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1 Introduction

1.1 Overview

The Hilbert scheme X of n points on a variety X is the scheme parametrizing zero dimensional length-
n subschemes of X. If X is a smooth projective surface, X[ is smooth, and it is a (hyper-Kéhler)
crepant resolution of the symmetric product X (™ = X" /Sy, via the Hilbert-Chow morphism.

In this thesis, we consider the case that X is a K3 surface, or more generally a smooth projective
surface with trivial canonical class.

The Chow groups of X[ can be described by Nakajima operators, which define a Heisenberg algebra
action on and give a basis of the Chow rings

A*(Hilb) = @5 A*(x),

n>0

where Hilb = ], ., X [ While the cup products of cohomological classes given in terms of these
operators can be computed using the work of Lehn and Sorger [I3], the product of such classes in the
Chow ring has not been fully computed. The purpose of this thesis is to obtain a formula for this
product by proving that the Chow ring of X is isomorphic to the orbifold Chow ring of [X"/S,].
This isomorphism is a case of the Motivic Hyper-Kdhler Resolution Conjecture proposed by Fu, Tian
and Vial [8, Conjecture 1.3|, one of several conjectures about crepant resolutions of singular spaces of
orbifolds relating their algebraic or topological invariants to certain invariants of the orbifold, based on
Ruan’s [20] cohomological Crepant Resolution Conjecture. For further discussion of these conjectures,
we refer to [8, §3].

Lehn and Sorger [I3] proved that the cohomology ring H*(X ™, Q) is isomorphic to a ring H™ they
constructed from the cohomology H = H*(X,Q) of X, namely the S, invariants of

@ HeM/ o) g

geESH

with action by conjugation, and a product [13], (2.9)] defined naturally by the relationship of the orbits
of g, h, gh and (g, h), with a correction factor involving the Euler class. Fantechi and Géttsche [5] proved
that H" is isomorphic to the orbifold cohomology ring of X (™) (up to a sign change in the definition of
the product), originally defined by Chen and Ruan [4], [20], which Fantechi-Go6ttsche expressed as the
invariants of
H(X",S,) = @) H*((X™?)- g
gESn

with the natural S, action and a product with correction factor coming from the top Chern class of
an obstruction bundle. While the absence of a Kiinneth decomposition for the Chow ring means we
cannot give an algebraic construction of A*(X[") in the manner of Lehn-Sorger, we can still describe
its structure by obtaining an isomorphism with the orbifold Chow ring of [X™/S,]. This was defined
by Abramovich, Graber and Vistoli [I] in their work giving algebraic counterparts for Chen and Ruan’s
orbifold cohomology and Gromov-Witten theory, and Jarvis, Kaufmann and Kimura [I1] constructed it
as the ring of invariants of a "stringy Chow ring" in a similar manner to Fantechi-Go6ttsche’s description
of orbifold cohomology. We define the orbifold Chow ring in Section [3| and examine its structure for
[X™/Sy] in Section

The work of De Cataldo and Migliorini [3] provides an additive isomorphism A*(X") = A* (X ()
for all surfaces X, as proven by Fu, Tian and Vial [§, 5.2|. This isomorphism is closely related to the
Nakajima operators, as we shall see in Section In particular, proving it is a ring isomorphism is
equivalent to proving that products of the Najakima basis of A*(X [”}) can be computed by a certain
formula, given in .

In their preprint [7], Fu and Tian give a proof that this is a ring isomorphism, based on Voisin’s
announced theory of universally defined cycles.

In this work I present an alternate proof, following the techniques of Lehn-Sorger and adapting them
in a more geometric context. The main new input is the recent work of Maulik and Negut [17], which
relates the operators of multiplication by certain Chern characters to the Nakajima operators, as we
recall in Theorem 2.4l



Theorem 1.1. Let X be a smooth projective complez surface with trivial canonical class (in particular,
a K8 surface). Then there is an isomorphism of graded C-algebras

AT(X) o = A (X7 /Sh])

Indeed, we have an isomorphism in the category of complex Chow motives

b(X[n]) = bm“b([Xn/Sn])
where homp([X™/Sy]) is the orbifold Chow motive defined by Fu-Tian-Vial [8, Definition 2.5]

For non-K3 surfaces with trivial canonical class (namely abelian surfaces), this result has already
been obtained by Fu-Tian-Vial, [8, Theorem 1.4]. Our proof works for both types of surface. The use of
complex coefficients is only required to fix a sign disparity, and the theorem remains true with rational
coefficients if we introduce a sign change in the definition of the orbifold Chow ring.

The first step in proving the ring isomorphism will be proving it preserves multiplication by certain
Chern characters, which we shall describe in section [5] In[6] we describe orbifold correspondences and
operators, in order to transfer multiplication operators to the orbifold Chow ring. We put the pieces
together and complete the proof in

1.2 Conventions and notation

For the remainder of this thesis, all Chow rings will be taken with coefficients in the complex numbers
(or more restrictively they can be taken with Q[i]). Chern classes and characters are always taken in
the Chow ring with rational or complex coefficients, and for any x € A*(X) we denote by x4 € A4(X)
the homogeneous component in degree d of x.

We will work with the language of operators between Chow rings and correspondences interchange-
ably: an operator a : A*(X) — A*(Y) will here always be induced by a correspondence a € A*(X xY')
such that az = mo.(a - mix) for © € A*(X), where 71, m are the projections

XxY
>y
X Y

Let o' € A*(Y x X) be the transpose obtained from the isomorphism A*(Y x X) & A*(X x Y'), which
determines an operator A*(Y) — A*(X).
Given another correspondence § € A*(Y x Z), we can take the composition

Boa=mz (b mha) € A(X x Z)

where 7;; are the projections

X xY xZ
X xY X xZ Y xZ

For any two correspondences a € A*(X xY), v € A*(Z x W), we can take the product
axyeA' (X XY X ZxW)ZA (X xZ)x (Y xW))

as a correspondence defining an operator A*(X x Z) — A*(Y x W).

We often work with operators of the form f : A*(X[") — A*(XI™ x X which we can consider
as operators A*(X[) — A*(XI™) parametrized by A*(X"). That is, for any a € A*(X") we have an
operator

fla): A (XW) oA (XW)
f(a)z = mi. (75 () - fz)



xlml 5 xt

% x
xm] Xt
Ifg:A* (X[m]) — A* (Xm X XS> is another such operator, we can take their composition
gf : A* (X[”]) Ny (XW x X5+T>

where g goes to the first s factors of X5 and f to the last 7, i.e.

gf := (g X idxs.) of.

Thus if « € A*(X"), 8 € A*(X?) then gf(5 x o) = g(B)f().
We sometimes need to reorder the indices of X" in these operators, so if some permutation o € S,
acts on X" by permuting the factors, we denote

W0 = (id (0, x0,) 0 f 1 A* (X[”l) oA (X[m} X XS) .

In particular, when we take the commutator of two operators

p: A*(Hilb) — A*(Hilb xX")

q: A*(Hilb) — A*(Hilb x X*),
where Hilb = [[°°, X", we will implicitly reorder these indices:

[b,q] := pq — (qp)*T 1015 . A*(Hilb) — A*(Hilb x X**)
If € A* (X"), we shall use the notation

@iy iy =T, (@) € AT(XP)
for any s and distinct integers 1 <i; < s. It is useful to extend this notation to the case that i; are not
distinct, to mean we intersect the corresponding indices, i.e.

Qigiyipy = Tleose (D1 Topray i, (@)

and so on.
We will need to apply similar transformations of operators: if f : A*(X[™) — A*(X["™ x X) and
g A*(XIM) = A*(XIM % X?) are operators, then we define operators

AL(f) - A(xIPly o Ax(xIm) x x?)
Au(f)z = (idxm xA)«(fz)

ola, s AT(XI) — A7 (X ™ X)
gla, v = (idym xA1_¢)"(g7)

where A : X — X2 in the second line is the diagonal embedding, and A; ; : X — X! is the small
diagonal embedding. Inserting parameters o € A*(X?), 3 € A*(X) gives

As(f)(a) = §(A%(a)) = flan)
glas..(B) = 9(A(B)) = 9(B1A1..4)
Finally, we often work with projections from X[ x X* onto the various factors, so denote by
Tiyin s X0 X X5 o X7
the projection onto the factors ii,...4, of X", and by
P XM xs s X x7

ﬂ-[n]?ilr”vir

the projection onto both X[ and the factors iy, .. .4, of X”. In particular we denote the pushforward
along the projection away from an index i by fl ,ie. for z € X" x X3 we have

/w = ﬂ-[n},l,...%...s,*x
i

5



2 Hilbert Schemes of Surfaces

2.1 K3 Surfaces

For our purposes, a K3 surface is a connected smooth projective complex algebraic surface with trivial
canonical bundle wx ~ Oy (or equivalently ¢;(TX) = 0), and H'(X,Ox) = 0. The only surfaces with
trivial canonical class are K3 surfaces and tori, so the latter condition is equivalent to not being a torus.

Our proof will work for any surface with trivial canonical class, but the result for Abelian surfaces
has already been proven by Fu-Tian-Vial [§, Theorem 1.5]. Let e = co(T'X) be the Euler class; for K3
surfaces Beauville and Voisin [2] proved that e = 24c where ¢ € A? (X) represents any closed point on
a rational curve in X.

2.2 Hilbert Schemes of Points

Let X be a complex projective variety. The Hilbert scheme of n points on X is the parameter space of
closed subschemes of length n, often represented by their ideal sheaves:

XM ={Z c X |dimH*(Z,0z) =n} = {I c Ox | dim H*(X, Ox/I) = n}

This is a projective variety, as the simplest case of a Hilbert scheme Hilb” (X) constructed by
Grothendieck [10] which parametrize closed subschemes of X with Hilbert polynomial P.

In our case X is always a smooth projective surface, so X [ is smooth of dimension 2n as proven
by Fogarty [6].

