QUANTUM COHOMOLOGY OF THE HILBERT SCHEME OF POINTS ON
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ABSTRACT. We determine the quantum multiplication with divisor classes on the Hilbert scheme
of points on an elliptic surface S — X for all curve classes which are contracted by the induced
fibration S[" — [ The formula is expressed in terms of explicit operators on Fock space.
The structure constants are meromorphic quasi-Jacobi forms of index 0. Combining with work
of Hu-Li-Qin, this determines the quantum multiplication with divisors on the Hilbert scheme
of elliptic surfaces with pg(S) > 0. We also determine the equivariant quantum multiplication
with divisor classes for the Hilbert scheme of points on the product E x C.

The proof of our formula is based on Nesterov’s Hilb/PT wall-crossing, a newly established
GW/PT correspondence for the product of an elliptic surface times a curve, and new computa-
tions in the Gromov-Witten theory of an elliptic curve.
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1.1. Background. Let S[™ be the Hilbert scheme of n points on a complex smooth projective

surface S. It parametrizes the 0-dimensional closed subschemes of S of length n and is a crepant

resolution of the n-th symmetric product Sym"™(S). The cohomology of SI™ has been completely

described, first additively as an irreducible representation of a Heisenberg algebra in [41], [10], and

later on multiplicatively in [18| 25 26] with connections to Virasoro and W-algebras.

For any smooth projective variety X, quantum cohomology is a commutative associative defor-

mation of the classical cup product defined by

(71 #72,78) = Y ¢ (72,7800
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where (y1,72) = [ « 71 U2 is the intersection pairing, # € H2(X,Z) runs over the cone of semief-
fective curves of X modulo torsion, ¢° is a formal variable (an element of the Novikov ring), and
<’yl,'yg,'yg>3fﬂ are the 3-pointed genus 0 Gromov-Witten invariants, which are virtual counts of
rational curves in class 8 meeting cycles Poincaré dual to v1,72,7s.

Problem 1. Determine the quantum cohomology ring of the Hilbert schemes of points of S.

This problem has received considerable attention over the years and is of interest both from a
geometric and representation-theoretic viewpoint. Graber [9] computed the quantum cohomology
of (]P’Q)[z] and used this to determine counts of hyperelliptic plane curves passing through an
appropriate number of points. Li-Li [21I] computed for Hilbert schemes of n points, for any n,
on a simply connected surface the 2-pointed Gromov-Witten invariants for extremal curve classes,
i.e. those contracted by the Hilbert-Chow morphism S — Sym™(S), This led subsequently to a
proof of Ruan’s crepant resolution conjecture for the Hilbert-Chow morphism [3] 23]. For surfaces
S with py(S) > 0, Hu-Li-Qin [I2] showed that all Gromov-Witten invariants of S ("] vanish unless
they are a linear combination of (Kg), and extremal curve classes (see Section [2| for notation). For
K3 surfaces S the reduce quantum cohomology of S?I was computed in [46], and a conjectural
formula for quantum multiplication with divisor classes for any S was given in [46] [13]. In [47]
the structure constants of the reduced quantum product of K3!" were shown to be quasi-Jacobi
forms. This determines the reduced quantum cohomology of K3[™ up to finitely many coefficients.
For further partial results, see [57 [I], 24} [7].

By using equivariant quantum cohomology, Problem [I]can also be considered for quasi-projective
surfaces which admit a C*-action with proper fixed loci. Here Okounkov-Pandharipande [50]
determined the equivariant quantum cohomology of (C?)[ and Maulik-Oblomkov [32] determined
the quantum multiplication with divisors on the Hilbert scheme of an A,,-surface. These two works
have been subsumed by the work of Maulik-Okounkov [33] linking the quantum cohomology of
Nakajima quiver varieties to quantum groups.

1.2. Main results. An elliptic surface is a smooth complex projective surface S equipped with a
relatively minimal genus one fibration 7 : S — ¥ to a smooth curve, see [38, [6] for introductions.
We also always assume the existence of a section 3 < S. The fibration 7 induces a fibration

r s gl Sym™ (D).

Consider the m-restricted quantum product on S,

[n]
(M #x72,98) = Y °(1,72,%)0 6 -
£>0
7\'£n],320

The main result of this paper (stated as Corollary is an explicit formula for the m-restricted
quantum multiplication by divisor classes on all S[*. By the vanishing result of [I2], this determines
the (full) quantum multiplication with divisor classes whenever S is an elliptic surface with p,(S) >
0. Thus we obtain a first example of a projective surface with non-trivial Gromov-Witten theory
where the quantum multiplication with divisor classes on its Hilbert schemes is known.

We also obtain a formula for equivariant quantum multiplication by divisor classes on (E x (C)["],
see Section The case (E x (C)[”] is of particular interest to representation theory, because it is

Defined by the 3-pointed reducd Gromov-Witten invariants, see [46].
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a holomophic-symplectic variety admitting a symplectic-form preserving torus action with proper
fixed locus, but which falls outside the class of Nakajima quiver varieties studied in [32].

We mention here the following basic qualitative property of the invariants of S, which gives
an affirmative answer to [47, Question 1.4] for (E x C)I".

Theorem 1.1. Let w: S — X be an elliptic surface. All structure constants

(D *7x7,7")

of m-restricted quantum multiplication by a divisor D € HQ(S[”]) are meromorphic quasi-Jacobi
forms of index 0 with poles at torsion points z = at + b.

1.3. Strategy of the proof. The key new method we use is Nesterov’s wall-crossing formula
relating the Gromov-Witten (GW) invariants of the Hilbert scheme of points to the Pandharipande-
Thomas (PT) invariants of S x Curve. We review the theory in Section |5} The remaining steps
are a mostly straightforward but at times tricky computation. The steps are as follows:

(a) We use Nesterov’s wall-crossing to relate the 3-pointed genus 0 GW invariants of S ("] where
S is an elliptic surface, to the PT invariants of the relative geometry (S x P!, Sg 1 o). The
relevant wall-crossing terms are determined in Proposition [8.11

(b) We prove the GW/PT correspondence for the relative pair (S x C,S,), S, = ;S x {z}.

Hence we are reduced to the Gromov-Witten invariants of (S x P, Sy 1 ).

(c) For divisor insertions we can reduce further to (S x P!, S »). We then apply the product

formula in relative Gromov-Witten theory [I7]. This reduces us to an integral of the form

/7 _ 7'*(DRg(a1,...,aT))l_[eV;*(%)7
(Mg, (S,df )]V i=1

where DRy(aq,. .., a,) is the double ramification cycle [14].

(d) Using cosection localization [15] we describe the virtual class of M, (S, df) in terms of
the virtual class of an elliptic curve, see Proposition This reduces us further to the
following integral in the Gromov-Witten theory of an elliptic curve E:

/7 (DR (a1, .-, an))Ag_1 [[ €7 (),
[Mgﬂz(Evd)]Vir 1=2

where p € H?(E) is the point class. The case of odd cohomology insertions reduces here
to even ones by a geometric argument.

(e) Using the quasi-modularity and holomorphic anomaly equation for the Gromov-Witten
theory of an elliptic curve [48], we reduce further to an integral on the moduli space of
curves M, ,, between DR, (a1, ...,a,)\gA,—1 and 1)-classes.

(f) Using Hain’s formula [I1] for the DR cycle we finally reduce to the standard socle integrals
on the moduli space of curves,

b1+1 bn+1 b1+1 bn+1
/7 AgAg—1Kpy Pyt T /7 AgAg—11t T by
M

g g
formulas for which were explained as consequences of the Virasoro conjecture for surfaces
in [g].
This concludes the proof for compact elliptic surfaces. The noncompact case (E x (C)["] follows
from (P x E)™ by a localization argument.
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1.4. Related work. In a recent series of papers [4, 5] DeHority constructs an action of an infinite-
dimensional Lie (super)algebra on the equivariant cohomology of the moduli space of framed
sheaves on F x C and certain C*-equivariant rational elliptic surfaces. In particular, he obtains
an action of this algebra on the cohomology of the Hilbert scheme of points on these surfaces. In
[] it was moreover announced that the quantum multiplication with divisors classes on (E x C)["!
can be expressed in terms of this action. The announced proof seems to be completely orthogonal
to ours, because according to [4] it will use the monodromy of the Hilbert scheme and the WDVV
equation. Our main input here is the Hilb/PT/GW link.

While our results cover all elliptic surfaces, and [4] only covers E x C, we do not address the
representation-theoretic nature of the quantum multiplication with divisors in our paper. It would
be nice if the two approaches could be linked, and a representation-theoretic interpretation of the
quantum cohomology could be given for the Hilbert scheme of all elliptic surfaces.

1.5. Conventions. For a cohomology class v € H*(X) of degree i, we denote by deg(y) := i
the cohomological degree and by degg(y) := i/2 the complex cohomological degree. Singular
(co)homology with integral coefficients will be considered here modulo torsion; Hy (X, Z) will stand
for the k-th homology group modulo the torsion submodule, and similarly for cohomology.

1.6. Plan of the paper. In Section [2] we state the details of the formulas in our main results.
In Sections [3] and [4] we fix notation and review basic results about modular forms and GW/PT
invariants. In Section [5] we review Nesterov’s wall-crossing formula. In Section [6] we evaluate
certain integrals coming from the Gromov-Witten theory of an elliptic curve. In Section [7] we
collect various results on elliptic surfaces, including proving the GW/PT correspondence for fiber
classes on elliptic surfaces. In Sections [§ and [0} we prove our main formulas.

1.7. Acknowledgements. We are grateful to Nikolas Kuhn for discussions about degenerations
of elliptic fibrations. The project started during the participation of the first author in the Spring
2018 MSRI program ”Enumerative geometry beyond numbers”. We thank all participants and the
organizers for fruitful conversations.

G. Oberdieck was supported by the starting grant ’Correspondences in enumerative geometry:
Hilbert schemes, K3 surfaces and modular forms’, No 101041491 of the European Research Council,
and a grant of the Goran Gustafsson Foundation. A. Pixton was supported by the NSF grant
DMS-2301506.

2. MAIN FORMULAS

2.1. Cohomology. We review Nakajima’s [41] construction of the Heisenberg algebra action on
the cohomology of the Hilbert scheme of points on a smooth projective surface S.
For any n,k € N, consider the closed subscheme

Skl — (1 5 1) | I/I' is supported at a single point = € S} ¢ S x S+l
which is endowed with the projection maps
S[n,n-{-k]
g
ps
S sl

Sl n+k)
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which remember I, z, I, respectively. For a € H*(S) and k > 0 define
qun (@) : H*(SM) — g+ (Sn+k])
by

(a)y = P (PZ(7) - P5(),  a-x(a)y = (=) p—.(p1() - P5(a)).
We also set qo(v) = 0 for all .
Let (v,7') = J. g1 7Y -7 denote the Poincaré pairing. We have the relation

(ar(@)y,7) = (=1)*(y, a-x(a)y),
for all v € H*(S"~*) and ~' € H*(S).

The Fock space is the direct sum

§s =P H"(SM).

n>0
Because the correspondences above are defined for all n, we obtain operators
qi(a) : §s = §s-
The following commutation relation of the Heisenberg algebra is satisfied [41]:
[ak(a), ai(B)] = kdk+i0(cx, B) Idg,
The Fock space §s is generated by the operators qi(a) for £ > 0 from the vacuum vector
vy € H* (S = Q.
Given homogeneous classes a; € H*(S) we have

degg (an, (1) - dx, (ae)vg) =n — £+ ) dege(ai),

where n = k;.
For a class v € H*(S*) decomposed as v =3, agl) ®-® Ozgt) we write

£
k1 " Yk (1)) = Z H qk; (O‘y))

i j=1
We define the normally ordered product : —: by:
iy (al)"'qiz (Oze) P =i (aa(l))"'qig(e) (aa(é))

where o is any permutation such that is1) > ... > i)

2.2. Classical multiplication. Let Z C S x S be the universal subscheme and let Tginl, TS be
the projections of S x S to the factors. For a vector bundle V on S let VIl = mgn, (Oz@7%(V))
be the associated tautological bundle. Given x € H*(S), define
b=c1(0§), D) =m(r5(x) - cha(Oz))
Consider the operators
€z,€5:8s — §s

which act on H*(S[™) by cup product with D(z) and ¢; ((’)[;]) respectively.
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Theorem 2.1 (Lehn [I8], but see also [30] for another proof). For all « € H*(S) we have

€a = — Z qann(A*O‘L
n>0

(1) 1 1
€% =g > didae(Aias): — 2 D (= 1) dnd-n(Au(Ks)),

i+j+k=0 n>0

where A, : H*(S) — H*(S?) is the pushforward along the diagonal and Aq23 € H*(S?) is the class
of the small diagonal.

2.3. Curve classes. Curve classes on S for n > 2 may be described by the isomorphism

Ha(S,Q) @ A2Hy(S,Q) ® Q = Hy(S1;Q)
(B,anb k) — By + (aAb), + kA

where we let

Bu=m@a(P)"  vo, (@b =n@n®aP)" *ve, A =axP)a(e)" e,

where p € H4(S,Z) is the class of a point. We often drop the subscript n from the notation.
Geometrically, A is the class of the locus of 2 points centered at a fixed point p € S, plus n — 2

distinct points away from p. Similarly, if 8 is Poincaré dual to a curve C' C S, then 3, is the class

of the curve given by fixing n — 1 distinct points away from C' plus a single point moving along C.
Here we will always work with the reduced cohomology group

Hy (S, 7)

defined as the quotient of Hy(S™,Z) by the image of A2H;(S,Z). This can be motivated by the
following result.

Lemma 2.2. Let f : P! — S be any morphism. The class f.[P'] € Hy(S™ | Z) is determined by
its image in Ha (S 7).

Proof. For any a € H'(S,Q) consider the cohomology class

! )!ql(a)ql(l)”*lvg € HY(SM).

