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1. Introduction

In this thesis we are going to generalize a classical result of Borcherds. The goal is to
count line bundles of a fixed degree in families and degenerations of elliptic K3 surfaces.

Let M; be the moduli space of quasi-polarized K3 surfaces (X, L) of degree L? = I.
We can define the Noether-Lefschetz divisors NLy; C M for every d < 0 which consist
set-theoretically of all quasi-polarized K3 surfaces (X, L) whose Picard group contains
elements

v € Pic(X)

such that the intersection product admits

v? = 2d, (1.0.1)
v-L=0.

Given a quasi-polarized family of K3 surfaces X — C over a curve C, this allows us to
count line bundles as above for all surfaces of the family at once: Firstly, we map C to
the moduli space M; by just taking the isomorphism class of the corresponding surface
for every point. Then we can calculate the intersection

NL;-C

which computes the number of line bundles v that satisfy (1.0.1)) with a multiplicity. As
it turns out, there are many relations between the intersections (N Ly - C')4, which have
been investigated by Borcherds: Taking into account the Hodge bundle A € Pic(M;) we
get:

Theorem. The generating series

C-¢=C-A+> C-NL ,q" (1.0.2)

n>0

is a modular form of weight % for a subgroup of SL(2,7Z).

As the space of such modular forms is finite dimensional, knowing finitely many of the
intersection products amounts to knowing all of them. For example in [MPO7] they
calculated them for generic families of K3 surfaces of small degree: In the degree d = 2
case a general K3 surface is a double cover of the projective space along a sextic curve.
Taking a generic hypersurface of type (6,2) in

P? x P!



one can construct a family of K3 surfaces by taking the double cover with branch locus
this surface. Then
1

0= 1Tom

(U — 12017V — 4020V — 5720°V 12 — 39UV 19)

for

U= an2/4’ V= Z(_l)nqn2/4'

neL nez

In this thesis we will investigate this behavior for elliptic K3 surfaces and extend the
theory to degenerations.

The plan is as follows:
In Section 2] we will introduce elliptic K3 surfaces which carry two distinguished divisors:
a section s and a fiber f. The span (s, f)z is a lattice with intersection form

-2 1
U= ( 1 0) |
As it turns out, every K3 surface that has a sublattice U is elliptic. Therefore we can
form the moduli space of such K3 surfaces by allowing only U-quasi-polarized surfaces,
i.e. a certain lattice polarization. This is explained in detail in Section [3] Again, we can
define the Noether-Lefschetz divisors similar to the classical case. By Borcherds result,

one obtains that the generating series ((1.0.2)) is a modular form of weight 10 for the full
modular group SL(2,7Z), i.e. an integral multiple of the Eisenstein series F1g.

We would like to generalize this result to degenerations of K3 surfaces. These are intro-
duced in Section [d] Instead of allowing only families of K3 surfaces, we allow families
X — C such that there are finitely many points p € C where the surface X, is not
necessarily K3. Under mild assumptions on the degeneration, one can classify them into
three classes: type I (i.e. K3 surfaces), type II and type III. In this thesis only type II
degenerations are treated. Unfortunately, the period map

C--»M

does not necessarily extend to the whole of the curve C' as the space M is not compact.

To avoid this circumstance, we introduce compactification of the moduli space in Section
One choice is the Baily-Borel compactification MPP. This space adds three boundary
components: One for type I1I degenerations and two for type II degenerations. As these
components have high codimension, the space is singular and we have to take another
compactification into consideration: The toroidal compactification Mgor which depends



on the choice of a fan Y. It comes equipped with a map M%"r — MPP. Therefore the
boundary has three components as well, two corresponding to type II and one for type III
degenerations. From an explicit description of the type II boundary - which is given in
Section [f- it follows that these type II components do not depend on the choice of fan X.

For any degeneration X — C' the period map extends to a map

C - ME".

We can take the closure N L, of the Noether-Lefschetz divisor in the space Mgor and an
extension A of A. In Section [8 we will prove the following main theorem. It was proven
for one of the type II components by Frangois Greer in |Grel8] and we will follow his
argument with slight modifications to allow both type II components.

Theorem. Let X — C be a degeneration of K3 surfaces, such that C — MT°" only
meets the boundary in type II components. Then the generating series

C-¢=C-X+> C-NL .q"

n>0

is an element of

1
ZE19 & @ZDE&

where DFEg is the derivation of the Fisenstein series Fg, i.e. a quasi-modular form of
weight 10 for the full modular group SL(2,7Z).

In Section [9] we will calculate the modular form for a specific example similar to the one
presented before. As explained in Section , a double cover of Fy 2 P! over the section
times a generic element in Op,(3) ® p*O(12) produces an elliptic K3 surface. Taking
certain quadratic pencils creates degenerations

X > P!

of type II. We will compute that - under certain conditions on the pencil - we get

- — 263

Pl. ) P'.NL_,,¢" = —F1p — — DE,
+ 7;2 nq 10 130 8
n>0

= —1 4 144¢" + 67578¢> + 3470244¢> + . ..



2. Elliptic K3 Surfaces

2.1. Basics on K3 Surfaces

Definition 2.1. A K3 surface is a smooth complex surface X such that
wx = o X
and
H'(X,0x) = {0}.
Remark 2.2. As we will see later on, we impose some conditions on these K3 surfaces
such that we are mainly concerned with algebraic K3 surfaces.

Next, we will analyse the structure of the second integral cohomology which comes
equipped with an intersection form from the map H?(X,Z) x H*(X,Z) — H*(X,Z) =
7.

Proposition 2.3 (Huybrechts[Huy16]). A complex K3 surface is Kéihler and the Hodge
diamond of a K8 surface is given by

1
0 0
1 20 1
0 0
1

O]

Theorem 2.4 (Huybrechts [Huy16]). For a complex K3 surface X, the lattice H*(X,Z)
s isomorphic to
Az 19 = Es(—1)? @ U
O

As we will see in Section [3|these two facts give rise to a simple classification of K3 surfaces.
Later on, we are interested in counting certain line bundles on K3 surfaces. Doing this
amounts to knowing the Hodge decomposition as can be seen from this lemma:

Lemma 2.5 (Huybrechts [Huyl6]). For a complex K3 surface we have the following
canonical isomorphism

Pic(X) = HYY(X) N H*(X,Z)
which is induced by the first Chern class of a line bundle and respects the intersection
PaITINg.

Remark 2.6. By the last lemma we can identify line bundles L with their first Chern
class ¢1(L) € H?(X,Q). Therefore we use the notation L € H?(X,Q) from now on as
no distinction is needed for our purposes.



2.2. Elliptic Surfaces

In this section we introduce a special class of K3 surfaces, namely elliptic ones. This
will later on allow us to pick two line bundles - the fiber and the section class - which
simplifies the constructions in Section [8| Here we mainly follow [Mir89].

2.2.1. Elliptic K3 Surfaces

Definition 2.7. An elliptic surface is a complex surface X together with an elliptic
fibration, i.e. a holomorphic map p : X — C to a smooth curve C, such that

e the general fiber of p is a smooth connected curve and has genus 1,
e every fiber is irreducible and

e the map p admits a section s: C — X.

By [Huyl16], a surjective map X — C from a K3 surface to a smooth curve C' can only
exist if C =2 P!. Hence, we define further:

Definition 2.8 ([CDOT7]). An elliptic K3 surface is a K3 surface X that admits an
elliptic fibration p : X — P!,

A simple calculation determines the lattice generated by a fiber and the section:

Lemma 2.9. Let X 2 P! be a elliptic K3 surface. Then the lattice L = (f,s)z, where
f is a fiber and s is the section, has the intersection form

(%)

Proof. A fiber and the section meet transversally at one point. Hence f-s=1. On the
other hand any two distinct fibers are linearly equivalent as they are just the pullback
of different points of P'. Hence f - f = 0. As any section is isomorphic to P!, we get by
the adjunction formula

—2=29—-2=s-(stwx)=s"s,

where wyx is the canonical sheaf, which is trivial. ]



Remark 2.10. Substituting s by s 4+ f, one sees that this lattice is isomorphic to the
standard two-dimensional indefinite unimodular lattice U (see appendix . On the
other hand, a deeper result shows, that if there exists a line bundle L with L.L = 0,
then X has an elliptic fibration, i.e. a map as above but without a section. Moreover
every K3 surface that admits an injection U — Pic(X) is elliptic.

Our goal is now, to construct elliptic K3 surfaces from rational surfaces. Recall that we
defined Op,(a,b) = Op,(a) ® p*Op1(b) for the Hirzebruch surface Fy 2, P! in appendix
Dl

Lemma 2.11. Any smooth double cover X of Fy = P(O & Ox(—4)) & P!, whose
associated branch locus belongs to Or,(4,12), is a K3 surface.

Proof. Denote by f : X — F4 the double cover. As shown in appendix D} wp, =
Or,(—2,—6). From the standard theory of double covers we get

wx = f*(wF4 ® O]F4(2a 6))

Hence
wx = f*OF4 = Ox.

Furthermore any double cover is a finite morphism. Hence we can compute the coho-
mology in the easier space Fy. First we compute f.Ox = Op, ® Op,(—2,—6). Then

H'(X,0x) = H'(F4, f.Ox) = H'(F4,0r,) ® H'(F4, Og, (-2, -6)).
Using Serre duality, we get for the second term
Hl(F4a OF4(_27 _6)) = Hl (F47 OF4)*'

Again, by appendix |§| this cohomology group is 0, hence H'(X,Ox) = 0 and X is a K3
surface as claimed. O

An elliptic fibration is now constructed by specifying the branch locus further: Recall
from appendix [D| that Z € O, (1,0) is chosen such that V(Z) is the section.

Corollary 2.12. Let X 2y Fy be a double cover of Fy = P! that is associated to a
section of the form

Z-h,

where the vanishing locus of the irreducible h € Of,(3,12) is smooth and disjoint from
the one of Z. Then X T P s an elliptic K3 surface.



Proof. By the foregoing lemma, X is a K3 surface. The only thing we need to show is the
ellipticity. We know that V(Z) C Fy is a section of the ruling, and by the assumptions
p Y (V(Z)) € X maps isomorphically to its image in Fy. Hence S = p~1(V(2)) is a

section of X & PL. On the other hand, let F <% X be a generic smooth fiber of p. Then
by locality of the construction of the double cover, F is a double cover of P! (as X is
a double cover of the P'-bundle F4) with corresponding equation in i*Ox(4). Then by
the Hurwitz equation, we get

29 —2=2(2¢ —2)+4=0.

Therefore the genus of F'is 1, i.e. an elliptic curve. O

This construction even exists in greater generality, as is shown in the next chapter.

2.2.2. WeierstraBB Fibrations

Definition 2.13. A map p: X — C from a surface X to a curve C is called a Weierstraf
fibration if

e p is flat and proper,
e every geometric fiber has arithmetic genus 1,
e the general fiber is smooth and

e there is a given section that does not hit possible singularities of the fibers.

For elliptic curves F it is well known that they admit a Weierstraf$ form determined by
two numbers a,b € C, i.e.
E=V(y* =2°+ax +b).

It turns out, that there are sections of line bundles A, B on C, that mimic this behavior
pointwise, i.e. give Weierstrafl data for the fiber X, for every c € C.

Theorem 2.14 (Miranda[Mir89]). For a Weierstraf$ fibration p : X — C with section
s:C — X, the sheaf L = R'p,Ox = S*Q)_(}C s a line bundle and p is totally determined

by giving two sections A € HO(C,L*) and B € H°(C,L5).

Moreover every Weierstraf} fibration has an explicit description in two different ways:



Lemma 2.15 (Miranda|Mir89]). Let p: X — C be a Weierstraf$ fibration with funda-
mental line bundle I and Weierstrafy data A € H°(C,L*), B € H°(C,LL%). Then X — C
1s isomorphic to the divisor

Y?Z =X*+ AXZ%>+ BZ?

in the P*-bundle W = P(O @ L2 L3) 5 C, where Z € H(W,0p(1)),X <
H(W,0p(1) @ 7*L2%) and X € HO(W,0p(1) ® 7*L3).

Therefore we get as a corollary the second description by looking at the double cover
that is induced by the double cover E = V(y? = 23 4+ ax + b) — P!, which just omits
the y-coordinate.

Pl

Figure 1: Projection of an elliptic curve to projective space.

Hence we have, with the same notation as above:

Lemma 2.16. Let F = P(O @ L72) — C. Then X is isomorphic to the double cover of
F over the curve
Z (X3 +AXZ* 4+ BZ%).

The following Lemma analyses the fundamental line bundle L. further:

Proposition 2.17. Let X 2 Cbea Weierstraf$ fibration. Then

wx =p (we ®L).



Proof. See [Mir89]. O

Lemma 2.18. An elliptic surface X over P' that is a Weierstrafl fibration with funda-
mental line bundle L is a K3 surface if and only if L = Op1(2).

Proof. Tt is obvious from the proposition, that if X is a K3 surface then L. = O(2) as
wpt = O(—2). On the other hand, if L = O(2), we get that

wx = OX.
But by [2.16] we get that X has the structure as in [2.11] Hence X is a K3 surface. O

Remark 2.19. Assume that X is not a product of curves. Then as is shown in [Mir89],
the irregularity g of X — C' for any Weierstraf3 fibration is given by g(C), the geometric
genus p, = g(C) + degL — 1. The plurigenera P, for a Weierstraf fibration over P! are
given by 0 if deglL. < 1 and P,, > 1 else. On the other hand, Castelnovu’s rationality
theorem states

(pgq, P2) = (0,0,0) <= X is rational.

Hence by the above, a Weierstrafl fibration X — P! is rational if and only if
L = Opi(1).
By the canonical bundle formula, we moreover get
wx =p Op(-1),

i.e. the class is the negative of the class of an elliptic fiber E.



3. Moduli of K3 Surfaces

In this section, we recall the construction of the moduli space of elliptic K3 surfaces.

3.1. The Period Map

Definition 3.1. A smooth, proper, surjective map X i> C between two complex mani-
folds is called family of K3 surfaces, if the fibers f~1(¢) are K3 surfaces for every t € C.

In the following we are only interested in the case where C' is a curve. As follows from
the theorems on the Hodge structure (see e.g. Appendix , we know that H*0(X;) L

HY(X;) and H?°(X;) = H%2(X;). Thus, by just knowing the I-dimensional space
H?%(X}), we can recover the full Hodge structure on H?(X;,Z) = A3 9. Hence, a K3
surface determines a well-defined element in P(A3 19 ® C) after choosing an isomorphism
H?(Xy,Z) = A3 19. As we know that (z,z) = 0 and (z,Z) > 0 for every x € H*?(X})(see
appendix (B|) this gives rise to the following definition:

Definition 3.2. The space
D=Pxe€A3190C|(x,x) =0A (z,T) > 0)

is called period domain.

Now, we would like to construct a map from a family of K3 surfaces to this space.
Unfortunately this depends on the chosen isomorphism H?(X;,Z) = A3z 19. But in the
case that the base curve C is simply connected we get:

Proposition 3.3. Let X I Cbea family of K8 surfaces with C' a simply connected
curve. Moreover let ¢ : H*(Xo,7) = A3z 19 be an isomorphism for a basepoint 0 € C.
Then there is an isomorphism ¢. : H*(Xe,Z) = A319 for every ¢ € C which leads to a
well defined holomorphic map C — D given by

¢ = [po(H*(X,)) € D

for every c € C.

For the proof, we need the two following facts:

Lemma 3.4. Let f : X — C be a family of K3 surfaces. Then there is a natural
holomorphic injection
120 > R2£.C 0 Oc

10



of vector bundles, which corresponds to
H*Y(X,) — H*(X;,C)

in every fiber. O

Proof. See [Huy16]. O

Lemma 3.5 (Ehresmann [Dunl8|). Let f : M — N be a smooth, proper, submersive
map between two manifolds M, N. Then f is a locally trivial fibration.

Proof of Propostion[3.3. Due to the preceding lemma, we have that the sheaf R?f.Z is
a local system. As C' is simply connected the local system is constant by [ZS10]. Hence
R%2f.Z = Aj319, where the latter is considered as a constant system. As the stalk of

R?f,7 at a point ¢ € C is isomorphic to H?(X.,Z), we get a well defined isomorphism
¢c : H*(X,,Z) — A3 19 for every cohomology of the fiber. Hence the map

C—-D

¢ ¢e(H*0(X,))
is continuous. The holomorphicity follows directly from Lemma O
If C is not necessarily simply connected we can choose different paths 71,7 in C' and
take the corresponding isomorphisms ¢1, ¢, that we get from the locally constant system
R%f.(X,Z). They only differ just by some automorphism of A3 9. On the other hand

there is a group action O(A319) X D — D on the period domain. Therefore taking the
orbit space O(Az,19)\D we get the following well-defined map for any curve C

C = O(A3719)\D
e ¢ (H*(X,))

where ¢, : H*(X.) — A3 19 is any isomorphism.

Unfortunately this space is not Hausdorff. But this can be avoided as shown in the next
section.

3.2. Polarized K3 Surfaces

Definition 3.6. Let L be a lattice and L' <» L a sublattice. The embedding is called
primitive, if coker(i) is torsion free.

11



Definition 3.7. A quasi-polarized K3 surface of degree 2d is a tuple (X, L), where X is
a K3 surface and L is primitive line bundle, such that it is nef, big and satisfies L? = 2d.
If moreover L is ample, then (X, L) is called polarized.

Remark 3.8. By definition a line bundle L is nef if and only if L - C' > 0 for any curve
C C X. Tt is called big if L? > 0. As is shown in [MP07] any K3 surface X with an
quasi-polarization is algebraic.

As our main interest lies in algebraic elliptic K3 surfaces, which contain fiber and section
cycles, we see that the Picard group of every such surface contains a sublattice L with

intersection form
0 1
1 -2

(see Lemma [2.9), which is equivalent to the standart unimodular lattice with intersection

form
0 1
-0 1)

We now explain a polarization with respect to an arbitrary lattice, where in our case
only the hyperbolic lattice U above will be considered afterwards.

Definition 3.9 ([KMPS10]). Let A C Ag 19 be a fixed primitive sublattice. The tuple
(X,j: A — Pic(X)) is called a A-quasi-polarized K3 surface if j is a primitive emdedding

A < Pic(X)

such that there exists an isomorphism H?(X,7Z) — A3 19 which restricts to the inclusion
j on the sublattice A. Furthermore A C Pic(X) has to contain a quasi polarization, i.e.
a line bundle that is nef and big. If it is moreover ample, (X, j) is called A-polarization.

Definition 3.10. A family of U-polarized K3 surfaces is a family of K3 surfaces X — C
together with a primitive sublattice Z C Pic(X), such that

U= Z|x, C Pic(X,)

is a U-quasi-polarization for every K3 surface X; and there is a line bundle L € Z that
is nef and big on every fiber.

Definition 3.11. Two A-quasi-polarized K3 surfaces X, X’ are said to be isomorphic,
if there exists an isomorphism of surfaces ¢ : X — X', such that

A —— Pic(X’)

|k

A —— Pic(X),

12



commutes.