The cohomology and Chow groups of Hilbert schemes of points of surfaces can be described using
operators constructed by Nakajima [18] (see also Grojnowski [9]) as follows. Let n > 0 and k£ > 1, and
consider the closed subscheme

Xtk — £(1 5 J) | Supp (1/J) = {x} for some z € X} C X xrth (1)
with projections
X [n,n+k]
V lpxx (2)
xnl X X [n+k]

As a correspondence this defines the Nakajima operators g4 : A* (X ["]) — A* (X (k] o X ) by
Gk = (4 X px), op" « A(X[) — A*(xIFH  X)
q-r = (=1)" (- x px), op} : A (X)) - A7 (xI < X)

These operators can be combined for each n giving operators

qr : A*(Hilb) — A*(Hilb x X)
for any 0 # k € Z. They operators satisfy relations

[k, @1] = ko Iy xA

as correspondences A*(Hilb) — A*(Hilb x X2), or if a, B € A*(X)

). ()] = ki [ (@ B)idu,
as correspondences A*(Hilb) — A*(Hilb)
Note that our Nakajima operators qg, q_j correspond to Lehn-Sorger’s p_x, —px.
Definition 2.1. 1. If A = (A,...,\g) is a partition, denote qy 1= qx, ... qx,-
2. Let v be the identity in A*(X[)) ~ C, sometimes called the vacuum vector.
Thus for any o € A*(X?) and any partition A\; + - -+ + Ay = n, we have an element
Ay, -- -, (a)v € (X)),

These elements can be used to describe a basis; the precise statement will be formulated in Theorem [£.5]
after giving more context



2.3 Chern characters
Let 2, € XM x X be the universal subscheme, which is characterized by the property
E.N{I}xX)={I} xZ

for any Z C X of length n cut out by the ideal sheaf I.
The Chow ring of X™ can also be described in terms of operators &, : A* (X["]) — A* (X[”] X X)
defined by multiplication by the d’th Chern character of the tautological sheaf O=, , i.e.

05dl‘ = Chd (Ogn) . W[‘;ﬂx
Based on the work of Markmann [16], Negut-Oberdieck-Yin showed

Theorem 2.2 (|19, Theorem 2.3]). Any element of A*(X!") can be expressed as a sum of elements of
the form
Q5d1 e ®dk (Oé) . 1x[n]

with o € A*(X¥)

In order to prove our main theorem, we need an expression for the operators &, in terms of Nakajima
operators, which is provided by the work of Maulik and Negut [I7] (the cohomological version of which
is due to Li, Qin and Wang [14]).

Definition 2.3. 1. Let n € Z and d > 0. A generalized partition of n with length d is a partition
consisting of (possibly negative) nonzero integers

ALy ooy Ag) = A= (. (=2)"2(=1)m-t1m™m2m2 )
with Z?:l Aj =n =2 ;cyim;. Define

M=mn, IN)=d s =) im;, and A =][mi
i i
and let Pz(n,d) be the set of all such generalized partitions. We sometimes use A - n to mean A
is a partition of n.

2. If n > 0 let P(n,d) be the set of partitions of n into d parts in the usual sense, i.e. each \; > 0
for all j (or equivalently m; = 0 for i < 0).

Now we can state the theorem of Maulik-Negut:

Theorem 2.4 ([I7, Thm 1.7]). If c1(T'X) = 0 and c2(TX) = e, there are operators
{3% : A* (Hilb) — A* (Hilb x X)}F=Y

nez’
such that
32 = —(n
~ ]' *
Jo = k! Gpp1 + 27X () &r_1],

which are given in terms of Nakajima operators as [177, (3.16)]

N 1 s(A)+n?—-2 ,
JZ =d |- Z ﬁq)\‘AL.‘d-‘—l + Z TWX (e) q)\’Al.“d—l (3)
AEPz(n,d+1) AEPz(n,d—1)

The commutator of these operators is given by, if k + k' > 3,
~k A~k ~kE — kK Ty (€) b —
[‘jnﬂz‘n’] = (kn/ - k/n)A*(‘jnin’ 1) + Qn,n’A* < )iQ ‘Jnin/ 3) (4>

for some integers QZ”::, which are given in [14, 5.2] (using a different sign convention k <> —k)

7



Thus we have an expression for &, in terms of Nakajima operators:

~d—1 % (o) ~d—1 2
_ Yo Ty (e) Iy 1 s(A) +n®
Gy = (d—1)! T 19 d—1nl ~ - Z ﬁqA|A1”.d + Z T)\!WX (e)arla, s (5)
AEP(0,d) AEP(0,d—2)
The tautological sheaf O = T« (Oz) is a vector bundle of rank n on X ("] (as the projection

=2 — X" is flat and finite of degree n), and by Grothendieck-Riemann-Roch we have
ch (O[”]) = Ty« (ch (0=,) 7% (td X) ).
Indeed, we also consider Chern character operators that relate more closely to O

&z = (ch (Oz,) - mx(td X))dwrn] (x),

where (—)4 denotes taking the homogeneous component of degree d. These can be expressed as

~d—1
Jo

6
(d—1)! (6)
These B, are denoted as &, in cohomology by Li-Qin-Wang [15, 5.1]. We can take the total Chern
character operator
B:=> &,

d>0

with Lehn-Sorger’s tautological classes [I3, 3.6] being al”l = &(a) In particular, &(1) = ch(OM).

The Chern character operators described above give a way to describe multiplication in A*(X[")
using Nakajima operators; in principle computing the product qy(a)v - q,(8) can be done by obtaining
an expression for q)(a)v in terms of Chern character operators, applying to obtain an expression for
the multiplication operation and using the commutation relations to reduce the result to the Nakajima
basis. To obtain a general formula for the product, however, it is more reasonable to look to the orbifold
Chow ring of [X"/S,] where a product formula already exists, and work back to prove these rings are
isomorphic by comparing the action of operators &, ...®, (a) to the orbifold multiplication by the
image of &, ... 8, (a) - 1xp.

Gy=084+2mx ()2 =

2.4 Virasoro operators

We also consider the Virasoro operators

1 Z ~
Sd = 5 1CIaCIb:‘A - _155117
a+b=d
a,beZ

originally constructed in cohomology by Lehn, where :—: is the normal ordered product which rearranges
the factors q;, ... q;, in descending order of the indices {i;}.

T

Lemma 2.5. These operators satisfy

[€ns k] = =k Ax(gntr)

1
B} Z :9a90: qk]
d

a+b=
a,beZ

Proof. All terms of

vanish except those with a = —k or b = —k. The case 2k = —n has to be considered separately, so
assume —k # n + k. Since :qrqn_r: = ‘Gn_k9k: = Qkdn_k,

1
2 > [dades, ak) = [dn19 k> 5]
d

a+b=
a,beZ

= Qntk [0k 9k
= —kqnir X A.



Then we have

[Sn,qk] = _k(qn—i-k X A)‘A12

= —k:/2 <A12A23 - (nn x Xz))

= k‘/ <A123' (dntr X X2))
2

= —kA12 - (Gntr X X)

= —kA«(qnrk)

as required.
Meanwhile if n = —2k, we get

1 1
) Z (990, qi) = i[CI—kCIfk,CIk]
d

=
=5 (a-klak ol + (-, o —)'™)
= % (lek X A+ (qk x A)m) :
which is Ax(q—x) = Ax(qntr) by similar arguments to the first case for each term. O

Under the assumption that ¢t = ¢;(TX) vanishes, we have

1
0.0 = |53, = —ka} = ke

If ¢ # 0, we can still compute this commutator using [I7, Theorem 1.6], which gives the expression

t e.)
0=083(1)=—= > dnyGnolng:(Aizs) — 3 > karg_i(Arz).
n1+nz+ng=0 k=1

Applying the Nakajima relations one can, assuming k£ > 0, compute the commutator

k(k — 1)

tqp, (7)
In particular, if k£,1 > 0 we have

[[67 qk]: ql} = _klA*qurl (8)

This allows us to construct the operators qi from only q; and 9, a crucial reduction step in our later
results.

Lemma 2.6.

ak = (~DF e ad (0, @ (D)

(k—1)
Proof. This follows from repeatedly applying the relation

10, q1(1)], ] = —kqr1.



3 Orbifolds

3.1 Orbifold Chow Ring
The total orbifold Chow group is abstractly defined [I], 4.4] as follows.

Definition 3.1. Let X be an orbifold. Consider the inertia stack
Xy ={(z,9) | 2 € Ob(X),g € Aut(z)} = X xxxx X

and X; be its coarse moduli space. The total orbifold Chow group of X is defined as the total Chow
group of X7
e (X) = A% (Xq).

orb

If X =[M/@] is a global quotient, we can construct this by first defining the stringy Chow group

A" (M, 0) = @D A" (M?) - g, (9)

geG

which is the Chow group of the inertia variety

Ig(M) := ] m°.
geG

There is a natural G action g : M" — M9~ on I(M), with the inertia stack being the quotient by
this action. We denote the induced action on A*(M,G) by x — g e x, and the orbifold Chow group is
given by the invariants of this action:

o ([M/G)) = A*(M, G)¢ (10)

If x € A*(M,G), we will use the notation z, € A*(MY) for the projection onto the summand
A*(MY) - g.

The total stringy and orbifold Chow groups have a grading that is shifted from the original grading
of the direct summands.

Definition 3.2. Let g € G be of order r, and x be a point of M fixed by g. The age or degree shifting
number of an element g at x is
m
N %
a (ga ZL‘) - ]z; r

where e Tj, j=1,...m, 0 <q; <1 are the eigenvalues (repeated with multiplicity) of the action of
g on the tangent space T, M at z. In the case that MY is connected, we say the age a(g) of g is the
constant value a (g, z) for any x.

271

Note that a (g) +a (¢7') = codim (MY C M).
Then the grading on the stringy Chow group is given by

AR (M, G) = P AP (Mm9) (11)

geG

assuming MY is connected (otherwise the grading is shifted separately on each component). As the age

is invariant under conjugation, this descends to a grading on A? , (M).

10



3.2 The orbifold product

The ring structures on A*(M,G) and A’ (X) are complicated to define, in particular the appearance
of an obstruction bundle on M{9" and its top Chern class. Abramovich-Graber-Vistoli define [I], 4.7]
orbifold Gromov-Witten operations, of which the ordinary product is the 3 point case with homology
class 0. Meanwhile Fantechi-Gottsche defined the product in H*(M, G) explicitly using an obstruction
bundle constructed from a Galois cover, while Jarvis-Kaufmann-Kimura define [I1, 1.6] the product in
A*(M,G) the same way except the obstruction bundle is given as an explicit expression in K (M(9"),
which is the simplest version thus the one we use.

Consider the decomposition

r—1
TM|po = D Wy,
j=0

where W, ; is the eigen-subbundle associated to the eigenvalue 2™ Define the virtual bundle

I
—
AN

r

Sg = WgJ‘ € Ky (Mg) (12)

<
Il
o

For g,h € G, the obstruction bundle Fy; on M9t .= M{9h = M9 N M can be defined in the K
group as
Fg,h = Sg‘Mg,h + Sh’Mg,h -+ S(gh)—l ‘Mg,h + TMIM — TM|Mg,h (13)

This is shown in [IT] to be an actual vector bundle; its rank is
a(g)+a(h) —a(gh)— codim (Mg’h C M9h>
Lemma 3.3. For any g,h,G, let H = (g, h)
1. The vector bundles Fyj and Fy, 4 on MY are isomorphic

. . —1 . . .
2. Letv € G, then the isomorphism v : M — MVYHY™" gives an isomorphism v* vgu—1who—1 = Fygp.

