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Structure of the ovning

@ Beamer presentation
o Matlab demo

o Blackboard (when is needed)
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Previous ovning

Fixed point and fixed point iteration method
Roots of a function / Rot (eller I6sning) till ekvation

Newton method

Sensitivity analysis / Tillforlitlighetsbedomning
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This ovning

Ordinar Differentialekvationer (Ordinary differential equation) [ODE]
Explicit Euler method
Trapezoid method (Trapetsmetoden)

Implicit Euler method
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Ordinar Differentialekvationer

ODE

Let f(t,y) be a function, let ty and yp be numbers (initial time and initial

condition), then we are looking for a function y(t) such that

{y'(t) = (t, y(t))

y(to) = yo

The function y(t) is called solution of the differential equation.

Example:

o Let f(t,y) =3t% to =0 and yo = 0, then
y'(t) =3t
y(0)=0

y(t) =1t

has solution
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Ordinar Differentialekvationer

ODE

Let 7(t,y) be a function, let typ and yp be numbers (initial time and initial

condition), then we are looking for a function y(t) such that

{y’(t) = f(t,y(t))
y(to) = yo

The function y(t) is called solution of the differential equation.

Example:

o Let f(t,y) =

—y, to =0 and yp = 1, then

{y'(t) = —y(t)

y(0)=1

has solution y(t) =e™!
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Ordinar Differentialekvationer

ODE

Let f(t,y) be a function, let ty and yp be numbers (initial time and initial

condition), then we are looking for a function y(t) such that

{y’(t) = f(t, (1))

y(to) = yo

The function y(t) is called solution of the differential equation.

Example:

o Let f(t,y) = Ay, to =0 and yp = 1, then

{y’(t) = Ay(1)
y(0)=1

has solution y(t) = e
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Ordinar Differentialekvationer

ODE

Let 7(t,y) be a function, let tp and yp be numbers (initial time and initial
condition), then we are looking for a function y(t) such that

{y'(t) = f(t,y(t))

y(to) = yo

The function y(t) is called solution of the differential equation.

Example:
o Let f(t,y) =y? to=0and yp = 1, then

{y'(r) = y(t)?
y(0)=1
has solution
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Ordinar Differentialekvationer

How to solve Ordinary differential equation:
separation of variables

o
o direct integration
o
o

numerical methods (numerical approximation of the solution)
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Ordinar Differentialekvationer

How to solve Ordinary differential equation:

@ separation of variables

o direct integration

° ...

@ numerical methods (numerical approximation of the solution)
For to < t < T (T=final time)

{y'(t) = f(t,y(t))

y(to) = yo
Then let (time discretization)
h<ti<b<---<ty=T

We want to approximate y(t;) =~ y;
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Explicit Euler method

Let the time discretization
to<ti<th<---<ty=T

such that tj;1 = t; + h (uniform time discretization). Then
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Explicit Euler method

Let the time discretization
th<ti<tb<---<ty=T
such that tj;1 = t; + h (uniform time discretization). Then

y'(t) = f(ti, y(t;) i=1,...,N
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Explicit Euler method
Let the time discretization
to<ti<t<---<ty=T
such that tj;1 = t; + h (uniform time discretization). Then

y'(t) = f(ti, y(t;) i=1,...,N

o y(t+s) = y(8)
s—0 S

= f(t, y(t)) i=1,...,N
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Explicit Euler method
Let the time discretization
to<ti<t<---<ty=T
such that tj;1 = t; + h (uniform time discretization). Then

y'(t) = f(ti, y(t;) i=1,...,N

y(ti +5) — y(ti)

SI% < = f(ti,y(t)) i=1,...,N
If his small enough
WA ZIE) e,y (2) i=1,..,N
then
y(ti + h) = y(t;) + hf(ti, y(ti)) i=1,...,N
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Explicit Euler method

y(ti + h) = y(t;) + hf(ti, y(t;)) i=1,...,N
Then we have the explicit Euler method

Yo = given initial condition
Yi+1 = yi + hf(t;, i) i=1,...,N
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MATLAB DEMO
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Exercise from the book

7.3 En fallskirmshoppare paverkas av en uppatriktad kraft som ar proportionell
mot v* dér v dr hastigheten (m/s) och « dr en parameter > 1. Hastigheten
som funktion av tiden ¢ lyder differentialekvationen dv/dt = g (1 — (;%)%),
dar g = 9.81 och vy, = 5 ar den konstanta sluthastigheten som uppnés. Da
fallskdirmen vecklas ut (vid ¢ = 0) har hopparen hastigheten 50 m/s.

