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Abstract

Let X be a smooth variety, let S be a smooth surface, let Cy v — My n be
a universal curve over a moduli space of stable marked curves and let (C,x)
be a marked nodal curve.

In the first part of the thesis, comprised of two chapters, we develop the
theory of quasimaps to a moduli space of stable sheaves M on S. A quasimap
is a map to the moduli space of all sheaves (not necessarily stable), generi-
cally mapping to M. For each ¢ € Ry, there exists a stability condition for
quasimaps, termed e-stability. Moduli spaces of e-stable quasimaps interpo-
late between moduli spaces of stable maps to M and moduli spaces of stable
sheaves of the relative geometry Sx Cy v — M, n, the two being the moduli
spaces of e-stable quasimaps for extremal values of €. Using Zhou’s theory
of calibrated tails, we prove wall-crossing formulas, which therefore relate
Gromov—Witten invariants of M and relative Donaldson—Thomas invariants
of § x Cg,N — MQ,N.

In the second part of the thesis, we introduce a stability condition for
maps from nodal curves to X x C relative to X x x for each € € R<o,
termed e-admissibility. Moduli spaces of e-admissible maps interpolate be-
tween moduli space of twisted stable maps to an orbifold symmetric product
[X(™)] and stable maps to the relative geometry X x Cyn — M, y. Us-
ing Zhou’s theory of calibrated tails, we prove wall-crossing formulas, which
therefore relate orbifold Gromov-Witten invariants of [X(™)] and relative
Gromov—Witten invariants of X x Cy v — Mg, N-

The main result of the thesis is establishment of correspondences be-
tween different enumerative theories, using aforementioned wall-crossings.
In particular, we prove the wall-crossing part of Igusa cusp form conjecture;
higher-rank /rank-one Donaldson-Thomas wall-crossing for some threefolds
S x C; Donaldson—Thomas/Pandharipande-Thomas wall-crossing for some
threefolds S x C. We show that the quantum cohomology of S is deter-
mined by relative Pandharipande-Thomas theory of S x P! for del Pezzo and
K3 surfaces. Finally, we express crepant resolution conjecture for the pair
S and [S™)] in terms of Gromov-Witten/Pandharipande-Thomas corre-
spondence for S x C, thereby proving 3-point genus-0 crepant resolution
conjecture, if S is a toric del Pezzo surface.
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Chapter 1

Introduction

1.1 Overview

Quasimaps were first considered in an unpublished work by Drinfeld in early
80’s in the context of geometric representation theory, see Braverman |[Bra06|
for an account of the representation-theoretic side of the theory. Their
importance in a different but not unrelated field of enumerative geometry
was also already understood. In subsequent years the enumerative side of
quasimaps was studied as an alternative to Gromov-Witten theory in the
case of certain GIT targets by many people (e.g. [MOP11], [Tod11)}), leading
to the work of Ciocan-Fontanine-Kim-Maulik |[CKM14], where the theory
was given the most general treatment.

Moduli spaces of stable quasimaps and stable maps are different com-
pactifications of moduli spaces of stable maps with smooth domains. There
exists also a mixed theory of e-stable quasimaps that interpolates between
the two, thereby giving rise to a wall-crossing, which provides an effective
way to compute Gromov—Witten invariants in terms of quasimap invariants,
which in many cases are more accessible. Moreover, it turned out that the
quasimap wall-crossing is related to enumerative mirror symmetry. For ex-
ample, in |[CK20] it was shown that for a quintic threefold the generating
series of quasimap invariants exactly matches the B-model series, while the
quasimap wall-crossing is the mirror transformation.

Quasimaps then found their applications beyond numbers in the enumer-
ative geometry of Nakajima quiver varieties (see e.g. [Okol7]), which also
brought them back to their roots, since enumerative geometry is inseparable
from geometric representation theory in this context. It also brings us to the
theme of quasimaps to a moduli space of sheaves. Already for the simplest



example of a Nakajima quiver variety - a punctorial Hilbert scheme (C2)[”}
of the affine plane C? - one can consider five enumerative theories, among
which there is the GIT quasimap theory:

GW - Gromov—Witten theory of (CZ)[”];

Q - GIT quasimap theory of (CQ)["};

GWorp, - orbifold Gromov—Witten theory of [(C?)™)];

GW,q - relative Gromov-Witten theory of C? x Cy.N /Hg, N

PT,a - relative Pandharipande-Thomas theory of C? x CyN /M% NS

which are related in the following ways:

o GIT quasimap wall-crossing between GW and Q, proposed in [CK14],
proven in [Zho22];

« analytic continuation and a change of variables between GW and GW,1,,
provided by crepant resolution conjecture, proposed in [Rua06], refined
in [BG09, CIT09];

o analytic continuation and a change of variables between GW,, and
PT.e provided by PT/GW correspondence, proposed in [MNOPO06al,
MNOPO6b];

o the moduli spaces of Q and PT,q are naturally isomorphic and virtual
fundamental classes coincide, [Okol7, Excercise 4.3.22].

Moreover, all of those correspondences are equivalences - the generating
series of invariants of the theories above are equal up to a change of a
variable. The above correspondences were established in series of articles
[BP08,BG09,0P10a,(OP10d,OP10b|, the culmination of which were [PT19a]
and [PT19b|, where they were shown to hold on the level of cohomological
field theories.

Similar correspondences can be formulated for an arbitrary surface S
with one exception - the theory of the type Q does not make sense in the form
it is stated for C2, because, in general, S (] does not admit a natural GIT
presenta‘cion['f]7 despite being constructed with the help of GIT techniques.
On the other hand, the moduli space S is naturally embedded into a

!There is no natural choice of a GIT stack, whose stable locus is S™), apart from S™
itself, which is not interesting for our purposes.



rigz’diﬁeﬂ stack of coherent sheaves €oh(S)//C*. More generally, any moduli
space M of Gieseker-stable sheaves on S in a classﬂv is naturally embedded
into a rigidified stack of all coherent sheaves in the class v,

M C €ob,.(S)y := Coh(S)y JC*.
In Chapter [2 and Chapter [3] we will be interested in quasimaps to a pair

(Mv Q:UhT(S)v),

which we define to be maps from nodal curves to €ob,.(S)y which generically
map to M, see Definition It will be shown that our quasimap theory
is naturally equivalent to the theory of the type PT, already on the level
of moduli spaces, i.e. the relevant moduli spaces are naturally isomorphic.

We then introduce a notion of e-stability for quasimaps to moduli spaces
of sheaves, which depends on a parameter ¢ € R~qgU{0", 0c0}. Moduli spaces
of e-stable qusimaps therefore interpolate between theories of the types GW
and PT .. We prove that their moduli spaces are proper and admit a perfect
obstruction theory. Using the theory of calibrated tails of Zhou introduced
in [Zho22|, we establish a wall-crossing formula which relates invariants for
different values of € € R~o U {07, 00}. The result is an equivalence of the
theories of type GW and PT,q in a general context: for all surfaces, all
positive ranks and all curve classes. Moreover, the wall-crossing invariants
are given by the virtual intersection theory of moduli spaces of flags of
sheaves on a surface S. They were thoroughly studied in |[Obe21b| in the
case of K3 surfaces.

The correspondence between PT. and GW was already considered on
the level of invariants, e.g. for (C?)" in [OP10c| and more recently for
(Am)™ in [Liu21|. It was also expected to hold in a more general context.
In particular, the conjectures of Oberdieck—Phandharipande |OP16, Conjec-
ture A] and Oberdieck |[Obel9, Conjecture 1] regarding such relation for K3
surfaces served as our main motivating goal.

In Chapter [2| we lay down the foundation of the theory of quasimaps
to moduli spaces of sheaves. While in Chapter [3| we focus on quasimaps to
moduli spaces of sheaves on a K3 surface. Moduli spaces of sheaves on K3
surfaces require a special treatment due to the presence of a holomorphic

Rigidification amounts to taking quotient of the usual stack €oh(S) by the scaling
C*-action, the quotient affects the automorphisms of the objects but not the isomorphism
classes of the objects. We refer to Section for more details.

3By which we mean that sheaves have Chern character v € H*(S,Q) .



symplectic form and, consequently, vanishing of standard virtual fundamen-
tal cycles of the relevant enumerative theories. These chapters are based
upon two preprints [Nes21a),Nes21b].

In Chapter [4, we focus on a correspondence between GW,,, and GW g
for an arbitrary smooth target X. Influenced by the ideas from the the-
ory of quasimaps, we introduce a stability, termed e-admissibility, for maps
from nodal curves to X x CgJ\;/MgJ\/7 which depends on the parameter
€ € R<o U {—00}. Moduli space of e-admissible maps interpolate between
theories GW,1, and GW, for arbitrary smooth target X. Using the Zhou’s
theory of calibrated tails, we establish a wall-crossing formula relating the
invariants for different values of € € R<g U {—o0}, which is completely anal-
ogous to quasimap wall-crossing formulas. The result is an equivalence of
the theories of type GW,, and GW, for an arbitrary smooth target X.
This wall-crossing can be termed Gromov—Witten/Hurwitz (GW/H) wall-
crossing, because if X is a point, the moduli spaces of e-admissible maps
interpolates between Gromov-Witten and Hurwitz spaces.

Together, quasimap and GW/H wall-crossings can be represented by the
square in Figure |1.1

Gw(sln) GWorn ([S™)])
C.R.C.
quasimap GW/H
wall-crossing wall-crossing
= PT/GW L
PTrel(S X Cg,N/Mg,N) GWrel(S X Cg,N/Mg,N)

Figure 1.1: The Square

The square was considered for the first time in [BG09] for S = C? and
C = P!, and was established with the help of [OP10a, OP10b,[BP0S|. We,
however, provide a geometric justification for the square. Moreover, the
vertical sides of the square hold in greater generality - quasimap wall-crossing
holds for moduli spaces of sheaves of an arbitrary rank; GW/H wall-crossing



holds for targets of an arbitrary dimension. Using the wall-crossings, we
establish the following results. In Chapter [2, we prove:

e quantum cohomology of S (] i3 determined by relative Pandharipande—
Thomas theory of S x P!, if S is a del Pezzo surface, conjectured
in [Obel9] for K3 surfaces and by Davesh Maulik for del Pezzo surfaces;

In Chapter [3}

e quantum cohomology of S (] i3 determined by relative Pandharipande—
Thomas theory of S x P!, if S is a K3 surface, conjectured in [Obel9);

e the wall-crossing part of Igusa cusp form conjecture, conjectured in
[OP10c];

o relative higher-rank/rank-one Donaldson—Thomas correspondence for
S x Pland S x E, if S is a K3 surface and F is an elliptic curve;

o relative Donaldson-Thomas/Pandharipande-Thomas correspondence
for S x P, if S is a K3 surface;

In Chapter [4;

e 3-point genus-0 crepant resolution conjecture in the sense of [BG09]
for the pair S and [S(™)], if S is a toric del Pezzo surface.

« the geometric origin of y = —e™ in PT/GW through C.R.C.

Moreover, the quasimap wall-crossing played a crucial role in establishing
a holomorphic anomaly equation for K3 in [Obe22].

From the perspective of mathematical physics, the quasimap wall-crossing
is related to so-called dimensional reduction. For example, it was used
in [KWO07]. In fact, quasimap wall-crossing for moduli spaces of rank-0
sheaves should be one of the algebro-geometric aspects of [KWO07]. This will
be addressed in the forthcoming work - [Nes22|. For more on dimensional
reduction in a mathematical context, we refer to [GLSY1§|, and in a physical
context - to [BJSV95].

1.2 Quasimaps and sheaves

Let us explain the correspondence between quasimaps to a moduli space of
sheaves on a surface and sheaves on threefolds. For simplicity, let our moduli



space be S for a smooth surface S over the field of complex numbers C,
satisfying q(S) := h'°(S) = 0. Then we have a natural embedding

St €ob,(S)y,

such that the complement of S is the locus of non-torsion-free sheaves
with Chern character v = (1,0,—n) € H*(S5,Q).

For the choice of v as above, the stack €ob,.(S)y has a canonical universal
family. For a smooth curve C, the relation between torsion-free sheaves on
a threefold S x C' and quasimaps from C' to the pair (S, €ob,.(S)y) then
becomes apparent. Indeed, by the moduli problem of sheaves on S, the later
is given by a family of sheaves on S over C, i.e. a sheaf on S x C,

f1C = €ob,(S)y < F € Coh(S x C),

where F' is flat over C'. The rigidification of the stack amounts to requiring
the determinant of F' to be trivial. The general fiber of F' over C' is torsion-
free by the definition of a quasimap. Therefore F' is torsion-free itself. Being
of rank 1 and having a trivial determinant, F' is, in fact, an ideal sheaf
of 1-dimension subscheme. Conversely, any ideal sheaf of 1-dimensional
subscheme defines a quasimap in the above sense.

The degree of a quasimap to a pair (S, €oh,.(S)y) is defined by evalu-
ating it at determinant line bundles over €oh,.(S)y. In this way the degree
is determined by the Chern character of the corresponding family and vice
versa,

degree 8 of f & ch(F) = (n,B),

for more about the notation on the right we refer to Section [2.2| and Section

23T

1.2.1 Stability

We import e-stability from the GIT set-up to ours, Definition This
will allow us to interpolate between Gromov-Witten theory and stabld]
quasimap theory. The idea of e-stability can be summarised as follows. In
the stable quasimap theory we trade rational tails (which are allowed in
Gromov—Witten theory) for base pointﬂ(which are prohibited in Gromov—
Witten theory) for the sake of properness of the moduli space. On the
other hand, e-stability allows both rational tails and base points, putting

4By which we mean 0%-stable quasimaps.
5Those points that are mapped outside of the stable locus.



numerical restrictions on their degrees. The value € € R~o U {0", 00} is the
measure of that degree, see Definition When ¢ = 0", quasimaps do
not have any rational tails but have base points of all degrees. When ¢ = oo,
quasimaps do not have any base points but have rational tails of all degrees.

In the language of one-dimensional subschemes on threefolds, e-stability
controls non-flatness of a subscheme on S x C over C'. Non-flatness arises due
to the presence of non-dominant components or floating points. e-stability
requires that a Weightedlﬂ sum of the degree and the Euler characterstics
of either floating points or non-dominant components must not exceed € €
R-oU{0",00}. If it becomes larger than € in the limit, then a curve sprouts
a rational tail, like in relative Donaldson—Thomas theory. In addition, e-
stability also controls the degree and the Euler characteristics of components
of the subscheme which lie on rational tails. See Corollary for more
precise statements.

1.2.2 Properness

Having defined e-stability, we then use the relation between sheaves and
quasimaps to prove Proposition [2.2.21} where it is shown that moduli spaces
of e-stable quasimaps are proper for fine projective moduli spaces of sheaves.
The stack €ob,.(S)y is not bounded, but the stability of quasimaps suffices to
guarantee the boundedness of moduli spaces of e-stable quasimaps. However,
it is essential to consider the entire stack €ob,.(S), because with the increase
of the degree the more of the stack becomes relevant for the properness of
moduli spaces. This is one of the reasons why GIT point-of-view breaksﬂ
down here, at least for a projective surface. Nevertheless, we closely follow
the proof of properness in the GIT set-up, and it roughly consists of two
steps.

The first step is to prove that the number of components of the domain
of a quasimap is bounded after fixing the degree and the genus. This is
achieved with a line bundle on the stack €ob, (S)y which is positive with
respect to quasimaps, see Section[2.2.1] Our construction of such line bundle
crucially exploits the geometry of coherent sheaves, in particular, Langton’s
semistable reduction, [Lan75].

The second step is to show that quasimaps are bounded for a fixed curve.

5The degree is weighted more than the Euler characterstics.

"More precisely, the stack Coh(5) is locally a GIT stack. However, it is unbounded and
(very) singular. Moreover, those GIT charts, through which our quasimaps factor for a
fixed degree, are not stacky quotients of affine schemes. Therefore results from the theory
of GIT quasimaps are not applicable.



For this, in Lemma [2:2.11] we reverse the Langton’s semistable reduction and
prove that there is bounded amount of choices to obtain a stable quasimap
of a fixed degree from a stable map. Boundedness also implies that families
of sheaves corresponding to quasimaps are stable for a suitable stability. In
Appendix [A] the converse is shown to be true for moduli spaces of slope
stable sheaves with rk < 2. In the case of S it is not difficult to see, as
sheaves are of rank one, therefore being stable is equivalent to being torsion-
free. We also expect it to be true in general. We then prove a variant of
Hartog’s property for sheaves on families of nodal curves over a discrete
valuation ring (DVR), Lemma which allows us to conclude the proof
of properness of the moduli spaces in the same way as it is done in the GIT
case, [CKM14, Section 4.3].

On the way we establish a precise relation between quasimaps and sheaves.
Namely, in the case of S the moduli space of stable quasimaps is naturally
isomorphic to a relative Hilbert scheme

where Cy n — H% n is the universal curve over the moduli space of stable
marked curve. More specifically, the moduli space on the right parametrises
triples (I,S x C,x), where I is an ideal on S x C and x is a marking of C'.
Stability of such triples consists of the following data:

o the curve (C,x) is prestable, in particular, it does not have rational
tails;

« the subscheme corresponding to the ideal is flat over nodes and marked
points |§|;

e the ideal is fixed only by finitely many automorphisms of the curve

(C,x).

The moduli space of e-quasimaps, Q; N(S ], B), similarly admits a purely
ideal-theoretic formulation, such that some rational tails are allowed and
some subschemes with vertical components are prohibited, as is shown in
Corollary [2.3.1] These moduli spaces therefore provide an interpolation,

M%N(S[n],,@) < €7 Hllbnﬁ(s X Cng/Mg’N). (11)

The higher-rank case admits a similar identification with relative moduli
spaces of sheaves, see Definition

8This is a usual stability condition in relative Donaldson-Thomas theory, referred to
as predeformability.

10



1.2.3 Perverse quasimaps

A variant of the quasimap theory for a moduli space of sheaves is given by
considering the stack of objects in a perverse heart Coh(S)f. For S, one
can therefore consider a perverse pair,

St c €obi(S)y,

see Section for precise definitions. The moduli space of stable perverse
quasimaps is isomorphic to the relative moduli stack of stable pairs (we refer
to [PT09| for the theory of stable pairs in enumerative geometry),

Qg,N(S[n]a 5)ﬁ = Pn75<s x Cyn/Mgn).

In Section we discuss the case of S = C?, for which the moduli stack
of perverse sheaves with a framing is naturally isomorphic to the GIT stack
associated to (C?)[" (including the unstable part) viewed as Nakajima quiver
variety, thereby making GIT quasimaps and moduli-of-sheaves quasimaps
equivalent in this case. This provides a conceptual geometric explanation
for the equivalences of different enumerative theories that were previously
observed on the level of invariants, e.g. in [OP10c].

1.2.4 Obstruction theory

An obstruction theory of Qg n (S (]| 3) is given by the deformation theory of
maps from curves to a derived enhancement of R€ohf (S)y of Coh?(S)y. The
former exists by [TVO07]. In fact, we consider a modification of the standard
enhancement - we take a derived fiber over derived Picard stack, as is ex-
plained in |[ST15], to obtain the enhancement, whose virtual tangent bundle
is given by the traceless obstruction theory of sheaves. The relative sheaf-
theoretic obstruction theory of Hilb, (S5 x Cgn /M, n) can be shown to be

isomorphic to the map-theoretic obstruction theory of Qg n (S g ), as is ex-
plained in Section[2.:4.2] With this comparison result, we can relate Gromov—
Witten theory and relative Donaldson—Thomas theory via quasimap wall-
crossing.

The moduli space of e-stable quasimaps has all the necessary structure,
such as the evaluation maps, to define invariants via the virtual fundumental
class in the spirit of Gromov-Witten theory,

i=N
M, i
<T’m1 (71)7 cee )TmN(/yN)>gyﬁE = / H w:n eV;'k’Yu
[ ;,N(Mvﬁ)

]vir =1

11



where 71, ...,y are classes in H*(S[") and v1,...,9n are t)-classes asso-
ciated to the markings of curves. In the language of ideals on threefolds,
the primary quaismap insertions correspond exactly to relative DT inser-
tions. We similarly define perverse invariants *(7,, (1), - - -, Ty (IN)gNs

associated to the pair (S, Coh?(S)y).

1.2.5 Wall-crossing

Invoking recent results of [Zho22|, we then establish the quasimap wall-
crossing. However, for this part of the present work we mostly refer to
Zhou'’s article, as his arguments carry over to our case almost verbatim. We
now briefly explain what is meant by the quasimap wall-crossing.

The space Rsg U {07, 00} of e-stabilities is divided into chambers, in
which the moduli space Qf y (M, B) stays the same, and as € crosses a wall
between chambers the moduli space changes discontinuously. The quasimap
wall-crossing relates invariant for different values of €, it involves certain
DT-type invariants that are defined via the virtual localisation S x P! with
respect to the C*-action on P!,

t[z,y] = [tz,y], teC".

These invariants are assembled together in so-called I-functions, which is
defined in Section By convention we set

ec+(Cstd) = —2,

where Cgiq is the standard representation of C* on C. Then in the case of
Sl the I-function is

- [Fg]"™ «/ afn
I(q,2) =1+ B%%qﬁev* (eC(N)> e A*(S"Y[2%] @ Q4]

where Fj C Hilb /5’<S x P1) is the distinguished C*-fixed component con-

sisting of subschemes which are supported on fibers of S x P! — S and over
0 € P!, and which are non-flat only over 0 € P!. The evaluation

ev: [Fig = S [l
is defined by taking the fiber of the subscheme over co € P'. We define

n(z) = [21(g,2) — =)+ € A*(S)[],

12



where [...]+ is the truncation by taking only non-negative powers of z.
To state the wall-crossing formula in the most efficient way, we assemble
invariants in the following generating series

oo B
Fy(6(2)) = 3 3 5 (60, (0w v

n=0 B

where t(z) € H*(X[™ Q)[2] is a generic element, and the unstable terms are
set to be zero.

Theorem. For all g > 1 we have
FY (8(2)) = Fy(6(2) + p(=2)).
For g =0, the same equation holds modulo constant and linear terms in t.

The change of variables above is a consequence of the wall-crossing for-
mula across each wall between extremal values of e, see Theorem [2.5.3
Moreover, by evoking the identification C*-equivariant sheaves on S x C
with flags of sheaves on S, one can express the wall-crossing invariants in
terms of integrals on moduli spaces of flags of sheaves. For more details on
this relation we refer to [Obe21b|, where the case of K3 surfaces is treated,
leading to a beautiful connection between different enumerative theories.

1.2.6 Reduced wall-crossing

The case of moduli spaces of sheaves on a K3 surface requires a special
treatment due to the presence of a holomorphic symplectic form and, conse-
quently, vanishing of the standard virtual fundamental class of M, (S g ).
In more concrete terms, the vanishing is due to existence of a surjective co-
section of the obstruction-theory complex E®,

o: E* - O[-1].

A non-trivial reduced enumerative theory is obtained by taking the cone of
0. The same phenomenon happens on Donaldson—Thomas side - obstruction
theories of moduli spaces Hilb, (S x Cg /Mgy ) admit surjective cosec-
tions, therefore reduction is also necessary. In order to compare reduced
Gromov-Witten theory of S and reduced Donaldson-Thomas theory of
S x Cy N/Mgy N, we have to furnish Q;,N(S[n},ﬁ) with a surjective cosection
and, consequently, with a reduced obstruction theory - this is the principle
aim of the present work.

13



Surjective cosection

Let S be a K3 surface and M be a projective moduli space of stable sheaves
on S. To give a short motivation for our forthcoming considerations, let us
recall the origin of reduced perfect obstruction theory of Gromov—Witten
theory of M. Since M is hyper-Kéhler, for any algebraic curve class 8 €
Hy(M, Z) there exists a first-order twistor family

M — Spec C[e] /€

of M, for which the horizontal lift of /3 is of (k, k)-type only at the central
fiber. In particular, the standard GW invariants vanish. To get a non-trivial
enumerative theory, we have to remove obstructions that arise via such de-
formations of M. However, in the case of e-stable quasimaps, we need twistor
families not only of the moduli space M but of the pair (M, €ob,.(S)y). Such
twistor families can be given by non-commutative deformations of S. Let
us now elaborate on this point.

For simplicity, assume M = S = S. A map f: C — S of degree 3 is
determined by its graph on S x C. Let I be the associated ideal sheaf of this
graph. The deformation theories of I, as a sheaf with fixed determinant,
and f are equivalent. Assuming C' is smooth and 8 # 0, the existence of
a first-order twistor family associated to the class § is equivalent to the
surjectivity of the following composition

HN(Ts) < H' (Tsxo) 20 Bxt2(1,1)g 25 B3 Qo) =C,  (1.2)
i.e. to the existence of a class kg € H'(Ts) whose image is non-zero with
respect to the composition above, where o := tr(x - —At(I)) for the Atiyah
class At(1) € Ext' (I, I®QL, ). To see this, recall that the second map gives
the obstruction to deform I along a first-order deformation x € H'(Ty),
while the third map, called semiregularity map [BF03], relates obstructions
of deforming I to the obstructions of

cho(I) = (=B,1) € HY(S x C,Z) = H*(S5,Z2) & Z

to stay of (k, k)-type. With these interpretations in mind, it is not difficult
to grasp that rg is indeed our first-order twistor family associated to (.
The semiregularity map o; globalises, i.e. there exists a cosection

o: E* - O[—1]

of the obstruction-theory complex of the moduli space of ideals M on S x C.
This cosection ¢ is surjective by the existence of first-order twistor fami-
lies, if the second Chern character of ideals is equal to (8,n) for 5 # 0. By
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localisation-by-cosection technique introduced by Kiem—Li [KL13], the stan-
dard virtual fundamental class therefore vanishes. To make the enumerative
theory non-trivial, we have to consider the reduced obstruction-theory com-
plex E,eq := cone(o)[—1]. Proving that E,.q defines an obstruction theory

TM — Ered

is sometimes difficult, instead, [KL13] provides a construction of the reduced
virtual fundamental class without an obstruction theory.

Let us come back to the case of a general moduli space of sheaves M. By
construction of M , the deformation theory of quasimaps to M is equivalent
to the one of sheaves on threefolds of the type S x C, see Proposition [2.4.5
for more details. The obstruction theory of higher-rank sheaves on S x C
also admits a cosection given by the semiregularity map. We want to show
it is surjective. However, already for M = Sl with n > 1, there is a
problem with the argument presented above. If the degree of f: C' — Sl
is equal to a multiple of the exceptional curve classEl7 then is zero.
Indeed, in this case cha(/) = (0,n) and the composition is equal to
the contraction (—,chs(l)), which therefore pairs trivially with classes in
H'(Ts). The geometric interpretation of this issue is that the exceptional
curve class of S stays Hodge along the commutative deformations of S,
because punctorial Hilbert schemes deform to punctorial Hilbert schemes
under commutative deformations of S. To fix the argument, we have to
consider classes not only in H!(Ts), but in a larger space

HY(N°Ts) ® HY(Ts) & H*(0g),

i.e. we have to consider non-commutative first-order twistor families to prove
the surjectivity of the semiregularity map.

Strategy

For surjectivity of the semiregularity map, we will largely follow [BF03, Sec-
tion 4] and [MPT10, Proposition 11] with few extra layers of complication.
Firstly, since our threefold S x C' might be singular (because C is nodal),
we have to consider Atiyah classes valued in Q§ B we,

At (F) € ExtH(F, F @ (95 Bwe)),

9The curve class dual to a multiple of the exceptional divisor associated to the resolution
of singularities S™ — S,
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instead of Q}g HL: = Q}g B QL, as the latter does not behave well under
degenerations. Chern characters of sheaves are then defined via the Atiyah
class of the form as above. Secondly, after establishing the expected corre-
spondence between degrees of quasimaps and Chern characters of sheaves,
we allow contractions with classes in HO(A?Ts) ® H'(Ts) ® H?(Og) instead
of only H'(Ts), unlike in [BF03, Section 4]. Proposition is a vast ex-
tension of [MPT10, Proposition 11] and implies surjectivity of the global
semiregularity map, Corollary [3.2.2]

Having constructed a surjective cosection of the obstruction theory, ide-
ally one would like to reduce it. However, due to the involvement of non-
commutative geometry in our considerations, we can reduce the obstruction
theory only under a certain assumption, which is nevertheless not unnatural,
see Proposition for the details. However, we do not use our reduced
obstruction theory for the construction of the reduced virtual fundamental
class due to the limitations of our assumption. We instead choose to work
with the reduced class of [KL13].

1.3 Gromov—Witten/Hurwitz wall-crossing

1.3.1 Analogy
e-stable quasimaps

Let us now illustrate that the theory of quasimaps sheds light on a seemingly
unrelated theme of admissible covers. A map from a nodal curve C,

f:C— S

is determined by its graph
r fC S x C.

If the curve C varies, the pair (C,T'f) can degenerate in two ways:
(i) the curve C degenerates;
(ii) the graph I'; degenerates.

By a degeneration of I'y we mean that it becomes non—ﬂaﬁ over C as a
subscheme of S x C, which is due to

« floating points;

10A 1-dimensional subscheme I' C S x C is a graph, if and only if it is flat.
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e non-dominant components.

Two types of degenerations of a pair (C,T'y) are related. Gromov-Witten
theory proposes that C sprouts out a rational tail (C' degenerates), when-
ever non-flatness arises (I'y degenerates). Donaldson-Thomas theory, on
the other hand, allows non-flatness, since it is interested in arbitrary 1-
dimensional subschemes, thereby restricting degenerations of C' to semistable
ones (no rational tails).

A non-flat graph T’ doesn’t define a map to S, but it defines a quasimap
to S[. Hence the motto of quasimaps:

Trade rational tails for non-flat points and vice versa.

The idea of e-stability is to allow both rational tails and non-flat points,
restricting their degrees. The moduli spaces involved in (1.1) are given by
the extremal values of e.

e-admissible maps

The motto of Gromov—Witten/Hurwitz wall-crossing is the following one:
Trade rational tails for branching points and vice versa.

Let us explain what we mean by making a complete analogy with quasimaps.
Let
fiP—>C

be an admissible cover with simple ramifications. If the curve C varies, the
pair (C, f) can degenerate in two ways:

(i) the curve C degenerates;
(ii) the cover f degenerates.
The degenerations of f arise due to
o ramifications of higher order
e contracted components and singular points mapping to smooth locus.

