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Abstract

We study the enumerative geometry of rational curves on the Hilbert
schemes of points of a K3 surface.

Let S be a K3 surface and let Hilb?(S) be the Hilbert scheme of d points
of S. In case of elliptically fibered K3 surfaces S — P!, we calculate genus 0
Gromov-Witten invariants of Hilb?(S), which count rational curves incident
to two generic fibers of the induced Lagrangian fibration Hilbd(S ) — P4, The
generating series of these invariants is the Fourier expansion of a product
of Jacobi theta functions and modular forms, hence of a Jacobi form. The
result is a generalization of the classical Yau-Zaslow formula which relates the
number of rational curves on a K3 surface to the modular discriminant.

We also prove results for genus 0 Gromov-Witten invariants of Hilb?(.S) for
several other natural incidence conditions. In each case, the generating series
is again a Jacobi form. For the proof we evaluate Gromov-Witten invariants
of the Hilbert scheme of 2 points of P! x E, where E is an elliptic curve.

Inspired by our results, we conjecture a formula for the quantum multi-
plication with divisor classes on Hilb?(S) with respect to primitive classes.
The conjecture is presented in terms of natural operators acting on the Fock
space of S. We prove the conjecture in the first non-trivial case Hilb?(S). As
a corollary, the full genus 0 Gromov-Witten theory of Hilb?(S) in primitive
classes is governed by Jacobi forms.

We state three applications of our results. First, in joint work with
R. Pandharipande, a conjecture counting the number of maps from a fixed
elliptic curve to Hilbd(S) is presented. The result, summed over all d, is ex-
pressed in terms of the reciprocal of a Siegel modular form, the Igusa cusp
form xi19. Second, we give a conjectural formula for the number of hyper-
elliptic curves on a K3 surface passing through 2 general points. Third, we
discuss a relationship between the Jacobi forms appearing in curve counting
on Hilbd(S ) and the moduli space of holomorphic symplectic varieties.



Zusammenfassung

Wir untersuchen die abzdhlende Geometrie rationaler Kurven auf den
Hilbertschemata von Punkten einer K3-Flache.

Sei S eine K3-Fliche und sei Hilb?(S) das Hilbertschema von d Punk-
ten von S. Im Fall elliptisch gefaserter K3 Flichen S — P! berechnen
wir Gromov-Witten Invarianten von Hilb(S) in Geschlecht 0, welche ratio-
nale Kurven inzident zu zwei generischen Fasern der induzierten Lagrange-
Faserung Hilb?(S) — P? zihlen. Die erzeugende Funktion dieser Invarianten
ist die Fourierentwicklung eines Produktes von Jacobischen Thetafunktionen
und Modulformen, also einer Jacobi-Form. Das Resultat ist eine Verallge-
meinerung der klassischen Yau-Zaslow Formel, welche die Anzahl rationaler
Kurven auf einer K3 Flache mit der modularen Diskriminante in Verbindung
setzt.

Wir werten Geschlecht 0 Gromov-Witten Invarianten von Hilb?(S) fiir
einige weitere natiirliche Inzidenzbedingungen aus. Die erzeugende Funktion
ist jeweils wieder eine Jacobi-Form. Fiir den Beweis berechnen wir Gromov-
Witten Invarianten des Hilbertschema von 2 Punkten von P! x E, wobei E
eine elliptische Kurve ist.

Inspiriert durch die obigen Resultate, stellen wir eine Vermutung fiir die
Quantenmultiplikation mit Divisorenklassen auf Hilbd(S ) beziiglich primitiver
Klassen auf. Die Vermutung ist ausgedriickt durch natiirliche Operatoren,
welche auf dem zu S zugehorigen Fockraum agieren. Wir beweisen die Ver-
mutung im ersten nicht-trivialen Fall Hilb?(S). Als Korollar erhalten wir,
dass die gesamte Gromov-Witten Theorie von Hilb?(S) in Geschlecht 0 und in
primitiven Klassen durch Jacobi-Formen ausgedriickt ist.

Wir geben drei Anwendungen unserer Resultate. Zuerst, in Zusammenar-
beit mit R. Pandharipande, présentieren wir eine Vermutung iiber die An-
zahl der Abbildungen von einer fest gewéhlten elliptischen Kurve zu Hilb%(S).
Die erzeugenden Funktion dieser Invarianten, summiert iiber alle d, ist aus-
gedriickt durch die Fourierentwicklung einer Siegelschen Modulform, der Igusa
Spitzenform y1g9. Zweitens geben wir eine Formel fiir die Anzahl hyperelliptis-
cher Kurven auf einer K3 Fliche, welche durch zwei generische Punkte gehen.
Drittens, diskutieren wir eine Verbindung zwischen den Jacobi-Formen, welche
in den Gromov-Witten Invarianten von Hilb%(S) auftauchen, und dem Mod-
ulraum holomorph symplektischer Mannigfaltigkeiten.
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Introduction

A non-singular complex projective surface S which is simply connected and
carries a holomorphic symplectic form is called a K3 surface. Basic examples of
K3 surfaces are the smooth quartic hypersurfaces in P3. Introduced by André
WEeil in 1957, K3 surfaces form one of the most well-behaved and remarkable
classes of complex surfaces.

A fundamental question in the research of K3 surfaces is to describe the
enumerative geometry of their algebraic curves. In other words, how many
curves lie on a K3 surface and satisfy given constraints? For curves of genus 0 a
beautiful answer is provided by the Yau-Zaslow formula. It links the number of
rational curves on a K3 surface with a modular form, the discriminant A(7).
Recent results show that this is the first example in many: there exists a
general connection between curve counts on K3 surfaces and modular forms.

A K3 surface S is the first non-trivial case in a sequence of smooth pro-
jective varieties of even dimension — the Hilbert schemes of points of S:

{*} = Hilb(S), S =Hilb’(S), Hilb*(S), Hilb*(S),

Every member Hilb?(S) of this sequence satisfies the K3 condition: it is simply
connected and carries a holomorphic symplectic form. These varieties are the
prime examples of a class of K3 surfaces in higher dimension, the holomorphic-
symplectic varieties.

Results about curve counts on Hilb?(S) for d > 1 have not been known so
far. Basic questions include: Is there a relationship to modular forms? Can
we find an analog of the Yau-Zaslow formula?

In this thesis we study the enumerative geometry of rational curves on the
Hilbert schemes of points of S. While the results and conjectures presented
here offer a first glimpse of the subject, most of the rich and beautiful structure
that underlies curve counting on Hilbd(S) is yet to be explored, and proven.
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Yau-Zaslow formula

Let B, be a primitive curve class on a smooth projective K3 surface S of
square 5% = 2h — 2. The Yau-Zaslow formula [YZ96] predicts the number Ny,
of rational curves in class (8 in the form of the generating series

_ 1 1
2 M=y =g .

h>0 m>1

The right hand side is the reciprocal of the Fourier expansion of a classical
modular form of weight 12, the modular discriminant

Ar)=q[JQ-q¢™* (2)

m>1

where ¢ = exp(2mi7T) and 7 € H.

The Yau-Zaslow formula was proven by Beauville [Bea99] and Chen [Che02]
using the compactified Jacobian, and independently by Bryan and Leung
[BLOO] using Gromov-Witten theory.

The Hilbert scheme of points of S
The Hilbert scheme of d points on S, denoted
Hilb%(S),

is the moduli space of zero-dimensional subschemes of S of length d. An open
subset of Hilb?(S) parametrizes d distinct unordered points on S. However,
whenever points come together, additional scheme structure is remembered.

The Hilbert schemes Hilb%(S) are smooth projective varieties of dimen-
sion 2d. Each is simply connected and carries a holomorphic symplectic form
which spans the space of global holomorphic 2-forms [Bea83, Nak99].

Gromov-Witten theory

The central tool in our study of the enumerative geometry of Hilb%(S) is
Gromov-Witten theory, see [FP97, PT14] for an introduction. It replaces the
naive count of genus g curves in a variety X by integrals over the moduli
spaces of stable maps M,(X, ). All our results will concern the Gromov-
Witten theory of Hilb?(S) and not the naive counting.

The (reduced) virtual dimension of M, (Hilb%(S), 8) is

vdim M ,(Hilb%(S),8) = (1 —g)(2d —3) + 1. (3)

If the virtual dimension (3) is negative, all Gromov-Witten invariants vanish.
Hence, for d > 1 we have non-zero invariants only in the cases g € {0,1} and
arbitrary d, or (g,d) = (2,2).

Our focus therefore lies in genus 0 and genus 1.
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Jacobi forms

A Jacobi form of index m and weight k is a holomorphic function ¢ : CxH — C
which satisfies

z aT + b 27rimcz2
o (g D) =+ T () ()
(2 + AT + 1, 7) = e TImNTEN) o (2 7) (5)

for all (¢ Z) € SLa(Z) and (), p) € Z?, and a holomorphicity condition at oo.

Introduced by Eichler and Zagier in [EZ85], Jacobi forms are a generaliza-
tion of classical modular forms to two variables. The main examples of Jacobi
forms are the Jacobi theta functions [Cha85]. We will see that Jacobi forms
naturally appear in the curve counting on Hilb%(S).

Results and plan of the thesis

In section 1, we review several basic definitions and results about the Hilbert
schemes of points of a smooth projective surface.

In section 2, we begin our study of the Gromov-Witten theory of Hilb?(S)
by considering a particular enumerative problem which may be seen as the
analog of the Yau-Zaslow formula in higher dimension.

Let 7 : S — P! be an elliptic K3 surface. The Hilbert scheme of points
Hilb?(S) carries an induced Lagrangian fibration

74 Hilb?(S) — P4,

Let Ny, 1 be the number of rational curves which are incident to two generic
Lagrangian fibers of 7l% and have curve class 85, + kA, where 8, is the class
induced by a primitive curve class on S of square 2h — 2 meeting the fiber of
7w once, A is the class of an exceptional curve, and k € Z, see Section 2 for
details. We will prove the following evaluation for all d > 1:

Z Z Nanry g "
h>0 keZ
n+i LI(nt1)? 2 1/24 m
= Z Yy 2q2 2 q H (1 —q )

nez m>1

—(6d—6+24)
) (6)

For d = 1, the class A vanishes on S and by convention only the term k& = 0
is taken in the sum on the left side. Then, (6) specializes to the Yau-Zaslow
formula (1). For d > 2, the right hand side of (6) is a product of the Dedekind
eta function

n(r) =AY () = ¢ [T (1 —¢™)

m>1
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and the first Jacobi theta function

Ii(z,m) =Yy g ta)?
nez
=" P +y ) T =™ +ya™ (A +y g™,
m>1

where we used the variable change y = —e?™* and ¢ = *™7. It is the Fourier
expansion of a Jacobi form of index d — 1.

The proof of (6) proceeds by reduction to a fixed elliptic K3 surface with
24 rational nodal fibers and a section. After analysing the moduli space, we
relate the evaluation on Hilb?(S) to curve counting on a Kummer K3 surface.
The proof is completed by an application of the Yau-Zaslow formula (1) and

Jacobi form identities involving a theta function of the D4 lattice.

The genus 0 Gromov-Witten theory of the Hilbert scheme of points Hilb?(S)
is much richer than the invariants which appear in (6). In Section 3, we will
evaluate Gromov-Witten invariants for several other natural incidence condi-
tions. The generating series of the invariants are again the Fourier expansions
of Jacobi forms of index d — 1.