D(a) = (nT

Since P! does not have any odd cohomology, f*D(a) = 0. On the other hand,

: )!ql(a)ql(b)ql(l)”—%g,

2) D(a) UD(b) = oo

1
mql(ab)ql(l)"_lvg +
Hence writing f.[P!] = 8+ & + kA with £ € A2H1(S,Z) we get the relation

0 = (D(a) U D(b), f.[P']) = / BUaUb+ (aND,E).
s

Since A2H!(S,7Z) is dual to A2H,(S,Z) we see that 3 already determines the component £. O

Moreover, the quantum multiplication with D(7y) for v € H?(S) already determines the quantum
multiplication by D(a)D(b) for a,b € H*(S), so we do not need to consider the latter one.
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2.4. Gromov-Witten invariants. Let
My n(SM, B + kA)
be the moduli space of connected N-marked genus h stable maps f : C — S satisfying
f.[C] = B+ kA € Hy(SM, 7).

The Gromov-Witten invariants of Sl are defined by integration over the virtual class:

slnl
<)\1,...,)\N> :/ ev
h,B+kA [Mh,,N(S[ | Bk A)vir 1;[

where ev; : Mh,N(S["]7ﬁ +kA) — S are the evaluation maps at the i-th marking.

2.5. Main results. Let ¥ be a smooth curve and let
T:S =X

be an elliptic surface with section ¥ C S. Let f € H?(S) denote the class of a fiber.

If B € H(S,Z) satisfies .3 = 0 but is not a multiple of f, then after a suitable deformation of S,
[ is no longer effective It follows that all Gromov-Witten invariants of SI" in class 8+ kA vanish,
see Proposition |7.15| for details. In other words, if v € HQ(S["] Z) is a class satisfying 77[ "
then we can have non-zero Gromov-Witten invariants for this class only in case v = df + kA for
some d > 0 and k € Z (with k > 0 if d = 0). Hence we restrict to this case below.

Consider the operator

v =0,

(3) Q™M™ € End(Fs ® Q((p))[la]])

defined for all A\, p € H*(S[) by

(4) QHﬂb)\ 1) Z Z q /\ )0 [g}-i-kA
d>0 keZ

For any class v € H%(S) and integers by, ...,b, € Z define a class in H>"+2(S™) b

T

(5) bt (4) = Zbgpr;«(p) Hpr;f Z bib;pry; ( (A% ( H prj (v
=1

4 1<i<j<r O#i,j
where

e pr;,pr;; are the projections from S to the i-th and ij-th factor respectively,
e A2%4(y) is the component of A,(y) € H*(S x S) which lies in H°44(S) @ H°dd(S).

For any v € H?(S) define the operator

T (b2 — bl .
©) = X ST )
b1,...,br€Z
bi+...+b,.=0

The first main result of the paper is the following:

Theorem 2.3.

QM =% "In ( )qkq k(AL Ks)

k>0

- </z: KS> > % [wdf(Pm) + (™2 —p ) ey

m,d>1
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The 7-restricted quantum product *, on H*(S™) ® Q((p))[[q]] takes the form

)
(M #x A2, A3) gt = D 3 % (=p)F (A1, A2, As)g 5 -

d>0 kezZ
For z € H?(S) consider the operators
E,, Es € End(§s @ Q((p))([al])

which act on H*(S!"]) by #,-multiplication by D(z) and § respecitvely.
Corollary 2.4. For any o € H?(S) we have
d .
E(x =e, + (OZ 3 f)quQH1lb

E(; =e5+p— QHllb
dp
Proof. The result follows from Theorem [2:3] and the divisor equation. O
Remark 2.5. Wheneve py(S) > 0, the Hilbert scheme S has non-zero Gromov-Witten invariants
only for curve classes acq(S) + kA by [12], so the restricted quantum multiplication *, equals the
full quantum multiplication * in this case.

Remark 2.6. For any surface S, define the extremal quantum product ey, on H*(S") @ Q[[p]] by
[n]
(>\1 *ext )\2,/\3)5[n1 = Z(* ) <>\17>\2,)\3>OSM
k>0

Define the operator Eg¥* € End(Fs ® Q[[p]]) which acts on H*(S") by #ey-multiplication by 4.
Then J. Li and W.-P. Li proved that for any simply connected surface S we have

1 E pF+1 1 p+1

Bt = —— (A ~. — = ALK

6i+§ 1qi0;qk (A123): + ) (2 13 1) M- k(AKs)
Jj+k=0 k>0

Corollary [2.4] specializes to this evaluation under ¢ = 0.

2.6. The local elliptic curve. Consider the elliptic surface
S=FExC.

We view cohomology classes of F as cohomology classes on S via pullback. The torus G,, acts on
C with tangent weight ¢ at the origin and thus on S and its Hilbert schemes. The induced action
on the moduli space of stable maps to S has proper fixed locus. The Gromov-Witten invariants
of S are defined as the corresponding equivariant residue. We define the 2-point operator

Q" € End(H*(Hilb) ® Q(t) ® Q((p))[[a]])-

exactly as before.
We state a complete evaluation of this operator. Define the equivariant operators

—2) " ara-k(Ap)

k>0

23ee Section H for when this is the case.
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where A € H*(E x E) is the class Poincaré dual to the diagonal, and let wg:(p) be defined by
the same formula as w,(p) but using the equivariant class

wrbr(de) = d (Y b (pe) = ) bibpry (A

i=1 1<i<j<r

where pr € H?(E) is the class of a point.
The second main result of the paper is the following:

Theorem 2.7. Let S = E x C. Then we have:
. 1—pF
Qb = —¢? Zln ( b ) 9kq-x(AR)

E>0 1-p

md
q m m —m
+ g Pl [Wdt(p Y+ (™2 —p /2)26dt}~
m,d>1

This determines the quantum multiplication by divisor classes on (E X (C)["] for all n.

3. MODULAR AND JACOBI FORMS

For even k > 2 the weight k Eisenstein series are defined by
Bk k—1 _n
Gr(q) = *ﬂ+zzd q,
n>1 d|n
where B,, are the Bernoulli numbers defined here by the expansiorﬁ
z e +1 2"
. = B,—.
2 er—1 Z n!
n>0
In particular, By =0, B, = 1/6, and By = —1/30. For odd k we set G}, = 0.
The algebra of quasi-modular forms is
QMod = @5 QMod,, = C[G2, G4, Gg),
E>0
where the grading is by weight. We have G}, € QMod,, for all k.
The differential operators D, = qdiq acts on QMod and increases the weight by 2. Moreover,

viewing a quasi-modular form as a formal polynomial in G2, G4, Gg also ﬁ acts by lowering the
weight by 2. Let wt € End(QMod) be the operator which acts on QMod,, by multiplication by k.
Then we have the commutation relation

{ d Dq] = —2wt.

dGy’
Let z € C and p = e*. Consider the normalized Jacobi theta function
1— my(1 — —-1,m
(7) () = (2 — %) [[ (1 —pg™)( rd )

Define weight n functions A,, for all n € Z by the Taylor expansion:

(8) Oz+w) 1 +ZAn(Z’T)w”*1.

0(z)0(w) w (n—1)!

n>1

3This convention only differs from the standard z/(e® — 1) definition in the value of B, which we take to be
zero.
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By a result of Libgober [27] the algebra of meromorphic quasi-Jacobi forms of index zero with
poles in z only at lattice points is the free polynomial algebra
QJac = @) QJacy, = Q[A1, Ay, As, Gz, Gul,
k>0

where the grading is by weight of the generators. Moreover A,, € QJac,, for all n.

Theorem 3.1 ([58]). For all n > 1 the functions A, satisfy the following properties:

(i) We have the Fourier expansion
B, 1 1
Auler) = =24 a5 = 3 T (1
k,d>1

(i) Around z = 0 we have the Taylor expansion

1 M a\"

0<m<n—1

Z2gf2+n d n—1
oy 2 (q> Gy 4)
= (29 —2+n)! \"dq

(iii) The following differential equation holds:
a4
dq

d
q A, :pdiAn—&-L
P

Proof. Part (i) and (ii) are proven in [58, Sec.3], part (iii) is immediate from (i). O

Example 3.2.

d -1
A= pd—log@ f—QZGk )
k>1

1 p pq" p‘lqr
A = — — —_— - .
1 2+p—1 Z[ r 1

Sitl—pam 1-p7q

4. RELATIVE GW AND PT INVARIANTS

Let S be a smooth projective surface and let C' be a smooth curve of genus h. Let z1,...,zy € C
be distinct points and write z = (21, ..., zn). We consider the Gromov-Witten and Pandharipande-
Thomas theory of the relative geometry

(9) (8 xC,8.), S—|_|S><{zz

=1

4.1. Weighted partitions. A H*(S)-weighted partition or simply cohomology weighted partition
is an ordered list of pairs

(10) ((A1,61),--, (M de)), 0 € H*(S), A\ >1.
The partition underlying A is denoted by X = (A, Mg,y o).

Definition 4.1. The class in H*(S!™) associated to the H*(S)-weighted partition A = {(\;, 5;)}
of size n is defined by

(11) A=Hin1inAi<a vo



QUANTUM COHOMOLOGY OF THE HILBERT SCHEME OF POINTS ON AN ELLIPTIC SURFACE 11

4.2. Gromov-Witten theory. Let 8 € H3(S,Z) be a curve class. For i € {1,..., N}, consider
H*(S)-weighted partitions
£(x:)
Ai = ((Nig:0ig)); 55
of size n with underlying partition Xz Let
(12) Mg . (8., 5w (8 X €, 52)

be the moduli space which parametrizes r-marked genus g degree (8,n) relative stable maps to
the pair (9) with ordered ramification profiles Xi,..., Ay along Siise-ySay, see [I9). The source

9 ZN

curve here is allowed to be disconnected but we exclude contracted components (this condition is
denoted by the bullet o). The moduli space has relative and interior evaluation maps:

CVzij :Mg,n(ﬁ,n),(xl,...,xlv)(s X 07 SZ) — S

evj i My, gn) (5,50 (S X C,8:) = S xC.

Let v; € H*(S x C) be cohomology classes and k; > 0.
We define the Gromov-Witten invariant:

GW,(SxC,S,),e
(AL AN |7y (1) -+ 7, ()5 g 52)

r N £(\i)
* k; *
- /—. T evi e TT T evis0is).
(Mg o (8.m). (51X ) (SX TSV 2 i=1 j=1
The partition function of Gromov-Witten invariants isﬁ
SxC,S,
(13)  Zow s O A7, (1) - 7, () =

(_iz)d/; (_1)(17h7N)n+Zi E()\,;)Z(272h7N)n+Zi L(X;)

_ _ GW,(SxC,S,),e
YD (O A [T (1) T (1)) g gy
gEZ

where dg = [, c1(Ts) and i=+/~1.
4.3. Pandharipande-Thomas theory. Let
PX7(51n) (S X C, SZ)

be the moduli space of relative stable pairs (F, s) on (9) with x(F) = x and mgxc«cha(F) = (8, n).
The moduli space has evaluation maps over the relative divisors

evs, : Py g (S x C,8.) — S
Consider also the universal target over the moduli space
7T:X—>PX’(3$n)(SXC,SZ), pZX—)X:SXC,

where p is the map that forgets the stable pair and contracts the bubbles. Let (F, s) be the universal
stable pair on X. For v € H*(S x C), we define the descendent classes

chy (7) = m(chy (F) - p*(7))-

4The complicated prefactor is a special case of a general formula, see e.g. [45] Sec.5.2].
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We define the Pandharipande-Thomas invariant:

r N
r PT,(SxC,S. .
(At ANy e, (325575 = / T ebe, i) [T vz, (ha).
[Px.(8,m) (SXC,8:)]v 5 7 1

The partition function of these invariants is
SxC,S, 22m, m PT,(SxC,S>)
ZlgT,X(ﬁ,n) ) A1y, )‘N|H::1 chy, (Vi) = Z i’ P (A1 /\N|H::1 chy, (%)>m+n(1—h)+%d3,(/3,n)
mE%Z
4.4. GW/PT correspondence. The Gromov-Witten (GW) and Pandharipande-Thomas (PT)
invariants are conjectured to satisfy the following relation:

Conjecture 4.2 (|31], [52]). ZF(,‘?X((BJS)Z) (M-, ANITTizy chy, (i) is the expansion of a rational

function in p and under the variable change p = e* we have
SxC,S; 5xC,S, T ch (~)
286 Oy ATy ek, (30)) = ZE ) (s ATy e, (32 )
where [[;_, ch, (Vi) stands for the application of a universal correspondence matriz.

4.5. Family of curves. We generalize the previous situation to a family of curves.
Let Cp,n — My N be the universal curve over the moduli space of semistable curves (i.e.

connected nodal curves without rational tails). Let z1,..., 25 : Mp ny — Cp, n be the sections and
write z = (21,...,2n). Consider the family of relative geometries
(14) (S X Chn/Min,S:),  Se=| |Sx{z}.

As discussed for example in [55] [44] there exists moduli spaces of relative stable maps and
relative stable pairs to the geometry . The moduli spaces have relative evaluation maps as
before. The interior evaluation are chosen here to take values S, by projecting away from the curve
factor (this is all we need). The invariants and partition functions are defined exactly as before,
with C replaced by Cp, v in the notation.

A special case we will consider is the family Cpo — My 2. In this case the moduli spaces
parametrizes maps/pairs to the rubber’ target (S x P!, S )™, see for example [51, Sec.2.4] or
[45] Sec.3.5]. We recall the basic rigidification statement which can be found in [34] Sec.1.5.3] or
[45, Prop.3.12]. Let w € H?(P!) be the class of a point.