As previously, these two types of degenerations of a pair (C, f) are related.
Hurwitz theory of a varying curve C' proposes that C' sprouts out ratio-
nal tails, whenever f degenerates in the sense above. On the other hand,
Gromov—Witten theory of a varying curve C allows f to degenerate and
therefore restricts the degenerations of C' to semistable ones.
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The purpose of e-admissible maps is to interpolate between these Hurwitz
and Gromov—Witten cases. Let f: P — C be a degree-n map between nodal
curves, such that it is admissible at nodes and g(P) = h, g(C) = g. We allow
P to be disconnected, requiring then that each connected component maps
non-trivially. Following [FP02], we define the branching divisor

br(f) € Div(C),

it is an effective divisor which measures the degree of ramification away from
nodes and the genera of contracted components of f. If C' is smooth, the
br(f) can be given by associating to the 0-dimensional complex

[l Q0 — Qp]

its support weighted by Euler characteristics. Otherwise, we need to take
the part of the support which is contained in the smooth locus of C.

Remark 1.3.1. To establish that branching divisor behaves well in families
for maps between singular curves, we have to go through an auxiliary (at
least for the purposes of this work) notion of twisted e-admissable map, as
is explained in Section . The construction of br for families in and

(4.3) is the only place where we use twisted maps.

Using branching divisor br, we now can define e-admissibility by the
weighted stability of the pair (C,br(f)), considered in [Has03|. Similar sta-
bility was considered in [Deol4], where the source curve P is allowed to have
more degenerate singularities instead of contracted components. However,
the resulting moduli spaces do not have a perfect obstruction theory.

Definition. Let € € Reg U {—o0}. A map f is e-admissible, if
o wol(ele-br(f)) is ample;
o Vp €O, multy(br(f)) <e /e

One can readily verify that for ¢ = —o0, an e-admissible map is an ad-
missible cover with simple ramifications. For ¢ = 0, an e-admissible map
is a stablelﬂ map, such that the target curve C' is semistable. Hence e-
admissibility provides an interpolation between the moduli space of admis-
sible covers with simple ramifications, Admgp,, and the moduli space of
stable maps, My, (Cy/Mgy,n),

Admgpp ¢ -+ M; (Cg/ﬁg, n)

1YWhen the target curve C is singular, by a stable map we will mean a stable map which
is admissible at nodes.
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After introducing markings x = (z1,...,2yx) on C and requiring maps to be
admissible over these markings, e-admissibility interpolates between admis-
sible covers with arbitrary ramifications over markings and relative stable
maps. Sometimes it is more convenient to consider normalisation of the
moduli space of admissible covers - the moduli space of stable twisted maps
to BS,, denoted by X, n(BS,,h). The interpolation above can therefore
be equally considered as the following one

Xg,N(BS’m h) ¢ M;(ngN/ngj\“ n)

In fact, this point of view is more appropriate, if one wants to make an
analogy with quasimaps.

Higher-dimensional case

We can upgrade the set-up even further by adding a map fx: P — X for
some target variety X. This leads us to the study of e-admissibility of the
data

<P707X7fXXfC>7

which can be represented as follows

PfX

fel
(C,x)

X

In this case, e-admissibility also takes into account the degree of the com-
ponents of P with respect to the map fx, c.f. Definition If X is an
point, we get the set-up discussed previously.

Let 5 = (v,h) € Hy(X,Z) & Z be an extended degreﬂ For e € R<p U
{—00}, we then define

to be the moduli space of the data
(Pa C,X, fX X fC’)7

such that g(P) = h; g(C) = g, |x| = N and the map fx X fc is of degree
(7,m). The notation is slightly misleading, as e-admissible maps are not

12By a version of Riemann-Hurwitz formula, Lemma the degree of the branching
divisor br(f) = m and the genus h determine each other, latter we will use m instead of h.
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maps to X (™). The notation is justified by the analogy with quasimaps and
is more natural with respect to our notions of degree of an e-admissible map.

As in this case of X is a point, we obtain the following description of
these moduli spaces for extremal values of ¢,

My (X x Cgn /My, (y,n)) = Admy (X, 5),
Ky (X ], 8) B Admy (X, ),

such that the map p is a virtual normalisation in the sense of (4.12]), which
makes two spaces equivalent from perspective of enumerative geometry. We
therefore get an interpolation,

KN ([X M), B) ¢ =+ My (X x Cgn/Mgn(7,1n)),

which is completely analogous to (|1.1)).

1.3.2 Wall-crossing

The invariants of My (X x Cy n/ My n(7,n)) that can be related to orbifold
invariants of K, n([X™], 3) are the relative GW invariants taken with re-
spect to the markings of the target curve C. More precisely, for all €, there
exist natural evaluations maps

evi: Admé y(X™,8) - IX™ i=1,... N,

where X (™) is a rigidified version of the inertia stack 7X (). We define

=N
(T () T (i 5= [ IT vimeviin),

[Adm§ \ (X (M), g)]vir o~

where 1, ..., vn are classes in orbifold cohomology H (X ™Y and ¥y, ..., YN

are 1p-classes associated to the markings of the source curves. By Lemma

these invariants specialise to orbifold GW invariants associated to
Ky.n([X™)], B) and relative GW invariants associated to My (X xCy n /My n(7v,1))
for corresponding choices of e.

To relate invariants for different values of €, we also use the master space
technique developed by Zhou in [Zho22| for the purposes of quasimaps. We
establish the properness of the master space in our setting in Section [2.5.3
following the strategy of Zhou.
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As in Section [[.2.5] to state compactly the wall-crossing formula, we
define

o0 B8
Fy(6(2)) = > 3 15 (60, t(n)) v

n=0 B

where t(z) € H*, (X™ Q)[z] is a generic element, and the unstable terms
are set to be zero. There exists an element

n(2) € Hyp(X™)[2] © Q4"

defined in Section 4.3.1] as a truncation of an I-function. The I-function
is in turn defined via the virtual localisation on the space of stable maps
to X x P! relative to X x {oo}. The element p(z) provides the change of
variables, which relates generating series for extremal values of e.

Theorem. For all g > 1, we have
FJ(t(2)) = F; = (t(2) + p(==2)).
For g =0, the same equation holds modulo constant and linear terms in t.

The change of variables above is the consequence of a wall-crossing for-
mula across each wall between extremal values of €, see Theorem [4.3.3]
1.4 Application

1.4.1 Applications of the quasimap wall-crossing
Enumerative geometry of del Pezzol

In Section the wall-crossing invariants of .S (] for a del Pezzo surface
S are explicitly computed. To sate the result, recall that using Nakajima
operators, for n > 1 we have the following identification

Hy (S, 7) = Hy(S,2) & Z - A,
where A is the exceptional curve class of the Hilbert—Chow morphism
Invoking the identification above, we assemble invariants in classes

(v,mA) € Hy(S,Z) & Z - A
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in the following generating series

il slnl
Boyts ) Yo = Zﬁ (V155 IN) (%;A)y’“.

Assuming 2g — 2 + N > 0, the quasimap wall-crossing then gives us

stnl o+ , st
ﬁ<'71v'~77N>0«, (1+y)C1(S)’Y'ﬂ</717---7'YN>0,Y 3

After applying identification of moduli spaces of perverse quasimaps with

moduli spaces of stable pairs on S x P!, the above result relates the quan-

tum cohomology of S to the ring, whose structure constants are given by

Pandharipande-Thomas theory of S x P!. The change of variables as above
was predicted™] by Davesh Maulik.

Enumerative geometry of K 3]

In [Obe21b]|, the wall-crossing terms are shown to be virtual Euler numbers
of certain Quot schemes, which are computed for S, if S is a K3 surface.
Therefore, using the results of [Obe21b| together with reduced quasimap
wall-crossing for S, we obtain the wall-crossing part of the Igusa cusp
form conjecture [OP16l, Conjecture A], thereby completing the proof of the
conjecture along with [OS20] and |OP18].

Genus-0 3-point Gromov—Witten theory of S is shown to be equivalent
to Pandharipande-Thomas theory of S x P! with three relative vertical
insertions. Together with PT/GW correspondence of [Obe21a|, this confirms
the conjecture proposed in [Obel9].

In [Obe22], a holomorphic anomaly equation is established for S for
genus-0 GW invariants with at most 3 markings. The proof crucially uses
the quisimap wall-crossing, which relates genus-0 GW invariants of S to
PT invariants of S x P! and then to GW invariants of S x P! by [Obe21a].

Higher-rank /rank-one DT wall-crossing for K3 x C

Assume M is a moduli space on a K3 surface S, which satisfies various
assumptions of Chapter [2] which are listed in Section Since M is
deformation equivalent to S, we can prove certain higher-rank /rank-one
DT wall-crossing statements for threefolds S x C, using the quasimap wall-
crossing on both sides, as it is represented in Figure

13Communicated to the author by Georg Oberdieck.
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GW(M [n]
(M) deformation GWorb (S)

invariance

quasimap quasimap
wall-crossing wall-crossing

— DTrk>1/DTrk:1 — o
DTreI,rk>l(S X Cg,N/Mg,N) DTreI,rk:l (S X Cg,N/Mg,N)

Figure 1.2: Higher-rank/rank-one DT

If g = 0,N = 3, the wall-crossing is trivial. We therefore obtain that
higher-rank invariants with three relative vertical insertions associated to
moduli spaces of sheaves which are stable at a general fiber, exactly match
rank-one invariants on S x P!,

DT retrie1(S X P1/S01.00) = GWo3(S™) = DT e s1(S X P1/S0.1.00),

where Sp1.00 = S x {0,1,00} C S x PL. We want to stress that equality
above is equality of invariants, not just generating series.

However, the result is not optimal, since stability of sheaf at a general
fiber over a curve is shown to be equivalent to stability of the sheaf only
under some assumptions. Namely, as is shown in Proposition we
require tk < 2 and M to be a projective moduli of slope stable sheaves.
However, if the assumptions of Proposition are satisfied, we really
get the equality of standard DT invariants associated to moduli of stable
sheaves. An example of such M is discussed in Remark

In the case of S x F, where E is an elliptic curve, we get a wall-crossing
statement for absolute invariants and equality of certain relative invariants.

DT/PT correspondence for K3 x C

Using both standard and perverse quasimap wall-crossings, we can reduce
the DT /PT correspondence for a relative geometry of the form

Sx Cyn— Myn

to the DT /PT correspondence of wall-crossing invariants, as it is illustrated
in Figure
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GW(SI)

quasimap quasimap
wall-crossing  wall-crossing

£ orer —N

DTreI,rk:l(S X Cg,N/Mg,N) PTreI,rk:l(S X Cg,N/Mg,N)

Figure 1.3: DT/PT

As before, if g = 0, N = 3, then the wall-crossing is trivial. We therefore
obtain the following

DT relrke1(S X P1/So1.00) = GWo3(S™) = PT e et (S X P1/S01.00)-

Again, equality above is equality of invariants, not just generating series.
Such equality can be reasonably expected due to the nature of reduced vir-
tual fundamental classes. In general, one can only expect equality of certain
generating series, which also accounts for the wall-crossing, as it is con-
jectured in [PT09, Conjecture 3.3] for Calabi-Yau threefolds and proven
in [Brill, Theorem 1.1].

Note that we are in the setting of non-Calabi-Yau relative geometry,
hence the techniques of wall-crossings in derived categories of [KS0§| and
[JS12] cannot be applied to prove wall-crossing statements as above.

1.5 Applications of Gromov-Witten/Hurwitz wall-
crossing

1.5.1 The square

For a del Pezzo surface S, we compute the wall-crossing invariants in Section
.4 A computation for analogous quasimap wall-crossing invariants is given
in Proposition

The wall-crossing invariants can easily be shown to satisfy PT/GW.
Hence when both e-stable quasimap wall-crossing and e-admissable wall-
crossing are applied, C.R.C. becomes equivalent to PT/GW. For precise state-
ments of both in this setting we refer to Section This is expressed in
terms of the square of theories in Figure [I.1

In [PP17], PT/GW is established for S x P! relative to S x {0, 1, 00}, if S
is toric. Alongside with [PP17], the square therefore gives us the following
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result.

Theorem. If S is a toric del Pezzo surface, g =0 and N = 3, then C.R.C.
(in the sense of [BG0Y]) holds for S™ for all n > 1 and in all classes.

Previously, the theorem above was established for n = 2 and S = P?
in [Wisl1} Section 6]; for an arbitrary n and an arbitrary toric surface, but
only for exceptional curve classes, in [Chel3|; an arbitrary n and a simply
connected S, but only for exceptional curve classes , in [LQ16] and in sense
of [Rua06]. If S = C2, C.R.C. was proven for all genera and any number of
markings on the level of cohomological field theories in [PT19b]. If S = A,
it was proven in genus-0 case and for any number of markings in [CCIT09]
in the sense of |[CIR14]. Crepant resolution conjecture was also proved for
resolutions other than those of Hilbert-Chow type. The list is too long to
mention them all.

The theorem can also be restated as an isomorphism of quantum coho-
mologies,

;rb(s(n)) = QH*(S[R])a

we refer to Section for more details. The result is very appealing,
because the underlying cohomologies with classical multiplications are not
isomorphic for surfaces with c¢1(S) # 0, but the quantum cohomologies are.
In particular, the classical multiplication on H} , (S (")) is a non-trivial quan-
tum deformation of the classical multiplication on H*(S").

We want to stress that C.R.C. should be considered as a more funda-
mental correspondence than PT/GW, because it relates theories which are
closer to each other. Moreover, as [BG09| points out, C.R.C. explains the
origin of the change of variables,

y = —e, (1.3)
it arises due to the following features of C.R.C.,
(i) analytic continuation of generating series from 0 to -1;
(ii
(iii
(i
More precisely, (i) is responsible for the minus sign in ; (iii) and (iv) are

responsible for the exponential; (ii) is responsible for i in the exponential.
More conceptual view on C.R.C. is presented in works of Iritani, e.g. [Iri09].

) factor 7 in the identification of cohomologies of S ) and S(@;
) the divisor equation in GW(S [”]);
)

v) failure of the divisor equation in GW,([S™]).
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1.5.2 LG/CY vs C.R.C

We will now draw certain similarities between C.R.C. and the theory of
Landau-Ginzburg/Calabi-Yau correspondence (LG/CY). For all the details
and notation on LG/CY, we refer to [CIR14].

LG/CY consists of two types of correspondences - A-model and B-model
correspondences. The B-model correspondence is the statement of equiv-
alence of two categories - matrix factorisation categories and derived cate-
gories. While the A-model correspondence is the statement of equality of
generating series of certain curve-counting invariants after an analytic con-
tinuation and a change of variables. Moreover, there exists a whole family of
enumerative theories depending on a stability parameter ¢ € R. For ¢ € Ry
it gives the theory of GIT quasimaps, while for € € R<q it gives FJRW
(Fan-Jarvis-Ruan-Witten) theory. GLSM (Gauged Linear Sigma Model)
formalism, defined mathematically in |[FJR18|, allows to unify quasimaps
and FJRW theory. The analytic continuation occurs, when one crosses the
wall at e = 0.

In the case of C.R.C. we have a similar picture. B-model correspondence
is given by an equivalence of categorises, D?(S[") and D?([S(™]). A-model
correspondence is given by an analytic continuation of generating series and
subsequent application of a change of variables, as it is stated in Section [4.5
There also exist a family of enumerative theories depending on a parameter
e € R. For € € Ry, it is given by quasimaps to a moduli space of sheaves,
while for € € R<q it is given by e-admissable maps. It would be interesting
to know, if a unifying theory exists in this case (like GLSM in LG/CY).

B-model A-model

<0

LG/CY | DP(Xw) =X MF(W) | GW(Xy) <=2[0-=% FJRW(C?, W)

C.R.C. | DP(SIY 2 DP([S™]) | GW(SI) <=2 [3-=2 GWoy ([S™])

Table 1.1: LG/CY vs C.R.C

The above comparison is not a mere observation about structural simi-
larities of two correspondences. In fact, both correspondences are instances
of the same phenomenon. Namely, in both cases there should exist Kdhler
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moduli spaces, Mig/cy and Mcr.c., such that two geometries in question

correspond to two different cusps of these moduli spaces (e.g. S and [S(™)]
correspond to two different cusps of Mc r.c.). B-models do not vary across
these moduli spaces, hence the relevant categories are isomorphic. On the
other hand, A-models vary in the sense that there exist non-trivial global
quantum D-modules, D g /CY and D¢ r.c., which specialise to relevant enu-
merative invariants around cusps. For more details on this point of view we
refer to [CIR14] in the case of LG/CY, and to [Iril0] in the case of C.R.C.

1.6 Notation and conventions

We work over the field of complex numbers C. Given a variety X, by [X (”)]
we denote the stacky symmetric product by [X"/S,,] and by X (™ its coarse
quotient. By X[ we denote the Hilbert scheme of length-n points. For a
partition u of n, let (1) denote the length of p and age(u) =n — £(p).

For a possibly disconnected curve C, we define ¢(C) =1 — x(O¢).

After fixing an ample line bundle Og(1) on a surface S, for a sheaf F' we
define deg(F') to be the degree of F' with respect to the Og(1). By a general
fiber of a sheaf F' on S x C' we will mean a fiber of F' over some dense open
subset of C.

By convention we set ecx(Cgtq) = —2z, where Cgq is the standard repre-
sentation of C* on a vector space C.

Let N be a semigroup and 8 € N be its generic element. By Q[[qﬂ]] we
will denote the (completed) semigroup algebra Q[N]. In our case, N will be
various semigroups of effective curve classes.
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Chapter 2

Quasimaps to moduli spaces
of sheaves

2.1 Stack of coherent sheaves

2.1.1 Rigidification

Let S be a smooth projective surface. Let Og(1) € Pic(S) be a very ample
line bundle and v € K,,;m(S) be a class, such that

o 1k(V) > 0;
e there are no strictly Gieseker semistable sheaves.
We will frequently identify v with its Chern character. Let
Coh(S)y: (Sch/C)° — (Grpd).

be the stack of coherent sheaves on S in the class v. We will usually drop v
from the notation, as we will be working with a fixed class, unless we want
to emphasise some particular choice of the class. There is a locus of Gieseker
Og(1)-stable sheaves in the class v,

M = €ab(S),

which is a C*-gerbe over a projective scheme M. The C*-automorphisms
come from multiplication by scalars. In fact, we can quotient out C*-
automorphisms of the entire stack €oh(S), as explained in [AGV08, Ap-
pendix C], thereby obtaining a rigidified stack

Coh,.(S) := Coh(S) JC*.

28



A B-valued point of €ob,.(S) can be represented by a pair (G, ¢), where G
is a C*-gerbe over B and ¢: § — €oh(S) is a C*-equivariant map (here we
will ignore 2-categorical technicalities, see |[AGV08, Appendix C.2] for more
details). The moduli space M canonically embeds into the stack €ob,.(S5),
giving rise to the following square

M Coh(S)
C*—gerbe lC* —gerbe

M—— Cob,.(5)

Now let (X, X) be one of the following pairs, (M, €ob,.(S)) or (M, €oh(S)).
Abusing the notation, we define
Pic(X) := lim Pic(U
ic(X) dim, ic(U),
where the limit is taken over substacks of finite type. The stack €Coh(.S) is
not of finite type, therefore this definition of Picard group might not agree
with the standard one. However, for our purposes it is the most suitable

one. We will refer to the elements of Pic(X) as line bundles. The need for
this definition of the Picard group is justified in Remark

2.1.2 Determinant line bundles

Let F be the universal sheaf on S x €oh(S), then for each U C Coh(S) of
finite type we have naturally defined maps

! (7 ! € .
A Ko(8) 25 (S % W) 2% o8 x 1) 2 K (1) 2% Pie(w)

which are compatible with respect to inclusions U C U, hence we have the
induced map
A: Ko(S) — Pic(€oh(9)).

Remark 2.1.1. The construction of Ap requires a locally free resolutions of
Fu, the ranks of terms of the resolution grow with U. Hence determinant
line bundles cannot be easily defined as honest line bundles on €oh(.S), but
only as elements of Pic(€oh(5)) in the sense of our definition of Pic(Coh(.5)).

In general, the C*-weight of the line bundle A(u) is equal to x(v - u),

wer (A(w) = (v - ),
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so there are two types of classes that we will be of interest to us. A class
u € Ko(9), such that x(v-u) =1, gives a trivilisation of the C*-gerbe

Coh(S) — Cob,.(S)

over each substack of finite type, or, in other words, a universal family on
Cob,.(S). While for a class u € K¢(5), such that x(u,v) = 0, the line bundle
A(u)p descends to U JC*. Let

Ky(8) = vt C Ko(S),
then A restricted to Ky (S) descends to a map to Pic(€ab,.(S5)),
Av: Ky(S) = Pic(€ob,.(9)).

The class v will be frequently dropped from the notation in Ay, when it is
clear what stack is considered. We define

Picy(€oh(S)) :=Im(N), Picy(€oh,.(5)) :=Im(Ay).

There exists a particular class of elements in K (S), which deserve a special
mention and will be used extensively later,

u; = —rk(v) - ht + x(v - hi) - 104],

Li = )\(ul),

where O, is a structure sheaf of a point « € S, and h = [Oy] for a hyperplane
H € |0g(1)]. More generally, let us fix a Q-basis {L1,..., L,g)} of NS(S)
consisting of ample Q-line bundles, such that L;’s and Og(1) are in the same
chamber of Gieseker stabilities. Let {£11,...,L1 ,(s)} be the corresponding
determinant Q-line bundles defined in the same way as £;. The importance
of these classes is due to the following theorem.

Theorem 2.1.2. The line bundles £1 and Lo @ L' are nef and ample
respectively on fibers of M — Pic(S) for all m > 0. The same holds for
L1y4. Moreover, their restrictions to the fibers are independent of a point
xeS.

Proof. See [HL97, Chapter §]. O
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2.2 Quasimaps
From now on, we assume that
q(S) := h0(S) = 0.
The case of surfaces with ¢(S) # 0 is discussed in Section [2.2.5]

Definition 2.2.1. A map f: (C,x) — X is a quasimap to (X, X) of genus
g and of degree 8 € Hom(Picy(%X),Z) if

o (C,x) is a marked nodal connected curve of genus g,
o L.y C:=deg(f*L)=p(L) for all L € Picy(X);
« HpeCl f(p) € X\ X}| < oo.

We will refer to the set {p € C| f(p) € X\ X} as base points. A quasimap
f is prestable if

o {teC] f(t) € X\ X}N{nodes,x} = 0.
We define
Eff(X, X) C Hom(Picy(X),Z)
to be the cone of classes of quasimaps.

Let
A= @Hp’p(S).
P

be the (p,p)-part of the cohomology of the surface S. For a smooth con-
nected curve C, we then have a Kiinneth’s decomposition of (p,p)-part of
the cohomology of the threefold S x C,

P HPP(Sx C)=A® H(C,C)® A® H*(C,C) =A@ A. (2.1)
p

Let f: C'— €oh(S) be a quasimap of degree 3. By the definition of €oh(S),
the quasimap f is given by a sheaf F' on S x C which is flat over C. The
Chern character of F' has two components with respect to the decomposition

in ,
ch(F) = (ch(F)¢,ch(F)q) € A @ A,

where the subscripts ”f” and ”d” stand for fiber and degree, respectively. As
the notation suggests,
ch(F); =,
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which can be seen by pulling back ch(F) to a fiber over C and using the
flatness of F'. Consider now the linear extension

EfF(M, €ob(S)) — A, B ch(F)q (2.2)

of the map given by associating the degree part of the Chern character to
the degree of the quasimap on a smooth curve. By relating /5 to ch(F')q in
more explicit terms in the following lemma, we show that the association
above is indeed well-defined, i.e. a degree 8 cannot have a presentation by
two different ch(F')q’s. Later, in Corollary it will be shown that
the map is even injective, i.e. the degree of f and the Chern character of
the corresponding family F' determine each other, thereby justifying the
subscript ”d” in ch(F)q.

Lemma 2.2.2. The map is well-defined.
Proof. By the functoriality of the determinant line bundle construction,
B(A(u)) = deg(Ar(u)),

where Ap(u) is the determinant line bundle associated to the family F' and
a class u € Ky(S5). Using Grothendieck-Riemann—Roch and projection for-
mulae we obtain

deg(Ap(u)) = /C ch(por(psu - [F)))

= ch(pgu - [F]) - pstds
SxC

—/ch - ps«ch(F) - tdg

—/Ch dtds

Now let Sp: A — Q be the descend of (50 X)g: Ko(S)g — Q to A via
Chern character,

A =59 > Q
ChT /(BoA)Q
Ko(S

which exists by the above formula for the degree of a determinant line bun-
dle. The formula also shows that the descend ) and [ determine each
other. We thereby obtain an expression of ch(F')q in terms of [,

ch(F)a = B} - tdg",
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where ) is the dual of 85 with respect to the cohomological intersection
pairing on A. Using non-degeneracy of the intersection pairing over alge-
braic classes and the above expression of ch(F')q, we obtain that is
indeed well-defined. Moreover, if ch(F")q = 0, then 5 = 0. O

Definition 2.2.3. Following the notation of the proof of Lemma [2.2.2] we
define

8= Y - tdg.
Note that

B=>"ch(F)a,

where F; are restrictions of F' to the connected components of the normal-
isation of C. If C is smooth, then we obtain an expression of the Chern
character of the family F,

ch(F) = (v,3) e A® A,

which can also be considered as a definition of ch(F') in the case of a singular
curve C.

Remark 2.2.4. Another justification for the use of Picy(X) is the following
one: Aqp is surjective for Hilbert schemes of points of surfaces with ¢(5) =
0, all projective moduli of stable sheaves on a K3 surface and expected
to be surjective for all projective moduli of stable sheaves over surfaces
with ¢(S) = 0 (see e.g. [HL97, Theorem 8.1.6]). Heuristically speaking,
we care only about curve classes on M, we therefore can throw away some
obscure classes on X, leaving Hom(Picy(X),Z), which is good enough for
our purposes.

2.2.1 Positivity

The aim of this section is prove the positivity for certain line bundles -
Proposition 2:2.7 We start with the following result, which is inspired
by [BM14, Proposition 4.4].

Lemma 2.2.5. Let F' be the sheaf on S x C associated to a map f: C —
Coh(S), then

L1y C = deg(v)rk(pssF) — rk(v)deg(ps«F),
Lo -f C = x(v)tk(ps«F) — rk(v)x(ps«I),

where deg(v) is the degree of v with respect to Og(1).
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Proof. By the proof of Lemma [2.2.2]
Liy C=x(ui - ps[F]) for i =0, 1.
The claim then follows from the following computation

x(u1 - B) = —tk(v)x(B - h) + x(v - h)x([Opt] - B)

_ 1k(B) rk(B)

= —1k(v)(deg(B) - ——H* = ——H - c1(8))
+ (deg(v) — rkéV) 1 - rk;V)H +c1(9))rk(B)

= rk(B) deg(v) — rk(v) deg(B);
X(uo - B) = —1k(v)x(B) + x(v)x([Opt] - B)
— X(¥)rk(B) - tk(v)x(B).

O

The relation between quasimaps to €oh(S) and sheaves on S x C' is the

central for our study of quasimaps. Since we are interested in quasimaps to

the rigidified stack €ob,.(S), we would also like to extend that relation to
this setting, which is done in the following lemma.

Lemma 2.2.6. Any quasimap f: C — €ob,.(S) admits a lift to Coh(S).
Different lifts are related by tensoring the corresponding sheaf on S x C' with
a line bundle from C.

Proof. By |[AGVO08| Appendix C.2] a map C — €ob,.(S) is given by a
BC*-gerbe G over C with an C*-equivariant map ¢: § — €oh(S). It can be
checked that

Hi,(C,00) = HE(C,05) =0

by passing to the normalisation of C' and using the exponential sequence.
Therefore G is a trivial gerbe. Choose some trivialisation

G = (C x BC*.

By the moduli problem of sheaves a C*-equivariant map ¢: C' x BC* —
Coh(S) is given by a C*-equivariant sheaf F' on S x C such that the C*-
equivariant structure is the one given by multiplication by scalars applied
to the sheaf F' viewed as a sheaf on S x C. In particular, C*-equivariant
structure is unique and determined by F alone. The sheaf F' defines a lift
f: C — €oh(S). Given another lift f': C' — Coh(S) with an associated sheaf
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F’ on SxC, then by the properties the rigidification (see |[AGV08|, Appendix
C.2]) there exists an automorphism of the trivial gerbe

: C' x BC* = (C x BC*,
such that f = f’ o1, therefore (idg X )*F’' = F. Automorphisms of a trivial
gerbe admit the following description

Aute(9) = Pie(C), ¥+ Ly,

which can be easily proven after recalling that maps to BC* are given by
line bundles. Moreover, the pullback of a sheaf by 1 is isomorphic to the
sheaf tensored by L,,. Hence we obtain that

F 2 (id x )" F' = F' @ p&Ly.
O
Proposition 2.2.7. Let f: C — €ob,(S) be a prestable quasimap. Fiz v

and Ly -y C for all L. Then there exists mg € N such that for all m > myg
the quasimap is non-constant, if and only if

Lo@ LT -y C > 0.

The same holds for all subcurves C' and the induced maps for the same
choice of m.

For the illustration of the method, which will be used to prove the claim,

we will firstly prove that
L1-pC =0 (2.3)

under the same assumption. The proof of the inequality (2.3]) also contains
the essential ingredients for the proof of the proposition.

Warm-up for Proposition m By Lemma any f: C' — €ob,.(9)
can be lifted to €oh(S) and intersections with £;’s are independent of the

lift. Let F' be a family of sheaves on S x C' associated to a lift of f. Assume
for simplicity that f has one base point b € C. By Langton’s semistable
reduction, [Lan75|, the sheaf F' can be modified at a point b to a sheaf
which is stable over b and is isomorphic to F' away from S x b C S x C. The
modification is given by a finite sequence of short exact sequences

0—F'-F° = Q' =0,

0— FF sF1 5 QF -0,
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where FO = F, the sheaf FF is stable over b € C' and Q' is the maximally
destabilising quotient sheaf of ngl (if szfl has torsion, then Q' is the
quotient by the maximal torsion subsheaf). In particular, for all i

deg(v)rk(Q") — rk(v)deg(Q") > 0. (2.4)

Applying derived pushforward pg. to each sequence, we get distinguished
triangles ' ‘ '
pS*(FZ) — pS*(FZ_l) — QZ .
By Lemma [2.2.5] we obtain that
L1 pim1 C =Ly i C + deg(v)rk(Q") — tk(v)deg(Q"), (2.5)

where f? is the quasimap associated to F*. The line bundle £; is nef on M
by Theorem and the assumption ¢(S) = 0, therefore

LlkaZO,

because f* does not have base points. The property of £; stated in (2.3))
now follows from ([2.4]) and (2.5). O

Proof of Proposition [2.2.7]. We now deal with the claim in the proposi-
tion. By Lemma [2.2.5

Lo L7y C=Lo@ LY - pu C
+m Y deg(vIrk(@) - rk(v)des(@) + 3 x(Wrk(Q') — tk(v)x (@)
l Z (2.6)
therefore for Lo ® LT - C to be positive for some big enough m, the terms
X(V)rk(Q") — rk(v)x(Q")

have to be bounded from below. We will now split our analysis, depending
on whether (2.4]) is positive or zero.
Consider firstly the case of ()*’s, such that

deg(v)rk(Q?) — rk(v)deg(Q") > 0.