Proof. 1. This follows from the fact that, if [ € H, Sylpn = Sjg-1|pm. Indeed, if Wy j|pn is

the eigen-subbundle of T'M,;n with respect to the action of g with eigenvalue ezﬂﬁ%, then
W1 jlam = W(Wyjlpm) is the corresponding eigenbundle of the action of lgl™'. Thus the
summands of Sy and Sy -1 with the same coefficients are isomorphic when restricted to M LS
50 Sglpru = Slgl—1|MH.

Since (hg)™' = g7!(gh)~'g is conjugate to (gh)~! in H, we have F, ), = F},, as they only differ
in the terms S(gh)fl‘MH = S(hg)fllMH.

2. By definition, W41 ; = v - W j, s0 Sy = v*S,4,-1 and the claim follows.

Let g,h € S, and consider the diagram

M9 Mh

~

Moh

jLQh

M9k
The orbifold intersection product is defined for the summands

X 0 i) (Af9) @ AT—e(h) ( Mh) s Aiti=algh) ( Mgh)

11



by
agx ph = Lgh (0‘|M9«h * Blagan + Crop (Fg,h)) - (gh)

This product is associative [11, Lemma 5.4]. By Lemma 27 it is compatible with the G action:
(gox)x(gey) = ge(xxy), so descends to a product on A’ ([M/G]), which [I1], 8] is equivalent to the
other definitions of the orbifold intersection product.

When restricted to A*(M,G)%, it is also commutative; this is immediate from the symmetry of
Abramovich-Graber-Vistoli’s definition, but in the stringy Chow ring there is a stronger statement that
the invariant subring is central:

Lemma 3.4. Ifz € A*(M,G)Y and y € A*(M,G), xxy =y *x. In particular, the ring A* ,([M/G])

orb
18 commutative.

The proof is the same as that of [5, Thm 1.29|, using Lemma

4 The Hilbert Scheme and the symmetric product

4.1 The symmetric group

Let S, be the symmetric group on n letters [n] := {1,...,n}. Each element of S,, has a disjoint cycle
decomposition whose cycle type is represented by a partition A = (A1,..., ;) = n which also describes
the lengths of its orbits. If A = (1™22™23™3 ) the symmetric group of lambda is defined as

Sx = Sy X Sy X Smg X ...

We can label the orbits of g by 1,...,r such that A; is the length of orbit j, and Sy acts simply
transitively on the set of such labellings (or on the orbits if a labelling is fixed).

Let S, C Sy, be the conjugacy class of permutations with cycle type A, and Cy := |S,, x| be their
number. We will often abbreviate g € S, \ as g € A.

Let Z(g) = {h € S, | hgh™! = g} be the centralizer of g, and Z) = |Z(gy)| be the order of the
centralizer of any gy € . Z(g) is isomorphic to the semidirect product (Z/(A1)x---XZ/(A;)) xSy, where
the normal subgroup Z/(A1) x - -- X Z/()\;) is generated by each cycle of the disjoint cycle decomposition,
SO

! !
Zn=11i"my!, Cv= =y
1 A H]Zl] Ty

4.2 The symmetric product orbifold

Now consider the orbifold [X™/S,], where S,, acts on X™ by permuting the factors.

The age of an element g € S, is given by a(g9) = n — |S,/(9)| = [ (g), the length of the shortest
expression of g as a product of transpositions. We also define the age of a partition A € P (n,d) to be
n — d, the age of a permutation of cycle type A.

The coarse moduli space of [X"/8S,,] is the symmetric product X(™ = X"/S,,. This quotient variety
is singular, with a resolution given by the Hilbert-Chow morphism

p: XM x)

which takes a length-n subscheme Z € X to the collection ) ., I(Oz,) of its points counted with
multiplicity. This is a crepant (or equivalently hyper-Kéhler) resolution, meaning it preserves the
canonical bundle: p*wym) = Wy[n.

As discussed in the introduction, the motivic hyper-Kéhler resolution conjecture [8] posits an iso-
morphism of algebra objects h(X [”]) =hry (X (”)) in the category of complex Chow motives, which we
shall go on to prove in this case.

Remark 4.1. In the remainder of this thesis we shall slightly abuse notation by referring to the orbifold
[X™/Sp] as X (). there should be no ambiguity as we will not need to refer to the quotient variety again.
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We now examine the structure of A*, (X™). The following lemma was proven in [5, Thm 3.8] but
we shall prove it directly using the construction .

Lemma 4.2. If g,h € S, the top Chern class of Fy, is

crop(Fgp) = [ malca(X)erD0) (14)
0€0(g,h)

where O(g, h) is the set of orbits of (g,h), m, : (X™){9h) = XOWh) _ X s the projection to the o’th
component, and gr(h,l) : O(g, h) — N is the graph defect function [13, 2.7/

gr(h,1)(0) = %(\OI +2 = [o/(D] = lo/(h)| = [o/(Ih)])

Proof. We can decompose X" = Hon(g h) Xlol with H acting separately on each factor, and the tangent
bundle decomposes as

TX"= @ mrXxV,
0€0(g,h)

where 7, : X™ — X°l is the projection. Then every term in (13)) splits this way so we have

— %
Fon= GB ToFoig,ns
0€0(g,h)

where F.gp, is for M = X°l. Hence we may consider each orbit seperately, regarding H as a
subgroup of S|, with a single orbit on {1,...,[o|} acting on Xl for each 0 € O(g, h), and have to prove
that ciop(Fogn) = ca(X)&D) Then MH = A is the diagonal in X™.

If g has cycle type A = (A1,..., A), then (X™)9 = X" with

,
TX"|xme = P (XM a))
j=1

where A; = X is the small diagonal in X A and m; are the projections onto the factors (X")J =
X" — X. Each TX?% decomposes into eigenbundles isomorphic to TA; having eigenvalues eV=Imk/X;
for k = 0,...,A; — 1. Restricting to (X")# = A = X, which in the above description is the small

diagonal in X", we get
i )\j—l

Sela=)_> 1 TA

i=1 k=0

o

<

But Zi;}lk = 1Xj(A; — 1), so the coefficient is %Zgzl()\j —1) = 5l(g) = 5(n —|0(g)]). Since
TXR =2 TAD" we get

Fy = (50~ 10()] + = 0®)] + 1~ 0(gh) ™)) + 1~ ) TA = (g, Ife) - T
in K(A) (using O((gh)™!) = O(gh)), which proves the claim. O

If g is of cycle type A = (A1,...,\), and we label the orbits of g with 1,...,r according to their
lengths, then (X™)9 = X". Define X* := X", and we use the notation (X")9 =, X* to mean an
isomorphism determined by such a labelling.

A choice of g € v and (X™)9 =, X" determines an isomorphism of quotient varieties

(H(Xn)h> /Sn = XV/SZ, =: X(V)’

hev
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so choosing representatives of each cycle type gives an isomorphism

Sn
(@A*((Xn)h)) gA*(XV)Sy gA*(X(V))7

hev

hence

s (X7/80)) = @@ A (x)™ = a+(T] x) (15)

vkn vkn

as shown in [8, Lemma 5.3].

4.3 The additive isomorphism

Following [7), 4], for a partition v of n consider correspondences
Dy = (XM %y X7) = {(Zown,osmn) | p(2) = viag + o+ v}

This correspondence is equal to the Nakajima correspondence ¢, - v € A* (X ] % X ”), see [19, Thm
2.4].
For any g € S, of cycle type v, we denote I'y € A* (X["] X (X”)g> for the image of I'), under any

identification (X™)? 2, X¥ (T', is symmetric under S, so the choice of identification doesn’t matter).
Define the morphism

St (39 @ () 1)

The factor of \/—717(1(9) is required to make signs compatible; one could remove it and define the
morphism for rational coefficients by adding a sign change in the definition of x4.

Let ¢: A%y ([X™/Sn]) — A* (X™,S,) and p : A* (X™, S,) — A%, ([X™/S,]) be the inclusion of and
projection onto the S,-invariant component; in particular p is the symmetrizer

p(r) = Sym (x) := il Z gex.
gESn
Then
Theorem 4.3 (|7, 4.2]).
O =pol : AT(XIM) — A7, (X™)
U= a1“t out A% (XMWY — A (X

are a pair of inverse isomorphisms of vector spaces. Moreover, they are isomorphisms in the category
of complex Chow motives
(x) = 7, (X ™)

Using , this reduces to the main result [3, Thm. 5.4.1] of De Cataldo and Migliorini, which
provides an isomorphism

P A (x)) = ax(xI)

vkn

using the quotient of the correspondences I'), by S,,.
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In particular, if g € A and oy € A*((X™)Y) C A*(X"™,S,,) in the is the image of a € A*(X?) under
any choice of X* 22, (X™)Y, then we have
Ff] (ag) =qx(a)v
Z (—1)%9) Iy (g (@) v) = n! Sym (ay)

hesSn

If @ € A*(X*)%\, then for each h € X there is a unique a; € A*((X™)") coming from any choice of
X* 2y (X™)") with

1
Sym(ag) = a Zaha
heA

and thus
B(ar(@)v) = V=12, 3 ap. (16)

he

Remark 4.4. The morphism ¥ = %Ft is defined on all of A*(X™,S,). By the symmetry of T, it
satisfies
¥(z) = ¥(Sym(z))

for any x € A*(X™, Sy).
Similarly, the projection p is in the definition of ® for purely formal reasons; the image of I is already
contained in the invariant subring of A*(X™,S,,).