Accordingly, we define isomorphisms of K3 surfaces

Definition 3.12. Two elliptic K3 surfaces (X, p, s), (X’,p/,s") with p,p’ the fibrations
and s, s’ the sections are isomorphic, if there exists an isomorphism of surfaces ¢ : X — X',
such that ¢(s) = s’ and

commutes.

Denote by Uy, s C Pic(X) the lattice generated by the section and a fiber of the fibration
p. Then [CDO7] shows, that there is a one-to-one correspondence

{elliptic fibrations (X, p,s)on X } <= {U-quasi-polarizations of X'}
(X.p,s) — (U5 = Pic(X)).
Furthermore the mapping takes isomorphic elliptic K3 surfaces to isomorphic U-quasi-
polarizations. Modulo isomorphism, the map is still one-to-one. Hence, we can construct

our moduli space of elliptic K3’s as a moduli space of U-polarized K3 surfaces as in
[Dol95].

3.2.1. Moduli of Polarized K3 Surfaces

In this section the moduli space for U-polarized K3 surfaces is constructed. For a detailed
description, see [Dol95]. By Lemma U is a direct summand of the lattice H?(X,Z).
Furthermore by the embedding of U is unique up to automorphism, hence we can
assume that U is the first component of

H2(X, Z) = A3719 = Eg(—1)2 D U3
modulo automorphism of H%(X,Z). As U — Pic(X) and H*°(X) 1 Pic(X), we know
that the image of the period map lies in
P(UY)ND = P(Fs(-1)2® U ND.

As As 15 := Es(—1)?2® U? is an unimodular lattice of signature (2, 18), we get that every
automorphism of U+ extends to an automorphism of H?(X,Z), just by acting as the
identity on U. The following theorem is now the starting point for the Noether-Lefschetz
theory.

13



Theorem 3.13 ([Dol95]). The space
M= O(AQJg)\P{:L’ S A2718 X C‘ <x,x> =0, <x,a§> > 0}

is a coarse moduli space of U-quasi-polarized K3 surfaces.
Proof. See [Dol95]. O

Similarly, in the case of quasi-polarized K3 surfaces (X, L) of a fixed degree L.L = d,
we get that up to automorphism L = e + df, where e, f € U C A3 19 are the standard
vectors of the lattice U in a fixed U-component of Az 19. The image of the period map
then lies in

Ag =Lt =2 Eg(—1)? @ U? @ Z(—d)

and the following theorem holds:

Theorem 3.14 ([Huyl6]). The space

Mg =0(A319)\P{z € Ay @ C|(z,2) =0, (z,z) > 0},

where

O(A319) = {gla, | 9 € O(A319), gle +df) = e+ df }

is a coarse moduli space for quasi-polarized K3 surfaces.

The huge advantage of these spaces in contrast to the space O(A319)\D is, that the
following holds:

Theorem 3.15. The spaces M and My are Hausdorff and admit the structure of a
quasi-projective variety.

Proof. See [Huy16]. O

Due to Borel, also the following holds:

Theorem 3.16 (Borel, Theorem 3.10 [B™72]). Let V' be an algebraic variety and V' I M
a holomorphic map between analytic spaces. Then f is also algebraic.

Hence the period map C' — M is even a morphism between algebraic spaces.

14



4. Degenerations

Definition 4.1. A proper, surjective map f : X — C, where X is a smooth threefold
and C a curve, is called a degeneration of K3 surfaces, if there is a finite subset {p;}; C C
such that

Flv-1iy X\ {pid) = C\{pi}
is a family of K3 surfaces. A U-quasi-polarization is given by a primitive sublattice
Z C Pic(X) such that this is a U-quasi-polarization for the family f|x\r-1((p.})-

Unfortunately, the fibers that are non-K3 can be arbitrarily bad, e.g. singular and
reducible. As an example, see the construction of such degenerations in the Sections
[4.3.1and But, as it will turn out, a mild local condition can improve the situation,
such that we get a complete description of all possible fibers.

4.1. Kulikov Degenerations

This section will loosely follow [Eri84] and [Brulb]. We will impose a local condition for
degenerations, which will allow us to classify those completely. Denote by A C C the
unit disc A = {z € C| 2z < 1}.

Definition 4.2. A degeneration X — A of K3 surfaces is called a Kulikov degeneration,
if

e X — A is semistable, i.e. X is smooth, X; is a K3 surface for all ¢ # 0, and Xy is
a reduced normal crossing divisor,

® wX:OX.

Remark 4.3. As cited in [HT15], this condition is rather mild. It can be shown that for
any degeneration of K3 surfaces there exists a base change A — A, t — t" for some n,
such that the resulting space X’ admits a birational morphism X” — X', such that X"
is semistable.

Moreover if X — A is any semistable degeneration of K3 surfaces, such that the compo-
nents of the central fiber are Kéahler, then there is a birational morphism X’ — X, such
that X’ is a Kulikov degeneration and X’ — X is an isomorphism outside the central
fibers.

To state the classification, we need to define the monodromy map N: Fix a 0 #t € A.
By the assumption and the Ehresmann lemma the degeneration is topologically
locally trivial outside the central fiber. Therefore we can define

T: H*(X:,Z) — H*(X:,7)
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to be the map, that is induced by a path +: I — X, that starts and ends in ¢ and goes
around 0 € A counterclockwise once. As A* = A\{0} is homotopy equivalent to S?,
and hence m1(A\0) = Z, this map is well-defined. If a degeneration is semistable then
T is unipotent (of index at most 3), as is shown in [PS00]. Hence we define

=1
N =logT =Y (-1)""(T - Id)".
m—1

For better readability and to match the notation in later on sections we denote by (z, y)
the cup product between two cohomology classes z,y € H*(X). As the isomorphism T’
respects the cup product, we get

(Nz,y) = —(log(T~ ")z, y).

But (T~ — Id)x,y) = (x,Ty) — (z,y) = (z,(T — Id)y). Therefore (log(T1)z,y) =
(x,1log(T)y) and
(Nz,y) = —(z, Ny)

is skew-symmetric.

Theorem 4.4 ([Fri84]). Let X — A be a Kulikov degeneration. Then three cases can
occur:

e N =0: The central fiber Xy is a K3 surface, (Type 1)

e N2=0,N #0: Xo = Y1 U...UY,, where Y1,Y,, are rational, Y;(1 < i < n) is
elliptic ruled, and Y; NY; = Dyj; is an elliptic curve, (Type II)

o N3=0,N?2+#0: Xo=U,;Y; is a union of rational surfaces and D;; =Y;NYj are
cycles of rational curves. The dual graph of Xo is a triangulation of the sphere S2.
(Type I11)

Remark 4.5. In the above theorem, the dual graph I' of Xy = UYj is a simplicial com-
plex constructed as follows: The vertices are the components Y;, and the k-simplex
(Y, ...,Yi,) belongs to I' if and only if Y;, N...NY;, # 0.

As our main interest lies in Type II degenerations, we make the following simplifying
assumption:

Definition 4.6. A Kulikov degeneration of Type II is called short, if the central fiber
only has two components X = V; Ug V5. Furthermore it is d-semistable if the normal
bundles satisfy

Ngv, ® Ngyy, = Ok.

Remark 4.7. As shown in [ETi84], every surface with normal crossings X = Vi Ug Vs
- with an elliptic curve E - that is d-semistable is a central fiber of a degeneration.

16



Moreover d-semistability is immediate for Kulikov degenerations, it even suffices that X
is a simple normal crossing:

Ngy, = Ow(E)|g = Ox(Va)lvi|E = Ox(Va)|E

and
Ngwy, = O0x(Vi)le

analogously. Thus, the product satisfies

Ngjv, ® Ngjy, = (Ox(V1) @ Ox(V2))|E
=O0x(V)le
=0g.

Proposition 4.8. A short degeneration satisfies
E €| —wy] fori=1,2.
If it is furthermore d-semistable, we get

2 2
(.le =+ ng = O

Proof. By the adjunction formula we get
wy, = (wx + O(V1)) |-
But on the other hand
Ox = Ox(Xo) = Ox (V1) + Ox(V2).
as Xp is a fiber. Hence
wy; = (wx — Ony)lv; = =0y, (E).
If X — A is moreover d-semistable, then
deg Ng/y, = deg Oy, (E)|g =(E.E)y, = w‘2/1.

But the degree is additive, therefore

0 = degOE = NE/V1 ®NE/V2 :w‘Q/l +UJ‘2/2.
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4.2. Hodge Theory of Kulikov Degenerations

In this section, we are going to analyze the mixed Hodge structures that we associate to
the central fiber:

e The mixed Hodge structure of Deligne of the central fiber X((see Appendix

e The limit mixed Hodge structure associated to a degeneration, only depending on
a punctured disc around the central fiber.

Again, fix some 0 # ¢t € A. By means of the nilpotent IV, there is a natural way to
define a weight filtration W = (W;); on H"(X;,Q), which in our case of degenerations
with N? = 0 and n = 2 is simply given by

0CWo=0CW; =ImN C Wy =Ker N C W3 = H*(X;,Q) C H*(X;,Q)
and for N3 =0
0CWo=ImN2C W, =Wy C Wy =KerN?C W3 =W,y C Wy =H*X;,Q)
for H?(X,Q).
As explained in [SZ85], there is an increasing filtration F' on H?(Xy, Q) constructed as

follows: Let B
D =P(A319 ® C).

Now let X — A* and the universal cover H & A* be given by x — exp(2miz). Hence,
we get the period map
F:-H—D

as H is simply connected. Now, we define a map
F:H—D
T+ exp(—7N)F(1).
As F(z+1) =TF(z), we get

F(r+n)=exp(—7N —nN)F(t 4+ n)

(_
= exp(—7N) o exp(—nN)T"F(1)
=exp(—7N)o T "T"F(7)
=exp(—7N)F(1)
= F(7),

we get that F is invariant under translation in Z and hence descends to a map

F:A* > D.

18



By the nilpotent orbit theorem (see e.g.[SZ85]), we get that F even extends holomor-
phically to

Hence

analogously to the usual case and taking the corresponding decreasing filtration, see
Appendix [B]

These filtrations satisfy the following theorem, see e.g. [PS00]:

Theorem 4.9. The filtrations W, F on H?(X;,Q) as above, yield a mized Hodge struc-
ture (H?*(Xy;Q), F, W), called the limit mixed Hodge structure HZ2,. Moreover the map
N : H*(X;,Q) — H*(X;,Q) is a map of mized Hodge structures of weight —2.

By a theorem of Schmid, there is a retraction c: X x [0,1] — X:

Proposition 4.10 (Schmid, as stated in [PS00]). Let p : X — A be a semistable
degeneration. Then there is a retraction

c: X x[0,1] - X

to Xq, such that

X x[0,1]] — X

lpxid

A x[0,1]] — A

=

commutes, where the lower horizontal is the radial projection, i.e. (x,t) — (1 — t)x.
Moreover
Ct = C‘thl : Xt — Xo

1 an isormorphism outside the singularities of Xo. This map s called the Clemens map.

There is a useful tool to compare the limiting Hodge structure H2 , to the mixed Hodge
structure naturally associated to the central fiber (see Appendix .
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Theorem 4.11 (Clemens-Schmid exact sequence, [Eri84]). Let X — A be a Kulikov
degeneration. The sequence

0 — H(X;,Q) = Hi(X0,Q) % H*(X0,Q) <> HZ Y HZ,

is an exact sequence of mixed Hodge structures, where the Hodge structure on Hy(Xo, Q)
comes from the natural one of H*(Xo,Q) pushed forward by the duality Hy(Xo,Q) =
H*(Xo,Q)* and the one on H*(Xo,Q) is the one of Deligne. Moreover i is of weight 6
and ¢ of weight 0.

Remark 4.12. As the Clemens map is a retraction - even of the whole space - to X, we
get that H?(Xo,Q) <~ H2, factors as

H(X0,Q) =55 H(X,Q) 25 H2(X,,Q) = H2,.
On the other hand, as c is a deformation retraction we get that

H%(X,,Q) <5 H2(X,Q)

is the inverse of o
H*(X,Q) ™= H*(X,,Q).

Hence, exactness of the Clemens-Schmid-sequence implies, that for every cycle f €
H?(X;,Q) we have Nf = 0 (i.e. Tf = f) if and only if there is a F € H?(X,Q) such
that F'|x, = f. This is called invariant cycle theorem.

Setting 4.13. Let from now on X — A be a Kulikov degeneration of Type II with short
central fiber Xo = V1 Ug Vs.

Lemma 4.14. For X — A as above, we have dim H?(Xg, Q) = 21.

Proof. As Vi, Va are rational they satisfy dim H'(V;, Q) = dim H3(V;, Q) = 0. Moreover
dim H?(V;,Q) = 10 — w%/i . From the Mayer-Vietoris sequence on cohomology we obtain

0— HY(E,Q) <% H*(Xo,Q) =% H*(V4,Q) ® H*(V»,Q) =% H*(E,Q) — 0.
As FE is elliptic, we have dim H'(X,Q) = 2 and dim H?(FE, Q) = 1. Hence

dim Imas = dim Ker (a3) = 20 — wi, — wp, — 1 = 19,
dim Ker (ag) = 2.

Therefore dim H?(Xy, Q) = 21. O

Next, we want to calculate the graded pieces of the limiting mixed Hodge structure HZ2 .
To do so, we first define an important element of H?(Xy,Z): Let

E=0xW)|x, € H*(Xo,Z).
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This is well defined as Xg = Vi U V5 is a normal crossing divisor. Furthermore, £ €
H?(Xy,Z) satisfies E|y; = Oy, (—E) and E|y, = Ov, (E), as Oy, (—E)|g+O0v, (E)|g = Of
by d-semistability. By construction it maps to & = Oy, (E) — Oy, (E) € H*(V4,Z) ®
H?(Vs,7Z) under the first map in the following Mayer-Vietoris sequence:

H*(Xo,Q) — H*(V1,Q) & H*(V2,Q) — H*(E, Q).

Lemma 4.15 (Friedman[Fri84]). Let € = Oy, (E) — Oy, (E) € H*(V1,Z) ® H*(Va,Z).
Then the Clemens Schmid exact sequence is exact over Z. Furthermore we have

WiH2 =W H*(Xo) = HY(E,7)

and

CroH2 = &4/78

as a quotient of a sublattice in H*(V1,Z)® H*(Va,Z). Moreover this lattice has signature
(1,17).

Proof. For the first statement see [Fri84]. For the other statements, we analyse the
weight filtration of the Clemens Schmid exact sequence: First observe that

H*Y(Xo,Q) = H'(V1,Q) & H'(13,Q)

carries a pure Hodge structure, and hence the dual Hodge structure on Hy(Xp, Q) is
pure of weight —4 by definition. Therefore the weight filtration is given by

0=W_; CW_4=H4(X0,Q):W_gz...:W4.

Hence:
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Wy Hy(Xo,7) 0 ——— 0 0

Wo Hy(Xo,Z) 0 —— 0 / 0

Wi Hy(Xo,7) HY(E,Z) ——— Im N /ImN
Wo Hy(Xo,7Z) H?*(Xo,Z) —— KerN/{erN
Ws Hy(Xo,7) H?*(Xo,Z) —— H*(X},7) H?(X;,7)
W,y Hy(Xo,7) H?(X0,7) —— H?*(X4,7) H?(X4,7)

Therefore Wi H2, = HY(E,7Z) is immediate. Let & = Ox(Vi)|x,. This Cartier divisor
obviously extends to the whole of X by taking Ox (V7). By the discussion of Remark
we get that € € Ker (¢*) as Ox(V1)|x, =0fort #0. So & € Im (H*(Xo,Z) — H%)
by exactness.

Now, we will show that the image is spanned by that element. By Mayer Vietoris,
we get that dim Hq(Xo,Q) = 2. But the Clemens Schmid exact sequence shows, that
0 — Q= HYXy,Q) — Hy(X0,Q) — H?(Xp,Q) is exact and hence the dimension of
the image must be 1.

Looking at the Mayer Vietoris sequence, we get the following exact sequence

0— HYE,Z) - H*(Xy) = £+ =0

as the elements (f1, f2) in H%(V1,Z) @ H?(Va,Z) that come from H?(Xo,7Z) are exactly
those, that satisfy fi|g = f2|g, i.e. are othorgonal to £. Taking the weight filtration,
we get the following commutative diagram
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Therefore Ker N = H?(X,Z)/E7Z. But as the diagram commutes, we get
CroH2 = Ker N/Im N = (H*(X,2)/E7)/HY(E,7) = £+ 7. (4.15.1)

The isomorphism is induced by taking an element a € £ of which we take a preimage
a € H?(Xy,Z). The resulting element is then ¢*(@). As the cup product is natural with
respect to continuous maps we get the following diagram

c*xc*

(H>(V1) @ H?(Va)) x (H*(V1) @ H*(Va)) +—— H?*(Xp) x H*(Xo) =% Ker N x Ker N

| [ I

HY (V) @ HY(Va) = H*(Xy) _@hzath HY (X)) =27

Now we want to show that the isomorphism is even an isomorphism of lattices.
Let (4, B) = ((a,d), (b,V)) € £+ x £+, By the above diagram, we know that taking the
cup product of A and B and pulling it back to H*(X;) = Z is the same as just pushing
A and B forward via the isomorphism (which is just the upper row) and then
taking the cup product. But

7 x 7= H*(V1,Z) x H*(Va,Z) — H*(X;,Z) = Z

is just taking the sum of the two elements, and hence the isomorphism is an
isomorphism of lattices.

By the Hodge index theorem, we have that the signature of H?(V;,Q) @ H?(V2,Q) is
(2,n) as Vi, Vs are rational and hence H?(V;,Z) = Pic(V;). As we observed earlier
dim H?(V1,Q) + dim H?(V5,Q) = 20 and hence the signature is (2,18). Therefore by
linear algebra it follows that £ /ZE has signature (1,17) as £ - £ = 0. O
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4.3. Examples

4.3.1. A D{; Degeneration

Let X & F4 be the double cover of the Hirzebruch surface F, = P! considered in
Corollary with the same notations. As we saw, it is determined by an irreducible
section of h € O, (3,12) with smooth vanishing loci disjoint from V(Z). We now want
to alter h in two ways:

o h~ f2g with f,g € Op,(1,4),

o h~ Zg with g € Op,(2,12)
such that in the first case the vanishing loci of f,g are disjoint from V(Z). This is
possible,as f-Z=0=g¢g- Z.

The following example was suggested in [Brul5]:

Ezample 4.16 (h ~ f2g). Let f, g, h be chosen generically as above.

Figure 2: f, g, h in Fy.

Now consider the double cover X of
Fy x Al (4.16.1)

defined by the equation
Z-fPg+t*Z - h, (4.16.2)

where t is the standard coordinate of A'. Again, due to the genericity of f,g,h, we
can assume that for every fixed ¢ # 0 in a neighborhood U of 0, the equation (4.16.2))
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is irreducible and has smooth vanishing locus disjoint from V(Z). Hence by Corollary
for every 0 # t € U, the fiber X; of

X 5 Fyx Al -5 Al

is an elliptic K3 surface.