We plan to use Lemmam The sheaves Q' sit in filtrations (see e.g. [HLI7,
Theorem 2.B.1]) inside F}",

Qlc*c---cQmc " (2.7)
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Since F}" is stable, we have a bound for Pmax (QY),
Nmax(Qi) < p(v).
By (2.4) and (2.5) the degrees of such Q' can be bounded,

deg(v)rk(Q*) — L1 4 C deg(v)rk(Q?)

rk(v) < deg(@) < rk(v)

(2.8)

we therefore get a uniform bound on deg(Q*) for all such @’ depending on
the sign of deg(v),

Ly ,
_ rL(J; )C < deg(Q") < deg(v), if deg(v) >0,
Ly d
deg(v) rL(J:,)C <deg(Q') < ri{g((v‘;)’ if deg(v) < 0.

If p(S) > 1, then we can get the similar bounds for £; ¢’s for all ¢, thereby
bounding c¢1(Q"). Hence by Lemma we obtain that

ChQ(Qi) < A,,

where the constant A’ depends only on rk(v),deg(v) and £ -5 C, we there-
fore can also uniformly bound x(Q%),

X(Q") <A.
We conclude that

NWITK(Q) = Tk(V(@Q') > x(v) — A-1k(v), if (V) = 0;
NWIIK(Q') — tk(vX(Q') > x(v)rk(v) — A-tk(v), if x(v) < 0.

Consider now the case of Q%’s, such that
deg(V)rk(Q") — rk(v)deg(Q") = 0.
By and stability of F{" it must be that
X(V)rk(Q') — rk(v)x(Q") > 0.

Now let my € N be such that Lo ® £ is ample on M (possible by

Theorem and
mo - (deg(v)rk(Q") — rk(v)deg(Q") > A Tk(v) — (V)
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for all Q?, such that deg(v)rk(Q?) —rk(v)deg(Q?) > 0, if x(v) > 0. Similarly,
if x(v) < 0. By , the proposition then follows for quasimaps with one
base point. Note that all the bounds do not depend on a base point b € C
and therefore are the same for all base points, hence we can safely drop the
assumption that there is one base point.

The dependence of mg on v and £1 -7 C follows from bounds presented
in . The fact, that positivity of the line bundle £y ® £7* holds for all
subcurves for the same choice of m, follows from the proof itself. ]

Lemma 2.2.8. Let F' be a torsion-free sheaf of rank r on a smooth projective
surface S with Picard rank p(S) =1, such that pmax(F) < B. Then cha(F)
is bounded from above by a number that depends only on r,ci(F) and B.

The same holds, if p(S) # 1 and we view pmax(F) and B as functions
on a neighbourhood U C Amp(S) around Og(1).

Proof. We present the proof for p(S) = 1, the case of p(S) # 1 follows
from the same argument. Let

0=HNy(F)C HN\(F) C--- C HNy(F) = F

be the Harder-Narasimhan filtration of F'. Slopes of the graded pieces of the
filtration satisfy

,Umax(F) ,u(gr{{N) > ,u(gr,?N),
therefore
deg(gr{™) < B - rk(gr{"™)
and
deg(gri™N) = deg(F Zdeg ) > deg(F)—B- Zrk

J# JF
= deg(F) — B - (r — rk(gr{"™)).

Hence we get a uniform bound for all 4,

deg(F) — B -7 < deg(grf™) <B.r, if B>0;
deg(F) < deg(gri™) <0, ifB <0,

which implies that c1(gr®) is uniformly bounded, since p(S) = 1. So there
exists A’ € Z, which depends only on B, r and c¢;(F), such that

HNY2 N/ for all 4,

c1(gr
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then by semistablity of gr/’ and Bogomolov-Gieseker inequality

cha(grf™) < c1(grf™™)? 2k (grf ),

)

so we get
A’ if A”>0
cho(griN) < A = ' -
A2r ifA <0

Finally, by cha(F) = 3" cha(grH ") and by the fact that there are at most r
pieces in the filtration, we get the desired bound

cho(F) <r-A.

2.2.2 Stable quasimaps
For all g € Eff(M, €ob,.(S)), we fix once and for ever a line bundleﬂ7

Lﬂ =L ® Lgn S PiCA(CObT(S)),

for some m € N, such that £y ® L7" satisfies the conclusion of Proposition
227

Given a quasimap f: C — €ob,.(5) of a degree  and a point p € C in
the regular locus of C. By Langton‘s semistable reduction, we can modify
the quasimap f at the point p, to obtain a quasimap

fp: C = Cob,(S),

which maps to the stable locus M at p (if p is not a base point, then f, =
f)- In other words, because M is proper and C is spectrum of a discrete
valuation ring at p, one can eliminate the indeterminacy of f at p, if we view
it as a rational map to M. We refer to f, as stabilisation of f at p.

Definition 2.2.9. We define the length of a point p € C' to be
E(p) = Lﬁ “f C— Lg “fo C.

By the proof of Proposition ¢(p) > 0; and ¢(p) = 0, if and only if p is
not a base point.

'Such line bundle indeed depends on 3, because the conclusions of Proposition m
depend on B via the intersection numbers £1, -y C for all £.
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In what follows, by 07 we will denote a number A € Rsq, such that
AL

Definition 2.2.10. Given € € R-oU{0", o0}, a prestable quasimap f: (C,x) —
Cobh,.(S) of degree 3 is e-stable, if

(i) we(x) ® f*L5 is positive;
(ii) el(p) <1forallp e C.

We will refer to 0™-stable and oco-stable quasimaps as stable quasimaps and
stable maps respectively.

A family of quasimap over a base B is a family of nodal curves € over
B with a map f: € — €ob,.(S) such that the geometric fibers of f over B
are quasimaps.

Let

o.N (M, B): (5ch/C)° — (Grpd)

B — {families of e-stable quasimaps over B}

be the moduli space of e-stable quasimaps of genus g and the degree 5 with
N marked points.
2.2.3 Properness

The first step on the way to proving properness of the moduli space is the
following lemma.

Lemma 2.2.11. Let § € Eff(M,€o0b,.(S)) and a nodal curve C be fized.
The family of quasimaps of degree 8 from C to M is quasi-compact.

Proof. Choose a lift of f to €oh(S), let FV be the associated family. The
semistable reduction applied to all base points at once gives a sequence of
short exact sequences

0—F'-F" = Q' —o,

0— FF sFF1 5 QF =0,

such that F* defines a map f¥: C — M. To establish the claim of the
lemma, we plan to reverse the semistable reduction, i.e. we start with some
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map from C to M and take consecutive extensions of the corresponding
families of sheaves by sheaves supported scheme-theoretically on fibers. For
that we have to show that there is bounded number of possibilities. In
particular, we have to show that

(i) the number of steps in the semistable reduction is bounded, i.e. k is
uniformly bounded;

(ii) the family of possible f¥: C'— M is bounded;
(iii) the family of possible Q"’s is bounded.

To be more precise, different lifts of a quasimap are related by tensoring a
sheaf with a line bundle coming from C, hence a lift of f* also determines
a lift of f. Therefore if we fix lifts of maps to M, there will always be a lift
of f, such that the lift of f* is the one that we fixed, this will eliminate a
potential unboundedness coming from different lifts.

(i) By Proposition and its proof there are at most 5(£!) steps with
deg(v)rk(Q') — rk(v)deg(Q') > 0

and there are at most (Lo ® L") steps with
deg(v)rk(Q') — rk(v)deg(@') = 0,

therefore
k< B(L1) + B(Lo® LY.

(ii) By the proof of Proposition m the numerical degree of possible f*’s
with respect to an ample line bundle £y ® L£7* is bounded in the following
way

ﬁ(ﬁo@ﬁgn):Lo®LT-fC>LQ®LT-kaZO.

Since the family of maps with a fixed domain of a given degree is bounded,
the family of possible f*’s must be bounded.

(iii) By the semistable reduction, sheaves Q%’s are subsheaves of stable
sheaves in the class v (see [HL97, Theorem 2.B.1]). Chern classes of Qs are
bounded by Lemma [2.2.5] and by the proof of Proposition [2.2.7] Therefore
by boundedness of Quot schemes and stable sheaves, the family of possible
Q"’s is also bounded. O
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Corollary 2.2.12. The moduli space Q;N(M, B) is quasi-compact.

Proof. The restriction of a stable quasimap to an unstable component (a
rational bridge or a rational tail) must be non-constant by stability and it
must pair positively with £g by Proposition 2.2.7 Therefore the number of
unstable components of the domain curve of a stable quasimap is bounded
in terms of 3. Hence the projection Qf N(M,B) = My, factors through a
substack of finite type. By Lemma [2.:2.T1] the projection is quasi-compact,
therefore Qf N (M, B) is quasi-compact. O

To continue further exploiting the geometry of sheaves, we need to be
able to relate quasimaps to sheaves in families (Lemma m permits us to
do it only pointwise). For that, we have to narrow down our scope. If the
C*-gerbe €oh(S) — €obh,.(5) is trivial such that a trivialisation is given by
a section

s: €ob,.(S) — Coh(9),

then by composing quasimaps with s we can lift quasimaps from Cob,.(.5)
to €oh(S) in families. More generally, in order to lift quasimaps of fixed
degree in families, the C*-gerbe has to be trivial only over any substack of
finite type U C €ob,.(S), since the moduli of quasimaps of fixed degree is
quasicompact, hence factors through a substack of finite type. A C*-gerbe is
trivial, if and only if there exists a line bundle of C*-weight 1. In particular,
if there exists a class u € Ky(S), such that x(u-v) = 1, then there is a
section
Sy U — Cab(S),

which is given by the descend of the family ¥ ® /\(u)ﬁl1 to S x U, note that
the section s, is defined only over substacks of finite type, because A(u) is
defined this way. We will only consider trivialisations that arise through
determinant line bundles. In any case, they are the only ones that can be
checked to exist in practice.

From now on, we make the following assumption, which implies that M
is a fine moduli space and, in some sense, can be seen as slightly a stronger
property than being fine. A more general case is discussed in Section [2.2.5

Assumption.
Ju € Ko(S), such that x(u-v) = 1.

We will identify a class § with its image with respect to the pushforward
by the section s, (more precisely, by the system of sections over substacks
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of finite type),
Sux: Eff (M, €ob,.(5)) — Eff (M, Coh(9)).

Using (12.2), we can further identify Eff (M, €ob,.(S)) with classes A, as shown
in the following corollary.

Corollary 2.2.13. The map
(...): Bf(M, €oh,(S)) — A,
defined as the restriction of (2.2)) to Eff(M, €ob,.(5)), is injective.

Proof. We need to show that 8 # 0 implies B # 0. By Proposition
a non-zero ( intersects positively with a line bundle £y ® L£7* for some m.
Hence by the definition of B in it also intersects positively with the
corresponding class in A. Therefore it cannot be zero. O

Consider now the following map

p N(Ma B) <—>€0[](5’ X Q:g,N/mg,N))

frsyof—=F, (2.9)

where F' is the family associated to the quasimap s, o f, €, n — My N
is the universal curve over the moduli stack of nodal curves and €obh(S x
Cy.N/My n) is the relative moduli stack of sheaves on S x €, n/M, v

Definition 2.2.14. Let M€ . v (S x Cyn/MyN) be the stacky 1mage (the

minimal substack through which the map factors) of the map . By

Mié L5 x C/Sp,) we will denotﬁ a fiber of

Mi,ﬁ,u(s X Cg,N/Mg,N) — Mg,]\[

over a C-valued point [(C,x)] € M, y of the moduli space of stable marked
curves. For a curve without markings, we denote the fiber by M€ . (S xC).

v,,é,u
Similarly, we define QEC x)(M, B) to be the fiber of
p N(M75) — MQ,N

over a C-valued point [(C,x)] € M, y. We will frequently drop v from the
notation, as it is fixed; in the case of ¢ = 07, we will drop 0.

2The notation is similar to the one of Donaldson-Thomas theory relative to divisors.
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The C-valued points of the moduli space Mgu(S x Cy /Mgy N) are just
families of sheaves associated to quasimaps via the section s,,.

Lemma 2.2.15. The map @ s an isomorphism onto the image,
;,N(Maﬁ) = Méu(s X Cg,N/Mg,N)'

Moreover, MEU(S x Cy.n/Mgy ) is an open sublocus of sheaves, satisfying

the condition
det(pcx(psu ® F)) = O¢

in families.

Proof. Firstly, over some substack of finite type, there is an indentifica-
tion

¢oh(S) = Cob,(S) x BC* (2.10)

given by the section s,. Hence the composition of a quasimap with the
section s, induces a closed immersion

o (M, B) = Qg y(M, B)  BC”,

frsuolf.

With respect to (2.10)), the space Q5 ~N(M, ) is a sublocus of the space
;N(M,ﬁ) J] BC*, consisting of quasimaps which map to BC*-factor by
a trivial line bundle. Here, Qf N(M, B) is the moduli space of e-stable
quasimaps to M, defined in the same as in Definition [2.2.10l Moreover,
by associating a family to a quasimap to M, the space Q;N(M, B) ] BC* is
naturally an open sublocus of €oh(S x €4 /M, ) [JBC* (being a family
of sheaves on S x C' is an open condition). The map (2.9) can therefore be
factored as a composition of a closed immersion with an open one,

o.N (M, B) = Qf y(M, B)  BC* — €ob(S x &y N /M,y ) [ BC".

This proves the first claim.

By construction, the section s, is given by the decedent of the sheaf
F® AMu)~! from €oh(S) to Coh,(S). By the definition of A(u), a pullback
sheaf F of F @ A\(u)~! by a map f: € — Coh(S) satisfies

det(pex(psu @ F)) = Oe,

the second claim now follows. O
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Remark 2.2.16. If e = 0, then C-valued points of M, 5, (5 x CynN/Mgn)
are triples (C,x, F'), such that:

o (C,x) is a prestable nodal curve;

e asheaf F on S x C flat over C

o h(F); = v, ch(F)q = f;

e a general fiber of F' is stable;

« fibers of F' over nodes and markings x are stable;
o det(pos(phu ® F)) = Oc.

Our determinant-line-bundle condition is natural for families. The standard
determinant-line-bundle condition would involve choice of a line bundle in
families which might not even exist. For a fixed smooth curve, the two
determinant-line-bundles conditions are not far from each other, as shown

in Lemma 2.2.29]

By the definition of a quasimap, a general fiber of F' over C is stable.
The stability of a general fiber can be related to the stability of the sheaf F
itself, as is shown in the following lemma.

Lemma 2.2.17. There exists kg € N such that for all k > ko the moduli
space ME L5xC)C M6 (5% Cy, N/MgN) is an open sublocus of a moduli

of Gzeseker Osxc(1, k) stabl(ﬂ sheaves on S x C, satisfying the condition
oo o ) = O

We will refer to the stability in the lemma as suitable. The converse of
the lemma is more subtle. In Appendix [A] it is proven in the rank-2 case
for slope stabilities, rank-1 case holds trivially. Note that a sheaf, which is
Osxc(1, k)-stable for all k > 0, is stable at a general fiber. Hence proving
the converse amounts to proving that there are no walls between Ogxc(1, k)-
stabilities for k > 0.

Proof of Lemma . Given a sheaf F' € ME (8% C), a general fiber
of F over C' is stable In partlcular it is torsion- free therefore [ is torsion-
free itself by Lemma[2.2.18 It also must be Ogxc (1, k)-stable for all k > 0,
this can be seen as follows. Since a general fiber of F' is stable, the difference
between Ogx (1, k)-Hilbert polynomials of F' and of its subsheaves increases

30sxc(1, k) stands for Os(1) X Oc (k).

45



as k increases, because c¢1(O¢(k)) pairs only with ch¢(F'). Since the family
of Ogxc(1, k)-destabilising subsheaves of F' is bounded for a fixed k, no
subsheaves of F' will be Ogxc(1, k)-destabilising for k& > 0. Hence F is
Osxc(1, k)-stable for k > 0.

The moduli space M ¢ (S x (') is quasi-compact, therefore there exists a

uniform choice of kg for Wthh the statement holds for all sheaves in Mg, (Sx

(). The fact that it is open follows from openness of stability of fibers. [J

Lemma 2.2.18. Let F' be a sheaf on S x C flat over C, such that F), is
torsion-free for a general p € C, then F is torsion-free.

Proof. Let T(F) C F be the maximal torsion subsheaf. Firstly, T'(F') #
F| because rk(F) # 0. It also cannot be supported on fibers of S x C' — C
due to flatness of F' over C, therefore Supp(7T'(F)) intersects a general fiber.
Since F/T(F) is generically flat, restricting T'(F) C F to a general fiber
p € C, we get a torsion subsheaf of F}, for a general p € C, which is zero,
therefore T'(F') is zero. O

The final ingredient for the proof of properness of the moduli space is
the following lemma, Hartogs’ property for families of nodal curves over a
DVR (however, for a general surface Hartogs’ property fails).

Lemma 2.2.19. Let C — A be a family of nodal curves over a DVR A and
{pi} C C be finitely many closed points in the regular locus of the central
fiber. If there exists a class u € Ky(S), such that x(u-v) = 1, then any
quasimap f: C = €\ {p;} — €ob,(S) extends to f: C — Cob,.(S), which is
unique up to unique isomorphism.

Proof. Let E be the family on S x € corresponding to the lift of f by sy,
we then extend F to a coherent sheaf F on S x €, quotienting the torsion,
if necessary. The sheaf F' is therefore flat over A. The central fiber F} of
F' defines a quasimap, if it is torsion-free, because € is regular at p;. If
F}. is not torsion-free, we can remove the torsion inductively as follows. Let
F% = F and F? be defined by short exact sequences,

0= Fi - Fiml 5 Q' =0,

such that Q° is the quotient of Fi_1 by the maximal torsion subsheaf. It
is not difficult to check, that at each step the torsion of Fk is supported
at slices S x p;, therefore all F’s are isomorphic to F© over S x €. By the
standard argument (see e.g. [HL97, Theorem 2.B.1]), this process terminates,
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ie. F' = F"1 and F} is torsion-free for i > 0. Let us redefine the sheaf
F, we set F' = F' for some i > 0, then the sheaf F' induces a quasimap to
Coh(S), and composing it with the projection to €oh,.(.S), we thereby obtain
an extension f: € — €ob,.(S) of f.

Consider now another extension f': € — €ob,.(S), we lift both f and f’
to €oh(S) with s, then let F' and F be the corresponding families on S x €
(notice, F' might differ from the previous F' by a tensor with a line bundle),
by Lemma [2.2.17] they define a family of stable sheaves relative to A in some
relative moduli of sheaves M(S x €/A), hence they must be isomorphic up to
tensoring with a line bundle by separateness of the relative moduli of stable
sheaves. The isomorphism becomes unique after projection to €ob,.(S). O

Remark 2.2.20. In general, Hartogs’ property fails for sheaves on a surface.
Hence the assumption that our surface is given by a family of curves € — A
is necessary. This form of Hartogs’ property is good enough for proving
Theorem in the spirit of [CKM14} Section 4].

Theorem 2.2.21. If there exists a class u € Ko(S), such that x(u-v) =1,
then Q;N(M, B) is a proper Deligne-Mumford stack.

Proof. The moduli of sheaves is known to be locally of finite type, there-
fore by Lemma [2.2.12) and ({2.2.15) the moduli ;N(M,ﬂ) is of finite type
and quasi-separated. By (i) of the quasimaps’ stability (see Deﬁnition,
e-stable quasimaps have only finitely many automorphisms, therefore the
moduli space Q; N (M, ) is a quasi-separated Deligne-Mumford stack. Us-
ing the valuative criteria of properness for quasi-separated Deligne—-Mumford
stacks and Lemma the proof of properness then proceeds as in the
GIT case [CKM14} Section 4.3] . O

2.2.4 Sheaves with a fixed determinant

We will now relate the moduli space M .(S x C) to a more familiar one -
a moduli space of sheaves with a fixed determinant.
Assume C' is a smooth. Let

L := det(G) € Pic(S x C)
be a determinant line bundle for some sheaf G € M 5 (S x C). We define
MB,L(S X C)

to be the moduli space of sheaves with a fixed determinant L in the class
(v, B), which satisfy the following assumptions:
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o stable at a general fiber;
o fixed by at most finitely many automorphisms of C.

Note that the second condition is automatically satisfied, if g(C) > 1 and
B # 0. There exists a projection that relates two moduli spaces,

p: My (S x C) = Mg (SxC), Frs FRdet(pes(psu® F))~! (2.11)

The projection is well-defined by Lemma In fact, it is étale, as shown
in the following lemma.

Lemma 2.2.22. Assuming C is a smooth curve and My (S x C) is non-
empty, the projection p is étale of degree tk(v)?9.

Proof. The surjectivity can be seen as follows. Consider a sheaf F' €

MEU(S x ('), then

Lo :=det(F) ® L' € Pico(S x C) = Pico(C).

1
Now let Ly be a rk(v)™ root of Lo (recall that Pico(C) is a divisible
group), then

_ 1
det(F® Ly ™) =det(F)® Ly' = L,
therefore )
F® Ly ™ € Mg (S xO).

1

rk(v)

It can be easily verified that F'® L
This shows the surjectivity.

Now let Pico(C)[rk(v)] be the rk(v)-torsion points of Picy(C'). The group
Pico(C)[rk(v)] acts on the moduli space M ; (Sx C) , because det(F®A) =

det(F) @ A®™(F) for a line bundle A € Pic(S x C). Orbits of the action are
the fibers of via (2.11]). The action is free, because for a line bundle A, the
following holds,

is mapped to F' via the map (2.11)).

det(pex(pgu @ F R A) = det(pos(pou @ F) ® A,
which is due to x(u - v) = 1. In particular,
M (S x C)/ Pico(C)[rk(v)] = M; (S x C),

the claim follows. O

48



2.2.5 More general cases

Non-trivial gerbe

The proof of properness of the moduli @ (M, B) crucially relies on the

identification of the space with the relative moduli of sheaves Mg (S x
C/My n). To make it work in the case when C*-gerbe Coh(S) — Qﬁ,ohr(S)
is not trivial, one needs to consider twisted universal families. Given any
u € K9(S) such that

w=x(u-v)#0,

then over each finite type open substacks U C Coh(S) we can take a w?

-root
stack associated to A(u) with the universal w*P-root )\(u)% of AM(u) ,

u

Coh(S)j, — U, A(u)¥ € Pic(Coh(S)).

Then wc*()\(u)%) = 1, therefore )\(u)% defines a trivialisation of the C*-
gerbe

u

cob(S), — Cob, ()7,
given by the descend of the twisted family F ® )\(u)fi, where
601‘),ﬂ(S)|§L = Qﬁoh(S)I%IC*.

Thereby we obtain the desired section

: €ob, (S)y, — Coh(S) .

S

£l=

The price we pay for this section is that the stable locus becomes a Z/wZ-
gerbe of M, which we denote by M w. In particular, we have to consider
orbifold quasimaps for the sake of properness of the moduli space. All the
definitions carry over to this setting verbatim, so let us consider now the
quasimap theory of the pairs,

(M, Cob,(S)¥) and (M, Cob(S)).
As in the case of untwisted case we can consider the following composition
;,N(M%aﬁ) — Q;N(M%aﬁ) — Coh(S x Qt;‘:VN/mtngN)v

frsuof= F,
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where QJTZV’VN is the moduli of twisted nodal curves with the universal family
QZV,VN' The second map is no longer an embedding, because the moduli

problem of €oh(S )% is now a pair

(F, det(po (phu ® F))+),

a sheaf and a w'-root of det(pcs(piu ® F)). However, by the definition of
the section s« the w*t-root is fixed

w

1
= det(po«(psu ® F))w = Oc,

g~

(su© f)"Au)

hence the composition above is an embedding and det(pc« (piu® F')) = O¢.
Let Mgu(S X C;?J’V/M:VN) be its image. We therefore have the desired

identification,

u ~ Wi
;7N(MW7B) = ME’U(S X C;}VN/MQ\;VN%

the rest goes as in the untwisted case. In principle, there are no obstacles

for extension of all results including wall-crossing formulas. Using |AJT],

we then can relate the twisted invariants to untwisted ones.

Non-trivial Jacobian

The case of a surface with ¢(S) # 0 can be tackled in the same manner.
However, we need to adjust some definitions. Firstly, instead of the stack
Cob,.(S)y we have to take its fiber over Pic(S) with respect to the determi-
nant morphism

det: €ob,.(S)y — Pic(S),

where we slightly abuse the notation, because the morphism det is only
defined over substacks of finite type.

Then for the definition of a degree, we have to take care of an extra
summands in Kiinneth’s decomposition of (p, p)-part of the cohomology on

S xC,
pF£q

b P H(S) e H(C).
i optp'=i
q+q'=i
The classes Hom(Picy(X),Z) are not sensitive to the piece of Kiinneth de-
composition as above - Chern character ch(F') of a family F' is not deter-
mined by the degree § € Hom(Picy(X),Z) of the corresponding quasimap.
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On the Gromov—Witten side of M, this extra piece corresponds to extra
classes that are not given by determinant line bundles. One could make the
definition of the degree finer, by defining it as a class in Ho (X, Z), but then we
loose a direct connection of the degree with the Chern characters of sheaves
on threefolds. One could also leave the definition as it is, thereby making
the degree slightly coarser. For genus-0 invariants this, however, does not
matter. Indeed the extra piece in Kiinneth decomposition of cohomology is
not present, because H%(P!) = 0.

Similarly, in the case of punctorial Hilbert schemes and the fixed-curve
invariants, one can define the degree of a quasimap by the Chern character
of the corresponding subscheme on a threefold, after contracting rational
tails and projecting the subscheme to the component corresponding to the
fixed curve.

2.3 Hilbert schemes

2.3.1 Relative Hilbert schemes

We now restrict to v = (1,0, —n), i.e. M = SI"l. Punctorial Hilbert schemes
are special, because there exists a canonical trivialisation of €oh(S), —
Cobh,.(S)y over any U C €oh,.(S)y of finite type. It is given by the determi-
nant

det(F) € Pic(S x €oh(S)y)

of the universal sheaf F on S x €oh(S)y. It is indeed a line bundle of weight
1, because F is of rank 1. Hence the family F@det(Fy )~ descends to S x U,
giving the canonical section

Sdet |U* u— Q:Oh(s)v

of the gerbe €oh(S)y, — €obh,(S)y. By Corollary [2.2.12] there exists U of
finite type through which the universal quasimap factors. Therefore the
section sqeqy gives us the embedding

N (S, B) < €oh(S x g n /My N),

which is defined as the one in (2.9)). By the construction of the section, the
sheaves in the image of the embedding satisfy

det(F) = (idg x f)* det(F) = Ogxe
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over any base scheme B. Therefore the embedding factors through a relative
Hilbert scheme,

Q5 n(S", B) < Hilb(S x €y n /My, ).

Indeed, the above embedding factors through the relative moduli of sheaves
of rank 1 with trivial determinant by the construction of the section sget.
This moduli is in turn isomorphic to the moduli of ideals, because there exits
a natural embedding F — FYV = Ogxc. It is a stack but not a scheme,
because S x €4y — My y is a stack.

We denote the image of the embedding above by Hilb;ﬁv(Sx CynN/MynN),

where the subscript "n, B ” is the shortening of

v

((1,0,-n),3) € A® A.

The image can be described more explicitly in terms of ideals, or, equiva-
lently, in terms of the corresponding one-dimensional subschemes. Firstly,
the automorphisms of a quasimap f admit the following description

Aut(f) - Aut(C’,x) (I) - Aut(C,x) (F)a

where [ is the corresponding ideal sheaf, I' C § x C is the associated sub-
scheme and

Aut(C,x)(I) ={¢: (C,x) = (C,x)|(idg x ¢)"I = I},

similarly for Autcx)(I'). The quasimap e-stability therefore requires the
group Aut(c) (1) to be finite.

The part (ii) of e-stability in Deﬁnition can be rephrased in terms
of I' as follows. A sheaf I, is an ideal for all p € C, if and only if all
irreducible components of the subscheme I' are dominant over a component
of C and there are not embedded points, if and only if I if flat over C'. We
call non-dominant components without embedded points vertical. Let

Fh+1) CcTr

be the maximal subscheme without embedded ponts, then I'**? = T" UTv,
where T” is horizontal part of I', which is dominant over C' and therefore
is the subscheme associated to the stabilisation of I, and I'V is the vertical
part of I'. We have the following equality

v =1nr,
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because there are no embedded points. Therefore there is an exact sequence
0= 1" 5 1" 1" 5 Inepe — 0, (2.12)

such that I" is stable over all t € C. Now let T* C I" be the maximal non-
dominant subscheme (with embedded points) supported on S x b; for a given
base point b; and I'y be its vertical component without embedded points,

then by the part (ii) of Definition [2.2.10, Lemma and the sequence
above, these I'}"’s must satisfy

m - deg () + x(I7) = x(Urnnry) < 1/e,

for some fixed m for which Proposition [2.2.7] holds.

Apart from the usual condition on finiteness of automorphisms, the part
(i) of Definition can be similarly translated into restriction of the
'size’ of I' on rational tails in terms of its degree and Euler characteristic:
given a rational tail R; of C, let deg(I'|g;) := deg(ch(I'|g,)a), then for all
rational tails the following must be satisfied

m - deg(F|RJ) + X(F\RJ) > 1/6

Finally, by stability of quasimaps, I has to be flat over nodes and marked
points.

Punctorial Hilbert schemes S clearly satisfy the assumption of Theo-
rem [2:2.21] hence summing up the discussion above we obtain the following
result.

Corollary 2.3.1. The moduli stack Q;N(S[”],B) 1s a proper Deligne—Mumford
stack. For some fized m > 0, there exists a natural isomorphism of the mod-
uli spaces

G (ST, 8) = HIIL, +(S x Cy,n/M,n),

where the stack on the right is the relative moduli stack of 1-dimensional
subschemes, satisfying the following properties

o [Aut(cx)(T)] < oo;
e I' is flat over nodes and marked points;

o m-deg(I'}) + x(I'}) — x(I'*NTY) < 1/e for a component T'};

m - deg(T|c,) + x(T|r,) > 1/e¢ for a rational tail R;.
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Remark 2.3.2. For a fixed smooth curve C' with ¢ > 1 and 8 # 0, we have
Qo (S, B) = Hilb,, 5(S x C),
by Corollary On the other hand,
Qe (ST, B) = Hilb,, 5(S x C/Sy).

Moreover, pulling back a class with a marking on the left is equivalent ot
pulling back the class from a relative divisor on the right.

2.3.2 Changing the t-structure

Consider the following torsion pair in Coh(S),

T = {A € Coh(S) | dim(A) = 0},
T+ = {B € Coh(S) | Ext*(4,B) = 0,VA € T}.