A closely related consequence of [3] is the the existence of a basis of A*(X[") using Nakajima
operators:

Theorem 4.5 ([19, Theorem 2.4]). There is a decomposition

A (X = P an (A7 (xH)H)
AFn

i.e. a basis {qx(q)}arn where o Tanges over a basis of the symmetric part A*( XN of A*(X?)
The main result of this thesis is the folowing theorem

Theorem 4.6 (= Theorem . The maps @,V defined above are inverse isomorphisms of rings
A* (X[n]) >~ A%, (X(n)>

Using this we can compute the intersection products of the Nakajima basis q, (a)v - qx(8)v. Indeed,
assuming o € A*(X*)% and € A*(X¥)% are already symmetric,

qu(@)v - qr(B)v = ¥(P(qx(a)v) *x D(q,.(8)v))

(—1)~2(@N)+a@) ()2

- G0 St | anlan - Bulxan - [ m(@ o)
125D\ gEv 0€0(gh)
hex
n! 14, * r O
qu(@)v - qa(B)v = e Z(—l)é( @M g, | 2™ | aglxon - Balxon - H w(e)Een©) | |y 17)
" wetien

where we abbreviate a(g, h) := a(g) + a(h) — a(g, h) (Lehn-Sorger call this quantity the degree defect),
e = 24c is the Euler class of X, ' : XM < XM is the inclusion and kp; is the cycle type of gh. We
can fix a certain g € v to simplify

n!

av(@)o-ar(B)o = g > (02O, (12" (aglxon - Balxon - T] 75@F@NO) )0 8)
heX 0€0(g,h)
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The proof of Theorem follows the method Lehn and Sorger [13] used to prove a cohomological
version. We prove that

P(z) x (y) = (z - y) (%)
by the following reduction steps:
e Prove in the case = = ¢;(0OM)

e Develop the notion of orbifold correspondences, letting us consider elements and operators of
orbifold Chow rings parametrized by A*(X?), and transfer operators from the Hilbert scheme side
to the orbifold side

e Reduce to the case that y = q1z € A* (XM x X?)

orb

e Prove (%) in the case z = ¢(O) (and hence z = chy(OM™)) by using the commutator [¢(OF), 1]
to reduce to ¢;(OM)

e Prove that the operators &, transfer properly from the Hilbert scheme to the orbifold side by
looking at their commutator with q; and using the transfer property to reduce to &,(1)

e Prove the case z = &, ... 8, («), which gives the claim for all z € Ax(x .

5 Properties of tautological Chern classes and Chern character oper-
ators

5.1 Chern classes and their commutators

In this section we obtain some properties of Chern classes and characters of the tautological sheaf and
multiplication by them, in order to prove the isomorphisms ® and ¥ are multiplicative for cl((’)[”]).Let
X be any smooth projective surface. The work of Lehn [12] gives a description of the Chern classes of
tautological sheaves on X[™ in terms of Nakajima operators.

Proposition 5.1. We have the following commutators

1 c <O[n+1]) qi — qic (O[n]> = [0, q1]c <OM)
2. [6,q1] = As(exp(ad 0)q1)

Proof. This proposition and proof is a modification of Lehn’s result in cohomology [12, Thm 4.2|, with
the first claim being more specific and the second more general as required in this context. Consider
the diagram used to define the operator q;:

xl % xhn+l] Y xht]

|7

X

where X"+ is the nested Hilbert scheme . By previous results of Lehn’s paper, there is an exact
sequence on XMt s« x

0= oxOay ®mA = ¢¥x(0=,,,) = ¢x(0=,) = 0 (19)

where A = Oynni1(—FE) is a line bundle defined by the exceptional divisor E of X (nn+1] considered
as a blow-up of X" x X but its identity is irrelevant aside from being a line bundle. Let A = ¢1(A).

1. The exact sequence ([19) pushes forward to

0— A — (O 5 g (0" = 0
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so *c(O 1) = ¢*c(OM) (1 + N). Then
(O ) qra = Wiy (c(O ) (4 x 0. (67 ()
= (¢ x 0) (Y (c(O 1)) " ()
= (¢ X 0)((1 4+ N)g" (c(O" 1))
= qe(OM)z + (1 x 0).(Ap* (c(O" 1))
If we look at the component with degree 1 specifically we find
0, 1)z = e (O ) guz — gres (O = (3 x 0).(Ap* (co (O H)2))
= (¥ x 0)«(A¢7™(2)),
hence the operator z — (1 x 0)(A¢*(z)) is just [, q1]. We obtain
(O Mgz — qre(OM)z = [0, q1]e(O )z
as required.
. Now consider the Chern characters of
Yy ch(Oz,,,) —¢¥x ch(Oz,,,) = o ch(Oa)m] exp(N) (20)
There are two morphisms
(W, 0)x, (Wx, o) : Xl x — X+l X« X

where o : X"+ 5 X goes to the second and third factor respectively. They are related by
(Y,0)x = (idymr1y X tw)(¢x, o) where tw : X x X — X x X exchanges the factors.

There is a commutative diagram with cartesian squares

X x X

T T32
ox

X % X e Xl X Wx9) yint1] x X % X

\Lﬂ'l * J/ﬂ'l \LWIB
x [l co ] B9 1] o

Then we have

td X) - wi3(1, 0)« (67 (7))
) - (Yx,0)«(m1¢"(2))
h(Oz,,,)m(td X)) - 719" (2))
OE )2 (td X) 71 o™ (2)).

~—
3
*I\J*I\J*
AA/—\
-+
(o}

H
N
)

On the other hand, we have

18z = (¢, 0)x)«((¢x)"(ch(O=, )m3 (td X7 7))
= (¢, 0)x)«(9x (ch(Oz,))m3 (td X)my ™).

Taking the commutator [&,qi]z = &q1z — (q18)?'z, observe that after applying the twist the

expressions above only differ by replacing ¢% (ch(Oz,)) with ¥% (ch(Oz,_,)), so applying we
get

Sz — (:6)% % ch(Oa) 7} exp(N) s (td X) i o x)
ox (ch(Oa)m3(td X)) 7 (exp(A)¢™z))
)3 (td X)) - (¥x, o)« (7] (exp(A) "))
)75

3 (td X)) - m13(1h, o)« (exp(X) ™)

(
(

=T
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Applying the Grothendieck-Riemann-Roch theorem to the diagonal embedding A : X — X x X
we find ch(Oa)7] td(X) = A(X) = A, so

(6, q1] = 75 3A - miz(exp(ad 9)q1) = A.(exp(ad 0)q1)
O

From the second part of this lemma, we obtain what Li, Qin and Wang called the transfer property:

Corollary 5.2.
[@dv ql] = A*[@d(l)v Cll]

Proof. If z € A*(X!"), we have
Aul84(1), ]z = Au(Tpnj2, (As(exp(ad 8)q1))) = Ax(exp(ad )q1)

since the following diagram with the diagonal embedding and the projection commutes, which remains
true after taking the product with X"

X 2 ,XxX

N l’”

X
O

Next we verify in Chow Lehn’s description of the total Chern class ¢ (O[”]> of the tautological sheaf.
Proposition 5.3 ([12, Thm 4.6]).

ZC(O[”]) = exp Z ok (1) |v

n>0 k>1

Proof. Let ¢(1) be the operator of multiplication by ¢(O") on A*(X[), and €(1) = ¢(1)q1(1)e(1)~ .
By the previous proposition, we have €(1) = q1(1)+q}(1) where q' := [0, q1]. The result follows formally
from the relations

[91(1), k] = —kdpr1 (21)
q)(1)v =0 (22)

(which are immediate consequences of and ) by Lehn’s proof of a more general version of the
statement in cohomology, which we reproduce in this context.

Z C(O[n}) = C(l) Z 1X["]

n>0 n>0
= c(1) exp(qu(1))v
= ¢(1) exp(q1(1))e(1) "'
= exp(c(1)qr(1)e(1) Mo
= exp(€(1))v

To compute

@)+ e ()

we use the relation [q] (1), qx] = —kqx41 to commute the g} (1) to the right and apply gjv = 0, obtaining
terms of the form

—1)i1g, e
<m—nu«%—uwaw*%ﬁ»”enW%%m:aqlC1”MU)

! )
i>1
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where a = (1122 ...) = (v1,10,...) is some partition of n, with a! = v1!lvp!.... Such a term arises
from commuting v; — 1 operators ¢/ (1) from the left with one q;(1) for each v;, so the number of terms
with a given partition is the number of ways to arrange v; identical items for each v; (with the rightmost
one being taken as q1(1) and the others as q(1) ) into a string of length n. This is just the number of
ways to partition a set of n elements according to the partition «, which is given by

1 n!

orlas! .. al’

Hence

|
N
2| -
VR
. —~
|
—_
~
~ |
—
e
-~
—~
—_
SN—
~
2
(4

i>1 ;>0 i
“TTex <—1>Z—1qz<1>)v
= exp (_1)171%(1) v

5.2 Chern classes in the orbifold Chow ring

Remark 5.4. While the results of the previous subsection hold for any smooth projective surface X,
henceforth we shall require that ¢;(X) = 0.

The next step is to determine the image of ¢(OM) in A%, (X(™) and then prove our isomorphism
respects multiplication by it, starting with the first Chern class.

Define the element @
e = Z V=1 sgn (9) g€ Al (X(”)> .
gESn

Using the previous description of c((’)["}), we check that

Proposition 5.5 (|13, Prop. 4.3]).
¥ (") = c(OM)

Proof. The proof is identical to that of Lehn-Sorger except for the factors of lea(g ) which cancel out;
we reproduce it here for completeness.
Recall that the number of permutations g € S,, of cycle type A = (Aq,...,Ag) = (1"™12™2 ) is
given by
n!

Crn==—""—",
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which have sign sgn(\) := sgn(g) = (—1)2§:1()‘j_1). Thus

U (e") =

meaning the part of exp (Zk %qﬁl)) v € A*(Hilb) in the direct summand A*(X™). By Proposi-
tion [5.3} this is c(O]) O

To prove that cg ((’)M) is multiplicative, we start with c; ((’)["]) = \II(ES), where €5 is the degree-2
component of £":

Proposition 5.6 (following [13] 4.4]). We have
U(ehxy) =1 (O[n])\ll(y)
for ally € A%, (X™).

Proof. The proof is a small modification of Lehn-Sorger’s argument to account for the fact that we
cannot decompose qx(«) as a composition of individual qy,(c;), and also include the sign changes.

As U is linear and defined on all of A*(X,S,), we may assume without loss of generality that
y=a-heA*(X",S,) for some h € Sy, a € A*((X")9).

Consider multiplication of y by some transposition 7 = (i j), considered as both an element of S,
and the element 1 -7 Let h be of cycle type A = (A1,...,As). There are two cases to consider: either
the indices i and j appear in the same cycle of h or different cycles.

In the first case, h = (iza...x;)(jz2 ... zm)h and Th = (izg ... 21522 . .. 2p,)R'. Then a(rh) = a(h)+1
and the multiplication is given by 7 x y = incj(«) - Th, as the graph defect at the relevant orbit is
0=211l+m+2—(+m—1)—2—1). As inc, is the diagonal embedding of the first component, this
can be written as o112, s—1 - Th.

(XTL)T )h - X2 % X)\/

~2

h—— X x XV

In the second case, h = (izg... 21522 ... 2m)R and 7h = (izgy...x)(j22 ... zm)H, so a(th) = a(h) — 1.
The graph defect is again 0 and the multiplication is given by 7xy = inc,p «(a) - 7h = (A12a13. 541) - Th.

