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The nonlinear eigenvalue problem Gia,azzo'o
Find A € C, v # 0 such that ﬁ@&
g k]
M(X)v =0 & ggﬁI"}:I’ ﬁ’

32 OCH KONST

o™

where M analytic in a disk Q C C.
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Properties / features of infinite Arnoldi method Mge'e
. : : : o T,
» Equivalent to Arnoldi’'s method on a companion matrix, @KTH&

VETENSKAP

for any truncation parameter N with N > k g oci konsT oF
Bt

» Equivalent to Arnoldi's method on an operator 5

» Convergence theory (?)

TIAR framework

» Requires adaption of computation of yp.
yo = M(A) Y M (A + -+ + MBI (R)x)

» Complexity of orthogonalization at step k: O(k?n)

Described in, e.g. : [Jarlebring, et al. '12, '14, '15]
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S

/zp )dd + C(v)

where -
) = g™ 32 M
Y) = =M, Y
i=1
Theorem (operator equivalence) [Jarlebring, et al. '12]

M(A)v =0 <= By =1
where (0) = ve?



Approximate the eigenfunctions in Restarting for

TIAR
Km—i—l(B, 1/1) = span (1/1, By, ... ,BmQ,Z)) Giampaolo
Mele
Algorithm 1 Arnoldi method for B ﬁ!@&
Require: < ¢1,¢; >=1 $}§;IN;§P&
1. for k =1 to mdo ""G‘;;';::’
2 ¢ = DBy

for i =1to k do
hl,k =< ¢,¢i >, d) = ¢ — hi,k¢i

3

4

5. end for
6:  hiyik = V< 0>, Yry1 = /g1
7

- end for

Arnoldi factorization

me = wm—i—le—l—l,m
with W11 = (1/}1, c.. 7¢m+1)



Structured functions

d—1
Yi(0) =Y VIO + Y expy_1(0S)c;,  expy_1(6S) 29 s’
0

=

Tensor Structured functions

r p
¥j(0) = Pg_1(0) (Z a.,®z + Z b.;® Wg) + Y expy_1(6S)c;

=il fi=il
with Py(0) := (1,0,...,09) & I,
> Z1,...,2Zr, Wi,..., Wy are orthonormal,

> span(wi, ..., wp) = span(Y),

> < Y0t Yo7 Bif >= Y2 aifi.



Structured functions

d—1 oo
V. (6) = Z Vib' + Yexp,_1(6S)C,  expy_1(6S) = ZGiSi
i=0 i=d

Tensor Structured functions

r P
V() = Pg—1(9) <Z a..0® 2z + Z b..0® Wz) + Yexpg_1(0S)C

=1 (=1
with Py(0) := (1,0,...,09) & I,
> Z1,...,2Zr, Wi,..., Wy are orthonormal,

> span(wi, ..., wp) = span(Y),
> < g ait, 3o Bit >= g i,



Action of B on tensor structured functions

r P
Yi(0) = Pa-1(0) <Z 30Qz+) by® We) + Yexpg_1(65)¢
/=1 (=1
r+1 P .
Byw(8) = Pa(6) <Z 3 ®z+ Z b.,® Wg) + Yexpy(6S)e

/=1 /=1




Action of B on tensor structured functions

r P
Yi(0) = Pg—1(0) <Z ar®z+ Z b.,® Wg) + Yexpy_1(0S)c

=1 =1
r+1 P .
Biw(0) = Pa(0) (Z 3.0 ® 2+ Z b.,® Wg> + Yexp,(6S)e
(=1 =1
3jr+1:=0, dip1e = aje/l, bii17=bz/i,
i=1,...,d, (=1,....r, l=1,...,p,
L[ mivs N3¢ - big
~ . 1 i ~ ) i i
z:=—Mj, [Z —¢C ZM,(ZIZg—i-ZIW ,
i=d+1 i=1 i=1 /=1
r+1 P .
Z= 3102 + Z biew; (G-S orth.), ¢=S5"1c



Extend the polynomial part

r1
\IJk(G) = Pd_1(9 (Za [®Zg+2b g® Wg) + YeXpd 1(95)C
(=1 (=1

r+1
= P4(0) (Za g®Zg+Zb 5®Wg> + Y exp,(6S)C

(=1 (=1




Extend the polynomial part

r+1

+ Yexpy 1(6S)C

\Uk(e) = Pd,1(9 <Za g®Zg+wag®Wg

(=1 (=1

+ Yexpy(6S)C

r+1
:Pd(ﬁ <Za g®Zg+Zb g®Wg

(=1 (=1

wHysdc 2d e =0
E=— baje = e



Orthogonalization in the Arnoldi process

r+1
Vi (0) = (Za 0 ® 2+ Zb 0 ® We) + Yexpy(65)C
=1 =1

r+1
Bi,bk(Q)L = (Z a,;®z + Z b A Wg) = YeXpd(QS)C

/=1 (=1




Orthogonalization in the Arnoldi process

r+1
V. (0) = (Za L ® 2z + Z b..,® Wg) + Yexpy(0S)C
(=1 (=1
r+1
Bi,bk(g)L = (Z a,;®z + Z b A Wg) = YeXpd(QS)C
(=1 (=1
r p & iYH\yvH i
- SHYPYrys
h=> (a.0)"3.0+ (b.0)"be+ > CH()#E,
=1 =1 i=d (i)
afz =a.0— a..4h, b:J‘Z =b 7 b:’jh, ct=¢c—- Ch,
£=1....,r+1, Z:I,...,p,

H ’C
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Action of B

]

o

Zry1 =
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Expand polynomial part AR
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Expanded TIAR factorization AR
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Let
N
BV, =V, 1 Hniim #KTH %

VETENSKAP
38 OCH KONST 9%

o™

be a TIAR factorization with Ritz values

01, 0p0ps1s- . Om
—_——— ——

wanted unwanted

Restarting TIAR

It exists Q and such that W,,; := W, Q gives an TIAR
factorization

Bqlp = ®p+1’:lp+1,p

with Ritz values 61, ..., 0,.



