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Who am I

Giampaolo Mele

PhD student in numerical analysis

Office: 3414

Office hours: fredagar kl 10-11

Email: gmele@kth.se

webpage: https://people.kth.se/~gmele/
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Structure of the övning

Beamer presentation

Matlab demo

Blackboard (when is needed)
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Previous övning

Fixed point and fixed point iteration method

Roots of a function / Rot (eller lösning) till ekvation

Newton method

Sensitivity analysis / Tillförlitlighetsbedömning
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This övning

Ordinär Differentialekvationer (Ordinary differential equation) [ODE]

Explicit Euler method

Trapezoid method (Trapetsmetoden)

Implicit Euler method
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Ordinär Differentialekvationer

ODE

Let f (t, y) be a function, let t0 and y0 be numbers (initial time and initial
condition), then we are looking for a function y(t) such that{

y ′(t) = f (t, y(t))

y(t0) = y0

The function y(t) is called solution of the differential equation.

Example:

Let f (t, y) = 3t2, t0 = 0 and y0 = 0, then{
y ′(t) = 3t2

y(0) = 0

has solution
y(t) = t3
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Ordinär Differentialekvationer

ODE

Let f (t, y) be a function, let t0 and y0 be numbers (initial time and initial
condition), then we are looking for a function y(t) such that{

y ′(t) = f (t, y(t))

y(t0) = y0

The function y(t) is called solution of the differential equation.

Example:

Let f (t, y) = −y , t0 = 0 and y0 = 1, then{
y ′(t) = −y(t)

y(0) = 1

has solution y(t) = e−t
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Ordinär Differentialekvationer

ODE

Let f (t, y) be a function, let t0 and y0 be numbers (initial time and initial
condition), then we are looking for a function y(t) such that{

y ′(t) = f (t, y(t))

y(t0) = y0

The function y(t) is called solution of the differential equation.

Example:

Let f (t, y) = λy , t0 = 0 and y0 = 1, then{
y ′(t) = λy(t)

y(0) = 1

has solution y(t) = eλt
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Ordinär Differentialekvationer

ODE

Let f (t, y) be a function, let t0 and y0 be numbers (initial time and initial
condition), then we are looking for a function y(t) such that{

y ′(t) = f (t, y(t))

y(t0) = y0

The function y(t) is called solution of the differential equation.

Example:

Let f (t, y) = y2, t0 = 0 and y0 = 1, then{
y ′(t) = y(t)2

y(0) = 1

has solution

y(t) =
1

1 − t
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Ordinär Differentialekvationer

How to solve Ordinary differential equation:

separation of variables

direct integration

. . .

numerical methods (numerical approximation of the solution)

For t0 ≤ t ≤ T (T=final time){
y ′(t) = f (t, y(t))

y(t0) = y0

Then let (time discretization)

t0 < t1 < t2 < · · · < tN = T

We want to approximate y(ti ) ≈ yi
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Explicit Euler method

Let the time discretization

t0 < t1 < t2 < · · · < tN = T

such that ti+1 = ti + h (uniform time discretization). Then

y ′(ti ) = f (ti , y(ti )) i = 1, . . . ,N

lim
s→0

y(ti + s) − y(ti )

s
= f (ti , y(ti )) i = 1, . . . ,N

If h is small enough

y(ti + h) − y(ti )

h
≈ f (ti , y(ti )) i = 1, . . . ,N

then

y(ti + h) ≈ y(ti ) + hf (ti , y(ti )) i = 1, . . . ,N

November 11, 2016 11 / 29



Explicit Euler method

Let the time discretization

t0 < t1 < t2 < · · · < tN = T

such that ti+1 = ti + h (uniform time discretization). Then

y ′(ti ) = f (ti , y(ti )) i = 1, . . . ,N

lim
s→0

y(ti + s) − y(ti )

s
= f (ti , y(ti )) i = 1, . . . ,N

If h is small enough

y(ti + h) − y(ti )

h
≈ f (ti , y(ti )) i = 1, . . . ,N

then

y(ti + h) ≈ y(ti ) + hf (ti , y(ti )) i = 1, . . . ,N

November 11, 2016 11 / 29



Explicit Euler method

Let the time discretization

t0 < t1 < t2 < · · · < tN = T

such that ti+1 = ti + h (uniform time discretization). Then

y ′(ti ) = f (ti , y(ti )) i = 1, . . . ,N

lim
s→0

y(ti + s) − y(ti )

s
= f (ti , y(ti )) i = 1, . . . ,N

If h is small enough

y(ti + h) − y(ti )

h
≈ f (ti , y(ti )) i = 1, . . . ,N

then

y(ti + h) ≈ y(ti ) + hf (ti , y(ti )) i = 1, . . . ,N

November 11, 2016 11 / 29



Explicit Euler method

Let the time discretization

t0 < t1 < t2 < · · · < tN = T

such that ti+1 = ti + h (uniform time discretization). Then

y ′(ti ) = f (ti , y(ti )) i = 1, . . . ,N

lim
s→0

y(ti + s) − y(ti )

s
= f (ti , y(ti )) i = 1, . . . ,N

If h is small enough

y(ti + h) − y(ti )

h
≈ f (ti , y(ti )) i = 1, . . . ,N

then

y(ti + h) ≈ y(ti ) + hf (ti , y(ti )) i = 1, . . . ,N

November 11, 2016 11 / 29



Explicit Euler method

y(ti + h) ≈ y(ti ) + hf (ti , y(ti )) i = 1, . . . ,N

Then we have the explicit Euler method

y0 = given initial condition

yi+1 = yi + hf (ti , yi ) i = 1, . . . ,N
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MATLAB DEMO
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Exercise from the book
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Exercise from the book