Proposition 4.3 (Rigidification). Let y1,...,7v. € H*(S). Then for both € {GW,PT} we have

(8%C0.2,50,00).0 (SXP,S0.00),0
(22 | 7y (70) 7, ()Y S0 500 = N0, g 7, (w0 )k (92) <+ 7, () ey 50

5. NESTEROV’S HILB/PT WALL-CROSSING

We have the following three enumerative theories associated to the surface S:
(1) Gromov-Witten theory of the pair (S x C, nv/Mp, N, S2)
(ii) Pandharipande-Thomas theory of (S x Cp n/Mp N, S2)
(iii) Gromov-Witten theory of Sl with N markings of genus h.
In the last section we saw the relationship between the theories (i) and (ii)ﬂ In this section we
review the wall-crossing formula between (ii) and (iii) obtained by Nesterov [42] using the theory
of quasimaps. Our discussion follows the survey paper [44].

5Although we did not state it explicitly here, a GW/PT correspondence for the relative geometry is expected
and was proven for C? in [55].
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5.1. A note on conventions. Let f: C — S be a genus h (quasi)-map to the Hilbert scheme
where C' is a curve. By pulling back the universal family Z — S[™ by f we can associate a stable
pair (F,s) on S x C. Then we have the three numerical invariants

X =x(F), m=chs(F), f[C]=p+kAc Hy(S", 7).

The three numbers x, m, k are related by (see e.g. [46, Lemma 2])
1 1
x=k+n(l—-nh), k:m+§d5, x:m—i—n(l—h)—kidﬁ

In the stable pairs literature one usually indexes the moduli space of stable pairs by x (because
this notation works well also in the quasi-projective setting). On the other hand, we have indexed
here the generating series of stable pairs invariants by the Chern character m = chs(F’), because
then the GW/PT correspondence and degeneration formula is simple to state [45]. Finally, in the
Hilbert scheme literature the curve classes of the Hilbert scheme are usually indexed by k. Below
we have to translate between these three conventions.

5.2. Wall-crossing formula. The first step is to introduce the wall-crossing term (sometimes
denoted I-function or vertex term). Consider the open substack

FXv(B7n) - P)@(ﬁ,n) (S X ]P)lv Soo)

which parametrizes stable pairs on the relative geometry (S xP!, S.,) which do not require bubbling
over co. There is a natural evaluation map over oo,

ev : FX,(B»") — S[n].

Let C* act on P! with weight 1 at 0 € P! and let z = ec:(Csa) be the class of the weight 1
representation. We define the virtual class of F, (3,) by C*-localization:

vir [Ff%ﬂ ")]Vir C; +
From]™ = = (yviny— € Bl g 7

The truncated I-function for class (8, k) is defined by

1.k (2) = [2 - eValFrpm 8.m)]""] 20

Define also a modified PT bracket, where we shift parameters and change notation:

PT PT,(SXCh,n/Mhn,~N,S=
O ANy = (A AN e G

Theorem 5.1 (Nesterov). If (h,N) ¢ {(0,0),(0,1)}, then

PT st
’<)\1,---,)\N>h,(5,k) = </\1,...,/\N>h76+,€A

1 slnl
+ Z H<)\1)"'?)\N7u(51,k1)(_wn+1)7 e 7u(ﬁg,kg)(_wn+é) h,Bo+koA
>1
(Bos---Be)
(ko,....ke)

Zi ﬁt:ﬁvzi ki=k
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5.3. Semi-positive case. Assume that S is a semi-positive target, that is for all effective curve
classes € Hz(S,Z) we have

dg = /601(5) > 0.

We will see that the correspondence in Theorem simplifies. Let us give a name to the class

ir

L) = eValFln,a,m)]"
appearing in the definition of the truncated I-function p g x)(z) above. The (untruncated) I-
function is then the element in H*(S™)[[zF, ¢, y]] defined by
I(t,y,z) =1+ Z gk)tﬁyk
(B,k)>0
where (8, k) > 0 stands for 8 > 0, or 8 =0 and k > 0 (the case 8 = 0 and k = 0 corresponds to
the space Fjp (3,n) Which parametrizes tubes and is excluded).
Since [Fy (g,n)]"" is of dimension 2n + dg, the class I(4 ) is of dimension —dg. If dg > 0 (as we
assumed) we obtain an expansion of the form

+ ...

Ipma | Lk
Iiga =Lpm0+ =

22
where I (g 1), € HQ(T_dﬁ)(S["]). Taking the generating series we get

I, I
I(t,y, )_IO+—1+—2+

where
Ip=1+ Y Iguot’y" € HO(SM)
B,k: dg=0
(15) L= Y Tpmat™ 4+ D Ipwat’y"
B,k: dg=0 B,k: dg=1
€H2(SIn]) €HO(SIn]

Proposition 5.2. Let S be semi-positive.
(a) If2h —2+4 N > 0 then

B [n]
Igh 24N Z/ <)\1’ . )‘N>£I[3,k)tﬂyk — Ztﬂy exp ( (6 + kA)) <)\1, PN )\N>i,[3+k,4 .

Bk B,k
(b) For dege (A1) + dege(A2) > 2n — 1 we have
I [n] 1
<)\1, )\2> tﬂyk exp (B + kA) <)\1, )\2>0 A T — AAolq.
Z B+ I
B,k (B,k)>0 st

Proof. Let Iy = Iy — 1. Theorem can then be rewritten as

PT k
D AN Y
5.k
slnl

= g E )\1 )\N —’(/JN 1f0 —’(/)N 4 jo Il Il> tﬁlyk/
1 ' < ) ) ) + ) ) +£4040> ) ) i
87 k! £o,01>0 lolty! 6 hp'+k'A

Part (a) follows by the string and divisor equation and the identity:

()=
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For part (b) we can apply string and divisor equation whenever (5, k') > 0. In case (8',k') =0
we evaluate the right hand side directly: We need to have precisely one insertion of the form Iy,
and then we can remove the —¢¢[y insertions using the string equation. O

Corollary 5.3 ([42 Prop.6.9]). Let p € H4"(S[”]) be the class of a point and v € Ho(S™). Then

Ioty Z/palalo(ﬁk)ty
Bk
[Il(tvy)]dc =0
B AT > P Do eaty
O( ay) (8,k)>0
v 1Y) deges
T 2 ety
o(t,y) (B Re0

Proof. See also [42] Prop.6.9]. One simply applies the previous prooposition in the first case with
insertions (p,1,1), and in the other case with insertions (p,1) and (,1), and uses that in the
presence of an insertion 1 all primary invariants of S for non-zero curve classes vanish. O

Example 5.4. If S is Fano, then one has [42] Prop.6.10]
Io(y) =1

Liy) =log +9)D(er($) = 4= D )l
1 + y QEHQ(S,Z)>0

c1(S)-a=1
For 2h — 2 4+ N > 0 the wall-crossing formula is then:
PT SW
D AN = L)Y AN a ¥
k k

6. ELLIPTIC CURVES

6.1. Cohomology. Let E be a non-singular elliptic curve and let 1, «, 8, p be a basis of H*(E)
with the following properties:

e 1€ HY(E) is the unit
e a € HY(E) and 8 € H*!(E) determine a symplectic basis of H'(E),

/Eauﬁzl,

e p € H?(E) is the class Poincaré dual to a point.
6.2. Gromov-Witten class. For 2g —2+n > 0 let
T:Myn(E,d)— Mgy,

be the forgetful morphism. Define the Gromov-Witten class

Cg(’yl""vfy” ZT* ( gn E d VereV Vi > qd € H*(Mg,n) ®Q[[QH

d>0 =1

Lemma 6.1. C,(1*") = 0.

Proof. This follows by the methods of [5I], Sec.5.4]. O
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Theorem 6.2 ([48]). For anyy1,...,vn € H*(E) the series Cg(V1,-..,7n) is a cycle-valued quasi-
modular form:

Co(V1,s---m) € H (M) @ QMod.

Theorem 6.3 ([48]). Considering Cy(v1,...,vn) as a polynomial in Ga, G4, G with coefficients
cycles on M, we have

d
d—G2Cg('yl, cosYn) = tCoo1(v1s- -3y 1,1)

+ Z Jx (Cgl (75171) |X|C92 (’YSQ’]'))

9=91+92
{1,.4.,1'7,}:;91 L1Ss

-2y </ %‘) Co(r1, - Yim1s LYt 1, - ¥0) - Wi,
i=1 W E

where vs, = (V)kes, and v: Mg_1 40 — Mgy and j : My, 5,141 X Mg, |sy41 — Mg are the
natural gluing maps.

6.3. Hodge products. Let E — Mg,n be the rank g Hodge bundle and let A\; = ¢;(E) be its
Chern classes. The main result of this subsection, Proposition is an explicit formula (in terms

of tautological classes) for the product
Co(P™™) - Ag—1.

We will need some lemmas about such products (Lemmas and , and along the way we also
state a general conjecture of note about such products (Conjecture [6.5) and give some evidence

supporting it.
Lemma 6.4. For all g > 0 we have Cy(V1,...,7) - Ag = 0.

Proof. See also [56, Lemma 4.4.1]. Assume first d > 0. Let C — M, ,(F,d) be the universal curve
and let f : C — FE be the universal map. Let dz € T'(E,Qg) be the global holomorphic 1-form.
Then f*dz defines a global nowhere vanishing section of (the pullback by 7 of ) E. Hence

[Mg’n(Ev d)}Vir)‘g = %eVnJrl*(CQ(E)f*(p)[Mg,n+1(Evd)]Vir) =0,

where we suppressed the pullbacks by 7. In case d = 0 we have [M,,(E,0)"" = [M,, x
E](—1)9)g, so the claim follows from Mumford’s relation ¢(E @ EY) = 1 which gives A2 =0. [

We don’t have this vanishing when multiplying by A4_1, but we can say something about which
quasi-modular forms can appear.
Let QMod® ¢ QMod denote the C-linear span of all derivatives of Eisenstein series

(q;’q)iak@,

Conjecture 6.5. For any2g—2+n >0 and y1,...,v, € H*(E),

where 7 > 0 and k£ > 2 is even.

Co(Y1s--m) - Ago1 € H*(M,.,) @ QMod”.
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We give evidence that this conjecture is likely true by checking it below both when ~; = p for
all 4 (which is all we need for our application) and numerically, i.e. after integration against an
arbitrary tautological class of complementary codimension. Proving Conjecture[6.5 when there are
odd classes ; seems more difficult.

Lemma 6.6. For any 29 —2+n >0,
Co(p*™) - Ag—1 € H* (M) ® QMod”.

Proof. Following the proof of the quasi-modularity in [48], we see that C,(p*™) is written there as
a sum over terms supported on stable graphs on n vertices with no cut edges. Cupping with A\;_;
kills all terms supported on a graph with more than one cycle, so only terms supported on the
n-cycle graph remain. These terms only produce quasi-modular contributions that are derivatives
of a single Eisenstein series, i.e. belong to QMod”. |

Theorem 6.7 ([50, Conjecture 4.4.5]). For any 2g—2+n > 0, v1,...,v, € H*(E), and tautological
class « € RH*(M, ),

/7 Cg(fyb e 77n)>\g71a S QMOdE
Mg n

Proof. Recall that a general tautological class is a linear combination of basic classes of the form
(ér)«(monomial in k, 4 classes), where I is a stable graph and &r is the corresponding gluing map.
We assume « is of this form.

We also assume the 7; are homogeneous. Let ; have complex codimension d;, i.e. v; € H?*%(E).
Then Cy(71,---,7vn) has codimension g — 1 + 3" d;, so we can assume o € RHI~ =24 (Df, )
since otherwise the integral vanishes for dimension reasons.

Next we note that this integral vanishes whenever in the stable graph I", the genus splits across
vertices or is reduced by a self-node, since in either case the vanishing result Lemma [6.4] will apply
to some vertex (after splitting the A\;_; insertion over the vertices). In other words, we can assume
the graph I' has a vertex vy of genus g (i.e. I' is a rational tails graph). Let ng be the valence of
vg (including legs).

Let ag be the piece of a coming from vy, i.e. ag € R* (Mg,no) is a monomial in kappa and
psi classes there. Since R9(M, ) = 0 (and this can be achieved by tautological relations defined
on ngno), we can assume that oy has codimension at most g — 1. The dimension of the class «
is then at least dim M, ,, — (g — 1) = 29 — 2 + nyg, so the codimension of the class « is at most
g— 14 n—ng. But we have already assumed this codimension is g —1+n — Y d;, so we conclude

But all rational components are contracted by any map to F, so this means that the n markings
are mapped to only at most ng < > d; distinct points on E. This means the integral will vanish
unless ng = Y. d; and the graph is such that the markings are partitioned into ng groups (the
connected components if v is deleted), each of which has insertion classes ; with product equal
to a multiple of p.

But then the Gromov-Witten splitting formula reduces the integral to (a multiple of)

[ e
MQV"O

By Lemma this belongs to QMod” as desired. ]
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We now compute the product appearing in Lemma explicitly.

Proposition 6.8. We have

B d n—1
Co(p*™) - (~1)" Agr = g (qdq) Cag(a)-

where the class oy, € H* (Mg ;) is given by

(29 -1)! 4y Z” ~
n = - 7A )\ . RS Z" .. n’
“9, (29 —2+n)! By 979! =1 Yiva: @ v

where the product of psi classes omits ;.

Proof. By Lemma and the fact from [48] that Cy(p*™) is of pure weight 29 — 2 + 2n, we have
that
Cg(pX") . (—l)g_l)\g_l S H*(qu) ® Span (D2G29_2+2n_21“2' > O)
where D, = qd%. We hence can write
(16) Co(P™™) - (=1)97" Ng—1 = 0Gagian—2 + 01 DgGagyon—a + a2D2Gagion 6 + - ..

for classes o; € H *(Mg’n). It remains to compute the «;, which we claim are all zero except for
Op—1 = Qg n.
We now use the holomorphic anomaly equation (Theorem [6.3)) to evaluate the expression

i
for every i. The HAE has three terms, but we claim that the first and second will always vanish
in this case each time the HAE is applied. Indeed, the first term reduces the genus and hence
vanishes immediately by Lemma The second term vanishes for the same reason if it splits the
genus properly, so we can assume there that g; = 0 or go = 0. The degree of the map on the genus
0 component must then be 0 to give a non-zero Gromov-Witten class, and at most one of the p
insertions can be on that component. For the initial application of the HAE

this cannot happen because the genus 0 component must have at least two of the markings for
stability, but every marking has a p insertion. For later applications of the HAE, some markings
will have 1 insertions but they will also have psi classes causing these terms to vanish anyway.