Remark 4.17. Unfortunately, this is not a Kulikov model as the central fiber of the
degeneration above is irreducible and singular.

Proposition 4.18. Blowing up X — A! along the subvariety V defined as the vanishing
locus of t = f =0, we get a Kulikov model X with central fiber

Xo = Fy Ug BlygF,,

for some n € N, where E is an elliptic curve.

Proof. As the subvariety V' = X lies completely in the central fiber Xo, the blow up
does not effect the surfaces X; for ¢t # 0. Therefore the other fibers remain elliptic K3
surfaces.

As a first step, we show that one component is indeed isomorphic to Fs. Let I C Ox
be the ideal sheaf defined by V. Moreover let J = i~1J - Ox,. Furthermore denote
by Bl;Xo — X the blow up along J. By [Harl3|, we get the following commutative
diagram

Bl Xg —— X

L

XO > X,
where also the upper horizontal arrow is a closed immersion. Therefore it suffices to
compute Bl;Xy. Taking a local chart of IF4, we see that locally
X=Vw?=2.f2g+t*Z-h)

and
I = <w7f)t>OX7

where w is the extra coordinate coming from the double cover. Hence, locally
Xo=V(@?=2Z-f%) and J=(w foy,.

Taking coordinates U, V', such that
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f=Uw,
w=Vf

we see that the blowup satisfies the following description

w?=U%?-Zg el -U2-Zg) =0 222 gy =1,
VIP=7f% e fAV? - Zg) =0 Ly gy

Hence, it is just the double cover of F, along Zg. The induced map Bl; Xy — P! admits
a section sp;, just by the V(Z) component of the branching locus of the cover. Denote
by F' a fiber of this map. Again, using Hurwitz, we get

29—2=2(2¢"-2)+2=-2

as Zg has precisely two zeroes on a fiber of Fy. Therefore g = 0 and F = P!. From the
standard theory of double covers, we get the following formula for the canonical sheaf

wpix, =P wr, OV (92)) = p*(—2sp—6fr+1sp+2fr) = p*(—1sp—4fr) = —2sp1—4 /B

with BLXy & Fy, and s, f, sg1, fi1 denote the section and fiber in the corresponding
spaces. As the only Hirzebruch surface with such a canonical sheaf is Fy, we are done.
Now, we want to calculate the exceptional divisor Y: By the adjunction formula, we get
that

29(V(f) —2= (OIF4(174) ® OF4(_27 —6)) - OF4(1’4) = -2

in Xo. Hence, g(V(f)) = 0 and V(f) = P!. Therefore, if Y denotes the exceptional
divisor, we get a map
Y — Pl

Next, we calculate the fibers of this map: A local computation shows that
Y =V(w? = f?- Zg+t*Zh) C P(O(w) @ O(f) & O(t))

where by abuse of notation the line bundles denote the pullback to V(f). Thus, for
every point p € V(f) there are three cases:

L Zh(p) # 0 # Zg(p)

2 Zh(p) =0 and Zg(p) #0

3 Zg(p) =0 and Zh(p) # 0.
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By genericity of f,g,h, the case where everything is zero cannot happen. In case 1 a
fiber is:

P' = V(w? = %+ 1) C P2
In case 2:

Pl U, P = V(w? = f%) C P2
In case 3:

P! U, Pt = V(w? = t?) C P2
Calculating the occurrences of case 2 and 3 we get the number by forming the intersection
product:

f-h+f-9g=124+4=16.

As we will see later in Lemma the degeneration is indeed a Kulikov model, and
hence E is rational. So the minimal model must indeed be F,(n # 1) or P2. But by
wh, +wy =0, i.e. dim H*(Y)) = 10 + w§, = 18 we have Y = BlygF,, or Bli7P* = Bly6F;.
So indeed

Y = BljgF,,.

Next, we analyse the elliptic curve along which both surfaces are glued: This is just the
preimage of V(f) of the map
Foy — Xo

i.e. even the preimage of V(f) of the double cover
]F2 — F4

that we constructed above. But f € Op,(1,4), hence - as the double cover has ramifica-
tion loci V(Zg) - we get that the pullback of a section is twice a section in Fo and the
pullback of a fiber is just a fiber. Therefore

O[FQ (E) = 28]F2 + 4f[p2 = —WF,-

O]

Remark 4.19. A local computation shows that the resulting space X is smooth. To
verify that it is a Kulikov model, we need the following lemma.

Lemma 4.20. Let X — A* be the restriction of an family of algebraic K3 surfaces.
Then
wx = Ox.

Proof. We have Ox(X;) = Ox, as it is a pullback from the space A*, which has trivial
holomorphic Picard group by [Forl2], as it is a non-compact Riemann surface. Hence,
by adjunction

0 =wx, =wxl|x,
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for all t. Hence, also dim H°(X;,wx/|x,) = 1 is constant for all ¢. Therefore, by Grauerts
semi-continuity theorem for complex proper maps (see e.g.[BHPVAV15]), we get that

DxW %
is a line bundle on A*. On the other hand, we get a canonical map
P Pswx — wx.

This is surjective on A*: Fix some t € A*. Then

(p*WX)t = WX,

just by the definition, where the latter denotes the stalk around X;. On the other hand,
let n € X be the generic point. Then

wx, = wxly = wxlx, |y = Ox,ln-

But the image of
OXt|’I7 — OXt,t

meets a generator of the stalk Ox, ; as X; is irreducible. Therefore
PIpaox — wx

is surjective and hence an isomorphism by [Har13]. But as we saw earlier, Pic(A*) = {0}
and hence

wy = p'piwx =p Oax = Ox.
O

Lemma 4.21. The space X is Calabi- Yau when restricted to the neighborhood U of the
central fiber, i.e. wg = Og on U.

Proof. As above OX()NQ) = Oy, as it is a pullback from the affine space. Hence, by
adjunction and as X; is a K3 surface

0=wg, =wglz,

for all 0 # ¢t € U. After shrinking we may assume that U = A*. By the lemma, the
canonical sheaf is trivial outside the central fiber. Denote by X!, X2 the two components
of the central fiber. Then,

Wy = Tlox(Xl) + TQOX(XQ).
By adjunction we get

wx1t — OX(X1)|X1 = (J.)X— X1.
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Putting the last two equations together, this leads to

wyr — 05 (XY x1 = 1O (XY x1 + 1205 (X?)|x1
= ’]”IOX(X:L)’XI + r20x1(E)
= —1103(X?)|x1 + r0x1 (E)
= (r2 —7m1)O0x1(E).

As Og = 04(Xp) = O3(X') + O (X?), we have
Oz (XNlx1 = —03(X?)|x1 = ~Ox1(B).
But as shown above wy1 = —Ox1(E) as X! = Fy. All together we get
0=wx1 — Ox(X')|x1 = (r2 = 71)Ox1(E).
Hence, as Ox1(F) # 0, we have ro = 1 and hence
wg =0y,
as Oz = O (X1 + 04 (X?). O

Remark 4.22. As we will see in Section [6] want to U-polarize the degeneration. If we
have such a polarization U, we have that U|x, C Pic(X(). We then define

GroHE' = (NN U|x,")/ImN.
For the well-definedness of this construction, see Section [6]

Proposition 4.23. The degeneration can be polarized, such that indeed

pol __ +
GroHL" = Di;.

Proof. Let )
pry, : X — Fu.

We define the polarization by specifying two divisors in X:
Dy = pry, Or,(1,0)

and
Dy = pry, Or, (0,1).

By construction it is apparent that this is a U-quasi-polarization for X, as Di|x, is just
the section of X; and Ds|x, is a fiber. Recalling from above,

p: X > X 5 Fyx Al
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is the blowup of the double cover. On the other hand, we observe that by construction:

Ds|x, =p 1(p,0) = f1 + fo

where f1, fo are fibers of Fa, BligF,, (as a fiber of Xy, meets the base of the blow up in
one point). Doing the same for Dj, we get

Dilx, = prg, (V(Z)) N Xo.

But this is just the section of s1 C Fo, as it does not meet the base of the blow up. By
the invariant cycle theorem, we have

<D1’X0)D2|X0>Z C Ker N.
Therefore we can polarize with respect to the lattice
U = (fi1 + fo,51)z C H*(F2,Z) & H*(BlysF,, Z).

If we fix the notation
Si,y fl (Z = 1, 2)

for the section and the fiber class in the two spaces, and
e (i=1,...,16)
the classes of the exceptional divisors in BligF,,. Then
E=2s81+4f1 — 289 — (2+n)f2+Zei.
On the other hand, we observe that

ag = fot+el+es

Q; = €; — €41 1=1,...,15
are roots, that satisfy
a;-E =0,
a; - (fi+f2) =0,
aj-s1 =0,

for all 7. Hence, they define elements in GrSOngo. The set («;) is linearly independent
in H%(Fy,Z) © H?(BligF2,Z). But as £ contains a factor s, that is not contained in
any «;, we get that

R = {ag)z C (U, )€

is a free sublattice of dimension 16. On the other hand, we observe that

ap o = —1

ag-a; =0 (1 #2)
;o = —1 (1>0)
a;-a;j=0 0<i<j—1).
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Hence, this sublattice corresponds to a Dynkin diagram of Type Dig(—1).

But Eg(—1)? cannot contain such a sublattice: All roots in Fg(—1)? are of the form (w, 0)
or (0,w"), but as R has dimension 16, the roots «; cannot lie completely in one component
Fs. Hence, we cannot have a chain ag,..., a5, that have intersection «; - a;41 = —1.
Therefore, as the lattice Gro HY lis even, non-degenerate and unimodular (see Section

@, we get by appendix |A] that

CroHE' = D (—1).

d

Ezample 4.24 (h ~~ Zg). As it will turn out, the model we obtain will not be Kulikov.

But in a way it is similar to a Type II degeneration. Define X to be the double cover of
F4 x Al defined by
Z?.g+t-Z h.

As in the above case, we blow up the singular locus, which is given by
V =V(Z,1).

Similar to the above, we see that the resulting central fiber V; has one component which
is a double cover
Vi — Fy (4.24.1)

defined by g. But as g is generic and the intersection is O(0,1) - Z2 = 2, we get that
fiberwise V; is just a double cover of P! ramified over 2 points, i.e. by Hurwitz we get
that the resulting space is isomorphic to P!, as

29 —2=2(2¢ —2)+2=-2.

Hence, by Appendix [D| V1 is a Hirzebruch surface. As above the second component is
isomorphic to

V(w? = Z%g +tZh) C P(O(w)|y (24 ® O(Z)|v(zs & OW)lv(z1)-
Calculating this locally, every fiber of the projection to V(Z, ) is isomorphic to P!, as
wr=2%+2Zg

and

w?=Zg

define a P! in P2. On the other hand h = 0 cannot happen over V(Z,t), as the inter-
section product h - Z = 0. Therefore it is also an Hirzebruch surface. By the dimension
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formula H?(Xg,Q) = 21 from Section for degenerations with trivial canonical bun-
dle, we see that this model cannot be Kulikov. But a local computation again shows,
that X is smooth around the origin, and that it is semi-stable. Hence,

Xo=ViUg Ws.

But E is just the preimage of V(Z) in V;. As the intersection ¢g-Z = 4, we get that E is
indeed an elliptic curve by Hurwitz’s theorem. From writing down the Clemens-Schmid
sequence as before, we get an exact sequence

0— HYE,Z) — W H% — 0.

Hence, W is two-dimensional as it only happens in the Type II caseE

4.3.2. A Fg(—1)? Degeneration

We want to construct a degeneration X : Xy ~ V; Ug V5 to a union of elliptic surfaces,
that respects the elliptic fibration.

To do this, we first construct a degeneration of the curve P! ~» P! U P!, which will be
the base of the fibration. Fix a point z € P'. Let p = (2,0) € P! x A!. Then

T =BLP' x A" 2% Al

is a degeneration of P!, such that T, = P! for all ¢ # 0. To compute the central fiber,
we observe that
(Pl X Al)o = ]P)la

and the point z € P! is blown up to the exceptional divisor E = P! as it is a degeneration
of surfaces. l.e.
To =P'U, E.

Denote by pr; : T — P! the projection to the first component. We now construct a
fundamental line bundle: Let

L =priOp(2) @ Op(—E).

Then
L1, = Op(2)

for t # 0 as P! = T, — T X% P! is an isomorphism and O(E)|z, = 0. On the other
hand, for ¢t = 0, we get

Lig = priOm (2)|g ® Or(—E)|E.

In the Type III case W is only one dimensional.
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But the map E 2% P! is just constant, hence priOp:(2)|g is trivial. Furthermore
deg(’)T(—E)\E = —E2 =1. SO7
Lz = Op (1).

Computing it for the other component:
]thl = p’f’TOpl (2)’1@1 X OT(_E)hP’l'

Again, as in the first case priOpi (2)|p = Op1(2). And deg Op(—E)|pr = —E.P! = —1,
as both meet transversally. Hence

thl - Opl(l)

As was shown in Section if we take a Weierstrafl fibration corresponding to L, we
get a degeneration
X : Xy~ ViU Vs

If each X; is smooth (which can be achieved by choosing suitable Weierstra§ data,
c.f.[Grel8]), then X; is a K3 surface and V1, V5 are elliptic rational surfaces. Moreover

X, y X Xo
] |
P! » T < P! U, P!

commutes. Now, as shown in Remark wy, = —Oy, (E), where E is a fiber. Hence, as
in the DILG case, we can assume that wy = —Ox (V1) 4+ cOx(V3). Hence by adjunction

wy, = (Ox (V1) + wx)lvy = cOx(Va)ly; = cOy; (E)

where E is the fiber along which we glue. But as every fiber is the same in the Picard
group, we get that ¢ = —1 by assumption. Hence

wx = —-0x (V1) — Ox (V) = Ox

as Ox (V1) + Ox (Vo) = Ox. Thus, this a Kulikov model of Type II.

Remark 4.25. Observe, that P! x A! C F,, for every n. Moreover when restricting to a
neighborhood of the origin, this is a local model for any ruled surface. Hence the above
local construction corresponds to taking any ruled surface, blowing it up at a point and
then constructing a Weierstrafl model. An analysis of these degeneration of K3 surfaces
can be found in [Grel§].

Proposition 4.26. The degeneration can be polarized such that

Grb?l(H2)) = Eg(—1)2.

[e.9]
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Proof. Let
prpi : X — T — PL.

We define
Dy = prp.Op1(1),

i.e. Dilx, is just the class of a fiber of the elliptic fibration for ¢ # 0. For t = 0, we can
just assume that Dj|x, is just a fiber in the first component of X¢ = V; Ug V5. From
the local description in Section we see that X is a double cover of

F=POraol)
with ramification loci
Z-(X*+ AXZ? + BZ?)

where Z is the canonical section in F. Hence, the section S in X is just the preimage of
V(Z) in X. Define
Dy = O(9).

Again, by the invariant cycle theorem, we get that

s=5NXy € KerN.

But this is just the union of two sections sg, s1 in V; meeting in a point on the double
curve. It is obvious that
(Dl, D2>Z C PIC(X)

defines a U-quasi-polarization, as on every fiber X; both are just the section and the
fiber of the elliptic fibration for X;. Recalling from Section [4.1]

Gry = EL/EZ ¢ HYX(V1,Z) ® H*(Va, 7) | ET

with & = F1 — Fy where E; is the cohomology class of the double curve restricted to the
space V;, i.e. in our case just a fiber of the elliptic fibration. But with our polarization
(s =51+ 52, fo = E1), we get

GroHEY = (€, 5, E1) " /EL.

Let v € H?(V;), such that v - E; = 0 and 7 - 5; = 0. Denote H?>

prim(Vz‘) the space of all
such v satisfying the above. Then

ngim(vl) ® ngim(%) — GI‘QHESI
is well-defined. Moreover it is injective: If v = (v1,72) € £Z, then
0=7-s1 = (aF,—aFs) - s; =a.

Therefore v = 0. On the other hand, it is surjective: Let v = (y1,72) € H&Ol be given.
Then

0=y-E=m" F1—- Fy,
0=y -E1=m"E,
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implies that also y2- Fs = 0. Let a =1 -s1. Then, by 0 =v-s =71 - 51 + 72 - s2, we get

(v—a€) - s1 =v-s1—akb;-s51=0
(v—a&)-sa =72 -s2+ab-s1 =752 —aky s3=0,

as E; - s; = 1. Hence, surjectivity is shown. So
GrHY! = Fg(—1) @ Eg(-1),

as it is non-irreducible, unimodular and negative definite. O
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5. Compactifications of the Moduli Space of Elliptic K3s

As the period map cannot be extended for generations for which the central fiber is
non-K3, we want to compactify the moduli space that we obtained in Section We
will do this in two ways: The Baily-Borel compactification and the Mumford Toroidal
compactification. As it turns out those are espacially handy for Type II degenerations.
The first one distinguishes the different degenerations by the second graded piece of
the limit Hodge structure and the j-invariant of the double curve, whereas the toroidal
compactification is finer: it will classify the degenerations up to the whole mixed Hodge
structure.

Throughout the whole section, we specify this setting:

Setting 5.1. Let A = Ay 13 and Ac its complexification. Denote by Q2 = P(Ac) and let
D be one of the connected components of {z € P(Ac)|2% =0, 2z > O}E]. By TI' C O(A)
denote the subset of its othorgonal group that leaves the components fized. If we fix a
subspace J C Ac, we denote by Ty C T its stabilizer, and by T the group that acts as
the identity on J.

Remark 5.2. In contrast to Section [3, we use only one component. But this does not
change the resulting space, as here we take I' as the subset that respects the component.
Thus, the orbit spaces D/T" in both chapters are isomorphic.

Remark 5.3. The two components of D can be specified by first taking an affinization
by taking two variables fi, fo of C?0 = A¢ and specifying a sign of

~J1

gl
Jo

for fo 75 0.

As the signature of A is (2,18), every isotropi(ﬂ subspace has dimension < 2. Before

we construct the general compactification, we stick with a special case that is of most

interest for us, as it corresponds to Type II degenerations. The following lemma will be
useful later on, to classify all boundary components of the compactification.

Lemma 5.4 ([Brulbl]). There are exactly two T'-orbits J,J" of isotropic planes in A,
corresponding to

o Jt/J = FEg(—1)® Eg(—1) and

o J't/J = Dfs(-1).

2The two components get interchanged by taking the complex conjugate.
3 A subspace is isotropic if a - a = 0 for every a € J
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Moreover, there is only one such orbit of isotropic lines.
Remark 5.5. From standard lattice theory, we get that
Es(-1)* @ U? =2 Dfy(-1) @ U*.
Thus, up to isomorphism we may assume, that
J=7f®Lf C Eg(—1)*aU*=A

where f; is the first standard coordinate of U, see Appendix [A] as this clearly satisfies
Jt/J = Eg(—1) @ Es(—1). In the same manner, J' = Zf, ® Zfs C Dfs(—=1) @ U2 = A.