The choice of incidence conditions we consider has two different motiva-
tions. First, these counts on Hilbd(S) are related to interesting and yet un-
known curve counts on the underlying K3 surface S. For example, one of the
cases we consider predicts the number of hyperelliptic curves on a K3 surface
passing through 2 generic points, see Section 6.2. Second, we show in Section 5
that the evaluations presented here determine the full genus 0 Gromov-Witten
theory of Hi|b2(S ) in primitive classes through geometric recursions.

The evaluation of these additional invariants require new ideas. Analys-
ing the moduli space, we reduce the evaluation to the calculation of genus 0
Gromov-Witten invariants on Hilb?(P! x E), where E is an elliptic curve. On
Hilb?(P! x E) the generating series of the genus 0 invariants satisfy the WDVV
equations, an explicit system of partial differential equations. In Section 4, we
solve this system using Jacobi forms, and complete the proof.

The full 3-point genus 0 Gromov-Witten theory of Hilb?(S) is encoded in
a deformation of the cohomology ring H*(Hilb%(S),Q), the reduced quantum
cohomology ring

QH*(Hilb%(9)).
In Section 5 we make a first step towards understanding this ring by conjec-
turing a formula for quantum multiplication with a divisor class in primitive
classes. Here, we consider Hilb%(S) for all d simultaneously, and work with
the Fock space
F(S) = P H*(Hilb’(5); Q)

d>0
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and the Nakajima operator formalism [Nak97]. We explain how quantum mul-
tiplication with a divisor class arises directly from natural operators ), reZ
acting on F(.S). The main definition here is the following commutator relation
between £ and the Nakajima operators p,,(v), m € Z#:

, k() I
(). €7 =D s b ETTO iy, g).
LET

see Section 5 for the notation. The outcome is an effective procedure, that
(conjecturally) determines all 2-point Gromov-Witten invariants of Hilb?(S)
in primitive classes. In Section 5.6.3, we verify this conjecture in the first non-
trivial case Hilb?(S). As a corollary, the full genus 0 Gromov-Witten theory
of Hilb?(S) in primitive classes is governed by Jacobi forms.

In Section 6 we state three applications.

First, let Ng hk be the Gromov-Witten count of maps from a fixed elliptic
curve E to Hilb%(S) in class 8, + kA. By degenerating E to a nodal rational
curve, the number Ng n,. Teduces to genus 0 invariants of Hilb?(S). Then, our
calculations above lead to a conjecture for the full generating series of the
invariants Ng hj 1D terms of a Siegel modular form, the reciprocal

1
X10(£2)

of the Igusa cusp form x19. This is joint work with Rahul Pandharipande.

Second, genus 0 invariants of the Hilbert scheme of 2 points of a surface S
are expected to be closely linked to the count of hyperelliptic curves on S,
see for example [Gra0l]. We make this correspondence explicit in the K3 case
and state a conjecture for the number of hyperelliptic curves on generic K3
surfaces passing through 2 generic points.

Third, we discuss a relationship between the Jacobi forms which appear
in curve counting on Hilb?(S) and recent results on the moduli space of holo-
morphic symplectic varieties.
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Preliminaries

Let S be a smooth projective surface and let Hilb?(S) be the Hilbert scheme
of d points of S. By definition, Hilb%(S) is a point parametrizing the empty
subscheme.

1.1 Notation

We always work over C. All cohomology coefficients are in QQ unless denoted
otherwise. We let [V] denote the homology class of an algebraic cycle V.

On a connected smooth projective variety X, we will freely identify coho-
mology and homology classes by Poincare duality. We write

w=wyx € H*m™X)(X.7),
e=ex € H(X;7Z)

for the class of a point and the fundamental class of X respectively. Using the
degree map we identify the top cohomology class with the underlying ring:

H2(X,Q) = @

The tangent bundle of X is denoted by Tx.
A homology class € Ha(X,Z) is an effective curve class if X admits an

algebraic curve C of class [C] = 8. The class § is primitive if it is indivisible
in Hy(X,Z).

1.2 Cohomology of Hilb?(S)

1.2.1 The Nakajima basis

Let (1, ..., ) with g > ... > X > 1 be a partition and let
Oly...,0] EH*(S,Q)

15
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be cohomology classes on S. We call the tuple

p= (1), (s ) (L.1)

a cohomology-weighted partition of size |u| =" p;.
If the set {a1,...,q;} is ordered, we call (1.1) ordered if for all i < j

pi >y or (g =py; and o > ay).
For i > 0 and o € H*(S;Q), let
p_i(a) : H*(Hilb%(S),Q) — H*(Hilb™(S),Q)
be the Nakajima creation operator [Nak97], and let
lg € H*(Hilb"(S),Q) = Q

be the vacuum vector. A cohomology weighted partition (1.1) defines the
cohomology class

By (1) o Py () 1 € H*(HilbI(S)).

Let a1, ..., a;, be a homogeneous ordered basis of H*(S;Q). By a theorem
of Grojnowski [Gro96] and Nakajima [Nak97], the cohomology classes associ-
ated to all ordered cohomology weighted partitions of size d with cohomology
weighting by the o; not repeating factors (o, k) with a; odd, form a basis of
the cohomology H*(Hilb%(S); Q).

1.2.2 Special cycles

We will require several natural cycles and their cohomology classes. In the
definitions below, we set p_,,(a)* = 0 whenever k < 0.

(i) The diagonal

The diagonal divisor
Appi(sy C HiIIbY(S)

is the reduced locus of subschemes ¢ € Hilb?(S) such that len(Og ) > 2 for
some x € S. It has cohomology class

1 p—
rstis)) = 7y P-2(ep-1(e)"Ls = “2. ey (0,

where we let El¥ denote the tautological bundle on Hilb%(S) associated to a
vector bundle E on S, see [Leh99, Leh04].
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(ii) The exceptional curve

Let Sym?(S) be the d-th symmetric product of S and let
p: Hilb(S) — Sym?(S), € — Z len(O¢ ;)

be the Hilbert-Chow morphism.
For distinct points x,y1,...,yq—2 € S where d > 2, the fiber of p over

2x + 3,y € Sym?(S)

is isomorphic to P' and called an ezceptional curve. For all d define the
cohomology class

A = poa(wp-1(w) s,
where w € H*(S,7Z) is the class of a point on S. If d > 2 every exceptional
curve has class A.
(iii) The incidence subschemes

Let 2z C S be a zero-dimensional subscheme. The incidence scheme of z is the
locus

I(z) ={ EcHibYS) | zc £}

endowed with the natural subscheme structure.

(iv) Curve classes

For 8 € Hy(S) and a,b € Hy(S), define

C(B) = p-1(B)p-1(w)'1s € Hay(Hilb’(S)),

Cla.h) = por(@pr (Bpr ()15 € Hp(Hibl(s)).

In unambiguous cases, we write 8 for C(f). By Nakajima’s theorem, the
assignment (1.2) induces for d > 2 the isomorphism

Hy(S,Q) & A2Hy (S, Q) & Q — Hy(Hilb%(S); Q)
(B,anb,k)— B+ Cla,b)+kA.

If d <1 and we write

5+Zc a;,bi) + kA € Hy(Hilbd(S), Q)

for some 3, a;, b;, k, we always assume a; = b; =0 and kK = 0. If d = 0, we also
assume 8 = 0. This convention will allow us to treat Hilb?(S) simultaneously
for all d at once, see for example Section 1.3.
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(v) Partition cycles
Let V C S be a subscheme, let £ > 1 and consider the diagonal embedding
u : S — Sym®(S)
and the Hilbert-Chow morphism
p : Hilb*(S) — SymF(S).
The k-fattening of V is the subscheme
VIk] = p~ (ix(V)) C Hilb®(S) .
Let d =dy + - - - + d, be a partition of d into integers d; > 1, and let
,...,V,CS
be pairwise disjoint subschemes on S. Consider the open subscheme
U={(&,...,&) € Hilb%(S)x---xHilb¥(S) | &§N¢; = @ for all i # j} (1.3)

and the natural map o : U — Hilb%(S), which sends a tuple of subschemes
(&, ..., &) defined by ideal shaves I¢, to the subscheme ¢ € Hilb?(S) defined
by the ideal sheaf I, N--- N Ie,. We often use the shorthand notation'

0—(617"'757’) = §1++§7’ (14)
We define the partition cycle as
Vildi] --- Vild,] = o(Vi[di] x - x V;[d,]) C Hilb%(S). (1.5)

By [Nak99, Thm 9.10], the subscheme (1.5) has cohomology class
P—a,(a1) -+ p_q, (ar)Ls € H*(Hilb?(S)),

where a; = [V;] for all 7.

1.3 Curves in Hilb%(S)

1.3.1 Cohomology classes

Let C be a projective curve and let f : C — Hilbd(S) be a map. Let p: Z5 —
Hilb?(S) be the universal subscheme and let ¢ : Z; — S be the universal
inclusion. Consider the fiber diagram

c—1 vz, 9 ,g

F P (1.6)

¢ —L Hilb4(s)

! For functions f; : X — Hilb%(S),i = 1,...,r with (f1,...,fr) : X = U we also use
fi+...4+fr=00(f1,...,fr): X = Hilb%(S).
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and let f' =qo f The embedded curve C' C C x § is flat of degree d over C.
By the universal property of Hilbd(S), we can recover f from C. Here, even
when C' is a smooth connected curve, C could be disconnected, singular and
possibly non-reduced.

Lemma 1. Let C be a reduced projective curve and let f : C' — Hilb%(S) be a
map with
FIC1 =B+ C(y,7)) + kA (1.7)
J
for some B € Ha(S),v;,7; € Hi(S) and k € Z. Then,

(g0 f)<[C] = 8.
Proof. We may assume d > 2 and C irreducible. Since p is flat,
FIC) = 17*[C] = qep” f[C).
Therefore, the claim of Lemma 1 follows from (1.7) and
p*A=0, ¢pCB)=p ¢pClab)=0

for all 8 € Hy(S) and a,b € H1(S). By considering an exceptional curve of
class A, one finds ¢.p*A = 0. We will verify ¢.p*C(8) = ; the equation
¢:p*C(a,b) = 0 is similar.

Let U C S% be the open set defined in (1.3) and let o : U — Hilb?(S) be
the sum map. We have C(3) = o.(w?! x 8). Consider the fiber square

[7 >Zd 1 S

| |

U —— Hilb?(s).

