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Abstract

Jieao Song recently conjectured a formula for the class of a Lagrangian plane on a
hyperkihler variety of K3["-type in terms of the class of a line on it. We give a proof
of this conjecture if the line class is primitive.

1 Introduction

An (irreducible) hyperkéhler variety X is a simply-connected smooth projective variety
such that H°(X, Q%) is generated by a holomorphic-symplectic form. A Lagrangian plane
P C X is a Lagrangian submanifold with P = P", where dim(X) = 2n. Let { € Hy(X,Z)
be the class of a line in P. In the context of characterizing ample classes in terms of the
intersection properties of the Beauville-Bogomolov-Fujiki (BBF) pairing on H?(X,Z) and
its Q-linear extension to Hy(X,Z) = H?(X,Z)*, Hassett and Tschinkel proposed that the
norm (¢, ¢) should be a universal constant depending only on the deformation type of X [16].
For hyperkéhler varieties deformation equivalent to the Hilbert scheme of n points on a K3
surface (we say they are of K3["-type) the constant was shown to be (£,£) = —(n + 3)/2
by [15, 14, 3] for n = 2,3, 4 and eventually for all n by Bakker [2]. For generalized Kummer
fourfolds we have (¢,¢) = —3/2 by [17]. For arbitrary hyperkahler varieties, Song [35, Conj.
2.2.12] conjectured that
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where C(a) is the Fujiki constant of a monodromy invariant class .
In this paper we study what can be said about the class [P] € H*"(X,Z). Let

L=(,—) € Hy(X,Q)" = H*(X,Q)

be the class dual to ¢ with respect to the BBF form. The class L € H%(X, Q) is characterized
by (L,x) = [£Uz for all » € H*(X,Z). For K3"-type an explicit formula for [P] was
found in terms of powers of L and absolute Hodge classes in case n = 2,3,4 by Hassett-
Tschinkel [15], Harvey-Hassett-Tschinkel [14], Bakker-Jorza [3]. Recently, Song conjectured
an extension of their formulas to any n in the following simple and beautiful way. Let
[v]x € H*(X) denote the complex degree k (cohomological degree 2k) component of a class
v e H*(X).

Conjecture A (Song, [35, Conj. 2.2.10]). Let X be a hyperkihler variety of K 3" -type and
let P C X be a Lagrangian plane. Then

[P] = [exp(L)v/dx] (1)

where L € H*(X,Q) is the class dual to the class ¢ of a line on P.

The main result of this paper is a proof of his conjecture in the primitive case.



Theorem 1.1. Conjecture A holds if £ is primitive (i.e. indivisible in Hy(X,Z)).

By Bakker [2, Remark 28] there exists cases where the line class ¢ is imprimitive. The
expectation that the formula for [P] is independent of the divisibility of ¢ is remarkable.
It suggests connections to the independence of Gromov-Witten invariants of K3[-type
hyperkéhler varieties from the divisibility proven in [27]. We discuss this further in Section 4.
There we also comment on Song’s formula for the case of arbitrary hyperkahler varieties and
potential lifts to the Chow ring. The remaining sections of the paper deal with preliminaries
(Section 2) and the proof (Section 3). The appendix contains a discussion of Mukai vectors
for orbifolds.

To hint at the proof of Theorem 1.1, let us write O(L) for the (fractional) line bundle with
first Chern class L. Let v(E) = ch(E)vtdx be the Mukai vector of an object F € Db(X).
Then (1) can be rewritten as

[P] = [0(O(L))],, -

This suggests that auto-equivalences should play a key role in the proof, and this is indeed
the case. More precisely, our proof here is heavily inspired by ideas of Beckmann in [5, Sec.7].
We can obtain stronger results as in [5] (where only the projection of [P] to the Verbitsky
component was computed) by combining a recent result of Markman [24] with a result of
the author [25] to describe how autoequivalences of S induced by autoequivalences of S
using Ploog’s construction [28] act on cohomology. Otherwise the strategy is parallel, and
in particular Section 3.2 is a detailed exposition of a computation in [5, Prop.7.2].
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2 Preliminaries

2.1 The LLV algebra and Mukai lattice

Let X be a (irreducible) hyperkihler variety. For A € H?(X,Z) we let ey € End H*(X)
be the operator of cup product with A. Let h € End H*(X) be the grading operator which
acts on H*(X) by multiplication by i — dim(X). The Looijenga-Lunts-Verbitsky (LLV) Lie
algebra g(X) is the Lie subalgebra of End H*(X) generated by all Lefschetz triples (ey, h, f))
for all A € H?(X) with (A, \) > 0, where fy € End H*(X) is the unique operator such that
[ex, fa] = h and [h, fA] = —2f», see [22, 37].

