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Framework

o Sylvester equations: AX +XBT = G, C)
Low rank solution: A(A)UA(B) c Q c C_
Methods: Krylov, ADI, etc

o Generalized Sylvester equation:

AX+ XBT + > NXMT = G ¢ ()
i=1

Low rank solution: N;, M; low rank and [Benner,Breiten ’13]
Methods: Krylov, ADI, etc [Shank et al '15], [Benner,Damm ’11]
i [ING ]| < (Al [[M]] <[ B

e We consider (). Our assumptions:

AN; — N;A = U; O], BM; — M;B = Q:Q/
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Outline

O Neumann series expansion

O Krylov method: exploiting the low rank commutation

O Low rank numerical solutions

O Numerical experiments
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Neumann series expansion

AX+XBT +) NiXMT = G ¢
i=1

Solution as a Neumann series

Let £(X) := AX + XBT and N(X) :=>7, N;XM;". Assume
|£7N|| < 1, then the unique solution satisfies

where £(Yo) = GiCGJ and L(Yj4+1) = N(Y))
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Neumann series expansion

AX+XBT +) NXMT = G ¢
i=1
Solution as a Neumann series
Let £(X) := AX + XBT and N(X) :=>7, N;XM;". Assume
|I£71M| < 1, then the unique solution satisfies

X = i(_ly Y;

Jj=0

where ﬁ(Yo) = C1C2T and ﬁ(YH_]_) = I'I(YJ)

Proof:

X=(+c£m e ad) = Z( ytnyciad)
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Neumann series expansion

AX+XBT +) NXMT = G ¢
i=1
Solution as a Neumann series
Let £(X) := AX + XBT and N(X) :=>7, N;XM;". Assume
|£710|| < 1, then the unique solution satisfies

X= 319,
j=0
where £(Yo) = GiCGJ and L(Yj4+1) = N(Y))

@ Approximation: N

Xn = Z(—l)jyj

Jj=0
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Neumann series expansion

AX+XBT +) NXMT = G ¢
i=1
Solution as a Neumann series
Let £(X) := AX + XBT and N(X) :=>7, N;XM;". Assume
|£710|| < 1, then the unique solution satisfies

X =31,

j=0

where £(Yo) = GiCGJ and L(Yj4+1) = N(Y))

@ Approximation: A ;
Xn = Z(—l)ij
j=0
@ Error: | L |—|HN+1
IX = Xnll < 1£7HO ===
1—|c~tnj
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Neumann series expansion

AX+XBT +) NXMT = G ¢
i=1

Solution as a Neumann series

Let £(X) := AX + XBT and N(X) := >, N;XM;". Assume
|IL£7IMN| < 1, then the unique solution is approximated by

N

Xy = (-1YY;

j=0

where
AYo+ YoBT = &S

AYjr1+ Vi BT = Z N;Y; M
i—1
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Krylov method: exploiting the low rank
commutation
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Projection method for Sylvester equations
AX +XBT = ¢ ¢

Given Kx_1 C Kx CR", Hi_1 C Hi C R” nested subspaces, the
approximation is computed as the product of low-rank matrices,
Xk = VikZy WkT

Vi and Wj are orthogonal and s.t. span(Vy) = Ky, span(Wy) = H.
Zy satisfy (Galerkin orth. condition)

ANka + Zkél;r = 61 627—
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Vi and Wj are orthogonal and s.t. span(Vy) = Ky, span(Wy) = H.
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Projection method for Sylvester equations
AX +XBT = ¢ ¢

Given Kx_1 C Kx CR", Hi_1 C Hi C R” nested subspaces, the
approximation is computed as the product of low-rank matrices,
Xk = VikZy WkT

Vi and Wj are orthogonal and s.t. span(Vy) = Ky, span(Wy) = H.
Zy satisfy (Galerkin orth. condition)

ANka + Zkél;r = C~1€2T

Our choice: K, = EKZ(A, 1), Hy = EKY(B, G).
Observation

There are 51, S, € C"™¥kr s t.

span(S1) C EKZ(A, G1),span(S,) € EKY (B, ()

Xe = 5157
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Theorem: low rank commuting and Krylov spaces
Consider the generalized Sylvester equation

AX + XBT + NXMT = ¢, ¢}

such that com(A, N) = UUT and com(B, M) = QQ".
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Theorem: low rank commuting and Krylov spaces
Consider the generalized Sylvester equation

AX + XBT + NXMT = ¢, ¢}

such that com(A, N) = UUT and com(B, M) = QQT. Let Y; be the

low—rank numerical solution of

AYo + YoBT = GG
AYji1+ YjBT = NY;MT,

obtained with the Extended Krylov method with k iterations.