Let Coh*(S) = (T+,T[—1]) be the corresponding tilted perverse heart, we
refer to [HRS96| for the construction of tilted hearts associated to a torsion
pair. Punctorial Hilbert schemes sit inside the rigidification of the corre-
sponding moduli stack,

st ¢ Q:Obg,(S)v = Qobﬁ(s)vIC*7

constructed, for example, in [Lie06].

Before proceeding further, let us introduce some terminology from [AP06].
Let A := Cohﬂ(S ) and Ac be the Abramovich—Polishchuk heart in Dpeps (S X
C). An object F' € A is called torsion, if it is a pushforward of an object
from Dpe(S x T), where T' C C' is some proper subscheme. The object F'
is flat, it F), := Li, I’ € A for all p € C, and it is torsion-free, if it does not
contain any torsion subobjects.

Let f: C — Coh%(S)y be a quasimap to the pair (S, Cohf(S)), then,
as in the case of the standard heart, we can lift it to €ob*(S), by the deter-
minant section

Sdet 1 U — Q:Uhﬁ(s)w

defined over some substack U C Cohf(S), of finite type. We now prove the
following.

Proposition 2.3.3. Let F be the family on S x C associated to the lift
of f: C — Cobi(S)y via 54, then F is stable pair, i.e. F € P(S x C).
Conversely, given a stable pair I* € P(S x C), then I® € Ac.
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Here and elsewhere, P(...) stands for a moduli space of stable pairs
(see [PT09] for the theory of stable pairs in the context of enumerative
geometry). To prove the proposition, we need the following lemma.

Lemma 2.3.4. A flat object F € Ag is torsion-free.

Proof of Lemma . Let F be the pullback of F' to the normalisation
S x C. Let T C F be the maximal torsion object, then F’ := F/T is a
torsion-free object, hence it is flat by [AP06, Corollary 3.1.3]. Restricting to
a fiber over some p € C' we get an exact sequence

01T, = Fp— F) =0,

because F is flat. Thus T}, € Coh*(S) and ch(7},) = 0 for all p € C, since
ch(F,) = ch(FIQ), which implies that 7}, = 0 for all p € C, which in turn
implies that T = 0. If F had torsion, it would produce torsion in F, hence
F' is torsion-free. O

Proof of Proposition[2.3.3. Now let be F' be an object corresponding to
the lift of a quasimap f: C' — Coh%(S)y, by definition it is family of objects
in A, hence F' € A by [AP06] and F is flat. It is also clear that F' is of rank
1, and that det(F') = Ogx ¢ by the choice of the lift. By [Tod10, Lemma 3.11]
to show that F' € P(S x C), we have to establish the following properties:

(i) Hi(F) =0, for i #0, 1;
(ii) HO(F) is a rank-1 torsion-free sheaf and H!(F) is 0-dimensional;
(iii) Hom(Q[—1], F') = 0 for any 0-dimensional sheaf Q).

(i) Since F' is a family of objects with amplitude [0, 1], F' cannot be of
amplitude wider than [0,1]. To see this, consider the two triangles, the
object F fits in,

T<()F—>F—>T20F —,

’7’<2F—>F—>T22F —,

where the truncation is taken with respect to the standard t-structure. Tak-
ing fibers over ¢ € C and considering long exact sequences of cohomologies
in the standard heart we conclude that 7-oF" = 0 and 7>2F" = 0.

(ii) Let T(HO(F)) € H°(F) be the maximal torsion subsheaf, composition

T(HO(F)) < H°(F) — F is zero, because F is torsion-free, but in the stan-
dard heart the second map is just an inclusion of 0-th cohomology, hence the
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whole composition must be zero, therefore T' = 0 and H°(F) is torsion-free.
Due to fact that F; is an ideal for a general p € C and F), € A for all p € C,
3! (F) must be 0-dimensional by the definition of A.

(iii) The last property follows trivially, because F' is torsion-free.

Conversely, given now a stable pair I* € P(S x C), by definition it sits
in a triangle
HO(I®) — I° — HH(I*)[-1] —,

such that H9(I®) is an ideal sheaf and H!(I*®) is O-dimensional. Applying

pss(— ® Oc(m)) for m > 0 to the triangle, we obtain that pg.(H°(I*) ®

Oc(m)) is a torsion-free sheaf and pg.(H!(I*) ® Oc(m)) is 0-dimensional,

therefore pg.(I®* ® Oc(m)) € A for m > 0, hence by the definition I°® € A¢.
With a bit more work, one should be able to prove that

Ac = (5, Tc[-1]),
where To = {A € Coh(S x C)|dim(A) = 0}. O

The determinant line bundle construction in this setting also defines the
map A\: Ko(S) — Pic(€oh*(S)y). The line bundles Lo and £; satisfy the
same properties as in the case of the standard heart.

Lemma 2.3.5. Let f: C — Coh*(S) be a prestable quasimap. Fiz v and
Liyg -y C for all £. There exists mg € N such that for all m > myg the
quasimap 1s non-constant, if and only if

Lo@ LT -y C > 0.

The same holds for all subcurves C' and the induced maps for the same
choice of m.

Proof. The proof is similar to the one of Proposition 2.2.7 but with one
exception - the unstable locus of €oh*(S) now contains objects which sit in
a distinguished triangle

HY(A) = A — H (A)[-1] —

such that H'(A) is a O-dimension sheaf. When we apply semistable re-
duction to such objects the corresponding term x(v)rk(Q?) — rk(v)x(Q?) is
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strictly negative. To get around this problem, for a pair I®* € P(S x C') we
firstly take its zeroth cohomology

HO(I®) — I* — HY(I*)[-1] —

where HC(I*) is an ideal sheaf and H!(I*) is zero dimensional, and then run
the Langton’s semistable reduction for H%(I*®). O

Now fixing a positive line bundle £z from the Lemma once and for
ever for all § € Eff(S[", €ob(S)y), we can define the length of base point
as previously. The definition of e-stability carries over to this case verbatim.
Given € € R5o U {0T, 00}, let

Q5 n(SM, B)F: (Sch/C)° — (Grpd)

be a moduli of e-stable perverse quasimaps to the pair (S Lo Qloh?n(S )v) for
some 3 € Eff(S", €oh?(S)). The proof of boundedness of the moduli is
exactly the same as in the case of the standard heart. Using Lemma [2.3.3]
we obtain an immersion,

Q5 n(SIM, B) < P(S x €4 n/My n),

where is the space on the right is the relative moduli space of stable pairs.
We denote the stacky image of above embedding by P*¢ (S X CyN/MynN).
It can also be described more explicitly in terms of Stable pairs just as in
the case of a relative Hilbert scheme, Section [2.3.1]

For properness of P¢ 5(5 x Cy.n/Mgyn), we need the following lemma.
However, its proof is dlﬁerent from the one of the standard heart.

Lemma 2.3.6. Let C — A be a family of nodal curves and {p;} C C be
finitely many closed in the regular locus of the central ﬁber Then any
quasimap G: € = C\ {pi} — Qﬁoh (S)v extends to u: C — €ob (S)v, which
is unique up to unique isomorphism.

Proof. Fmploying the similar proof as the one of Lemma is prob-
lematic in this case, as we do not know how to extend objects in the derived
category (unlike sheaves), so we follow a different strategy.

Restricting @ to the generic fiber C° of € over A, we obtain a relative
family F° on S x €°, which by properness of the relative moduli of stable
pairs P(S x €/A) can be completed to a family F' on S x €, it may only
be non-flat over nodes of the central fiber, therefore it defines a rational
quasimap u: C --» Qohﬁ(S )v possibly with indeterminacies only at the nodes
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of the central fiber. It also defines a rational map uyq;: € --» S, so does @,
Tpar: @ --» S the corresponding graphs in Hilb(S!" x @) agree generically,
therefore by separateness of Hilbert schemes they are equal, i.e. Upqt = Upat
. Now if p; is not a limit of base points of @, then there is a neighbourhood
U C € around p;, where

Uy /p; = Urat|lU/p; = Urat|U/p; = YU /p;>

we then define @y = wy (u is defined at p;, because p; is in the regular

locus), since quasimaps to €obf(S)y do not have any internal automorphisms
we can glue maps in a unique way thereby extending @ to p;. If p; is an
limit of base points of @, let B; C € be the section corresponding to these
base points, then there is some neighbourhood U around B;, such that

UWu/B; = Urat|U/B; = Urat|U/B; = Y|U/B;>

but since Geo = wujeo, we conclude that dyj, = uy/p,, again because
quasimaps to (’:0[)5(5 )v do not have any internal automorphisms and there-
fore glue in a unique away, we then proceed as before. Let u’: € — Cobg(S’ v
be the resulting extension and F’ be the associated family, then separateness
of relative moduli of stable pairs implies that F/ = F and that the extension
is unique. O

Summing up the discussion above we obtain the following result.

Corollary 2.3.7. The moduli stack Q;(S[n} , B)* is a proper Deligne—Mumford
stack, and there exists a natural isomorphism of the moduli stacks

Q5. (87, B)F 2 P (8 x Cy /Mg ),

the stack on the right is the relative moduli stack of stable pairs, satisfying
exactly the same conditions as in the case of the standard heart.

Proof. For the properness we again use Lemma [2.3.6] and the proof
presented in [CKM14) Proposition 4.3.1.]. O

Remark 2.3.8. As in the case of the standard heart, for a fixed smooth curve
C with g > 1 and 8 # 0, we have

Qo(SM, B =P 5(5 x C),
by Corollary 2:377, On the other hand,

Quep (S, B)F 2P 5(S x C/S)).
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2.3.3 Affine plane

A punctorial Hilbert scheme of the affine plane C? admits two equivalent
descriptions, one is a Nakajima variety of a quiver, which is a GIT construc-
tion,
(€)M = [571(0)/GL,)* C [p7(0)/GLy),
for the notation see |Ginl2]. Another one is a moduli of framed sheaves on
P2. Both descriptions sit in some bigger stack, but to match the unstable
loci, one has to consider a non-standard heart of D®(P?), namely Coh*(P?),
then
(€ ¢ ob? (P2, 1),

where on the right we consider framings with respect to the line at infinity,
which in this case just kills C*-automorphisms. By [BFG06|, Theorem 5.7],
we have a canonical isomorphism

1 1(0)/GLy] & Cob?(P?, 1),

which identifies stable loci on both sides. Hence a GIT quasimap moduli
space and a perverse-coherent-sheaves quasimap moduli spaces of (C2)["] are
isomorphic,

Qo ((C)M, /)T = @ (€)M, B
Moreover, since [;1~1(0)/GLy] is l.c.i., an easy check of virtual dimensions
shows that the obstruction theory on €oh*(P2,1°°), given by

Fomz(F,F)o[1]" = Lyt (p2 100

is an isomorphism, where F is the universal complex and LQUhu(PQJOO) is the
truncated cotangent complex. Therefore the obstruction theories of both
quasimap theories also match, (see Section for the construction of the
obstruction theory for perverse coherent-sheaves quasimaps). To match e-
stabilities, one would need to check that the naturally defined line bundles
of both stacks agree. However, we will not be concerned with it here, since
e-stability is mostly an auxiliary tool to do the wall-crossing between ¢ = 0
and € = oo chambers, and the identification above is enough to conclude
that the wall-crossing is the same in both cases.

2.4 Obstruction theory

2.4.1 Preparation
From now on we fix a class u € K(S5), such that

X(VU) =1,
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to lift quasimaps with a section s,. For punctorial Hilbert schemes, we
use the determinant section sget. By a family associated to a quasimap
f: C — €ob,(S), we will mean the one that is obtained from the lift by this
fixed section. The content of this section applies to the pair (S, €ob,.(S))
as well as to the pair (S, €ob?(S)), the arguments are exactly the same for
both pairs, hence we will just state and prove everything for (S, €ob,.(S)).

Lemma 2.4.1. Let f: C — Coh(S) be a quasimap, then the corresponding
family F on S x C is perfect.

Proof. Since F is a family of sheaves on a smooth S over C, which is of
finite type, there exists a locally free resolution of finite length. O

Let
tr: Hom(F,F® L) — L

be the trace morphism. We define
Ext!(F, F ® L) := ker H'(tr) for all i.

Proposition 2.4.2. Let f: C — €ob,.(S) be a prestable quasimap. Assume
any of the following holds

(i) (M, €oh,(5)) = (ST, €ob,(5)) or
(ii) S is a del Pezzo surface or
(iit) S is a K3 surface and g(C) <1,
then the corresponding family F satisfies the following
Ext!(F, F)o = 0 for i #1,2.
Proof. By Lemma and by Serre duality we get
Ext!(F, F) = Ext’> {(F, F ® wsxc),

therefore Ext!(F,F) = 0 for i ¢ [0,3], because S x C is Lc.i. (wsxc is a
locally free sheaf). Since F' is stable, it is simple, hence Hom(F, F')g = 0.
We therefore have to show that

Hom(F, F ® wgxc)o = 0.

And since the trace morphism has a section given by
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idg: wsxc = Hom(F, F @ wsxc), s+ idp®s

after taking cohomology, it is enough to show that H°(tr) is injective.

(i) Assume that (M, €ob,.(S)) = (S, Coh,.(S)), then F is an ideal sheaf I
ofacurve I' C § x C. Let U be the complement of I' and

7:SxC—>SxC, DcSxC

be the normalisation and the singular locus of S x C, respectively. Then by
applying H°(S x C, —) and H°(U, —) to the exact sequence

0 = wsxc = T Wsxo — Wxc|p — 0,
we obtain

HO(S x C,wsxc) — HY(S x C,mm*wsxc) —— HO(D,wSXc‘D)

! I |

H(U,wsxc) — H(U, mm*wsxc) — HY (D NU,wsxcop)

The last two vertical arrows are bijective by Hartog‘s property for sections
of locally free sheaves. Indeed, m*wgxc is locally free, I' is of codimension
2, and D intersects properly with I'. We conclude that

HO(S X C,ngc) = HO(U,WSXc).
Finally, since I is torsion free, the restriction of global sections
Hom(I,I ® wsxc) — Hom(Iy, Ly ® wsxc) = HY(U,wsxc)
= H(S x C,wsxc)

is injective. Moreover, it is equal to H°(tr) by the construction of tr, hence
the claim follows.

(ii) Assume now that S is a del Pezzo surface, then the degree of a general
fiber of FF ® wgxc is strictly smaller than the degree of a general fiber of
F' by ampleness of the anti-canonical line bundle of S. Therefore by the
stability of a general giber of F' we have that

Hom(F, F ® wgxc) = 0.
(iii) Finally, assume S is a K3 surface. We will show that

H%Gdg) : H(S x C,wgxc) = Hom(F, F @ wsxc)
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is surjective. By assumption wgxc = prwc, hence we have to show that all
morphisms ¢: F — FXwc are of the form idp X s for some s € H(C, w¢, ).
By the normalisation sequence it is enough to show it for

T F — ' F K niwe,
where )
T=idxmc: SxC—=8SxC
is the normalisation map. We firstly establish the following result.

Lemma 2.4.3. Let C be smooth. Given a sheaf F' on S x C, that defines
a quasimap, and an effective divisor D = Y p; on C, then any non-zero
morphism

¢: F — F(D):=FXO0Oc(D)

is injective. Moreover, if all p;’s are distinct, supp(coker(¢)) = S x D and
F is stable over D, then ¢ =idp K s for some s € H°(O(D), O).

Proof of Lemma[24.3 Assume ¢ is not an inclusion, then the difference
of Hilbert polynomials

POsyo(1,k)IM(B)) = Pog, o1,k (F)

increases as n increases, because a general fiber of I is stable. Therefore
Im(¢) becomes Ogyx (1, k)-destabilising for F'(D) for some k > 0. However,
by Lemma [2.2.17] the sheaf F(D) is Ogx (1, k)-stable for some k > 0, which
is a contradiction. Hence ¢ must be an inclusion.

We now deal with the second part of the lemma. Consider the sequence

0> F 5 F(D) — coker(¢) — 0,

restricting it to .S x D, we obtain

0 — coker(¢) — Fip d)‘—D> F(D)|p — coker(¢) — 0,

where we used that schematic support of coker(¢) is S x D. Since F),,’s are
stable and Fip = F(D) p, the map ¢p must be zero. Therefore the map
F(D)|p — coker(¢) is an isomorphism. Consider now the following diagram

0 —— F “=8 P(D) —— F(D)p —— 0
w u l

0—— F 24 F(D) —— coker(¢) —— 0,
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where sp € HY(O(D), C) is a defining section of D. The right square of the
diagram is commutative, and the last two vertical arrows are isomorphisms,
so we have

¢ =1 K sp for some ¢ € Aut(F).

But F' is stable and therefore simple, hence 1) = ¢-idp for some ¢ € C*. The
claim now follows. ]

Continuation of the proof of Proposition [2.4.2 Recall that there is a
natural isomorphism 7¢we = wa (3 g + ), where ¢; and g; are preimages
of a node of C'. Given now a rational component C;; of C' with at most two
special points, then mfwc = Op1(k) for k < 0. Both 77 F and Fe W Op1 (k)
are Ogxc(1,n)-stable for some n > 0 by Lemma If £ < 0, then
Hilbert polynomials satisfy

Posxc(1n) (W;F) > ponC(lvn)(W;F X OF’1 (k))7

hence

Hom (7} F, m; F'X Op1(k)) = 0.
If k=0, then m;F' = 77 F X Op1 (k). By induction we then conclude that
the restriction of ¢ to all rational trees must be zero, and by the previous
lemma the restriction of ¢ to their complement comes from box-tensoring a

section. ]

Remark 2.4.4. All quasimaps are prestable in the case of punctorial Hilbert
schemes, since an ideal I of a curve on a threefold S x C' is stable over a node
s € C, if and only if it is flat over the node ﬂ This can be seen as follows.
The sheaf I, is stable, if and only if it is torsion-free, which is equivalent to
the injectivity on the left of the exact sequence

I, — Ogys —T's — 0,

which in turn is equivalent to Tor}gxc((‘)p, Osxs) = 0, but by standard peri-
odic resolution of a structure sheaf of a node,

Tork (01, Ogxs) = Tork, o(Or, Ogys) for all k > 1.
If I is flat, then [ is perfect, hence Or is also perfect, so
Tor’éxc((‘)p, Osxs) = 0 for some k > 0,

which therefore implies that Torg, (O, Osxs) = 0.

“In Donaldson-Thomas theory this condition is referred to as predeformable.
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2.4.2 Obstruction theory

In what follows all the functors are derived. We have the following perfect
obstruction theory over a substack of finite type U C €ob,.(5),

(T)Y 2= (Homa(Fpu, Frpdo[1])Y = La,

where F, is the universal family on S x €ob,.(S), note that the complex
(TV")V is of amplitude [-1,1] due to the presence of non-discrete automor-
phisms of the unstable part of €ob,.(S). Let

m: Cgn — Qg (M, )
f: 897]\[ — Q:Uf)T(S),

be the canonical projection from the universal curve and the universal map.
The universal map f factors through some substack of finite type, hence we
can define the obstruction-theory complex (m,f*TV")V. Let us show how it is
related to obstruction-theory complex of a relative moduli of stable sheaves.
Let

T2 S X ngV Xi)ng,N QE,N(MHB) — Q;,N(Mu ﬁ)u
F € Coh(S x €gn X, v Qg n(M,B))

be the canonical projection and the universal sheaf, which is defined via
the identifation Qf (M, ) = Mgu(S X CgN/Mgn). We then take the
traceless part of the relative derived self-hom complex

Hom, (F, F)o[1],
and prove the following.

Proposition 2.4.5. The complex (71, 8TV is canonically isomorphicto
the complex (Hom.,(F,F)o[1])V.

Proof. Consider the following diagram

S % €y x Q5 n(M, B) ~T% 5 x U

| |~

T2
S x g x Q5 y(M, ) —— U

[

;,N(Maﬁ)
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the trace map tr: U—Com(fﬂW, Fr) — Oy has a section given by the inclusion
of identity Oy — Hom (F ., Fppi), therefore

Hom(Fppe, Frp) = Hom(Frpui, Frj)o ® O,
and by the moduli problem of €oh,.(S) we get
(f xid)*F, =F,
hence, by functoriality of the trace and the splitting above, we obtain that
(f x id)*Hom(Fyp, Frp)o = Hom(F, F)o.
By base change theorem,

Homy, (F,F)o = m1.F Homr, (T Frp)o-

Corollary 2.4.6. There exists an obstruction theory
. *vir\V
¢ (muFTH)" = Loe | ar8)/m, 50

which is is perfect under the assumptions of Proposition[2.].2. Moreover, if
e =0T, the corresponding virtual fundamental classes coincide with those of
Donaldson—Thomas theory.

Proof. Using the results of [TV07] and [ST15|, the stack €ob,.(S) can be
naturally upgraded to a derived stack R€obh,.(.S), such that

7>0R€o0b,.(5) = Cob,(5),

and ‘
Lreop, (5) = (T)".

Recall that a derived enhancement gives rise to an obstruction theory of
underlying classical stack, see [ST15, Section 1] for more details. The ob-
struction theory

. iryv
¢: (m BT = Loe | an)/m,
is therefore given by a derived mapping stack of maps from curves to the

derived stack R€oh,.(S), which exists by Lurie’s representability theorem
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[Lurl2| (see also [Toé09]). The obstruction theory is perfect by Proposition
and Proposition [2.4.9] .

By [Sie04], a virtual fundamental class depends only on Chern characters
of the corresponding obstruction-theory complex. The second part of the
claim therefore follows from Proposition [2.4.5 O

Let '
[Qg N (M, B)]"™" € Avaim(Qg v (M, B))q

be the associated virtual fundamental class. Invoking the identification pre-
sented in Lemma [2.2.2] the virtual dimension of the moduli space can be
computed via the virtual dimension of the relative moduli space of sheaves,

vdim = Z(—l)i dim Ext'(F, F)o + (3¢ — 3) + N

_ / (ch(F) - ch(F)" — 1) - tdgxc + (3g — 3) + N
SxC

v

=1k(v)c1(B) - c1(S) — tk(B)er (v) - 1 (S) + (dim(M) — 3)(1 — g) + N,

where rk(B) and Cl(B) are the components of 3 € A of cohomogical degrees
0 and 2, respectively.

By our definition of a degree 3, it can only pair with determinant line
bundles on the stack €ob,.(S), and it is unclear, if the virtual anti-canonical
line bundle is a determinant line bundle, even though it is the case over the
stable locus in some very special instances. Therefore the above formula for
the virtual dimension is the most reasonable one. We will treat the first
two summands as the degree with respect to the virtual anti-canonical line
bundle,

B(det(TV™)) := rk(v)ei (B) - ¢1(S) — rk(B)er (v) - e1(S).
The above formula is, however, dependent upon presentation of Q; N (M, B)
as a relative moduli space of sheaves, the virtual dimension itself is not
though.

2.4.3 Invariants

The moduli Qf 5 (M, ) has the usual canonical structures to define the
enumerative invariants:

e evaluation maps at marked points

evi: Qu n(M,B) = M, i=1,...,N
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e cotangent line bundles
L;:= sj(w(fg,N/Q;N(Mﬁ))v i=1,...,N
where s;: Qf N(M,3) = €4 N are universal markings. We denote
v =c1(Ly), i=1,...,N

Definition 2.4.7. The descendent e-invariants are

=N

) N g = [T e,
Q5 (MBI 115
where y1,...,yn € H*(M,Q) and my, ... my are non-negative integers. We
similarly define the perverse invariants (7™ (vy),..., 7™~ WN»?;’,&N, 5

Remark 2.4.8. We can also define another kind of invariants by the identifica-
tion of quasimaps with the relative moduli of sheaves - relative Donaldson—
Thomas descendent invariants (do not confuse with invariants relative to
divisors), consider

S x 697 N
Ust s
S x Mg ni1 o.n (M, B)
where for the m; we stabilise the curves and used the identification of M% N1
with the universal curve of M v, for the unstable values of g and N we set

the product S x MQ,NH to be S. For a class 4y € H*(S x MQ,NH, Q) define
the following operation on cohomology,

Chk+2 (;Y) : H*(Q;,N(M’ B)’ Q) - H*—Qk-l—?—f(Q;,N(M? 5)7 Q)’
chy2(7)(€) = m2x (chpy2(F) - 71 () N w3(8)) -
The relative descendent invariants are then defined by
<7-/€1 (ﬁ/l% — (’?T‘»Z,n,ﬁ
= (=1)Fchggp 0 oo o (=1)Frehy, 1o ([Q5 N (M, B)™)

here we just transferred the definitions from rank-1 story, note that for higher
ranks 7_1(—) in the notation above might also be non-trivial. We can also
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define the mix of descendent GW invariants and relative Donaldson—Thomas
invariants,

<7~—/€1 (5/1)7 ooy Thy (5/7") | Tm (71)7 <o Tmy (’YN»;,N,Bv

which are essentially a mix of relative and absolute DT invariants of the
relative geometry
SxCyn— Myn

for different e-stabilities. However, we will not be concerned with any of the
Donaldson—Thomas-type invariants defined above in the present work.

The discussion in [CKM14} Section 6] also applies to e-invariants in our
setting. In particular, e-invariants satisfy an analogue of the Splitting Axiom
in Gromov—Witten theory, and there exists a projection to the moduli of
stable nodal curves

p: Q;,N(M’ B) — MQJV

by taking stabilisation of the domain of a quasimap, so that the classes

i=N
ps ([T 9" evi (i) € H* (M yn,Q)
i=1
gives rise to Cohomological Field theory on H*(M, Q).

2.5 Wall-crossing

2.5.1 Graph space

As previously, all the results of this section apply to both standard and
perverse quasimaps, if M = S, In the latter case, all the notations acquire
the superscript ’f’. This subsection is largely a repetition of [CFK14} Section
4].

Given 5 € Eff(M,€oh,.(S5)), let € € Rsg and k € Z-o be such that
1/k < € < 1/deg 3, then we define the graph space

QGo1 (M, B) :== Qf (M x P', 3+ [P']),

where we consider quasimaps to €ob,.(S) x P! and e-stability on the right
is given with respect to L3 X Op1(k). This is the moduli space of genus-0
quasimaps to M, whose domain has a unique parametrised rational tail, such
that the restriction of the quasimap to its complement satisfies e-stability,
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which is equivalent to 0T-stability by the choice of e. The definition is
independent of € and k, as long as they satisfy the inequality above.
The obstruction theory of QGo 1(M, ) is given by

(Rﬂ'*f* (TVir 28] Tpl))v — LQGO,l(Mﬂ)/mo,l'
There is a C*-action on P! given by
tlz,y] = [tz,y], teC¥,

which induces a C*-action on QGo 1(M, 3). The fixed points of the action
must have their entire degrees with the markings lie over either 0 or oo.
Assuming the marking is over oo, there are two distinguished extremal fixed
components

0,0 ~~ ~0T
FI@ and FLB = Q0’1+.(M, /6)
The former is the locus of quasimaps with entire degree 8 over 0 as a base
point, while the latter is the locus of quasimaps with entire degree over co in
the form of rational components. If the degree splits non-trivially between
0 and oo, then the fixed components are of the following form

0, 0,0
PR = Fg, x FY (2.13)

where 8 = (1 + (2 and the fibered product is taken with respect to dis-
tinguished markings. The description of fixed components FO1 ’521 with the

marking over 0 is exactly the same. The virtual fundamental classes [F’ ﬁ ’g;]"ir

and the virtual normal bundles NY¥ , are defined by fixed and

FY5Y /QGo,1 (M, B)
moving parts of the obstruction theory of QG 1(M, 3). They are compatible
with respect to the product expression above,

[Foﬁl]vir — [F,B

VA ]vir X 01 [FO’O ]vir}

1,82

1

vir _ vir

vir
Flo,?; /QGQJ(M,,B) - NFﬁl /QGO,l(M7B) ‘Z’M NFR’/%/QGOJ(M,H)'

Let
ev: Fg — M

be the evaluation map at the unique marking at oo € P*.

Definition 2.5.1. We define I-function

F vir
Moo =1+ ¥ —ser. | | € (0[] 5o Qle’]
B>0 €C UV s /QGo,1 (M,B)

69



where —z := ec«(Cgtq), where Cgq is the standard representation of C*. We
also define

ul(z) = [21(q, 2) — 2]+ € A*(M)][z] ©q Q"]

where [...]+ is the truncation given by taking only non-negative powers of
z. Let
pup(z) € A*(M)[2]

be the coefficients of ¢° in u(2).

2.5.2 Graph space and sheaves

There is a forgetful morphism
QGo1 (M, B) = Mo (P!, 1) (2.14)

which is given by projecting a quasimap to its parametrised component, the
graph space QG 1(M, B) then admits a relative perfect obstruction

*Tvir\V
(Rﬂ'*f T ) - LQCO,1(M,5)/M0,1(P171)’

which sits in a distinguished triangle
T viry vV
LMO,I(Plyl) — EQGQJ(M,ﬁ) — (Rﬂ'*f T 1r) — .

Restricting the sequence above to the fixed component FB’ we obtain that
the morphism
f ir\V,f
EQGO,l(Myﬁ) — (Rﬂ'*f*TVII")\/

between fixed parts is an isomorphism and
ec* ((Rﬂ.*f*TVir)\/,mv) = —zec* (N}’;r/QGO,l(M,ﬁ))’

because the restriction of LMO L(PL1) is a trivial line bundle with the fiber
being the cotangent space of P! at oo, which is not fixed and whose Euler

class is equal to —z. Consider now the component

QGop.. (M, B) C QGo1(M, )

of quasimaps, whose marking is over co. In other words, this is the fiber of
(2.14]) over co. Then applying the identification of quasimaps with sheaves,
we obtain

QGop.. (M, §) = My (S x P'/Ss),
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where we slightly abuse the notation, because the moduli spaces on the right
is different from those defined in Definition In Definition we
exclude sheaves which fixed by infinitely many automorphisms of a curve.
Here, we include all sheaves.

Moreover, the obstruction theory (R, F*T"* )\vQGo,poo( ) matches the

relative Donaldson-Thomas obstruction theory of M (5% P!/S.). Hence,
for all purposes, the graph space can be replaced by M 5 L (8% P!/Sw). The
fixed component Fjg C My (S x P!/S.) can then be expressed in terms of

flags of sheaves on S by invoking the identifications between flags of sheaves
and C*-equivariant sheaves on S x C.

2.5.3 Master space and wall-crossing

For the material discussed in this section we refer the reader to [Zho22].
Here we just glide over the machinery developed there, adjusting some minor
details to our needs.

The space R=gU{0", 0o} of e-stabilities is divided into chambers, in which
the moduli Q;’ N (M, ) stays the same, and as e crosses the a wall between
chambers, the moduli changes discontinuously. Let ¢y = 1/dp be a wall for
a given 8 € Eff(M, €obh,.(S)) and €, € be some values that are close to ¢
from left and right of the wall respectively. Assuming 2g—2+N+¢odeg(8) >
0, let .