The LLV lattice of X is the vector space

H(X,Q) = Qa @ H*(X,Q) ® Qs

equipped with the intersection pairing which restricts to the BBF form on H?(X,Q), lets
a, B be orthogonal to H?(X, Q) and satisfies (a,a) = (3,3) = 0 and (a, 3) = —1. For X a
K3 surface, we have the natural identification H(X) = H*(S,Q) where a = 1 is the unit,
and 3 = p € H*(S,7Z) is the class of a point. In higher dimension the geometric meaning of

H(X,Q) is more subtle, see [36, 5, 23] for more details.

Let DMon(X) € O(H*(X,Z)) be the subgroup generated by all morphism ;' o F 0,
where ; : H*(X) — H*(X;) are parallel transport operators, and F : D?(X;) — D(X5) is
an auto-equivalence. By work of Talman [36] there is a natural functor

H : DMon(X) = O(H(X,Q)).

which controls the action of DMon(X) on the subring of H*(X, Q) generated by H?(X, Q).



2.2 Hilbert schemes
Let S be a K3 surface and let S be the Hilbert scheme of n points on S. There is a natural

isomorphism
H*(S,Z) & 76 — H*(S"™,Z), (A k6) — O(\) + k6
where 26 is the class of the locus of non-reduced subschemes, and
0: H*(S,2) = H*(S"™,Z) — H*(SM,Z)

is the canonical morphism, where the second map is given by pullback along the Hilbert-
Chow morphism S — S If £ € Pic(S) is a line bundle, we let £,, € Pic(S™) be the
line bundle with ¢;(£,) = 0(c1(L)).

Let also Z,, € S[™ x S be the universal family of the Hilbert scheme, and let p, ¢ be the
projection of SI™ x S to the factors. Given a vector bundle V on S, we let

vil=p.(¢*(V)® Oz,)
be the tautological bundle associated to V. If £ is a line bundle, then det(£")) = £,,20(-9).

2.3 The BKR equivalence

By Haiman’s work [13] the Hilbert scheme S is isomorphic to the Nakamura G-Hilbert
scheme Hilb%(S™) for the permutation action of G := S, on ™. Let Z, C SI"l x ™ be the
universal family of Hile(S"). By construction, Z,, is is G-equivariant, and finite and flat
of degree n! over SI". The Bridgeland-King-Reid equivalence [8] which we use here in the
convention of Krug [20] is:

W D(8") = DU(SM), F e pro. (pri(F) © 02)¢

where Dg(S™) is the equivariant category of D?(S™) with respect to the G-action.
Ploog and Sosna [28, 29] use ¥ to construct an injective group homomorphism

Aut(D*(8)) x Zg — Aut(Db(SM™)), (F,1) = FM (id, -1) = F,.

We recall the construction. Given an object E € D?(Y') on a smooth projective variety Y,
the box product
ER¥ = m¥(B)® - @7i(E) € DY(Y™),
carries a natural S,-linearization by assigning to g € S, the isomorphism
*pRny ~ *
g (E ) :ﬂ'g(l)(E)@'”ﬂ-g(n)(E)

~ () @ - @ m(E) (2)

o~ ldeln7
where m; are the projection of Y™ to the i-th factor. We let (E®", 1) denote this represen-
tation. Let y be the non-trivial character of S,,. We let (E®", —1) = (E®¥",1) @ x be the
x-twisted linearization.

Given a Fourier-Mukai transform F = FMg : D?(S) — D®(S) with Fourier-Mukai kernel

£ € D(S x S), we have an induced Fourier-Mukai kernel (£¥",1) € D*((S x S)"*), and
hence an induced autoequivalence

F¥" = FMemn 1) : DG (S™) = Da(S™), A pro, (pri(4) ® (€77, 1)) (3)

where the pullback, tensor product, and pushforward are taken equivariantly. The first part
of the Ploog-Sisna map is now defined by:

FlPl = FMIY .= W o FM g, 001
Further, tensoring with y commutes with F®". We set

Fyi=Wo(x@(-)o v,



Remark 2.1. We adopt in (2) the natural sign convention for graded tensor products: If
V,W are graded vector spaces and a € V and b € W are homogeneous, then under the
isomorphism V@ W = W @ V we send a ® b to (—1)!%°lb @ a, where |a| is the degree of a.
For example, Og[—1] is of odd degree, so we get
(Os[-1]"",1) = (05", ~1)[-n]. (4)
Remark 2.2. For any B € D*(S) and F € Aut(D"(S)) we have by construction
F¥((B¥",1)) = (F(B)™",1). (5)
For example, consider the spherical twist of S along the structure sheaf Og,
STo, : D*(S) — D*(S), E — Cone(RHom(Og,E)® Os — E).
Then ST, (Og) = Og[—1] hence using (4) we get that
STor(0F",1) = (STos(05)™",1) = (Os[-1]¥",1) = (OF", =1)[-n].