Let A; 411 C S?x S be the (i,d+1) diagonal. Then U C $%x S is the disjoint
union (J;—y 4 Aia+1 N (U x S). Therefore

4 C(B) = gup*ou(w? ! x B)
= prd+1*p/*(wd71 X ﬁ)
d
= Zprd—i-l*([Ai,dJrl] . (Wd*1 X B xeg))
i=1
— 3. -

Lemma 2. Let C' be a smooth, projective, connected curve of genus g and let
f: C = Hilb%(S) be a map of class (1.7). Then

k=x(0g) —d(1-yg)
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Proof. The intersection of f,[C] with the diagonal class A = —261(0?}) is
—2k. Therefore

k= deg(c1(0F)) N £.[C)) = deg(f*O) = x(*OF") — d(1 - g),
where we used Riemann-Roch in the last step. Since we have
F O = F'p.q"0s = b f "¢’ Os = 5.0
and p is finite, we obtain X(f*@gi]) = X(P«0gz) = x(Og). O

Corollary 1. Let v € Ho(Hilb%(S),Z) and let Mo(Hilb%(S),~) be the moduli
space of stable maps of genus 0 in class v. Then for m < 0,

Mo(Hilb%(S), v+ mA) = @

Proof. Let f : P — Hilb%(S) be a map in class v + mA. The cohomology
class of the corresponding curve C = f*Z4 c P! x S is independent of m.
Hence, the holomorphic Euler characteristic x(Og) is bounded from below
by a constant independent of m. Therefore, by Lemma 2, we find m to be
bounded from below when the domain curve is P'. Since an effective class
~v+mA decomposes in at most finitely many ways in a sum of effective classes,
the claim is proven. O

1.3.2 Irreducible Components

Let f: C' — Hilb%(S) be a map and consider the fiber diagram

C~'Zf*Zd EEE—— Zd

N
c — 5 HibYs),

where p : Z; — Hilb?(S) is the universal family.

Definition 1. The map f is irreducible, if f*Z; is irreducible.

Let d > 1and let f : C' — Hilb%(S) be a map from a connected non-singular
projective curve C'. Consider the (reduced) irreducible components

Gi,...,G,
of the curve C = f*Z4, and let

£E=Uiz;p(GiNG;) C C
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be the image of their intersection points under p. Every connected compo-
nent D of C'\ p~1(€) is an irreducible curve and flat over C'\ €. Since C is
a non-singular curve, also the closure D is flat over C, and by the universal
property of Hilbd/(S ) yields an associated irreducible map

C — Hilb¥(9)

for some d’ < d. Let ¢1,...,¢, be the irreducible maps associated to all
connected components of C \p~1(&). We say f decomposes into the irreducible
components @1, ..., Pp.

Conversely, let ¢; : C — Hilbdi(S),i =1,...,n be irreducible maps with

©>di=d,
® ¢;Z4, N @7 Z4; is of dimension 0 for all ¢ # j.
Let U be the open subset defined in (1.3). The map
(f1,...,6n) : C — Hilb%(S) x --- x Hilb¥(9)

meets the complement of U in a finite number of points x1,...,z, € C. By
smoothness of C, the composition

oo (d1,...,0n): C\{x1,...,2n} — Hilb%(S)

extends uniquely to a map f : C — Hilb%(S).
A direct verification shows that the two operations above are inverse to
each other. We write

f=o1+-+ ¢
for the decomposition of f into the irreducible components ¢, ..., ¢;.

Let 3, 8; € Ha(S), 7,7} Vij» Vij € Hi(S) and k, k; € Z such that

flC1=C(B) + ZC(%%) +kA € Hy(Hilb(S))

J

bix[C] = C(B:) + Z C(vij, 7 ;) + kiA € Ha(Hilb%(S)).

J
Lemma 3. We have

o > . Bi=p € HyS;Z)

o X Ay = A € NPHL(S)

Proof. This follows directly from [Nak99, Theorem 9.10]. O
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1.4 Reduced Gromov-Witten invariants

Let S be a smooth projective K3 surface and let § € Hy(S,Z) be a effective
curve class. For d > 1 and some k € Z, let

B+ kA € Hy(Hilb%(S),7Z)
be a non-zero effective curve class and consider the moduli space
My m(Hilb(S), B+ kA) (1.8)

of m-marked stable maps? f : C' — Hilb%(S) of genus ¢ and class 5 + kA.

Since Hilb?(S) carries a holomorphic symplectic 2-form, the virtual class
on (1.8) defined by ordinary Gromov-Witten theory vanishes, see [KL13]. A
modified reduced theory was defined in [MP13] and gives rise to a (usually)
non-zero reduced virtual class

(Mg (HilbY(S), 5 + K A)]
of dimension (1 — g)(2d — 3) + 1, see also [STV11, Pril2]. Let
evi : My, (Hilb%(S), B + kA) — Hilb%(S)
be the i-th evaluation map and let

Vs ym € H*(Hilb4(S), Q)

be cohomology classes. The reduced Gromov- Witten invariant of Hilb%(S) of
genus g and class 8 + kA with primary insertions 71, ..., 7n is defined by the
integral

Hilb?(S) / « «
Y1y Ym = evil7 U"‘Uevm Ym 1.9
< Japia (M g,m (Hilb?(S), B-+kA)]red itn) () (1.9)

whenever M ,,(Hilb%(S), 8 + kA) is non-empty, and by 0 otherwise.

For d = 1 and k # 0, the moduli space M ,(Hilb%(S), 8 + kA) is empty
by convention and the invariant (1.9) vanishes.

For the remainder of the thesis, we often omit in (1.9) the subscript ¢ in
case g = 0, and the superscript Hilbd(S ) when it is clear from the classes ;.

2The domain of a stable map is always taken here to be connected.
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The Yau-Zaslow formula in higher dimensions

2.1 Introduction

2.1.1 Statement of results
Let 7 : S — P! be an elliptically fibered K3 surface and let
7l Hilb(S) — Hilb?(P!) = P?,

be the induced Lagrangian fibration with generic fiber a smooth Lagrangian
torus. Let
L. C Hilb%(S)
denote the fiber of 74l over a point z € P¢.
Let F € Hy(S;Z) be the class of a fiber of 7, and let /3, be a primitive
effective curve class on S with

F-Bp=1 and fp7=2h-2.

For 21,20 € P% and for all d > 1 and k € Z, define the Gromov-Witten
invariant

Hilb4(S
Nd,h,k = <LZ1’L22>5h+lc(A)

— / evi(Lay) Uevi(La)

[Mo,2(Hilb?(S),B,+kA)]red

which (virtually) counts the number of rational curves incident to the La-
grangians L., and L,,. The first result of this thesis is a complete evaluation
of the invariants Ngp, 1.

Define the Jacobi theta function

o) = N(z7) e, e (L+yg™)(+y 'q™)
F(z,7) 3 (1) (y'"+y )T]L;II (1—qm)2 (2.1)

considered as a formal power series in the variables

y = _627rzz and q= 6271'27'

where |¢| < 1.

23
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Theorem 1. For all d > 1, we have

1
k hel _ 2d-2
ZZ Nanry q" ™" = F(z,7)" " A (2.2)
h>0 keZ

under the variable change y = —e*™* and q = 2™

2.1.2 Overview of the proof

In the remainder of section 2 we give a proof of Theorem 1. The proof proceeds
in the following steps.

In section 2.2 we use the deformation theory of K3 surfaces to reduce
Theorem 1 to an evaluation on a specific elliptic K3 surface S. Here, we also
analyse rational curves on Hilb?(S) and prove a few Lemmas. This discussion
will be used also later on.

In section 2.3, we study the structure of the moduli space of stable maps
which are incident to the Lagrangians L,, and L,,. The main result is a split-
ting statement (Proposition 1), which reduces the computation of Gromov-
Witten invariants to integrals associated to fixed elliptic fibers.

In section 2.4, we evaluate these remaining integrals using the geometry
of the Kummer K3 surfaces, the Yau-Zaslow formula and a theta function
associated to the D4 lattice.

2.2 The Bryan-Leung K3

2.2.1 Definition

Let 7 : S — P! be an elliptic K3 surface with a unique section s : P! — S and
24 rational nodal fibers. We call S a Bryan-Leung K38 surface.

Let z1,...,x24 € P! be the basepoints of the nodal fibers of , let By be
the image of the section s, and let

F,cS

denote the fiber of 7 over a point x € P!,
The Picard group

Pic(S) = HY(S;Z) = H*(S;Z) n H'(S;C)

is of rank 2 and generated by the section class B and the fiber class F. We
have the intersection numbers B2 = —2, B- F =1 and F? = 0. Hence for all
h > 0 the class

Bn=B+hF € HQ(S; Z) (23)

is a primitive and effective curve class of square B,% =2h — 2.
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The projection 7w and the section s induce maps of Hilbert schemes
74 Hilb?(S) — Hilbd(PY) =P, sl P4 — Hilb?(S),

such that 74 o sl = idpa. The map sl¥ is an isomorphism from Hilb?(P') to
the locus of subschemes of S, which are contained in By. This gives natural
identifications

P4 = Hilb%(P') = Hilb%(By),

that we will use sometimes. In unambiguous cases we also write m and s for
7l and sl respectively.

2.2.2 Main statement revisited

For d > 1 and cohomology classes 71, ...,vm € H*(Hilb%(S);Q) define the
quantum bracket

Hilb%(S)

Hilbd(S) k h,1< >
<’Yl7"'7fym>q _Zzyq 717"'7’7’!71 Bh"rkA i (24)

h>0 keZ
where the bracket on the right hand side was defined in (1.9).
Theorem 2. For alld > 1,

J g, \Hib4(S) B F(z,7)%2
(pa(F) s, pa(B)'1s) 0 = S

where ¢ = e*™7 and y = —e>™2,

We begin the proof of Theorem 2 in Section 2.3.
Let 7/ : 8" — P! be any elliptic K3 surface, and let I’ be the class of a
fiber of «’. A fiber of the induced Lagrangian fibration

714 Hilbd(S") — P4

has class p_1(F")%1g. Hence, Theorem 1 implies Theorem 2. The following
Lemma shows that conversely Theorem 2 also implies Theorem 1, and hence
the claims in both Theorems are equivalent.

Lemma 4. Let S be the fized Bryan-Leung K3 surface defined in Section 2.2.1,
and let By, = B + hF be the curve class defined in (2.3).

Let S’ be a K3 surface with a primitive curve class 3 of square 2h —2, and
let v € H?(S',7Z) be any class with 3 -+ =1 and v*> = 0. Then

Hilb(S") Hilb(S)

d d _ d d
(pa) s b)) T = (pa (B Ls pa(FYLs) T
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Proof of Lemma 4. We will construct an algebraic deformation from S’ to the
fixed K3 surface S such that 8 deforms to S, through classes of Hodge type
(1,1), and ~ deforms to F. By the deformation invariance of reduced Gromov-
Witten invariants the claim of Lemma 4 follows.
Let E3(—1) be the negative Eg lattice, let U be the hyperbolic lattice and
consider the K3 lattice
A= FEy(-1)®¥aU®.

Let e, f be a hyperbolic basis for one of the U summands of A and let
¢: N — H*(S;7)

be a fixed marking with ¢(e) = B+ F and ¢(f) = F. We let
bp=e+ (h—-1)f

denote the class corresponding to 8, = B + hF under ¢.
The orthogonal group of A is transitive on primitive vectors of the same
square, see [GHS13, Lemma 7.8] for references. Hence there exists a marking

¢ N = H*(S';7)

such that ¢'(by) = B. Let g = ¢'~1(y) € A be the vector that corresponds to
the class v under ¢’. The span

A0 = <gabh> CA

defines a hyperbolic sublattice of A which, by unimodularity, yields the direct
sum decomposition

A:AQ@AS‘.

Because the irreducible unimodular factors of a unimodular lattice are unique

up to order, we find
Af = Eg(—1)®2 @ U®2.

