → G′). The exactness of the
completion functor stated in Lemma 4.5 now shows that

F = coker
(
Ĝ′′ → Ĝ′

)
= coker

(
G′′ → G′

)∧
= F̂

is algebraizable. �

Remark 5.5. When X → Spec(A) is proper we have that Cohpgs(X ) = Coh(X ). Thus,
Theorem B from the introduction follows as an immediate corollary of Theorem 5.4.

6. The good Hilbert functor is an algebraic space

In this section we give a definition of the good Hilbert functor that we introduced earlier,
and give a proof of Theorem A.

Definition 6.1. Let X be an algebraic stack over a scheme S, and suppose that X admits
a good moduli space φ : X → X, where X → S is separated. The good Hilbert functor is
the functor Hilbgood

X : Schop
S → Set that sends an S-scheme T to the set of closed substacks

Z ⊆XT such that the composition Z → XT → T is flat and finitely presented, and the
composition Z := φT (Z )→ XT → T is proper. Given a morphism f : T ′ → T of S-schemes,
we define

Hilbgood
X (f) : Hilbgood

X (T )→ Hilbgood
X (T ′)

by (Z →XT ) 7→ (Z ×T T ′ →XT ′).
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Throughout this section we will assume that X satisfies the assumptions stated in the
definition above. We will now apply Artin’s criterion that we discussed in Section 3 to show
that the good Hilbert functor is an algebraic space.

Lemma 6.2. The functor HX : Schop
S → Set defined by T 7→ {closed substacks Z ⊆ XT }

is a sheaf in the fpqc topology.

Proof. Let {Ti → T} be an fpqc cover of an S-scheme T , and write Tij = Ti×T Tj . We need
to show the exactness of the diagram

HX (T )→
∏
iHX (Ti)⇒

∏
i,j HX (Tij).

Let U →X be a presentation where U is a scheme, and write R = U ×X U . Then we have
a commutative diagram

HR(T ) �
�

//
∏
iHR(Ti) //

// ∏
i,j HR(Tij)

HU (T )

OOOO

� � //
∏
iHU (Ti)

OOOO

//
// ∏

i,j HU (Tij)

OOOO

HX (T )
?�

OO

//
∏
iHX (Ti) //

//
?�

OO

∏
i,j HX (Tij)
?�

OO

where all columns are exact by the construction of quasi-coherent sheaves on stacks, and
the top two rows are exact by [Sta16, Tag 023T]. That the bottom row is exact now follows
by a simple diagram chase. �

Lemma 6.3. The functor Hilbgood
X is a sheaf in the fpqc topology.

Proof. As the properties of being flat, finitely presented, and proper are fpqc local on the
base [Sta16, Tags 041W, 041V, 0422], the result follows from Lemma 6.2. �

Lemma 6.4. Let {SpecAj}j∈J be an inverse system of affine schemes over S with limit
lim←−j Spec(Aj) = Spec(A). Then, the natural map

Ψ: lim−→jHilbgood
X (SpecAj)→ Hilbgood

X (SpecA)

is a bijection of sets.

Proof. Given a stack Zi → Spec(Ai), we write Zi|Aj := Zi ×Spec(Ai) Spec(Aj) for all j ≥ i.
A basic fact of direct limits is then that the set lim−→jHilbgood

X (SpecAj) is in bijection with
the set of equivalence classes of

{(Aj ,Zj) | Zj ∈ Hilbgood
X (SpecAj), j ∈ J}

under the relation (Ai,Zi) ∼ (Aj ,Zj) if Zi|Am = Zj |Am for some m ≥ i, j. The map Ψ

sends an equivalence class [(Aj ,Zj)] to Zj ×Spec(Aj) Spec(A) ∈ Hilbgood
X (SpecA).

On the other hand, for a closed substack Z ∈ Hilbgood
X (SpecA) we have by [Ryd15,

Appendix B, Proposition (B.2)] that there is an index i ∈ J with an algebraic stack Zi

of finite presentation over Spec(Ai), together with a morphism Zi → XAi , such that
Zi ×Spec(Ai) Spec(A) = Z . The stack Zi might not be an element of Hilbgood

X (SpecAi),
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but [op. cit., Proposition (B.3)] shows that Zj := Zi|Aj is a closed substack of XAj that is
flat and finitely presented over Spec(Aj) for j � i. Moreover, fixing j we have that Zj has a
good moduli space Zj and Zm = Zj |Am has a good moduli space Zm = Zj |Am for all m ≥ j.
By applying [op. cit., Proposition (B.3)] again, we have that Zm → Spec(Am) is proper for
m� j. Thus, Zm ∈ Hilbgood

X (SpecAm) for m� i, and the map Ψ is invertible with inverse
Z 7→ [(Am,Zm)]. �

Lemma 6.5. Let Morflb,lfpb
X denote the fibered category defined in Proposition 3.4. The

inclusion Hilbgood
X → Morflb,lfpb

X is formally étale, that is, for every commutative ring A with
nilpotent ideal I, and for all morphisms Spec(A/I) → Hilbgood

X and Spec(A) → Morflb,lfpb
X

such that the diagram

Spec(A/I) //
� _

��

Hilbgood
X

��

Spec(A) //

88

Morflb,lfpb
X

commutes, there exists a unique morphism Spec(A) 99K Hilbgood
X filling in the diagram.