Remark 2.3. For a line bundle £ € Pic(S) let Fz = L ® (—) be the autoequivalence acting
by tensor product with £. Then as explained in [20, Remark 3.11] we have

FM =g, (-).

2.4 The BKR equivalence in cohomology

We also have a cohomological version of Ploog’s construction. Let HZ (S™) be the orbifold
cohomology of S™, for which we refer to Appendix A. Then as discussed in Section A.9 ¥
induces an isomorphism on cohomology

U HE(S™) S H* (S,
We define
End(H*(S)) — End(H*(SM)), ¢ — ¢l := 0 o g% o (wH)~!

where ¢®" : Hg(S™) — Hg(S™) is the endomorphism induced by ¢, see Section A.7.
The following follows from the appendix:

Lemma 2.4. For any F € AutD’(S), we have (FI")H = (FH)nl,
Recall that DMon(S) = O (H*(S,Z)) and consider the natural embedding

L O(H(S,Q)) —» O(H(S™,Q)), g+ ug)

where we let ¢(g) act on the image of id, &0 ®idg : H*(S,Q) C H(S Q) by g and by the
identity on the orthogonal complement.

Lemma 2.5. H(¢l") = det(¢)" "' B_s/5 0 1(¢) © Bss
Proof. This can be found in [5, Theorem 7.4] or [23, Theorem 12.2]. O
This leads to the following useful result, proven by Markman recently in [24]. Let
p: SO(H(S™,C)) — SOH* (S, C))
be the (integrated) LLV respresentation. Define the conjugated morphism:

On(¢) = Bsja0 9™ 0 B_;.



Proposition 2.6. For any g € DMon(S) of determinant 1 we have:

O.(g) = p(e(9))-

Proof. This is proven in [24] but we sketch the proof here for convenience. The claimed
equality makes sense for all of SO(H*(S,C)), so we only need to check the derivative at the
origin. Moreover, it suffice it to check it on the generators ey and f) of the tangent space
s0(H*(S,C)). For ey this is clear by Remark 2.3. Hence it suffices to compute the derivative
of ©,(exp(fat)) at t = 0 and check that it equals fgg\).

Consider the action on cohomology ¢ := (STpg)" of the spherical twist STp,. Then ¢
acts by the identity on H?(S) and sends 1,p to —p, 1 respectively. Hence in so(H*(S,C))
we have
_ ()‘7 >‘)

2

Further by Lemma 2.4 we know that ¢! is the induced action of an auto-equivalence on
D*(S[™). Thus by the main result of [36] ¢! and hence ©,,(¢) conjugates elements of the
LLV algebra g(S!™). Together with Lemma 2.5 one finds by the p-equivariance of H that:

¢ lerp = -

—(A, A
On () ep()On(0) = (27 )fe(xy

We get that:

d d ot
dt tzoen(eXpU)‘t)) = dtl 0@7L (eXp ( A ¢ 1e>\¢>>

O

To obtain the description of ©,(g) for all g € DMon(S), also of determinant —1, we
can use the following argument: Let h € Mon(S) be any monodromy operator of S with
determinant —1. Then for any g € DMon(S) of determinant 1 Proposition 2.6 determines
O, (gh). Moreover, ©,,(h) = hl" is just the induced parallel transport operator. Hence:

On(9) = Onlgh)On(h) ! = p(i(gh)) o (") 7. (6)

For k > 1 and v € H*(S) consider the Nakajima creation operators [32] (here in the
convention of [33])
qr(y) : H*(S) — H* (st

and let vy € H*(SI) be the unit (the vacuum vector’). We find the following description:
Corollary 2.7. For any g € DMon(S) we have
On(9) (ar, (71) -~ ak, (V0)v2) = Ay (Vs (9)71) + - Aip (Yo, (9)70) V2

where ¥, (9) = n"/? o gon="? and we let n"(y) = n"vy for any homogeneous .



Proof. Consider first the determinant 1 case. This equality makes sense for all elements
g € SO(H*(S,C)) so it suffices to check this for the differential. Take g = exp(ext) or
g = exp(fxt) for some A € H?(S) and compute the derivative at t = 0 on the left hand side.
For p(ey) an explicit expression in terms of Nakajima operators was found in [21], and for
p(fx) in [25]. Using these references we precisely get the right hand side. This concludes
the proof in determinant 1. For determinant —1 use (6) and that the Nakajima operators
are equivariant with respect to the monodromy operators of S. O

Remark 2.8. The twist 1, (g) can be explained by the computations in the orbifold coho-
mology of S™, see Section A.7.