So we are left with the third term of the HAE, which converts a p insertion to a 1 insertion
and multiplies the class by the corresponding psi class. There is also a scalar factor of (—2). The
conclusion is that for 0 < ¢ < n we have

K3
(dgz> Co(P*™) - (=1)7 7 Agmr = (=2)"l Y Cy(T P " )npo -y - (—1)97 Ay,
(%)
where the sum runs over all ways to distribute the 1 and p insertions over the n points (and we

multiply by the psi classes corresponding to the 1 insertions).
Since by Lemma [6.1] we have Cy(1%) = 0, we find that

d

(17) foralli>mn: <dG2

) Cy (0" ™) (~ 1) A1 = 0.
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Moreover, since a constant map can not go through two distinct points, we get

d\
(18) foralli <n—1: Coeffyo (dG2> Cy(p*™)(=1)7 " Ag_1 | = 0.

Finally, since Coeff 0Cy(p, 1" 1) = (=1)9),, we have
(19)

Coeff o

d n—1 . B . n N
(dG2> Cy(p™™)(=1)7 1>\g_1] =—(n—-1!(-2) 1/\g)\g—1;¢1¢2---¢i---¢n-

We now compute the a; appearing in for each i. Apply (d/dG5)" to both sides of and
repeatedly use the commutation relation [d/dG2, Dy = —2wt. The result is

d \?
<dGz) Cg(pxn)(—l)gilAg_l = Cgn,i0iG2g—2+2n-2i

+ (sum of terms involving a factor of DJ(G,y,) for j > 0),

where ¢45,,; € Q is a nonzero constant. Taking the q%-coefficient and using or , we find
a; =0fori#n—1.
For i = n — 1, this same approach lets us compute o, _; by dividing the right side of by

BQg
4g

the constant term — of the Eisenstein series G4 as well as the commutation constant

o1 (m—11(2g+n—2)!
(29 —1)!
The result is the class ag , in the statement of the proposition. O

Comm—1 = (—2)""1(29)(29+ (29+2)) -+ 29+ -+ (29+2n—4)) = (-2)

Example 6.9. For n =1 and g > 1 the previous proposition says
Cy(p)(—1)9 " Ago1 = —AgAg_1E2(q).
where Fy, := —4g/ByyGag = 1+ O(q) is a renormalized Eisenstein series.
6.4. The double ramification cycle. Let
A= (a1,az2,...,a,), a; €Z

be a vector satisfying > " ; a; = 0. The a; are the parts of A. Let u be the partition defined by
the positive parts of A, and let v be the partition defined by the negatives of the negative parts
of A. Let I be the set of markings corresponding to the 0 parts of A. Let M, (P!, u,v)™ be the
moduli space of stable relative maps of connected curves of genus g to rubber with ramification
profiles p, v over the points 0, 00 € P! respectively. The moduli space admits a forgetful morphism

7 My (P, v)™ — My,
The double ramification cycle is the pushforward
DRy(A) = 7 [M 1 (P*, 1, )]

Hain’s formula [I1] is an explicit formula for the double ramification cycle after restriction to

vir

€ AY(My,).

compact type curves M, ;tn C ngn:

n

1 a? a? !
(20) DRg'(4) = o (Z S Vi Z f%,s) ;

i=1 h,S
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where the second sum runs over all 0 < h < gand S C {1,2,...,n} defining a separating boundary
divisor with class 6,5 = [Ap 5], and ag =), g a;.

6.5. Evaluation. The main result of this section is the following pair of integrals:

Theorem 6.10. For g > 1, n>1 and ay,...,a, # 0 we have:

‘L (=1)% A1y (1,p" DRy (a1, ..., 1)

Mg n
a2 —24n (_1)g—l+n d e
= 1. — Z <_1)|S|a?gg 2+ 2y 77 n),! (qdq> Ggg(q)

and

/7 (_1)g_1Ag_1Cg(Oé,ﬁ, pn_2)DRg(a1a"-aan)

Mgm,
_ n—2
—a1G2 S| 2g—24n (—1)97H" ( d )
= —1 ‘ |a g I e el G ’
aias . ..an, Sc{lz... n}( )lay (29 —2+n)! qdq 2(q)

where as = ;g ;.

6.6. Proof. We begin with the first integral. For convenience, we replace n with n+1 and label the
marked points starting at 0 instead of 1, so we wish to compute the pairing of (—1)971A,_1C,(1, p")
with the DR cycle DRy(ao,...,an). The first of these is simply the pullback along the map g
forgetting the Oth marking of the cycle computed in Proposition so by the projection formula
we can instead take the pushforward

(m0)«DRy(ao, - .., an)

and pair it against the formula given in Proposition

Since AgAg—191%2 ... 1,1 vanishes on all boundary divisors in Mg,n, we can throw away al-
most all terms appearing in the pushforward (7).DRy(ao,...,a,). The surviving terms can be
computed easily using Hain’s formula and can be grouped into three types:

(A) pushforwards of those terms appearing in
1
oo @Bt -+ )
with at least one factor of ¢y (which is then converted to a kappa class by the pushforward);
(B) pushforwards of

1
Fog (@it anta)?;

(C) pushforwards of those terms appearing in
L2 2 (a4 a) 260 r0n - a2t 2. 19
2941 (a1 + -+ aj_1¥j-1 — (aj + ao) 0o q0,53 + aj41¥j41 + - + ayn)
for some 1 < j < n with at least one factor of the rational tails boundary divisor Ag o ;3
(which is then contracted by the pushforward).
In each of these cases, we want to compute the pairing with the formula in Proposition
This requires the standard socle evaluation formulas [§]
/ Ao hg i 0L gt = (=1)9"' (29 =2 +n)! - By,
Mo ! 22071(29)! T[;—o (26 + 1!
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and

—1)9+1(2g — 3+ n)! - B
A )\ _ by+1 . bn+1 — ( g
P T o

(both valid when the integrand has the correct codimension and either all the b; are nonnegative

g,n

or bj = —1 for a single j > 0 and all other b; are nonnegative).
Removing for now the common factors (from Proposition |6.8/and the socle evaluation formulas)
(21)

29-1)! 49 qi ”*1G (1)t (29 — 24+ n)!- By, \ _ (=1)7H qi ”*1G
(29 —2+n)! By \'dq 29 220-1(2g)! 29-2 \ 14 20

we obtain the three terms

R S
29 AR — 1N n... i ;
29 H ot T bol-bnl (20 — 1)11(2by + 1)1+ (2by + 1)1
0>0

1 o ahr ... g2 1/(29 —2+n) =
B — 1 n_ . ) — . .
B %2 2 i bt 1) @b, + o ) 2+ @+ 1))

i=1 byt tbn=g =1
b; >0
(©)
IR ai’ - (a0 + ai)® - aZbn 1/(29—2+n) -
_ n’”, 2Mi+1) | —2 %; + 1
291,;“';) . byl b, @b+ ) 20, £ D 2ot +;( i+ 1)

b; >0

We can simplify these terms by combining the factorials and double factorials in the denomi-
nators, adding terms B and C, and evaluating the sum over j at the end of terms B and C to get
2g + n. The resulting simplified terms are

2bo .. ,2bp

i=1 byt bu=g
bo>0

(2

(2by + 1)1 -+ (20, + 1)1

2b 2b; 2b; 2b,,
aj 1---(a. — (a0 + a;) )---an

(Zbi + 1).

(B+C) >

i=1 b+ +bp=g

We now expand (ag + a;)?*. When ag and a; have even exponent, this precisely cancels the
contribution of the first term, so we are left with only terms with odd exponents, say agc"ﬂafciﬂ

)

and we get that the sum of all three terms is

n a360+1a%b1 “e a?ci-‘rl e a2bn
A+B+C - i n
(A+B+C) 2 2 (20 + DI2br + Dl (26, + 1)1+ (2o + 1]

i=1 co+b1+--+ci+---+br=g
Setting e; = 2b; + 1 (or 2¢; + 1 if j = 0, 1) lets us rewrite this as
(A+B+C) _ <Zn—1“0a) ) ag’ - --ay

apGy - a el -en!
01 "/ egtten=2g—24n+1 O n
ej > 0 all odd
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This sum over e; is the odd part of the formal polynomial (ag+- - -+a,)?9~2 "+ /(2g—24+n+1)!,
S0 it can be interpreted as an average over all ways to flip signs on the a; and we get

B (Z?_l aoai> 1 Z (—1)ls! (ap + - + an — 2ag)297 27+l

ce n+1 — |
apay -+ Gn ) 2 SCOT .} (2g—2+n+1)!

(A+B+C)

Multiplying by the factors in and using ag + - - - + a,, = 0 to simplify yields the formula in the
theorem statement (remembering that we replaced n — 1 by n there and reindexed the a;).
This proves the first part. The second part follows from Proposition belowﬂ O

Proposition 6.11. For ay,...,a, # 0 with ay # 0. We have

a _ e
-2 | )\g—lcg(17pn 1)DRg(a17"'7an) :/7 Ag—lcg(avﬁap 2)DRg(a‘17"'7an)
ar Jn, ., Mg,n

For the proof we need the following two lemmas:
Lemma 6.12. Let ay,...,a, € Z be not all zero. The closed subscheme of E™ defined by
Nay..ooan = {(z1, ..., 20) € E"a121 + ... + apzy, =0 € E}

is smooth, pure of dimension n — 1, has ged(ay, .., an)? connected components N;, and the classes
[N;] € H*(E™) are independent of i.

Proof. First, observe that for any ¢ € GL,(Z), the automorphism ¢ : E" — E™ given by
(X1, ) = (Zj @ijxj)i_y sends Nig, . an) t0 Niay, o an)p—1-

Now let g = ged(ay, .., an)?. Any two vectors in Z" of the same divisibility are in the same
GL,,(Z)-orbit, so there exists ¢ € GL,(Z) with (ay,...,a,)e" ! = (g,0,0,...,0).

Thus it suffices to prove the lemma with a; = g,a2 = a3 = -+ = a, = 0. But then N0 . 0
is just the union of slices {x} x E™~ !, where z is one of the g? g-torsion points of E, and the
statement of the lemma is obvious. O

Lemma 6.13. Let pr, : E™ — E be the projections. We have
[ pr@pss o) prip) - N, =

[ i@ B)prsp) - o) Nas,..] = —r02.

Proof. Let o : E™ — E be given by o(z1,...,2,) = Y, a;x;, let pa,...,p, € E be fixed points
and let ¢ : E— E™ be the inclusion «(x) = (x,p2,...,pn). We then have

[ o pre) - prip) oy o) = [ e 0) = [ (000" (0) =

E
where the last line follows since the map o o «(x) = a1z + Y, a;p; is étale of degree aj.

n

For the second formula consider ¢« : E? — E™ given by (21, 72) = (21,72,D3,...,pn) and o as
before. Then

[ pri@pr3 @i (e) b (o) N, = [
® /Ez(ma1 X M _q,)« (@ B) - 05(p) = /E? —aax(a®B) - Ap = _a1a2/EO‘ B =—aa,

L*(aw)a*(p):/ (@®B)- (0 01)*(p)

E2

n

SWe could alternatively follow the same method as for the first integral, using Theorem in place of Lemma
inside the proof of Proposition
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where in (*) we factor o ot = 09 o (Mmg,, M—q,), with m, the multiplication by a map and oy :
E? — E given by oo(z,y) =2 —y+ >, aipi. O

Proof of Proposition[6.11. Let u be the partition defined by the positive parts of A = (aq,...,an),
and let v be the partition defined by the negative parts of A. Let m = |u| and let

Mg,(d,m),(u,y) (E X ]Pla EO,OO)N

be the moduli space of rubber relative stable maps to (ExP!, Ey ) of degree (d, m) with prescribed
ordered ramification profile p over 0 and v over co. Let 7 denote the morphism to the moduli
space of curves, and let ev; denote the relative evaluation maps indexed by the parts of A. Let
vi € H*(E). By the product formula in relative Gromov-Witten theory [I7] we have

(22) T ([Mg,(d,m),(u,y)(E % Pl, EO,oo)N]Vir H evZ‘ (’yz)> = [Cg(fyl, e ,’yn)]qd DRg(al, ey an).
1=1

The key geometric fact that we use is that the joint evaluation map ev =[]\, ev; factors as
ev : Mg,(dm@),(u,u) (E X Pl, E07OO)N — Nal,_“@n Cc E".
Indeed, since we are over P!, for any relative stable map to an expansion f : C — (E x P)[{] we
have O(f~*(Ep)) = O(f 1 (Ex)) € Pic™(E), and f~1(Ep) — 1 (Ex) = >, aipi-
Let Ny,..., N, be the components of N,,
coefficients ¢y, ..., ¢, € Q such that

a,- By dimension reasons, it follows that there are

.....

s

eV (M g (dm),(uw) (B X P, Eo00) ™1 A1) = ) i Ni].
i=1

By Lemma all [IV;] have the same class in E™, so with ¢ = (¢; + ...+ ¢;)/r we find
(23) EVx ([Mg,(d,m),(u,u) (E X ]Pla EO,OO)N}Vir)‘g—l) = C[N] € H*(En)

‘We obtain

/7 )\gfl[cg(L pn—l)]qd DRg(al, - ,an) " ‘/[M )\g,1 H evf(p)

Mg n g,(dym), (u,v) (BEXPL, Eg oo )~ Vi i=2
@3) -
= * _ 2
= ¢[N]- [[ pri(p) = aic,
=2

where the last equality follows by Lemma and similarly,

/M Ag—1[Cq(a, B,p"?)]aDRy (a1, ..., an) = c[N] - pri(a)pr(B) H pr;(p) = —arazc. O
=3

g,n

7. ELLIPTIC SURFACES: THEORY

7.1. Invariants. Let 7 :.S — X be an elliptic surface. We will assume throughout that there is a
distinguished section ¢ : ¥ — S. We refer to [38] and [6] for introductions.
The basic invariants of the elliptic surface are the genus g := ¢g(X) of the base curve and the

degree

d:=d(S):= %Xtop(S).
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The number of singular fibers of 7, counted with multiplicity, is 12d. The canonical bundle is the
pullback of a degree 2g — 2 + d line bundle from the base. In particular,

dg:/cl(S):Qqufd.

b

We have

g—14d if S is not a product
g+d if S is a product .

pe(8) = h"(Ks) = {

and
if S is not a product

$) = hl(0g) =7
q(S) (Os) {g+1 if S is a product .