Semi—explicit restart AR

~ ~ ~ Giampaolo
Given BV, =V, 1Hpy1p, if 01,...,0p, converged, Mele
01 x * @
. - A % BT W,
B\Upz\lfp+1 < /:/> A= IR $KTH&
- Op, % Gon Konst s

o™

Observation: B\Tlp[ = \Tfpel\ is an invariant pair.
Theorem: invariant pairs [Jarlebring, et al. '14]

If BU,, = W, A then W,,(0) = ¥ exp(9A~1) :

Imposing the structure

S
Y :=0,(0),S := (A ) Vo, = YVexp(56) (p‘gl)

A
Bwpé = wPe+1 (0)

I *



Naive implicit restart

BY, =V, iHniim — BY, =W, 1 Hy1

New TIAR factorization

(=1 /=1

r p
Vmi1(0)Q= !Dd—1(9)<z 3.,.0Qz+) b .4® We) +Y eXPd1(95)C] Q



Naive implicit restart

BV, =V, 1Hpi1m—> B\Tfp = \T’p+1Hp+1,p

New TIAR factorization

/=1 /=1

r p
Wm+1(9)Q=Pd—1(9)(Zaz,:,eQ ®z+) b.4Q® Wg> +Yexp, 1(0S)CQ



Naive implicit restart

me - wm—i—le—i—l,m —> B\T]p = \Dp+1Hp+1,p

New TIAR factorization

r P
Wp+1(9)=Pd—1(9)<Z 5.0Qz+) b ..® We) +Yexpy 1(05)C
=1 =1



Naive implicit restart

BV =VnHpam—> BU, =V, 1 H,,

New TIAR factorization

r P
wp+1(9)=Pd_1(e)<Z 5.002+) by ® w@> +Y expg_1(6S)C
/=1 /=1

Observation: the number of vectors zi, ...,z increase independently on
the restarts.



Properties of TIAR factorization

Theorem
Let BV, = W, 1H, be a TIAR factorization, if Y =W =0

Wk(e Pd 1 <Za”g®z@>

» Fast decay :

| <

= (i—1)!

i,

» Singular values decay :
Let A= [Aq,...,Aq] such that A; := (a;..)7 then

d—R—k—+2

<C
ORI =R k1 1)



Compression of TIAR factorization

Theorem
Let BV, = VW, 1H, be a TIAR factorization, then

W, (0) = Py <Za,,z®ze>
can be approximated as

\le(e Pd 1 <Za”g®2g>

such that ¥ << r and
W1 — Ui < V(d + 1)(k + 1oz
1BV, — Uy 1 Hy || < VkCopp

Idea: replace the unfolding of “a” with a low rank approximation.



Reduce the degree

Theorem
Let BV, = VW, 1H, be a TIAR factorization, then

W, (0) = Py <Za,,z®ze>
can be approximated as

ﬁlk(g) = Pa—l(e) <Z 5:7:,5 & Zf)
=1

such that d << d and

N d—d
Wit = Vil < GVk+1 ( i )
d—d
||Blllk — wk-i—lHkH < C2\/ k+1 ( 1)|

Idea: Neglect the high terms in the polynomial, i.e., truncate of the

tensor a .



Comparison: implicit and semi-explicit A
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Implicit | Semi-explicit s
Singularities v X
p small X v
Slow convergence v X
Memory X 7
Complexity v X




relative residual

Waveguide eigenvalue problem

—— Implicit restart

- - — Semi-explicit restart

T
7/ /
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/ / |
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1071 |- \%\J\\;
J\’\/\\,g 20 N
10-15 | 0 !
20 40 60 80 100 20 40 60 80
iteration iteration
(a) Convergence (b) Memory

Size n = 91203 with m = 40, p = 20 and restart=4
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relative residual

Waveguide eigenvalue problem R
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—— Implicit restart @
- - - Semi-explicit restart BT W,
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TS
X 40 |- |
1077 A
m
jQ—A, =
/ / / / /
/ / / / /
10 \ \“ ~4\ / / / / /
~ o A / / / / /
N / / / / /
10-15 0 ! !
0 50 100 50 100
iteration iteration
(a) Convergence (b) Memory

Size n = 91203 with m = 20, p = 4 and restart=6



relative residual

Delay eigenvalue problem

—— Implicit restart
- - - Semi-explicit restart

V\ N / / / / / /
10—11 - \ \\,\ N 10 - // // // // //,
A\ N\ 7/ 7/ 7/ 7/ 7/
\
\|
—15 | 0 |
10 50 100 50 100
iteration iteration
(a) Convergence (b) Memory

Size n = 40401 with m = 20, p = 5 and restart=7
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relative residual

Delay eigenvalue problem R
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iteration iteration
(a) Convergence (b) Memory

Size n = 40401 with m = 40, p = 10 and restart=4



Conclusion

Scientific contributions:

& extension of TIAR for tensor structured functions,

& implicit and semi—explicit restarts,

& bounds on the approximations.

Online material:

» Preprint:
http://arxiv.org/abs/1606.08595
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http://arxiv.org/abs/1606.08595
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