3 Proof of main result

3.1 Reduction

By work of Bakker [2] there exists a unique monodromy orbit for Lagrangian planes P C X
in hyperkiihler varieties of K3["-type, such that the class of the line in P is primitive in
Hy(X,Z). Because the equality in Theorem 1.1 in one case implies the same equality for
all deformations of the pair (X, P), it suffices to prove the theorem for a single case. We
hence can specialize X to S, assume that S contains a (—2)-curve C' = P! and for the
Lagrangian plane P take

pr = ol c ginl.

The class of a line ¢ in C is
(=1, —(n—1)A e Hy(SM", 7)

where £,, is the class of the locus of subschemes which are incident to C' and n — 1 fixed
distinct points away from C, and A is the class of a fiber of the Hilbert-Chow morphism
over a generic point in the singular locus. Using that § - A = —1 and setting £ := Og(C)
we hence get the dual class

L=0"=0(c)(L)) — g = c1(Ly @ O(—5/2)) € H2(S™, Q).

To prove Theorem 1.1 it hence suffices to check the following explicit formula:

[C1] = [u(Ln ® O(=6/2))],, - (7)

3.2 Key computation
Consider again the spherical twist along the structure sheaf:

STo. : D°(S) — D%(S), E ~ Cone(RHom(Og,E)® Ogs — E).
The following basic computation is our main input:

Proposition 3.1. Let £L = Og(C) for a (=2)-curve C C S. Then
STEL (L, ® O(=8)) = tu(wpr)

where ¢ : P = O — 8" s the inclusion.

Remark 3.2. The proof of the proposition below is a detailed exposition of a computation
done in [5, Prop.7.2]. (This exposition corrects a subtle sign issue that can be found in the
first two arXiv versions of [5].).



For the proof we need some preparation. For I C {1,...,n} let m; : S* — SH| be the
projection to the components indexed by I. For L € Pic(S) the pullback

* X ~ % X * Xn—
w2, =1) 2w (L, 1) @ iy (0575, 1)

carries a natural Sy x S,,_j linearization. Following [20, Defn.3.4] we define

WHL) = ndg s, (mhk (L -1) = (@D pri(E™),0) € Da(s™).
Ic{1,...,n}
|T|=k

where Indgzxswk is the induction functor of the inclusion S x S,,— C Sy, see [20, Sec.2.2].
Krug’s main result ([20, Thm 1.1]) then shows that

W(W*(L)) = AFLIM, (8)
Lemma 3.3. For any k € {0,...n} we have
W*(IL) @ x = (L, 1) @ W=k (LY).
Proof. We have
WHE) @ x = ndS s, (71a (L 1) @ .., (0577, 1))
— (P ) ehdd g | (ﬁ___k(o?’f, 1) © 71y (L) 20, _1))
= (LB 1) @ WnR(LY).

Proof of Proposition 3.1. Since we have
STo,(0s(C)) = Oc(C),

we get by (5) that
ST (O(C)B" 1) = (Oc(C)B™, 1).

Since tensoring with x commutes with any F®” for F' € Aut(D?(S)), therefore
SToL(O(C)™", ~1) = (Oc(C)™", ~1).
We now apply ¥ and compute both sides. The claim will follow.
Step 1: The left hand side. We have
U o STE(O(0)E", —1) = STHL w (L% © (0%, 1))

= STEL (L, @ W(OF", -1))
= STEL(L, © W(W"(05)))
= st (£, @ det(0O1))
= ST (£, ® O (—6)),

(L
v
L

where we used Remark 2.3 in the second equation, the definition of W* in the third, Krug’s
result (8) in the forth.

Step 2: The right hand side. Using the resolution 0 — Og(—C) = O — O¢ — 0, and
taking the n-th box-product, we obtain the S,-equivariant Koszul resolution

W™(Os(~=C)) = ... = WHOs(-C)) — WO(OS(—C’))} =~ (02" 1),



Tensoring with the non-trivial character xy and applying Lemma 3.3 we find:
(0s(=C)F",1) & [WO(Os(C)) > ... » W'H(O5(C)) = W™(Os(C))] = (OF", 1),
Hence we get
W0(05(C)) = ... > WH(Os(C)) = W(Os(C))| = (Oc(C)™", -1).
Now we apply ¥ and use Krug’s result (8), to get
(0500 = Os(C) .. = A"H(O5(C)") = det(05(C)")| = (O (€)™, -1). (9)