Proof. Given a commutative diagram as above, we get a commutative diagram

XA/I
//

��

XA

��

Z1
//

��

77

Z2

��

::

XA/I
//

��

XA

��

Z1

��

77

// Z2

��

::

Spec(A/I) // Spec(A)

where the top, front, back, and bottom squares are all cartesian. Here we have written
Z1 = φA/I(Z1) and Z2 = φA(Z2). By definition Z1 → XA/I is a closed embedding,
Z1 → Z1 a good moduli space, Z1 → Spec(A/I) is proper, and both Z1 → Spec(A/I) and
Z2 → Spec(A) are flat and locally finitely presented. We need to show that Z2 → XA is
a closed embedding and that Z2 → Z2 is a good moduli space such that Z2 → Spec(A) is
proper.

That Z2 →XA is a closed embedding is a local property on the target so we can assume
that XA is a scheme and apply [Sta16, Tag 09ZW] on the top square from which the result
follows. Given that Z2 → XA is a closed embedding it then follows that Z2 → Z2 is a
good moduli space. By considering the lower front cartesian square it now follows that
Z2 → Spec(A) is proper [Sta16, Tag 09ZZ]. �

Lemma 6.6. Suppose that X is of finite type over a field, and that X has affine diago-
nal. Then the good Hilbert functor Hilbgood

X has coherent automorphism, deformation, and
obstruction theories.
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Proof. As the inclusion Hilbgood
X → Morflb,lfpb

X is formally étale by Lemma 6.5, it follows
from Proposition 3.5 that the automorphisms, deformations, and obstructions of an object
(Z →XT ) ∈ Hilbgood

X (T ) are of the form ExtnOZ

(
F , g∗f∗T (−)

)
for certain bounded com-

plexes F with coherent cohomology. By [Alp13, Proposition 12.14], any closed point of X
has linearly reductive stabilizer, so we can apply [AHR15, Theorem 2.26] which says that
the derived category DQCoh(X ) is compactly generated. Thus, the assumptions of [HR14b,
Corollary 4.16] are satisfied, which states that the functors ExtnOZ

(
F , g∗f∗T (−)

)
are indeed

coherent. �

Theorem A. Let S be a scheme of finite type over a field k, and let X be an algebraic
stack of finite type over S. Suppose that X has affine diagonal, has the resolution property,
and admits a good moduli space X → X, such that X → S is separated. Then, the functor
Hilbgood

X is an algebraic space that is locally of finite presentation over S.

Proof. We summarize our previous results that implies thatHilbgood
X satisfies Artin’s criterion

in the form of Corollary 3.3.
(1) As the fpqc topology is finer than the étale topology, this follows by Lemma 6.3.
(2) This is Lemma 6.4.
(3) Follows by combining Lemma 6.5 with Proposition 3.4.
(4) This is Theorem 5.4 applied to quotients of the structure sheaf.
(5) This is Lemma 6.6.
(6) This is Lemma 6.6. �

Remark 6.7. Jack Hall has pointed out that the conclusion of Lemma 6.6 remains true when
replacing the assumption of X being of finite type over a field with X having the resolution
property. Moreover, a forthcoming result of Jarod Alper, Jack Hall and David Rydh will
show that the conclusion of Lemma 6.6 is true without either the assumptions of being over
a field or having the resolution property. Thus, Theorem A can be strengthened by replacing
the base scheme of finite type over a field with a general excellent scheme.

7. Invariant Hilbert schemes

In this section, we will apply our results on the good Hilbert functor to describe the
invariant Hilbert scheme described in [Bri13]. Our results can however be presented in a
slightly more general setting. All schemes we consider will be noetherian over a field k.

Let S be a scheme of finite type over k, and consider a flat affine group scheme G of
finite type over S. Let G act on an affine scheme U = Spec(A) of finite type over S. Then
the quotient stack [U/G] is noetherian and of finite type over S. Furthermore, a closed
subscheme V of U that is invariant under the action of G is equivalent to a closed substack
Z of [U/G]. In fact, Z = [V/G] and V = Z ×[U/G] U . Moreover, V → S is flat if and only
if [V/G]→ S is flat. Thus, parametrizing flat closed invariant subschemes of U is equivalent
to parametrizing flat closed substacks of [U/G].