5.1. The Period Domain as Siegel Domain of the third Kind

In order to construct the compactifications, we embed D into a larger space, which will
be shown now. We follow closely [Kon99].

Fix a rational isotropic sublattice J of Ac. Then let N; C O(A ® R) the subset of the
orthogonal group of the real lattice preserving J. Furthermore set

Wy ={z € Rad(Ny) | (x — id)" = 0 for some n)},

i.e. the unipotent elements of the radical of N;. Moreover denote by Uj; the center of
W, in particular it is abelian. First we will investigate these groups further for the case
dim J = 2. By Remark we can assume that

A=UasUaJJ

where both U have basis f;, s; for both components and J = f1C + f2C. Consequently,
we may assume that a basis of A¢ is given by

fl,fQ,U)l,.-.wlf;,Sl,SQ, (551)
where (w;) is a basis for J*/J. Denote the corresponding coordinates by t; for i =
1,...,20. Hence, in this representation, the bilinear form of the lattice looks like

0 0 I
A=10 L 0},
I 0 0

where L is the matrix of J+/J and I is the identity. As g € N preserves .J, it also
preserves J1, as

jogw) =97 v=0

for every j € J,v € J*. Therefore g € N; has a matrix representation

U v w
B=(0 X Y|,
00 Z
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with U, V, W, X, Y, Z matrices of the corresponding size. As any g respects the pairing
of the lattice, we have that

0 0 Uz
A=BTAB = 0 XTrLx VIZ+ XTLY
ZT'0 YTLX +YTV WITU+YTLY +ZTw

I.e. these are exactly those g, that satisfy
Utz =1,
XTLX =1L,
vz + XTLy =0,
WTz+vTLy + ZTw =0,

(5.5.2)

and moreover respect the component of ). As pointed out in Remark the last
condition is equivalent to %% > 0, i.e. U has to preserve this condition, which is
equivalent to det U > 0.

Now we will analyse its unipotent radical: By [Kon99] the unipotent radical is the normal

subgroup consisting of those block matrices with trivial diagonal blocks:

IV w
Wy=<X|(0o I Y| |LY+VI=w4+WT +YTLY =0}. (5.5.3)
00 I

Furthermore, any such matrix as above, with V' # 0 # Y does not commute with every
element in Wy, as for two choices (V,W,Y), (VW' )Y’) and corresponding matrices
B, B’ as above, we get that

I V+V W4+W +VY'
B-B =10 1 Y +Y’
0 0 1

Hence, by symmetry, these commute if and only if
VY =V'Y (5.5.4)

for every choice of V/, Y’ as above. But for a given Y’, we can arrange V' = —(L~Y")7
and W’ = ZY'TLY’. Then this element is contained in W;. Thus, (5.5.4) holds for all
such choices if and only if V' =Y’ = 0. But then the condition (5.5.3) simply reads

wh=-w,

i.e. the centralizer of W is given by

For the next theorem, we need a small lemma:
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Lemma 5.6. Let A =U @ J*+/J. Then there is no element z € A such that
22=0
and

zz > 0.

Proof. As the signature of the lattice is (1, 17), we can assume that the pairing is induced

by the pairing
10
0 —Ii7

in R'®. Hence, for coordinates ¢t = (t1,1a,...,t18), we get that
O=t=-) &
i>1

and therefore

d =1

i>1
On the other hand, 2z > 0 yields
Dol < |l
i>1
which is a contradiction to the triangle inequality. O
Theorem 5.7. Let Dy =Uy;-D C Q. Then
D; = (U;®C) x Ck x F,

such that F = H is the upper half plane in C if J is a plane and F = {point} otherwise.
Furthermore the isomorphism is equivariant with respect to the action of Uy and

D ={(z,w,7) € Dy |z — h(w,w) € Cy}

for a quasi-hermitian form h; (which depends real analytically on 7) and Cj a self-dual
cone in UJE|

Proof. For a proof in the one dimensional case, see [Kon99]. Choose a basis for A as in
Lemma [5.4] i.e.
A=J ) JoUaU

and J = fiC® foC, where f;, s; is the standard basis for one of the U-components. Next
we take the projective coordinates [t;] from (5.5.1)). Denote tg = (s,...,t1s) the part

“Here self-dual means, that there is a positive definite form on Ug, such that C; is self dual with respect
to that form.
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that comes from J+/J. Let ¢ : J*+/J x J+/J — C be the induced pairing. An element
t is contained in D, iff

2t1t19 + 2tatao + q(to,to) =0 (5.7.1)
2Rt1t19 + 2Rtatoo + q(to, to) > 0. (5.7.2)

But if the first condition is satisfied, the second one simplifies to
23t St1g + 23t Steg + ¢(Sto, Stg) > 0.

By the foregoing lemma, we see that to9 = 0 cannot happen, as this would yield the
element ((t1,t19),t0) € U @ J+/J satisfying the assumption of the lemma, which is a
contradiction. Hence we can assume that to9 = 1 by taking the affinization. We choose
a component of D, such that $t; > 0. Then the above condition simplifies to

23t1St1g + q(%to, %to) > 0. (573)

From (j5.7.1]), we get that t5 is uniquely determined by the other coordinates (as tog = 1)E|
and hence
D CxJ/JxH.

On the other hand, as we have seen before, U; = R by identifying

a»—>0a
—a 0)°

By checking the explicit description of Uy, one sees, that U; acts on
CxJ+/JxH

just by translation in the first coordinate. Therefore we can identify the above equivari-
antly with
(Uy®C) x J+/J x H.

On the other hand, for every pair (w,7) € J*/J x H, we can find an element z € C,
such that (z,w,7) € D. And hence
Dy =(U;®C) x J+/J x H.

For the statement on the hermitian form, see [Kon99]. As the only self-dual cone in R
is RT, we get
Cy= RtTCR=U J-

51.6. tg = —q(to,to) — 2t1t19.
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5.2. Baily-Borel Compactification

In this section, we will construct the Baily-Borel compactification, which is highly sin-
gular since the boundary has large codimension. The presented material follows [Brul5].
Let

D = closure of D C DU{z|22 =0} C {z € P(A¢)|2® =0} = Q.

Clearly D C D. We then define D* to be the union of D and the interior of the images
7; of isotropic subspaces defined over Q inside D, i.e.

D* :D|_||_|7q.
I

The topology near the boundary components must of course be defined suitably, but for
our case this is not of any interest. It is important to note, that the topology in the
boundary coincides with analytical one, obtained from D.

As T" takes isotropic subspaces to isotropic subspaces, one gets a natural I'-action on
D*.

Figure 3: The Baily-Borel compactification with lines (points) the boundary components
corresponding to isotropic planes (lines)

Definition 5.8. We define the Baily-Borel compactification as
MPP = T\ D*,
As every component of D* is contained in P(A¢), there is a tautological choice for a line
bundle L on D* as is explained in [LT03]:
L={(z,2)|z € D*,x € Acs.t.[z] =z € P(A¢)orz = 0}.

This line bundle admits a natural action of I', that is compatible with the action on D*.
Hence it descends to the Baily-Borel compactification.

Definition 5.9. The line bundle LP" constructed above is called Hodge line bundle.
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Corollary 5.10. The compactification set-theoretically looks like
M = M UH/SL(2,Z) UH/SL(2,Z) U {p},

where the one dimensional boundary components represent the two orbits of isotropic
planes and the distinguished point corresponds to the isotropic line.

Proof. Let I = f1C + f>C be an isotropic plane with f; rational. Then the interior of
image of I in D is isomorphic to the upper half plane: As we have seen in the previous
section we can take an affinisation of D by tg without losing information. Then the two
components are distinguished specifying w.l.o.g. that &t; > 0. Hence, the interior of
the image is

mr =Hc P =P(J).

Moreover I' interchanges all isotropic planes of one orbit. Consequently, we can assume
that for one such orbit, there is only one component, and I' acts on H via I';, i.e. those
elements g € I' that satisfy g(/) = I. Hence, as det g|; = £1. But as g has to fix H, we
get det g|; = 1. Hence, I" acts on H as a subgroup of SL(2,7Z).

But from the discussion in the previous section, we see that any such element g € SL(2,Z)
extends to an element ¢’ € Iy and so, the action is via the full group SL(2,Z). Thus the
corollary follows by Lemma [5.4 O

Although we worked in the analytic category, we get that

Theorem 5.11 ([L¥03]). The space M® admits the structure of a normal analytic
ringed space.

5.3. Constrution of the Toroidal Compactification

The toroidal construction in our case is rather simple. Fix one isotropic line J. Let C
be as in the previous section. Again, we are following [Brulj].

Definition 5.12. An admissible fan of C'; is given by a fan o of U consisting of rational
cones, that subdivide Cy, such that

e N;NTI acts on X.
e The stabilizer of each cone o € ¥ is finite.

e There are only finitely many N j-orbits in 3.

Remark 5.13. In general, one has to fix such admissible fans for every isotropic subspace,
but in our case, there is only one choice of fan for isotropic planes, as for planes, Uy is
one-dimensional.
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First we describe the construction locally, over a boundary component. Fix an isotropic
subspace J. Then as in the last section, we get a representation

D (U;®C)xCFxF

As Uy is clearly finite dimensional, we get that U; ® C = C" for some n. Hence,
Uy;®C/(U;NT) = C"/Z", which in turn is isomorphic to (C*)™ via the isomorphism

(Zj)j — (exp(?wij))j

As a self-dual cone does not contain any straight line, we get that (C*)" C TV (X), see
Appendix [C] Therefore there is an embedding

(U; ®C)/(U;NT) = TV ().
By this inclusion, we get
Dy/(U;NT) <= TV(Z) x Ck x F. (5.13.1)

We then define DT as the interior of the closure of D/(U; NT) C TV(X) x CF x F.
Moreover this set comes equipped with an action of Nj. Hence, we get the orbitspace

DYt 1.

for Iy = N;yNT. Denote by 9D /T'; = (DY /T ;)\(D/T;). Then we can form the
union
DTor _ |_|D§or
J

where the union is over every isotropic subspace J. Then there is an obvious equivalence
relation R on

| |/, nT) | | D,
J J

which is induced by the action of ', i.e. R C | |;D/(U;NT) x| |; D/(U;NT). Denote
by
Rc| |Dj
J

its closure.
The toroidal compactification M™" is defined as

MTor —_ DTor/R.

The topology near the boundary components is given by the one induced by the fiber bun-
dle (5.13.1f). By Lemmaand the discussion in [L03] it follows that set-theoretically

MTor =M UD}I‘Or/F[ UD}‘OT/FJ HD’[T(OT/PK

where I, J are isotropic planes corresponding to It/I = Eg(—1)2,J+/J = D};(—1) and
K is an isotropic line. We get:
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Theorem 5.14 (Mumford [AMST10]). The toroidal compactification ME°" is a compact
algebraic space. Moreover there is a proper map to the Baily-Borel compactification,
which is simply given by the identity on M and on the boundary of Type I, it is just
induced by the projection Dy /(U;NT) C TV (Z) x CF x H — H — H/SL(2,Z).

Remark 5.15. In [AMS™10] it is moreover shown, that if one allows neat I'” C T" the re-
sulting toroidal compactification MTr’ i smooth. As there exist neat normal subgroups
of finite index, one has a group action G x MTor" s pTor with @ finite, such that the
orbit space is equal to M. The same also holds for the moduli space M itself, see
e.g. [Bru04.

Regarding degenerations, we get the following useful lemma:

Theorem 5.16 (Mumford [AMS™10]). For a map f : A* — T\D it is equivalentﬂ
e f extends to a map f: A — T\DTor

o There is a map fO: A — D?;OT for some J, which induces f on A*.

5.4. Type Il Toroidal Boundary

We will now analyse the boundary that corresponds to the isotropic planes, following
[Kon99] and [Brul5]. As we will see later on, this corresponds to exactly the Type II
degenerations. Fix a isotropic plane .J, which corresponds to either FEg(—1)? or Dfﬁ(—l)
and denote by ¢ : J*/J x J+/J — C the corresponding bilinear pairing. As we saw in
the previous sections, we get the map

D cC (U;®C) x C x H,
with (z,w,7) € D if and only if
3237 + ¢(Sw, Sw) > 0,

see equation (5.7.3). As in the example in Appendix we see that TV (RT) = C, hence
the construction in the previous section yields:

D/(U;NT ) CCxJ/ T xH[]

where the first coordinate is the filling of (U; ® C)/(U;NT ;). Nonetheless, we mean by
a triple (z,w,7) € D an element in the coordinates of U; ® C x J+/.J x H. Observing

fHere A* = {2 € C|0< |z| < 1}.
"It is important to note here that the first coordinate C is not equal to Us ® C, as it is the filing of
C*=C/z.
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that (z,w,7) € D if and only if Iz > —q(Sw, Jw) /7 it follows that the interior of the
closure is given set-theoretically by

D/(UyNT)U0 x J*/J x H,
as §z > 0 implies | exp(27iz)| < 1. Moreover for fixed w € J*/J,7 € H we have that
(z,w,7) €D :=D/(U;NT)° CCx J-/JxH=TV(R) x J-/J x H

if and only if z € {c¢ € C||c| < exp(—q(Sw, Sw)/I7)}. Hence, we get that DI is a
A ={z||z| < 1}-bundle, as ¢ is negative-definite.
Now we will analyse the effect of I'; on D}br. From our description, we saw that tog = 1

Tor
DJ

="

Figure 4: DT as a A-bundle

and to = —q(w,w) — 2z7. Hence
v v w
g=[0 x v ]en,
0o 0 Z

acts on (z,w, T) as
Z+ ﬁ(—cq(w, w) + viw + wiT + wo)

g (zw,7) = L (Xw+Y (i)) , (5.16.1)

at+b
ct+d

where Z = (Z Z), U = <—db _ac>’ vy is the first row of V and (wy,ws) is the first

row of W. The division by c¢7 + d comes from the affinization by the coordinate to.
As we are only concerned with the boundary, we will only analyze the second and the
third component further. Clearly, the action of I'; preserves the boundary. By ,
we see that det Z = det U > 0, but it is invertible over Z, hence det U = det Z = 1 and
Z € SL(2,7Z). On the other hand, clearly X € O(J*/J). Therefore by the previous
calculation, we conclude that g acts on (z,w,7) as Z - 7 in the last component, where
this is the usual SL(2,Z)-action on the upper half plane.

Moreover any Y gives rise to an element of W;. On the boundary, g acts as

(0,w,7) — (0, CT1+CZ(Xw LY C) ), Z7). (5.16.2)
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If we first quotient out G = (W;NT)/(U; NT), which is determined by Y-component,
we get that
oD /G =0xE@ T/,

as any such g € W simply acts by translation by Y <71_> in the second variable. Here
& — H is the universal elliptic curve, i.e.
(CxH)/((2,7) ~ (2 +n+mr,7) for every n, m).
Hence the fiber &; is just an elliptic curve isomorphic to
E=C/(Z+TZ).
There is a natural SL(2,7Z) action on this space, namely

5= (2 0) G = (er ) g

which induces isomorphisms

IR

7g
Er —= Eyr.

Calculating
oDYr T,

we see that the effect of Z in on the middle component of
D /(Wy;NT)=0xE®JL/JT

is just multiplication by (er + d)~!. Hence, N acts on
DT /(W NT)=0xE@JH/JT

just as O(J*/J) x SL(2,7Z). Hence we get:

Theorem 5.17 ([Brul5]). Let J be an isotropic plane. Then the corresponding boundary
component is isomorphic to

ODI Ty = (€ ® J*/1)/(O(J*J) x SL(2,Z))

independent of the chosen fan ¥. In particular a fiber of T of the projection map to
H/SL(2,Z) has the form

Z. = (J*)J @ (CHZ + 7Z)))/Op(J* ] T). (5.17.1)

where

Op(Jt)J)=0(J1/J) x Aut(E,0).
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Proof. Only the last statement needs further explanation. By construction
Z; = (J" T @ (C/(Z+7L)))/G

with
G =1{(g,h) € O(J*/J) x SL(2,Z) | h(7) = 7}.

But in [Hai08] it is shown that
{h € SL(2,Z) | h(T) = 7} = Aut(FE,0),
which consists just of multiplication maps. O

Remark 5.18. By [Hai0S], Aut(E) = {£1} for 7 # i,e*™/3 € H/SL(2,Z). Thus, in these
cases

Zr = (J*)J @ (C/(Z+72))[O(T /),

as multiplication by 1 on J*/J ® (C/(Z + 7Z)) is also induced by —id € O(J*/.J).
In the other two special cases the group Aut(FE) still remains finite by [Hai08].

Remark 5.19. As we will see later on, for our purpose it is necessary to map the above
isomorphically to

(E @ (JH/ D)) /(O(J*/JT) x SL(2,7)) = Hom(J*/J,€) /(O(J*/J) x SL(2,Z))

via the canonical isomorphism J+/J = (J+/J)* induced by the pairing. The fiber of
the theorem above is given by

Z, = Aut(E)\Hom(J*/J, E;)/O(J*+/.J)
which we - by abuse of notation - abbreviate by

Op(J*/J)\Hom(J*/J, E,).

In [LF03], Looijenga considered the intermediate group U; NT' C T C T'; that consists
of the elements that are the identity on J. I.e. with the notation from before, these are
the matrices of the form

IV w
0 X Y |ely.
0 0 I

In the paper he showed, that the boundary is of the form
O(JH/INT /T @ By)

in every fiber of the projection to H, which also directly follows from our description
above. The following theorem is shown in [L703]:
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Theorem 5.20. The map
D}“OT/FJ N GDJTOT/FJ

is a disc bundle and the pullback of the euler class e of that bundle to a fiber as above is
nontrivial and invariant under the Og(J+/J)-action.

Next, we will analyze the closure of certain divisors: Let v € A =U @ U @ J+/.J. Then
v =wu+u + j in the respective components. Here u = (u1,u2),u’ = (u], u)). We want
to analyze the closure of

vt cD/(UyNT)

in DI,
Let (z,w,T) € D as before. Then

(z,w,7)-v=0
is equivalent to
0 = Tug + 2ug + (—q(w,w) — 272)u) + uh + q(w, 5).
Now assume (ug,u}) # (0,0). Then

q(w, w)uy —uy — q(w, j) — Ty

z =

up — 27U}
Therefore
Sz = m(z@u’lq(w, w) 4 237uRq(w, w) — uguh — 2 ubST — us(w, 35)
+2u) (ST (w, Rj) + Rrg(w, Fj)) — STULU).
Hence

q(w, j)

Suppose that a point (j,7) is in the closure. That means, there is a sequence «, =
(2ns jns Tn) € D such that

Sz — 00
Jn —7J
Tn — T € H.

But clearly the last two equations contradict the first one as the bound (/5.4)) shows, that
Qzp, < 00. Hence for (ug,u)) # 0, we have

oL oDt g
So observe for the case (ug,u)) = 0: The equation reads

0 = Tuy + uH + q(w, j)
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or more explicitly
q(w,j) = —Tuy — uf (5.20.1)

and z is arbitrary. Hence
vt NODF = {(j,7) lq(w, j) = —Tur — up}.