Giampaolo Mele (KTH) Krylov generalized Sylvester equations 13 February 2017

7/16



Theorem: low rank commuting and Krylov spaces
Consider the generalized Sylvester equation

AX + XBT + NXMT = ¢, ¢}

such that com(A, N) = UUT and com(B, M) = QQT. Let Y; be the
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Theorem: low rank commuting and Krylov spaces
Consider the generalized Sylvester equation

AX + XBT + NXMT = ¢, ¢}

such that com(A, N) = UUT and com(B, M) = QQT. Let Y; be the
low—rank numerical solution of
AYo + YoBT = G CJ
AYji1+ YjBT = NY;MT,
obtained with the Extended Krylov method with k iterations Let
Xy = Z o(—=1)YY;. Then there exist S; € EKF, 1)k (A C ) and

S» € EK{y 1) (B, &) such that Xy = 5,57

Giampaolo Mele (KTH) Krylov generalized Sylvester equations 13 February 2017

7/16



Theorem: low rank commuting and Krylov spaces
Consider the generalized Sylvester equation

AX + XBT + NXMT = ¢, ¢}

such that com(A, N) = UUT and com(B, M) = QQT. Let Y; be the
low—rank numerical solution of

AYo + YoBT = G CJ
AYji1+ YjBT = NY;MT,

obtained with the Extended Krylov method with k iterations. Let
Xy = ZJ’.VZO(—l)j Y;. Then there exist S; € EK(DN+1)k(A, (.A"l(N)) and
S e EK(DNH),((B, 62(N)) such that Xy = 5152T where

2N — (G NGy, NN GL U NU, . NV

W =[G MGy, MV G, Q. MQ, .., MNIQ]
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Sketch/Illustration of the proof

Lemma

Assume that A € R"*" is nonsingular and let N € R"*" such that
com(A,N) = UUT with U, U € R"™S. Let C € R"™", then

N -EKS(A, C) C EKS(A,[NC, U])
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Sketch/Illustration of the proof

Lemma

Assume that A € R"*" is nonsingular and let N € R"*" such that
com(A,N) = UUT with U, U € R"™S. Let C € R"™", then

N - EKS(A, C) € EKY(A,[NC, U])

AYy + YoBT = G ¢ B v — /iR

+ Fo € EKP(A G)
Krylov ’ Ry € EKE(B C

2)

AY; + YiBT = NYoMT = (NFo)(MRy)T
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com(A,N) = UUT with U, U € R"™S. Let C € R"™", then
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+ Fo € EKP(A G)
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Ao + YoBT = ¢ ¢ BEM v — RoR )
2

Krylov ’ Ry € EKE(

AY1 + Y1BT = NYoMT = (NFo)(MRy)T 22,

Krylov
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Sketch/Illustration of the proof

Lemma

Assume that A € R"*" is nonsingular and let N € R"*" such that
com(A,N) = UUT with U, U € R"™S. Let C € R"™", then

N - EKS(A, C) € EKY(A,[NC, U])

+ Fo € EKP(A G)
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Ao + YoBT = ¢ ¢ BEM v — RoR )
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Krylov ’ Ry € EKE(

AY1 + Y1BT = NYoMT = (NFo)(MRy)T 22,
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Sketch/Illustration of the proof

Lemma

Assume that A € R"*" is nonsingular and let N € R"*" such that
com(A,N) = UUT with U, U € R"™*5. Let C € R™, then

N - EKS(A, C) € EKY(A,[NC, U])

+ Fo € EKP(A G)
B, C

Ao + YoBT = ¢ ¢ BEM v — RoR )
2

Krylov ’ Ry € EKE(

AY1 + Y1BT = NYoMT = (NFo)(MRy)T 22,

Krylov
Fie EKk (A, NFy)
R, € EKY(B, MRO)
NFy € N-EKZ(A, C1) C EKZ(A [NC, U])
MRy € M-EKZ(B,G) C EKD(B, MG, Q))

Y1 = AR/,
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Projection method for generalized Sylvester equations

AX +XBT + NXMT = ¢, ¢

Given Kx_1 C Kx CR", Hi_1 C Hi C R” nested subspaces, the
approximation is computed as the product of low-rank matrices,

X = ViZkW,I

Vi and W are orthogonal and s.t. span(Vy) = Ky, span(Wy) = Hy.