Example 7.1. If g(X) = 0, then:
e S=P' xEifd=0,
e S is a rational elliptic surface if d = 1,
e S is a K3 surface if d = 2.
If g(X) = 1, then
e S is the product of two elliptic curves if d = 0 and wg = Og,
e S is a bielliptic surface if d = 0 and wg is torsion.

For any elliptic surface S — ¥, taking the fiberwise j-invariant defines a morphism ¥ — P!.

Example 7.2. Assume that ¥ admits a finite degree 2 morphism to P! (equivalently, 3 has genus
g < 1 or is hyperelliptic). Then for any d > 0 there exists an elliptic surface over ¥ of degree d
such that S has a non-constant j-invariant and all of its fibers are irreducible, see [6 p.62].

Indeed, let us argue the case d = 1, the other cases are similar. Consider the morphism
f: ¥ — P! of degree 2. Let £ € Pic(X) be some line bundle such that £%? = f*O(1). Then
(X, £*) contains HO(P', O(2)) and ['(Z, £L%) contains HY(P!, O(3)). Pick generic elements gy €
HO(P',O(2)) and g3 € T'(P!,O(3)). Then gs, g3 are non-zero and have simple distinct zeros on 3,
so the Weierstrafl model defined by (X, £, g2, g3) (see [38]) is of the desired form.

7.2. Monodromy and degenerations. We recall basic results on the monodromy and degener-
ations of elliptic surfaces.

Proposition 7.3 (Lonne [28,29]). Let S — X be an elliptic surface whose genus and degree satisfy
g=0andd>2,0rg>0andd>0. Let L = H*(S,Z)/Torsion. The subgroup of O(L) generated
by all monodromy operators of S is

O%.(L)={g9 € O(L)|gKs = Ks and g has real spinor norm 1}.

Proposition 7.4 (Seiler, [6, Thm.4.10]). Any two elliptic surfaces of the same genus and the same
degree d > 0 are deformation equivalent.

Corollary 7.5. Any elliptic surface is deformation equivalent to one with integral fibers.

Proof. If d = 0, the surface already has integral fibers (indeed smooth fibers). If d > 0, Proposi-
tion[7.4] says that the surface is deformation equivalent to one of those constructed in Example
(since there exist hyperelliptic curves of every genus g). O

We give two examples of degenerations of elliptic surfaces that we need later on:
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Example 7.6. Let ¥ be a curve with a degree 2 morphism to P!, and let S — ¥ be one of the
elliptic surfaces of degree d > 0 constructed in Example Then there exists a deformation

(24) S ~ Sl UE SQ

where S; = ¥ x E — X is a trivial elliptic surface, Sy — P! is an elliptic surface of degree d, and
E is a joint smooth fiber.

Indeed, let © € X be a Weierstrafl point, let £ = O(dx) and let S — 3 be an elliptic surface
contructed as a Weierstrafl model for (3, £, g2, g3) for suitable go, g3. Let C = Bl(,,0)(X x Al) — Al
be the degeneration to the normal cone of z € C. Then the line bundle associated to d times the
proper transform of {x} x A’ C 3 x A! gives a degeneration of £ which specializes to Cy = X UP!
as a degree d line bundle over P! and as a constant line bundle over ¥. Taking an associated
Weierstrafl model for the pair (C, £) then yields the claim.

Lemma 7.7. The degeneration constructed above has no vanishing cohomology.

Proof. Let S — C — A' be the total space of the degeneration. We restrict the degeneration to a
small disk D C A! around the origin such that H*(S) = H*(Sy), where Sy = S1UgSs is the special
fiber. We need to show that H*(Sy) & H*(S) — H*(S) is surjective, where the last morphism
is induced by the restriction along a smooth fiber S — S. By the Mayer-Vietoris sequence one
proves that H°(Sy) = Q, H'(Sy) & HY(X) = Q%9, H?(Sp) = Q#1241 and H3(Sy) = Q%912
Then the Clemens-Schmidt spectral sequence [40] gives

0 — H°(Sp) — Ha(So) — H2(So) = H2(S) S5 H(S)

so the surjectivity of the last map follows by a simple dimension count. For the other cases one can
argue similarly, or alternatively observe that H'(S) is the pullback of H!(X) along 7, and H3(95)
is the pushforward of H'(X) along the section, which implies the claim immediately. O

Example 7.8. Let 7 : S — X be an elliptic surface of degree 0, such that 7 is not the trivial
fibration. We then claim that there exists an elliptic surface S’ — ¥ of some degree d > 0, and a
degeneration of elliptic surfaces

S~ SUg Sy

where Sy — P! is an elliptic surface of degree d.

Indeed, define the line bundle £ = (R!'7,0g)". By assumption £ is a torsion line bundle of
order m € {2,3,4,6}, see [0, Prop.4.5]. Let € ¥ be a point, let S = Bl (X x A') — Al
be the degeneration to the normal cone of z € 3, let p : § — X be the projection, let D be the
proper transform of {z} x A1 C ¥ x A to S, and let £ = p*(£) ® Os(dD). Then for d > 0, there
exists sections go € I'(S ,£~®4) and g3 € I'(S, £~®6) such that the Weierstrafl model associated to
(S,L,g2,g3) gives the desired degenerationﬂ

Let Sy = S Ug S5 be the central fiber of the degeneration above. After shrinking the base A',
by the Mayer-Vietoris sequence one sees that H*(S) = H*(Sy) — H*(S) is surjective for all k.

"We thank Nikolas Kuhn for pointing out this fact.
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7.3. Gromov-Witten theory. Let f € Hy(S,7Z) be the class of a fiber. The moduli space
M ,,(S,df) is of virtual dimension g — 1 +n. Let E C S be a smooth fiber of 7, and let

t: Mg n(E,d) — Mgy, (S,df)
be the induced inclusion. We have the following description of the virtual class of M, (S, df):
Proposition 7.9. For any d > 1 we have in H.(M, (S, df)):
(Mg (8, df)]"" = ds - 1 ([Mgn(E, d)]""(=1)"" Ag-1) .

Proof. For g = 0, the virtual dimension of M(S, df) is negative, so the virtual class vanishes. But
[Mo.n(S,df)]"* is the pullback of the virtual class of Mo(S,df) by the morphism forgetting the
points, so the latter one also vanishes. Hence the claim holds for ¢ = 0 and we may assume g > 1.

Consider first the case S = P! x E which is elliptically fibered by the projection 7 : S — P!, Let
C; be the torus which acts on P! with C*-weight ¢ at the tangent space of 0 € PL. The localization
formula expresses the equivariant virtual class as follows:
(=1D)9Ng+ ...+ 17

t

— S (=1)9A —t)9
+LEm,*[Mg,n(Ead)]Vlr( ) 9+_t +( ) .

(Mg (S, df)IE = 1y s [M g (B, d)]™

Taking the non-equivariant limit ¢ — 0 implies our claim.

In the general case we argue by cosection localization. Let 6 be a rational section of wg such
that 6 has zeros and poles of order 1 along smooth distinct fibers of 7. The construction of such a
section is simple: If wg = 7*(we ® L), then take a rational section of we ® £ with zeros and poles
of order 1 at points where 7 is smooth, and then pull it back to S. Let p1,...,p, € ¥ be the base
points of the smooth fibers along which 6 has zeros and poles. Write E,, := 7~ !(p) for p € X.

As explaind in [I5] Sec.6] (but see also [2I], Sec.3] where only a rational 2-form is used) 6 induces
a rational cosection of the obstruction sheaf on M, (S, df),

0+ Ob3z,  (s.ap) = O, (.ap)
The degeneracy locus of 7y is by definition
Deg(ng) = {(f,p1,-..,Pn) € My, (S,df) | either 1y is not defined or is not surjective at f}.

Let mar : My, (S,df) — ¥ be the map induced by the elliptic fibration S — X. By [15, Prop.6.4]
the degeneracy locus Deg(7y) is contained in the closed subset

|_|77;;(p1 |_|LE w(Ep,,d)).
=1

Hence by cosection localization [I5, Theorem 1.1] there exists a,, € Hy (M, (E,,,d)) such that

(25) [M g, (S, df)]"™ ZLE +(0p,).

Claim:
o - +[(M g n(Ep,, d)]"™(=1)97*X\;_1 if 6 has a pole along E,,
b My (Ep,,d)]VT(=1)97t\,—1  if 6 has a zero along E,,.
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Before proving the claim, let us show that it implies Proposition Namely for any p €
with E, smooth the class

LEP*[MQJZ(EP’ d)}Vir € H, (Mg,n(sv df))

is independent of p (for any two such p,q € X, the E,, E, lie in a smooth proper family and hence
this follows from the properties of the virtual class). Inserting the claim into gives thus

[Mg,n(sv df)]Vir = (b—a)ip. [Mg,n(Ea d)]Vir(_l)gilAg—l’

where a, b are the number of fibers E,,, which are zeros and poles of §. Since a —b = Kg-¥ = —dx,
this gives the proposition.

We now prove the claim. For the case where 6 has a zero, this follows immediately from [I6],
Theorem 1.1]. However, we may argue both cases directly as follows. By construction (compare
[21, Proof of Lemma 4.3]) the localized virtual cycle cy, is universal, in the sense that it depends
on S and 6 only through whether E, is a zero or pole of 8. We write a;‘ in the case of a pole, and

P
and o = a;t. Let us consider S = P! x E. Since M, ,,(P' x E,df) = My, (E,d) x P!, we have
the inclusion

a7 in the case of a zero. In particular, we can choose any surface to evaluate a;t. Denote F := E,

H.(M,,(E,d) C H.(P' x E, df).
Thus inside H. (M, (S, df)) the equality together with the universality becomes
(8,05, 4" = a0 + bar*

for any rational cosection # with simple poles. By multiplying # by a rational function with a

simple zero and pole, and using that the result has to stay invariant, we get = = —a™. Using
a —b = —2 and our computation using the localization formula then proves the claim by:
—2a” = (a—b)a” = [Myu(S, df)]"" = 2[M g (B, df)]™ (~1)7 A1 0

Remark 7.10. On the level of Gromov-Witten invariants (i.e. numerically), Proposition can be
proven also by a degeneration argument parallel to the proof of Theorem below.

Proposition 7.11. For 2g —2+n > 0 we have

[Mo,n X S} ifg=0

[Mg,n(S,0)]"" = ¢ [My, x S)(c2(S) — Mer(9))  ifg=1
[Mg)n X S](—Cl(S))\g/\gfl) ifg > 2.

Proof. Immediate, see for example [g]. O

Proposition 7.12. Let o(d) =, k. For alld >0 or g > 2 we have

o(d
/7 )\971 = 6gldg%.
[M g (S,df)]"r

Proof. We apply Proposition In case g > 1 we use the tautological relation \2_; = 2X;_ s,
(which is a special case of Mumford’s relation) and conclude the vanishing from Lemma In
case g = 1, we use the well-known computation <1>fd = o(d)/d, see [50]. O
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7.4. Vanishing results.
Definition 7.13. A class 8 € H2(S,Z) is called vertical if .5 = 0.

We collect two results on the vanishing of curve-counting invariants in vertical curve classes that
are not multiples of the fiber class f.

Let C be a smooth curve, or alternatively let C, v — M, y be the universal curve over the
moduli space of semistable curves. Let z = (z1,...,2zy) € CV be a tuple of distinct points or the
tuple of sections, respectively.

Proposition 7.14. If 8 € Hy(S,Z) is vertical but not a multiple of f, then all GW or PT
invariants of the relative geometries (S x C,S,) and (S X Cp n,S:) in the curve classes (8,n)
vanish.

Proof. By Corollary [7.5] S is deformation equivalent to an elliptic surface with only integral fibers.
Hence after deformation 3 is not effective and the invariants vanish by deformation invariance. [

Next we consider Gromov-Witten invariants of the Hilbert scheme of points on S.

Proposition 7.15. If 8 € Hy(S,Z) is vertical but not a multiple of f, then all Gromov-Witten
invariants (A1, ..., )‘N>£,[;]+kA vanish.

Proof. Let Z ¢ S x § — S be the universal subscheme. Let f : C — S be a stable map on
class B+ kA. The fiber product Z X gi») C' is a closed subscheme of C' x S whose projection to S is
a curve of class 3, see [46, Lemma 1]. Hence if 5 + kA is effective, then so is 5. However, arguing
as in Proposition [7.14] we see that 3 is not effective after a deformation of S. O

7.5. GW/PT correspondence. Let \i,..., Ay be H*(S)-weighted partitions, let v; € H*(S)
and let k; > 0. Let w € H2(C) denote the class of a point.