(X" (X" —— X x XV
™. =
(XM —— X x X*
j
(XM =—= X% x X¥



Considering multiplication by the whole of €5 = —v/—=1%7, (i j), we see that the first case occurs
A;A; times with 4, j occurring in the 7'th and j'th cycles. The second occurs A; times for each partition
of ); into the ordered pair (I, m) up to double counting. Thus

1—(a(h)+1 o~
nl(epy) = — V=1 W )Z)‘j)‘kzqh e D DA A e D e O (1L k=1 ks~ 1)

i<k
\/jll—(a(h)—l)
e R DRV W PR PVRY. I VIRRPPPPS A D (01,6 A1)V
j l+m:)\j

-/ 1a(h) A o L .
=—V—- VEALL PRI PR VRS VR DU b VAR q)\s(al..‘]fl,],]Jrl...kfl,],k‘..sf1)v
<k

h)
el
+ T Z Aj Z qu ce q)\j—lqlqAﬁq ...... q)\sqm(al...sAj,s+1)v

On the other hand,
nley (O[”])\I/(y) = i_a(h)aq/\l coqa, (@)

so we apply the relations

[87 qk] = kL
(L4, 9] = —kAL(qatr)
ov=20
o= 2 Z
=g RN
k+l=n
k,1>0

Commuting 0 to the end, we get

—a(h
(O (y) = V-1 O r Oag - O, (@) - Astin, -+~ Ga,, £a, ().
Commuting the operators £, to the end gives a term

—

—a(h
V-1 “l ))\z‘)\jQAl e O AN A T - Dy - O (i1 -1 s 1)
arising from each [£),, qy;], and terms
—a(h) 1
v —1 52)\1 Z U DVIEIRN VR 11 D VI q)\sqm(al__SAwH)
i l+m=\;
arising from £y, - v, which proves the equality. O

Remark 5.7. In the proof of the last proposition we have seen that the graph defect of a transposition
with any element is zero, which will be useful to recall later.

6 Orbifold Correspondences

6.1 Orbifold Nakajima operators

In order to proceed with the proof, we need to work with orbifold correspondences of the form

ae Al (XM x X9,

orb

where X(™ x X* = [(X™ x X*®)/S,] is an orbifold with S,, acting trivially on the X* factor. Then we
can work with operators A*, (X)) — A*, (XM x X*) parametrized by X* similar to the Nakajima
and Chern character operators on the Hilbert scheme side, such that intersecting with the pullback of
a class in A*(X*®) and pushing down to A, (X(™)) gives an operator A*, (X)) — A (X (™)
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In particular, we need to define an analogue t; : A%, (X)) — A* , (X(™+1) x X) of the Nakajima
operator qi. Indeed, for any k& > 0 we can define vj : A%, (X)) — A*  (X(+K) x X) as the linear
extension of )

g - ag = W Z (a¢(1)...¢>(n)AQ_§,n+k+l) bxg
- diln) [+l

where for any injection ¢ : [n] < [n + k], ¢p.g € Sp4x is the permutation that has the induced action
of g on ¢([n]) and the trivial action on [n + k| \ ¢([n]), and Ag, ., is the diagonal along the indices
[n+ k] \ ¢([n]) and n + k + 1.

This is well defined as if @ € A*((X™)Y), then

A1) () Dgmani1 € AT (XTF)P9 x X),

and by summing over all ¢ we ensure tyay lies in the symmetric part A7, (X (k) % X)), so indeed
defines an operator between the orbifold Chow rings. We only require the simplest version vy, which
can be expressed as the operator induced by the map

A (X, S,) — A* (X"“ x X, Sn+1>
n+1

ag= Y (0 i tnttitt,nDini2)Gixg
i=1
n+1

where o denotes the action of S, 41 on the stringy Chow ring and ¢; : [n] < [n + 1] is the increasing
injection that avoids 1.
Define the morphism

pntl A(XT,S,) = AY(XTL S, 00) (23)

P (ag) = i_n(a)ulg)

where 7, : (X”H)L(g) — (X™)9 is the projection X"*1 — X™ onto the first n factors, restricted to
the g-invariant diagonals.
Then t; is given by

n+1
vi(z) =Y (in+1) e (mlph (@) * Aniinto) (24)

i=1

where we abbreviate Ay 1012 = Apy1nt2- 15,
The map p*! does not preserve the invariant subring, but it does respect the products:

Lemma 6.1.
n+1

ptH (@ xy) = i @)+ oY)
Proof. For any h,l € Sy, t(hl) = ¢(h)c(l) and ¢((h,1)) = (c(h), (1)), so
(Xn+1)L(h) _ (Xn)h x X, (X’n-‘rl)L(h),L(l) _ (Xn)h,l % X

Recall that the obstruction class can be characterized as

cop(Funow) =[] mh(ca(X)srt®ma),
0€0(t(h),(l))
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with the orbits O(c(h), ¢(1)) consisting of the orbits O(h,1) (as subsets of {1,...,n}) as well as {n+1}.
The graph defect of o € O(h,l) remains the same, and is zero for {n + 1}). Hence ctop(Fy(n). 1)) =
71 nCtop(Fh,) by the commutativity of the diagram

Tl..n

(Xrtho)uh) >, xO0h) « X — 5 XOloh) (=7 (xm)9h
\ o /

(Xn1yle) 2D netdyila)a(h) B0 (xno1yi(gh)

lﬂ'lmn J/Trl...n J/Trl...n

(X7 4 (XN ey (X790

incg incyp

As the diagram

is fibred (i.e. commutes with both squares being cartesian), we have

p2+1(04g * ) = 7Tiﬁ...nincgh,* (O‘|ngh - Bl x9.n * Ctop (Fg7h))

= INCgp (FT..‘n(a|X9ﬂh) ] n(Blxen) T _p (Ct0p (Fg,h)))

= incyp (Wi‘ (@) xe@.m - T (B) xue)um) - Crop (FL(g),L(h))>

=it (ag) * ot (Bn)

6.2 Projection operators
We also have to work with projections of the form
Tnyir.ie © X ™ x X — XM x X!
Tiyip s XM x X5 - X
for t <'s, and distinct 1 <4i;...4; < s and the induced pullback/pushforward morphisms
Tlnyiriee - AT(X™ x X5,8,) — A*(X™ x X, 8,,)

ag +— <7T(X”)9,i1...it,*(a)> g
PAYXM % Xt S,) = A(X™ x X*,S,,)

ag — (W?X")Q,il...it (a)) g
ma AT = AN(X™ x X5, 8,)

B (w4 (®) 1s,

where (xnygi;..4, 1 (X)9 x X% — (X)9 x X! is the obvious projection.
These satisfy the following important properties:

*
T(n),i1...is

Lemma 6.2. The pullbacks W?n) . are ring homomorphisms

01...0¢ and 7721

Tn)si..is (T) * szn) i W) =Ty i (T Y)

Tr;kl..lta*ﬂ-ll ZtIB_Tr*l Zt(a./ﬁ%

and the pushforward and pullback along the map () satisfy the projection formula

1.t

I*Tr(n),il...it,*(y) = ﬂ-(’n),il.“it, ( (n) 'Ll ztx*y)
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Proof. The first two claims are straightforward:

L. If Fy and F, ;, are the obstruction bundles on (X™M9h x Xt and (X™)9" x X* respectively, then

Fé,h = W?X")g,il...it (Fg,n), (25)
and
2. The obstruction bundle F1 ; is trivial.

For the third claim, let g,h € S, a € A*((X™)9),5 € A*((X™)Y) and consider the product

ag *W(n),il...it,*(ﬁh) = InCgp (a|X9»hxXt ‘ (W(X")h,il...it,*(ﬁ)|X9’h><Xt) ‘ Ctop(Fgﬁ)) gh

= Incgp (O‘|X97h><Xt : W(X”)gah,il...it,*(/B‘nghst) : Ctop(Fg,h)) gh
and applying the projection formula for TT(X)9:h iy iy

= incgp (W(Xn)g’h,il...it,*(W?Xn)g,hyil._,it(a’Xg,hXXt “ Cop(Fg,n)) - ﬂ\Xg,hst)) gh
= T(Xn)9h iy iy % (incgh,*(W?Xn)g,hﬂ'l,,,it(O"nghxXt : Ctop(Fg,h)) ’ 5\Xg,hst)) gh
(by push-pull)
= Tnpiriose (e (T sy (@) xomscxs - Blxonsxe) - cuop(Fpi)gh)
(by (23))
= T(n)i1...it % (an),il...z‘t (ag) x 5h>

O
AS T(n)iy.ig,x and W?n),i1...it are Sp-equivariant and the image of 7, is Sp-invariant, they restrict
to morphisms between orbifold Chow rings
ﬂ'z(n),'il...it
Ar (X0 XT) T AT (X0 x X%)  AR(X
o xX0) — o x X) T i (x%)

W(n),ilujt,*
These let us safely work with classes and operators parametrized by X*:
Definition 6.3. If z € A% (X(™ x X*) and 3 € X, then
.’L’(ﬁ) =T (n),x ('T * Wiksﬂ) € Azrb(X(n))

Similarly, if p : A%, (X)) — A%, (X x X*) is an operator, then p(3) : A%, (X(™) — A*

orb orb (X (n)) is
the operator

Y = Ty Py * 715 5)

6.3 Transferring correspondences

To transfer these kinds correspondence between the orbifold and Hilbert scheme sides, we define
Dy s ANXM % X%) 2 AL (XM % X)Wy
by replacing in the definition of ® and W the correspondences
Ty : A*(XI) = A ((x™)9) : T
with the products of correspondences
(Ty x idxss) : A(XI x X%) &= A*((X™)9 x X°) 1 (T x idyess),

Then
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Proposition 6.4. ®xs and Vxs define inverse isomorphisms of vector spaces.

Proof. All the pieces of Theorem [£.3]still go through after taking the product with the correspondence
idxse = Axs € A*(X® x X*). In particular we still have isomorphisms

(H(Xn)g x XS)/Sn o x ) o x5,

gev

I A*((HX<V>)) A (x )

vkn

and if

is the correspondence giving the isomorphism of de Cataldo-Migliorini, then the product

P x Ay : A*((HX(”)) X XS> S AR X X%

vkn

remains an isomorphism. This follows directly from the fact that the product of correspondences is
compatible with composition:

(T'xA)o(IxAN)=(Tol") x (Ao A,

for any correspondences

O

In order to transfer operator correspondences between the orbifold and Hilbert scheme side, we need
the following properties

Lemma 6.5.