M ;?N(M, B) = MMy N

be the master space with the projection to the moduli of curves with cali-
brated tails constructed in [Zho22|, the construction is carried over to our
set-up varbatim. The space M 95197 ~ is a P'-bundle over ﬁtg, N, the latter
is obtained by a series of blow-ups of a moduli space of semistable curves
weighted by degree, MMy ;, with total degree d = deg(). As in GIT case,
the following holds.

Theorem 2.5.2. MQ;‘?N(M,B) is a proper Deligne—Mumford stack.

Proof. With Lemma [2.2.19| the proof is exactly the same as in GIT case,
we therefore refer to |[Zho22) Section 5]. O

The master space also carries a perfect obstruction theory, which is ob-
tained in the same way as the one for Q;N(M, B). Let

£ MQIy (M, B) %5 Cov = €ob (S),

T MQ;‘?N(M,ﬁ) X MR, x CoN — MQ;?N(Ma B)
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be the universal quasimap and the canonical projection, then we have a
relative perfect obstruction theory over MM, ,

e *TVvir\V .
¢. E® = (7T*f T ) — LMQ;?N(M,B)/MW;;,N,

which is constructed via the same identification as in Proposition [2.4.5
Using the master space, we can establish the wall-crossing formula.

Theorem 2.5.3. Assuming 2g — 2+ N + egdeg(8) > 0, we have

_ +
<Tm1 (’Yl)a - Ty (’YN»G JN,B <Tm1 (71) <o Tmy (VN)>Z:N75
1 a=k
=>.> i H Ui ev; (i) - [T evnvgarsa ()l s=—un s
k>1 E [Qg N+k Mﬁ )]Vlr i=1 a=1

where ,5 runs through all the (k + 1)-tuples of effective curve classes

g: (6,761%' : aﬁk)?

such that 8 = '+ 1+ - + Bk and deg(B;) = dy for alli =1,...,k, and
ey-stability for the class B' is given by Lg. The same holds for perverse
quasimap invariants (Tm, (V1) - - - Tmy (yN))g’fNﬁ.

Sketch of the proof. Here we will sketch the proof, for all the details we
refer to |Zho22, Section 6], as the proof in our case is exactly the same as
the one for GIT quasimaps.

The master space M Q;ON(M ,B) carries a natural C*-action, such that
the fixed loci are following three types of spaces (up to finite coverings):

» Qg (M, ), base change of Qg (M, ) from My x¢ to My ;

o Y X [1F Fs,, a finite gerbe over @;TNHC(M, B") X ppx T15 1 F,.

Applying the virtual localisation formula and the taking equivariant residue,
we obtain certain relations between the classes associated to the spaces
above. Projecting everything to a point, we get the wall-crossing formula.
All the effort goes into the careful construction of the master space and the
analysis of moving and fixed parts of the obstruction theories at fixed loci.
The latter task can be separated into two independent parts by splitting
the restriction of the absolute obstruction theory E;MQ| p of the master space
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to a fixed locus F' (one of the spaces above) into the relative obstruction

. . N .
theory E‘ » and the restriction cotangent complex L My n.al F of the moduli
of calibrated curves,

L] [ ]
LMm%N’le — EMQ|F — E‘F —,

the analysis of L My n.al F presented in [Zho22| is completely independent of

what kind of quasimaps one considers, while the analysis of E"F does not use
any special feature of the GIT set-up. For more details we refer the reader
to |[Zho22, Section 6]. O

Remark 2.5.4. In the GIT set-up there are naturally defined maps [W/G| —
[C*F1/C*], which induce Qg n(W/G,B) = Qg y(P",d). This allows to give

a more refined class-valued wall-crossing by pushforwarding the classes on
MQPN(W/G, B) to Qg x(P", d) instead of a point. In our case this seems to
be less natural. Even though €ob,.(S) is Zariski-locally a GIT stack, we do
not have these naturally defined maps, because it is unclear, if line bundles
Lg’s are actually ample on any of the GIT loci through which the universal
quasimap factors. Moreover, for different 3, these loci change.

It is also possible to pushforward the classes to M y instead of Q‘f}’ N(P™, d).

The problem with this approach is that the projection

Q;,N+k(M7 6) — M!LN

involves stabilisation of a curve, which implies that v-classes do not pullback
to 1-classes. Consequently, the wall-crossing formula becomes inefficient to
state.

Since our e-stability depends on a class §, there are only two univer-
sally defined values - 07 and oo, i.e. the values that correspond to stable
quasimaps and stable maps. Let € € {07, 00}, we define

%0 B
Fy(6(z)) = > " 1 {6), o () v s
N=0p3>0 ’

where t(z) € H*(M,Q)[z] is a generic element, and the unstable terms are
set to be zero. By repeatedly applying Theorem [2.5.3| we obtain.

Corollary 2.5.5. For all g > 1 we have
+ 00
Fy (8(2)) = Fo(6(2) + p(—2).

For g =0, the same equation holds modulo constant and linear terms in t.
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For g = 0 the relation holds only moduli linear terms in t(z), because
the moduli space Q ;(M, 3) is empty, if e~ deg(8) < 1. The wall-crossing
formula takes a different form in this case.

Theorem 2.5.6. Fore € (degl(ﬁ) , m) we have

Q5,1 (M, B)]™

* = ) - )
ev ( Z(Z — 1/}1) ) [ (q Z)]ZS 2 98
where [...],-2 ;s means that we take a truncation up to 272 and the coeffi-
cient of ¢P.
Proof. See |[Zho22, Lemma 7.2.1]. O

To express the wall-crossing formula above in terms of change of vari-
ables, we do the following. Let {B’} be a basis of H*(M,Q) and {B;} be its
dual basis with respect to intersection pairing. Let

t(—2)

JO+(t(z),q,z) = + I(q, 2)
B Bt
q M,0t
+ Z 7ZBZ<77t(w)77t(¢)>0 £+Nﬁ7
B0 N0 N! - z(z — ) ' g
where unstable terms are set to be zero, and let
t(—
()07 = 4

+ Z %ZBl(Zi_,t(d)),..-,t(¢)>(])\,41’+N,5’

B>0,N>0""" p 2(z = 9)
then genus-0 case admits the following wall-crossing formula.

Theorem 2.5.7. We have
T (t(2) + u(=2)) = I (8(2)).
Proof. We again refer to [Zho22, Section 7.4]. O
2.5.4 Semi-positive targets

I-function.

Using the virtual localisation on the graph space, we can obtain a more
explicit expression for I-functions for semi-positive moduli of sheaves.
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Definition 2.5.8. A pair (M, €obh,(S)) is semi-positive, if for all classes
B € Eff(M, €obh,.(S)) the following holds

B(det(TV)) > 0.

An example of a semi-positive target would be a moduli of sheaves on a
del Pezzo surface, e.g. P2. However, even a pair (P2, €ob,.(S)) is not Fano
in the sense of quasimaps, i.e. there exists class a 3 € Eff(P?, €oh,.(S)) , for
which the following holds

B(det(T*)) =0,

these are just the classes such that ¢1(3) = 0.

Consider now the expansion
[21(q,2) — 2]y = I1(q) + (Io(q) — D)z + I_1(q)2* + T_2(q)2> + ...,

we will show that all terms I, with k > —1 vanish for a semi-positive target.
The virtual dimension of QG 1(M, B) is equal to dim(M )+ 1+ B(det(TVr)).
Hence, by the virtual localisation theorem, degrees of the localised classes

F- vir
—ZCUex V[ir ﬁ] e A*(M)[2F]
et (VE2 Q6o (v,8))

are equal to _
—B(det(TY')).
On the other hand, again by the virtual localisation theorem, the degrees of

these classes cannot be negative, since they are homogenous summands of
an equivariant class. Hence, we obtain that

[21(g, 2) — 2]+ = Ti(q) + (To(q) — 1)z,

as claimed. The remaining terms can be viewed from two different per-
spectives. The first one is map-theoretic, and is shown in the following
proposition.

Proposition 2.5.9. For a semi-positive pair (M, €ob,.(S)) the following
holds

0
_ 0ot
Io(@) ' =14+ >"> % (3, 1,90 5.5
A0
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(ii)
Li(q) = fo(g)1 + ij(Q)Dj,

where {D;} is a basis of H*(M,Q), and

folq) 3 ot file) B/ 1\0F
To() —%%q ([pt], 1) 2,8 To(q) —ﬁ;};q (D7, 1)p,2,3-

Proof. The proof is exactly the same as in [CK14} Section 5.5]. O

The second perspective is sheaf-theoretic. In the case of punctorial
Hilbert schemes of del Pezzo surfaces, it allows us to explicitly determine
the terms of the perverse I-function - Ig and If . Let us firstly do some

notational preparations. From now on, we assume that M = S,

By Corollary we have an embedding
—(...): Eff (S, ¢oht(S)) = HYL(S) @ H??(S), (2.15)

here we change the sign of the classes, which amounts to considering classes
of subschemes instead of classes of ideals on threefolds. Using this em-
bedding, we identify 5 with its image —B. The class [ can therefore be
decomposed as
B = (y,m) € HY(S) ® H**(S),

hence

Qle’] =Qle’1 2 QMl, ¢° =q"-y™
On the side of S| the variable y keeps track of multiples of the exceptional
curve class A € Ha(S [n], Z), and the above decomposition corresponds to the
one of Ho (S, Z) given by Nakajima basis (images of Nakajima operators
applied to classes on S),

Hy (S, 2) =~ Hy(S,Z2) & Z - A

More precisely, if ¥ C S is a curve, then we can define an associated curve
¥, C S given by letting one point move along ¥ and keeping n — 1 other
distinct points fixed. The curve ¥, then represents a class in Hy(S,Z) C
H, (S, Z) with respect to the identification above. For more on Nakajima
basis in the relevant to us context, we refer to [Obel8a].

We define ¢;(S), € H?(S[",Z) to be the class associated to the class
c1(S) € H%(S,Z) as described above, after identifying homology with coho-
mology. With this notation, we have the following result, which was kindly
communicated to the author by Georg Oberdieck.
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Proposition 2.5.10 (Georg Oberdieck). Assume S is a del Pezzo surface,
then for M = S we have

I(q) =1
IE(q) = log(1+ y)c1 ().

Proof. By dimension constraints and the fact that there are no v €
Eff(S) such that v - ¢1(S) = 1, the non-zero contributions to the I-function
come only from classes of the form 8 = (0, m). Let us firstly consider Ig. Let
P € S be a point, then the preimage ev—(P) C FB parametrizes stable
pairs supported in U x P! where U is a local neighbourhood of the support
of P. We can assume that U is the disjoint union’s of C2, hence since C?
carries a symplectic form, the only non-vanishing contributions are therefore
due to m = 0. Hence <Ig,P> = 1, which implies that Iy = 1.

We now consider the term [ 1ﬂ . With the same argument as above (I 1ﬂ JA) =
0. Now let us evaluate If at the classes in Ho(S,Z) C Ho(S",Z). By the
previous argument, the n — 1 fixed points contribute 1 each, so that

(IS [2,]) = (185, [5).

Hence we may assume n = 1. In this case, the moduli space F, o m) Is
isomorphic to S, parametrizing pairs (F)s) given by I* = Op1 — Op1 (D)
where PL = P! x z for a point z € S, and D = m - [0o]. The local model
of Py 5(S x P1/Sp) near Fyis Sym™(P!) x S. The obstruction theory was

computed in [PT09, Section 4.2]EL
Defre = HY(Op(D))
Obsze = HY(Op(D) @ wp)’ = HA(OD(D) & wpr)” © .

Consider now the C*-action on P! by ¢ - (z,y) = (tx,y). The coordinate
Y = y/x gets scaled by t - Y = t~'Y hence has weight —z. Let us analyse
the C*-equivariant structure the obstruction theory. Firstly,

H(O(D)|p) = (Y ™ &®C[Y]/Y"=CY ™@CY ™'a...aCy !,

which therefore has weights z,2z,...,mz as a C-module. Moreover, wp1 =
C[Y]dY, so since dY has weight —z we get that H°(O(D)|p ® wp1) has

5The equivariantly correct obstruction theory is given in the latest arXiv version. The
canonical line bundle wp1 (D)|D = wp is equivariantly not trivial.
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weights 0, z, ..., (m—1)z, therefore its dual has weights (—m+1)z,..., —z,0.
Let ¢ = c¢1(5), we therefore obtain the following

[FB]Vir) - (eC*<0bs?1°V> . )

eV,

BC*(Nvir - ec (De III’:OV) "PsC1
~(=z+4c) - ((=m+1)z+cq) o
N z-2z---mz !
(=)™ '(m —1)lzm ! 2
= o e+ (..) - cf
_ (=pmt 2
— mz Cl + ( . ) Cl?
this proves the claim. ]

We now define

sln, sinl,
ﬁ <’y17 R 77N>g,'y ‘ = Z u<,.>I17 R ”7N>g’(’y7:n)ym7
m
then using the wall-crossing formula from Theorem the string and
divisor equations, one obtains the following result, which specialises to the
result stated in Section after enumerating the invariants with respect
to classes on S instead of S x C.

Corollary 2.5.11. Assume 2g — 2+ N > 0. If S is a del Pezzo surface,
then

o0

+ .
ﬁ<717"'77N>2;y = (1+y>C1(S)’Y'ﬁ<’717"'77N>g,fy'

DT/PT correspondence

Using dilaton equation for GW invariants (see [CK20, Corollary 1.5]), one
can restate the wall-crossing formula for g # 1 (for g = 1 there is an ex-
tra constant term which we do not want to write down for the clarity of
exposition, see |[CK20, Corollary 1.5]) as follows

(10)22 - FO (t(2)) = F° <13(2)+I1(q)> |

g
The same holds for the perverse generating series Fg’e(t(z)). Since the gen-

erating series are related by a change of variables, the above equation is
equivalent to

(10)272 - FY" (Io(@)t(2) — I1(q)) = F*¥(t(2)),

78



therefore perverse and non-perverse generating series are related in the fol-
lowing way

_ + _ +
(1)~ F)" (Io(@)t(2) — Li(9)) = (1) - F3" (T4(0)t(2) — T (@),
moving the change of variables to one side we, obtain

(Io)*~2 o+ (1o(q)
#1292 Fy ( i
(Io) IO(Q)

Passing from quasimaps to sheaves and establishing the DT /PT correspon-
dence for wall-crossing terms, we would get the DT/PT correspondence for
the relative geometry

-G@+ﬁmn—h@)zww@@»

S % Cg,N — Mg,Ny

such that 2g —2+ N > 0 and ch(I)q # 0. In particular, DT/PT correspon-
dence relative to three vertical divisors on S x P! is reduced to the DT/PT
correspondence of wall-crossing invariants.
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Chapter 3

Quasimaps to a moduli space
of sheaves on a K3 surface

3.1 Semiregularity map

3.1.1 Preliminaries

In what follows, we assume S to be a K3 surface. Let F' be a sheaf on
S x C flat over a nodal curve C, such that fibers of F' have Chern character
v € H*(S,Q). We start with some preparations. Consider the Atiyah class

At(F) € ExtH(F,F @ QL. o),
represented by the canonical exact sequence
0= F®Q,.o— PY(F)—=F—0,

where P!(F) is the sheaf of principle parts. Composing the Atiyah class
with the natural map

Qb = QUL BOL — QO Bue,
we obtain a class
At (F) € Ext}(F, F ® (Q5 Bwe)).

We then define the Chern character of a sheaf F' on S x C for possibly
singular C' as follows

chy(F) := tr <(_k1!)kAtw(F)k> e H*(AF(QL Bwe)). (3.1)
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If C' is smooth, it agrees with the standard definition of the Chern character.
Using the canonical identification H'(w¢) = C and

AF(QL Bwe) = Q8B (05! Mws),
we get a Kiinneth’s decomposition of the cohomology
HN(AH(QL Bue)) = HEQf) & Bk,
therefore
P H" (A (Q§ Bwe)) =A@ H(C,C)@ A® H*(C,C) X A®A.  (3.2)

With respect to this decomposition above, the Chern character ch(F') has
two components

ch(F) = (ch(F)s,ch(F)q) € A @ A.
If C' is smooth, it was shown in Lemma that
(ch(F)g, ch(F)a) = (v, B),

where 3 is the degree of a quasimap associated to F' and B is its dual class
in H*(S,Q), defined in Definition We would like to establish the same
result with respect to the definition of the Chern character given in if
C is singular. Let

m:SxC—=SxC

be the normalisation morphism and 7*F; be the restriction of 7#*F to its
connected components C; of C. The above decomposition of the Chern
character then satisfies the following property.

Lemma 3.1.1. Under the identification the following holds
ch(F) = (v,> ch(r*F;)a) € A®A.

In other words, if the quasimap associated to F is of degree 3, then

v

Ch(F)d = ,3

Proof. Firstly, there exist canonical maps making the following diagram
commutative

0 — TFermQl . — ™PHF) — F — 0
! ! |

0 — TFeQL - — PYT*F) — 7°F — 0
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where the first row is exact on the left, because L7* = F, sinceﬂ F is flat
over C. The diagram above implies that the pullback of the Atiyah class
m*At(F) is mapped to At(7*F') with respect to the map

Ext!(7*F, 7" F @ 7*Q%, o) — Ext!(7*F, 7" F ® Q}gxé).

The same holds for 7*At*(F). Consider now the following commutative
diagram

RHom(F,F @ Ok, ) ——— QF

i
T RHom(m* F, m*F @ Q% )
1
T RHom(m* F, 7T*F®QI;,XC~,) — W*ngé — AF(QL Bwe)

such that the first vertical map is the composition

RHom(F, F ® Qf, o) — mLa*RHom(F,F @ Q% o) =
= 1. RHom(r*F,7*F @ L7*Qk, ) = m.RHom(r*F,m*F @ m*Q%. o),

where we used that L7*F = " F'. Taking cohomology of the diagram above
and using the exactness of 7., we can therefore factor the map

Ext®(F, F @ Qo) = H¥(A¥(Q5 Buwe))
as follows
Ext®(F, FRQ, o) — Ext(r*F, n* For*Q%, o) — Ext(r* F, " FRQk )
— H¥(Qf, o) = H Q) o @ H 1 Q5 @ H (wg,)
7
— H*(QF) @ HF1(QE Y @ HY(we) = HY (AR QL Buwe)).

Under the natural identifications H 1(“)@) >~ C and H'(we) = C the last
map in the sequence above becomes

_ _ (id,+) _ _
oA Qs) e @ HH(QE) —= HF Qb e HM Q).

1To see that, one can use a standard locally-free resolution for a flat sheaf; these
resolutions are functorial with respect to pullbacks.
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The claim then follows by tracking the powers of the Atiyah class At(F)
along the maps above. The fact that

> ch(r*Fy)a = B
follows from the definition of B , Definition m

3.1.2 Semiregularity map
By pulling back classes in

HT?(S) := H°(A\*Ts) @ H (Ts) ® H?*(Og)

to S x C, we will treat HT?(S) as classes on S x C. Let

o; = tr(x- (_le)ZAtw(F)z) Ext?(F, F) — HT(A(QL Bwe))

be a semiregularity map.

Lemma 3.1.2. The following diagram commutes
CUE g ()
H2—k;(/\kTS) k! ()

<*,chk+i(%. o, il /‘i
H™ 2 (A'(Qg Bwe))

Ext?(F, F)

Proof. If i = 0, then o9 = tr and the commutativity is implied by the
following statement

(1, tr(Aty, (F)F))) = tr(k, Aty, (F)F),

whose proof is presented in [BF03, Proposition 4.2] for & = 1 and is the
same for other values of k.
If © = 1, then for the commutativity of the digram we have to prove that

k+1 k
. tr (AU — o, ANy e (),

k+ 1!
If kK € H%(Og), the equality follows trivially, since there is no contraction.
The case of kK € H'(Ts) is treated in [BF03, Proposition 4.2]. For x €
H°(A%Ts) we use the derivation property for contraction with a 2-vector
field
(& A2 (F)) = 3(&, A3 (F)) - Aty (F),
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which can be checked locally on a 2-vector field of the form V A W. O

Due to the decomposition
H'(N(Qg Bwe)) = H Q) @ HH(Qg™),

there are two ways to contract a class in H(AY(Q2} B we)) with a class in
H?7F(AFTg): either via the first component of the decomposition above or
via the second. Hence due to the wedge degree or the cohomological degree,
only one component of H! (A (QLHwc)) pairs non-trivially with H2~*(AFT)
for a fixed k. It is not difficult to check that contraction with the Chern

character

Hka(/\kTS) (—chg4i (F)) Hi+2(Ai(Q}g ! WC))

is therefore equal to (—,ch(F)¢) for i = 0 and to (—,ch(F)q) for i = 1.
Moreover, using the identification

H™ (N (Qg Buwe)) = H*(0s),

contraction (—, ch(F')q/¢) with classes on S x C' is identified with contraction
with classes on S.

Proposition 3.1.3. Assume
ch(F)¢ Ach(F)q # 0,
then there exists k € HT*(S), such that
(k,ch(F)¢) =0 and (k,ch(F)q) # 0.
Hence the restriction of the semiregularity map to the traceless part
o1: Ext*(F, F)y — H*(Q Buwe)
18 non-zero.

Proof. Using a symplectic form on S, we have the following identifica-
tions
/\ZTS = 0g, T¢= Q}g, Og = Q%

After applying the identifications and taking cohomology, the pairing

HT?(S) @ HQy(S) — H?*(Og), (3.3)
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which is given by contraction, becomes the intersection pairing
HQy(S) @ HQo(S) — H*(9%),

where HQ(S) = @ H* (2. In particular, the pairing is non-degenerate.
Hence ch(F)7 and ch(F)f are distinct, if and only if ch(F)q is not a multi-
ple of ch(F)¢, therefore there exists a class k € HT?(S) with the properties
stated in the lemma. By Lemma and the discussion afterwards the
property (k,ch(F)s) = 0 implies that

K - exp(—At, (F) € Ext?(F, F)o,

while the property (k, ch(F')q) = 0 implies that the restriction of the semireg-
ularity map to Ext?(F, F)g is non-zero, as it is non-zero when applied to the
element - exp(—At, (F)). O

Remark 3.1.4. From the point of view of quasimaps, the condition
ch(F)s Ach(F)q # 0,

is equivalent to the fact that the quasimap f: C' — €ob,.(S) associated to
F' is not constant.

A geometric interpretation of the above result is the following one. With
respect to Hochschild—Kostant—Rosenberg (HKR) isomorphism

HT?*(S) = HH?(S)

the space HT?(S) parametrises first-order non-commutative deformations of
S, i.e. deformations of D¥(S). Given a first-order deformation x € HT?(S),
the unique horizontal lift of ch(F")4 relative to some kind of Gauss-Manin
connection associated to  should stay Hodge, if and only if (x,ch(F)q/¢) =
0. On the other hand, (k,exp(—At, (F')) gives obstruction for deforming F'
on SxC in direction k. Therefore by Lemma [3.1.2]the semiregularity map o;
relates obstruction to deform F along x with the obstruction that ch(F')q ¢
stays Hodge. Proposition [3.1.3] states that there exists a deformation s €
HT?(S), for which ch(F); stays Hodge, but ch(F)q does not. Form the
point of view of quasimaps means that the moduli of stable sheaves M on
S deforms along x, but the quasimap associated to F' does not, if its degree
is non-zero. For example, let S be a K3 surface associated to a cubic 4-fold
Y, such that the Fano variety of lines F(Y) is isomorphic to S, Then if
we deform Y away from the Hassett divisor (see |[Has00]), F(Y) deforms
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along, but the point class of S does not. Therefore such deformation of Y
will give the first-order non-commutative deformation x € HT?(S) of S,
such that v = (1,0, —2) stays Hodge, but B = (0,0, k) does not. Note that
8= (0,0, k) corresponds to multiplies of the exceptional curve class in S,
Indeed, there are no commutative deformations of S that will make (0,0, k)
non-Hodge, because the exceptional divisor deforms along with S/,

3.2 Reduced wall-crossing

3.2.1 Surjective cosection

Now let M be a moduli space of Gieseker stable sheaves on S in the class
v € Knum(S5), subject to the following assumptions:

o 1k(V) > 0;
e there are no strictly Gieseker semistable sheaves;

o there exists u € Ko(S5), such that y(u-v) = 1.

Note that the second assumption implies that M is smooth and projec-
tive, while the third one implies that M is a fine moduli space (might be
even equivalent, but the author could not find a reference).

Remark 3.2.1. An example of a moduli space M which satisfies the assump-
tions above will be a moduli space of sheaves in the class v = (2, a, 2k + 1)
for a polarisation such that deg(«) is odd (or a generic polarisation that is
close to a polarisation for which deg(«) is odd). Firstly, rk(v) and deg(v)
are coprime, therefore there are no strictly slope semistable sheaves. The
class u = [Og] — k[Opt] € Ko(S) has the property x(v - u) = 1. Moreover,
Proposition @ holds in this case, therefore the space M 5 (S x C) is
a moduli space of all stable sheaves for some suitable polarisation. More
specifically, such set-up can be arranged on an elliptic K3 surface.

By Lemma [2:2.15] there exists an identification between a space of
quasimaps Q. N (M, 3) and a certain relative moduli space of sheaves M (S'x

— 7ﬁ7u
ngN/MgzN)’ -
Qg (M, ) =M 5 (S xCyn/MyN),

such that the naturally defined corresponding obstructions theories are iso-
morphic under the identification above. Let

7 S X &N Xam, y Qg N(M, B) = Qf n(M, ),
F € Coh(S x €4 xan, v Q5 n(M,))
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be the canonical projection and the universal sheaf, which is defined via the
identifation Qf (M, 8) = Mgu(S X Cygn/Mgyn). Let

E® := RHom,(F,F)o[1]

be the obstruction-theory complex relative to the moduli stack of nodal
curves M, ny. We construct a surjective cosection as follows. There exists a
global relative semiregularity map

sr: E* — R37,(QL B we, x/my ) =1
and since
R Qs Buwe, y/m, v) = H(05) ® Oge | (w6,
we obtain a cosection of the obstruction theory
. e 2 ~ —
sr: E* - H*(0g) ® OQ;N(M,ﬁ)[_l] = OQ;N(Mﬁ)[ 1], (3.4)
surjectivity of the cosection follows from the preceding results.

Corollary 3.2.2. Assuming 8 # 0, the semireqularity map sr is surjective.

Proof. Under the given assumption the surjectivity of sr follows from
Proposition [3.1.3] and Lemma [3.1.1] O

Consider now the composition
Ext&(Qc, 0o (=Y pi)) = Ext*(F, F)o = H*(Qg Bwe), (3.5)

where the first map defined by the following composition

Exth(Q0, 0o(— 3 pi) = Extb(we, 00) s Bxt2(F, F)q.

The composition (3.5 is zero by the same arguments as those which are
presented in Lemma [3.1.2] Therefore the semiregularity map descends to
the absolute obstruction theory

Ty, o [-1] B 2,
iSI’ Lk -7 /S/rabs

Oqs v (m,8)[—1]
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so the results of [KL13| apply.

The cosection of the obstruction theory of the master space M Q% (M, B)
(see Section for the definition of the master space) is constructed in the
similar way as for Qf v (M, B) - by viewing it as a relative moduli space of
sheaves. In what follows, we use Kiem—Li’s construction of reduced virtual
fundamental classes via localisation by a cosection, see [KL13]. Kiem-Li’s
classes can be seen as virtual fundamental classes associated to the reduced
obstruction-theory complex E,.q, defined as the cone of the cosection,

Slabs

Er.q = cone(sr)[—1] — ES — O[-1].
However, showing that E,.q really defines an obstruction theory is difficult.
This is addressed in Appendix [B] We need the virtual localisation theorem
for the proof of the wall-crossing formulas, we therefore refer to [CKL17| for
the virtual localisation of Kiem—Li’s reduced classes.

From now on, by a virtual fundamental class we always will mean a
reduced virtual fundamental class, except for 8 = 0, since, in this case, the
standard virtual fundamental class does not vanish. The arguments of this

section apply both to standards invariants (7m, (1), - .., Tmy (YN))g x5 and

perverse invariants (T, (1), - -, T, (ny)>g’€N o i M = Sl We therefore

state and prove everything only for the standard invariants.

3.2.2 Wall-crossing

We start with derivation of a more explicit formula for wall-crossing invari-
ants p3(z), Definition by using virtual localisation on a graph space
GQo,1(M,B). As it is explained in Section the C*-fixed components
of GQo1(M,B) are identified with certain products, the reduced class of a
product splits as a product of reduced and non-reduced classes on its factors
(cf. [MPT10, Section 3.9]) Assuming the marking is over oo, the virtual class
is therefore non-zero only for Fjg and Fﬁ }(3) in the notation of Section
Now let
YiPoo =Y B poc € HE(M x PY),

where poo € HE.(P!) is the equivariant class of oo € PL. Let {B'} be a basis
of H*(M,Q) and {B;} be its dual basis with respect to intersection pairing.
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Then by the virtual localisation formula, we have the following identity

, —zev*B;
Z [G (MB V1r VP Z FB V1r ecr (Nvur)
i +
+ E B 17_ w>82,37 (36)

where we used that
ec* (N o jcig, ) = 22 +)

and
poo|0 =0, poo|oo = —%,

which also implies that only fixed components with markings over oo con-
tribute to the integral [3.6]

The virtual dimension of GQo1(M, ) is equal to dim(M) + 2, while
the virtual dimension of QSE(M ,B) is dim(M). On the other hand, the
cohomological degree of B;p is at most dim(M) + 1. Hence the left-hand
side of is zero and the second term on the right-hand side is non-zero
only for B; = [pt]. We therefore get that

F vVIir ﬂ .
v | — ) = Lol 18 € 400
€C- N5 /QGo.1 (M,8) z

In particular, we obtain that
up(2) = 1([pt], 1) 5 5 € A*(M)][2]. (3.7)
Theorem 3.2.3. Assuming 2g — 2+ N + epdeg(8) > 0, we have
Ty (1) T (N DD g v g = (Tma (V1) -+ 5 Ty (VN g v 5
= (2t )2 (T (1), Ty (1), Dg V41,01
if deg(8) = dop, and
(Tiny (V1) -+ s T (VN g v g = (Tma (1) -+ Ty (YN)) g v 55

otherwise.
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Sketch of the proof. As in the case of Theorem [2.5.3] we have to refer
mostly to [Zho22, Section 6]. The difference with is that we use reduced
classes now.

The fixed components of the master space which contribute to the wall-
crossing formula are of the form (up to some finite gerby structure and finite
coverings)

k
=t
Qg.N+k(M, B) X ppw H Fj;,
i=1
where 8 = '+ 81 + -+ + Bk and deg(3;) = dp. Recall that @ZTN_HC(M, 5"

is just a base change of Q;TN(M, B) from M, N to fﬁg,N,d, where the latter
is the moduli space of curves with entangled tails. The reduced class of a
product splits as a product of reduced and non-reduced classes on its factors
(cf. [MPT10}, Section 3.9]). Hence by Corollary[3.2.2]and [KL13], it vanishes,
unless 3 = 0 and k = 1, in which case

et AT

@g,N—l—l(M’ 0) = Qyn+1(M,0) = My n11(M,0).