The term Ogn appears here in degree —n.
It is well-known that O is cut out by a regular section of Og(C)[™. Taking the Kozsul
resulution we get:

[A”(O(O)W)V S AL O s L (0(0) )Y S os[n]} ~ 1, Opm
Hence the dual O}, := RHom(t.Ocim), Ogin) reads
(1:Opim)" = [OSW S s Ao S AHO(C)W} :

where the term Ogn) appears in degree 0.
Comparing with (9) we conclude that:

Y(Oc(C)", ~1) = (:0gim) 1]
The final statement follows from Verdier duality:

(1:0cim)” = t.(epn) [, O

3.3 Proof of Theorem 1.1
Let F =STo, and £ = Og(C). By Proposition 3.1 we have
(FIDTu(L, © O(=6)) = v(e(wen)) (10)
where ¢ : P* = C["l — S i the inclusion. We now rewrite,
(FI'YH = (FH" = B_;/5 0 Bsjo o (F?)" 0 B_5/5 0 Bs o
= B_5/200,(F") 0 Bss.
Inserting into (10), we find that
B_520 0, (F) 0 Bs/pu(Ly, ® O(=6)) = v(ta(wpn)),
and hence
On(F) ov(Ly ® O(=6/2)) = v(t(wpr ® 1" O(=6/2))).
We have that F is an involution, so that:
V(Ln ® O(=6/2)) = On(F )v(tx(wen ® *O(=6/2))). (11)
Note that
V(e (wpn @ 1*O(=0/2))) = [CM] + ...

where (...) stands for terms of higher codimension. By Corollary 2.7 we have that ©,,(F)
is degree-reserving, that is it sends H*+27(Sl") to H—#+27(S["l). (Alternatively, this follows
from Lemma 2.5 and computing the commutator with h, see [24, Lemma 3.4]). Thus taking
the degree n component in (11) yields:

[0(Ln ® O(~6/2))]gegn = On(FT)CM).

The following lemma hence implies equation (7) and hence Theorem 1.1. O



Lemma 3.4. Let C C S be a (—2) curve and let F' =STo,. Then
0, (FM)Ct] = [c™).

Proof. By a result of Grojnowski [12] and Nakajima [12] we have

Siet = e | 3 EN 0, 10 | ve
n=0 m>1

Hence [C!"] is a linear combination of terms qz, ([C]) - - - qx, ([C])vg. Since FH acts by the
identity of H?, the claim follows now from Corollary 2.7. O

4 Open questions

4.1 Multiple cover formula

The independence of the formula (1) from the divisibility of the class ¢ € Ha(X,Z) suggests a
connection to the multiple cover formula in Gromov-Witten theory of K 3[-type hyperkéihler
varieties conjectured in [26] and proven in [27] in many cases.

Assuming some familiarity with Gromov-Witten theory from [26] let Mg 2(X, 3) be the
moduli space of 2-marked genus 0 stable maps f : C' — X with f,[C] = 8. The moduli space
carries a 2n-dimensional reduced virtual fundamental class [M (X, 3)]". Tts pushforward
along the product of the evaluation maps ev; : Mo 2(X, 3), i = 1,2 defines the Lagrangian
cycle

Zﬁ = (ev1 X eVQ)*[Moyg(X, 5)]\/" S Agn(X X X)

If the moduli space Mg 2(X, 3) is of expected dimension 2n, then the virtual class is just
the ordinary fundamental class. For example, Theorem 1.1 shows that for 8 = ¢ primitive,
we have in cohomology

Ze = pry ([0(O(L))]n) U prs ([0(O(L))]n)

which shows that Z, encodes information about the class [P]. A basic idea is to explore
whether information about Z, for £ imprimitive can be used to prove Theorem 1.1 in general.
In particular, we have the following formula.

Theorem 4.1 ([27]). Let 5 € Ho(X,Z) be an effective curve class. For any k|B let X}, be
a hyperkahler variety of K3 -type and let oy : H*(X,R) — H?*(X,R) be a real isometry
such that

o ©i(B/k) is a primitive effective curve class,
o L[B/k] = £[por(B/k)] in Ho(X,Z)/H*(X,Z) = Hy(Xy, Z)/H*(X}1,, Z) = Z/(2n — 2)Z.
Eztend ¢y, as a parallel transport lift H*(X,R) — H*(Xy,R), see [26]. Then

1 _
Zg=> 7 (Pe B Y Zow(s/m))-
k|3

Theorem 4.1 shows that for ¢ with arbitrary divisibility we have

Zy = pri ([v(O(L))]n) Uprs ([v(O(L))]n) + (---)

where the first term corresponds to the & = 1 term in the Theorem, and (...) stands for
the £ > 1 which should be the multiple cover contributions coming from the rational curves
in class 8/k. A pathway to Theorem 1.1 hence lies in understanding the rational curves in
class B/k better.