Hence there exists a lattice isomorphism o : A — A with o(b,) = by, and
o(g) = f. Replacing ¢’ by ¢’ o 0=, we may therefore assume ¢'(b,) = 3 and
'(f) =1

Since the period domain 2 associated to b, is connected, there exists a
curve inside € connecting the period point of S’ to the period point of S.
Restricting the universal family over €2 to this curve, we obtain a deformation
with the desired properties. O

2.2.3 Rational curves in Hilb%(S)

Let h > 0 and let k be an integer. We consider rational curves on Hilb%(S) in
the classes By, + kA and hF + kA.
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Vertical maps

Let u1,...,uq € P! be points such that
e 1, is not the basepoint of a nodal fiber of 7 : S — P! for all 4,
e the points uq,...,u, are pairwise distinct.

Then, the fiber of 7l¥ over u; + --- 4 ug € Hilb?(P!) is isomorphic to the
product of smooth elliptic curves

Fu, x ... xFy,.

The subset of points in Hilb?(P!) whose preimage under 7% is not of this form
is the divisor

W = I(1) U... I(21) U Apypagery C Hilb(PY), (2.5)
where 1,...,294 are the basepoints of the nodal fibers of 7, I(x;) is the

incidence subscheme, and AH“bd(Pl) is the diagonal, see Section 1.2.2. Since a

fiber of 7l% over a point z € P% is non-singular if and only if z ¢ W, we call
W the discriminant of wl4.
Consider a stable map f : C' — Hilb?(S) of genus 0 and class hF + kA.
Since the composition
7o f . C — Hilbd(P')

is mapped to a point, and since non-singular elliptic curves do not admit
non-constant rational maps, we have the following Lemma.

Lemma 5. Let f : C — Hilb%(S) be a non-constant genus 0 stable map in
class hF + kA. Then the image of 7% o f lies in the discriminant W.

Non-vertical maps

Let f : C' — Hilb%(S) be a stable genus 0 map in class f.[C] = B, + kA. The
composition
7l o f:C — p?

has degree 1 with image a line
LcPe

Let Cy be the unique irreducible component of C' on which 7o f is non-constant.
We call Cy C C the distinguished component of C.
Since Cy = P!, we have a decomposition

f‘00:¢0+"‘+¢r

of f|c, into irreducible maps ¢; : Cy — Hilb% (S) where d; are positive integers
such that d = dg+ - - - +d;, see Section 1.3.2. By Lemma 3, exactly one of the
maps mldil o ¢; is non-constant; we assume this map is ¢g.
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Lemma 6. Let W be the discriminant of nl4. If L Z W, then
(i) di=1 foralli e {1,...,r},
(ii) ¢i: Co— S is constant for alli € {1,... 1},
(iii) ¢o : Coy — Hilb®(S) is an isomorphism onto a line in Hilb% (By).

Proof. Assume L ¢ W.

(i)

If d; > 2, then 7% o ¢; maps Cj into Aipdi (P1)- Hence

maps Cy into AH”bd(Pl) C W. Since L = 7@ o f(Co), we find L C W,
which is a contradiction.

If ¢; : Cy — S is non-constant, then m o ¢; maps Cy to a basepoint of a
nodal fiber of 7 : S — P!. By an argument identical to (i) this implies
L C W, which is a contradiction. Hence, ¢; is constant.

The universal family of curves on the elliptic K3 surface 7 : S — P! in
class 8;, = B + hF is the h-dimensional linear system

8| = Hilb"(P1) = P" .
Explicitly, an element z € Hilb"(P') corresponds to the comb curve
By+71Yz)C S, (2.6)
where m~!(z) denotes the fiber of 7 over the subscheme 2 C PL.

Let Z4 — Hilb%(S) be the universal family and consider the fiber diagram

6’\6 Zd 1 > S

Pl
Co —L— Hilb¥(S).

By Lemma 1, the map f' = qof: EJVO — S'is a curve in the linear system
|Bps| for some b’ < h. Its image is therefore a comb of the form (2.6).

Let Gy be the irreducible component of é’vo such that 7o f’|¢, is non-
constant. The restriction

ﬁ|G0 : G(] — C() (27)

is flat. Since wo f’ : 5’0 — P! has degree 1, the curve 6’0 has multiplicity 1
at G, and the map to the Hilbert scheme of S associated to (2.7) is equal
to ¢0.

Since Gy is reduced and f'|¢, : Go — S maps to By, the map ¢y maps
with degree 1 to Hilb% (By). The proof of (iii) is complete. O
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The normal bundle of a line
Let sl : Hilb%(P') — Hilb?(S) be the section, and consider the normal bundle

d]*
N = sl THilbd(S)/THiIbd(]P’l)‘
Lemma 7. For every line L C Hilb%(P'),

Thinicsy |, = Tuiwtceny |, © N

with N|; =T o)l = OL(=2) ® OL(-1)27D.

Proof. Because the embedding s/ : Hilb?(P') < Hilb%(S) has the right inverse
7l the restriction
THiIbd(S)‘HiIbd(IP’l)
splits as a direct sum of the tangent and normal bundle of Hilb%(By).
The vanishing H°(P9, Q%,d) = 0 implies that the holomorphic symplectic
form on Hilb%(S) restricts to 0 on Hilb?(P') and hence, by non-degeneracy,

induces an isomorphism
v
THi|bd(]P1) — N .

Since TH“bd(Pl)‘L = O01(1)®=D g O1(2), the proof is complete. O

2.3 Analysis of the moduli space

2.3.1 Overview

Let S be the fixed elliptic Bryan-Leung K3 surface, let z1, 20 € Hilbd(IP’l) be
generic points, and for i € {1,2} let

Z; = 71971(2;) C Hilb(S)
be the fiber of 7l over z;. The subscheme Z; has class [Z;] = p_1(F)%1g. Let
ev : Moo (Hilb%(S), B, + kA) — Hilb?(S) x Hilb?(S)

be the evaluation map from the moduli space of genus 0 stable maps in class
By, = B + hF, and define the moduli space

Mz = Mz(h,k) = ev (2 x Z5)

parametrizing maps which are incident to Z; and Z,.

In Section 2.3, we begin the proof of Theorem 2 by studying the moduli
space My and its virtual class. First, we prove that My is naturally iso-
morphic to a product of moduli spaces associated to specific fibers of the
elliptic fibration 7: S — P!. Second, we show that the virtual class splits as
a product of virtual classes on each factor. Both results are summarized in
Proposition 1. As a consequence, Theorem 2 is reduced to the evaluation of a
series FSW(y, q) encoding integrals associated to specific fibers of 7.
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2.3.2 The set-theoretic product

Consider a stable map
[f = C = Hilb"(S), p1,po] € My
with markings p1,ps € C. By definition of Mz, we have
TdU(fp)) =21, 7Uf(p2)) = 2.
Hence, the image of C' under 7% o f is the unique line
LcP

incident to the points z1, z0 € P?. Because z1, 29 € P are generic, also L is
generic. In particular, since z; N zo = &, we have

L ¢ I(z) forallxzePl (2.8)

Let Cy be the distinguished irreducible component of C' on which 7o f is
non-constant. By (2.8), the restriction f|¢, is irreducible, and by Lemma 6 (iii),
the map f|c, is an isomorphism onto the embedded line

L C Hilb%(PY) C Hilb%(S).

We will identify Cy with L via this isomorphism.
Let x1,..., 224 € P! be the basepoints of the nodal fibers of 7, and let

Y1,y Yod—o € P!
be the points such that 2y; C z for some z € L. For x € P!, let
T=1I(z)NL € Hilb%P!)
denote the unique point on L which is incident to . Then, the points
T1yevry T2y Yls - - -5 Y2d—2 (2.9)

are the intersection points of L with the discriminant of 7l¥ defined in (2.5).
Hence, by Lemma 5, components of C' can be attached to Cy only at the
points (2.9). Consider the decomposition

C=CoUA U ---UAyyUByU---UBgy_o, (2.10)

where A; and B; are the components of C attached to the points z; and y;
respectively. We consider the restriction of f to A; and B; respectively.
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A Let T3 = xj4+wi+- - - +wq_1 for some points wy € PL. By genericity of L,
the wy are basepoints of smooth elliptic fibers. Hence, f|4, decomposes
as

fla, = ¢+ wi + -+ +wq_1, (2.11)

where w, € P! C S for all £ denote constant maps, and ¢ : A; — F,, is
a map to i-th nodal fiber which sends #; to the point s(z;) € S.

Bj: Let y; = 2yj +wy + -+ + wq_o for some points w, € PL. Then, flB;
decomposes as
flB; = +wi+ - +wa o, (2.12)

where ¢ : B; — Hilb?(S) maps to the fiber (71%)~1(2y) and sends the
point y; € L = Cj to s(2y;).

Since L is independent of f, we conclude that the moduli space My is

set-theoretically’ a product of moduli spaces of maps of the form f|4, and
fl B;- The next step is to prove the splitting is scheme-theoretic.

2.3.3 Deformation theory

Let [f : C — Hilb%(S), p1,pa] € Mz be a point and let

ﬁl

Spec(C

Hilb(S) (2.13)

be a first order deformation of f inside Mz. In particular, p is a flat map,
Pp1, P2 are sections of p, and frestricts to f at the closed point.

Consider the decomposition (2.10) and let z; for ¢ = 1,...,24 and y; for
j=1,...,2d — 2 be the node points A; N Cy and B; N Cy respectively.

Lemma 8. The deformation (2.13) does not resolve the nodal points X1, . . ., Tay
and {Jla s 7g2d—2-

Proof. Assume f smoothes the node Z; for some i. Let Z4 — Hilb?(S) be the

universal family and consider the pullback diagram

f*Zd = 6’ Zd > S

J |

¢ —L s HilbY(s)

!i.e. the set of C-valued points of My is a product
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Let E be the connected component of f |j‘42 Z4, which defines the non-constant
map ¢ in the decomposition (2.11), and let Go = f[¢,,Z4. Then, the projection
C — C is étale at the intersection point ¢ = Gy N E,

The deformation f : C' — Hilb?(S) induces the deformation

K=f"Z;— Spec(Cle]/€?)

of the curve C. Since C smoothes Z; and C — C is étale near q, the deforma-
tion K resolves q. Then, the natural map K — S defines a deformation of the
curve C' — S which resolves q. Since C — S has class B, such a deformation
can not exist by the geometry of the linear system |f;|. Hence, ]? does not
smooth the node z;.

Assume fsmoothes the node y; for some j. We follow closely the argument
of T. Graber in [Gra0l, page 19]. Let F,; be the fiber of 7 : S — P! over yj,
let

D(F,,) = {€ € HiIbY(S) | £ N F,, # 0}

be the divisor of subschemes with non-zero intersection with F;, and consider
the divisor
D = Appags) + D(Fy,) -

Let C71 be the irreducible component of C' that attaches to Cp at ¢ = yj,
and let Cy be the union of all irreducible components of B; except C. The
curves Cy and (] intersect in a finite number of nodes {¢;}. The deformation
fresolves the node ¢ and may also resolve some of the g;.

The first order neighborhood /C\I of C in the total space of the deformation
C can be identified with the first order neighborhood of P! in the total space
of the bundle O(—/), where £ > 1 is the number of nodes on Cy which are
smoothed by J? Let

f: C1 — Hilb4(9)
be the induced map on 6’1. We consider the case, where f'|¢, is a degree k > 1
map to the exceptional curve at y;. The general case is similar.