In this case, it is important to notice that all these points are of the form (j,7) with
q(w,j) =0 € J-/J@C/(Z + 7Z) in DI/T; = (€@ J*+/J)/(O(J*+/T) x SL(2,7Z)).
Summarizing:

Proposition 5.21. With the notation as above

U vtnapfr/ry = {(w,7) lg(w,j) = 0 € &, q(j, j) = —n}.

v2=—n

Proof. This follows directly from the above and the fact, that
((u1,u2), (uh,u3), 5)* = a(4,4)
for ug = uf = 0. O
Remark 5.22. L.e. the restriction of m C MTor to a fiber
Z, = Og(J+/J)\Hom(J*/J, E;)

is given by
U
v2=—2n
where vt = {f € Hom(J*/J,E;)|f(v) = 0 € E,}. This is clearly a divisor, as the
union is finite, as J+/J is negative-definite.

Remark 5.23. As we see from equation (5.20.1), if (ug,u}) = (0,0) then vt is cut out
by a single equation, i.e. the closure we computed above is indeed an analytic divisor.
In the other case this also follows, as the closure does not meet the boundary and even
by the same argument, for every point in the boundary there is a small neighborhood
which is disjoint to the closure.

5.5. Topology of Orbitspaces of Finite Group Actions

In the last section we computed the boundary structure of the toroidal compactification.
It turned out that fiberwise it is an orbitspace of a finite group action. Our goal is
now to analyze its homology. Therefore we have to recall some general theorems about
orbitspaces of finite group actions:
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Theorem 5.24 ([Loo76] and [Grel§|). Let R be an irreducible root system and L the
corresponding root lattice. Then for any elliptic curve E the space

W(L)\Hom(L, E)
is a weighted projective space. Here W(L) denotes the Weyl group.

Theorem 5.25 ([[lI83]). Let G be a compact Lie group and M be a smooth manifold
with a G-action. Then there exists an equivariant simplicial complex K and a smooth
equivariant triangulation h : K — M.

Remark 5.26. This theorem therefore applies also to finite groups G, for which Illman
found an independent proof in [III78].

Theorem 5.27 ([Bre72|]). Let M be space with a G-group action and K — M be a
reqular G-equivariant triangulation. Denote by m : M — M/G the usual projection.
Then there exists a transfer map 7 : Hy(M/G, k) — H;(M,k)S such that Tl by (M )G
and T are inverse to each other, whenever the field k has characteristic 0.

Remark 5.28 ([Bre72]). Bredon proves that the above condition of the triangulation
being regular can be achieved for any G-equivariant triangulation, by just passing to the
second barycentric subdivision.

Hence, we get the following corollary:

Corollary 5.29. For any smooth manifold M with a G-action, where G is a finite group,
the projection w: M — M /G induces an isomorphism

Hy(M,Q)% — H;(M/G,Q).

Remark 5.30. By duality this result also applies to cohomology.

In the following we are only concerned with rational homology. Recall that we defined
Op(L) =O(L) x Aut(E).

Lemma 5.31. For both lattices L = Es(—1)% or Ds(—1) we define the variety V =
Og(L)\Hom(L, E) for an arbitrary elliptic curve E. Then this space satisfies

Hi(V)={0} and Hy(V)=Q.

Moreover, the second homology is generated by the element «, which is a pushforward
under the map Hy(E'®) = Hy(Hom(L, E)) — Ho(V) of

a= > g([E))
g€O(L)

where Ey = E x 01°.
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Proof. Case Eg(—1)2:
By Corollary we get that

H(V) = H;(Hom(L, E)))9=F).

As L is a direct summand the Weyl group VW acts on both summands separately. Hence
we have

W(L)\(Hom(L, E)) = W(Eg(—1))\Hom(Eg(—1), E))xW(Eg(—1))\(Hom(Eg(-1), E))).

By Theorem [5.24] we get that both factors are isomorphic weighted projective spaces
WP;(i = 1,2). Therefore, as the homology of weighted projective spaces satisfies

HO(W]P)7Q) = Q7
HI(WIP)7Q) = 07
HQ(WP7Q) = @7

applying Kiinneth’s theorem yields
H (W(L)\(Hom(L, E))) =20
and

Hy(W(L)\(Hom(L, E)))
>~ Hoy(WPy,Q) ® Hy(WP2,Q) ® Hy(WP2,Q) @ Ho(WP1,Q) (5.31.1)
=0
Furthermore the injective map
H;(V) = H;(Hom(L, E))°=") — H;(Hom(L, E))"")

yields H;(V,Q) = 0.

Clearly the map ¢ : L — L which interchanges the two factors is an element of O(Eg(—1)?)
but not of W(Eg(—1)?) as every reflection leaves the two components invariant. By
(5.31.1)) we see, that only the elements on the diagnal of Q? = Hy(W(L)\(Hom(L, E)))
are invariant under the action of t. Hence dim (Ho(Hom(L, E))V()) < 1.

Case Dj(—1):

Recalling the construction of DILG we get that the integral part of the lattice is equal to its
root lattice. Looking at the definition, we see that this is isomorphic to D1g. Now take
any Z-basis {e;}1<i<16 of Dfrﬁ. As seen in Appendix We can assume that e;g = (1/2)'6
is one of them, and all other vectors are integral. As one easily sees {ei1,...,e15,2e14}
is a Z-basis for Dyg. Hence, if we identify Hom(Dy, E) and Hom(Dje, E) via the basis
given above with E'6, the map

E'S =~ Hom(Djy, E) % Hom(Dyg, E) = E'6 (5.31.2)
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is just multiplication by 2 in the last component. But looking at the usual CW-structure
of an elliptic curve, we see that multiplication by 2 induces multiplication by 2 on
homology on H;(F) and multiplication by 4 on Hy(FE). By Kiinneth’s theorem we know
that incl* : H?(Hom(Dj;, E)) el Hy(Hom(Dig, F)) is a bijection.

On the other hand, let g € W(D14) be given. By the construction of the Weyl group
g is a composition of reflections at roots. But those reflections extend to the whole
lattice Diy. Hence we have a natural map W(Dsg) — W(D{) which leaves the action

on Dig C D;“G invariant. Forming the square

Hom(D{y, E) —*— Hom(D{y, E)

lincl* lincl*

*

Hom(Dsg, E) —— Hom(Dsg, E)

we see that it is commutative. Namely let f € Hom(Dy, E). Then
g oincl™(f) = g"(flpis) = flpis © 9 = [ © glpis = incl™ o g*(f).

Applying homology to (5.5), we get the commutative diagram

Hy(Hom(Dj, E)) —— Hy(Hom (D, E))
%\Lincl * %\Lincl *

Hy(Hom(Dg, E)) —~— Hy(Hom(Dig, E)).

Consequently Hy(Hom(D{, E))W(DTG) >~ Hy(Hom(Dsg, E))V(P16), But the latter space
satisfies the conditions of Theorem hence is a weighted projective space. Again, by
taking the injective homomorphism

H;(V) 2 H;(Hom(Dsg, E))°PPi6) - H,(Hom(Dsg, E))VP1o),

we see that dim H; (V) = 0 and dim Ha(V) < 1.

dim Ha(V) = 1:

By the above, we only need to show that there is one element of the desired form in
H>(Hom(L, E)), that is invariant under the group action of Og(L). First, fix a basis e;
of L. Under this identification we get that

Hom(L, F) = E'S.

Let Ey = E x 0'5. Then
a= Z [9(Eo)]
g€eO0(L)
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is clearly an element in Ho(Hom(L, E')) that is invariant under the orthogonal group.
But as it consists of a sum of fundamental classes, it is also invariant under complex
(hence orientation preserving) automorphisms of E. Therefore @ is invariant under the
group action Og(L). By Corollary we get that m.a # 0 if and only if &@ £ 0. But
as we will see later in the proof of the intersection of @ with a certain divisor is
non-zero, hence @ is non-zero. Consequently we get that

a = p,a
Q-linearly spans the whole space Ha(V, Q). O

Remark 5.32. Regarding the proof, it also follows that

1

Hi (V) ={0} and  Hy(V)=Q

for L as in the Lemma and
V = O(L)\Hom(L, E).

5.6. Topology near the Boundary

In this section we want to show that every fundamental class of degenerations of Type
IT in M™O" splits, i.e.
ac = (o)« + Z (i)« x;

1<i<n

where o € Ha(M,Q) and «; € Ho(Z;, Q) where Z1, ..., Z, are fibers of the boundary
of M™r — MPP and 7; are the corresponding inclusions.

Firstly, we recall two lemmas proven by Looijenga in [L703].

Lemma 5.33. Let J C A be an isotropic subspace. Then with the notation from Section
there is a neighborhood U C DUm; C D* of w5 such that the image of U in FJ\D}"OT
maps isomorphically to a neighborhood of the boundary H/SL(2,Z) = T'j\my C M in
the Baily-Borel compactification.

The following proposition was proven in [Grel8] for the boundary component Eg(—1)2.

We closely follow the proof with minor changes, that also allow the DIFG case.

Proposition 5.34. Let C — M be a continuous map from a topological space C to
the toroidal compactification that meets the boundary only in the finitely many points in
the type II components. Then for an arbitrary o € Ho(C) we get that the pushforward
ac € Hy(MT" Q) decomposes as

ac = (o)« + Z (i)« x;

1<i<n
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where ag € Hy(T\D, Q) and o; € Ho(Z;, Q) where Z1,. .., Zy, are fibers from the bound-

ary of MT" — M and 7; are the corresponding inclusions.

Remark 5.35. The main tool of the proof is the Euler class Looijenga constructed. But
this class only is defined for I'/\D. Therefore we have to compare the homology of this
space with the quotient space by the full group I';.

Proof. We want to use the Mayer-Vietoris sequence, with V. = M c MT and U a
suitable neighborhood of the points meeting the boundary.

Construction of U:

Denote by p;, g; the points of C' C MTT meeting the L = Fg(—1)2, respectively the
L = D{s(—1) boundary component SL(2,Z)\H. Let

r\D — r/\opr
be the A*-bundle corresponding to an isotropic lattice J with J+ /J = L Denote
Dob - FJ\DTor’J — Ty = H

the map that is the projection to the boundary component from the description in

equation (5.13.1)), i.e. induced by
CxJY/J xH— H.

For every 1, j choose a representative of p;, ¢; in H, which by abuse of notation we denote
by the same symbol. Let U; C m; be a small neighborhood of py,(p;) C 7, such that all
such U;’s are disjoint and contractible. Then

U= pb_b1<U Ui)

contracts to a disjoint union of A-bundles B; over Z; = J+/J ® E;, = pb_b1 (r;) N oD
for 7; = py(p;) by Theorem Moreover by Lemma we can arrange that the
image V; of this bundle in I ;\DT™ - after a possible modification in each ﬁbreﬂ- maps
injectively into M™". Doing the same for the other component, and possibly after
another modification, we can assume, that U retracts to a disjoint union of such bundles
for every point p; and g; as above. Let U be the image of U in MT". By the lemma,
the image of UinT 7\D maps isomorphically to U.
Mayer-Vietoris sequence:
The Mayer-Vietoris sequence reads

Hy(U,Q) ® H2(V,Q) — H2(UUV,Q) — Hi(UNV,Q).

As C maps into U UV, it suffices to show that Hi(U N V,Q) = 0, because then the
homology class splits even as an element of Ho(U UV, Q) and pushing forward gives the

8Observe that we work with the intermediate group I'” and not T';.
For example by replacing A with {c||c| < €} for suitable €’s in each fibre.
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Tor
DJ

Figure 5: Neighborhoods U; constructed above for every 7;.

desired element. But U NV is just U without the boundary. To conclude, we only need
to show H1(V,°,Q) = 0 for all 4, where V° is V; without the boundary.

By the construction, one sees that V.° is just the image of B;, which by definition is
B; without the zero section. But the Euler class e; € H?(Z;,Z) of the A*-bundles is
non-zero by the Theorem [5.20] Hence the Gysin-sequence is exact and reads

Ne;

Hy(B;,Q) = Hy(Z;,Q) — Ho(Z;,Q) — H((B;,Q) — Hi(Z;,Q).

Mapping to the image in I' ;\D™"J we get the commutative diagram

Hy(Z;,Q) —— Ho(Z;,Q) —— H1(B},Q) —— H1(Z;, Q)

| | | |

HQ(E)Q) - HO(Y;7Q) — HI(VL'O’Q) — Hl()/;n@)

where Y; 2 Og(J+/J)\(J*/J ® E,) is the image in MT°". The first box commutes, as
Z; — Y; is just the map

O(J*/I\(J*/J ® E;) — Op(J*=/I\(J*/J ® E;)

and hence, is the quotient by a finite group. But the Euler class e; € H?(Z;, Q) is
invariant under the group action by the theorem and hence pulls back from a non-zero
element e, € Hy(Y;,Q). Then the push-pull formula shows commutativity. But by
Lemma [5.31] we have

NNNX XX
CLLLLL
\
=

FEFEEE
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and the vertical maps between the homology of the spaces induced by Z; — Y; is an
isomorphism by Corollary

But by the universal coefficient theorem H?(Y;, Q) = Hom(H2(Y;, Q),Q). As e} # 0, we
see that Ha(Y;, Q) % Hy(Y;,Q) is an isomorphism and the same holds for Z;.

To conclude, we have the following diagram

.

Q — Hi(B;,Q —— 0

7

T

Q — Hi(V?,Q) —— 0

7

<;
IR

:

with the upper row being exact. Therefore Hy(By,Q) = 0. On the other hand, V° =

7 0 o0
G\By with G a finite group: it is just the action of 0 I 0 | with T preserving
0 o0 T
7, i.e. it is finite. Therefore every element y € H;(V,°,Q) has a preimage x € Hy(By,Q)
by Corollary Hence y = 0 by a diagram chase. O
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6. Extension of the Period Map for Degenerations

In this section we will study, in which way the period map
C --» MTor

extends, where C' is a degeneration of K3 surfaces.
In the last section, we saw that MT°" is proper over C, as it is compact in the analytic
setting. Therefore we get the following standard extension theorem:

Lemma 6.1. Let X — C be a U-quasi-polarized degeneration with C' a smooth curve.
Then the period map extends to an algebraic map

C =M™,

Proof. Let p € C' be one of the finitely many points in C' where the period map is not
defined. As C is smooth, O¢, is a discrete valuation ring. Let 7 be the generic point of
C. Hence, we have a map

Spec(Oc;) — M™*

and
Spec(Oc¢,,) — Spec(Ocp).
Then

Spec(O¢c,) —— MTor

| |

Spec(Oc¢,p) — Spec(C)

commutes. By the properness of MT" — Spec(C), we get a map Spec(O¢ ) — M™Or,
that commutes with the diagram. Via this map we can extend

C — MmTer,

By means of this extension, we also get an extension
C — M.

By a theorem in [CEZGT14], the boundary components of MPP each parametrize the
pure Hodge structures on Gri(HZ2). In the case of short type II degenerations X; ~
Vi1 Ug V5 we have seen that

Gri(HZ) = H'(E, Q)
even as Hodge structures. But the Hodge structure in this case is determined by 7 for
E =C/(Z + 7Z). The extension is then simply given by 7 € SL(2,7Z)\H, see [Grel§].
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Extension for Type |l degenerations

Let X — C be a Kulikov degeneration of Type II with short degenerated fibers. I.e.
Xo=ViUg Ws.

Then E = C/(Z+7Z). Let N = logT be the logarithm of the monodromy as in Section
Then N? = 0, as it is of type two. Let J = Im N. This subspace is clearly generated
rationally. As N is skew-symmetric with respect to the cup product, we get that J is
even isotropic, as

NzNNy=—-zNN%y=0
for any z,y € H?(X;,C). Moreover
Ker N = (Im N)*

as 0 = Nz Ny =—xNNy. As we saw in Section H2 = H%*(X;,C) for some t € C
nearby the fiber. Denote by Z C Pic(X) the U-polarization. We polarize

CroH% = Ker N/Tm N

by Z|x,. This is possible, as by the invariant cycle theorem U = Z|x, C Ker N. On the
other hand, U NImN = {0}: Assume the contrary, i.e. thereis a 0 # j € U NImN. As
ImN is isotropic, we have that j-j = 0. But U C Ker N = (Im N)*. Therefore U L j.
But this cannot happen, as U has signature (1,1). Hence,

Gry?'H2 = (Ker NN U)/Im N
is well-defined.

By Appendix we see that U+ is an unimodular even lattice of signature (2, 18), i.e. it
is isomorphic to Ay 13. Hence, we get an isotropic plane J = Im N C Ay 13, such that

Gy HZ = J4/J

o0

is even, unimodular and of signature (0, 16). Hence by Appendix |A]it is isomorphic to
one of the following lattices:

Es(—1)* or Djs(—1).

By a theorem of Deligne, as stated in [Grel§|, we have for our case:

Theorem 6.2 ([Grel8]). There is a group-isomorphism

Extyrs(GroH2,, GriH2 ) — Hom(GroH2 ,E) = J*/J ® E.
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Recalling the construction of the isomorphism
EL/EL = GroHZ,
from Section [£.2] we see that it is constructed by taking an element
(a,b) € EX ¢ H*(V\,Z) & H?(Va, Z),

pulling it back to H%(V} Ug Va,Z) by Mayer-Vietoris and then applying the Clemens
map. But as Z|x, extends to X, we get that the Z|x, corresponds to Z|x, under the
above isomorphism by the invariant cycle theorem.

Let (a,b) € £+ ¢ H?(V4,Z) ® H?(Va,7Z). Then
a]E — b‘E < PiCo(E) = J(E) = E,

as by definition 0 = &£ - (a,b) = dega — degb. Moreover this map factors through £Z,
as
(Ovi(E), =Ow,y(E)) = (Ngjv;, © Ngjvy) =0

by d-semistability. Hence we get:

Theorem 6.3 ([Fri84]). There is a morphism
GroH2 — J(E)2 E
where J(E) is the Jacobian of E. It is given by

= (ll,lz) — l1|E — l2|E S PIC()(E) (631)

Recall that for a degeneration as above, we get that
MTor N Mbb

has the fiber
Z. = Og(J*+/J)\Hom(J* ) J, E;)

over the type II boundary component corresponding to J. As Friedman proved, the
extension of the period map in our Type II case for a degeneration

Xy~ ViUg Vo

is then given by the point in Z; corresponding to the map in (6.3.1]).
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Geometric interpretation of extension of the period map for non-Kulikov models

As previously stated, any local degeneration X — A can be transformed to a Kulikov
model by successively taking an n-fold cover and then taking an birational morphism,
that just alters the central fiber. But any extension of

A* — MTor

of the n-fold covering determines the extension of the original family, as this is just a
topological property. Hence, for any degneration X — C, the degenerated fibers get
mapped to the point corresponding to the constructed Kulikov model.