4.2 Arbitrary hyperkahler varieties

Let X be any hyperkéhler variety containing a Lagrangian plane P C X. Let (—) :
H*(X,Q) — SH*(X,Q) be the orthogonal projection to the subspace generated by di-
visor classes. With the same notation of the introduction, Song proved in [35, Thm. 2.2.4]
that

n

where cx = (”QI—EL;!C’(I) and p = —(¢,0)/2rx. Moreover, ;r = 1 conjecturally by [35].

However, in general we can not expect a formula for [P] € H*(X,Q) only in terms of
the class L dual to the class of the line ¢. For example, as discussed in [35, Example 2.2.8]
based on [17] for generalized Kummer 4-folds we have [P] = 1/6L% + 1/72¢2(X) + z where
the class z is non-zero and not monodromy invariant. The issue seems to arise since there
can be several Lagrangian planes Pi,..., Py C X which have the same class of line £. A

speculation is hence whether the average over [P;] satisfies Song’s formula.

Question 4.1. Let X be any hyperkihler variety. For £ € Hy(X,Z), let Py,...,Py C X be
the Lagrangian planes such that a line on them has class £. Assume = 1. Does

% Z[Pi] = {1 exp(L)/tdx

Cx n

hold?

4.3 Chow ring

As already asked by Song [35], we can ask for Conjecture A also as an equality of Chow rings
A*(X). To use the methods of this paper for the case X = SI"l and P = CI" for a (—2)-
curve C C S, we would need to extend the result of Talman [36] to the Chow ring. More
precisely, Talman shows that the induced action on cohomology of any auto-equivalence of a
hyperkéahler variety intertwines the action of the LLV algebra. To lift these results to Chow
hence requires two statements:

Question 4.2. Let X be a hyperkahler variety.

(i) Does the LLV algebra action on cohomology lift naturally to an action on the Chow
ring A*(X)?

(ii) Assuming (i), let F : D*(X) — DY(X) be any auto-equivalence. Does the induced
action Fy : A*(X) — A*(X) intertwine the action of the LLV algebra?

By natural action we mean one where the lift of the Lefschetz grading operator h should
give the expected Beauville-Voisin decomposition [4, 38] of the Chow ring A*(X). The
first question was expected since the work [25], where an LLV algebra action on Chow
was constructed for the Hilbert scheme S, This action turns out to have the expected
properties [33]. Hence for S ("] the second question can be stated unconditionally. For partial
evidence for (i) in the case of the Fano variety of lines of a cubic fourfold, see also [19].

A Orbifold Mukai vectors

Let G be a finite group acting on a smooth projective variety X, and let Cohg(X) be the
category of G-equivariant coherent sheaves on X. In this appendix we define a Mukai vector

v: K(Cohg(X)) = H:H(X)

taking values in the orbifold cohomology of X. We show that it is well-behaved with respect
to Fourier-Mukai transforms in the usual sense. We discuss the case of the Bridgeland-King-
Reid isomorphism specifically. Our discussion can be viewed as a reformulation of work of
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Baum-Fulton-Quartz on the equivariant Riemann-Roch theorem [7]. A similar discussion
can also be found in [34], and no originality is claimed here. We also refer to [11, 9, 18] for
further discussions on orbifold cohomology.t

A.1 Orbifold cohomology

The orbifold cohomology of the pair (X, @) is defined by

HE(X) = (BgecH* (X9))¢

where an element h € G acts on an element o« € H*(X9) by h.(a) and b : X9 — Xhoh™!
is the isomorphism defined by the group action. The multiplication on H(X) is defined
factor-wise:

(g)gec - (Bg)gea = (- B)gea-

Remark A.1. A second (so called ”stringy”) product was defined in [18]. It corresponds to
the cup product on the Hilbert scheme, that is after the Bridgeland-King-Reid isomorphism.

A.2 Trivial action

For the trivial action of a finite group G on a variety X there is an isomorphism

Cohg(X) = @P Coh(X) & V;

where V; are the irreducible representations of G. Hence we have an isomorphism:
K(Cohg(X)) = K(Coh(X)) ® R[G]

where R[G] is the representation ring. For any given element g € G we have the trace
morphism tr, : R[G] — C. We obtain the trace map:

Tr, : K (Cohg(X)) 2 K (Coh(X)) ® RG] % K (Coh(X))

Since the trace only depend on the action of g on V;, this definition is independent of the
group containing G, e.g. we can take G = (g). A direct check shows that Try is a ring
homomorphism: Trgy(A x B) = Try(A) @ Try(B).