Let N be the pullback of O(D) by f' : C1 — Hilb%(S), and let s €
HY(C,N) be the pullback of the section of O(D) defined by D. The bun-
dle N restricts to O(—2k) on C;. By [Gra0l, page 20|, giving N and s is
equivalent to an element of the vector space

HOIH(QC1 (O(_f)v f‘z‘lo(D))v

of dimension ¢ — 2k +1</¢—1.

The neighborhood CN’l intersects C in a double point. Since C intersects
the divisor D transversely, s is non-zero on Ci. Let q1,---,qe—1 be the other
nodes on C7 which get resolved by f Since Cy C D, the section s vanishes
at qi,...,qv—1.- By dimension reasons, we find s = 0. This contradicts the
non-vanishing of s. Hence, fdoes not smooth the node y;. O
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By Lemma 8, any first order (and hence any infinitesimal) deformation of
[f : C = Hilb%(S), p1, pa] € M inside M preserves the decomposition

CZC@UiAinBj
and therefore induces a deformation of the restriction
fley 1 Co —> L C Hilb%(S). (2.14)

By Lemma 7, every deformation of L C Hilb%(S) moves the line L in the
projective space Hilb%(By). Since any deformations of f inside My must stay
incident to Zy, Zo C Hilb%(S), we conclude that such deformations induce the
constant deformation of (2.14). The image line f(Cp) stays completely fixed.

2.3.4 The product decomposition
For h > 0 and for & € P! a basepoint of a nodal fiber of 7 : S — P!, let

M(N)(h)

x

be the moduli space of 1-marked genus 0 stable maps to S in class hF which

map the marked point to z. Hence, MI(N)(h) parametrizes degree h covers of

the nodal fiber F,. By convention, MQEN)(O) is taken to be a point.

For h >0, k € Z and for y € P! a basepoint of a smooth fiber of 7, let
F
M) (h, k) (2.15)

be the moduli space of 1-marked genus 0 stable maps to Hilb?(S) in class
hF + kA which map the marked point to s?/(2y). By convention, MZSF) (0,0)
is taken to be a point.

Let T be a connected scheme and consider a family

¢ —£ Hilb%(9)
l (2.16)
T
of stable maps in Mz. By Lemma 8, the curve C' — T allows a decomposition
C=CoUA U---UAyUB U--UBogg o,

where Cj is the distinguished component of C' and the components A; and B;
are attached to Cp at the points Z; and y; respectively.

The restriction of the family (2.16) to the components A; (resp. B;) defines
a family in the moduli space Méy)(hxl) (resp. M?SJ.F)(hy]., ky;)) for some hy,
(resp. hy;,k,.). Since, by Section 1.3, the line f(Cp) = L has class

[L] = B —(d—1)A € Hy(Hilb%(S),7Z),
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and by the additivity of cohomology classes under decomposing (Lemma 3),
we must have >, ha, + >, hy; =hand 3 ky, =k +(d—1). Let

24 2d—2
UMy — || <HM£\I)(hm.) < I nghyj,kyj)). (2.17)
hk ‘i=1 j=1

be the induced map on moduli spaces, where the disjoint union runs over all

h = (h$17 ] hl‘247 hyu M hyZd—Q) E (NZO){Ii:yj} (2 18)
k= (kyy,... kyy ,) € 222

) VY2d—2

such that

> ha+ Y hy,=h and >k =k+(d-1). (2.19)
¢ J J

Since L C Hilb%(S) is fixed under deformations, we can glue elements of the
right hand side of (2.17) to Cp and obtain a map in M. By a direct verifica-
tion, the induced morphism on moduli spaces is the inverse to ¥. Hence, ¥
is an isomorphism.

2.3.5 The virtual class

Let Z1, Z, be the Lagrangian fibers of 7% defined in Section 2.3.1, and let
Z = Z1 X Zy. We consider the fiber square

My —1 M

lp lev (2.20)

Z —— (Hilb%(9))2,

where M = Mg o(Hilb%(S), 8, + kA). The map i is the inclusion of a smooth
subscheme of codimension 2d. Hence, the restricted virtual class

[MZ]vir — Z-![M]red (221)
is of dimension 0. By the push-pull formula we have

i d
/[M y 1= (poa(F) s, p-a (F) 1)y ) (2.22)
ZVlr

Let ¥ be the splitting morphism (2.17). We will show that W,[Mz]"* splits
naturally as a product of virtual cycles.

Let Lx denote the cotangent complex on a space X. Let E®* — ILs be the
reduced perfect obstruction theory on M, and let F'®* be the cone of the map

P Qi (sy2 — 5B @ pTQy
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induced by the diagram (2.20). The cone F'* maps to Ly, and defines a perfect
obstruction theory on M. By [BF97, Proposition 5.10], the associated virtual
class is [Mz]"Ir.
Let [f : C — Hilb%(S),p1, pa] € Mz be a point. For simplicity, we consider
all complexes on the level of tangent spaces at the moduli point [f]. Let E,
and F, denote the derived duals of E® and F'® respectively.
We recall the construction of F,, see [MP13, STV11]. Consider the semi-
regularity map
b: RI'(C, f*TH“bd(S)) — V[-1] (2.23)
where V. = HO(Hilb%(S9), QQH”bd(S))V,
perfect obstruction theory of M at the point [f],

and recall the ordinary (non-reduced)

EY"™ = Cone (RT(C, To(—p1 —p2)) — RI(C, f*TH”bd(S)))’

where To = LY, is the tangent complex on C. Then, by the vanishing of the
composition

RT(C, Te(—p1 — p2)) = RI(C, f Typagsy) = V-1, (2.24)

the map (2.23) induces a morphism b : EY* — V[—1] with co-cone FE.
By a diagram chase, F, is the co-cone of

(b,dev): EVr VI[-1] @ Nz (2 20)

where 21,29 are the basepoints of the Lagrangian fiber Z1, Zs respectively,
Nz, (21 ,2) is the normal bundle of Z in Hilb?(S)? at (21, 22), and dev is the dif-
ferential of the evaluation map. Since taking the cone and co-cone commutes,
the complex F, is therefore the cone of

v: RI(C, Te(=p1 — p2)) — K, (2.25)
where
K = Cocone [(b, dev) : RU(C, [*Tiypas)) = V=1 @ NZ,(zl,zg)j| . (2.26)
Consider the decomposition
C=CyUAU---UAyUBjU---UDByy_o, (2.27)

where the components A; and B; are attached to Cy at the points Z; and g;
respectively. Tensoring RT'(C, T¢(—p1 —p2)) and K against the partial renor-
malization sequence associated to decomposition (2.27), we will show that the
dependence on L cancels in the cone of (2.25).
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The map (b, dev) fits into the diagram

l(b,dev)

lv:(b,dev)
(o,id)
V[_l] 2] NZ,(Z1,Z2)

—=V-1]& Nz,

21,22)9

where u is the restriction map and ¢ is the induced map?. By Lemma 7, the
co-cone of v is RI'(T(—p1 — p2))-
The partial normalization sequence of C' with respect to z; and y; is

0— Oc — O Dpe{a,,B;} Op — Dse(@,v;} Ocs — 0. (2.29)

Tensoring (2.29) with S Thipasy» applying RT'(+) and factoring with (2.28),
we obtain the exact triangle

K — RI(L, Tr(=p1—p2))®pRU(D, fpTipacs)) — SsThipe(s),s — KI[1].

(2.30)

For each node t € C, let Ny (resp. T;) be the tensor product (resp. the

direct sum) of the tangent spaces to the branches of C' at ¢. Tensoring (2.29)
with To(—p1 — p2) and applying RI'(+), we obtain the exact triangle

RTTo(—p1 — p2) = RU(TL(—p1 — p2)) ®@p RU(Tp) & Ny[—1] = &1, — ... .

(2.31)
By the vanishing of (2.24) (applied to C' = L), the sequence (2.31) maps
naturally to (2.30). Consider the restriction of this map to the summand
RI(Tr(—p1 — p2)) which appears in the second term of (2.31),

2 RF(TL(_pl - pz)) - RF(LaTL(_pl - pz)) ©p RP(D: f|*DTHi|bd(s))-

Then, the composition of ¢ with the projection to RI'(L, Tr,(—p; — p2)) is the
identity. Hence, Fy = Cone(~y) admits the exact sequence

Fo— @pGp -5 @p Hp — R[], (2.32)
where D runs over all 4; and Bj, and
Gp = Cone | RT(Tp) @ Ni[~1] — RU(D, /i Tyups(s)|
HD = Cone [@t T, — Py THiIbd(S),t] .

Here t = t(D) = D N Cy is the attachment point of the component D.

25 is the inverse to the natural isomorphism in the other direction induced by the

sequence of surjections Hl(C’, Qc) — @ Hl(C’i,Qci) — HY(C,wc) — 0.
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The map ¥ in (2.32) maps the factor Gp to Hp for all D. For D = A;
consider the decomposition

f\Ai=¢+w1+-~+wd_1.

The trivial factors which arise in Gp and Hp from the tangent space of
Hilb?(S) at the points wy, ..., wy_1 cancel each other in Cone(Gp — Hp).
Hence Cone(Gp — Hp) only depends on ¢ : C — S, and therefore only on
the image of [f] in the factor Mx(li\l)(hxi), where Méy)(hzz) is the moduli space
defined in Section 2.3.4. The case D = B; is similar.

Hence, F, splits into a sum of complexes pulled back from each factor of
the product splitting (2.17). Since F, is a perfect obstruction theory on M,
the complexes on each factor are perfect obstruction theories. Let

[MED (he )] and (M) (hy ey )7

;
be their virtual classes respectively. We have proved the following.

Proposition 1. Let U be the splitting morphism (2.17). Then, ¥ is an iso-
morphism and we have

24 2d—2
U [ Mz]" =TT ()17 x T IMEE (B By )1
Rk \i=1 j=1

where the sum is over the set (2.18) satisfying (2.19).

2.3.6 The series FEW
We consider the left hand side of Theorem 2. By (2.22), we have

Zzykhl/ 1

h>0 keZ [Mz (h,R)]¥

H||b

(p-1(F)'1s . pa(F)'Ls)

By Proposition 1, this equals

2 2d—2

k h 1

o (I o) (I g )
hz>0 (thE) 1;[1 MY (] H by U ey
k€L i hay+ 30 hyy=h

3 by =k+(d—1)

24
Yy q q
< H Z [MSZ\T) (s )vir

i=1hy; >0
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2d—2
1
“(IZ o [ ) (I 1).
H hZ>O M(N) ]vlr H hz>0 M(f) (h,k‘)]"ir
keZ

The integrals in the first factor were calculated by Bryan and Leung in their
proof of the Yau-Zaslow conjecture [BL0O]. The result is

1
2.1 /M<N> o 11 T—gm’ (2.33)

h>0 m>0

By deformation invariance, the integrals

/ 1
(M5 (k)] ¥ir

only depend on h and k. Define the generating series

FOW(y,q) =33 gyt~ 1/ 1 (2.34)

(F) VvIr
h>0 keZ [My; " (h.F)]

By our convention on MZSJF) (0,0), the y~/2¢"-coefficient of FEW is 1.
Let A(q) = ¢ ]1,,>1(1—¢™)** be the modular discriminant A(7) considered
as a formal expansion in the variable ¢ = €>™7. We conclude

Hilb%(S) FGW(y q)%42
(F)"1 ()™ 2 W4 -

The proof of Theorem 2 now follows directly from Theorem 3 below.