Theorem 7.16. Let d > 0. The series Zé,ix(dcff;)) (Ats- - AN|T -, chy, (wys)) is the expansion of

a rational function in p and under the variable change p = e* we have

SxC,S, r SxC,S, T 3. (o
280G O ATy e, (00)) = Zaw ) (Moo A ]Hz:l g, (@) )

The proof of Theorem will take the remainder of the section. One strategy of proof would
be to use cosection localization by a rational cosection parallel to the proof of Proposition [7.9]
However, stable pairs can have disconnected support, so the usual degeneracy locus of the cosection
is too large. A refined degeneracy locus as in [2I] can be used, but the result is still messy. Instead,
we will use a degeneration argument.

Let E C S be a smooth fiber of 7w : S — X. Consider the bi-relative geometry

(26) (S x P!, S, U(E x PY).
Since S, intersects E x P! non-trivially, the full GW/PT theory of this pair does not fit the

classical framework of [20, [22] and instead requires logarithmic methods [36] 37]. However, here
we only need to deal with curve classes (8,n) € Ho(S x P') where 3 is vertical, so that

(B,n) - (Ex P =o0.

The moduli spaces of relative stable pairs and maps to have then been constructed in [52]
Sec.6.5] by classical means. As discussed there moduli spaces, invariants, partition functions, and
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degeneration formulas work then parallel to [20, 22]. Also a GW/PT correspondence for for
B vertical can be formulated, see [52] 45]. Thus log-geometric constructions can be avoided.

By degenerating the curve C and by using a basic invertibility result for the cap geometry
(S x P, S.) explained in [45, Sec.6.2] (which is based on the works [54],[52]) it suffices to prove
Theorem for the case (S x P!, S ). We leave the details for this reduction step to the reader,
but instead refer to [52), Sec.6] or [45] Sec.9.2] where identical arguments have been made for the
A, -surface and the K3 surface.

We hence from now on assume that (S x C, S,) = (S x P!, S).

The plan of the proof of Theorem is as follows:

e the correspondence holds for the two cases S = P! x E and S a rational elliptic surface
(Proposition B3]);

e the correspondence holds when g(S) = 0 by degeneration to copies of R and a monodromy
argument (Proposition ;

e the correspondence holds for trivial fibrations S = ¥ x E by degeneration to copies of
P! x E and a monodromy argument (Proposition ;

e at the end of the section, we prove the correspondence holds for an arbitrary elliptic
fibration by degeneration to a fibration over P! and a trivial fibration, as in Example

Proposition 7.17. Theorem holds for S = P! x E and for S a rational elliptic surface.

Proof. The case S = P! x E is a special case of [53, Theorem 7]. The case of a rational elliptic
surfaces follows from [53, Theorem 2], since a rational elliptic surface is the blow-up of P? along
9 points and hence deformation equivalent to a toric surface. (The above references prove these
claim equivariantly in the P! direction, but as explained in [52], the equivariant correspondence is
always stronger then the non-equivariant limit.) O

Proposition 7.18. Theorem holds for an elliptic surface S if and only if it holds (in the
corresponding bi-relative setting) for (S, E). In this case, the correspondence also holds for (S, Eq1U
..UE)y), where Eq,...,E; C S are smooth fibers.

Proof. Let Y = E x P! and consider the degeneration of S to the normal cone of E, denoted
by S ~+ SUg Y. By taking the product with P!, we obtain a degeneration of S x P'. We lift
all cohomology insertions from S to the normal cone degeneration by pullback (in particular, the
degeneration has no vanishing cohomology). The degeneration formula yields:

SXP, S
(27) ZéTden) POy chr, (W) = Y 3
d=d,+d> A=A1UA2
{1,...,T}:Sll_|S2

(SXP',Se UEXP!) (Y xP! Yoo UE xP!)
2T (dy )M ) (Ml2[[Ties, chr, (W) - 2T (daf. | Aa]) (Aol@[Ties, chr, (wile))

where A1, @ in the first factor on the right stands for the weighted partitions inserted along the
relative divisors S,, and E x P! respectively, and similar for the second factor. Here the class
associated to a partition are defined by the relaive Nakajima cycles, see [53].

Since there are no curves in class (0,0) € Hy(Y x P!, Z), one has

(28) Z(Y><IP’ Yoo UEXPY),T

PT,(0,0) (2]2]1) =1

The above formulas hold identically also on the Gromov-Witten side.
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If we specialize to S = F x P! we have that both factors in are invariants of the same space.
Hence, if all cohomology insertions +; are pulled back from E we find:

SxP, S SXP, S UE xP!
ZI(DT,X(df,n) ) (ATTi=; chg, (wyi)) =2- ZI(DT,X(df,n) EXE) (A2 Ti—; chg, (wyi)) + (-2
where (---) stands for the terms in where (8;,n;) > 0 for both ¢ = 1,2, which therefore
involves invariants only for curve classes of strictly lower degree.

If there is some ~; € H*(S) such that v;|g = 0, then the full curve degree cannot be distributed
to the Y x P! factor. Hence in this case:

SxP, S0 r SxP! S UE xP* r
% (g ATy i (w010) = Zg7 ™™ (MBI e (w030)) + ().

Theorem holds for S = E x P'. Moreover, as shown in [53] the GW/PT correspondence is
compatible with the degeneration formula. By an induction on the degree of the curve classes, it
follows that Theorem [7.16| holds for the invariants Zéii]gf”foEXP ) A@|ITi—; ch, (wy)).

Let S be now a general elliptic surface with section. The degeneration formula together

with reads

SxP!, S0 r SxP!, S UExP! r
ZlgT,X(df,n) )()“Hizl chy, (wyi)) = ZlgT,X(df,n) o )()\|@|H¢:1 chy, (W) + (--)

where (...) stands for invariants of (S x P!, Soo U E x P1) in curve classes (d'f,n') < (d, f) (with
respect to a lexicographic order) times invariants of (Y x P!, Yo, U E x P1). We hence see that the
invariants of (S x P!, So.) and (S x P, S U E x P!) are related by an invertible upper triangular
relation. Since the GW/PT correspondence is compatible with the degeneration formula and is
known for the coefficients in this relation by the first step, we see that the GW/PT for one geometry
implies the claim for the other geometry. This completes the proof of the first claim.

The second claim follows likewise by the degeneration formula for the degeneration of S to the
normal cone of the fibers E1,..., E,. O

Proposition 7.19. Theorem [7.16 holds for an elliptic surface S which is fibered over P'.

Proof. Let S — P! be an elliptic surface of degree d > 1 (the cases d € {0,1} are covered by
Proposition . Let V C H?(S,Z) be the orthogonal complement to the vectors [X], f. The
monodromy group of S contains the subgroup O™ (V) of orthogonal transformations of V' of real
spinor norm 1. The group O7 (V) is Zariski dense in the complex orthogonal group O(Vg). By
the same proof as in [45] Prop.9.3] it hence suffices to prove the GW/PT correspondence for the

invariants

SxP, S r s
(29) 25y (T2 06 6)| (T e, (D))
where the cohomology insertions are

0= pry{Q (AS) T pr;afl,Qa(AS) H Prr (61)
i=2a+1

S S
I' = priy(As) -+ pray_1 25(As) H pr; (7:) Hpr;‘(w)
i=2b+1 i=1
with &;,v € {1,p, [¥], f}, As € H*(S x 5) the class of the diagonal, and pr;, pr;; the projetions.

Consider a degeneration of S to a union

SWS/UER.

(30)
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where S’ — P! is an elliptic surface of degree d—1 and R is a rational elliptic suface, and the surfaces
are glued along a joint smooth elliptic fiber £. The vanishing cohomology of this degeneration
is contained in V. Hence by applying the degeneration formula to and arguing as in [45]
9.5] then reduces the claimed correspondence to the correspondence for (R x P, Ry, U (E x P1))
and (S’ x P!, S, U (E x P')). By an induction on d Theorem is known for S’, and by
Proposition [7.17] for R, so by Proposition [7.18]it holds for both of these relative geometries. O

Proposition 7.20. Theorem holds for the trivial elliptic fibration ¥ x E — 3.

Proof. Let g = g(¥). Consider a degeneration of ¥ to a curve ¥y which is isomorphic to P! with
2g distinct points x1,...,T2, pairwise glued. Let S ~~» Sy be the induced degeneration obtained
by taking the product with E. The degeneration has vanishing cohomology H'(X) ® H*(E). The
monodromy group of X acts as the full symplectic group on H!(X,Z) = Z?9. Hence arguing as in
the proof of Proposition (see [2] for the use of the symplectic instead of the orthogonal group)
it suffices to prove the GW/PT correspondence where (parallel to ) the insertions which are
vanishing can be grouped into pairs given by a product of Ay, times classes from H*(E x E). These
can then be degenerated by the methods of [2] [45]. After resolving 3¢, we are reduced to proving
Theorem for (E x P! Ey . 129). This follows by Proposition and Proposition O

Proof of Theorem[7.16. We know the statement whenever ¢g(X) = 0 by Proposition Hence
assume g(3) > 0.

If d > 0 we use Proposition [7.4] and the degeneration of Example [7.6] which has no vanishing
cohomology. By the compatibility of the statement with the degeneration formula, the claim then
follows from Proposition and the g(¥) = 0 case (use Proposition again).

If d = 0 but we are non-constant, we use Example[7.8|and the earlier cases to reduce tod > 0. [

8. ELLIPTIC SURFACES: COMPUTATIONS

The goal of this section is to compute the 2-point operator Q™™ for elliptic surfaces (The-
orem [2.3)). We start with computations in GW theory, then move them to PT theory by the
correspondence to obtain a formula for the 2-point operator in PT theory QT (Theorem, and
finally use Nesterov’s wall-crossing in Corollary to deduce the Hilbert scheme operator.

8.1. Fiber evaluations. We start with some basic evaluations. Consider the partition functions
of disconnected Gromov-Witten invariants of (S x Cp, n,S%),

Z(chh,N,Sz) ()\1

(—1)(I=h=MIn+3, £00) 5 (2-2h=N)n+ 32, £(0)
GW,(8,n)

s AN TR (1) e T () =

_ _ GW,(SXCy4.n,S2),e
'Z(—l)g 1229 2<)\17...,)\N|Tk1(71)"-Tk,ﬂ(%)>g$(ﬁ”(n)x osS2)ie
gEZL

As before, let us write @ for the empty partition (with no parts).

Lemma 8.1. We have:
GW,(SXP*,80.1,00
(a) (@,0,0)0 0 o 5=) = 61 dso(d)/d.

GW,(SxP!,Sp 00
(b) {2,200 ) =0
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Proof. (a) First we consider the case of genus g = 0. If d > 0, the invariants vanish by the
product formula for relative Gromov-Witten invariants [I7] and the results of Section The
case g = d = 0 is excluded by stability.

In positive genus, we can compute the absolute invariants of S x P! by applying the localization
formula and Proposition [7.12}

GW,SxP' _1 - o(d)
Wadoy =2 /[gu; df)]vir(_l)g Ag-1 = gz =g

The degeneration formula for degenerating P! to P! U, P! gives [20]:

GW, S x P! GW.(SxP".50) GW,(SxP!,5..)
Wgaroy = @M @roy — + @My @0

We find that

GW, (S xPt,S U(d)
(@) tror ) = Ggdn =g

Hence by the degeneration formula again (now degenerating off 3 rational tails):

GW,S x P! GW,(S5XP",50.1,00 (SxP',S
Woiror = (@250 =) + 3l ue " ™
Hence
GW,(SXP*,S0,1,00 o(d)
(2,2,0[1) e ) = ~Sqrdn .
The case (b) is similar. O

Let 1,p, € H*(S") denote the unit and the class of a point on the Hilbert scheme respectively,
viewed here as the weighted partitions -;(1,1)" and (1,p)™ respectively.

eps SxP,50.1,00
Proposition 8.2. ZdZO Zéwf(df,n[; o) (Pn, 1,1) g% = Hd21(1 —qh)*.

Proof. We have to evaluate
(SXP",50,1,00) 14+n_2g—24+2n,d GW,(SXP!,50,1,00),0
D Zawapmy ™ (P L) g = 30 (=17 (o 1 1)
d>0 d>0 geZ
Assume n > 1 first. If g > 0 or d > 0, by Proposition and Proposition we have the
vanishing of the following connected Gromov-Witten invariants:

GW,(SxP',S0.1.00)
(P 1) gy T =0

In case ¢ = d = 0, the invariant vanishes unless n = 1, where the moduli space parametrizes a
tube and hence is isomorphic to S. Then one finds

GW,(SxP',S0.1 00
<pn7171> (0(1)>< 0,1,00) =1.

If n = 0 by Lemma 8.1 we have

GW,(SxP! So10e) _ 5 o(d)
9.(df,0) I e I

The only maps that contribute to the disconnected invariant are hence given by n tubes, and

(2,2,0)

genus 1 vertical components. The overall genus is 1 —n. The contribution from the tubes is 1. So:

SxPY,S0.1 00 o(d m
Z Zc(;wx,(df,no)’l' ' (puy 1,1) g% = exp | —dy Z 72 )qd = H (1—q™)™. 0
d>0 a>1 m>1
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8.2. Gromov-Witten evaluations. Consider H*(.S)-weighted partitions of n,

A= ((A1,61), 5 Aen)» Geeny))
n= ((,Ltl, 61)7 ) (MZ(;L)7 El(,u.)))’
We assume that deg(\) + deg(p) = 2n — 1. Define also the tuples

a= (a/la s 70'7‘) = ()‘17 BRI )‘Z(/\)v —H1---, _Mf(u))
vy = (’yl, . ,")/r) = (51, e ,5@()\),61, . ,Eg(u).
The four cases in the following proposition cover (using linearity) all possible weighted partitions

A, 1 with deg(A) + deg(p) = 2n — 1.