Lat o = 1.1. Skriv ett MATLAB-program som med Eulers metod och tids-
steget 0.05 berdknar och ritar upp hastighetskurvan for 0 < ¢ < 1. Vad har
hastigheten sjunkit till vid ¢ = 17

Gor om berdkningarna tva ganger med halverat tidssteg. Bedom tillfor-
litligheten i det erhéllna hastighetsvardet vid ¢ = 1.

Berdkna och rita hastighetskurvan &ven for a-virdena 1.3, 1.5 och 1.7.
Notera 1 samtliga fall hastighetsviardet vid ¢t = 1.
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Exercise from the book

Parameters:
ea=11 a=13, a=15and a=1.7
@ h=0.05 h=0.025 and h = 0.0125

o f(v) =981 (1- g)a
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MATLAB DEMO
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Exercise from the book

7.13 Enligt Newtons gravitationslag paverkar solen en planet med en kraft som
ar riktad mot solen och omvént proportionell mot kvadraten pé avstandet.
Nir man delar upp kraften lings koordinataxlarna i ett fixt -y system med
solen i origo far man dérfér (om man valt limpliga enheter)

dx/dt® = —cos¢/r?, dPy/dt* = —sin¢/r®

dar ¢ ar vinkeln mellan positiva a-axeln och ortsvektorn och r ar avstandet
fran origo till planeten.

a) Skriv om differentialekvationerna for de beroende variablerna x och y

till ett system av forsta ordningens differentialekvationer. Det géller
alltsd bland annat att skriva hogerleden som funktioner av x och y.
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Derive the differential equation

It holds

r= (X2 +y2)1/2
X = rcos ¢

y =rsing
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Derive the differential equation

It holds
r= (X2 +y2)1/2
X = rcos ¢
y =rsing
Then
y  COs¢p  rcos¢g X
- 2 3 (x2 4 y2)3/2
,, sing _ rsing 3%
T2 T 3T (x4 yR)32
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Write as first order differential equation

= X y// _ Y
(x2 + y2)3/2° (x2 + y2)3/2

x(0),x'(0), y(0), y'(0) are the initial values
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Write as first order differential equation

= X y// _ Y
(x2 + y2)3/2° (x2 + y2)3/2

x(0),x'(0), y(0), y'(0) are the initial values

. . / /
i =X, up =X, u3 =y, g =y
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Write as first order differential equation

= X y// _ Y
(x2 + y2)3/2° (x2 + y2)3/2

x(0),x'(0), y(0), y'(0) are the initial values

. . / /
i =X, up =X, u3 =y, g =y
/
uy = u
Ul — un
27 T2 2)3/2
(uf +u3)¥
u§:U4
us
iy =

(& + 2P
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Write as first order differential equation

dt

uz

u
u%+u§
Ug

u3
u%+u§
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Write as first order differential equation

u U2 u
—
i u | vitus | L f uz
dt | u3 Ug ' u3
u3
ua — Uy
u%+u§
u
uz
u =
u3
Ug
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Write as first order differential equation

up uL211 uy
i u | _uf+u§ — f uz
dt | u3 Ug ' u3
__ 3
Ua uf+u§ Ua
u
u
u =
u3
Ug
d
—Uu = u
p” (u)
u(0) = wo