2.4 Evaluation of W and the Kummer K3

Let F be the theta function which already appeared in Section 2.1.1,
%z, 7 _ 14+ yg™) (1 —y g™
F(z,7)= NleT) =" +y™?) H ( X ) (2.35)

7(r) W=
where ¢ = €™ and y = —e?™?,
Theorem 3. Under the variable change q¢ = e*™7 and y = —e*™?,

FO%(y, q) = F(z,7).

In Section 2.4 we present a proof of Theorem 3 using the Kummer K3 sur-
face and the Yau-Zaslow formula. An independent proof is given in Section 4
through the geometry of Hilb?(P' x E), where E is an elliptic curve.

The Yau-Zaslow formula was used in the geometry of Kummer K3 surfaces
before by S. Rose [Rosl4] to obtain virtual counts of hyperelliptic curves on
abelian surfaces. While the geometry used in [Ros14] is similar to our setting,
the closed formula of Theorem 3 in terms of the Jacobi theta function F' is
new. For example, Theorem 3 yields a new, closed formula for hyperelliptic
curve counts on an abelian surface, see [BOPY15].
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2.4.1 The Kummer K3
Let A be an abelian surface. The Kummer of A is the blowup
p:Km(A) - A/+1 (2.36)

of A/ £ 1 along its 16 singular points. It is a smooth projective K3 surface.
Alternatively, consider the composition

s : Hilb?(A) — Sym?(A) — A

of the Hilbert-Chow morphism with the addition map. Then, Km(A) is the
fiber of s over the identity element Op € A,

Km(A) = s71(04). (2.37)
Let E and E’ be generic elliptic curves and let
A=ExFE.

Let t1,...,t4 and t|,...,t} denote the 2-torsion points of F and E’ respec-
tively. The exceptional curves of Km(A) are the divisors

Aij=p N ((ti,th), 4,5=1,....4.
The projection of A to the factor E induces the elliptic fibration
p:Km(A) — A/+1— E/+1=P.

Hence, Km(A) is an elliptically fibered K3 surface. Similarly, we let p’ :
Km(A) — P! denote the fibration induced by the projection A — E’. Since E
and E’ are generic, the fibration p has exactly 4 sections

$1,...,54 : P — Km(A)

corresponding to the torsion points ¢/, ...,t; of E'. We write B; C Km(A) for
the image of s;, and we let F, denote the fiber of p over z € P!

Let y1,...,y4 € P! be the image of the 2-torsion points t,...,t4 € E
under E — E/ +1 =P The restriction

p:Km(A)\{Fylw"’FM} —>P1\{y1,...,y4}

is an isotrivial fibration with fiber E’. For i € {1,...,4}, the fiber F}, of p
over the points y; is singular with divisor class

Fy, =2T; + Ap + - - + Aug,

where T; denotes the image of the section of p’ : Km(A) — P! corresponding
to the 2-torsion points ¢;. We summarize the notation in the diagram 2.1.
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E'/+1
A A
B, ICRD
A
B, 2 /
b
—
B3
By
T T T3 Ty
lp
Pl = E/ +1 . . . .
n Y2 Y3 Ya

Figure 2.1: The Kummer K3 of A= E x F’

Let F' and F’ be the class of a fiber of p and p’ respectively. We have the
intersections

F?=0, F-F'=2 F?=0
and
F’Aij:F/~Aij:O, Aij-Akg:—Q(sik5jg fOl“aH’L',j,k‘,fE{l,...,ll}.

By the relation
F =2T; + Aj1 + A + Az + Aig
F' =2B; + Ay + Agi + Asi + Ay
for i € {1,...,4} this determines the intersection numbers of all the divisors
above.

(2.38)

2.4.2 Rational curves and FEW

Let 8 € Ha(Km(A),Z) be an effective curve class and let

Km(A) _
(o5 = | !

Mo(Km(A),B)]red
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denote the genus 0 Gromov-Witten invariants of Km(A). For an integer n > 0
and a tuple k = (ki;); j=1,...4 of half-integers k;; € %Z, define the class

4
1 n
Bk = §F’ +oF+ E kijAi; € Hao(Km(A),Q).
3,7=1

We write 3,k > 0, if 3,k is effective.

Proposition 2. We have

K
S (s WgrySte = 4. FOV(y, ),
n,k
ﬁn,k>0
where the sum runs over all n > 0 and k= (k;);; € (3Z)"** for which By,
is an effective curve class.

Proof. Let f : C' — Km(A) be a genus 0 stable map in class 3, x. By genericity
of E and E’ the fibration p has only the sections By, ..., Bs. Since po f has
degree 1, the image divisor of f is then of the form

Im(f) = By + D'

for some 1 < ¢ < 4 and a divisor D', which is contracted by p. Since the
fibration p has fibers isomorphic to E’ away from the points y1,...,ys € P!,
the divisor D’ is supported on the singular fibers F,,. Hence, there exist
non-negative integers

a;, izl,...,4 and bija i,jzl,...,4

such that

Im(f) = By + ZazT + Z bijAij.

1,j=1
Let Cy be the component of C' which gets mapped by f isomorphically to By,
and let D; be the component of C', that maps into the fiber F,,. Then,

C=CoUDyU---UDy, (2.39)

with pairwise disjoint D;. Under f the intersection points CoND; gets mapped
to se(y;), where sp : P1 — Km(A) denotes the (-th section of p.

By arguments similar to the proof of Lemma 8 or by the geometry of
the linear system |8, k|, the nodal points Cy N D; do not smooth under
infinitesimal deformations of f. The decomposition (2.39) is therefore pre-
served under infinitesimal deformations. This implies that the moduli spaces
Mo(Km(A), 8, x) admits the decomposition

4
L 1 M0 O+ S000), (240

n=ni+--+ng =1
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where Méf) (n4, (kij);) is the moduli space of stable 1-pointed genus 0 maps to
Km(A) in class

4
i
SF+ Zl kijAij
]:

and with marked point mapped to s;(y;). The term %@-g appears in (2.40)

since 1
By = §(F' — Ay — Agp — Ay — Aup).

For n; > 0 and k; € Z/2, let

M (ng, ki) = L] MO0, (kig)y) - (2.41)
kil,...,k}mEZ/Q
ki=ki14-4kia

be the moduli space parametrizing stable 1-pointed genus 0 maps to Km(A)
in class 5 F + Zj kijAi; for some k;; with Zj kij = k; and such that the
marked points maps to s¢(y;).

Let n > 0 and k € Z/2 be fixed. Taking the union of (2.40) over all k such
that k = Zl j k;j, interchanging sum and product and reindexing, we get

|| Mo(Km(A), Bri) = |_| | | HM ni ki) (2.42)

k: o kii=k /=1 n=ni+--+ng i=1
25 kg k+2=k1++ka

By arguments essentially identical to those in Section 2.3.5 the moduli space
M, m(n k;) carries a natural virtual class
Yi 19 V1

(MO (g, ki) (2.43)

of dimension 0 such that the splitting (2.42) holds also for virtual classes:

4
|_| [MO(Km( ﬁnk red |_| |_| H nz, z VH-

k: o kii=k f=1 n=ni+--+nqg i=1
25 ki kA2=k1+--+ka

(2.44)
Consider the Bryan-Leung K3 surface mg : S — P!, Let?
L C Hilb*(B)
be a fixed generic line and let y € P! be a point with 2y € L. Let

F
M) (n, k)

3We may restrict here to the Hilbert scheme of 2 points, since the evaluation of FEW is
independent of the number of points.
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be the moduli space parametrizing 1-marked genus 0 stable maps to Hilb?(S)
in class nF + kA, which map the marked point to s1%(2y), see (2.15). The
subscript S is added to avoid confusion. By Section 2.3.5, the moduli space
M éF;(n, k) carries a natural virtual class.

Lemma 9. We have

/ 1 = / 1. (2.45)
(M) (n k)] (M (n k)]

The Lemma is proven below. We finish the proof of Proposition 2. By the
decomposition (2.44),

ZZ< Oﬁnqu

n>0
Bn k>0

Yy ¥ quylé/ R

(€)
n>0¢=1 n=ni+--+ng i=1 Mi (ni’ki)}vu
keZ k+2=k1++kg

An application of Lemma 9 then yields

4

ZH ( Z gyt / D) (1, oy )]vir 1)

t=1i=1 n;>0 [My,
k,€Z

= 4 (FV(y,q)".

This completes the proof of Proposition 2. O

Proof of Lemma 9. Let F, = 7T§1<y) denote the fiber of mg over y € PL
Consider the deformation of S to the normal cone of F},

S = Blp, xo(S x Al) — Al

and let §° C S be the complement of the proper transform of S x 0. The
relative Hilbert scheme
Hilb?(S°/A!) — Al (2.46)

parametrizes length 2 subschemes on the fibers of S° — Al. Let
p: M — Al

be the moduli space of 1-pointed genus 0 stable maps to Hilb*(S°/A') in
class nF' + kA, with the marked point mapping to the proper transform of
sl21(2y) x A'. The fiber of p over ¢t # 0 is

p i) = MS) (n, k).
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The fiber over ¢ = 0 parametrizes maps to Hilb?(C x F,). Since the domain
curve has genus 0, these map to a fixed fiber of the natural map

Hilb?(C x F,) -2 Sym?(C x F,) = F, .

We find, that p~1(0) parametrizes 1-pointed genus 0 stable maps into a sin-
gular Dy fiber of a trivial elliptic fibration, with given conditions on the class
and the marking. Comparing with the construction of Km(A) via (2.37) and

the definition of Méf) (ni, ki), one finds
p1(0) 2 M (ni, k).

The moduli space M’ carries the perfect obstruction theory obtained by
the construction of section 2.3 in the relative context. On the fibers over
t # 0 and ¢t = 0 the perfect obstruction theory of M’ restricts to the perfect
obstruction theories of M éFy) (n,k) and Méf) (ng, ki) respectively. Hence, the
associated virtual class [M']Y'" restricts on the fibers to the earlier defined
virtual classes:

M = (M) (n R (£ 0),
0'[M ]vn" _ [M(Z) (n“ k;i)]vlr.

Since M’ — A' is proper, the proof of Lemma 9 follows now from the principle
of conversation of numbers, see [Ful98, Section 10.2]. O

2.4.3 Effective classes

By Proposition 2, the evaluation of F&W(y, q) is reduced to the evaluation of

Z <1 Oﬂnqu (2.47)

Bn k>0

the series

Since Km(A) is a K3 surface, the Yau-Zaslow formula (1) applies to the in-
variants <1>Igm(A)

precisely the set of effective classes of the form f, k.

, when S is effective* The remaining difficulty is to identify

Lemma 10. Letn > 0 and k € (Z/2)**. If B,k is effective, then there exists
a unique £ = l(n, k) € {1,...,4} such that

4 1
Bk =DBe+ Y aiTi+ Y bijAi.

i=1 i,j=1

for some integers a; > 0 and b;; > 0.