* %
q)XSW[n},il,...it =7 n),il,...it(I)Xt

QX t Tl i, ipe = T(n),it,eie s LX5

*

Dxs(x - L i

iy @) = Oxs(2) kg0

Proof. For the first two claims, we have to prove equalities of correspondences

(Tg xidxsi) o (idypm, X5, ) = (idye, X7 4,) 0 (Tg X idxe),

(Fg X idXt*) o (idx[n]* Xﬂ'ih...it,*) = (idX(n)* X7Ti1,,..it,*) e} (Fg X idXs*)

which both follow from basic properties of correspondences: for any A € A*(Y x Z), then
(Fg X idZ*) o (idX(n) XA) = Fg x A= (idX[n] XA) o (Fg X idy*)

For the third claim, we have 7}, o= (X" X, 4,)1s, by definition. Thus for any 8 € A*((X")9),
we have the product
Bgx iy = (B ([(X")] x aiy,i,))g- (26)
Then if
Xl xs o (XM % X X5 —— (X™)9 x X®

X dxs
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are the projections, we compute

Dxs(x) %m0 = gszs (Ty x X?) - disx)g* 7], 4,0
= /7‘1(9

applying (26]) gives

\ﬁla(g (6x-((Tg % X%) - 0w) - (X)) x s, _3)) 0
geG

= oty @ (Lg X X%) - he - ([(X7)7 % X < aia))g
geG \/7 (g o ! *

(by the projection formula)

= oty 0xe s (Lg X X%) - s (- (XM % iy, i)
geG \/7 (g ! *

= oty 0xx (Lg X X°) - i (2 - iy, iy @) g
geG \/7 (g ! X

= ®xs(x- Wil,...ita)

O]

It follows from these relations that ® xs is compatible with operator correspondences parametrized

by X*:
Corollary 6.6. If y € A*(X!" x X*) and 8 € A*(X?), then

(@x:(y))(B) = 2(y(B))

Now we verify that t; is indeed the orbifold equivalent of q;, compatible with the isomorphisms
O, 0.

Proposition 6.7.

Wty =@ s ALy (XO) > a* (X0 x X)

orb

and equivalently
0 = bxqp : AT (X)) - A7, (X(”“) x X)

Proof. We prove the first statement directly, from which the second follows by Proposition [6.4}

Let A be a partition of n with length [, let g € S,, be of cycle type A, and let « € A*((X™)9). As
we have defined ¥ and t; on all of A*(X™,S,), we only need to prove Ux(t;2) = q1¥(z) for z = ag.
Let ay, € A*(X?) be the image of a under some choice of isomorphism f : (X™)9 =, X* so that
I (a) = ga(a)v. Hence q; - T (a) = q1 - qa(ar)v = qa(ar)q1v, and thus g1 - ¥ is given by:

1
/_1a(g)n!

Meanwhile if g; = (i n+1)u(g)(i n+ 1) for 1 <1i <n + 1, the action of v; is given by

q1 - ¥(ag) = qa(an)qiv.

n+1

v ag = E (01 i—1n41,i41.. nDint2) i
i—1

To compute ¥x(t; - ag), we first apply the correspondence th X idx, to the summand (v; - ag)g,
corresponding to g;:

(T}, x idxs ) ((v1 - @g)g) = (Th, x idxs ) (@1 im1nt1it1..nDint2)
=Yx((Tg, X X) - dx (1. im1nt1,i+1..0 00 n+2))
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Consider the isomorphism (X"1)% = XA x X which identifies the i’th factor with X and the rest with
X* using the chosen isomorphism f : (X™)9 22 X*. We can describe its effect on the above expression:

Iy, xX C Xl % (X"t x X ox, (X9 x X D o1 i1t Litl.nlint2

v x X C XM XA x X x X 28 XA % X x X D ay X A

(abusing notation on the right side by using the C symbol to mean elements of the Chow ring).
Hence

(g, x idxa ) ((v1 - g)g,) = Txin Lira((aaquv X X) -y _jio(an x A))
= Txtn o ((arare x X) i j(en) - (X 5 Ay 42))

Due to the factor of A1 42, projecting onto the [ + 2 factor is equivalent to projecting onto the I + 1
factor, with the result being

(Th, x idxs ) ((v109)g;) = Txctnt g (ArG10 - 77 jon) = ax(en)drv.
Hence we obtain ¥ x (t; - ag):

1 n+1

1 1
't xidy. ) ((t1a9)y,) = —————
nt 1) &= ﬁ_la(g»( o % 1dx ) ((r10g)g,) @),

which equals q1¥(ayg) as required. O

\I/)((tl . ag) = ( qk(a)\)qlv

7 Multiplication by Chern characters

7.1 Chern classes continued

We now pick up where we left off in proving the isomorphisms ®, ¥ are multiplicative, starting with the
case of Chern classes of the tautological sheaf.
Let ¢ : S, — Sp+1 be the inclusion induced by [n] < [n + 1], and 7; be the transposition (i n + 1).

Lemma 7.1. Recall the morphism p™ : A*(X™,S,) = A*(X" ™, S,11) ([23). We have

n+1

et —ph e = V- Zn*pﬁ“ ") = (3T =t ER)) * T E)

Proof. That the second and third expression are equal is immediate. We have

e = 3 (VA" sgn(o)) - ulo)

oESy

The product 7; x¢(0) is just 7; - (o), as the graph defect g(7, h) is always 0 when 7 is a transposition
and (X" H)7U) = (XH1)7U0) 5o inc,,, () is trivial. Indeed if 7 is in the disjoint cycle (i 3. ..is) of
o, then the invariant subscheme of 7;(i i2...45) = (n+ 114 ig...14,) is the diagonal Ay, i, nt1, which is
intersection of the invariant subschemes A; 41 of 7 and Ay, 4, of (n+ 14 dg...14).

As l(1;e(0)) = (o) + 1, the RHS of the claim is

_Z Z (\/jla(g)+1 Sgn( ) Z Z a(m(g Sgn(TiL(O'))) . (TiL(O')),

i=1 oc€S, i=1 c€S,

so all that remains to prove is that every element of S, \ ¢(Sy) can be written uniquely in the form
(i n+ 1)e(o) for some 1 < i < n,0 € S,. Such an expression exists because any cycle containing
n + 1 can be decomposed as (n + 1 iy...95) = (i2 n+ 1)(d2...i5). This expression is unique as if
(in+1)u(o) = (j n+1)(o’) with i # 7, then «(¢") = (i 5 n+1)i(c), but this permutes o= 1(i) > n+ 1
so cannot lie in ¢(Sy,). If (i n+1)(o) = (i n+1)(0”) then o = ¢’ as ¢ is injective, so the decomposition
is indeed unique. O



Using this we obtain our version of [I3, Prop. 4.6], to match Proposition on the orbifold side.

Proposition 7.2. "1t —v1e" = (e Tey — v1el)en

Proof. We have

n+1
ety — - (" xy) :WZ‘nH)EnH * Z(Z n+1)e (W€n+1)pz+1y * Any1ng)
i=1
n+1
- Z in+ 1 ﬂ_(n+1)p2+1(€n * y) * An+1,n+2)'
As T e e"*! is symmetric, we can move it inside the action of Z"H(z n+1):
n+1
ety — - (M xy) = DG n 1) e (o (" = P E) * P ) * A
i=1
n+1
=t 1) (e (5 ) ) ¢ D)
(by the previous lemma)
n+1
=S (i n 1) o (R (5 D 5 9) * Angrs)
n+1
- Z(i n+1)e ( T 1yD (5 * e % y) % An+1,n+2>
= 572”1 *t1(e" xy) —vi(ey x ™ xy),
as required. O

This allows us to prove inductively that W preserves multiplication by the elements 53 and the Chern
classes ¢g(O") of the tautological sheaf, using the ideas in [I3, Prop. 4.7].

Proposition 7.3.
o(c(OM)y) = " x @ (y)

for ally € A* (X["]).
Proof. We prove a slightly stronger claim: that for any partition A - n of length s,
O xs (M) (O . qyv) = T * Lxs(qr0).

Lemma allows us to reduce to the claim that, if y € A*(X ) x X %) is given by any composition of
the operators q; and 9 applied to the vacuum vector, then

@Xs (Wf;l]C(O[n]) . y) = 7T2<n)€n * (DXS (y)
We can prove this by induction on the length of y as an expression in 9, q;. The base case ®(c¢(O)v) =
P(v) = 1g, x D (v) is trivial.
Case 1: y = 8z with z € A*(X!" x X*) satisfying the induction hypothesis
(PXS (WE;L]C(O[”]) . Z) = 7Tz<n) (6”) * @Xs (Z)
Then by Proposition we have

Dxs(y) = Pxs (WEZL]C2(0["]) -2) =T (€5) * Pxs(2)
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and
D ys (ijl]c((’)[”])y) =Dy (ﬂf‘n] (02((’)[”])6(0[”])) ‘z) = Ty (€5) * Pxs (7r[*n}c((’)[”}) - z).

n)
Using the induction hypothesis, the above expression becomes Tr*n) (eh xe™) x P xs(z). As the product x
is commutative, we can move € back inside ® to get

Dy (ﬂf‘n]c(o[”])y) = M(n)E" * Pxs (WE;L} 02(0[”])2) = T(pE" * Pxa(y)

as required.
Case 2: y = q12, with z € A*(X[*~1 x X*~1) satisfying the induction hypothesis

O (m, (O ) 2) = wf, e x By (2).
Then ®xs(y) = 11 P xs—1(2) by Proposition S0
Ty (E") * @xa(y) = m(p) (€") ¥ 11 Pxs-1(2) = [, 11] Pxs-1(2) + 1 - (7, _q)(€7) * Pxs-1(2))
By the induction hypothesis, the second term equals
tl(I)Xsfl (W[‘;il}c(o[n_l]) . z) = CI)XS (QI . (’R—Efnfl]c((l)[n_l]) . Z))

Meanwhile by the previous proposition, the first term is:
€% 1] @ (2) = 70 (5) 11 (Tr;‘n_l) (€™ 1) % By (z)) _— <7rzkn_1) (0w % Byes (z))
= 7 () 11 (@Xkl(ﬁ;iuc(o[n—”)z)) u (@XH (xt,_yy (e (O ye(O 1)) Z)>
(by the induction hypothesis)

7 (€)% Do (a1 - (7 (OP1)2)) — By - (y_y (2 (O (O 1)) - 2)
= @ (e (OP)ay - (vf,_yye(©")2) — ay - ],y (ea(O e 1) - 2))
= ®x+([0, @] - (wf,_yyc(O")z2))

which by Proposition |5.1]is
= D (whye(OM) a1z — qu - (7, _ye(O"1)2))

Thus adding the terms together gives
Ty (") % B2 (9) = B (1 c(OM)ar2) = s (e (OP)y)
as required. .