Zy satisfy (Galerkin orth. condition)

A~k2k aF ZkékT == I\~IkaI\7IkT = 61 CQT

Ky = EKS(A, [C1, NCy,...,NNC, U NU, ..., NN=1U))
Hy = EKY(B,[C, MGy, ... ,MN G, Q,MQ, ..., MN-1Q])
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Low rank numerical solutions
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Low rank approximations
Let £(X) := AX + XBT, N(X) := ™, N;XMT and Gy, G, € C*r
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Low rank approximations
Let £(X) 1= AX + XBT, N(X) := 2", N:XMT and Gy, Gy € Cn7
Theorem [Grasedyck '04]: low rank Sylvester eq.

Let £(X) = C1CJ. Then there exists an X such that

rank(X) < (2k + 1)r
X = X|| < K(£)e ™V
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Low rank approximations
Let £(X) := AX + XBT, N(X) := 27, N;XMT and Cy, G € T
Theorem [Grasedyck '04]: low rank Sylvester eq.

Let £(X) = C1CJ. Then there exists an X such that

rank(X) < (2k + 1)r
X = X|| < K(£)e ™k

Theorem: low rank generalized Sylvester eq.
Let Xy be the matrix obtained by truncating the Neumann series. Then
there exists an Xy such that
rank(Xy) < (2k +1)r + N(2k + 1)V 1mNr
[ Xn — Xn|| < K(L, N)e ™k
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Low rank approximations
Let £(X) := AX + XBT, N(X) := 27, N;XMT and Cy, G € T
Theorem [Grasedyck '04]: low rank Sylvester eq.

Let £(X) = C1CJ. Then there exists an X such that

rank(X) < (2k + 1)r
X = X|| < K(£)e ™k

Theorem: low rank generalized Sylvester eq.
Let Xy be the matrix obtained by truncating the Neumann series. Then
there exists an Xy such that
rank(Xy) < (2k +1)r + N(2k + 1)V 1mNr
[ Xn — Xn|| < K(L, N)e ™k

Similar result for MM(X) low rank [Benner,Breiten '13]
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Numerical experiments
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MIMO: multiple input multiple output
Application: bilinear systems (stability)

AX + XAT + 2 (Ny XN + No XNy ) = CCT
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MIMO: multiple input multiple output
Application: bilinear systems (stability)

AX + XAT + 2 (Ny XN + No XNy ) = CCT

@ v > 0 small
o
-5 2 0 -3
A=|2 N= |3
- 2 -1
2 -5 3 0
o No=—Ny+1/
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MIMO: multiple input multiple output
Application: bilinear systems (stability)

AX + XAT + 2 (Ny XN + No XNy ) = CCT

@ v > 0 small
o
-5 2 0 -3
A=|2 N= |3
- 2 -1
2 -5 3 0
o No=—Ny+1/

o com(A, N;) = —com(A, No) = 12[ey, en][er, —en] "
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MIMO: multiple input multiple output

Application: bilinear systems (stability)

AX + XAT + 2 (Ny XN + No XNy ) = CCT

@ v > 0 small
-5 2 0 -3
A=|2 N= |3
- 2 -1
2 -5 3 0
o No=—Ny+1/
o com(A, N;) = —com(A, No) = 12[ey, en][er, —en] "

° EKE (A, [C, N1 C, [e1, en]])
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MIMO: multiple input multiple output

Application: bilinear systems (stability)

AX + XAT + 2 (N XN + No XNy ) = cCT

Residual
[y
o
&

Giampaolo Mele (KTH)
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MIMO: comparison with other methods

| 7| lts. | Memory | rank(X) | Lin. solves

Ext. Krylov (low rank-comm) | 1/6 8 | 7.32MB 64 43
BilADI ! (4 Wach. shifts) | 1/6 | 15 | 5.18MB 68 591
BilADI (8 H2-opt. shifts) | 1/6 | 14 | 5.18MB 68 522