In fact, the Yau-Zaslow formula applies to all classes 8 € Ha(Km(A),Z) which are of
type (1,1) and pair positively with an ample class.
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Proof. If B, x is effective, then by the argument in the proof of Proposition 2,
there exist non-negative integers

Qj, izl,...,4 and bija i,jzl,...,4
such that
4 4
Bnge = Be+ Y aiTi+ Y bijAy

i=1 ij=1

for some ¢ € {1,...,4}. We need to show, that ¢ is unique. By (2.38), we
have

F’ Z 1 a;
Bn,k = ? + F+ Z ( i T o 5]€>Aija
5,j=1
hence k;; = b;j — ‘%1 -3 ]g We find, that ¢ is the unique integer such that

for every 7 one of the followmg holds:

° k:ijGZforalljyéﬁandkig¢Z,
o kij ¢ Z for all j # £ and kyy € Z.

In particular, £ is uniquely determined by k. O

By the proof of proposition 2, the contribution from all classes 3, x with
a given £ to the sum (2.47) is independent of ¢. Hence, (2.47) equals

4 Z Yo gy (2.48)

where the sum runs over all (n,k) such that 3,y is effective and ¢(n, k) = 1.
Hence, we may assume ¢ = 1 from now on.
It will be useful to rewrite the classes 3, x in the basis

Bl, F and T’Z‘, AZ'Q, Aig, Ai4, 1= 1, PN ,4. (249)
Consider the class

4
1 n
Bk = §F/ + §F+ g kijAij € Hy(Km(A), Q)
ig—1

4 4
=B] +nF + Z (aiTi + Zbiinj> )

where (n,k) and (7, a;, b;;) are related by

n=2+3,a;, ki=—%(a+1), kij=b;—% (j>2). (2.50)
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Lemma 11. If 3, 1 is effective, then n,a;, bj; are integers for all ,j.

Proof. If B, x is effective with ¢(n,k) = 1, there exist non-negative integers

(~li, ’L'Zl,...,4 and bija i,jzl,...,4

such that

4 4
Bn,k = Bl + Zasz + Z bijAz'j-

i=1 i,j=1

In the basis (2.49) we obtain

4 4
= B + (Z ) Z ((&z’ — 25@'1)Ti + Z(EU — l;zl)Az)
The claim follows. -

Lemma 12. If n,a;, b;; are integers and 5721 k= —2, then B,k is effective.

Proof. It n,a;,b;; are integers, then [,y is the class of a divisor D. By
Riemann-Roch we have
X(O(D)) + x(O(-D)) _ D*

=—42,
2 2+

and by Serre duality we have

x(O(D)) +X(O(-D))

WD) + h’(=D) > 5

Hence, if Bfl’k = D? > —2, then h°(D) + h%(—D) > 1. Since F - Bk = 1, we
have h%(—D) = 0, and therefore h°(D) > 1 and D effective. O

We are ready to evaluate the series (2.48).
By Lemma 11 we may replace the sum in (2.48) by a sum over all integers
n € Z and all elements

4
:Ui:aiTi‘l—Zbiinj, 221,4
7j=2

such that

(i) ai, b, bis, by are integers for i € {1,...,4},
(ii) B1 +nF + ), x; is effective.
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Hence, using (2.50) the series (2.48) equals
201+ 3, @i gy =243 (@i, Km(A)
D S U T L

where the sum runs over all (72, z1,...,24) satisfying (i) and (ii) above.
By the Yau-Zaslow formula (1), we have

1

. >O BIMFJFZ = [A(T)] S /2 (2:52)

whenever By + nF + ) . x; is effective; here [ - |;m denotes the coefficient of
¢™. The term (2.52) vanishes, unless

2
n—1+4+ = sz,xz = (B1+TLF+Z$Z> > —1.

When evaluating (2.51), we may therefore restrict to tuples (7, z1,...,x4),
that also satisfy

(i) (B +aF 4+, 3)° > 2.

By Lemma 12, condition (i) and (iii) together imply condition (ii). In (2.51)
we may therefore sum over tuples (7, z1, ..., x4) satisfying (i) and (iii) alone.

Rewriting (iii) as
n> — Z<J}Z, xz>/2
i
and always assuming (i) in the following sums, (2.51) equals

Z Z 2T 0y 24w Ty) |:Ai’7’)

L4 ~ >Z (Tz 7,)
Z y —24+3 (@i, T) 2+Z (ai—(wizi))

:|qﬁ—1+2i<%wi>/2

-----

- 1
2A—2+3 2, (4,T3)
X i
2. d [A(T)]qn 1y, Seigm)
n>ys, gl

B 4 Z y =243 (@i, T3) 2+z (ai—(xi,zs))

T1,--9%4
4

=1 T;

Consider the Dy lattice, defined as Z* together with the bilinear form

Z' < Z' 3 (2,y) = (z.y) := 2 My,
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where
2 -1 -1 -1
-1 2 0 0
M= -1 0 2 0
-1 0 0 2

Let (ej,...,eq4) denote the standard basis of Z* and let
a=2e1+es+e3+eq.

Consider the function

. (&% €1 a a
O(z,7) = g (—2 < + —, +—>>. (45 0+5)
(z,7) 2 exp Tz + 5,201+ 5 g\" 2"
x

where z € C,7 € H and ¢ = €2™7. The function O(z,7) is a theta function
with characteristics associated to the lattice Dy. In particular O(z,7) is a
Jacobi form of index 1/2 and weight 2, see [EZ85, Section 7].%

Lemma 13. For everyi € {1,...,4},

Z y7%+<zi,Ti>q%+ai7<zi7xi> = C"‘)(Z, 7-)

Ty

under q = €™ and y = —e?™,
Proof. Let Dy(—1) denote the lattice Z* with intersection form
(z,y) — —zT My.
The Z-homomorphism defined by
e1 =T, exr> Aip, e3> Ajz, es— Aig

is an isomorphism from D4(—1) to

(ZTi ® LA ® LA ® LAy, (-, ‘>),

® The general form of these theta functions is
o |4 = 3ot At ) o (2mi A B
v| g (z,T)—Zq exp (2mi- (z+ A,z-v+ B)).
zcz4
for characteristics A, B € Q* and a direction vector v € C*. Here,

O(2,7) = O ar) [ _‘Z?? ] (2,27).
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where ( , ) denotes the intersection product on Km(A). Hence,

Zy 2+ z;,T; >q2+al (zi,zi) Zy 5—(z,e1) q2 +(z,a)+(z,x)

T reZ4

Using the substitution y = exp(2wiz + 7i), we obtain

Z exp(—2m'- (z+ %,zel+ %1>) TR = Q(z, 7). O

reZ4

By Lemma 13, we conclude

Z (L Oﬁnk = A(27) 6(z7)" (2.53)

Bn k>0

2.4.4 The theta function of the D, lattice

Consider the Dedekind eta function

I =¢/*J[(0-q™ (2.54)

m>1

and the first Jacobi theta function

01(z,7) = —ig"*(p"? —p7 ) TT (1 = ¢™(1 = pg™)(1 - p~"¢™),

m>1
where ¢ = €2™7 and p = ™%,
Proposition 3. We have
9 .n(27)8
O(z,7) = 1(z,7) - 0(2) (2.55)

n(r)3

The proof of Proposition 3 is given below. We complete the proof of
Theorem 3.

Proof of Theorem 3. By Proposition 2, we have

1 FY (gt = 3 (1) gryZt

n,k
B,x>0

The evaluation (2.53) and Proposition 3 yields

ew,, va_ L (9(z7) @0t
FN o = s (M)
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Since A(1) = n(7)?*, we conclude

V1(z,7)
n(r)

By the definition of FSW in Section 2.3.6, the coefficient of y~1/2¢° is 1. Hence

FSW(y,q) =+

Y (z, T
FOV(yq) = )

Proof of Proposition 3. Both sides of (2.55) are Jacobi forms of weight 2 and
index 1/2 for a certain congruence subgroup of the Jacobi group. The state-
ment would therefore follow by the theory of Jacobi forms [EZ85] after com-
paring enough coefficients of both sides. For simplicity, we will instead prove

= F(z,71). O

the statement directly.

We will work with the variables ¢ = ™7

and p = e?™*. Consider

57) = V1 (z, 1) — _i(pl/2 _ p1/2 (1-pg™)(1—p'q™)
F(z,7) 20) (p?—p )gl 1= g2 (2.56)

By direct calculation one finds

Fz+ A+ p,7) = (—1))‘+"q_’\/2p_>‘K(z, T)

2.57
O(z+ AT+ pu,7) = (—1))‘+“q_A/2p_)‘@(z, T). ( )
We have
= — 21 @ a (z+%2+%)
0(0,7) = Zexp( 2m<x+2, 2>)q 2772
reZ*
= Z exp ( — iz, 61>)q<m/’z/>
€L+ G

Since for every 2’ =m + § with m € Z* one has

exp (— mi(2', e1)) +exp (— mi(—a',e1)) = —i(—1)tmer) pg(—1)~(men)
=0,

we find ©(0,7) = 0. By (2.56), we also have F(0,7) = 0.

Since © and F' are Jacobi forms of index 1/2 (see [EZ85, Theorem 1.2]),
the point z = 0 is the only zero of © resp. F' in the standard fundamental
region. Therefore, the quotient
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is a double periodic entire function, and hence a constant in 7. Using the

evaluations (272
n(27
— =2 =2

Flor) =2 a2
and )

° (2’T> =D (=1)glriera),

T€Z4

the statement therefore follows directly from Lemma 14 below. O

Lemma 14. We have

8
> glrteets) =2 n(2r)”

€74

Proof. As a special case of the Jacobi triple product [Cha85], we have

2T
Nt ; _21/81_[ 1_q Zq(m-i-

77(7- m>1 MEZ

For m = (my,...,my) € Z*, let
Tm=\M T )T \™ T ) TS )
Using that a,eo, ..., eq are orthogonal, we find
4
16 <Z q (m+3 ) — Z g@mem)
me7Z mezZ4

We split the sum over m = (my,...,my) € Z* depending upon whether

m1 + m; is odd or even for i = 2,3, 4,

S = S Y gl (259

meZ4 s2,53,54€{0,1} (m1,...,m,)€Z*
mi1+m;=s; (2)

For every choice of s9, 53,54 € {0,1}, we have

Z q<xm,xm) = Z q<x+§,z+§>7

(m1,....,ms)EZ* z€Z4
mi1+m;=s; (2)

where 3 € Z* is a root of the Dy-lattice (i.e. (3,3) = 2). Since the isometry
group of Dy acts transitively on roots,

5 deriert) - 3 gt
reZ4 reZ4

Inserting this into (2.58) and dividing by 8, the proof is complete. O
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Evaluation of further Gromov-Witten invariants

3.1 Introduction

3.1.1 Statement of results

Let S be a smooth projective K3 surface, let 5, € H2(S,Z) be a primitive
curve class of square
Bi =2h —2,

and let v € H?(S,Z) be a cohomology class with - 84 = 1 and 72 = 0.
Consider the homology classes

C(v) =pa(p-1(w) g
A=p g 1(w) g

which were defined in Section 1.2.2. If v = [C] for a curve C' C S, then C(v)
is the class of the curve defined by fixing d — 1 distinct points away from C'
and letting a single point move on C. Also, A is the class of an exceptional
curve — the locus of spinning double points centered at a point s € S plus
d — 2 fixed points away from s. For d > 2 define the invariants

1 Hilb?(S) 9 Hilb%(S)
Nz(i,l)z,k = <C(7) >Bh+kA 7 NEZJ)L,k = <A >5h+kA

which count rational curves incident to a cycle of class C'(y) and A respectively.
For a point P € S, consider the incidence scheme of P,
I(P)={¢cHiIbYS) | Pecc}.
For generic points Py, ..., Py o € S define the third invariant
Hilb4(S)
NGk = (I(P), o I(Paa ) ) .
d,h.k (P1), -y I(Poa—2) Btk
For d = 2 an interpretation of Ngl3,)l ;. in terms of hyperelliptic curve counts on
the surface S is given in Section 6.2.