November 11, 2016

20 / 29



MATLAB DEMO
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Trapetsmetoden

Let the ODE
"(t) = f(t, y(t
y/(6) = (£ /(1)) . 7]
y(to) = yo
Let the time discretization
h<ti<b<---<ty=T

such that tj;1 = t; + h (uniform time discretization). Then, consider the
ODE in the subintervals

y'(t) = f(t,y(t)) "
{y(m = 4
integrate the equation
) = 5 110) o
y(ti) = yi
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Trapetsmetoden

Sy (1) = /tti+1 f(t, y(t))

,. (i, tita]
y(ti) =i
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Trapetsmetoden

Sy (1) = /tti+1 f(t, y(t))

,. (i, tita]
y(ti) =i

(t,y(t;)) + f(titr, y(tit1))
2

Y(tis1) — y(t) = b o)
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Trapetsmetoden

Sy (1) = /tti+1 f(t, y(t))

,. (i, tita]
y(ti) =i

hf(tv)’(ti)) + f(tit1, y(tiv1))

5 + O(h®)

y(tiv1) —y(ti) =

Now we use: tj11 = t; + h (uniform grid) and y(tiy1)) = y(t;) + hf(t;, vi)
(explicit Euler).

F(t,y(ti) + f(ti + h, y(ti) + hf (%, y(£i)))

5 + O(h%)

y(tiv1) —y(ti) = h
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Trapetsmetoden

f(t,y(t;)) + f(ti + h,y(t;) + hf (t;, y(t)))

5 + 0(h*)

y(tiv1) —y(ti) =h

F(t,y(ti) + f(ti + h, y(ti) + hf (%, y(£i)))

5 + O(h%)

y(tiv1) = y(ti) +h
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Trapetsmetoden

f(t,y(t;)) + f(ti + h,y(t;) + hf (t;, y(t)))

5 + 0(h*)

y(tiv1) —y(ti) =h

F(t,y(ti) + f(ti + h, y(ti) + hf (%, y(£i)))

5 + O(h%)

y(tiv1) = y(ti) +h

f(tayi) + f(tl + h7)/i + hf(tnyl))
2

Yit1=Yi+h
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Fel av Trapetsmetoden

fz[f(t7)7)<+ f(ti + h,yi + hf(t;, yi))]

Yit1 =Yi+ 5

e Local error (error in each step) O(h%)

e Global error (accumulated error) O(h?) [kvadratiskt fel]
Why:
» Numer of steps times error in each step N - O(h3)
» N=(T —ty)/h
» Global error: O(h?)
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MATLAB DEMO
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Implicit Euler method

{y'(t) = f(t,y(t))
y(to) = yo
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Implicit Euler method

{y'(t) = f(t,y(t))
y(to) = yo

The implicit Euler method is given by

Yit1 = Yi + hf(tiz1, yit1)
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Implicit Euler method

{y'(t) = f(t,y(t))

y(to) = yo

The implicit Euler method is given by

Yit1 = Yi + hf(tiz1, yit1)

@ In each iteration solve a nonlinear equation (use Newton or fixed
point iteration)

@ Solve stiff problems (f’ big in norm)
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Implicit Euler method

y(to) = yo

{y'(t) = —20y(t) + sin(y(t))
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Implicit Euler method

y'(t) = =20y(t) + sin(y(t))
y(t0) = yo
The implicit Euler method is given by

Yit1 = Yi + h[=20y; 1 + sin(yjy1)]
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Implicit Euler method

y'(t) = =20y(t) + sin(y(t))
{y(to) = Yo
The implicit Euler method is given by
Yit1 = i + h[=20yi11 + sin(yit1)]
At each step:
y = y; + h[—20y + sin(y)]
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Implicit Euler method

y'(t) = =20y(t) + sin(y(t))
{y(to) = Yo
The implicit Euler method is given by
Yit1 = i + h[=20yi11 + sin(yit1)]
At each step:
y = y; + h[—20y + sin(y)]

o (Fixed point approach) Compute the fixed point of
g(y) = yi + h[=20y + sin(y)]
o (Newton approach) Compute the zero of

f(y) =y — yi — h[-20y + sin(y)]
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MATLAB DEMO
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