Proposition 8.3. Let E C S be a fixed smooth fiber. The following holds:

a) If vi|g = 0 for some i, then Z(SXPI’SO‘“)’Connecmd A\, w1 mo(wX)) =0 for all d > 0.
GW, (df,n)
(b) If vile = 'YJ|E = & or ’Yi|E = ’Yj|E = [ for some i # j and vy, = [E] otherwise, then
Zésvxilfio) o0 ),connected ()\,M|T0(WZ)) — 0 for all d.

(c) If vi =1 and ~y; = [X] for j # 1, then

(s P, S, ~ ),connected
ZZGWX(deS (AvﬂlTO(WE)) qd

d>1
a? (as2)20-2+7 [ g\
=(-1)"dg————— |5| @ Ga '
=1) Ea1a2-~-arSC{¥ " Z (29 —2+7)! qdq 29(9)

(d) If vilg = o, vj|lg = B with i < j and v, = [¥] otherwise, then

SxPL,S oo ),connected
E:ZéwX df, 0 ()‘vN|TO(WE))qd

d>1
a0 2g 241 d r—1
a;a (asz)
— _1 nd 1) |S| _— G .
(=1) Zalag...ar Z Z (29 —2+1)! qdq 2g<q)
Here, the superscript connected stands for the partition function of connected invariants.

Proof. We have

SxP*,S0,00), ted _ ~1.2¢-2 (SxP',S0,00),GW
Loy ™" O (@) = D 0(=1) 2 (O (w2 iy
g
Since we assumed d > 1, the terms of genus zero vanish. Hence assume g > 1. By derigidification
(Proposition , the divisor equation, the product formula [I7], and Proposition we get

SxP,S0,00),GW
<)\7M‘TO(WE)>§,(Zf,n)O )

SxCo,2,50,00),GW
= (A o (3) S o Soree)

SxCo,2,50,00),GW
= A )y gy

= d/ DR a17 eV ’YZ
[Mg,(S,df)]vir H

:ddz/ ( )g 1)\9 1DR al,..., HGV '71‘E
(Mg (E,d)]vir
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Part (a) follows. Part (b) also follows because C,(a?,p*™) = 0 by a basic monodromy relation.
Parts (c) and (d) follow from the integrals computed in Theorem O

The disconnected series is expressed in terms of the connected one as follows:

Proposition 8.4. For any v € H*(S) and k > 0 we have

SXP*,50, 00 SXP*,50, 00 ),connected
Z((;Wx(df 1’3 )()\aM|Tk(W7)) = Z (/S[nn,] PUp'> Z((;WX(df 73) ) N, 1 |7 (w))

A=\Up
p=p'Up’

where p, p’ run over subpartitions with £(p) = £(p’) and |p| = |p’|, and n’ =n —|p|.

Proof. Consider a stable map to (S x P!, Sy ) that lies on a component of the moduli space that
contributes non-trivially to the invariant. There is one component of the domain C' which carries
the marking wv. By [48, Lemma 1] all other components of C' must parametrize tubes, that is
maps f : P! — S x P! which are totally ramified over the boundary Sy ~, of some degree m over
P!, and of degree 0 over S. The contribution of the tube is 1/m, see [48]. We let p, p’ denote
the weighted subpartitions corresponding to the markings on the tube components at Sy and S
respectively. Then the contributing factor from the tubes is precisely

(_1)€(p)+\p\ / pUp.
sliel)

One checks that (—1)4(’)”"’| is also the sign that appears in the difference between the connected
and disconnected partition function. Hence the claim follows. O

8.3. Pandharipande-Thomas evaluations. Our next goal is to move the above evaluations to
the PT side using the correspondence. For that we rewrite the previous evaluation in the variable
p = €. For r > 1 recall from Section El the series

B 1 p + 1 _

Ar(p,q) = =" + 6,1 =D+ (1))
r
ke>1
Under the variable change p = e* we have the expansion:
1 2 d 2207247 d\"
AT’(Z) - ;67",1 - 2 Z W (qdq> r—m 22 _9 + T (qdq) G2g

0<m<r—1
m=r(mod 2)

Lemma 8.5. For any tuple a = (ai1,...,a,) and k < n we have
> (-piFlag =o,
Sc{1,...,n}

where ag = ;. a;

Proof. The expression is a degree k polynomial in the a;. If a single a; is set to 0, the terms cancel
in pairs S = T,T U {i}, so the polynomial must be divisible by each a;. But then it is divisible by
aiasg - --a, and n > k, so the polynomial must be the zero polynomial. O

With these formulas the nonzero parts of Proposition [8:3] become:
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Proposition 8.6. Ifv; =1 and ~y; = [X] for all j # i, then modulo the constant term (in q):

1

2
SXP',S0 o0 ),connected n— a;
E :Zéwx(df no) connect ()\M\TO(WE))qd = 5(—1) Yy ——F— E (—l)ISIAT(aSz)
e a1ag ... ay
d=>1 Ssc{1,...,r}

Simalarly, if vi|lg = o, v|g = B with i < j and v, = [E] otherwise, then modulo the constant term

(in q):
1

S IP’I,S 00 ),CONN d n—
Z Zéwx,(df,no)’ Jeomecte (A plmo(wX)) ¢* = 5(*1) Yds,
a>1

L N
a1as...a Z (—=1)"'A,(asz)

" sc{l,...,r}
We want to apply now the GW/PT correspondence for the disconnected series in Proposition
To formulate the invariants on the PT side concisely we use Nakajima operators.

For a class v € H?(S) and integers by, ..., b, € Z recall the class x"*~"(y) € H*(5") from (f).
Define an operator on Fock space by

1 1 (-1)
r—-1 oy DO S A | e )
r>2 e r Sc{1,...,r}
br,.osby €Zso
Zibi:o
where bg =), g ;.

Proposition 8.7. For any \, u € H*(S") we have:

1
S 2 ket = [ (D) A+ dsTH) -4
d>0 str

Proof. We first write out the operator 7" more concretely as

1 3(=1)"

1
T=-5 Y. 7 ST DA | () () o (f)
2 T
r>2 Sc{1,...,r}
b1y sbr €70

D> L0l [ S~ )5 00) | ¢ (A ()0, ()0, ()

r>2 Sc{1,...,r}
bl,...,bTEZ#O

>, bi=0

We then consider the case d > 0 of the equality that we want to prove. By the GW/PT
correspondence (Theorem we can consider GW invariants on the left hand side. Let us
first assume that all the cohomology weights of A and u are even and given by classes 1, p, [X]
or v € H*(S) with 7|g = 0. Then by Propositions and a) only the cohomology weights
a € {1,[X]} can appear in the connected partition function in Proposition Similarly, by the
Nakajima commutation relation only the Nakajima operators q(«) with a € {1, [X]} interact with
the operator T, that is have a non-trivial commutator with 7. The Gromov-Witten partition
function is symmetric in A, p. Similarly, we have T* = T by a direct check. Taking also into
account the dimension/degree constraint, it hence suffices to consider the case where

A= QAL DO ) - A B, o= (p, [E]) -+ (pers [2]),
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Then using the fact that A corresponds to the cohomology class ﬁq)\l (D I[Lis2ax ((E])ve, the
first part of Proposition implies the claimed equality by a straightforward evaluation. The odd
part is similar (although more tedious).

Now consider the case d = 0. Here the PT invariants on the left hand side vanish in case
X > n by derigidification and the divisor equation. For x = n the moduli space of stable pairs is
isomorphic to S, Under this isomorphism the class 7o(wX) corresponds to D(X), and we find

SXP',S0, 00 PT,(SXP,S0, 00
ZlgTX(O n)o )()‘7M|Ch2(wz)) = (A plro (W), = r(w,(én) " /S[])\-M-D([E]).

We obtain a similar expression for the insertion chz(w). Define the operator

~ 1 1 (=" 1| b . bi,..., b .
T=- > b b, > )¥lbg A1 (0%) | s ap, e, KPP(f) 1
r>2 SC{L,....r}
b1,...,br€Z20
=0
where for r = 2 the sum runs over all subsets S of {1,2} such that S # &, {1, 2}.

Proposition 8.8. For any \, u € H*(S") we have:
1 ~
ST ZE ) (A, pifeha (@) ¢ = / §—=D(e1(9) ) A u+ / dsT(N) - p
>0 sinl 2 sinl

Proof. By the GW/PT correspondence (in particular, using the explicit form of the correspondence
matrix given in [39]) we have

SxP*,80,00 SxPL,S0, 00
ZI(3T><(dfn)O (A, plchs(w)) = Zéwx(dfno) (A, pl 71 (w))

The claim now follows from Theorem [6.10] parallel to the proofs of Propositions [8.3] and [8.7], using
the dilaton equation in place of the divisor equation. In particular, for the constant term one works
on the PT side and notes that for class (0,n) and x = n we have

1
chy(w) = m(chs(0z)) = 1 (OF) — 3 D(e1(9)). O
Define the 2-point operator Q°T € End(%s ® Q((p))[[g]])) by setting for all X, p € H*(SM)
QPT Z Zéiig})’z ,So, °°)(>\7M)qd7
d>0

(the unstable term (d, x) = (0,n) is excluded in the sum, the corresponding coefficient is zero).
Recall the operator w. (p) from ().

Theorem 8.9.

md

=Y (- pM)ara-(Aer(S) +ds Y wy (™)

md
k>0 m,d>1

Proof. By rigidifying the 2-point invariants by either cha(3) or chs(1l) and then using Proposi-
tions and respectively, we find

d
qd—Q"T =dsT
q

d . p1 =
31 — =dxT.
(31) PdpQ >
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The claim then follows from the formulas for T and T" and Lemma m below. O

Lemma 8.10. Forr > 2 let ay,...,a, € Z such that Ei a; = 0. Then

> (DA asz) = -2 Y A (L - pth) - (1= ph)

Sc{l,..r} k,d>1

Proof. This follows from observing that

S (ST = (1) (1) = (1)) (1),
Sc{1,...,r}

O

8.4. Hilbert scheme evaluations. In Theorem [8.9 we have obtained a formula for the 2-point

operator in PT theory. Here we conclude from this the I-function of Nesterov’s Hilb/PT wall-

crossing (or at least the part that is relevant for us) and the 2-point operator on the Hilb side.
We first consider the I-function, where we have complete results except for the bielliptic surfaces.

Proposition 8.11. (The I-function) Let S be an elliptic surface which is not a bielliptic surface.
Under the variable change p = —y and ¢ =t/ we have

I(ty) = JJ (1 =g *.

n>1

14t 9)]aegr = Dicr(8)) -log [ (1= p) [] L2070 ) T (1 - gy

— 72
r>1 (1 q ) n>1
The formulas hold also for the bielliptic surface modulo t>.

Proof. We first prove that Io(t,y) and [11(t,y)]gee—
there are no contributions from curve classes 8 other than df.

o only depend on z and t7, or equivalently, that

Indeed, if py(S) = 0 and S is not a bielliptic surface, then S is either P! x E or a rational elliptic
surface. Hence we are in the semipositive case, in which, according to , only the vertical curve
classes contribute. If 3 is vertical, but not a multiple of f, then by Corollary we can deform
to a situation where § is no longer effective, so the contribution to the I-function vanishes by
deformation invariance. If py(S) > 0, we can take a non-zero holomorphic 2-form § € H%(S,wg)
and construct a cosection on the moduli space of stable pairs as in [35] or [43]. The associated
degeneracy locus will be empty for 8 not a multiple of f, so the I-function terms will vanish.

Hence we only need to consider the case f = df. We apply Corollary This corollary
works also in the non-semipositive case, since here the only contributing curve classes satisfies
c1(S) - B > 0. By Proposition and Theorem the invariants on the right hand side of
Corollary are determined, so the claim follows by a direct computation. O

We state the Hilb/PT wall-crossing formula, first for any curve class, then for a multiple of f.

Theorem 8.12. Let S be an elliptic surface which is not a bielliptic surface. Let q = t7.
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(a) For 2h — 2+ N > 0 we have

(32)  JJ@—q) 2NN NG AN (st (<)
r>1 B-f=r keZ
ng
(1-pg")(1—p~'q") )
= (1_p)H (l_qr)Q <)\17"'))\ >ﬁﬂ+kAtB( p)k'
r>1 B-f=r

(b) For h =0 and N =2 and degg(A1) + dege(A2) = 2n — 1 we have:

3D )b st (—p)

B-f=rkeZ
’l"dz
1—pg")(1—p~'q" ()
=la-p]] ( (1)_( DE ) Y A e)g gerat’ (=p)*
vl 4 (B.k)>0
Bf=r
(1-pg")(1—p~'q")
+ log 1-— p) )\1/\2D(Cl (S .
( Tl;{ (1 _ qr)2 glnl ))

Proof. We insert the I-function terms computed in Proposition [8.11] into Proposition which
holds for all elliptic surfaces (not only for the semi-positive) since as we have seen in the proof of
Proposition the only contributing curve classes in the I-function satisfy ¢;(S) -8 > 0. O

In the case where we are only considering the classes § = df we get:

Corollary 8.13. Let S be any elliptic surface. If dege (A1) + dege(A2) = 2n — 1, then:

[n]
> LA @ (0 = D (A2 g ekad(—p)F
(d,k)>0 (d,k)>0

(1-pg")(1-p'q")
+log | (1-p) 1;[1 =) |, Dl ()

Recall the 2-point operator on the Hilbert scheme side Q"™ defined in (3). The wall-crossing

above gives:

(QHﬂb Z Z (A ) 0df+kAq ( p)k~
=0 k>0ki€de:0

Corollary 8.14. We have

1— ™(] — -1, r
QHllb QPT 10g (1 _ p) H ( pgl)_( qr)f q ) 661(5)

r>1

We have obtained the proof of our main formula stated in Theorem

Proof of Theorem[2.3 This follows from Corollary Theorem and the identity

10g H (1 — pqr)(l — p—lqr) — Z lqmd(l _ pm)(l _ p—m). 0

— 2
r>1 (1 qr) m,d>1 m

We also prove the quasi-Jacobi form property stated in the introduction:
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Proof of Theorem[I.1. We consider the case D = §, the other cases are similar. We have