Using the explicit expression of pg(z) from (3.7) and the analysis presented
in [Zho22, Section 7], we get that contribution of this component to the
wall-crossing is

(th D8 2,5+ (T (10 - T (4): v ,0-
this concludes the argument. O
Corollary 3.2.4. For all g > 1 we have
Fy (4(2)) = Fy*(4(2)) + Fan(8(2))
where

Fuan(t(2)) = p(a)- (Z {60, ), ﬂ>;?N+1,o>
n=0 ’

and

w(@) = (pt], 1)35 54°.
£5>0

For g = 0, the equation holds modulo constant and linear terms in t.

There are invariants that are not covered by the results above and of
great interest for us - those of a fixed genus-1 curve. We deal with them
now. Let E be a smooth genus-1 curve and Q%/E(M, B) be the fiber of

Qi o(M,B) = Mg
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over the stacky point [E]/E € M. In other words, Q?E/E(M,ﬁ) is the
moduli space of e-stable quasimaps, whose smoothing of the domain is F.
Maps are considered up translations of E.

Theorem 3.2.5. Assuming 8 # 0, we have

/ - ‘ 1:/ N L+ x(M)([pt], 105 5,
Q%) 5 (M.B)]¥" Qs (M, B)]vir

E/E
if deg(8) = dop, and
e
Qg (MBI Ry, g (MBI
otherwise.

Sketch of the proof. As in Theorem the only case when the con-
tribution from the wall-crossing components is non-zero is the one of 5’ =0

and k = 1. In this case .
Qlp,0)(M,0) =M,

and the obstruction bundle is given by the tangent bundle Th;. Hence the
virtual fundamental class is x(M)[pt], then by (3.7) the wall-crossing term
is

X(M)([pt], )35 5.

this concludes the argument. O

3.3 Applications

3.3.1 Enumerative geometry of S!"/
Genus-0 invariants
We start with genus-0 3-point quasimap invariants of S

Definition 3.3.1. Given classes
Yy YN € H*(M,Q) and 7], ..., vnr € H*(S x C,Q).

We define
<717"'7’7N ’7{7"'77§V/)>€’>;C EQ'

to be DT invariants associated to the moduli space of sheaves M_ BU(S X
C/Sx), defined in Definition [2.2.14L On the left we put relative primary
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insertions, on the right - the absolute primary ones (cf. Remark [2.4.8).
Moduli spaces M, ; (S x C/Sx) can be identified for different choices of

u € Ko(S), we therefore drop u from the notation. If M = S, then we
define

SxC
<’Ylv -y YN | 717 "')7§V’)>7ﬂ%éx S Q

to be invariants associated to a moduli space of stable pairs P (5 x C/Sx).

The moduli space of P! with three marked points is a point. Hence by
fixing markings, Corollary implies that

QY5(S1, B) =P 5(S x P'/Sp1.00)- (3.8)

Moreover, by Theorem and the string equation, the wall-crossing is
trivial, if g = 0 and N = 3. We therefore obtain that

4,81 ot

Sl so
(V1:72:718)003,8 = (V1:72:73),

3718
Applying the identification (3.8]), we get the following result, which together
with PT/GW of [Obe21la] confirms the conjecture proposed in [Obel9).

Corollary 3.3.2.

1

<71,72,73>£,]500 = <71>72,73>5,EP
More generally, the results above can be restated for a relative geometry
Sx Cyn— Myn,
such that 2g—2+4+N > 0. In this case by the string equation, the wall-crossing
is also trivial.
Genus-1 invariants, Igusa cusp form conjecture

Let us firstly establish a more precise relation between  and B . Let E be a
smooth genus 1 curve. Given a generic K3 surface S, then by global Torelli

theorem,
E(S) = (B4), B2 =2h—2.

Using Nakajima operators, we obtain
Eff(S™) = (Cg,. A),

where A is the exceptional curve class associated to the Hilbert—Chow mor-
phism S — S The class (g, is given by moving a point on a smooth
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curve representing the class 5; and keeping n — 1 points fixed. For more on
Nakajima basis in the relevant context, we refer to [Obel8a].

Using Corollary we obtain a correspondence between degrees of
quasimaps and classes on the threefold S x E,

(n,—B): Ef(S", €obt(9)) — Eff(S x E) & H(S x E).
For n > 1, its restriction to Eff(S[) c Eff(S", €oh,.(S)) is given by
k1Cpg, + ka2 A ((n, k18h), k2).

While for n = 1, the class f, is sent to ((fp,1),0). Note that we changed
the sign of classes on S x E, which amounts to considering the class of the
subscheme rather than its ideal. A general class in Eff(S™, €ob,.(S)) can
therefore be identified with k1Cg, + koA for possibly negative ks.

By Corollary we have the following identification of moduli spaces

QY (S, Cp, + kA = [P(5,)1(S x E)/E],

such that the natural obstruction theories match. As before, the subscript
notation of the moduli on the left indicates that we consider maps up to
translations of E. For the same reason we take the quotient by E on the
left. On the other hand,

Q% p(S, Cg, + kA = Mpp(SM, Cp, + kA).

Consider now the following two generating series

n>0h>0keZ [P(n,8,,).k (SXE)/E]¥*
GW(p,q,9) := P /7 1.
7%‘6%:01;) (Mg, p(SI",Cg, +kA)]ViT

The series are well-defined, because (S, §) and (5’, 5’) are deformation equiv-
alent, if and only if

B2=6” and div(8) = div(8),

where div(f) is the divisibility of the class, in our case 8’s are primitive by
definition. In [OP18], it was proven that

1

PT p7q7q = 7»‘7
( ) —x10(P> 4, q)
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where x10(p, ¢, ¢) is the Iqusa cusp form, hence the name of the conjecture.
By the discussion above, we can view both series as generating series of
quasimaps for € € {07, c0}. Using Theorem we obtain

PT(p,q,9) = GW(p,¢,4)
i n .Sl ot
3030 3T (S (ot 18

n>0h>0keZ

Remark 3.3.3. The effective quasimap cone Eff (S, €ob,.(S)) is strictly big-
ger than the effective cone Eff(SI"]). For a class, which is not in Eff(S[), the
moduli space of oco-stable quasimaps will be just empty. Nevertheless, the
wall-crossing formula still applies but with zero contribution from € = oo.

f i A are so-called rubber PT invariants on S x

The invariants ([pt], 1)
PL. These are invariants associated to the moduli of stable pairs P (S X

P1/S0.00) up to the C*-action coming from Pl-factor which fixes 0 and 00.
Said differently, these are invariants associated to the quotient

[Pn,,é(s X Pl/SO’oo)/C*} .

These invariants can be rigidified to standard relative PT invariants with
absolute insertions as follows.

Lemma 3.3.4.

Sln ,Sx P!
([t D " 0a = (pt], 1| DRw)E5 P

where D € H?(S,Q) is some class such that D - 3, = 1 and w € H*(P',Z)
is the point class.

Proof. See IMO09, Lemma 3.3]. O

The wall-crossing invariants can also be given a different and more sheaf-
theoretic interpretation as virtual Euler numbers of Quot schemes, as it is
explained in [Obe21b|. In the same article, wall-crossing invariants are also
explicitly computed for SI™. Therefore we obtain the following corollary,
which completes the proof of the Igusa cusp conjecture.

Corollary 3.3.5.
1 1 1
PT(p, q,9 ) GW(pvq Q) 2A : 5 H (1 _ (q K G)n)24

n>1

For the definition of the generating series on the right, we refer to [OP10,
Section 2J.

94



3.3.2 Higher-rank DT invariants

A moduli space M is deformation equivalent to a punctorial Hilbert scheme
S where 2n = dim(M). Hence Gromov-Witten theory of M is equivalent
to the one of S[. Applying quasimap wall-crossing both to M and to S,
we can therefore express higher-rank DT invariants of a threefold S x C in
terms of rank-one DT invariants and wall-crossing invariants.

K3 x P!

Let us firstly consider invariants on S x P! relative to Sp 1 00. As previously,
by fixing the markings, we obtain

05(M,B) = M, 5 (S x P'/So1.00)-

v’
Moreover, as in the case of S there is no wall-crossing by Theorem
and the string equation, therefore
M,0*
0737/3

M,00
<71,72,73> = <71a72773>0,3,6'

Choose a deformation M to S, which keeps the class 8 algebraic. The
deformation gives an identification of cohomologies

H*(M,Q) = H*(S", Q).

Under this identification, we have

MOt M 00
<’Yl,72,73>073”3 = <717’72773>073,5

Sl o+
= (71,72, 73) = (1:72: 1800545 - (3:9)

Passing from quasimaps to sheaves and using (3.9, we obtain the following
result.

Corollary 3.3.6. Given a deformation of (M, ) to (S, 3) we have

Sl so
0,3,8

Sxpt Sxpt
(72,98), 5 = (72,980, 5

K3 x E

Consider now S x F for a genus-1 curve E. Applying the same procedure
as for S x P!, we obtain

1 :/ 1
/[M 5.4 (SXE)/E]vir [P, 5(SxE)/E]vir

, . ] 0+ ’
+X(8™) (([pt] 158" — (pt] 1)05% ) -
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The invariants ([pt], ]1>M’0Jr are rubber invariants associated to the moduli
space M_ 5 (S x P1/Sp) up to C*-action coming from P'-factor. As in
Lemma one can rigidify these invariants.

Lemma 3.3.7.

+
([ot], 135 = ([pth, 1| DRw)S,

where D € H2(S,Q) is some class such that c1(8)-D = 1, and w € H*(P!,Z)
is the point class.

Proof. The proof is exactly the same as in [MO09, Lemma 3.3]. O

By degenerating P! to P! Uy P! and applying degeneration formula of
[IMNOPOGD, Section 3.4] (see also [LW15]), we obtain

(Ipt], 1| DRw ¥ = ((pt] | DR W),

which is the consequence of the fact that reduced class restricts to a re-
duced and non-reduced classes (which vanishes, unless 8 = 0) on irreducible
components. Putting everything together, we get the following wall-crossing
expression for higher-rank DT invariants.

Corollary 3.3.8.

1 :/ 1
/[M 5.4 (SXE)/Evir [P, 5(SxE)/E]vir

(5P ()| DRSS = (]| D)

Using same arguments as in [MOO09, Lemma 3.3], we get the following

rigidification of the genus-1 invariant

1= (DRw)>%F

/[Mv’ 5.0 (SXE)/E]Vir V.8

By degenerating E to E Ug P! and applying the degeneration formula, we
obtain

1
(DRW)SE = (1] DRSS + x(M)([pt] | DRw)SP,

the second term on the right is the wall-crossing term.
Corollary 3.3.9.

SxE __ SxE

(1| D&w)v,g = (1] D&@n,/} .
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Using the Igusa cusp conjecture, we therefore can explicitly express these
higher-rank relative DT invariants.

Moreover, by Lemma [2.2.22] the higher-rank invariants associated to the
moduli space M 5 (Sx C) can be related to invariants associated to moduli

spaces of sheaves with fixed determinant, M ; L(SxC),

/ 1 :/ rk(v)2.
(M, 5 [ (SXE)/E]Vr (M, 5., (SxE)/E]ir

v, v,

3.3.3 DT/PT correspondence

Using the wall-crossing for the standard pair (S, €ob,.(S)) and the perverse
pair (S €ohi(S)), we also can relate rank-one PT invariants to rank-one
DT invariants. If ¢ = 0 and N = 3, by Theorem and the string
equation, there is no wall-crossing in both case.

#,SxP1

,Sx Pl
<'Y17’Y27’)’3>0,3”3 = <71772773> hox

S o
03,8 — <71,72,’73>073,5 )

Unlike for standard virtual fundamental classes, we really have equality of
invariants in the reduced case. In general, once can only expect equality
of certain generating series, which also account for wall-crossings. Equality
of two theories also holds for S x E, as was shown in [OS19, Theorem 3]
and [Obel8b|. However, in order to apply our methods to this case, we have
to show that DT/PT correspondence holds for the wall-crossing invariants.
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Chapter 4

Gromov—Witten/Hurwitz
wall-crossing

4.1 e-admissible maps

Let X be a smooth projective variety, (C,x) be a twistedE] marked nodal
curve and P be a possibly disconnected orbifold nodal curve.

Definition 4.1.1. For a map
f=fxxXfe:P—=XxC,
the data (P, C,x, f) is called a twisted pre-admissible map, if
e fe is étale over marked points and nodes;
e fe is a representable;
e f is non-constant on each connected component.

We will refer to P and € as source and target curves, respectively. Note
that by all the conditions above, P itself must be a twisted nodal curve with
orbifold points over nodes and marked points of C.

Consider now the following complex

Rfe:[fiLe — Lp| € DE(@),

!By a twisted nodal curve we will always mean a balanced twisted nodal curve.
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which is supported at finitely many points of the non-stacky smooth locus,
which we call branching points. They arise either due to ramification points
or contracted components of the map fe. Following [FP02], to the complex
above we can associate a effective Cartier divisor

br(f) € Div(C)

by taking the support of the complex weighted by its Euler characteristics.
This divisor will be referred to as branching divisor.

Let us give a more explicit expression for the branching divisor. Let
P, C P be the maximal subcurve of P which contracted by the map fe. Let
Pe C P be the complement of Q)o, i.e. the maximal subcurve which is not
contracted by the map fe. By Po we denote its normalisation at the nodes
which are mapped into a regular locus of €. Note that the restriction of fe
to P, is a ramified cover, the branching divisor of which is therefore given
by points of ramifications. _

By P.; we denote the connected components of the normalisation P,
and by p; € € their images in €. Finally, let N C P be the locus of nodal
points which are mapped into regular locus of €. The branching divisor
br(f) then has the following explicit expression.

Lemma 4.1.2. With the notation from above we have
br(f) = br(f5,) + >_(29(Po) = 2)[pi] + 2/+(N).

Proof. By the definition of twisted pre-admissibility, all the branching
takes place away from orbifold points. We therefore have to determine what
are the contributions of contracted components (which are schemes) to the
branching divisor.

Given a nodal curve C and its normalisation v : C — C,let No Cc C
be the singular locus of C'. Recall that Lo = Q¢, we therefore have the
following sequence

0= On, = Lo —vily =0, (4.1)
which, in particular, implies that
x(Le) = x(wo).

With the sequence (4.1]) the proof of the claim is the same as in [FP02], the
difference is that we use (4.1]) instead of [FP02, (20)]. O
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Remark 4.1.3. The reason we use Le instead of we is that 7*we = we, where
m: € — C is the projection to the coarse moduli space. Hence we does not
see non-étalness of . Moreover, it is unclear, if a map fiwe — wp exists at
all in general.

We fix L € Pic(X), an ample line bundle on X, such that for all effective
curve classes v € Ha(X,Z),

deg(v) =5 -c1(L) > 0.
Let (P,C,x, f) be a twisted pre-admissible map. For a point p € C, let
Filp = fxLypzi),

we set deg(f*L,) = 0, if fgl(p) is 0-dimensional. For a component ¢ C €,
let
f*L|e/ = f;}Llfgl(e,)

Recall that a rational tail of a curve € is a component isomorphic to P!
with one special point (a node or a marked point). A rational bridge is a
component isomorphic to P! with two special points.

Definition 4.1.4. Let e € RcoU{—o00}. A twisted pre-admissible map f is
twisted e-admissible, if

(i) for all points p € C,

mult,, (br(f)) + deg(f*L,) < e~ /¢

(ii) for all rational tails T C (€, x),

deg(br(f)r) + deg(f*Lir) > e/

(iv)
|[Aut(f)| < oco.

Lemma 4.1.5. The condition of twisted e-admissability is an open condi-
tion.

Proof. The conditions of twisted e-admissibility are constructable. Hence
we can use the valuative criteria for openness, i.e. we need to show that if
a pre-admissible map

(P,C,x, f) € M(X x € /My, (v, 1)) (R)
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is e-admissible at the closed fiber of a discrete valuation ring R with fraction
field K, then it is e-admissible at the generic fiber. In fact, each of conditions
of e-admissibility is an open condition. For example, let

T C (C,x)

a family of curves such that in the generic fiber Tjg ek is a rational tail
that does not satisfy the condition (ii). Then the central fiber T}gyec(c) of
T will be a tree of rational curves, whose rational tails don’t satisfy the
condition (ii), because the degree of both br(f) and f*L can only decrease
on rational tails of 7} gpec(c)- Note we also use that br(f) is defined for fam-
ilies of pre-admissible twisted maps to conclude that the degree of br(f) is
constant in families. O

A family of twisted e-admissable maps over a base scheme B is given by
two families of twisted B-curves P and (C,x) and a B-map

[f=fxx[fe:P—= X x(Cx),

whose fibers over geometric points of B are e-admissable maps. An isomor-
phism of two families

® = (¢1,¢2): (P,C,x, f) = (¥, €X', [
is given by the data of isomorphisms of the source and target curves
(61, ¢2) € Isomp(P,P") x Isomp((C,x), (¢, x")),
which commute with the maps f and f/,
flopr=paof.
Definition 4.1.6. Given an element
B=(v.m) € H(X,Z)® Z,

we say that a twisted e-admissible map is of degree A to X" of genus g
with N markings, if

e f is of degree (y,n) and deg(br(f)) = m;

e g(C)=gand |x| = N.
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We define
Adm§ (XM, 3)™: (Sch/C)° — (Grpd)

S — {families of e-admissable maps over B}

to be the moduli space of twisted e-admissible to X maps of degree
and genus g with N markings. Following |[FP02|, one can construct the
branching divisor for any base scheme B, thereby obtaining a map

br + Adm¢, y (X ™, B)™ — My N m. (4.2)
The space MMy v m is an Artin stack which parametrises triples
<C7 X? D)7

where (C,x) is a genus-g curve with n markings; D is an effective divisor of
degree m disjoint from markings x. An isomorphism of triples is an isomor-
phism of curves which preserve markings and divisors.

There is another moduli space related to Admy N(X (n) B)™ which is
obtained by associating to a twisted e-admissible map the corresponding map
between the coarse moduli spaces of the twisted curves. This association
defines the following map

p: Admi y (X™, )™ = M(X x € n /Mg, (8,1)),

where M(X x &, v /My N, (B,n)) is the relative moduli space of stable maps
to the relative geometry

X X Q:ng — E)ﬁg,N,

where €, y — M, N is the universal curve. By Lemma the image of p
is open.

Definition 4.1.7. We denote the image of p by Adm;N(X("), B) with its
natural open-substack structure.

The closed points of Admy (X ("), B) are relative stable maps with re-
stricted branching away from marked points and nodes, to which we refer
as e-admissable maps. On can similarly define pre-admissable maps. As in
Definition we denote the data of a pre-admissible map by

(P7 C? X? f)'

The moduli spaces Admg, N(X (n) 3) will be the central objects of our study.
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Remark 4.1.8. The difference between the moduli spaces Adm; N(X (n) B)
and Adm{ (X ("), B)™" is the same as the one between admissible covers

and twisted bundles of [ACV03]|. We prefer to work with Admg, N(X ™) B),
because it is more convenient to work with schemes than with stacks for the
purposes of deformation theory and of analysis of the basic properties of the
moduli spaces. Moreover, the enumerative geometries of these two moduli
spaces are equivalent, at least for the relevant values of €. For more details

see Section .13l and Section [£.1.6}

Since br(f) is supported away from stacky points, the branching-divisor
map descends,
br : Adm$  (X™, B) = Dy, n m. (4.3)

The moduli spaces Admy, N(X ("), B) also admit a disjoint-union decomposi-
tion
Admig (X, 8) =TT Adm{ 5 (XM, 8, ), (4.4)
m

where p = (p!, ..., 1)

markings x.

is a N-tuple of ramifications profiles of fo over the

Riemann—-Hurwitz formula extends to the case of pre-admissible maps.

Lemma 4.1.9. If f: P — (C,x) is a degree-n pre-admissible map with
ramification profiles p = (u', ..., 1) at the markings x C C, then

29(P) =2 =n- (29(C) — 2) + deg(br(f)) + 3 age().

Proof. Using Lemma and the standard Riemann-Hurwitz formula,
one can readily check that the above formula holds for pre-admissible maps.
O

4.1.1 Properness

We now establish the properness of Admg y (X (") 3), starting with the fol-
lowing result.

Proposition 4.1.10. The moduli spaces Admg’N(X(”), B) are quasi-separated
Deligne-Mumford stacks of finite type.

Proof. By e-admissibility condition, the map br factors through a quasi-
separated substack of finite type. Indeed, (C,x, br(f)) is not stable (i.e. has
infinitely many automorphisms), if one of the following holds
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(i) there is a rational tail T' C (C,x), such that supp(br(f)r) is at most
a point;

(ii) there is a rational bridge B C (C,x), such that supp(br(f)) is empty.

Up to a change of coordinates, the restriction of fo to T or B must of the
form

22 (UFPYY L PP — P! (4.5)
at each connected component of P over T' or B. Let us clarify the notation
of . The curve UFP! is disjoint union of k distinct P'. A possibly
disconnected marked nodal curve (P’,p) is attached via markings to the
disjoint union LI*P! at points 0 € P! at each connected component of the
disjoint union; P’ is contracted to 0 € P! in the target P'; while on i’th P!
in the disjoint union, the map is given by 2" for n = (ny,...,ng).

The fact that the restriction of f¢ is given by a map of such form can
be seen as follows. The condition (i) or (ii) implies that the restriction of
fc to T or B has at most tW(ﬂ branching points, which in turn implies that
the source curve must be P! by Riemann-Hurwitz theorem. A map from
P! to itself with two ramifications points is given by z™: Pl — P! up to
change of coordinate. For a rational tail T, there might also be a contracted
component P’ attached to the ramification point.

In the case of (ii), the e-admissibility condition then says that

deg(f* L) > 0.
While in the case of (i),

deg(br(f) ) = mult, (br(f))

for a unique point p € T which is not a node. Hence e-admissibility says
that
des(f* Lir) — deg(f*L,) > 0.

Since we fixed the class (5, the conclusions above bound the number of
components T or B by deg(f). Hence the image of br is contained in a
quasi-compact substack of 9y n m, which is therefore quasi-separated and
of finite type, because M, nm is quasi-separated and locally of finite type.

The branching-divisor map br is of finite type and quasi-separated, since
the fibers of br are sub-loci of stable maps to X x C for some nodal curve
C. The moduli space Adm{ (X (") B) is of finite type and quasi-separated
itself, because br is of finite type and quasi-seperated and factors through a
quasi-separated substack of finite type. O

2Remember that branching might also be present at the nodes.
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Lemma 4.1.11. Given a pre-admissable map (P, C,x, f). Let (P',C",x, ")
be given by contraction of a rational tail T C (C,x) and stabilisation of the

induced map
f:P—=XxC.

Let p € C' be the image of contraction of T. Then the following holds
deg(br(f);r) + deg(f*Lir) = multy(br(f)) + deg(f™Lyp).
Proof. By Lemma
29(Pr) — 2 = —2d + deg(br(f)) +d — £(p),

where £(p) is the number of points in fiber above p, from which it follows
that

deg(br(f)) =29(Pr) — 2+ 2d — d + {(p)
=29(Pr) —2+d+£(p).
By Lemma [4.1.2]
multy, (br(f)) = 29(Pr) — 2 + 2((p) + d — {(p)
=29(Pjp) —2+d+{(p).

It is also clear by definition, that

deg(f*Lir) = deg(f*Ly),
the claim then follows. O

Definition 4.1.12. Let R be a discrete valuation ring. Given a pre-admissible
map (P, C, x, f) over Spec R. A modification of (P,C,x, f) is a pre-admissible
map (P,C,X, f) over Spec R’ such that

(-[57 5’7i7 f)|SpeCK’ = (P7 C,X, f)‘SpeCK/v
where R’ is a finite extension of R with a fraction field K”.

A modification of a family of curves C over a discrete valuation ring is
given by three operations:

e blow-ups of the central fiber of C;
e contractions of rational tails and rational bridges in the central fiber

of C,
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e base changes with respect to finite extensions of discrete valuation
rings.

A modification of a pre-admissible map is therefore given by an appropriate
choice of three operations above applied to both target and source curves,
such that the map f can be extended as well.

Theorem 4.1.13. The moduli spaces Adm;N(X(”),ﬁ) are proper Deligne-
Mumford stacks.

Proof. We will now use the valuative criteria of properness for quasi-
separated Deligne-Mumford stacks. Let

(P*,C*,x*, ) € Adm§, y(X™, B)(K)

be a family of e-admissable maps over the fraction field K of a discrete
valuation ring R. The strategy of the proof is to separate P* into two com-
ponents P and P, the contracted component and non-contracted one of
f&, respectively (as it was done for Lemma [4.1.2)). We then take a limit
of f['}j.* preserving it as a cover over the target curve, and a limit of f|’§30*
as a stable map. We then glue the two limits back and perform a series of
modifications to get rid of points or rational components that don’t satisfy
e-admissibility.

Existence, Step 1. Let
(P q3) C P

be the maximal subcurve contracted by f(*;*, the markings q} are given by
the nodes of P* disconnecting P from the rest of the curve. By

(Psa;) C P
we denote the complement of P} with similar markings. Let
(Pe 7, t)
be the normalisation of P, at nodes which are mapped by f&. to the regular
locus of C*, the markings t* and t'* are given by the preimages of the those
nodes. The induced map N
f;k’c* . P.* — C*
is an admissible cover. By properness of admissible covers, there exists,
possibly after a finite base changeﬂ an extension

((Pe;qe, t, 1), (C,%), fo.0) € Adm(R),

3For this proof, if we take a finite extension R — R’, we relabel R’ by R.
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where Adm is the moduli space of stable admissible covers with fixed ram-
ification profiles, such that both source and target curves are marked, and
markings of the source curve are not allowed to map to the markings of the
target curve. The ramification profiles are given by the ramification profiles
of ffc* If necessary, we then take a finite base change and modify the
central fibers of source and target curves to obtain a map

fo: Po — X xC,
such that f, ¢ is still an admissible cover (possibly unstable)lﬂ Now let
for (Po,qo) > X x C

be the extension of
o (Pray) - X xC
to Spec R. It exists, possibly after a finite base change, by properness of the
moduli space of stable marked maps. If necessary, we modify the curve C
to avoid contracted components mapping to the markings x. If we do so,
we modify P, accordingly to make f, ¢ an admissible cover (again, possibly
unstable). We then glue back P, and P, at the markings (q.,qe) and (t,t’)
to obtain a map
f:P—XxC.

Let

(P.C.x, f) (4.6)
be the corresponding pre-admissible map. We now perform a series of mod-
ification to the map above to obtain an e-admissible map.

FEzistence, Step 2. Let us analyse (P, C, x, f) in relation to the conditions
of e-admissibility.

(i) Let po € Cjgpecc be a point in the central fiber of C' that does
not satisfy the condition (i) of e-admissibility. There must be a contracted
component over pp, because fo c was constructed as an admissible cover,
preserving the ramifications profiles. We then blow-up the family C at the
point pg € C. The map fc lifts to a map fo to Bl,, (C)

o P
/ifc
BL,,C — C

“The map f. can be constructed differently. One can lift f7: ﬁ.* — X x C”* to an
element of the moduli of twisted stable map Ky v ([Sym"™ X]) after passing from admissible
covers to twisted stable maps and then take a limit there.

107



by the universal property of a blow-up, since the preimage of the point pg
is a contracted curve (which is a Cartier divisor inside P). The map fx
is left unchanged. Let T' C Bl,,C be the exceptional curve, which is also
a rational tail of the central fiber of Bl, ,C attached at py to C|gpecc. By
Lemma [4.1.11] we obtain that

deg(br(f)jr) + deg(f*Lyr) = multy, (br(f)) + deg(f*Ly,)  (4.7)
and that for all points z € T

mult, (br(f)) + deg(f*L.) < mult,, (br(f)) + deg(f* Ly, ). (4.8)

We repeat this procedure inductively for all points of the central fiber for
which the part (i) of e-admissibility is not satisfied. By and this
procedure will terminate and we will arrive at the map which satisfies the
part (i) of e-admissibility. Moreover, the procedure does not create rational
tails which don’t satisfy the part (ii) of e-admissibility.

(ii) If a rational tail T' C (C)gpecc, X|specc) does not satisfy the condition
(ii) of e-admissibility, we contract it

. P
fC \LfC
C — ConpC

The map fx is left unchanged. Let pg € ConyC be the image of the con-
tracted rational tail T'. Since

deg(br(f)|p) + deg(f*L|p) = multy, (br(f)) + deg(f* Ly, ),

the central fiber satisfies the condition (i) of e-admissibility at the point
po € ConypC. We repeat this process until we get rid of all rational tails
that don’t satisfy the condition (ii) of e-admissibility.

(iii) By the construction of the family (4.6)), all the rational bridges of
C satisfy the condition (iii) of e-admissibility.

Uniqueness. Assume we are given two families of e-admissible maps over
Spec R
(P1,C1,x1, f1) and (P2, Ca, %2, f2),

which are isomorphic over Spec K. Possibly after a finite base change, there
exists a family of pre-admissible maps

(P7 67 i? f)
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which dominates both families in the sense that there exists a commutative
square

P xxC
1 1 (4.9)
pxxo

We take a minimal family (]5, C.x, f ) with such property. The vertical maps
are given by contraction of rational tails. Then by the equality

deg(br(f)|p) + deg(L|p) = multy, (br(f)) + deg(Ly,),

those rational tails cannot satisfy the condition (ii) of e-admissibility, oth-
erwise the the point to which a rational tail contracted will not satisfy the
condition (i) of e-admissibility. But (P;, C;,x;, fi)’s are e-admissible by as-
sumption. Hence the source curves are isomorphic, by separatedness of the
moduli space of maps to a fixed target it must be that

(P1,C1,x1, f1) = (P,C,%, f) 2 (P, Ca, %2, f2).

4.1.2 Obstruction theory

The obstruction theory of Admg N(X (") B) is defined via the obstruction
theory of relative maps in the spirit of [GV05, Section 2.8] with the difference
that we have a relative target geometry X x €4 n/9My n. There exists a
complex E*, which defines a perfect obstruction theory relative to 9y, v x

Z)th,N,
. [ ]
¢:E® — LAdm;’N(X(")1B))/mh,N’XngV’

where 9, - is the moduli space of source curves with markings at the fibers
over marked points of the target curves; and 9, x is the moduli space of
target curves. More precisely, such a complex exists at each connected
component Adm;N(X(”), B, ).

Proposition 4.1.14. The morphism ¢ is a perfect obstruction theory.
Proof. This is a relative version of [GV05, Section 2.8]. O

4.1.3 Relation to other moduli spaces

Let us now relate the moduli spaces of e-admissible maps for the extremal
values of € € R<g U {—00} to more familiar moduli spaces.