We call G linearly reductive if the structure morphism BG → S of the classifying stack
of G is a good moduli space [Alp13, Definition 12.1]. If G is linearly reductive then we have,
by [Alp13, Theorem 13.2], that

φ : [U/G]→ U//G := Spec(π∗O[U/G]) = Spec(AG)
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is a good moduli space, where π : [U/G]→ S denotes the structure morphism. Motivated by
these results, we call the good Hilbert functor Hilbgood

[U/G] the G-invariant Hilbert functor of U .

Proposition 7.1. With the assumptions above, the G-invariant Hilbert functor of U is
algebraic.

Proof. We show that [U/G] satisfies the assumptions of Theorem A. There is a cartesian
square

G×S U //

��

U ×S U

��

[U/G] // [U/G]×S [U/G]

where the vertical maps are faithfully flat and of finite presentation. Since G and U are
affine we have that G ×S U → U ×S U is affine. It therefore follows by descent that the
diagonal [U/G] → [U/G] ×S [U/G] is affine. Moreover, [U/G] has the resolution property,
see e.g. [Tot04, Theorem 2.1]. As U//G → S is affine, it is separated. Thus, Theorem A
states that Hilbgood

[U/G] is algebraic. �

From now on, we assume that S = Spec(k). Then G is linearly reductive if and only if any
finite dimensional representation of G splits as a direct sum of irreducible representations
[Alp13, Proposition 12.6]. For any S-scheme T we can consider a closed substack [V/GT ]
of [UT /GT ] = [U/G]×S T . Letting π denote the composition [V/GT ] ↪→ [UT /GT ]→ T , we
have that

[V/GT ]→ V//GT := Spec(π∗O[V/GT ])

is a good moduli space. If [V/GT ] ∈ Hilbgood
[U/G](T ), then π : [V/GT ] → T is flat and finitely

presented, and V//GT → T is proper.
Let us study the condition that V//GT → T is proper. As [V/GT ] → T is of finite type

by assumption, it follows from [Alp14, Theorem 6.3.3] that V//GT → T is of finite type.
Since V//GT → T is affine it is also separated. Thus, the only non-automatic part of this
condition is that V//GT → T is universally closed. That an affine morphism is universally
closed is equivalent to it being integral, which is also equivalent to π∗O[V/G] being a finitely
generated OT -module. The condition that [V/GT ]→ T is flat implies that also V//GT → T
is flat [Alp13, Theorem 4.16(ix)]. Thus, we conclude that the V//GT → T is proper if and
only if π∗O[V/G] is a locally free OT -module of finite rank.

We now study the condition that π : [V/GT ] → T is flat. Let p : V → T denote the
composition V ↪→ UT → T . Then, π∗O[V/GT ] = (p∗OV )G is the ring of invariants of p∗OV .
Also, the morphism π : [V/GT ] → T is flat if and only if p : V → T is flat. Let Irr(G)
denote the set of isomorphism classes of irreducible representations of G. Using the ideas
of [Bri13], we then have that p : V → T is flat if and only if each sheaf of covariants
FM := (M∗ ⊗k p∗OV )G is a locally free OT -module of finite rank for any M ∈ Irr(G).

Given a function h : Irr(G) → N we let Hilbgood,h
[U/G] denote the functor parametrizing flat

closed substacks with Hilbert function h. That is, for any S-scheme T , we let

Hilbgood,h
[U/G] (T ) =

{
[V/GT ] ∈ Hilbgood

[U/G](T )

∣∣∣∣ FM locally free OT -module of
rank h(M) for all M ∈ Irr(G)

}
.
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We saw above that an element [V/GT ] ∈ Hilbgood
[U/G](T ) required that all the corresponding

sheaves of covariants were locally free of some finite ranks, so it follows that

Hilbgood
[U/G] =

∐
h

Hilbgood,h
[U/G] ,

where the disjoint union is taken over all possible functions h : Irr(G) → N. The functor
Hilbgood,h

[U/G] is precisely the functor studied in [Bri13] in the setting of invariant closed sub-
schemes of U , and there it was shown that this functor is representable by a scheme called
the invariant Hilbert scheme.

Example 7.2. Suppose that G = Spec(k[L]) is diagonalizable, where L is an abelian group,
and let U = Spec(A). As is explained in [Bri13, Example 2.2], the irreducible representations
of G are in a one-to-one correspondence with the elements of L, and the action of G on U
is equivalent with a grading A =

⊕
a∈LAa. For any function h : L→ N, we then have that

Hilbgood,h
[U/G] is the multigraded Hilbert scheme of [HS04]. N

The results of this paper do not give any new results concerning these fundamental objects,
but the general framework we have constructed gives possibilities of natural generalizations
that we leave for future work.
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