(Dsn A p) = Cst+ p— (QH”bA )
—Cstl it (QPTA ) — <D<cl<s>>x,u>p%10g@<p,q>

— Cst! + dy(TA 1) — (D(er(S)A, u)p% log ©(p, q)

for some constants Cst, Cst’ € Q. The first equality above is the divisor equation, the second uses
Corollary and the definition of the theta function , and the third follows from . The
logarithmic derivative of © is equal to A;, and hence a quasi-Jacobi form, and by definition of T ,
the term (T'A, ) is a linear combination of terms A, (p*) for some s € Z. Since A, are quasi-Jacobi
forms with poles at lattice points, these are again quasi-Jacobi forms, but with poles at s-torsion
points. O

Remark 8.15. When rewriting the wall-crossing in the standard PT normalization, we see that the
wall-crossing terms are Jacobi forms up to a normalization factor in g. Indeed, let 2h — 2+ N > 0
and consider the generating series of invariants of degree r over the base:

r SXCh,N,
ZE e d) = S0 P2 (AL )
ﬁeﬁH;(S \Z)

h, [n]
Zin O AN = Y D> P (=p) P AN)R ek
BEH,(S,Z) keZ

B-f=r
Then with ¢ = ¢/ the relation can be rewritten as
ds,

Zgt (A, ) = [0 [T = a2 | Zi (s Aw).

r>1
8.5. A basic check. Let S =P! x E and let ¥ = P! x 0 be the section. The Hilbert scheme of
S admits the isotrivial fibration
p: S - Sym™(E) & E

where the first map is induced by the projection of S onto the second factor and the second map
is the sum map. Consider the fiber

W :=p~Y(0g) c S,
Lemma 8.16. [W] = D(a) U D(B) in H?(SM).
Proof. This can be proven parallel to [49, Lemma 3.5]. a

We specialize to n = 2. By we have

W] = (01(X)a1(1) + a1 (2)a1(8))ve
We have the following basic computation, which exactly matches [46, Theorem 39]E|

8The series T in [46l Thm 39] computes the genus 0 invariants of the subspace W C 52 in classes that push
forward to df + kA. The variable y is related to our variable p by y = —p, and the ¢ variables are the same. The

insertion D() corresponds to taking derivatives twice. The matching hence follows from (D(5), D(S)[W])5 [jf LkA =
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Proposition 8.17.
sl2l d? md m\2 —m\2
Z <D(E)aD(Z)[W]>O,df+kA:2 Z Eq (I-p™)"(1-p")"
(d,k)>0 m,d>1

Proof. Note that D(X)?|y = 0 since D(X)? can be presented as the locus of subschemes incident
to two different sections 31,35, and choosing these generic, this locus is disjoint from W. Hence

(ca(9 D). DEWs = [ Dler($)DEDEW] =0

Hence we find that the left hand side is equal to (QTD(X), D(X)[W]) and can be easily computed
from Theorem O

Similar, with § = cl(OgL]) we have §[W] = —2q2(2)vg, and hence

> (6, S IW DS ea(—)* = (2(1), QTPgy (%)) = 8(log(1 — p) — log(1 — p?)).
k>0

This matches the ¢°-term of [46, Theorem 39)].

9. THE SURFACE E x C

Let E be an elliptic curve and let S = E x C. In this section we show how our computations for
proper elliptic surfaces also determines the quantum product with divisor classes on the Hilbert
scheme of points in E x C. This will give the proof of Theorem [2.7]

9.1. Cohomology. Let G,, act on C with tangent weight ¢. This induces an action on S by acting
trivially in the E direction. The resulting equivariant cohomology is

He, (5,Q) = H(E,Q) ® Q[f]

where we consider cohomology classes on F as cohomology classes on S by pullback. The equi-
variant canonical class and the fiber class are

The equivariant Poincaré pairing is

1 ,
/ Y17Y2 = */ Y2, V1,72 € HY(E).
ExC tJE

The equivariant diagonal class is
A =tAg € HE (S xS)

where Ap € H?(E x E) is the class of the diagonal of E.

(D)W, D)W sy ia = A2V r 414 and the identity

where T is as in [46, Thm 39].
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9.2. Gromov-Witten invariants. Let f be the fiber class of S = E x C and let 8 = df +
kA € Hy(S™) . The moduli space My (S!" B) is of virtual dimension 2n — 1 but non-compact,
with compact G,,-fixed locus. The Gromov-Witten invariants of S are hence defined by the
localization formula. Consider H*(E)-weighted partitions of n,

A= ((A1;01), -, Aoy Geen)))

= ((,e1), -5 (e €e)) -
Since we take the weights from H*(E), we always have
degc(A) <n

with equality if and only if &; is a multiple of the point class p € H?(E) for all i.
Proposition 9.1. If dege(\) + dege (1) = 2n, then (A, p) 5 =0 for all .

Proof. Consider the isotrivial fibration p : § — EM — E. All maps f : C — S from genus 0
curves must map to fibers of p. By assumption, we have deg(A) = n and deg(u) = n, hence we
can assume J; = ¢; = p for all .. Hence \ and p can be represented by cycles supported in a fiber
of p. By representing A, u on distinct fibers, we see that evi(\)evs(p) = 0. O

Definition 9.2. Let (A1,...,\¢) be a partition of n and let T'y,...,Ty be subvarieties of S, such
that for all ¢ # j with I';,I'; given by a point we have I'; # I';. We define the Nakajima cycle as
the closed subvariety of S denoted by

Nak((A1,T1) -+ (A, Tg)) € S
which is the closure of the set of elements which are a union of punctual subschemes of length

A1, ..., Ag supported at distinct points in I'y, ..., 'y respectively.

As explained in [4I] the class of Nak((A,I'1)--- (A, Ty)) is given by [, qx, ([I'i])ve up to an
automorphism factor.
Consider fixed points

1oy Ty e, @ €Co Y1y Yoy YLy e Y € E.
For z € C write f, = {#} x E and for y € E write ¥, = C x {y}. Consider the cycles

Az, y] = Nak((A1; for) - s fo, ) A1, By) - (A, By, ,)
pla’sy') = Nak ((u, fo) - (s for, ) (i1, Byg) - (e, By, ).
Lemma 9.3. Assume that y;,y, are generic. Then the closed subset
evi '(Alz,y]) Nevy t(ulz',y]) € Mop(S™, B)
1S proper.
Proof. Let f : C — S be a rational curve with markings p;,p, € C such that f(p1) € Az, ]

and f(ps) € pulr’,y']. Let Tsymnc : S — Sym™(C) be the map induced by the projection S — C.
The map Tgymnc is proper. Consider the finite set:

I, = U {iaixi + TZQI blm;} C Sym"C.

aibi>1
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We claim that f : C — S maps entirely to the proper subspace Wgylmnc(li). If that were true,
then we get

evi (A, y]) Nevy H(ula', y']) © Moa(mggmmne (1), B)-
which completes the proof since the right hand side is proper.

To show the claim, note that mgym»c(f(C)) is a point. If this point does not lie in I, then
consider the pullback C=cC X gt} Z C 8 x C of the universal family Z ¢ SI" x S. By assumption
there exists a connected component C, c C flat of some degree ny over C, such that its projection
to C does not lie in {z1,...,zp,20,...,20.}. Let f1 : C — Sl pe the induced map By
assumption fi(p1) and fi(p2) must lie on cycles corresponding to parts of A and p which carry
only insertions of type X, or in other words be incident to cycles of the form

Nak( T (a5, 2., ) Nak (T8, 2y))

for some aj,b;. Let mgymni (p) : Sl 5 Sym™ (E) be the map induced by S — E. Then this
implies that mgym= (f1(p1)) and 7gymni gy (f1(p2)) lies in the subsets

I, = U { aiyi} C Sym™ E.
1

at,...,ar>0 Ui=

22 ai=m

I, = U TZbly; C Sym™FE.

by,..,bs>0 | i=1

2o bi=na
Since the points y;, y. were assumed to be generic, we see that fi1(p1) and fi(p2) lie in different fibers
of the composition SI™) — Sym™ (E) s E. But this is a contradiction, since C is rational. [

Proposition 9.4. Assume that dege (M) + dege(p) < 2n. Then for > 0 we have

[n] /]
<)‘?M>g76 = Z (/S[”", P Upu) <)\/7/’LI>OS7,3

]
A=)\Upx
’
p=p Upy

where X,y run over subpartitions such that |N'| = || =: n’ and dege(N) + dege (1) = 2n' — 1.

Proof. Let us assume that
)\ = ((/\17 1), ey ()\T7 1), (>\r+17 PE>7 ey ()\g, pE))
B = ((,Ul, 1)7 ey (/’LT'a 1)5 (,uT/-‘rh PE, - -, (‘llg/, pE))
for some r,7’ > 0 with r +r’ > 0. Note that
deg(\) +deg(p) = 2n —r — 1.

Let [0] € HZ(C) denote the equivariant class Poincaré dual to the origin in C. In cohomology we
just have [0] = ¢t. Let us write

)‘[0] = (()‘17 [0])7 B ()\7’7 [0])7 ()\T+17 pE)» CER) ()‘Za pE))
10] = ((p1,[0]); - -+, (gt [O), (pirr 415 PE)5 - -5 (pers PE)) -

9See also [46] Sec.1.3.2] for a detailed discussion of this construction.
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Since S is holomorphic-symplectic, recall from [50] that there is a natural homology class
[Mo2(S™), B)]*d of (complex) dimension 2n, called the reduced virtual class, such that

(Moo (S, B)]¥I =t - [Mg (S, g)Jred.

By linearity and by considering the degree, we have

(33) /7 tr+r'eVT(A)eV§(N) = / evi(A[0])evi(1[0]) € Q.
(Mo 2(SI71,8)]red

[M0,2(S[n]76)]r8d
The left hand side is formally defined by the localization formula. By Lemma [9.3] the right hand
side can be interpreted as actual equivariant pushforward over a proper space. Since the result

is an equivariant constant, we hence can specialize to a non-equivariant integral. For the non-

equivariant integral, we can replace A[0], u[0] with Az, y], p[z’, y'] for generic x = (x1,...,2,) € C",
' =(z),...,2L) € C”,ye BT,y € EY~"". The points z1,..., &, 2, ...,z are distinct.
For every point z € {x1,...,2,,},..., 2.} there is a corresponding map f, : C — Sl

(obtained by the construction explained in the proof of Lemma [9.3). If f, is non-constant for
more than one point, then by the same argument as in [50] there exists an additional cosection
of the obstruction theory of stable maps. As a consequence the corresponding contribution to
the invariant vanishes. Hence there can be only one zg for which f,, is non-constant. Let
N, 1’ be the corresponding subpartition of A, incident to this map. Then in X, u’ there is only
one cohomology weight equal to 1, and hence degq () + dege(y') = 2n,, — 1. The contribution
from the remaining parts is precisely [gi-n.,) pApu, Where py, p,, are the component of X'y’ This
completes the proof in the case of even cohomology weights.

The case of odd weights is completely parallel: Here, since the virtual class is algebraic, we
must among the cohomology weights of A, u we must have the same number of classes a and .
Then in the above argument A[0] will be obtained by multiplying all cohomology weights 1 and «
by the class [0]. Similarly, Lemma holds likewise if fix the C-components of 1, « and keep the
C-components of 3, pg free: The reason is that two sums of generic cycles in class § still map to
different points under the sum map Sym"(E) — E. O

Given a H*(FE)-weighted partition we can view it as a cohomology class both on (E x C)[ and
(P' x E)™. The resulting 2-pointed invariants are related by the following result:

Proposition 9.5. Let A\, u be H*(FE)-weighted partitions of n with deg(\)+deg(p) = 2n—1. Then

(P x E)l" (CxE)M
Ao arrna = 20N )0 grria

Proof. We let G,,, act on P! with fixed points 0,00. We lift the virtual class and \, u € H*((P* x
E) [”]) to equivariant cohomology classes and apply the virtual localization formula. The result is
the equality

(P xE)M (Cox E)™ (Coo x E)I™
Ao arrna = N Woarina T Ao drira
(Cox E)I™0] (Coo X E) o0l
(34) + > D (00 koA * (Poos Hoo)oa Fike -
d=do+doo A=AoLAoo
k=ko+koo p=poUpoo

(do,k0)>0,(doo koo ) >0
where Cy,Cy stands for C equipped with the G,,-action which has tangent weight ¢, —¢ on the
tangent space at the origin respectively. Moreover, ng = |Ag| and no, = |[Aso|- In the last term on
the right hand side, we have one of the following cases:
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(a) deg(Xo) + deg(o) = 2n9 and deg(Aoo) + deg(pos) = 2100 — 1, o1
(b) deg(Ao) + deg(p0) = 2n0 — 1 and deg(Aoo) + deg(foo) = 2700

Hence by Proposition we see that the third term in does not contribute. Since the second
term lies in @Q it is invariant under changing ¢ by —t. Hence we get

(P x E)l" (Cox E)I™]
<)\aﬂ>o,df+k,4 :2<>‘nu'>0,c?f+kA

as desired. O

[n]
9.3. Proof of Theorem E Proposition says that (A, u)écd;fllA can be reconstructed from

its values when deg(A) + deg(u) = 2n — 1. It is straightforward to check that the full statement
of Theorem [2.7] is compatible with this reconstruction, so it suffices to check the theorem when
deg(\) + deg(p) = 2n — 1.
1 [n]
In this case Proposition applies and the values of (), M>E)Ifndf1?,4 are given by Theorem

After canceling factors of 2 (from Proposition and Kpi1« g) and using the formulas of Section

[n]
to pull out powers of ¢, we get the claimed formula for (A, u>écd;f,)€ A |
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