109



€= —00
In this case the first two conditions of Definition 1.1.4] are
(i) for all points p € C,
multy (br(f)) + deg(f*Ly) < 1;

(ii) for all rational tails T C (C,x),
deg(br(f)r) + deg(f*Lir) > 1.

Since multiplicity and degree take only integer values, by Lemma and
the choice of L, there is only possibility for which the condition (i) is satisfied.
Namely, if fe does not contract any irreducible components and has only
simple ramifications.

To unpack the condition (ii), recall that a non-constant ramified map
from a smooth curve to P! has at least two ramification points; it has pre-
cisely two ramification points, if it is given by

22 pl - P! (4.10)
up to a change of coordinates. Hence
mult, (br(f)) + deg(f*L,) = 1,

if and only if fo = 22 and fy is constant. In this case, |[Aut(f)| = oco. In the
light of the condition (iii) of e-admissibility, the condition (ii) is therefore
automatically satisfied.

We obtain that the data of a —oo-admissible map (P,C,x, f) can be
represented by the following correspondence

p_IxX, x

fel
(C,x,p)

where fo is a degree-n admissible cover with arbitrary ramifications over
the marking x and with simple ramifications over the unordered marking
p = br(f), such that |[Aut(f)| < oo Hence the moduli space Adm, (XM, 3)
admits a projection from the moduli space of twisted stable maps with ex-
ten(ded degree (see |BG09, Section 2.1] for the definition) to the orbifold
[X n)L

p: Ko n (X, B) = Admz25(X(, ), (4.11)

110



which is given by passing from twisted curves to their coarse moduli spaces.
Indeed, an element of K, ([ X(™], 8) is given by a data of

P f*X> X
fel
(C,x,p)

where fe is a representable degree-n étale cover over twisted marked curve
(C,x,p). The additional marking p is unordered, over this marking the map
fe must have simple ramifications after passing to coarse moduli spaces. The
map fx has to be fixed by only finitely many automorphisms of the cover
fe. Passing to coarse moduli space, the above data becomes the data of a
—oo-admissible map.

Moreover, the virtual fundamental classes are related by the push-forward,
as it is shown in the following lemma

Lemma 4.1.15. _ .
Pl Ko N (XM, BT = [Adm (X ™), B)].

Proof. Let 8y n(BSp, m) be the moduli stacks of twisted maps to BS,
(not necessarily stable) and domgy m ., v be the moduli stack of admissible
covers (again not necessarily stable). There exists the following pull-back
diagram,

Ko n ([XM], 8) 5 Adm, (XM, B)
l«ﬂ—z \Lﬂ'Q (412)
ﬁ%N(BSn, m) —— 2A0my m N
The bottom arrow is a normalisation map, therefore it is of degree 1. By

[Cos06l, Theorem 5.0.1] we therefore obtain the equality of virtual funda-
mental classes given by the relative perfect obstruction theories.

Px [:Kg,N([X(n)]a B)/Rg.n(BSn, m)]Vir
= [Adm, (X ™), B) /A0mg m | (4.13)
The moduli space Ry n(BSy, m) is smooth and Aomg m ,  is a locally com-
plete intersection (see [ACV03, Proposition 4.2.2]), which implies that their

naturally defined obstruction theories are given by cotangent complexes.
Using virtual pull-backs of [Man12|, one can therefore express the virtual
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fundamental classes given by absolute perfect obstruction theories as follows

[Adm, 39(X ™, B)]" = (p o m2)' Mg N]
= 7T!2P! (Mg, ]
= 75 [A0My m 1 N]
= [Adm, (X ™, B) /Aomg m ],

where
p: Q[Dmg7m7n’]v — Qﬁg’N

is the natural projection; we used that p'[ 90, ] = [A0my m » n], Which is due
to the fact that the obstruction theory is given by the cotangent complex.
The same holds for X, n(BSy, m), hence we obtain that

pe[Kg v (XTI, B = [Adm, 35X ™, B

e=0

By the first two conditions of Definition the map fo can have arbitrary
ramifications and contracted components of arbitrary genera (more precisely,
the two are only restricted by n, g, N and (). In conjunction with other
conditions of Definition f.1.4] we therefore obtain the following identification
of moduli spaces

Adm? (XM, 8) = My (X x Cyn/Myn, (v,1)), (4.14)

where the space on the right is the moduli space of relative stable maps with
disconnected domains to the relative geometry

X X Cg,N — Mg,Na

where Cy v — M n is the universal curve and where the markings play the
role of relative divisors. Instead of fixing the genus of source curves, we fix
the degree m of the branching divisor. At each component Adey N(X (n) 3, 1)
of the decomposition , the genus of the source curve and the degree of
the branching divisor are related by Lemma [1.1.9]

The obstruction theories of two moduli spaces are equal, since the ob-
struction theory of the space Admg N(X™ ] 3) was defined via the obstruc-
tion theory of relative stable maps.
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4.1.4 Inertia stack

We would like to define evaluation maps of moduli spaces Adm; N(X (n) B)
to a certain rigidification of the inertia stack IX™ of [X(™)], for that we
need a few observations.

The inertia stack can be defined as follows

1x™ = TI[x™9/C(g)),
9]

where the disjoint union is taken over conjugacy classes [g] of elements of
Sp, X™9 is the fixed locus of g acting on X™ and C(g) is the centraliser
subgroup of g. Recall that conjugacy classes of elements of .S,, are in one-
to-one correspondence with partitions p of n. Let us express a partition p
in terms to repeating parts and their multiplicities,

M:(nlﬂ"'7n17”'77787"'7775)'

mi ms

We define )
C(:“’) = H Cﬁt ! Smt7 (415)

t=1
here (), is a cyclic group and "1 7 is a wreath product defined as

Ciy VS, = c;}f X Sy

where Q; = {1,...,m}; Sp, acts on C%t by permuting the factors. There
exist two natural subgroups of C'(u)

s

Aut(p) := f[ Sm, and N(u) := H C’%t (4.16)

t=1 t=1

as the notation suggests, Aut(u) coincides with the automorphism group
of the partition . The inclusion Aut(u) < C(u) splits the following the
sequence from the right

1— N(u) = C(p) — Aut(p) — 1. (4.17)

Viewing a partition p as a partially orderedE] set, we define X* as the
self-product of X over the set . In particular,

XH o Xf(u)7

i > pg, = j >
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where £(p) is the length of the partition p. The group C(u) acts on X* as
follows. The products of cyclic groups C’fft acts trivially on corresponding
factors of X*, while S;,, permutes the factors corresponding to the same
part ;. These actions are compatible with the wreath product.

Given an element g € S, in a conjugacy class corresponding to a partition
1, we have the following identifications

C(g) = C(p) and X™9 = X#,

such that the group actions match. In particular, with the notation intro-
duced above the inertia stack can be re-expressed,

IX0) = [[1x*/C (), (4.18)
o
and by the splitting of (4.17) we obtain that

91X ™ = [IX*/Aut(p)] x BN (p). (4.19)
I

We thereby define a rigidified version of JX (),

IXM =TT [X"/Aut(p)]-

Note, however, that this is not a rigidified inertia stack in the sense of
[AGV08, Section 3.3], IX (™ is a further rigidifiction of JX ™.
Recall that as a graded vector space, the orbifold cohomology is defined
as follows
ffrb(X(n)aQ) = Hr2ee) (g x () Q).

By (4.18]) we therefore get that
* (X("),Q) — H*—2age(u)(jX(n)’Q) — H*—2age(u)(jX(n),Q). (4.20)

orb

4.1.5 Invariants

—
Let Adm;N(X(”), £) be the moduli space obtained from Adm;N(X(”),/B)
by putting the standard orderﬁ on the fibers over marked points of the source
curve. The two moduli spaces are related as follows

[T Adms (X, 8, )/ TT Aut(u')] = 3 5 (X, 8), (4.21)
ﬁ

5We order the points in a fiber in accordance with their ramification degrees.
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There exist naturally defined evaluation maps at marked points

—
evi: Adm§ y(X™,8) =[] X", i=1,...,N.
w

By (4.16)), (4.18) and (4.21]) we can define evaluation maps

evi: Admé y(X™,8) - IX™ i=1,...,N, (4.22)
as the composition

Admé (X, ) = TT[Admé (X ™, 8, )/ T Aut(p)] <2
K

=5 TTixm/Aut(p)] = 53X 0.
I

For universal markings
i Adm;N(X("), B) = Cg.N
to the universal target curve
Cyn — AdmS y(X™, B)

we also define cotangent line bundles as follows
Li = S?(weg’N/Adm;N(X(n)’B)), ], = 1,...,N,

where we_ Adm, (X)) is the universal relative dualising sheaf. We de-
note

Qﬂi = Cl(LZ’).

With above structures at hand we can define e-admissible invariants.

Definition 4.1.16. The descendent e-admissible invariants are

i=

=N
(T () T (= [ [T v evioin).
1

[Adm¢ (X () g)]vir -

where 1, ...,yv € H*, (X™) and my, ... my are non-negative integers.

orb

4.1.6 Relation to other invariants

We will now explore how e-admissible invariants are related to the invariants
associated to the spaces discussed in Section
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Classes

Let {d1,...0m¢} be an ordered basis of H*(X,Q). Let
/j = ((/’“7551)7 ceey (Nk7 5£k))

be a cohomology-weighted partition of n with the standard ordering, i.e.

(123, 6¢;) > (it Se,, ),

if i > py, or if p; = py and ¢; > £y. The underlying partition will be
denoted by p. For each [i we consider a class

o, ®---®§, € H(X*,Q),
we then define

/\(/j) = f*(éll Q@ 5lk) € orb(S(d) Q)

where
T H XHt 5 gx ™)
“w
is the natural projection. More explicitly, as an element of

H* (XM, Q)Aut(u) - H;rb(X(n)a Q)7
the class A(f) is given by the following formula

Z (0, ® - ®d,) € H*(Xu,Q)Aut(u)
heAut(u)

The importance of these classes is due to the fact they form a basis of
H*, (8™ Q), see Proposition
Comparison
Given weighted partitions
17:((%753)’,(#21’52))7 i=1,...N,

the relative Gromov—Witten descendent invariants associated to the moduli
space Mo (X x Cyn/Myn, (7,n)) are usuall defined as

mel Hevz] 'k

/[M (XxCy,N /Mg N,(y,n)]VE i=1

"Note that sometimes the factor 1/|Aut(j)| is introduced, in this case we add such
factor for all classes defined previously.
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such that the product is ordered according to the standard ordering of
weighted partitions and

evi: Mr.n(X X C'g,N/Mg,N, (v,n)) = X

are evaluation maps defined by sending a corresponding point in a fiber over
a marked point.
In the case of K, nv([X(™], 3) we define evaluation maps as the compo-
sition
evi: Ky n([XM] 8) - 9x™ 5 5x™ =1, N,

where we used (4.19)).

The next lemma concludes the comparison initiated in Section In
what follows, by a ¢/-class on K, n([X™], 3) we will mean a coarse 1)-class.
Orbifold 1-classes are rational multiples of coarse ones.

Lemma 4.1.17.
N ki
(T G, s T NG5 = [, [ I evi)

[M (XXCy,n /Mg n,(v,m) ]Vlr'

Tm )‘ﬁl yeres Tm AﬁN _OO:/ mlev}\
< 1( ( )) N( ( ))>g,ﬁ [Kyn (XM, 5)]v1r1:[

Proof. In the light of our conventions it is a straightforward application
of projection and pullback-pushforward formulas. O

4.2 Master space

4.2.1 Definition of the master space

The space R<g U {—o0} of e-stabilities is divided into chambers, inside of
which the moduli space Adm; N(X (n) B) stays the same, and as € crosses
a wall between chambers, the moduli space changes discontinuously. Let
€0 € R<oU{—o0} be a wall, and €4, e_ be some values that are close to €
from the left and the right of the wall, respectively. We set

do=e 1 and deg(B) :=m + deg(y) = d.
From now on, we assume

29 —2+4+ N +1/dy-deg(5) >0
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and
1/do - deg(B) > 2,
if (g, N) = (0,0).

Definition 4.2.1. A pre-admissible map (P, C, f, x) is called €y-pre-admissible,
if

(i) for all points p € C,
mult, (br(f)) + deg(f*Ly) < e™/;

(ii) for all rational tails T C €,
deg(br(f)r) + deg(f*Lir) > e/,
(iii) for all rational bridges B C €,
deg(br(f)|5) +deg(f"Lip) > 0;

We denote by 93?;0 N (X (n) B) the moduli space of ep-pre-admissible maps.

Let MZfde be the moduli space of weighted semistable curves defined in
|Zho22| Definition 2.1.2]. There exists a map

m;?N(X ™), B) — MZ:SN,CZ
(P7 07 f7 X) ’_> <C7 X?d)?
where the value of d on a subcurve C’ C C is defined as follows
d(C") = deg(br(ficr)) + deg(f*Licr).

By M EJJI;‘)N (XM, B) we denote the moduli space of ey-pre-admissible maps
with calibrated tails, defined as the fiber product

MG (X, ) = M (X, 8) xygee My v

where M DAJ/I% ~,d is the moduli space of curves with calibrated tails introduced
in [Zho22| Definition 2.8.2].

Definition 4.2.2. Given a pre-admissible map (P, C, f,x). We say a ratio-
nal tail 7' C (C,x) is of degree dp, if

deg(br(f)r) + deg(f*Lir) = do.

We say a branching point p € C is of degree dy, if
multy (br(f)) + deg(f* L) = do.
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Definition 4.2.3. We say a rational tail 7' C (C,x) is constant, if
‘Aut((P7 C7 f7 X)|T)’ = 00.

In other words, a rational tail ' C (C, x) is constant, if at each connected
component of Pjp the map for is equal to

22 (UFPY) Uy P! — P!
up to a change of coordinates. The notation is the same as in (4.5)).

Definition 4.2.4. A B-family family of ¢y-pre-admissible maps with cali-
brated tails
(P7 C,X, f,e,L,’Ul,’Ug)

is €g-admissible if
1) any constant tail is an entangled tail;

2) if the geometric fiber Cj, of C' has tails of degree dp, then those rational
tails contain all the degree-dy branching points;

3) if v1(b) = 0, then is e_-admissible;
4) if va(b) = 0, then is e;-admissible.
We denote by M Adm;‘f N (X (") 3) the moduli space of genus-g, n-marked,
eg-admissable maps with calibrated tails.
4.2.2 Obstruction theory

The obstruction theory of M Adm;?N (X (n) B) is defined in the same way as
the one of Admg N(X (n) B). There exists a complex E°®, which defines a

perfect obstruction theory relative to 9, v x M E)Aﬁ% N,ds
. o ~
¢: B — LMAdm;?N(Xw),g)/mh,N,xMzmg,N'

The fact that it is indeed a perfect obstruction theory is a relative version
of |[GV05, Section 2.8].
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4.2.3 Properness

Theorem 4.2.5. The moduli space MAdmZ‘?N(X(”), B) is a quasi-separated
Deligne-Mumford stack of finite type.

Proof. The proof is the same as in [Zho22, Proposition 4.1.11]. O

We now deal with properness of M Adm;‘? N (X ("), B with the help of val-
uative criteria of properness. We will follow the strategy of [Zho22l Section
5]. Namely, given a discrete valuation ring R with the fraction field K. Let

£ = (P*,C",x", % e", L%, v}, v3) € MAdmP (XM, B)(K)

be a family of eg-admissable map with calibrated tails over Spec K. We will
classify all the possible eg-pre-admissible extensions of £* to R up to a finite
base change. There will be a unique one which is ep-admissible.

(97N7d) 7é (07 17d0)

Assume that (g, N,d) # (0,1,dp) and n* does not have rational tails of
degree dy. Let

n* = (P*,C*,x*, f*) and \* = (e*, L%, 0], v3)

be the underlying pre-admissable map and the calibration data of n*, re-
spectively. Let

£ = (n-,A-) € MY\ (X, B)(R))
be family over degree-r extension R’ of R, where the e_-pre-admissible map

n- = (P_,C_,x_, f-).

is constructed according to the same procedure as . More precisely,
we apply modifications of Step 2 with respect to e_-stability; we leave the
degree-dy branching points which are limits of degree-dy branching points
of the generic fiber untouched. The family n_ is the one closest to being
e_-admissible limit of n*. The calibration A_ is given by a unique extension
of \* to the curve C_, which exists by |[Zho22, Lemma 5.1.1 (1)].

Let

(pili=1,...,0
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be an ordered set, consisting of nodes of degree-dy rational tails and degree-
do branching points of the central fiber

Di € C—\SpecC cC-.

We now define
b; €R>()U{OO}7 i=1,...,¢

as follows. Set b; to be oo, if p; is a degree-dy branching point. If p; is a
node of a rational tail, then we define b; via the singularity type of C_ at p;
- if the family C_ has Aj_1-type singularity at p;, we set b; = b/r.

We now classify all ey-pre-admissible modifications of £_ in the sense of
Definition By [Zho22, Lemma 5.1.1 (1)] it is enough to classify the
modifications of 7_.

All the modifications of 77_ are given by blow-ups and blow-downs around
the points p; after taking base-changes with respect to finite extensions of
R. The result of these modifications will be a change of singularity type of
n— around p;. Hence the classification will depend on an array of rational
numbers

a=(ag,...,qp) € QZZO,
the nominator of which keeps track of the singularity type around p;, while
the denominator is responsible for the degree of an extension of R. The
precise statement is the following lemma.

Lemma 4.2.6. For each a = (a1,...,qq) € QKZO, such that o < b, there
exists a €y-pre-admissible modification 1, of n— with following properties

e up to a finite base change,

Na = Not a=ad;

e given a €y-pre-admissible modification i) of n—, then there exists o such
that

1

7= Mo

up to a finite base change.

o the central fiber of ny is e_-stable, if and only if a = b.

Proof. Let us choose a fractional presentation of (ai,...,ay) with a
common denominator
/ /
a]_ CZE
ai,...,ap) = (—,...,—).
( 1 ) E) (T'T/’ ’T"I“/)
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Take a base change of n_ with respect to a degree-r’ extension of R'. We
then construct 7, by applying modifications 17— around each point p;, the
result of which is a family

nOti = (Poziv Caiyxocia fai)a

which is constructed as follows.

Case 1. If p; is a node of a degree-dgy rational tail and a; # 0, we blow-up
C_ at p;,
Bl,,(C-) = C_.

The map fo_ then defines a rational map
fc_: P---»Bl, (C-).

We can eliminate the indeterminacies of the map above by blowing-up P_
to obtain an everywhere-defined map

faiy, (0t P = Bl (Co),

we take a minimal blow-up with such property. The exceptional curve £ of
Bl,,(C_) is a chain of 7'b; rational curves. The exceptional curve of P_isa
disjoint union LIF;, where each Ej is a chain of rb; rational curves mapping
to F without contracted components. We blow-down all the rational curves
but the a}-th ones in both E and E; for all j. The resulting families are C,
and P,,, respectively. The family C,, has an A,/ _;-type singularity at p;.
The marking x_ clearly extends to a marking x,, of Cq,. The map fBlpi(c_)

descends to a map
fcai : Pai — Cai-

The map f_ x is carried along with all those modifications to a map
fai,X: Pai - X,

because exceptional divisors are of degree 0 with respect to f_ x, hence the
contraction of curves in the exceptional divisors does not introduce any in-
determinacies. We thereby constructed the family 7,,.

Case 2. Assume now that p; is a node of a degree-dy rational tail, but

a; = 0. The family C,, is then given by the contraction of that degree-dy
rational tail, it is smooth at p;. The marking x_ extends to a marking x,,
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of Cy,. The family P,, is set to be equal to P_. The map f,, is the compo-
sition of the contraction and f_.

Case 3. If p; is a branching point, we blow-up C_ inductively a} times,
starting with a blow-up at p; and then continuing with a blow-up at a point
of the exceptional curve of the previous blow-up. We then blow-down all
rational curves in the exceptional divisor but the last one. The resulting
family is C,,, it has an A, -type singularity at p;. The marking x_ extends
to the marking x,, of Cy, . The map fc_ then defines a rational map

fo  P_--» C,,.

We set
fcai : Pai — Cai

to be the minimal resolution of indeterminacies of the rational map above.
More specifically, P,, is obtained by consequently blowing-up P_ and blowing-
down all the rational curves in the exceptional divisor but the last one. The
map f_ x is carried along, as in Case 1.

It is not difficult to verify that the central fiber of 1, is indeed €g-pre-
admissible. Up to a finite base change, the resulting family is uniquely
determined by a = (aq,...,q) € Q€>o and independent of its fractional
presentation, because of the singularity types at points p; and the degree of
an extension R.

Given now an arbitrary ep-pre-admissible modification

/r] = (P7 C’ X’ f)
of n_. Possibly after a finite base change, there exists a modification
ﬁ = (ﬁ7 Cv’? )27 f)

that dominates both 1 and 7n_ in the sense of . We take a minimal
modification with such property. The family 7 is given by blow-ups of C_
and P_. By the assumption of minimality and ey-pre-admissibility of 7,
these are blow-ups at p;. By eg-pre-admissibility of 7, the projections

C—>C and P P

are given by contraction of degree-dy rational tails or rational components
which don’t satisfy ep-pre-admissibility. These are exactly the operations
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described in Steps 1,2,3 of the proof. Uniqueness of of maps follows from
seperatedness of the moduli space of maps to a fixed target. Hence we obtain
that

n =g

for some o = (aq,...,q¢) € szm where « is determined by the singularity
types of n at points p;. O

(gaN’d) = (07 1vd0)

We now assume that (g, N,d) = (0,1, dp). In this case the calibration bundle
is the relative cotangent bundle along the unique marking. Moreover, there
is no entanglement. Given a family of pre-admissible maps (P, C,x, f), we
will denote the calibration bundle by M. Therefore the calibration data A
is given just by a rational section s of M.
Let
£ = (-, A-) € MG, (XM, B)(R))

be the family over degree-r extension R’ of R, such that 7n_ is again given
by , if there is no degree-dy branching point in n*. Otherwise, let 7n_
be any pre-admissible limit. The calibration data A_ is given by a rational
section s_ which is an extension of the section s* of Mg+ to M¢_.

Given a modification 7 of 77— over a degree-r’ extension of R/, the section
s* extends to a rational section § of M.

Definition 4.2.7. The order of the modification 7 is defined to be ord($)/r
at the closed point of Spec R’.

We set b = ord(s_)/r, of there is no degree-dy branching point in the
generic fiber of n*. Otherwise set b = —o0.

Lemma 4.2.8. For each a € Q, such that a < b, there exists a €y-pre-
admissible modification 1o, of n— of order a with following properties

e up to a finite base change,

Mo Z 1w &= a=d];

e given a €y-pre-admissible modification i) of n—, then there exists o such
that

|

1= Na

up to a finite base change.
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e the central fiber of n, is e_-stable, if and only if a = b.

Proof. Assume n* does not have a degree-dy branching point. We choose
a fractional presentation a = d'/rr’. We take a base change of n_ with
respect to a degree-r’ extension of R’. We blow-up consequently a’ times
the central fiber at the unique marking. We then blow-down all rational
curves in the exceptional divisor but the last one. The resulting family with
a marking is (Cq,Xq). We do the same with the family P_ at the points in
the fiber over the marked point to a obtain the family P, and the map

fpa: Pa — 6,

the map f_ x is carried along with blow-ups and blow-downs. The resulting
family of e¢g—pre-admissible maps is of order a.

Assume now that the generic fiber has a degree-dy branching point. We
take a base change of _ with respect to a degree-r’ extension of R’. After
choosing some trivialisation of Mg+, we have that

!
_ !
s¥=n"% e K,

where a_ is the order of vanishing of s_ before the base-change and 7 is some
uniformiser of R’. Because of automorphisms of P! which fix a branching
point and a marked point, we have an isomorphisms of ¢p-pre-admissible
maps with calibrated tails,

(77*7 8*) = (77*77rc ’ S*)

'—rla_

for arbitrary ¢ € Z. Hence we can multiply the section s_ with 7% to

obtain a modification of order a.

The fact that these modifications classify all possible modifications follow
from the same arguments as in the case (g, N,d) # (0,1, dp). O

Theorem 4.2.9. The moduli space MAdm;?N(X(”), B) is proper.

Proof. With the classifications of modifications of n_ of Lemma [£.2.6|
and Lemma the proof of properness follows from the same arguments
as in [Zho22, Proposition 5.0.1].

O
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4.3 Wall-crossing

4.3.1 Graph space

For a class 8 = (8, m) € Hy(X,Z) ® Z consider now
M (X x P!/ Xoc, (7,1m)),

the space of relative stable maps with disconnected domains of degree (v, n)
to X x P! relative to

Xoo := X x {o0} € X x PL,

One should refer to this moduli space as graph space, as it will play the
same role, as the graph space in the quasimap wall-crossing. Note that we
fix the degree of the branching divisor m instead of the genus h, the two are

determined by Lemma
There is a standard C*-action on P! given by

tlz,y] = [tx,y], t € C*,
which induces a C*-action on My (X x P1/ X, (7,n)). Let
Fg C My (X x P!/ Xoo, (v,n))

be the distinguished C*-fixed component consisting of maps to X x P! (no
expanded degenerations). Said differently, Fjg is the moduli space of maps,
which are admissible over co € P! and whose degree lies entirely over 0 € P!
in the form of a branching point. Other C*-fixed components admit exactly
the same description as in the case of quasimaps in Section [2.5.1]

The virtual fundamental class of Fj,
[F5]"" € Au(Fp),
is defined via the fixed part of the perfect obstruction theory of
M (X x PY/ X, (7,1)).

vir

The virtual normal bundle N Fs is defined by the moving part of the ob-
struction theory. There exists an evaluation map

ev: Fig — Jx ™)

defined in the same way as (4.22]).
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Definition 4.3.1. We define an I-function to be
F, * n
I(g.z) =1+ d’ev. <[ ks ) 5 (X™)[2*] @ Qllg’]-
B#0 ec-(NE;)

Let
(z) € Hi, (X™M)[2] g Q[¢"]

be the truncation [zI(q, z) — z]+ by taking only non-negative powers of z.
Let
np(2) € Hy(X™)[2]

be the coefficient of u(z) at ¢°.
For later, it is also convenient to define

1

* Zi .
eC*(N},?iBr) EA (Fﬁ)[ ]

Jg =

4.3.2 Wall-crossing formula
From now on, we assume that
29 — 2+ n+1/dodeg(B) > 0,

for (g, N,dp) = (0,1,dy) we refer to [Zho22, Section 6.4]. There exists a
natural C*-action on the master space M Adm;’N(X ("), B) given by

t‘(P,C,X,f,C,L,’Ul,UQ) — (P,C,X,f,e,ﬁ,t'vl,’(}g), te C*

By arguments presented in [Zho22, Section 6], the fixed locus admits the
following expression

MAdmy (X", 3¢ = FruF U] Fz,
]

we will now explain the meaning of each term in the union above, giving a
description of virtual fundamental classes and virtual normal bundles.

Fy

This is a simplest component,

Fy = Admgly (XM, 8), NpF =M,
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where MY is the dual of the calibration bundle M. on Adm;’N(X ) 3 ), with
a trivial C*-action of weight -1, cf. [Zho22]. The obstruction theories also

match, therefore . .
[ = [Adme i (X0, )]

with respect to the identification above.

F_
We define

—~—€_ —

Admg’N(X(”), B) == Adm;jN(XW),,B) X9, xa Mg.N.ds

then o _
F_ = Adm, y(X™, ), Ny =M_,

where, as previously, M_ is the calibration bundle on Zc\ir/n;jN(X (n), B) with
trivial C*-action of weight 1. The obstruction theories also match and

pulAdmg (X, B = [Admg (X, p)I,
where .
pr Admgy (XM, 8) = Admi (XM, B)

is the natural projection.

Fg
These are the wall-crossing components, which will be responsible for wall-
crossing formulas. Let

B): (ﬁlwglv"'aﬁk)

be a k 4 1-tuple of classes in Hy(X,Z) ® Z, such that ="+ 01+ -+ Bk
and deg(p;) = dp. Then a component FE is defined as follows

Fgz = {¢ | € has exactly k entangled tails,
which are all fixed tails, of degree f1,..., Sk}

Let

SZP?FB ’L'Zl,...,k,
be the universal i-th entangled rational tail with a marking p; given given
by the node. We define 9(&;) to be the 1-class associated to the marking
Di- Let

- .
gl My Ntkd—kdy X (Mo,1,d0)" — My N.d
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be the gluing morphism, cf. [Zho22, Section 2.4]. Let
D; C My,Na

be a divisor defined as the closure of the locus of curves with exactly i + 1
entangled tails. Finally, let

Y — Admy (X, 8)
be the stack of k-roots of MY.
Proposition 4.3.2. There exists a canonical isomorphism

i=k

gl Fg =Y X gxeyp [ Foi-
=1

With respect to the identification above we have

i=k
[FZ;’]VH =y X (@x )k l_Il[Fﬁi]Vira
1 1 (2/k + () 6./ + 6(E).
€C*(N1leﬁi) —2/k —P(€1) =1 — X2k Di oy
Proof. See |[Zho22, Lemma 6.5.6]. O

Theorem 4.3.3. Assuming 2g — 2+ N + 1/dy - deg(8) > 0, we have

(Tma (11), - -+ s T ('YN)>;:B - <Tm1 (71) co Ty, (’YN)>;_5

- Z Z Lk / H wmlev (7i)- H eVnJraruﬁa( )‘z=—¢n+a

k>1 * N+k(X<n) BT =1

where B runs through all the (k + 1)-tuples of effective curve classes

B= (881 Br),
such that B8 = '+ 51+ -+ Bk and deg(B;) = do for alli=1,... k.

Sketch of Proof. We will just explain the master-space technique. For all
the details we refer to [Zho22, Section 6]. By the virtual localisation formula
we obtain

[MAdm (XM, 8)]"

129



where F,’s are the components of the C*-fixed locus of M AdmZ?N(X (n) B).
Let

o= ]‘[ UiMevi(vi) € A*(MAdmP (XM, 8))

be the class correspondlng to decedent insertions. After taking the residueﬁ
at z = 0 of the above formula, capping with o and taking the degree of the
class, we obtain the following equality

[ [
[Adm (X (), 8)]vir [Adm (X (), 8)]vir

Ia vir
= deg (oz N Res.—o (Z LEpx (625]\7%“)))) 7
B

where we used that there is no 1/z-term in the decomposition of the class
(M Admify (X™, B € AT (M Adm (X, 8)),

and that 1

ec+(Mz)
The analysis of the residue on the right-hand side presented in [Zho22, Sec-
tion 7] applies to our case. The resulting formula is the one claimed in the
statement of the theorem. ]

%+O(1/22).

We define
ZZM )
where t(z) € H!