Remark 6.4. By taking an n-fold cover of A, the logarithm of the monodromy operator
changes only by a scalar multiple, i.e. N’ =nN, as T" = T™. Therefore one can directly
spot which Type the corresponding Kulikov model will be, just by taking the monodromy
of the original family. I.e. the non-Kulikov example in Section maps to the type II
boundary as well.

Remark 6.5. Let f: X — C be a semistable degeneration. As was stated in Section
there is a birational morphism X’ — X that is an isomorphism outside the degenerated
fibers. Therefore the period map does not change if we replace X — C by X’ — C.

Period map for K3 surfaces with ADE singularities

Let X — A be a degeneration of K3 surfaces, such that the central fiber is an irreducible
surface that has only ADE singularities. Then, by [AHVAV17], there is an n € N, such
that the n-fold cover

p:t—t"

the resulting family X = X Xp A admits a simultaneous resolution, i.e. there is a
birational morphism Y — X , such that Y; — Xt is the minimal resolution for all t. But
by Lemma [4.20] the resulting canonical sheaf of Y is trivial outside the central fiber. But
as the central fiber is irreducible, and Oy (Yy) = Oy, we get that Y is a Kulikov model.
Hence by the classification Y} is a K3 surface. By the last paragraph, the period point
of an extension

A — Mot

is given by the one of Yp, i.e. the minimal resolution of Xj.
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7. Modular Forms and Quasi-Modular Forms

7.1. Modular Forms

In this section we give a brief overview of modular forms by following [Zag0§].

Let H = {z € C|3z > 0} be the upper half plane. Recall the classical group action of

SL(2,Z) on H which is given by sending h € H via v = <z Z) to

ah+b

ch+d

Definition 7.1. A holomorphic map f : H — C is called a modular function of weight
k, if

r(&5)m = s atan,

Remark 7.2. Analysing this behaviour for (é i), we see that

f(z)=f(z+1).
Considering the covering map

Z_>e27rzz_

HZ" 4 A*={geClo<qg<1}
we see that f factors as a holomorphic map
fiHZS A S C.

Therefore the map has the following form

o) [e's)
f: E: ane27rzzn: E: anqn‘

n=—oo n=—oo

Definition 7.3. In the above setting, a modular function that satisfies a,, = 0 for all
n < 0 is called modular form.

7.2. Examples

Of big importance for our constructed modular forms is the following theorem, taken
from [Zag08|:
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Theorem 7.4. The space My of weight k modular forms is a finite dimensional vec-
torspace. Moreover the dimensions satisfy

dimMg = diliO =1.

Therefore we only need to construct one modular form in the whole space.

Ezxample 7.5. For k > 2 the Eisenstein-modular forms are defined in the following way:

1 1
Bl =5 2 Gy

c,deZ
ged(e,d)=1
As is shown [Zag08] they satisfy

FEg =1+ 480¢ + 619204 4 1050240¢> + . . .
Fio =1 — 264q — 135432¢* — 5196576¢> — . . ..

Moreover, one can show (see e.g. [Zag08]) that for n > 2

oo

En = 1‘1‘&1((]‘1‘2071)
=2

with ¢, € Z.

Next, we will see another way of constructing modular forms, namely from lattices.

Definition 7.6. Let L be an even positive definite lattice. The Theta series of the

lattice is defined by
1 n
@ = E q§$2 = E anf,

zeL n>0

where R, = #{x € L, 2% = n}.

Of special importance for elliptic K3s are the lattices Dfﬁ and Fg ® Eg, for which the
following theorem holds:

Theorem 7.7 ([Zag08]). Let L be a unimodular even lattice of dimension 2m. Then its
theta function is a modular form of weight m.

Example 7.8. As is shown in Appendix [A] both lattices DIFG and Eg @ Eg are even, uni-
modular and positive definite. Therefore there is only one element whose self intersection
is zero. This yields

@D1+6 = Opgaps = Iy,

as dim Mg = 1.
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7.3. Quasi-Modular Forms

Definition 7.9. A function F : H — C is called an almost holomorphic modular form,
if it can be expressed as

F(z) = fr(2) - (—4my)
r=0

where f, is a holomorphic function and y = $z, such that it transforms appropriately,
i.e.

F(y-2)=(cz+ d)kF(z)

a b

for all v = (C d

form of weight k, if there is an almost holomorphic modular form F' of weight &k as above
such that f = fj.

) € SL(2,Z). A holomorphic map f : H — C is called quasi-modular

Proposition 7.10. The differential D f(z) = %% (2) = > 2o nang™ of a holomorphic
modular form f =" an,q" of weight k is a quasi-modular form of weight k + 2.

Proof. See [BvdGHZ08S]. O

Example 7.11. By the foregoing proposition DFg is a quasi-modular form and by the
discussion of the last section

DEg(q) =480(¢ + Y _ cnq™)

n>2

with ¢, € Z. In particular DFEg/480 is integral, has no constant term and the factor of
1 .
q is 1.
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8. Quasi-Modular Forms from Degenerations

8.1. Heegner Divisors and Noether-Lefschetz Divisors

In this section we introduce divisors that represent elements in the Picard group of K3
surfaces. We follow the description of [MP07].

Let
D= P{xeAig®C|(z,z)=0,(z,z) >0}

and I' = O(A218). Consequently I'\D is the moduli space for U-quasi-polarized, hence
elliptic, K3 surfaces from Section [3| For a fixed n € Z, let I,, = {v € Ay 15| v? = 2n}.
This set is clearly preserved by I'. As A 15 is unimodular, the description of the Heegner
divisors from [MPO07] simplifies to

Definition 8.1. Let n # 0, then define the Noether-Lefschetz or Heegner divisor as

NL,, = Z vt

vElp

Clearly the sum is I'-invariant and by Appendix [A] their is only one I-orbit of v’s such
that v2 = 2n. Therefore, by [BvdGHZ08] the divisor above descends to an algebraic
divisor NL4 € Pic(I'\D) = Pic(M).

Remark 8.2. A point p € M is contained in the Noether-Lefschetz divisor if and only
if the corresponding K3 surface X has a Cartier divisor v € Pic(X), such that v? = 2n
and v is orthogonal to the polarization.

Moreover the canonical line bundle O(—1) = {([z],y) € D x A218 @ C| [y] = [z]} admits
an obvious action of I'. This action is equivariant with respect to the projection O(—1) —
D. Hence it also descends to a line bundle v on

M =T\D.
Definition 8.3. Define the Hodge line bundle as the inverse
A=

In our case of M™" we have that M C MT°" as a dense open subset and the complement
is of codimension 1. Hence the following definition constructs another divisor

Definition 8.4. The closure NL,, of NL,, in MT°" is called the completed Noether Lef-
schetz divisor.
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Denote by 8E8(_1)2MT°r and 8D;%(_1)MTOI the corresponding boundary components.
Remark 8.5. Recall that in Remark we proved that

NL,NZ- = |J v" cHom(J"/J E;)/Op(J")]) = Z,.

v2=—n

Moreover in Section [5] we saw that v - and hence A - extend naturally to a line bundle
on MPP,

Chern Classes of Heegner Divisors

In the following, we want to regard these divisors as cohomology classes. This is done
as follows (for a more detailed description, see [Bru04]): Let M’ = I"\D be the quotient
of a normal neat subgroup I C T" of finite index. As we have seen in Remark this
space is smooth and we have a group action G ~ M’ of a finite group G = I'/T” such
that the orbit space is M. Denote p : M’ — M the projection.

As M’ is smooth, we get the Chern class of NL, = p*NL; C I"\D:

ci(NL)) € HX(I'\D, Z).

But by construction this is invariant under the G action, as NLg is I' invariant. By
Theorem this class is the pull back of an unique element

¢(NLgy) € H*(M, Q).

The same construction works for the Noether-Lefschetz divisors in MT°" by replacing
M with MT°" in the above. Denote by p : MTer" — pTer the corresponding projection
map.

Again, as M™" is not smooth, we have to show that the intersection product in MT°T is
the same as the product in (co)homology. Let a € AL(M™°F). By [Full3], a = p.a’ with
o = |—(1;|p*0z € AY(M™") in the smooth space. Then for the cycle map cl : AY(X) —

Hy(X) as in [Full3]:

o)) by definition as p*NL = NL'

1 *
L)n cl(@p*p a)
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As MT°" is compact cl(a) is just the fundamental class of a. Therefore computing the
intersection in MT°" in (co)homology is the same as the algebraic intersection product.
By abuse of notation we denote N L also for the cohomology class ¢(N Lg) from above.

Intersection with a Degeneration

Now, we can define the intersection of a family and a degeneration with the Noether-
Lefschetz divisors: Let f : X — C be a degeneration. Then the period map extends to
a map

C — MmTor,

Because of properness the image is a closed curve C c M™r. Thus, we can define the
intersection as

C-NLy:=C-NLy,

which is just the usual algebraic intersection product in M™*. By the above, we have
that L o
C-NL;= [C] N C(NLd),

where [O] € Hy(M™°" 7) is the push forward of the fundamental class of C.

8.2. Borcherds Results - Modularity for Type | Degenerations

Here, we will present the theorem of Borcherds, which relates the different intersection
products with Noether-Lefschetz divisors. This is the main building block of the results,
which are presented in the subsequent sections.

We need the following definition of a generating series:

Definition 8.6. Let

() =Xr-¢"+ D NL_.q" € Pic(M)[[q]

neZ,n>0
be a formal power series.

Remark 8.7. Here we heavily use that Ag 1g is unimodular, which simplifies all construc-
tions in [MPOT]. In the general case, the generating series is an element of Pic(M)][[g]] ®
C[A*\A].

Now, we come to the main result:

66



Theorem 8.8: Borcherds, MacGraw [MPO07]

The generating function ®(g) is an element of
PiC(M) Xz MlO,

where My denotes the weight 10 modular forms.

Therefore as an corollary, we get:

Corollary 8.9 (Modularity for Type I degenerations). Let aw € Ho(M). Then

ani+ > anNL.,q"
neZ,n>0

is a modular form of weight 10. In particular, for every Type I degeneration over a curve
C, we get that
C-A+ >  C-NL.,q"

nez,n>0

is a modular form of weight 10.

8.3. Main Theorem - Quasi-Modularity for Type Il Degenerations

In this section, we want to prove the following theorem: Denote by A the pull back of
the Hodge line bundle of MPP to MT*. Then:

Theorem 8.10: Main theorem

Quasi-Modularity for Degenerations of Type II

Let
() =Xr-¢"+ D  NL_ng" € Pic(M™)[q]]
neZ,n>0

and X — C be a degeneration such that the period map extends to the Type II
boundary component. Denote by « the fundamental class of C' in the toroidal
compactification MT". Then

an®(@=ani ¢+ Z aNNL_,q" (8.10.1)
n€Z,n>0

is a quasi-modular form of weight 10 and is an element of

1
7E —ZDEy.
10 D 130 8
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Remark 8.11. The theorem has been proven for the case that the degeneration only
meets the Eg(—1)%? boundary by Frangois Greer in [Grel8]. In the following we will
mimic his prove for the general case.

The general idea is as follows: We decompose the homology class of the curve into
a boundary component o and one that is supported on the interior. To the latter,
Theorem of Borcherd applies. As it will turn out, the intersection numbers NLg - o
are quadratic in d. The next lemma will investigate those further.

Throughout this whole subsection let L = Dj(—1) or Es(—1)? unless otherwise stated,
and (—, —) the corresponding intersection pairing.

Lemma 8.12. Let L = Eg, E3, Dig or Dfﬁ. Then every quadratic forw@ q that is
wvariant under the orthogonal group of the lattice, is a multiple of the pairing of the
lattice.

Remark 8.13. The proof of the lemma even generalizes to irreducible root systems with
associated Dynkin diagram only having simple edges. L.e. there is a generating set of the
lattice, that consists of roots and every two such roots vy, v, are connected by a chain
of roots vg — v1 — ... — v, that have intersection (v;,v;+1) = 1 and every two roots
that have intersection # 1 are orthogonal.

B Dis H<

Figure 6: Eg-Dynkin diagram

Figure 7: D1g-Dynkin diagram

Proof. The root lattices Eg, D1g:

It is important to note, that in this case, i.e. the case of root lattices, it suffices to have
invariance under the Weyl group.

As is shown in Appendix[A] Eg and D¢ satisfy the property from the remark. Fix such a
generating set. For convenience, we work with the associated bilinear form (—, —) that is
clearly also invariant. Let v,v" be two roots of the generating set that have intersection
(v,v") = 1. There are two elements in the Weyl group, i.e. the group generated by
reflections at roots, that we need: the reflection at the corresponding roots s,, s,s. They
satisfy

Sy(v) = —v,
Spr (V) = v =,
sp(v') =0 —w.

Therefore by invariance

(v,0") = (55(v), 8, (V') = —(v,0" —v) = (v,v) — (v,0).

10A quadratic form is a map ¢ : L — Z that is equal to (v,v) for a symmetric bilinear form (v, v').
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Thus (v,v’) = 3(v,v). Then
(0,0) = (8 (v), 8 (v)) = (v =", v =) = (v,v) = 2(v,0") + (v, V).

Consequently (v/,v") = 2(v,v") = (v,v). On the other hand, let (v,v") = 0, then

Hence, we get
—(v,0") = (s0(v), V")) = (v, 50 (V) = (v, V).

It follows that (v,v") = 0. Therefore on the whole generating set the bilinear form (for
a fixed root vy in the generating set) satisfies

2(v,v") = (vo, vo) (v, ")

and hence the identity holds on the whole lattice.
The lattice Eg & FEg:

Let
(= =)1 = (= (B x0)x (Bs x0)
(_7_)2 ( )’ (0xEg)x(0x Eg)»
(_7_)3 ( )| (0x Eg)x(Egx0)»
(= =)a = (= 2)l(Bsx0)x (0xBs)-
Then

(=t (= =2+ (5 Da+ (= =)= (=)

by bilinearity. From now on, by abuse of notation, we interpret these bilinear maps as
maps (—, —); : By x Eg — Z.

As for any g € O(E3), gxid € O(Eg® Eg), we get that (—, —);1 is also invariant under the
orthogonal group of Eg. Hence, by the above, (—, —); = c1(—, —) g, and by symmetry
(—,—)2 = c2(—, —) - But on the other hand, g x id shows, that

(CL, b)3 = (g(a)> b)
and by symmetry also (a,b)s = (a, g(b)). Hence
(a,b)3 = (g9(a), g(b))-

Therefore (a,b)s = c3(a,b)g,. But let s, € O(FEg) be the reflection at a root v. Then
sy(v) = —v. Therefore
(U7U)3 = (—U,U)3 = _(Uav)?)
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and cs must be zero. By symmetry, also ¢4 = 0. Hence

(= —)=ci(—, )1 +ca—,—)

But as

T:FEs® Ey — Eg® Eg
a®b —bda

is an element in O(Eg @ Eg), we get that
(v, )1 =0, ®0)= (0B v,00) = (v,0).
Take a root v € Eg. Then by the above
2¢1 = c1(v,v) g, = (v,v)1 = (v,0)2 = 2ca.
Thus, ¢; = ¢ and
(= =)= (= =+ (= 2= (= ) msx0 + (= —Joxm) = (= =) Esx B

The lattice Df%:

By Appendix Dig C DfG C Q'6 both Q-linearly span the whole space Q!¢ and get the
intersection pairing from the canonical one in Q!%. On the other hand, every element
g € W(D15) extends to an automorphism of Dy, as every reflection does so. Thus,

(_a _) ‘DIS
is invariant under the Weyl group action. By the proof above, we get that
(= =)ID1e = (= =) D1g- (8.13.1)

But as D1g C Dfﬁ both Q-linearly span the same subspace in Q'°, the only bilinear form
extending (—, —)p,, on Dj is the intersection pairing of Dy itself. Hence

(_v _) = C<_7 _>D1"6'
O

Lemma 8.14. Let E be an elliptic curve, 0 # a € Z. Then there are exactly a® elements
e € E, that satisfy
ae =0€ L.
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Proof. Tt is well known, that F is isomorphic to C/(Z @ 7Z) for some 7 € H. Hence
x4+ y7 € E satisfies
ar+ayr=0€ F

if and only if
axr +tay € Z ® 7.

But this is the case if and only if
1
ar €L < x € -4 and
a

-
ay ETL &y € 7.
a

As every x + Ty has precisely one representative with 0 < z,y < 1, all solutions are given
by the pairs
m n
{z4+yr|z=—,y=—,0<m,n<a}
a a

which are precisely a?-many.

T 1+71

© 1
Figure 8: Solutions on elliptic curve with a = 2.

O]

The following lemma is the main component of the proof of the main theorem. It follows
closely the exposition in [Grel§].

Lemma 8.15. Let a € Hy(Op(L)\Hom(L, E),Q) and N,, = Uy2__o,v" the restriction
of the Noether Lefschetz divisor as in Section[8.1. Then

Z(Nn Na)q" =c-DEg
n>0

with a constant ¢ € Q.

Proof. By Lemma we know that dim He(Og(L)\Hom(L, E),Q) = 1 and that « is
a multiple of the pushforward of

a= Z l9(Eo)]

geO0(L)
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where Fg = E x 015 ¢ E6.

To simplify the calculation we first compute the cap product in Hom(L, E) = E'® with
the pullback of U,2__ozv" which is just Uy2_ o0t € E'6. But

l9(Eo)] Nvt = [Eo] ng~ (v)*

as ¢ induces a homeomorhism E'6 — E16. Hence, we have to count the intersections
of the elliptic curve Ey with v. To do this, we have to analyze the morphism E' =
Hom(L, E') again. It was chosen in such a way, that we pick generators g1, ..., g1 of L,
and (eq,...,e16) € E'0 is sent to

Zaigi — Zaiei c FE.

Let v = > v;g; with v; € Z. Hence e € Ey is contained in vt, if and only if
ve=0¢€ k.

As vy € Z, that is the case for exactly v3-many points in Ey by the foregoing lemma if
vo # 0. On the other hand, if vy = 0, then Ey C v+. We can assume without loss of
generality that v; # 0, as v # 0. Hence forming the diagram

Ex0® —» Ex Ex0oi

iincl iincl

E16 id E16

we get by the push-pull formula
incl, ([E x 0" N ot | gy pxos) = [E x 014 not.