Ezample A.2. For a cyclic group G = Z/nZ generated by g we have one irreducible rep-
resentation V, for each root of unity y = e""*/" where g acts by x. Hence, if W is a
G-vector bundle which decomposes into eigenspaces W, under g, then Tr (W) = Zx xWy.

A.3 Chern character
The (classical) orbifold Chern character

ch® : K(Cohg(X)) — HX(X)

is the ring homomorphism defined by:

ch® (W) = (chy(W))geq = (ch(Trg(W|Xg))>g€G.

Define also the Baum-Fulton-Quartz Riemann-Roch morphism

7% K(Cohg (X)) — HY(X)

IHowever, contrary to these references we will always work here with the much simpler classical (non-
stringy) product.
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by assigning to each G-equivariant vector bundle W:

) o eh(Tr, (W) )
) = (1) = <ch<m<zi<—1>i§zv;g/x>>td(X )>

This is the orbifold analogue of the Riemann-Rich morphism 7 = ch(—)tdx,
We have the compatibility:

geG

C(V @ W) =ch® V) - 7¢(W).

A.4 Pullback and pushforward

Let f: X — Y be a G-equivariant morphism, and consider the induced morphisms: fxg :
X9 — Y9, Define the pullback factorwise by

[P HEY) = HE(X),  f7(Bg) = (fxoBy)gec-
By a straightforward check one has:
Lemma A.3. ch®(f*W) = f*ch®(W).

Similarly, define the pushfoward factorwise:

fe i HG(X) = Hg(Y),  fulag) = (fxa.aq)gec-

Proposition A.4 ([7]). For any proper G-equivariant morphism f : X — Y and G-
equivariant sheaf W we have
TEOREW) = fur¢ (W),

A.5 Mukai vector

Given an G-equivariant vector bundle W we define the Mukai vector by

3 B td(X9)
o) = (0 (W) o= (cMTr”(W'XQ))'\/°h<Trg<zi<—1>iAfN* >>> <

X9/X

Consider G-actions on varieties X,Y and endow X x Y with the diagonal action. In
particular, (X x Y)Y = X9 x Y9 and

Nixxyysjxxy) Zpri(Nxo x) © pra(Nyos y)-
Given an object £ € D%(X x Y) consider the associated Fourier-Mukai transform:
FMe : Dg(X) = Dg(Y), A pro, (pri(4) © €).
Given a class a € H5(X x Y') let it act as a correspondence by:
FM, : H;(X) = H5(Y), B+ pro.(pri(8) - ).

Proposition A.5. We have a commutative diagram:

DL(X) M5 pb(v)

l“(‘) l”(‘)

FM,,
HE(X) —5 HE(Y).
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Proof. Note that we have

7o(&) = vlE) \/ ch(Trg (5,(~1)'A N, /) \/ ch(Tg (X5 (1) 'ATNy-, 1))

Hence we find

td(Y'9)
ch(Try (3, (1) AN, )

Ug(Pra. (pr1(A) @ £)) = 7g(Pra. (pri(4) @ £))

Y9/Y

td(Y9)

Ch(TI‘g(Zl(_].)ZAzN;;g/Y)) Pr2*(rg(5) prT (ChG(A)))

-1
_ td(Y9) .
B \/Ch(Trg(Zi(_l)iAiN* ) pra, (14(pri(4) ® £))
d

A.6 Permutation action

Let X be a smooth projective variety, and consider the action of G = S,, on Y := X" by
permutation of factors. Given a sheaf F' on X the product

F¥" = @, pr} (F)

has a canonical S,-linearization, giving rise to (F®",1) € Dg(Y), see (2).
The Mukai vector v(F®") can be described as follows. First one has the following
"localization’ formula that describes the component of maximal cycle type.

Proposition A.6. Let g € G have cycle type (n).

chy (F™", 1) = ¢"(ch(F))

Ty (F",1) =~ (r(F))

0g(FF", 1) =~ 0" (o)),

Here +" is the Adams operation which acts by multiplication by n? on H?'.

Proof. The first goes back to a PhD thesis of Moonen, see [30, Lemma 5.11] and the ref-
erences therein. However, it can also be derived directly quite easily, see the discussion in
[31]. To sketch the details, for a line bundle £ the g-action on the restriction £5"|5,
is trivial, so chy (L¥", 1) = ch(L®™) = ¢ (ch(L)). The general case follows since classes of
(topological) line bundles generate the topological K-theory.