As ® respects multiplication by the total Chern class of O it must also by the individual Chern
classes cq(OI"), as we can see by taking homogeneous y € A*(X[™) and looking at the components of
®(c(OM")y) in each degree. It follows that the same holds true for components chy(O") = &,(1) of
the Chern character

Corollary 7.4. ®(&,(1)y) = ®(&,4(1)1,)) x 2(y)

7.2 Orbifold Chern character operators

The next step is to define analogues of the Chern character operators &, for A*, (X)), then prove
they also satisfy the transfer property. Using this we will prove that ®xs preserves multiplication by
Chern character operators by the same method as the previous proposition.

Define operators g : A% (X)) = A* (X x X) for d > 0 as:

Fax = Px (Sl yim)) * TrE‘n)x

or more explicitly, Fsz = ®x(chy(Oz, 7] (td X)) » )@
It follows that
Sa(B)r = (84(B)1xm) * 2. (27)
The following lemma is our version of [13] (4.8)], but where Lehn-Sorger had to derive an expression
for al™ using vertex algebra calculus, we are provided with the analogous expression for &, by the work
of Maulik-Negut [I7] as given in Theorem [2.4]
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Lemma 7.5. There is an expression

Z qu(1 = Wx(CdA)CIA‘A

satxn = 3 G R

[Al<n

where the sum is over all partitions X = m for m < n, with coefficients cqy = ¢, + ¢y - e, for
o iy € Q which depend only on d and A; in particular they are independent of n.

Proof. Putting together and @, we have the following expression for &,:

1 s(A)—2
Gy =- Z ﬁq/\|A1md + Z WT"X (e) q)\’Al.“d—Q
AePz(0,d) AePz(0,d—2) ’
Hence
1 s(A)—2 1 .
Gilym = | — Z ﬁq)\q]iﬂAl.,.d + Z o "X (€) axa™1la, us 'ﬁch(l) v
k<min(n,d—1) k<min(n,d—3) ’ )
AEP(k,d—k) AEP(k,d—2—k)
1 n— S (A) -2 * n—
== Z mq/\Mql(D "o+ Z m”x (€) axlagi (1) o
k<n,d—1 ’ ’ k<n,d—3 ) )
AEP (k,d—k) AeP(k,d—2—F)
which has the required form. O

Following the ideas of [13| 4.11], let A - m for some m < n, choose some gy € Sy, of cycle type A
and define

B;\l =V _1a(9/\)< ) Sym(Al m,n+1 g>\) € Aorb( (n) X X)v

A

where we identify g, with its image in S™ under the inclusion {1,...,m} < {1,...,n}, and AP
is the diagonal with the given indices in (X™)9 x X = (X™)% x X" x X.

1..mn+1

Proposition 7.6.
q1(1)" M qala o
(n = [ADT[A]

Proof. If [ is the length of A F m, the right hand side can be rewritten as

1 n—m
T 1, (Wf‘.z(AL..l)ql()qAO

Ux(By) =

(n —m)! m!

1 * n—m
= mﬂ-[n],l,* (Wl...,l(AL..z)q/\Ch U)

Meanwhile

(FZA X idX*)(Ag.)\.‘m,nJrl) = ¢X,*((ng X X) ¢XA1 mn+1)
= wX,*((FQA X X) : (X[n] X Aglb\m,n—i—l))

We have an isomorphism (X™)9 22 X x X"~ = X4n=m guch that, if L =1+ n —m + 1 we get the
following identifications:

Iy, xX C xn « (X™)9% x X L} (X")9 x X S Aélhanrl

! I 5 !

QAo x X C X XA Xnmm o X Ty XA X X D Ay
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Thus we have
(Fg)\ X 1d)(A? mn+1) - Tr[n],l,*((qx\q?_mv X X) ’ (X[n] X Al...l,L))?

which is equal to 7,1 . (qrqy ™ "v - (X X" x Ay _;)) because projecting away from the L’th factor gives:
/(qw?_mv X X) - (X x Ay ) = gt e /(XW X AvaL)
L L

=" - (XM AL,

Hence we compute

x8) = () (Z(r; « idX*)) (Sm(AL 0 19)

geG
(M )aay
as each of the n! terms in
Sym(AP . 190) = ] Z AT n1+1 (gro™)
€S

contributes —q,\ql( )"~ when I‘tggw_l X idx, is applied. Expanding the binomial coefficient and
cancelling gives

1
Ux(BY)= ———— 1"~
O
Combining the the previous two results, we obtain:
Corollary 7.7. In Aorb(X(”) x X), we have the equality:
Ox(Bylym) = > mxlcar)By. (28)

IAl<n
Now we can derive the transfer property for §q.

Proposition 7.8 (based on [13, Prop. 4. 12]) Let By + A* (X)) — A* (X x X)) for all n be the

family of operators given by Byx = BY *71' )z for x € Aorb(X(”)), with BY = 0 if n < |A|. Then we
have the following equality of operators:

(B3, 11] = AuBR(1), 1] : A5 (X ™) = AL, (XY 5 X2),

orb

Consequentially, the operators §q satisfy the transfer property:

[Ba, 1] = A[Sa(l), v1]

Proof. For clarity we refer to the factors of X in e.g. X (™ x X2 with the indices a,b. Let 2 € A (X ("))
and consider the action of [B},t;] on z. We may assume |A| < n + 1 otherwise the result is zero.
We compute the first term:

. n+1 < * n
Btz = =14 ( N ) Sym(A1. magr) * Z(z n+1)e (7T(n+1)pn+1(x) *Aptip) |
i=1

(with the expression in brackets already symmetric, so it can be moved inside Sym)

— /=1 (n’; 1) Z Sym ( (A1L.m,agx) * ((i n+1)e (w?n+1>p2+1(x> * An+l,b))>

n+1
] n + 1 * mn
Baa =1 (" )ZSym( (57 +1) @ (AL 090)) % (TP 0) % Anrn)) - (29)
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using the fact that Sym((i n + 1) e y) = Sym(y). For |A| < i < n + 1, the action of (i n + 1) has no
effect on (A1..m,a)g,, so that part of the sum gives

a n + 1 * T
v—1 o) ( ’)\’ > (n +1- ‘)‘D Sym ((A!{i.m,agk) * (W(n—i-l)pn_'_l(x) * An+17b))
a n+1 * n
=V (") 1= ) Sy (A 00) ™ 0) )
a n+1 n *
_ /T (;,A)( N >(n 1= ) Sym (P (AP 002 * T ) % Ay )

a n + 1 n *
=T (" ) L A S (A2 090) ) * D)

where p't}; is the operator pi! x idye, : A*(X" x X2,8,) = A*(X"" x X% S,11). As everything
inside the outer Sym is already symmetric in the indices 1,...,n, we can simplify the symmetrizer as

Sym(—) = %—‘rl St n+1) @ (—). Thus the above expression becomes:

n

a n+1\(n+1—|A . n *
V-1 (gx)< N >( . 1| ) Z(z n+1)e (pn}lz(Sym(A?.m,agz\) * Ty %) * A”“’b)
i=1
i . n a n %
= Z(Z n+1)e pn}lz (\/—1 (o) (,/\O Sym(A?‘m’agA) *w(n)ac) *Apg1p
i=1

= (tlB,.\)bﬂxa

i.e. v1 B} with the indices a,b swapped. Not in particular that this is zero if |A\| = n + 1, so nothing
goes wrong in the edge case.

Thus taking the commutator [B3,t;] leaves the terms of with ¢ < |A|:
n+1 A
Bl = (") X Svn (64 1) & (A2 09)) (70 * D)
i=1

[Al
n+1 O .
- ( A > Z Sym ((A1.)\.7.i—1,n+1,i+1,...m7a,g)\,i) * W(nﬂ)pﬁﬂ(m) * AnJrLb)
=1

where gy ; = (i n+ 1)gx(i n + 1). We have the product

(A!i].}\.’.ii—l,n—ﬁ-l,i—&—l,...m,agkai) * (An+17b15n+1) = (Afll.)\.ii—l,n-i—l,i—i-l,...m,a ' An+1ab)g>\ai

o gX,i )
= (Al...ifl,n+1,i+1,.“m,a,b)g)\ﬂ

so we can simplify:

Al
[BX, vz = ( I\ > Z Sym ((Ai]iti—1,n+1,i+1,...m,a,bg>\,i) *W(n+1)pz+1(x))
i=1
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We hence obtain

1
< > Z Sym ((Aélb\ i—1,n+1,i+1,..m,c, a9, 1) * 7T('rz—i-l)p ( ) * Aab)
n—+1 A I 1
= < |)\| ) Z Sym AlAili—l,n-i-l,i-i-l,...m,qa-g)\vi * Aab * 7[-Ekn-i-l)pz-i_ (x)

1 Ji n
Z Sym ((A?\ i—1,n+1,i+1,..m,a, bIA, Z) * W(n+l)pn+1( ))

So the first claim is proved.
The second claim reduces to the first using . In particular, we have

Fa=>_ 7i(car)BS,
A

where we sum over all partitions A (but B} =0 for n < |A|). Thus the commutator is given by

[$a,v1] = Zﬂl caN) B3, 1] = Zﬁ cax)A«[B3(1), 1] = ZA*(WT(Cd,,\)[B,'\(l),tl]),
A A
and on the other hand we have
Adga(t).u = ¥ AdBCean. il = XA ([ sicanadz.al).
A A
The last expression can be rewritten as
o ([ AdritcaniBi.a)) ) = A (wi(canlB30).u)
A A

which proves the claim. O

7.3 Proof of the main theorem

Finally we prove that ® transforms the operators &, into §4 using similar methods as [I3], 4.13], before
deriving Theorem as a consequence.

Proposition 7.9. Let y € A¥(X!"). Then

Fa®(y) = Ox(Bqy)

Proof. As in the proof of Proposition we actually prove that F4Pxs(y) = @ xs+1(B,y) when y = qyv
for any A € P(n,s), by reducing to the case that y is any composed string of the operators 9 and q
and using induction on the length of the string.