But v | gy pxo1s = E x {e € E'|vie = 0}. By the foregoing lemma this is just £ x {v? —
points}. But

(E x 0)N (E x {v? — points}) = 0,
as cohomologically E x 0 can be moved to E x {p}, for an arbitrary point p, as it is a
fiber of the projection E x FE .
Hence we get that

Eynuvt = v%

for every v € L. Thus it is a quadratic form in v, that comes from a bilinear mapping.
So even

satisfies the same. But as we saw
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as @ is invariant under the O(L)-action by construction. Hence, @ N v' is a quadratic
form coming from a bilinear form, that is invariant under the orthogonal group of the
lattice. By Lemma |8.12

anovt=c-(v,v)

for our two choices of L. By the push-pull formula for the map p : Hom(L, F) —
Og(L)\Hom(L, E) we get

ch—p*aﬂUv —aﬂUv
2d

v2=—2d 2= v2=—2d

Taking the generating series of this expression yields
Z (an U =c Z Z —2nq" = —cDOp = —cDEFjg
n€lso v2=—2n n€l>o v2=—2n

by Theorem [7.7] So it is a quasi-modular form of weight 10. O

Remark 8.16. Recall from Section |5, for any continous map C — MT°" that meets the
boundary in finitely many Type II points and for every a € Ho(C, Q) the pushforward
ac € Hy(M™" Q) of a decomposes as

ac = (m)«ao + Z (7)) w0t
1<i<n

where og € Ho(I'\D, Q) and «; € Ha(Z;,Q) where Z; is a fiber from the boundary of

MTor 5 MPP and 7; are the corresponding inclusions.

The following proves the main theorem under more general assumptions:

Theorem 8.17. Let f : C — MT°" be any continuous map from a topological space C
to the toroidal compactification. Assume moreover that the map meets the boundary only
in finitely many points in the Type II components. Let ac € Ho(C,Z) be any homology
class and o = f.ac the pushforward in M™". Then

1
P 7E —7ZDEg.
and(q) € 10 D 180 8

Proof. By the foregoing lemma, we may assume that o = (7). + Y, (m;)«; as above.
But by Borcherds result and the push-pull formula on homology we get

(m0)xx0 N @(g) =(70) (0 N mGP(q))

=(m0)«(a0 N (A - ¢° + Y mGNL_pq"))

nez
n>0

=(m0)«(a0 N (A" + > _NL_nq")) € QE1o.

nez
n>0
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In the same way, we see that

(mi)xc; 1 @(q) =(mi)u(cs N (w7 A - ¢° + Y mNL_ng")).

neZ
n>0

But by Lemma [8.15 we get that

Z a; N W;m,nqn € QDEs.

neZ,n>0
As ) is the pullback of the Hodge line bundle of MPP, we get that
a; NN =0,
as m; X = 0, because m; is just the inclusion of a fiber of M™" — MPP. Hence
an®(q) € QE ) ® QDE3.

By construction every intersection product a N NL_,, is integral. Therefore we get

1
) 7E —7DE
and(q) € 10 D 180 85

as
cEv+ ¢ DEg = ¢+ (—264¢ + 480 )g + . ...

shows that c€ Z and ¢ € ﬁZ. O

Remark 8.18. By Example we see that even every quasi-modular form in ﬁZDEg
is integral.

Structure of the Hodge Bundle

Let X i> C be a family of K3 surfaces and C 2y M the period map. Then by construc-
tion and the structure of

[:0% )0 = R*f.L® O¢

which is just
H*Y(X,) — H*(X;,C)

in every fiber, one sees that
pAE (f*Q_Qx/C)* = (f*WX/C)*-
If f is a semi-stable degeneration then even
PN (fawx/o)”s

where wy/c is the relative dualizing sheaf, as is shown in [Fuj03]. But by a theorem in
[CD14] f.wx/c is nef, i.e. it has non-negative degree. Concluding:
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Corollary 8.19. Let X Ly ¢ bea degeneration as in the main theorem that s
semi-stable. Then

C-®(q)=C-A-¢"+ > C-NL.,q"

neZ,n>0

1s an element of
1
Z<oF —ZDEFEg.
<ofi10 + 130 8

Proof. The coefficient of the constant term of C'-® is C'-\. But this is also the coefficient
of E1g. Then
C -\ =degy A = —degq frwxc <0

by nefness. O
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9. Calculation of Noether-Lefschetz Numbers

Degeneration associated to the generic pencil of Oy, (3,12)
The general construction

In this section we will construct a degeneration as in Section Le. let
P\ p] = AL + pL' € P(H(OF,(3,12)))

be a generic Lefschetz pencil in O, (3,12). The degeneration X — P! is then defined as
the double cover of
Fy x P!

along
(Z ' P([)‘27M2])7 P‘vu])

As we have seen in Sections and the generic element of this degeneration is
indeed a K3 surface.

The singular fibers

Next, we want to examine which singular fibers can occur. Recall, that in a generic
pencil, there is an open dense subset of P! such that the fibers over these points are
smooth and irreducible by Bertini’s theorem.

By Appendix [D] we have
H°(Fy, O(a,b)) = H(P', 7,.0(a, b))
for a > 0, where 7 : F4 — P! is the ruling. On the other hand, by [Harl3], we have

7.0(a,0) = S*(Op & Opi (—4)) = P O(—4i).
1=0,...,a
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Hence, we get
HO(r,0(a, b)) = HO(W*<O(CL, 0) @ 7 Op1 (D))
= H(7,0(a,0) ® Op1 (b))
=H( @ Opi(—4i) @ Op1 (b))

1=0,...,a

=H( @ Opi(—4i+1))
=0,...,a

)

= H®(Op1(—4i +b)).

1=0,...,a

As dim H%(Opi1(a)) = a+ 1 for @ > 0 and 0 otherwise, we can compute all possible
dimensions that can occur: See table [l

We now want to analyze, which splittings
h~f-g
can occur in a generic pencil. If this happens then

f € 0(a,b),
g€ O(d,b),

with a +a’ = 3,b+ b’ = 12. Hence, all elements of this form for fixed a, b form a subset
of O(3,12) with dimension

dim < dimPH(O(a, b)) + dimPH(O(d’,1')).

By analyzing the table [I, one sees that the codimension in PH?((O(3,12)) is always
greater than 2, except for the case

f€0(1,0),
g € 0(2,12),

which was the the degeneration we analyzed in Section

Number of singular curves - Gottsche conjecture

Following the idea of [KST11], we compute the number of nodal fibers of the pencil.
Suppose, there are only ordinary double points as singularities, i.e. singularities that
analytically look like zy = 0 in C?. Denote by g the arithmetic genus of the curve in the
pencil, which satisfies

29 —2=0(3,12) - (O(3,12) + wr,) = 18.
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Table 1: Dimensions of line bundles

dimPHO(L)
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By [KST11], we have that the Euler characteristic x(C) = 2 — 2g for smooth curves and
X(C) =2 —2g+n for curves with n nodes, i.e

=1

—
X(C) = (2 —2g) x(pt) = n.

Note, that this is not necessarily true for reducible curves of the form C' = C1 U, .., Ca.
Now suppose the pencil meets a degeneration into f - g with f € O(1,0),9 € O(2,12)
once and all other curves are irreducible (which is the case for the generic pencil, as
we will see soon). Generically those f and g meet in 4 points transversally. By the
additivity of the Euler characteristic

X(C) = x(C1) + x(Ca) — Upz = X(C1) + x(C2) —

Computing the Euler characteristic via the adjunction formula, we get
x(C1) + x(Cs) = —(—2 +12) = —10.

Therefore for this curve

=—18
X(C) = (2 —29) x(pt) = 10 —4 — (-18) =

Thus, in this case it equals the number of nodel points. Now let C — P! be the universal
curve of the pencil, which is isomorphic to the blowup of Fy in ¢;(O(3,12))? = 36 points.
Hence by the additivity of the Euler characteristic we get

#(number of nodal singularities)
=#(number of nodal singularities in irreducible fibers) + 4
=x(F4) + 36 — (2 — 2g9)x(P') = 4+ 36 + 18 - 2 = 76.

Intersection with N1,

Let A, B € O(3,12) be chosen generically such that the related pencil P
M +vB
has only nodal singularities. Then the quadratic pencil
NA+v’B

contains every curve from above twice, except the ones A and B. As the pencil P is
chosen generically, we know that the reducible fibers are of the form

f-g
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for f € O(1,0),9 € O(2,12). But all those elements define a hypersurface of degree one,
hence P contains only one such element. By the Gottsche formula above, we know that
the quadratic pencil hence contains 2-76 = 152 nodal singularities, where 152—2-4 = 144
lie in irreducible curves, and the other 8 nodes are contained in the two reducible ones.
Observing the dimensions of O(1,0), we see that f = Z is the section. For a generic g,
f and g intersect in 4 points. Hence, this curve contains 4 nodes.

Now, we want to calculate the intersection with the Noether-Lefschetz divisor.

Lemma 9.1. Let X be an elliptic K3 surface that is a Weierstraf$ model. Then there is
no v € Pic(X) such that v- f =0, v-5 =0 and v’ = —2, where f is a fiber and s the
section.

Proof. As we saw in Section every such K3 surface is a double cover X 5 Fy &5 P!
over the curve
Z - (X3 +AXZ?+ BZ?)

with A € p*Op1(8),b € p*Op1(12). It is immediate, that ¢* fp, = fx and c*sp, = 2sx.
But on Fy, the line bundle
a:=s+5f

is very ample by[HarI3]. On the other hand, X — F4 is a finite morphism. Hence c*a
is ample as well. But c*a is contained in the span of sx, fx. Therefore

cfa-v=0

implies that v is not effective. On the other hand, the Riemann Roch formula states

RO (X, v) — RN (X, v) + h*(X,v) = x(v) = x(O) + %zﬂ =1-0+1-1=1.

Hence, either h®(X,v) # 0 or h?(X,v) # 0. The first one would be a contradiction to v
being non-effective. Consequently 0 # h?(X,v) = h%(X, —v), where the equality comes
from Serre-duality. Therefore —uv is effective. But

0<(—v)-cfa=—(v-c'a) =0,
which is a contradiction. Hence no such line bundle can exist. O

Theorem 9.2. Let X — P! be the degeneration as above. Furthermore assume, that
the period map P* — MTO" satisfies

NLiNoMT"AImP! =

and the image of the period map intersects the Noether Lefschetz divisor NLy transver-
sally. Then
P'. NI, = 144.

80



Proof. Every nodal curve in the pencil yields an A' singularity in the resulting family.
Resolving this singularity produces one —2 curve per singularity. By the assumptions
and the foregoing lemma, we get that

P! . NL; = #(number of nodal points in irreducible fibers) = 152 — 2 - 4,

as there are two reducible fibers with 4 nodal points each, whose period point lies in the
boundary. O

Intersection with )\

To compute the degree of ), we first observe that composing f : X — P! with the blow
up h : Y — X as in Example we get a semi-stable model F' : Y — P! and the
degree of the Hodge bundle does not change. By [Kle80]

Wy/pt = Wy ® F*wﬂ;l
and for p : Fy x P! — P! the canonical projection
Wi, xP1 /BT = Wi, xp1 © P W'
Moreover for every line bundle L
R @ wym) = (RPF.L)"
and the same holds for p : Fy x P! — P!, The map F : Y — P! factors as
F:YV 2% X 5F <P &P,

As we have seen in Example [£.24] the fibers of the blowup ¥ — X are either a point or
P!. Hence by Grauerts theorem .
R'h,.Oy =0

for i > dim P! = 1 as the map is projective since X is. Therefore
H*(h"Y(U),0y) = H*(U, h,Oy).
Let V C P! be an open subset. Then
H*(F~Y(V),0y) = H* (W™ (f71(V)), Oy) = H*(f1(V), hOy).
Since h,Oy = Ox as h: Y — X is a blow up, it follows that
R’F.0y ~ R%*f,0x.
The map ¢ : X — F; x P! is affine by construction and therefore

H*(f~H(V),0x) = H* (¢~ (p™'(V)),Ox) = H*(p™", 9. Ox)
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and
R*f.0x = R*p.(9.0x).

For easier notation, we abbreviate O(a, b, c) := Op,(b,c) ® p*Op1(a) on Fy x P'. Then
by construction
g*OX = O]F4><]P’1 D O(—l, —2, —6)

Using duality for this sheaf and wg, . p1 /p1 = O(0, =2, —6), we get
R%*p.(0(0,0,0) ® O(—1,-2,-6)) = (p.O(0, —2, —6) @ p.(1,0,0))*.
In total
F*WY/I[J>1 = p.0(0, -2, -6) ® p«(1,0,0).

But using the Kiinneth formula for sheaf cohomology, we get for every open V C P! that
naturally
0(0,0,0)(p~(V)) = Opi (V),
and therefore
p+0(0,0,0) = Op.
On the other hand
0(0, =2, =6)(p~ (V) = {0}

as O, (—2,—6) has no global sections. Thus,
p.0(0, -2, —6) = 0.

Therefore by the projection formula Fiwy p = Op1(1).

Remark 9.3. As the degeneration Y — P! is not semistable (because of the irreducible
nodal fibers), we can not apply the direct formula for p*A. We will proceed as in [MP07]:
Let a : Ci44 — P! be the double cover over the points that correspond to the irreducible

nodal fibers. Denote by Y a—/> Y the pull back of Y by this map. As explained in
[MPOQ7] this space admits a small resolution of singularities of the fibers. The resulting
degenerations are denoted F’ : Y/ — (144, which is semistable, and F : Y — Claq.

Theorem 9.4. The degeneration Y — P! admits

degpr A = —1.

Proof. By theorem 4.4. in [Fuj03], we have

~ _ *
F*WY/0144 = a" Fiwy/p1.

As the resolution r : Y/ — Y is a resolution of the singularities of the fibers, the
dimension of the fibers is at most 1. Again by Grauert’s theorem and duality as above,
we can conclude that

/ P— n ~
F*wY'/Cl44 - *wY/C144'
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As Y’ — Chy4 is semistable Flwy /Chaq 18 the inverse of the Hodge bundle corresponding
to this degeneration. Therefore by the computation before, we get

degc,,, A = —2degp Fiwy p1 = —2degp O(1) = -2,
as « : C14q — P! is a double cover. But on the other hand
—2 =degg,,, A = 2degp1 A
since the map Chag — MPP factors as
Chas 5 PL— MPP.
Therefore

deg]pl X =—1.
]

Remark 9.5. By Remark [£.3] every semistable degeneration of K3 surfaces can be trans-
formed into a Kulikov model by a birational morphism X’ — X that only changes the
degenerated fibers. Thus, replacing X with X’ does not change the Noether-Lefschetz
numbers and the following theorem holds for X', too.

Theorem 9.6. The generating series for the degeneration X — P, with the assumptions
as in Theorem[9.3, is given by
< — 263
P\ P! NL_.q" = —Ei — ~—DE.
+ Z nq 10 = og s
neZ,n>0
= —1 4 144¢" + 67578¢> + 3470244¢> + . ..

Proof. As we have seen in Section [6] the period map of this degeneration extends to the
type II boundary. Thus, the theorem directly follows from the calculations and the main
theorem, since

aE1o+bDFEg = a + (480b — 264a)q" + . ..
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10. Outlook

To summarize this thesis, we found that the generating series of Noether-Lefschetz num-
bers is a quasi-modular form for type II degenerations. We needed to construct the
toroidal compactification, which had a dependence on some fan 3. But in our case,
the calculations were invariant under choosing different 3. Naturally, one would like to
understand this behavior in the type III case, too:

In this case the construction of the boundary is simpler, as it is even a tube domain:
One can embed the period domain

DcU;Cx=C'8

for J an isotropic line. But then the construction of the boundary components depends
on the chosen fan. A question is how to relate

C.-NL,

for different choices of 3 and moreover if the generating series considered in this thesis
is still a quasi-modular form.

As is shown in [ABE20], there are two 'natural’ choices for such fans: The ramification
fan 2™ and the rational curve divisor fan ¥*°d. The resulting toroidal compactifications
are normalizations of stable pair KSBA compactifications of M. These compactifications
hence admit a modular description and this could yield to an different viewpoint on the
intersection products.

In [BZ19], Jan Hendrik Bruinier took a different approach, which is related more directly
to the original construction of Borcherds: He showed that for a special subgroup I'y, C
O(A2,13) specific divisors Z,, can be defined on the toroidal compactification of I';,\D:
They are the closures of the Noether-Lefschetz divisors plus some boundary divisors with
a given multiplicity. Unfortunately it is hard to compute the multiplicities. The main

result of the paper is:

N Zid' € M@ CH(T\D' ™).
7

Naturally, one would like to know if this theorem also extends to the moduli space of
K3 surfaces.
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A. Some Lattice Theory

Definition A.1. A lattice L is a free finitely generated Z-module, together with a
bilinear symmetric pairing (—, —) : L x L — Z. It is called even if (v,v) € 27Z for every
v € L. The signature of a lattice is defined in the same way as for symmetric bilinear
forms.

Most lattices that naturally arise come from discrete subspaces of R™:

Example A.2. The lattice D, is defined as a subspace of R™ in the following way

Dy = {(ai)1<i<n | Zai = 0 mod 2}.

The intersection is the standard one from R"™ restricted to the subspace. In the same
way we create a bigger lattice, which set-theoretically is defined by

1 1

for n = 8,16. Again, the intersection pairing is given by restriction. Clearly, they are
all even and non-degenerate.
An important subclass of lattices is defined as follows:
Definition A.3. A root is an element v € L, such that
(v,v) = £2.

The root lattice of L is the subspace R spanned by all roots. If R = L, we also call L a
root lattice. For each root v, we define the corresponding reflection

)y )
v( ) <’U,U>

The group W(L) generated by these reflections is called the Weylgroup.

Ezample A.4. Clearly, D,, is a root lattice, as the elements e; = (0,...,0,+1,+1,0,...0)
span the whole lattice. For the lattices 3 and E16 we will have to differentiate: Clearly
Eg is spanned by Dg and (%, cey %) But the latter is also a root. So Eg is a root lattice
as well. On the other hand, any element in (%, ce %) + D1g has square > 4. Therefore
the sublattice D1g C E1g is the root lattice.

Therefore, from now on the lattice E14 is called Dfﬁ.

Definition A.5. For a lattice L, we define the discriminant A. Therefore fix a basis
e;. Let A = (a;j);; be the corresponding matrix of the bilinear form. Then

A = —det A.

If A = £1 the lattice is called unimodular.
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The following example is taken from [NSJ.
Example A.6. A generating set of Fjg is given by the rows of the following matrix

2 0 0 0 0 0 00
-11 0 0 0 0 00
0o -1.1 0 0 0 0O
0o 0 -1 1 0 0 0O
0o 0 o0 -1 1 0 0O
o o0 o0 o0 -1 1 0O
o 0o o0 0 o0 -1 120
i1 1 1 1 1 1 1
2 2 2 2 2 2 2 2

A computation of the corresponding matrix shows, that Fg is indeed unimodular.

A generating set for D;% is given in a similar fashion, and again one shows that Dfﬁ is
unimodular. It is important to note, that a generating set for D¢ is given by the same
matrix, but the last row constists of the vector (1,...,1).

The importance of these lattices is given by the following theorem:

Theorem A.7. [CS15] Up to automorphism there are 2 unimodular even non-degenerate
lattices, namely the irreducible lattice Df’G and reducible one Eg @ Eg.

Another important example is given by the following;:
Example A.8. Let U = Z? and the intersection matrix is given by

0 1
1 0)°
It is unimodular as well, but not non-degenerate. The basis is usually denoted by f, s.