GLEK?2 | 1/6 | 13 | 16.78MB 52 1549

Ext. Krylov (low rank-comm) | 1/5 8| 7.32MB 72 48

BilADI (4 Wach. shifts) | 1/5 | 20 | 5.95MB 78 990
BilADI (8 H,-opt. shifts) | 1/5 | 20 | 5.95MB 78 987
GLEK | 1/5 | 17 | 20.30MB 59 2309

Ext. Krylov (low rank-comm) | 1/4 | 10 | 9.16MB 89 60
BilADI (4 Wach. shifts) | 1/4 | 30 | 7.25MB 95 1978
BilADI (8 H,-opt. shifts) | 1/4 | 33 | 7.25MB 95 2269
GLEK | 1/4 | 30 | 33.42MB 118 5330

1[Benner,Breiten '13]
2[Shank,Simoncini,SzyId ’16]
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Poisson problem: generalized Sylvester equation

Poisson—Chi problem

Au+xu=f (x,y)€[0,1] xR
u(x,0) = u(x,1)=0 homogeneous Dirichlet b.c.
ulx,y +1) = u(x,y) periodic b.c.

e f: source term (separable function)

o
1 x,y>1/2
x(xy) = .
0 otherwise
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Poisson problem: generalized Sylvester equation

Poisson—Chi problem

Au+xu=f (x,¥) €[0,1] xR
u(x,0) =u(x,1)=0 homogeneous Dirichlet b.c.
ulx,y +1) = u(x,y) periodic b.c.

Discretization

AX + XBT + DXDT = ¢, C)
e A: Circulant tridiagonal with elements n?(1, -2, 1)
o B: Toeplitz tridiagonal with elements n?(1, —2,1)

o (1, G low rank, D = (8 ?)
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Poisson problem: generalized Sylvester equation

Poisson—Chi: Sylvester equation

AX +XBT + DXDT = ¢, C)

Properties
e AD = DA+ vlwlT — lelT — V2W2T + W2V2T
e BD = DB + V1W1T — lelT
e D>°=D
o A: singular

Let U = [Vl7 Vo, Wi, W2] and Q = [Vl, Wl] then

Kq = EKY(A,[C,DCy,...,DVCL U N, ..., DN7TU))

Hy = EKY(B,[C2, DG, ..., DN G, Q, DQ, ..., DN71Q)])
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Poisson—Chi: Sylvester equation

AX +XBT + DXDT = ¢, C)

Properties
e AD = DA+ vlwlT — lelT — V2W2T + W2V2T
e BD = DB + V1W1T — lelT
e D>°=D
o A: singular

Let U = [Vl, Vo, Wi, W2] and Q = [Vl, Wl] then

K4 = EKZ(A,[C1, DCy, U, DU))

Ha = EKJ(B,[C2, DGy, Q, DQ))
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Poisson problem: generalized Sylvester equation

Poisson—Chi: Sylvester equation

AX +XBT + DXDT = ¢, C)

Properties
e AD = DA+ V1W1T — lelT — V2W2T + W2V2T
® BD=DB+viw] —wiv{
e D>°=D
o A: singular
Let U = [v1, vo, w1, w2] and Q = [v1, wy] then

Kq = EKY(A, [C1, DGy, U, DU))

Hq = EKG(B,[C2, DG, Q, DQ])
but A is singular...
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Poisson problem: generalized Sylvester equation

Poisson—Chi: Sylvester equation

(A+ DX +XBT + DXDT — X = ;. C)

Properties
e AD = DA+ vlwlT — lelT — V2W2T + W2V2T
e BD = DB + V1W1T — lelT
e D>°=D
o A: singular

Let U = [Vl, Vo, Wi, W2] and Q = [Vl, Wl] then

Kq = EKZ(A+ 1,[C1, DGy, U, DU])

Ha = EKJ(B,[C2, DGy, Q, DQ))

Giampaolo Mele (KTH) Krylov generalized Sylvester equations 13 February 2017

14 /16



Poisson problem: generalized Sylvester equation

Poisson—Chi: Sylvester equation (shifted)

(A+NX+XBT +DXD™ — X = G, C)

‘o 100
S
g 80
o
< 60
(O]
£
= 40
5
s 20
3
)
a2 0

—e— Orthogonalization
—— Solve inner problems
—— Other

Giampaolo Mele (KTH)
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Conclusion

Scientific contributions:
& New low rank method for generalized Sylvester equations
& Structured exploitation for Extended Krylov method
& Characterization of the low rank numerical solutions

Future of this project:

@ Preprint available soon
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