* (8™ Q)[2] is a generic element, and the unstable terms
are set to be zero. By repeatedly applying Theorem [4.3.3| we obtain.

Corollary 4.3.4. For all g > 1 we have
FJ(t(2)) = F>(t(2) + p(—2)).

For g = 0, the same equation holds modulo constant and linear terms in
t(z).

The fact that the change of variables above holds only moduli linear
terms in t(z) is due to the same reasons as in the case of quasimaps, and it

is explained in Section [2.5.3l The variants of Theorem and Theorem
[2.5.7 in exactly the same form hold in this case too.

8i.e. by taking the coefficient of 1/z of both sides of the equality.
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4.4 Del Pezzo

In this section we determine the I-function in the case X = S is a del Pezzo
surface. Firstly, consider the expansion

[21(q, 2) — 2]+ = T1(q) + (Io(q) — 1)z + I_1(q)z* + I_2(q)z" + . . .,

we will show that by the dimension constraint the terms I_j vanish for all
k> 1.
For this section we consider H} (X (")) with its naivﬂ grading. Let z

be of cohomological degree 2 in H*, (X()[z*]. The virtual dimension of

M (X x P/ X, (v,n), 1) is equal to

/ B+n+L(p).
c1(9)

Hence, by the virtual localisation, the classes involved in the definition of
I-function

[Fp,ul™ *( G * "
<C<N>> € H*(S"/Aut(p))[=%] C Hip (S™)[2%),

have naive cohomological degree equal to

) (/Cl(s)mn—au)). (4.23)

Since S is a del Pezzo surface, the above quantity is non-positive, which
implies that
Ip=1land I_; =0

for all —k > 1, because cohomology is non-negatively graded. Moreover, the
quantity (4.23)) is zero, if and only if
w=(1,...,1) and g = (0,m).

Let us now study Fj , for these values of u and 3. It is more convenient to
put an ordering on fibers over co € P!, so let ﬁﬁlu be the resulting space.
We will not give a full description of F B,u, even though it is simple. We will
only be interested in one type of components of F B>

Li: Mh,pi x S — F_:ﬁ“u, (4.24)

9We grade it with the cohomological grading of H*(JS®, Q).
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where My, ,, is the moduli spaces of stable genus-h curve with one marking
labelled by p;, ¢ = 1,... N. The embedding ¢; is constructed as follows.
Given a point o

(C,x),z1,...,2p)) € Mpp, x S™,
let

i=n

(P,p1....,pn) = [J(P",0) (4.25)
i=1

be an ordered disjoint union of P! with markings at 0 € P!. We define a
curve P by gluing (P, p,...,p,) with (C,p;) at the marking with the same
labelling. We define

fpr: P — P!

to be an identity on P!’s and contraction on C. We define
fs: P—=S

by contracting j-th P! in P possibly with an attached curve to the point
x; € §. We thereby defined the inclusion

Li((C,p)7$1a--- 7mn)) = (P7P17O7 fPl X fS)

By Lemma
h=m/2, (4.26)

in particular, m is even. More generally, any connected component of F B.u
admits a similar description with the difference that there might more mark-
ings on possibly disconnected C' by which it attaches to P, i.e. P has more
nodes. These components are not relevant for our needs, as it will be ex-
plained below.

Let us now consider the virtual fundamental classes and the normal
bundles of these components My, ,,, x S™. By standard arguments we obtain

that .
. [FB7M]VII‘
Ly ————————
' ec (NVH)

e(EV2)
=e(mTs ® p*EY) - ————
( 7 h) Z(Z — ¢1)7
where 7;: Mh,pi xS™ — § is the projection to i-th factor of 5™ and p: Mh,pi X
S — Mh,pi is the projection to Mh,pi; E is the Hodge bundle on Ml’hpi
For other components of Fg ,, the equivariant Euler classes ec«(N'Y)

acquire factors
1

z2(z — ;)
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for each marked point. This makes them irrelevant for purposes of deter-
mining the truncation of I-function. We therefore have to determine the
following classes
e(EVz)
7 | e(m] T, *EY -)GH*S” 2T
(elmiTs 0 B - S0 ) e (S,
where 7: M, p, x S™ — S™ is the natural projection, which is identified with
evaluation map ev via the inclusion (4.24]).
Let 41 and ¢3 be the Chern roots of 7 T's. Then we can rewrite the class

above as follows
[ EV(0) - EV(f2) -EV(2)
Mh 1 Z(Z - 1/)1) ’

where

j=h
EV(2) = e(EV2) = > (~1)979 Ay,
j=0

and similarly for EY(¢1) and EV ({5).

By putting these Hodge integrals into a generating series, we obtain their
explicit form. Note that below we sum over the degree m of the branching
divisor, which in this case is related to the genus h by . The result
was kindly communicated to the author by Maximilian Schimpf.

Proposition 4.4.1 (Maximilian Schimpf).

2h EV(¢1)-EY(l2) - EY(2) _ sin(u/2)
P /M (= — ) ‘( w2 )

£1+4o

Proof. The claim follows from the results of [FP00|. Firstly,

EV(01) - EY(6) -EV(2)

1+Zu2h/

h>0 My 1 Z(Z - ¢1)
ey [ B0 B B
=5 M1 1 -1
Now let
a="01/z, b=1{y/z
and

Rl -1+ Y [ B0 EWD

h>0 M1
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By using virtual localisation on a moduli space of stable maps to P!, we
obtain the following identities

F(a,b) - F(—a,—b) =1;
F(a,b) - F(—a,1—0) = F(0,1).

These identities, with the fact F'(a,b) is symmetric in a and b, imply that
F(a,b) = F(a,b)*"" (4.27)

for integer values of a and b. Each coefficient of a power of u in F(a,b) is
a polynomial in a and b, hence the identity is in fact a functional
identity.

By the discussion in [FP02, Section 2.2] and by [FP02, Proposition 2],

we obtain that
sin(u/2)

u/2

the claim now follows. O

F(0,1) =

Using the commutativity of the following diagram

Fg, - 5n
l I=

Fﬁw =5 [S(n)]

and Proposition we obtain

(q) = log (51“52/2)> : d_l Sm(S) @ ol). (428)

For 29 — 24+ N > 0 we define

(Y1, IN) gy o= ;m, S IN g (rm) U
setting invariants corresponding to unstable values of g,/N and 3 to zero. By
repeatedly applying Theorem [.3:3] we obtain that

1 — 0o
(e W= Yo o <71, s Ti(@)s ,11<q>> .

k>1
- k 9.8

Applying the divisor equatioﬂ and (4.28)), we get following corollary.

0ne can readily verify that an appropriate form of the divisor equation holds for
classes in H*(S¥,Q) C H,, (Y, Q).
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Corollary 4.4.2. Assuming 29 —2+ N >0,

0 (Sin(u/2)>7'cl(s)

<71)"'57N>g’~/: U/2 <71)77N>‘;:O

4.5 Crepant resolution conjecture

To a cohomology-weighted partition

ﬁ = ((M175€1)7 DRI (Mk? 561@))
we can also associate a class in H*(S ] Q), using Nakajima operators,
_ 1 x( qln
0(ji) := ———Ps, [ -+ Ps, [u] - 1 € H* (S, Q),

i=1 Mi

where operators are ordered according to the standard ordering (see Subsec-
tion [4.1.6). For more details on these classes, we refer to [Nak99, Chapter
8].

Proposition 4.5.1. There exists a graded isomorphism of vector spaces

L: H (5™ C) ~ H* (S, ),

orb
L)) = (=)= W0(ji).
Proof. See |[FGO03, Proposition 3.5]. O

Remark 4.5.2. The peculiar choice of the identification with a factor (—i)28°(#)
is justified by crepant resolution conjecture - this factor makes the invariants
match on the nose. See the next section for more details.

4.5.1 Quasimaps and admissible covers

From now one we assume that 29 — 2+ N > 0. Using (2.15]), we obtain an
identification
Hy (S, Z) = Hy(S,2) & Z. (4.29)

In the language of (quasi-)maps, it corresponds to association of the Chern
character to the graph of a (quasi-)map . Given classes v; € H (S () C),
i=1,...N, and a class

(v,m) € Hy(S,Z) & Z,
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for € € Ruo U {0", 00} we set

s N () = ML)+ LOWN)YG (.m) € Cs

the invariants on the right are defined in Section 2:4:3] and L is defined in
Proposition We set

<’71a “e. ’7N>_f]7’Y = Z<’717 ce. 7’7N>;7(»y,m)ym'

m

For € = 07, these are the relative PT invariants of the relative geometry
SxCyNn — My n. The summation over m with respect to the identification
(4.29) corresponds to the summation over chg of a subscheme.

Using wall-crossings, we will now show the compatibility of PT/GW and
C.R.C. Let us firstly spell out our conventions.

e We sum over the degree of the branching divisor instead of the genus
of the source curve. Assuming ~;’s are homogenous with respect to
the age, the genus h and the degree m are related by Lemma

2h—2=-2n+m+) age(y).
For € € R<o U {—o0}, let

/! <71; . 77N>;77 = Z<"yl’ e 77N>;,(’Y,h)u2h72
h

be generating series where the summation is taken over genus instead.
Then two two generating series are are related as follows

2n Z age(vi)

e N = G

e We sum over Chern character chs instead of Euler characteristics x.
For € € R-o U {07, 00}, let

Ty, Zﬁ%---,wg(%)x

be the generating series where the summation is taken over Euler char-
acteristics instead. Then by Hirzebruch—Riemann—Roch, theorem the
two generating series are related as follows

(g—1)n

/<71,---77N>;77:y <717'-'7’7N>;'y'
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o The identification of Proposition has a factor of (—i)28e(),

Taking into account all the conventions above and Lemma [£.1.17 we obtain
that [MNOPO6b, Conjectures 2R, 3R] can be reformulatedE as follows.

PT/GW. The generating series <71,...,7N)2; (y) is a Taylor expansion

of a rational function around 0, such that under the change of variables
U

y=—-€,

(=) T2 s ) = (i) (g (),

Assume now that S is a del Pezzo surface. Let us apply our wall-crossing
formulas. Using Corollary we obtain

(_iu)’y‘q (5). <717 cee arYN>;:O = (eiu/2_€—iu/2)7-c1(5') ’ <717 s ”}/N)g,ry : (430)
Using Corollary [2.5.11] we obtain

e oo — -C +
(=) 2y ), = 2y ) )0 (4.31)

Combining the two, we obtain the statement of C.R.C.

C.R.C. The generating series (y1,... ,'yN);?,Y (y) is a Taylor expansion of a

rational function around 0, such that under the change of variables y = —e'®,

(1, ”YN>Z?’Y (y) = (.- 7'7N>_¢;:o (u).

By both wall-crossings, the statements of PT/GW and C.R.C. in the form
presented above are equivalent.

Corollary 4.5.3.
PT/GW «<— C.R.C.

"We take the liberty to extend the statement of the conjecture in [MNOPOGb| from a
fixed curve to a moving one; and from one relative insertion to multiple ones.
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4.5.2 Quantum cohomology

Let ¢ = 0,N = 3. This is a particularly nice case, firstly because these
invariants collectively are known as quantum cohomology. Secondly, the
moduli space of genus-0 curves with 3 markings is a point. Hence the in-
variants <"yl,’}’2,"}/3>a7 zo are relative PT invariants of S x P! relative to the
vertical divisor Sp 1.00. In [PP17], PT/GW is established for S x P! relative
to S x {0,1,00}, if S is toric. Corollary then implies the following.

Corollary 4.5.4. If S is toric del Pezzo, g = 0 and N = 3, then C.R.C.
holds in all classes.

The above result can also be stated as an isomorphism of quantum co-
homologies with appropriate coefficient rings. Let

QH*(SM) := H* (5", C) @c Cla"](y)
o (1) := Hy (8™, C) e Cla"](e™)

be quantum cohomologies, where C[¢7](y) and C[¢"](e®*) are rings of ratio-
nal functions with coefficients in C[¢?] and in variables y and e, respec-
tively. The latter we view as a subring of functions in the variable u. The
quantum cohomologies are isomorphic by Corollary

QL: QHy,(S™) = QH* (™),

where QL is given by a linear extension of L, defined in Proposition [£.5.1]

from H*,(S™,C) to H*, (5™, C) ®c C[q"] and by a change of variables
y = —e™. In particular,

QL(a . q7 . yk) — (—1)kL(a) 'q'y . eiku

for an element o € H’, (S™,C). Ideally, one would also like to specialise
to y = 0 and y = —1, because in this way we recover the classical multi-
plications on H}, (S (n), C) and H*(S [, C), respectively. To do so, a more
careful choice of coefficients is needed - we have to take rational functions
with no poles at y =0 and y = —1.
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Appendix A

Stability of fibers

The aim of this section is to prove Proposition the converse of Lemma
2.2.17| The proof is inspired by the proof of [Tho00, Proposition 4.2], which,
however, contains a mistake in the direction

stability = stability of a general fiber,

because a sheaf F' on a threefold restricts to stable sheaf on the hyperplane
section with respect to the stability that defines the hyperplane section,
which is not necessarily suitable. If one adds fiber classes to the polarisa-
tion to make it suitable, then one has to take a hyperplane section of bigger
degree, for which suitable polarisation may be different.

Let X := § x C — C be a trivial surface fibration over a connected
nodal curve C. Let us fix a very ample line bundle Og(1). We denote a
line bundle with specified degrees on each irreducible components Og(1) X
Oc(ki,...,km) by Li,, and the degree of a sheaf F' with respect to Ly,
by degy. (F). Recall that for a possibly singular scheme X, the slope of a
torsion-free sheaf F' can be defined as follows

_ adim(X)—l(F)
adim(X)(F)

)

where a;(F')’s are the coefficients in a Hilbert polynomial

ml

P(F,m) =Y ai(F)—.

7!

In what follows, by stability we will mean slope stability.
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Proposition A.0.1. Assume C is smooth. Fiz a class € H*(S x C,Q),
such that vk(B) = 2. There exists ny € N, such that for all n > ng and for
all torsion free sheaves F with ch(F) = 8 the following statement holds: F
is Lyp-stable, if F), is stable for a general p € C.

Proof. We will prove the proposition by restricting to a hyperplane
section and then applying [HL97, Theorem 5.3.2], see also [Y0s99, Lemma
1.2].

Firstly, consider the Kiinneth’s decomposition,

H%(S x C,Q) = H*(S,Q) ® H(S,Q) ® HY(C,Q) ®Q,
the first Chern class of a sheaf can be expressed accordingly
c1(F) = c1(Fp) ® a ®k(F),

where each summand is in a corresponding Kiinneth component and F}, is a
general fiber of F' over p € C. The intersection numbers with L,,’s take the
following form

c1(F) Ly Ly =d-k(F)+ (n+m) - deg(F)s, (A.1)

where d = Og(1)? and deg(F); = deg(F,). In particular, slope-stability with
respect to a curve class Lj - Lo, 1 coincides with slope-stability with respect
to a curve class L,, - L,,.

Consider now a general hyperplane section H € |0g(1) X O¢(1)], let
2nop — 1 be the smallest odd integer such that [HL97, Theorem 5.3.2] holds
for H — C, the class 0y and a polarisation Loy, _1|q-

Assume F), is unstable for all p € C. Let G — F be a relative destabil-
ising subsheaf (strictly speaking, it exists over some non-empty open sub-
scheme U C C, we then extend over the entire C'). Consider now the
restriction to a general hyperplane section G| < Fjy, it is destabilising
by the proof of [HL97, Theorem 5.3.2] with respect to Lo,,_1|m, therefore
G — F'is Ly,-destabilising. O]

Remark A.0.2. The reason for the failure of the proof of Proposition [A.0.]]
for rk > 2 is already present at the level of fibered surfaces. For a fibred
surface the difference between rk = 2 and rk > 2 cases is that for the
former a suitable polarisation has a stronger property, namely, a subsheaf is
destabilising, if and only if it is destabilising on a fiber as it is shown in [HL97,
Theorem 5.3.2]. However, the author couldn’t establish such property of a
suitable polarisation for rk > 2. In this case one can show that there are
no walls between the fiber stability and L,,-stability for n > 0, which is a
weaker statement.
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Corollary A.0.3. Assume we are in the setting of Proposition[A.0.1 and F
is unstable at a general fiber, let G C F be a relatively destabilising subsheaf,
then

rk(G) deg,,(F) — rk(F) deg, (G) < 2(ng — n),
for allm > ng, i.e. the difference of slopes can be made arbitrary negative by
mcreasing n.

Proof. By the proof of Proposition G C F is L,-destabilising for
all n > ng, therefore

rk(G) deg,,(F') — rk(F') deg,,(G)
< tk(G) deg,(F) — tk(F) deg, (G) — (tk(G) degy (F) — rk(F) deg,,, (G))
< 2(ng —n),

where for the last inequality we used (A.1). O

Now let C' be a connected nodal curve and C be its normalisation, by
C; we will denote its connected components. For a sheaf I’ on a threefold
S x C' we denote its pullback to X; := S x C; by F;.

Proposition A.0.4. Fiz classes 3; € H*(S x C;,Q) with the same fiber
component, such that tk(B;) = 2. There exists nyg € N, such that for all
n > ng and for all sheaves F flat over C with ch(F;) = (; the following
statement holds: F' is Ly, -stable, if F}, is stable for a generalp € C.

We will prove the proposition for the case of C' with one node, splitting
the proof into two parts depending on whether the node is separating or
non-separating. The proof easily generalises to the case of C' with more
nodes.

Proof (non-separating node). Let C be a connected nodal curve with one
non-separating node s € C and 7: S x C' — S x C be the normalization map
of the product. The sheaves F' and 7*F are related by the normalisation
sequence

0—F — mn"F — Fy — 0,

from which we obtain
ag(F) Zag(ﬂ'*F), CLQ(F) Zag(ﬂ*F)—cm(Fs).

Now let G C 7*F be a relatively destabilising subsheaf and G be the kernel
of the following composition

TG — mn*F — I,
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by construction G is a subsheaf of F' and

ag(é) = ag(G), CLQ(G) S CLQ(G).

The difference of slopes of F and G can then be bounded from above as
follows

as(F) B as(@G) - ag (7 F') B az(@G) as(Fy)

az(F)  a3(G) ~ a3(m*F)  a3(G)  as(n*F)’
After multiplying by denominators, the right-hand side of the expression
above is equal to

a3(G) - aa(m*F) — a3(m*F) - a2(G) — a3(G) - az(Fs) (%)
Recall that

az(F) = degy (F) 4 rk(F) - az(0x),
a3(F) =1k(F) - a3(0x).

Substituting the above expressions into the summands of (x), we obtain
(%) = a3(Ox) - (rk(G) - degy, (7" F) — rk(F) - degy,(G) — d - 1k(F) - tk(G)),
where we also used that
as(Fy) = d - 1k(F,) = d - tk(F),
because F is flat over C. By Corollary [A.0.3] the term
rk(G) - degy, (7" F) — rk(F) - degy(G)

can be made arbitrary negative by taking big enough power of Oc¢(k),
thereby making the difference of slopes negative. Moreover, the choice of
the power is uniform for all F. O

Proof (separating node). Let C = C1 U Cy be a connected nodal curve
with one separating node s € C, and let O¢(k1, k2) be the ample line bundle
with prescribed degrees on each component. The restrictions of F' to S x C;
are related to F' by the normalisation sequence

0—=F—>F L ®F,— F;—0,
from which we obtain

(Lg(F) = a3(F1) + ag(FQ), GQ(F) = ag(Fl) + CLQ(FQ) — (LQ(FS).
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Now let G; C F; be relatively destabilising subsheaves and G be the kernel
of the following composition

G1® Gy — F1 @ Fy — F,
by construction G is a subsheaf of F and
CLg(G) = a3(G1) + a3(Ga), az(G) < az(G1) + a2(G2).
The difference of slopes of F' and G then takes the following form

as(F)  aa(G) S X)) Ya(G)  a(F)

az(F)  a3(G) ~ Zaz() Yaz(Gi)  Yaz(Fi)

After multiplying by denominators, the right-hand side of the the expression
above is equal to

az(F1) - (a3(G1) + a3(G2)) — a2(Gh) - (a3(F1) + az(F2))
+az(F2) - (a3(G1) + a3(G2)) — az(Ga) - (a3(F1) + a3(F2))

—GQ Z (13

We now group the summands in the following way

az(F1) - a3(G1) — a2(Gh) - a3(F1) + az(Fr) - a3(Ga) — a2(G2) az(Fy) (a)
—ag(F. Zag (Gi)
+az(F1) - a3(G2) — az(G2) - a3(F1) + az(Fy) - a3(G1) — a2(G1) az(Fz) (b)

We will analyse terms (a) and (b) separately.
Term (a). The term (a) is simple to deal, substituting

ag(Fi) = degy, (F) + rk(F;) - az(0x;)
ag(Fi):l“k(Fl) ag(OXi)

into (a) we obtain that

=>_a3(0x,) - (tk(Gy) - degy, (F}) — rk(F) - degy, (Gi) — rk(F) - k(Gy))

since F' is stable at a general fiber, the right-hand side can be made negative
taking big enough power of O¢(k1, k2) by Corollary
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Term (b). Making the same substitution into (b) we obtain

rk(G2) - degy, (F1) - a3(Ox,) — rk(F%) - degy, (G1) - a3(Ox;,)
+rk(G1) - degy, (F2) - a3(Ox, ) — rk(F1) - degy, (G2) - a3(Ox;, ) (b.1)
+rk(F) - rk(G2) - a2(0x, ) - a3(0x,) — rk(F1) - rk(G2) - a2(0x,) - a3(0x,)
+1rk(Fy) - tk(G1) - a2(0x,) - a3(Ox,) — rk(Fy) - tk(G1) - a2(Ox,) - a3(Ox,)

(b.2)
We again split the analysis in two parts. For the term (b.1) we use that

degy, (F5) = d - k(F;) + 2k; - deg(F5);
ag(OXi)—d-/{Z’

to obtain

2d - ky - ky - 1k(Ga) - deg(Fy)g — 2d - ky - ko - tk(F) -
+2d - ky - ko - 1k(GY) -

4d-ky-d-rk(Gy) -

+d-ky-d-rk(Gy) -

Let K; be the smallest integer for which the proposition holds, then by
d-rk(F)-k(G;) > 2K;- (-rk(G;) - deg(F)s —rk(F)-deg(G;)¢) +d-rk(G;) - k(F;),
where we also used that

rk(Fy) = rk(Fy) = rk(F).

Regrouping the summands and applying the above inequality, we obtain
that

(b.1) < Zd kiv1 - (ki — K;) - (tk(G;) - deg(F)s — tk(F) - deg(Gi)s)
+> " d ki1 d-k(F) - (1k(Gi) — tk(Gig1)).
For the term (b.2) we use that

ki-c1(0s5(1)) - c1(S)

GQ(OXZ):dgz‘f‘ 2 )

where g; = g(C;), then after some cancellations we obtain
=Y d-ki-d-giy1-tk(F) - (0k(G;) — rk(Gig1)),
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now putting (b.1) and (b.2) together we see that if

< d- (tk(Gy) — K(Gis1)) - (9511 - tk(F) — K(F),
then (b.1) + (b.2) is negative. The right-hand side of the above inequality

can be bounded independently of F', therefore by taking high enough power
of O¢(k1, ka2) the term (b) is negative independently of F. O
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Appendix B

Reduced obstruction theory

Let (E24)Y be the cone of the dual of the relative semiregularity map sr"
from (3.4]). In this section, we will show existence of the obstruction-theory
morphism

(Exed)" — Laoe v (M,8)/Myx0

under certain assumptions. The proof closely follows [KT18].

Proposition B.0.1. Given (v, ﬁv) € ADA, assume a first-order deformation
ks € HT?(S) = HH?(S) from Pmpositz’on is represented by a Cle]/e2-
linear admissible subcategory

¢ g Dperf(%)?

where Y — B = Spec C[e]/€® is flat. Then there exists an obstruction theory
morphism

(Erea)” = Lo (11,6)/9, -
Proof. Firstly, by taking the central fiber, we get that
Dperf(s) - Dperf(Y)

is an admissible subcategory, where Y is the central fiber of Y. Therefore
there is an isomorphism of moduli stacks

Coh(S) = Don(s) (V) (B.1)

where D cop(s) (Y) is the moduli stack of objects on Y which are contained in
the subcategory Coh(S). This also implies that the quasimap moduli stacks
are isomorphic,

;,N(Ma Q:Oh(S),ﬂ) = ;,N(MaQCoh(S)(Y)aﬁ)‘
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Let
My = M;B(Y x Cyn/MgN) = M;B(S x Con /Mg N) =: Ms

be the relative moduli of sheaves corresponding to Qf N(M, Daonsy(Y), B)
and Q;yN(M, Coh(S), ), respectively.
Secondly, the inclusion

D"(S) < Dpert(Y)
induces a map between Hochschild cohomologies
HH*(Y) — HH*(S), (B.2)
given by restricting the natural transformation of functors

ideerf (Y) — [2] .

This map sends Ky to kg (see e.g. [Per, Lemma 4.6]), where ry is the

class associated to the deformation Y — B. Moreover, for a complex F' €
DP(S x C) the class
x(F) € Ext*(F, F),

which is given by applying the natural transformation associated to s €
HH?(S) to F, is the obstruction to deform F in s-direction, and by [Tod09,
Proposition 5.2] and [C05|, it agrees with obstruction class given by com-
posing Kodaira-Spencer class with Atiyah class

K(F) = k- exp(—At(F))
after applying HKR isomorphism
HH?(S) = HT?(S).

We now identify a sheaf F' € Coh(S x C) with its image in Dperf(Y x C),
then the following triangle commutes

HH?(S) — Ext?(F, F)
T
HH*(Y)

Hence by the choice of kg the deformation of sheaves in the class (v, B)

viewed as complexes on Y x C is obstructed in ky-direction, because the
obstruction class is non-zero by the construction of kg.
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We now closely follow [KT18, Section 3.2]. By the above discussion the
inclusion of the central fiber over B

MY — MH/B

is an isomorphism. The obstruction complexes of My and Mg are isomor-
phic under the natural identifications of the moduli spaces

RHomyg(Fg,Fs) = RHomy, (Fy, Fy), (B.3)

because both complexes can be defined just in terms of DP(S), where F S/Y
are universal families of Mgy with 7g/y being the obvious projections.
Note that the trace map on Y x C has no effect on Ext?, since H?(Oyxc) =
0. In certain sense, a semiregularity map o; on S x C' corresponds to a
semiregularity map o;+1 on Y x C, not o;. In particular, RHomx4(Fs,Fs)o
and RHomr, (Fy,Fy)o are not isomorphic. Nevertheless, we claim that the
following holds.

Claim. The composition

(E*)Y = (RHomys(Fs,Fs)o[—1])" — (RHomny, (Fy,Fy)o[—1])"
— LMy/B/B (B4)

where the first map is given by identification , while the second is by
the Atiyah class on'y x My,p, is a perfect obstruction theory.

Proof of the Claim. For proof of the claim, we plan to use criteria
from [BF97, Theorem 4.5].

For any B-scheme Zy, a B-map Zy — My, p factors though the central
fiber. Hence the B-structure map Zy — B factors through the closed point
of B. Let F( be the sheaf associated to the map Zy — My, . The morphism

(RHomqy, (Fy,Fy)o[—1])" — Loty /B

is an obstruction theory. By [BF97, Theorem 4.5], to prove that (B.4)
is an obstruction theory, it suffices to prove that the image of a non-zero
obstruction class @(Fo) € Exty-, 7, (Fo, Fo ® py-I) with respect to the map

Ext{, 7, (Fo, Fo @ py-1) = Ext, 4, (Fo, Fo ® psl)
— BxtZ, 4, (F0, Fo @ psl)o  (B.5)
is non-zero for any square-zero B-extension Z of Z; given by an ideal I,
where py: Y X Zyg =Y X Zyg — Zy and pg: S X Zy — Zy are the natural

projections.
Given a square-zero B-extension Z of Z; there are two possibilities:
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(i) the B-structure map Z — B factors through the closed point;
(ii) the B-structure map Z — B does not factor through the closed point.

(i) In this case the obstruction of lifting the map to Z — My, p coincides
with the obstruction of lifting the map to Z — My = Mg, hence if w(F))
is non-zero, its image with respect is non-zero.

(ii) In this case a lift to Z — My, p is always obstructed, and the obstruc-
tion is already present at a single fiber of py in the following sense. By
assumption there exists a section B — Z which is an immersion (we can
find an open affine subscheme U C Z such that U — B is flat, but then
U = Uy x B, because first-order deformations of affine schemes are trivial,
thereby we get a section). Let z € Z be image of the closed point of B of
the section, then the restriction

EXt%/xSO(EFO??O ®p§6/[) - EXt%/xz(?(),Z’ 970,3 ®p§/12)

applied to the obstruction class w(Fp) is non-zero and is the obstruction
to lift the sheaf Fp, on Y to a sheaf on Y, hence due to the following
commutative diagram

Ext$ . 7, (Fo, Fo @ py 1) — Exty . (Fo.2, Fo ®@ i)
l l
Ext%, 20(F0, Fo @ p&l)o — ExtZ,,(F0.2 Fo.. @ il )o

we conclude that the image of @(JFy) in Ext%, , (Fo, Fo ® p*I)o is non-zero,
because the image of w(JFy ;) is non-zero in Extg, . (Fo ., Fo,. ® p*I.)o. This
establishes claim.

The absolute perfect obstruction theory (H®)Y is then defined by taking
the cone of (E®*)Y — Qp[1], so that we have the following diagram

(H*)Y — (E9)Y — Qp[1]
1 1 |

LMY — LMH/B/B — QB[l]

By the same argument as in [KT18, Section 2.3|, the composition
(H)Y = (E*)" = (Era)”

is an isomorphism, hence the proposition follows. O
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For example, if M = S and ¢;(3) # 0 (i.e. the curve class is not ex-
ceptional), we can use a commutative deformation given by the infinitesimal
twistor family 8 =Y — B with respect to the class ¢1 ().

The situation becomes more complicated already in the case of S and
cl(B) = 0 (i.e. an exceptional curve class), a commutative first-order de-
formation can no longer satisfy the property stated in Proposition [3.1.3] If
n =2 and S is isomorphic to a Fano variety of lines of some special cubic

fourfold (e.g. see [Has00, Theorem 1.0.3]), then
Dperf(Y) - <Dperf(S)u O’ O(l)v 0(2»

and the family Y — B is given by deformation of Y away from the Hassettt
divisor.

Remark B.0.2. In |Tod09], Toda constructed geometric realisations of in-
finitesimal non-commutative deformations in HH?(X) for a smooth projec-
tive X. However, it is not clear, if they are of the type required by Proposi-
tion [B.0.1} In principle, there should be no problem in proving Proposition
dropping the assumption. For that, one has to show that Toda’s
infinitesimal deformations behave well under base change.
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