{
v ′(t) = 9.81

(
1 − v(t)

5

)α
v(0) = 50

0 ≤ t ≤ 1

Parameters:

α = 1.1, α = 1.3, α = 1.5 and α = 1.7

h = 0.05, h = 0.025 and h = 0.0125

f (v) = 9.81
(

1 − v

5

)α
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MATLAB DEMO
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Exercise from the book
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Derive the differential equation

It holds

r = (x2 + y2)1/2

x = r cosφ

y = r sinφ

Then

x ′′ = −cosφ

r2
= − r cosφ

r3
= − x

(x2 + y2)3/2

y ′′ = −sinφ

r2
= − r sinφ

r3
= − y

(x2 + y2)3/2
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Write as first order differential equation

x ′′ = − x

(x2 + y2)3/2
, y ′′ = − y

(x2 + y2)3/2

x(0), x ′(0), y(0), y ′(0) are the initial values

u1 := x , u2 := x ′, u3 = y , u4 = y ′

u′1 = u2

u′2 = − u1
(u21 + u23)3/2

u′3 = u4

u′4 = − u3
(u21 + u23)3/2
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Write as first order differential equation

d

dt


u1
u2
u3
u4

 =


u2

− u1
u21+u23
u4

− u3
u21+u23

 := f


u1
u2
u3
u4



u :=


u1
u2
u3
u4




d

dt
u = f (u)

u(0) = u0
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MATLAB DEMO
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Trapetsmetoden

Let the ODE {
y ′(t) = f (t, y(t))

y(t0) = y0
[t0,T ]

Let the time discretization

t0 < t1 < t2 < · · · < tN = T

such that ti+1 = ti + h (uniform time discretization). Then, consider the
ODE in the subintervals{

y ′(t) = f (t, y(t))

y(ti ) = yi
[ti , ti+1]

integrate the equation{∫ ti+1

ti
y ′(t) =

∫ ti+1

ti
f (t, y(t))

y(ti ) = yi
[ti , ti+1]
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Trapetsmetoden


∫ ti+1

ti
y ′(t) =

∫ ti+1

ti

f (t, y(t))

y(ti ) = yi

[ti , ti+1]

y(ti+1) − y(ti ) = h
f (t, y(ti )) + f (ti+1, y(ti+1))

2
+ O(h3)

Now we use: ti+1 = ti + h (uniform grid) and y(ti+1)) = y(ti ) + hf (ti , yi )
(explicit Euler).

y(ti+1) − y(ti ) = h
f (t, y(ti )) + f (ti + h, y(ti ) + hf (ti , y(ti )))

2
+ O(h3)
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Trapetsmetoden

y(ti+1) − y(ti ) = h
f (t, y(ti )) + f (ti + h, y(ti ) + hf (ti , y(ti )))

2
+ O(h3)

y(ti+1) = y(ti ) + h
f (t, y(ti )) + f (ti + h, y(ti ) + hf (ti , y(ti )))

2
+ O(h3)

yi+1 = yi + h
f (t, yi ) + f (ti + h, yi + hf (ti , yi ))

2
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Trapetsmetoden
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Fel av Trapetsmetoden

yi+1 = yi +
h

2
[f (t, yi ) + f (ti + h, yi + hf (ti , yi ))]

Local error (error in each step) O(h3)

Global error (accumulated error) O(h2) [kvadratiskt fel]
Why:

I Numer of steps times error in each step N · O(h3)
I N = (T − t0)/h
I Global error: O(h2)
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MATLAB DEMO
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Implicit Euler method

{
y ′(t) = f (t, y(t))

y(t0) = y0

The implicit Euler method is given by

yi+1 = yi + hf (ti+1, yi+1)

In each iteration solve a nonlinear equation (use Newton or fixed
point iteration)

Solve stiff problems (f ′ big in norm)
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Implicit Euler method

{
y ′(t) = −20y(t) + sin(y(t))

y(t0) = y0

The implicit Euler method is given by

yi+1 = yi + h[−20yi+1 + sin(yi+1)]

At each step:

y = yi + h[−20y + sin(y)]

(Fixed point approach) Compute the fixed point of

g(y) = yi + h[−20y + sin(y)]

(Newton approach) Compute the zero of

f (y) = y − yi − h[−20y + sin(y)]
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MATLAB DEMO
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