Case 1: y = 0z, where z € A* (X[”] x X ®) satisfies the induction hypothesis @ ys+1(8,2) = FqPxs(2).
Then by Proposition Dys(y) = 7T>(kn)5721 * D xs(z) and

Dxsi1(Bgy) = Pys+1(0842) = 7Tzkn)gzl *Px(842)

since the multiplication operators 9, 8, commute. Using the induction hypothesis and the fact that the
multiplication operator §4 commutes with multiplication by €%, we get:

Sa®xs(y) = Fa(m(nyes * Pxs(2)) = m(en * FaPxs(2) = m(p)e5 * Pyst1(Bg2) = Pysr1(Bgy),

as required.
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Case 2: y = q12, where z € A*(X["~1 x X=1) satisfies the induction hypothesis
Dxs(By2) = FaPxs—1(2). Then ®xs(y) = Pxs(q12) = t1Pys—1(2) by Proposition so we obtain

Sd@xs (y) = gdth)xsfl(Z) = [Sd, tl]@Xsfl (Z) + (tlstI)Xsfl(z))Ql
By the induction hypothesis, the second term is
(61Dx+(842))*" = (Pxor1(01842))%
while by the transfer property the first term is
(AxfBa(1), e1])Pxs-1(2) = T1o 12 * Ty o g1 (Fa(1)tr Pxe-1(2))
— TR0 * T o oo (T18a(1)Pxa-1(2)).
We know from and Corollary [7.4] that Fq(1)®(z) = ®(84(1)) x ®(z) = ®(&4(1)z), so this becomes
AulBa(1), va]Pxs-1(2) = TioA12 * Ty o sy (Pxs (E4(1)d12)))
— oA % Ty oo 2( P (016,4(1)2))
= Pxor1(m]A12 - Fikn),Q...erQ([@d(l)? q1]z))

= (I)Xerl (A*[Qd(l)a ql]z)
= D xor1([By, q1]2).

Adding the terms together, we get

3d¢)§(5(y) = q)nXSnLl(([@dv CII]Z) + <I>}s+1(q1@dz)
= 0% 1 (Gy012)
= % (Bay)

as required. O
Now we obtain the main result, Theorem by proving that ® is a ring isomorphism.

Proof of Theorem[{.6 By Theorem we only need to prove that ®(x -y) = ®(x) x ®(y) for x =
le .. '@ds (6)1X["]7 i.e. that

P(By, .-Gy, (B)lxm) x P(z) = ©(Gy, ... 64, (8)z)

From the previous result, we have

Sa, - Fa, (B)P(x) = ©(&y, ... 64, (B)x),

but Fq, ... Fa,(B) is just the operator of multiplication by Fq, ... Fa, (8)1ym:

%dl e ',Sds (5)3/ = W(n),* (F{n),l@X(le 1X[n]) * - (n) S@X(ﬁds 1X ) ﬂ-ikn)y * WTSB)
= T(n),* (W{n),l@x(ﬁdl Lyn) * - (n) S<I>X((’5 L) * Wfsﬂ> * Y
= T(n),x (%),@X(@dl Lytn) * - * Ty «Px (B, Lxim) * Ty Lyn) * WT...S/B) *y

= (Sa, - - Fa. (B)1xm) *y.

Hence we have

S, - 8a.(B)2(2) = (Fa; - - - T, (B)2(Lxim)) * B(2) = ©(Bg, ... By, (B)1xim1) * ()

which proves the theorem. O
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8 Examples

We now apply

n!

= a2 DR g, Lt L anlon - Bilxon - [T wi(ex)= oD@ )

heX 0€0(g,h)

qu(@)v - ga(B)v

to give a multiplication table for A*(X [”}), by first computing the products ay * 5, for each pair (g, h)
up to simultaneous conjugation. As the inclusions S,, — S, for m > n just add singleton orbits of
(g, h) with no graph defect, the product in these factors is the ordinary intersection product so we only
need to compute ag x f, in the smallest S, where a given conjugacy class of pairs (g, h) appears.

8.1 n=2

The Chow ring of X2 has a basis {qa (o), q1q1 (I')} where o ranges over a basis of A* (X) and T over
a basis of A* (XQ)SQ. In particular,

The identity is given by %qlql (1)v. The elements of S, are classified as S5 (1,1) = {1} with age 0,
Sa,2) = {(12)} with age 1, and all graph defects vanish. The products in A*(X?, S3) are

a12ls, x aials, = (a12f12)1s,

a12lg, * B2(12) = (a1181)(12)

01(12) % B1(12) = A. (1)1, a((12), (12)) = 2
= (a11A12)1s,

Thus the products in A*(X3!) are given by:

qrg1(I)v - q1g1(A)v = 2q19: (T - A)
q191(I)v - q2(8)v = 2q2(L|a - B)
= 2q2(I'1158)
q2(a)v - g2(B)v = 20191 (Ax(af)).
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82 n=3

The Chow ring of X¥ has a basis {q3 (@), 9291 ('), 919191 (A)} where a ranges over a basis of A* (X),
I" over a basis of A* (XQ) and I' over a basis of A* (X3)S3. In particular,

The identity is given by £qi1q1q1 (1)v. The elements of S3 are classified as 1 € (1,1,1) with age 0,
(12),(13),(23) € (2,1) with age 1, and (123), (132) € (3) with age 2. The nontrivial graph defects are
gr((123), (123)) which is £(3+2—1—1—1) = 1 on the only orbit {1,2,3}, and gr((123), (132)) which
is $(3+2—-1—-1-3)=0o0n {1,2,3}.

The new products in A*(X3,S3) are as follows, where for the product gh we list other ¢’ € S3 such
that the pair (¢’, h) is conjugate to (g, h) in the third column:

1231y * £1(123) = (@11181)(123)

a12(12) * £1(123) = (a1181A12)(23) a((12),(123)) =2 (23), (13)
a1(123) * B1(123) = (a1 Bre1)(132) a((123), (123)) = 2

a1(132) *ﬂ1(123> = (a161A123)153 a((132), (123)) =4

Thus the products in A*(X?) are given by:

q19191(D)v - qrgrg1 (A)v = 619191 (T - A)
q19191(I)v - q2q1(A)v = 6g2q1(T'112 - A)

6
q2q1(T)v - g2q1(A)v = g(—GI1CI1€I1(F13A13A12)U + 2q3(T11A11)v)
=4q3(C11A11)v — 2919191 (F13A13A12)v
q1q1q1()v - q3(A)v = 6q3(I'111 - A)
q2q1 (v - q3(A)v = —6q2q1(F'11A1A12)v
q3(a)v - q3(B)v = 3(q19191(Ax(aB))v — q3(aBe)v).

8.3 n=4
The Chow ring of X has a basis
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The identity is given by iqlqlqlql (1)v. The elements of Sy are classified as Sy (1,1,1,1) = {1s,} With
age 0, Sy 2,1,1) = {(12), (13), (14), (23), (24), (34)} with age 1,

S0y = 1(123), (132), (124), (142), (134), (143), (234), (243) }
with age 2, Sy (2.9) = {(12)(34), (13)(24), (14)(23)} with age 2, and

Su22) = {(1234), (1243), (1324), (1342), (1423), (1432)}

with age 3.
The new products in A*(X*,S,) are

a123(14) * B12(123) = (a111611)(1234) a(g,h) =0 (24), (34)
a12(124) * £12(123) = (11 811A12)(14)(23) a(g,h) =2 (234), (143)
a12(134) * £12(123) = (11 811A12)(124) a(g,h) =2 (142), (243)
a12341g, * £1(1234) = (a111181)(1234) a(g,h) =0
a123(12) % £1(1234) = (a11181A12)(234) a(g,h) =2 (23), (34), (14)
a123(13) x £1(1234) = (111 81412)(12)(34) a(g,h) =2 (24)
a12(123) % B1(1234) = (a111e1)(1342) alg,h) =2 (234), (134), (124)
12(132) % 51(1234) = (a1 /1 A193)(34) alg,h) =4 (243), (143), (142)

123415, * B12(12)(34) = (a1122612)(12)(34) a(g,h) =0

a123(12) % £12(12)(34) = (cu33513A12)(34) a(g,h) =2 (34)

a123(13) * f12(12)(34) = (eu11511)(1234) a(g:;h) =0 (23),(14),(34)

012(123) % B1>(12)(34) = (11511 Ara) (134) alg,h) =2  (132),(124), (142), (134),

(143), (234), (243)

a1(1234) x 51(1234) = (a1 81e1A12)(13)(24) a(g,h) =4
a1 (1243) % 41 (1234) = (a1 frerAr2)(142) alg,h) =4 (1423), (1342), (1324)
a1(1432) x £1(1234) = (a1 f1A1234) 15, a(g,h) =6

a12(12)(34) x £1(1234) = (1181 A123)(24) a(g,h) =4 (14)(23)

a12(13)(24) * 51 (1234) = (a1 Brer)(1432) alg,h) =2

Thus the products in A*(X™) are given by:

q1(@)v - qiaiaqidr (8)v = 2401919191 (- f)
a1 ()v - 429191 (B)v = 2492q1 (01125 - B)
a1 (@)v - 9202(8)v = 24q292(1122 - B)
a1 (@)v - g3q1(8)v = 24q3q1 (1112 - B)
q1(a)v - qu(B)v = 24q4(c1111 - B)
(8)

q2q191(@)v - g2q191(8)v = 4( 91919191 (1345134 812)v + 54391 (@112 5112)v)
= 209391 (a1128112)v — 491919191 (1348134 A12)v

- %(—3‘12Q1Q1(0<113513A12)U +3aa(a1n o)

= 12q4(c111811)v — 12929191 (@113513A12)v

929191 ()v - q3q1(8)v

24
q2q191(@)v - q2q2(8)v = €(2q2q1q1(a133B13A12)v + 4q4(111511)v)
= 16q4(a111511)v + 8929191 (13358134 12)v
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24
)
= 347 (14B814A123)v — 39391 (aBe1)v — 9q3q1 (11811 A12)v — 9g2d2 (@11 B11 A12)v)
93q1()v - q2q2(8)v = —24q3q1 (11511 A12)v

q3q1(a)v - q3q1(5)v (47 (@14B14A123)v — q3q1 (fer)v — 3q3q1(a11 f11A12)v — 3q2q2 (11 B11A12)v)

24
g2q191()v - qa(B)v = g(—4CI3Cl1(a111ﬁ1A12)U — 2q2q2(11151A12)v)

= —16q3q1 (a11181A12)v — 8q2q2(a11181A12)v
24
q3q1(a)v - qa(B)v = g(—4Q4(a115161)U + 4q2q191 (1181 A123)v)
= 12q2q1q1 (11 51A123)v — 12q4(aq1 Brer)v
24
q2q2(a)v - qa(B)v = §(2q2q1q1(a1151A123)v — qa(an1prer)v)
= 16q2q191 (11 81A123)v — 8qa (11 81€1)v
o
6
= 4qaqa (1 fre1 Ar2)v + 16q3q1 (o1 fre1 Ar2)v — 4q7 (a1 B1A1234)v

qa(@)v - qa(B)v (q2q2(c Bre1Ar2)v + 4q3q1 (1 Bre1Ar2)v — qi (a1 f1A1234)v)
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