For the second claim one has that (e.g. [31, Lemma 3.3])

ch Try (D> (—1)'A"Najxn) = 0™(X),

K2

where 0" (X) are Bott’s cannibalistic classes, and by [31, Lemma 1.4] these satisfy

x td(X)
o (X)

This concludes the claim since 9" is a ring homomorphism.

P (td(X)) = nti™®
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For the last part, observe that

UQ(FXM) = Chg(an)\/ndi}nX Wl(td(X))

and that /— and %™ commute. O

In the general case we have the following 'multiplicativity’ [30, Example 3.1] . Let g € S,,
be of cycle type (k1, ..., k). Then under the isomorphism Y9 22 X* we have

chy (F", 1) = ¢*t (ch(F)) B - - B 9" (ch(F)). (12)

A.7 Symmetric actions on X"

Let £ € D*(X x X) be the kernel of a Fourier-Mukai transform FM¢ : D*(X) — D?(X),
and as in (3) consider the induced G := Sp,-equivariant functor on ¥ = X9:

FME" . Dg(Y) = Da(Y), A pro, (pri(A) @ (€27, 1)).

Let ¢ = FM,¢) : H*(X) — H*(X) the action on cohomology, and consider the induced
action on orbifold cohomology

@F" 1= FM,gmn )« HE(Y) = HE(Y).
We have the following description. Define
1/1n(¢) _ ndeg]R /2 o pon~ degy /2
where n4°8k acts on H*(X) by multiplication by n’.

Lemma A.7. We have

¢®n(ag)geG = (¢(ag))g€G (13)

where if g is of cycle type (k1,..., ko), then $ = YR (¢)X. .. Kpke(p) under the isomorphism
Y9~ X¢

Proof. Since pullback and pushforward acts factorwise, also FM,,(emn 1) acts factorwise. By
(12) it suffices moreover to consider g of maximal cycle type (n) for which we have by
Proposition A.6 that

1

X

vg(E7") = mw”(v(ﬁ))-

By a direct check this acts on H*(X) as a correspondence by ndesz /120 ¢on=desr /2, O
Remark A.8. If ¢ € End H*(X) we call ¢®" € End Hg(X") defined by (13) the induced
action on Hg(X™).

A.8 Taking invariants

For the trivial G-action on a space X we can consider the functor that takes invariants:
(=)¢ : Cohg(X) — Coh(X), W WC.

Lemma A.9. For any W -equivariant sheaf,

ch(WC) = ﬁ S chy (W), (WG = é S (W)

geqG



Proof. We use that for any G-representation we have

dim(VE) = |G| > tr(gV).
geG

Write W = @ W, ® V, where V,, are the irreducible of G. We get

ch(WE) = ch(W,) = |G‘ > ch(Wy) tr(g|Vy)
geG

|G\ Zch

geG

Similarly, note that for the trivial G-action we have X9 = X, so 74(W) = chy(W) - td(Tx ),
hence the second claim follows by multiplication by td(T'x). O

Define the sum map

o:HH(X) = H*(X),(

|G| 2 e

geG

Then the above says that we have a commutative diagram

K (Coha(X)) <25 K (Coh(x))

| I

HE(X) —2— H*(X).

A.9 The Bridgeland-King-Reid isomorphism

For a smooth projective surface S recall from (2.3) the Bridgeland-King-Reid equivalence
U: Dg(S™) — DU(SM),  F s pry, (pr}(F) @ Oy, )°.

By the discussion above we obtain the induced cohomological transform:
U =50 FMy0,) : H;(S") — HE;(S[”]) — H*(S[n])7

such that the following diagram commutes:

K (Cohg(8™)) —X— K(Coh(S"))
oo
HE(S™) ———— H*(SM).
The last thing we need for Section 2.4 is the following:
Lemma A.10. V¥ is an isomorphism

Proof. The most direct way to see this is by observing that the equivariant Chern character
(A.3) defines an isomorphism between the G-equivariant topological K-theory and the orb-
ifold cohomology [1]. Hence the claim follows from the fact that the Bridgeland-King-Reid
isomorphism induces an isomorphism in topological K-theory, see [8, Sec.10].
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Alternatively, recall the universal family Z, c S} x S and let p, ¢ be the projection of
St % 8™ to the factors. We then compute directly:

r(Rp.(g"(F))C = |71;| S 1y (Rpa(Oz, © 47 (F)))

- |7é| > pe(74(Oz4)q" (chy(F))

_ i T g * Chg(f)
= g 22 ((Oz)a (s e

where we used the construction of 7 as in [7] in the last step. We have
T(Og9) = [Z8] + ...

where ... stands for classes of higher codimension. Hence W is upper triangular, where on
the diagonal we have the usual cohomological isomorphism between H9(S™) and H*(S[M),
as discussed for example in [11] or [10]. O
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