As is taken from [Huy16]:
Lemma A.9. Let A be any lattice and U — A an inclusion. Then
A=UsU".
Theorem A.10. Let Az 19 = U3 @ Eg(—1)2. Then any primitive embedding
U= Az 19
s unique up to isomorphism.

Theorem A.11. Let A be an unimodular, even lattice of signature (n4,n_) with 1 < n4.
Then any element x € A with 2% = 2d is unique up to isomorphism.

Remark A.12. This in particular applies to the two lattices
Asr9 =U?® Eg @ Eg
Ay1s =U?® Eg @ Ex.

Remark A.13. Let L be an arbitrary lattice. Then —L or L(—1) denotes the same lattice,
but the intersection pairing is replaced by its negative.

86



B. Some Hodge Theory

In this section, we briefly recall Hodge structures on cohomology and introduce mixed
Hodge structures.

Following [Huyl6], let V' be a free Z-module of finite rank, and denote by Vg and V¢
the tensor product of V' with the respective field.

Definition B.1. A pure Hodge structure of weight n of V' (or V) is given by vector
spaces (VP4),4 q—n, such that
Ve = EB VP

p+qg=n
and VP4 = V9P, A morphism of weight k of Hodge structures Hy, Hs is given by a
morphism f : Hy — Ha, such that f(H?) C H§+k,q+k.
Remark B.2. This definition is equivalent to giving a decreasing filtration (F?); C V¢
VeOF > .. .DF"=0

such that FP @ F4 =V forall p+q=n+ 1.

We get FP from V%P by just setting Fi= D VP,

ptq=n,p>i

Definition B.3 ([PS00]). A mized Hodge structure on the free Z-module Vof finite rank
is given by

e An increasing (weight) filtration W = (W;); C Vi and
e an decreasing (Hodge) filtration F = (F7); C Vg,

such that F' induces a pure Hodge structure of weight n on Gr,W = W,,/W,_; in the
obvious manner. A morphism of mixed Hodge structures of weight 2] between Hq, Hs is
given by a Q-linear morphism f : H;y — Hs, such that

f(WiH1) C Wit Ho,
f(F'Hy) C F™H,.
Remark B.4. Tt follows that a map of mixed Hodge structures defines a morphism of

pure Hodge structures of weight 2! on the graded pieces Gr;Hi — Griy9Hs.

Remark B.5. It is well known that on smooth Kéhler manifolds, e.g. smooth varieties
(over C), a pure Hodge structure of weight n on the rational cohomology H™ (X, Q) is
simply given by the Hodge decomposition.

The situation is more involved, if we regard singular varieties over C. A theorem by
Deligne states, that the rational cohomology groups H™(X,Q) can be equipped with
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a natural mixed hodge structure, such that for every morphism of algebraic varieties
f: X — Y, the map
fFHY(Y,Q) —» H"(X,Q)

is a map of mixed Hodge structures of weight 0.

Remark B.6. In the case of K3 surfaces X, we get the Hodge decomposition
H*(X,C) = H*(X)® H"Y(X) @ H**(X).
Moreover by the Hodge-Riemann bilinear relations, we get that the usual pairing
N:H*X,C) x H*(X,C) - HY(X,C)=C
satisfies
e xNzx=0and

e xzNT >0

for all x € H*°(X), see e.g. [Huy16].

The following example is taken from [PS00].

Ezxample B.7. Let X = Vi Ugp V5 be a complex complete surface, with V; smooth and
normal crossings. Then we obtain the following sequence

H'(V1,Q) @ H'(V2,Q) — H'(E,Q) > H*(X,Q).
The weight filtration for the mixed Hodge structure is then given by
0C Wy =Im(8) C Wo = H*(X,Q).
Applied to our main case, where F is an elliptic curve and V; is rational, we obtain
0C Wy =Im(8) = HY(E) c Wy = H*(X,Q)

as H'(V7,Q) = 0. Moreover in [PS00], it is shown that the Hodge structure on Gry = W
is given by the Hodge structure of H'(E) coming from the variety E.

C. Toric Varieties

The following is mainly taken from [CLS11] and [Brul5|. It is a short introduction to
toric varieties and embeddings of tori into these spaces.

"The last isomorphism is canonical, as we can specify that the fundamental class of X is mapped to 1.
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Definition C.1. The n-dimensional torus T is defined as the group variety
where the group structure is given by the componentwise multiplication.

Remark C.2. The tori from above are affine and isomorphic to

Spec(zF, ..., k).

There are two canonical lattices, which we will define next:

Definition C.3. Let T be a torus. The group of characters M is given by
M = Hom(T,C*)[?]
The group of one-parameter subgroups is given by
N = Hom(C*,T).

Remark C.4. One can show, that every character y of a torus T' = (C*)™ is given by

X(@1, .. xn) =2t T,
where (aj,...,a,) € Z". Hence M = Z". On the other hand every one parameter

subgroup is given by
z (28,0 2.

And hence, N 2 Z" as well. Moreover we get a natural pairing
M x N — Hom(C*,C*) = Z

which turns out to be perfect, see [CLSII].

The building blocks of toric varieties are the affine ones:

Definition C.5. A toric variety is a variety V', that contains a torus T' C V' as a dense
open subset and the action T'xT" — T’ given by the group structure extends to an action

TxV —=V.

It is called affine if V' is affine as a scheme.

12Here Hom denotes the group homomorphisms that are also morphisms of varieties.

89



Proposition C.6 ([Bruld]). Let ¢ € N ® R be a rational polyhedral cone, i.e. it
s a cone, that has a finite generating set which is rational. Then there is a one-to-one
correspondence between the affine toric varieties and rational polyhedral conesc C N®R
given by

o+ TV (o) = Spec(Cla¥ N M]),

where Clo¥ N M] is the algebra generated by oV N M and oV C M @ R is the dual cone,
i.e.

UVZ{WEM@)R’(W,O’)ZO}E

An important example is given by the following, which is handy for the Type II cusps
in the toroidal compactification.

Ezample C.7. Let T = C* and hence N, M = Z. The cone RT C R = N ® R has dual
R* and
Spec(C[RT N M]) = Spec(C|N]) = Spec(C[t]) = C,

which clearly contains C* in the obvious way.

Remark C.8. Let o be a rational cone in N ® R, and ¢’ C ¢ be a face. Then

TV (s) C TV (o).

By the forgoing remark, we can glue certain affine toric varieties together, if we impose
some conditions:

Definition C.9. Let X be a collection of cones in N ® R. It is called a fan
e if 01,09 € X, then 01 Noy € ¥ and

e f oy is a face of o9 € X, then 01 € X.

As it turns out, we get

Proposition C.10. Let X be a fan of N ® R. Then, glueing the affine toric varieties
TV (o) for all 0 € ¥ as indicated, produces a toric variety TV (X). Moreover we get a
bijection between normal toric varieties and fans in N @ R:

2o TV(R).

Proof. See [Brull. O

Remark C.11. If o does not contain a straight line, which in our case is true, then
(C*)™ C V for n = dim N, see [CLST1I].

3Here the pairing is the canonical one defined above.
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D. Hirzebruch Surfaces

Here we recall some basic facts and theorems about ruled surfaces and in particular
Hirzebruch surfaces. This section mainly follows [Har13].

Definition D.1. A surface X is called ruled surface, if there is a morphism
m: X —=>C

to a curve C, together with a section s : C'— X, such that every fiber is isomorphic to
P!

Remark D.2. One can show that the existence of a section follows from the other con-
ditions.

Proposition D.3. Every ruled surface X — C' is of the form
PE)—C

where £ is a locally free sheaf of rank 2 on C.

Definition D.4. A ruled surface X — P! is called Hirzebruch surface.

Remark D.5. By a standard theorem every coherent locally free sheaf £ on P! is of the
form @, ,,, O(n;). Hence every Hirzebruch surface is isomorphic to

P(O(n) ® O(m)) =ZP(O ® O(m — n)).
Without loss of generality we may assume m — n < 0. Define
F, =P(O ® O(-n)) — P!
for n > 0.

Theorem D.6. Let X = P(Op1 @ Op1(—n)) = P! and Ox(1) the relative invertible
sheaf. Then there is a section s : P! — X. By abuse of notation, also denote the image
of the section by s. Then

O)((S) = Ox(l).
Denote by f a fiber. We then have O(f) = 7*O(1),

Pic(X) = ([, s)z

and the intersection form is given by
0 1
1 —n)°

Moreover the canonical bundle is given by

wx = —2s—(2+n)f.
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Calculating the cohomology we get

Proposition D.7. Let D be a divisor on F,, = P! with D - f > 0. Then

Remark D.8. One can moreover show that 7,.Op, = Op1. Hence

H'(F,,0)=0
for i > 0.
Ezample D.9. We get that
Fy, =P! xP!
F, = BLP2

Moreover, except for n = 1, F,, is a minimal model by the Enrique-Kodaira classification
of surfaces.

Next we will fix some notation:

Setting D.10. Let F,, be the Hirzebruch surface. We then denote by
= OF4(1)

the element that cuts out the section, i.e. V(Z) = s.
Moreover for simplicity we denote

Ox(a,b) = Ox(a) @ 7 Op1(b)

for every Hirzebruch surface X =TF,,.

92



List of Figures

1. Projection of an elliptic curve to projective space.|. . . . . . . .. . .. .. 8

2. f.g,h g, . 0 0 0 0 24

[3.  The Baily-Borel compactification with lines (points) the boundary com- |

ponents corresponding to isotropic planes (lines)| . . . . .. ... ... .. 41

EL. D?‘)r as a A—bundlel ............................... 45

[5. Neighborhoods U; constructed above for every ;] . . . . . .. . ... ... 55

6.  FEg-Dynkin diagraml. . . . . . . .. ..o oo 68

7. Dig-Dynkin diagram| . . . . . . ... ... o o 68

8. Solutions on elliptic curve witha=2.| . . . . . ... ... .. ... .... 71
References

[AB19] Kenneth Ascher and Dori Bejleri. Compact moduli of elliptic k3 surfaces.

arXiv preprint arXiw:1902.10686, 2019.
[ABE20] Valery Alexeev, Adrian Brunyate, and Philip Engel. Compactifications

of moduli of elliptic k3 surfaces: stable pair and toroidal. arXiv preprint
arXiv:2002.07127, 2020.

[AHVAV17] Asher Auel, Brendan Hassett, Anthony Varilly-Alvarado, and Bianca Vi-

ray. Brauer groups and obstruction problems: moduli spaces and arith-
metic, volume 320. Birkh&user, 2017.

[AMS*10] Avner Ash, David Mumford, Peter Scholze, Michael Rapoport, and Yung-

[BT72]

sheng Tai. Smooth compactifications of locally symmetric varieties. Cam-
bridge University Press, 2010.

Armand Borel et al. Some metric properties of arithmetic quotients of
symmetric spaces and an extension theorem. Journal of Differential Ge-
ometry, 6(4):543-560, 1972.

[BHPVAV15] Wolf Barth, Klaus Hulek, Chris Peters, and Antonius Van de Ven. Com-

[Bre72]

pact complex surfaces, volume 4. Springer, 2015.

Glen E. Bredon. Introduction to compact transformation groups. Academic
press, 1972.

93



[Bru04]

[Brulb]

[BvdGHZ08]

[BZ19)]

[CDO7]

[CD14]

[CEZG*14]

[CLS11]

[CS13]

[DKO07]

[Dol95]

[Dun18§]

[For12]

Jan H. Bruinier. Borcherds products on O(2, 1) and Chern classes of
Heegner divisors. Springer, 2004.

Adrian Brunyate. A modular compactification of the space of elliptic K3
surfaces. PhD thesis, University of Georgia, 2015.

Jan H. Bruinier, Gerard van der Geer, Giinter Harder, and Don Zagier.
The 1-2-3 of modular forms: lectures at a summer school in Nordfjordeid,
Norway. Springer Science & Business Media, 2008.

Jan H. Bruinier and Shaul Zemel. Special cycles on toroidal compactifi-
cations of orthogonal shimura varieties. arXiv preprint arXiv:1912.11825,
2019.

Adrian Clingher and Charles F. Doran. On k3 surfaces with large complex
structure. Advances in Mathematics, 215(2):504-539, Nov 2007.

Fabrizio Catanese and Michael Dettweiler. The direct image of the relative
dualizing sheaf needs not be semiample. Comptes Rendus Mathematique,
352(3):241-244, 2014.

Eduardo Cattani, Fouad El Zein, Phillip A. Griffiths, et al. Hodge Theory
(MN-49). Princeton University Press, 2014.

David A. Cox, John B. Little, and Henry K. Schenck. Toric varieties.
American Mathematical Soc., 2011.

John H. Conway and Neil J. A. Sloane. Sphere packings, lattices and
groups, volume 290. Springer Science & Business Media, 2013.

Igor V. Dolgachev and Shigeyuki Kondd. Moduli of k3 surfaces and com-
plex ball quotients. In Arithmetic and geometry around hypergeometric

functions, pages 43—-100. Springer, 2007.

Igor V. Dolgachev. Mirror symmetry for lattice polarized k3 surfaces.
arXiv preprint alg-geom/9502005, 1995.

Bjorn 1. Dundas. A Short Course in Differential Topology. Cambridge
Mathematical Textbooks. Cambridge University Press, 2018.

Otto Forster. Lectures on Riemann surfaces, volume 81. Springer Science
& Business Media, 2012.

94



[Fris4]

[FS86]

[Fuj03]

[Ful13]

[Grel8]

[Hai08]

[Har13]

[HT15]

[Huy16]

[T1178]

[1183]

[K1e80]

[KMPS10]

[Kob12]

Robert Friedman. A new proof of the global torelli theorem for k3 surfaces.
Annals of Mathematics, pages 237-269, 1984.

Robert Friedman and Francesco Scattone. Type iii degenerations of k3
surfaces. Inventiones mathematicae, 83(1):1-39, 1986.

Osamu Fujino. A canonical bundle formula for certain algebraic fiber
spaces and its applications. Nagoya Mathematical Journal, 172:129-171,
2003.

William Fulton. Intersection theory, volume 2. Springer Science & Busi-
ness Media, 2013.

Francois Greer. Quasi-modular forms from mixed noether-lefschetz theory.
arXiv preprint arXiw:1809.06945, 2018.

Richard Hain. Lectures on moduli spaces of elliptic curves. arXiv preprint
arXiv:0812.1803, 2008.

Robin Hartshorne. Algebraic geometry, volume 52. Springer Science &
Business Media, 2013.

Andrew Harder and Alan Thompson. The geometry and moduli of k3
surfaces. In Calabi- Yau varieties: arithmetic, geometry and physics, pages
3-43. Springer, 2015.

Daniel Huybrechts. Lectures on K8 surfaces. Cambridge University Press,
2016.

Soren Illman. Smooth equivariant triangulations of g-manifolds for g a
finite group. Mathematische Annalen, 233(3):199-220, 1978.

Soren Illman. The equivariant triangulation theorem for actions of com-
pact lie groups. Mathematische Annalen, 262(4):487-501, 1983.

Steven L. Kleiman. Relative duality for quasi-coherent sheaves. Compo-
sitio Mathematica, 41(1):39-60, 1980.

Albrecht Klemm, Davesh Maulik, Rahul Pandharipande, and Emanuel
Scheidegger. Noether-lefschetz theory and the yau-zaslow conjecture.

Journal of the American Mathematical Society, 23(4):1013-1040, 2010.

Neal I. Koblitz. Introduction to elliptic curves and modular forms, vol-
ume 97. Springer Science & Business Media, 2012.

95



[Kon99)]

[KSB8S]

[KST11]

[LF03]

[Loo76]

[Mir89]

[MPO7]

[NS]

[PS00]

[SZ85]

[ZagO8]

[7510]

Shigeyuki Kondo. On the kodaira dimension of the moduli space of k3
surfaces ii. Compositio Mathematica, 116(2):111-118, 1999.

Janos Kollar and Nicholas Shepherd-Barron. Threefolds and deformations
of surface singularities. Inventiones mathematicae, 91:299-338, 06 1988.

Martijn Kool, Vivek Shende, and Richard P. Thomas. A short proof of
the gottsche conjecture. Geometry € Topology, 15(1):397-406, 2011.

Eduard Looijenga et al. Compactifications defined by arrangements,
ii: Locally symmetric varieties of type iv. Duke Mathematical Journal,
119(3):527-588, 2003.

Eduard Looijenga. Root systems and elliptic curves. Inventiones mathe-
maticae, 38(1):17-32, 1976.

Rick Miranda. The basic theory of elliptic surfaces. ETS, 1989.

Davesh Maulik and Rahul Pandharipande. Gromov-witten theory and
noether-lefschetz theory. arXiv preprint arXiv:0705.1653, 2007.

Gabriele Nebe and Neil J. A. Sloane. A catalogue of lattices. http://www.
math.rwth-aachen.de/~Gabriele.Nebe/LATTICES/E8.html. Accessed:
2020-02-17.

Aleksei N. Parshin and Igor R.s Shafarevich. Algebraic Geometry III,
Complex Algebraic Varieties. Algebraic curves and their Jacobians, volume
102. Berlin: Georg Reimer, 1892-, 2000.

Joseph Steenbrink and Steven Zucker. Variation of mixed hodge structure.
i. Inventiones mathematicae, 80(3):489-542, 1985.

Don Zagier. Elliptic modular forms and their applications. In The 1-2-3
of modular forms, pages 1-103. Springer, 2008.

Fouad E. Zein and Jawad Snoussi. Local systems and constructible
sheaves. In Fouad El Zein, Alexandru I. Suciu, Meral Tosun,
A. Muhammed Uludag, and Sergey Yuzvinsky, editors, Arrangements,
Local Systems and Singularities, pages 111-153, Basel, 2010. Birkh&user
Basel.

96


http://www.math.rwth-aachen.de/~Gabriele.Nebe/LATTICES/E8.html
http://www.math.rwth-aachen.de/~Gabriele.Nebe/LATTICES/E8.html

	Introduction
	Elliptic K3 Surfaces
	Basics on K3 Surfaces
	Elliptic Surfaces

	Moduli of K3 Surfaces
	The Period Map
	Polarized K3 Surfaces

	Degenerations
	Kulikov Degenerations
	Hodge Theory of Kulikov Degenerations
	Examples

	Compactifications of the Moduli Space of Elliptic K3s
	The Period Domain as Siegel Domain of the third Kind
	Baily-Borel Compactification
	Constrution of the Toroidal Compactification
	Type II Toroidal Boundary
	Topology of Orbitspaces of Finite Group Actions
	Topology near the Boundary

	Extension of the Period Map for Degenerations
	Modular Forms and Quasi-Modular Forms
	Modular Forms
	Examples
	Quasi-Modular Forms

	Quasi-Modular Forms from Degenerations
	Heegner Divisors and Noether-Lefschetz Divisors
	Modularity for Type I Degenerations
	Quasi-Modularity for Type II Degenerations

	Calculation of Noether-Lefschetz Numbers
	Outlook
	Some Lattice Theory
	Some Hodge Theory
	Toric Varieties
	Hirzebruch Surfaces