53



54 CHAPTER 3. EVALUATION OF FURTHER GW INVARIANTS

(@)

The following theorem provides a full evaluation of the invariants N, .
for ¢ = 1,2,3. In the formal variables

2miz 2miT

y=—¢€ and g=ce

expanded in the region |y| < 1 and |g| < 1 consider the Jacobi theta function

- L+yg™) (1 +y 'q™)
F(z, 7 1/2 4 o =1/2 (

) =62y T 2
which already appeared in Section 2.1.1, and the function

2
G(z,7) = F(z, 7)2 <ch/> log(F(z,7))

= F(z,7)2- { i+ g2 ZZ (—y)m)qd} (3.1)

d>1 m|d
=14+ @ 2 +4y t+6+ 4y +97)q
+ (6y~2 + 24y~ + 36 + 24y + 6y%)¢® +

Theorem 4. For all d > 2, we have

)k h-1 _ a1 1

Z Z Nd,h,k‘y q - G<Z7 T) A(T)
h>0 keZ

1 d 1

-1 _ a d—1

> N = 55 (ydy (6= 7)") A7)
h>0 keZ

2d — 2 d 2d-2 1
ZZNdhky ( > q—F(z,7)
o “d\a-1 < dq ) A(T)

under the variable change y = —e?™ and q = e*™'7.

3.1.2 Overview of the proof

We prove Theorem 4 in Section 3 and Section 4.

In Section 3.2 we first reduce the calculation to a Bryan-Leung K3. We
also state one extra evaluation on the Hilbert scheme of 2 points of a K3
surface, which is required in Section 5. Next, for each case separately, we
analyse the moduli space of maps which are incident to the given conditions.
In each case, the main result is a splitting statement similar to Proposition 1.

As a result, the proof of Theorem 4 is reduced to the calculation of certain
universal contributions associated to single elliptic fibers. These contributions
will be determined in Section 4 using the geometry of Hilb?(P' x E), where E
is an elliptic curve. The strategy is parallel but more difficult to the evaluation
considered in Section 2.3.
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3.2 Reduction to the Bryan-Leung K3

Let 7 : S — P! be an elliptic K3 surface with a unique section and 24 nodal
fibers. Let B and F' be the section and fiber class respectively, and let

Bn =B+ hF

for h > 0. The quantum bracket ( ... ), on Hilb¥(S),d > 1 is defined by

Hilb4(S) k h—1 Hilb?(S)
<717"'7’7m>q _Zzy q <’Yla"'7’ym>ﬁh+k,4 )
h>0 k€Z

where 71, ..., m € H*(Hilb%(S)) are cohomology classes. By arguments par-
allel to Section 2.2.2, Theorem 4 is equivalent to the following Theorem.

Theorem 5. Let Pi,...,Pyy_o € S be generic points. For d > 2,

<C(F)>Hi|bd(5) G(z, 1)1

q NG
<4>mmq5):<_1(y‘icxz7))szfﬂd_2
! 2\0dy " A()
<HB%“.JuﬁFﬂ>me):;<3tj§<%ZF@”fywaAb>

under the variable change g = €™ and y = —e?™**.

Later we will require one additional evaluation on Hilb?(S). Let P € S be
a generic point and let

p-1(F)*1s
be the class of a generic fiber of 72 : Hilb?(S) — P2

Theorem 6. Under the variable change ¢ = €™ and y = —e*™%,
Hib?(s)  F(z,7) - qdiF(z, T)
(F)Ls, 1(P)) = :
(pr (715, 1(P)) NG

3.3 Case (C(F)),

qhd
We consider the evaluation of <C’(F)>2'|b ) Let Py,...,P;1 € S be generic

points, let Iy be a generic fiber of the elliptic fibration 7 : S — P!, and let

Z = Fy[1]Pi[1] - - - P4_1[1] C Hilb%(S)
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be the induced subscheme of class [Z] = C(F'), where we used the notation of
Section 1.2.2 (v). Consider the evaluation map

ev : Mo (Hilb%(S), By, + kA) — S, (3.2)
the moduli space parametrizing maps incident to the subscheme Z
Mgz =ev1(2), (3.3)
and an element
[f: C = Hilb%(S),p] € M.

By Lemma 5, there does not exist a non-constant genus 0 stable map to
Hilb?(S) of class h'F + k' A which is incident to Z. Hence, the marking p € C
must lie on the distinguished irreducible component

CocCcC

on which 7% o f is non-constant. By Lemma 6, the restriction f|¢, is therefore
an isomorphism

f’COI CO — Bo[l]Pl[l] R Pdfl[l]

o d (3.4)
= I(Bo) ﬂ](Pl) Nn... ﬂI(Pd_l) C Hilb (S) s

where By is the section of S — P'. In particular, f(p) = (Fo N Bo) + >_; Fj.
We identify Cy with its image in Hilb?(S).

Let x1,..., 294 be the basepoints of the rational nodal fibers of 7 and let
u; = w(P;) for all . The image line L = 7% o f(C) meets the discriminant
locus of 7(¥ in the points

xi—i-diuj (i=1,...,24) and 2ui+ZUj (t=1,...,d—1)
j=1 J#i
By Lemma 5, the curve C' is therefore of the form
C=CyUA;U...UAqUBU...UBy_
where the components A; and B; are attached to the points
i +Pi+--+ Py and u;j+Pi+...+ Py (3.5)

respectively. Hence, the moduli space My is set-theoretically a product of
spaces parametrizing maps of the form f|4, and f|p, respectively. We show
that the set-theoretic product is scheme-theoretic and the virtual class splits.
The argument is similar to Section 2.3.
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First, the attachment points (3.5) do not smooth under infinitesimal de-
formations: this follows since the projection

f*Zd:5—>C

is étale over the points (3.5), see the proof of Lemma 8; here Z; — Hilbd(S) is

the universal family. Therefore, any infinitesimal deformation of f inside My

induces a deformation of the image f(Cp). This deformation corresponds to

moving the points Py, ..., P;_1 in (3.4), which is impossible since f continues

to be incident to Z. Hence, f(Cj) is fixed under infinitesimal deformations.!
By a construction parallel to Section 2.3.4, we have a splitting map

d—1

WMy |_| <HM<N> XHM5§><hyj,kyj>>, (3.6)

J=1

where Mﬁ“ (hg,;) was defined in Section 2.3.4, and for an appropriately defined

moduli space ng )(hy],k’ ); since f(Cp) has class B, the disjoint union in
(3.6) runs over all

b= (heys s hagys Py ooy ) € (NZO) 1005}
Kk

= (kuyy- - by ) € 2471 (3.7)
such that 37, hy, + >3 by = h and 3 ky; = k. Since f(Cp) is fixed under
infinitesimal deformations, the map W is an isomorphism.

Let [Mz]"" be the natural virtual class on My. By arguments parallel to
Section 2.3.5, the pushforward W, [Mz]'" is a product of virtual classes defined
on each factor. Hence, by a calculation identical to Section 2.3.6, (C(F)), is
the product of series corresponding to the points x; and u; respectively.

For the points 1, ..., z94, the contributing factor agrees with the contri-
bution from the nodal fibers in the case of Section 2. It is the series (2.33).
For wuq,...,uq_1 define the formal series

GV, q)=> > o / 1, (3.8)

(G) vi
h>0 keZ My (hok)JVHE

where we let [Mz(f)(h, E)]VI' denote the induced virtual class on Mg})(h, k).

We conclude
Hib?(S)  GOW(y, q)4!

! Although f(Cp) is fixed under infinitesimal deformations, the point u; in the attach-
ment point f(CoNB;) =u; + P1+---+ Ps—1 may move to first order, compare Section 3.6.
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3.4 Case (A4),

hd
We consider the evaluation of <A>|;'Ib ) Let Py,...,Pi_9 € S be generic

points, let
Z = Py[2]Pi[1] - - - Py_5[1] C Hilb%(S)

be the exceptional curve (of class A) centered at 2Py + Pi,- -+ + P;_o, and let

where ev is the evaluation map (3.2). We consider an element
[f: C — Hilb%(S),p] € M.

Let Cp C C be the distinguished component of C' on which 7l¥ o f is non-
constant, and let C’ be the union of all irreducible components of C' which
map into the fiber

(NN ug + uy + ... + ug_s),

where u; = w(P;). Since f(Cp) cannot meet the exceptional curve Z, the
component C’ contains the marked point p,

peC.
The restriction f|c decomposes into the components
flo=¢d+ P+ + Py,

where ¢ : ¢’ — Hilb?(S) maps into the fiber 72=1(2ug) and the P; denote
constant maps.
Consider the Hilbert-Chow morphism

p : Hilb?(S) — Sym?(S)
and the Abel-Jacobi map
aj : Sym?(F,,) — Fy, .
Since p(¢(p)) = 2Py, the image of ¢ lies inside the fiber V' of
P~ (Sym?(Ey)) & Sym?(Fyy) 2 Fy,
over the point aj(2P,). Hence, f|cr maps into the subscheme

V=V+P +...+ P, CHilb%5).
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The intersection of V with the divisor D(By) C Hilb%(S) is supported in
the reduced point

s(ug) + Q + Py + - - - + Py_s € Hilb%(9), (3.10)
where s : P! — S is the section and Q € F,, is defined by

aj(s(uo) + Q) = aj(2F) .

Since the distinguished component Cy C C' must map into D(Bjy), the point
f(CoN C") therefore equals (3.10). Hence, the restriction f|c, yields an iso-
morphism
fley + Co — Bo[LQ[1]Pi[1] - - Py—o[1],
and we will identify Cy with its image.
Following the lines of Section 3.3, we find that the domain C'is of the form

C:CoUC,UAlLJ...UA%UBlU...UBd_Q,
where the components A; and Bj are attached to the points
$i+Q+P1+"'+Pd_2, Uj+Q+P1+"'+Pd_2

respectively. Hence, M is set-theoretically a product of spaces corresponding
to the points
U, ULy ey UJ—2, L1y, X24. (3.11)

By arguments parallel to Section 3.3, the moduli scheme My splits scheme-
theoretic as a product, and also the virtual class splits. Hence, (A4), is a
product of series corresponding to the points (3.11) respectively.

For x1,...,x94 the contributing factor is the same as in Section 2.3.6, and
for uy,...,uq_9 it is the same as in Section 3.3. Let
GV (y,q) € Q((w))ll4l] (3.12)

denote the contributing factor from the point ug. Then we have

Hib4(s) GQGW U, q d—2GW Y, q
<A> _ W) (v 9) (3.13)
q A(q)
3.5 Case <I(P1), Ce ,I(Pzd_g»q
Let Pi1,..., P52 € S be generic points. In this section, we consider the
evaluation of Hib(S)
<I(P1), . I(PQd_2)>q (3.14)

In Section 3.5.1, we discuss the geometry of lines in Hilb%(P!). In Section 3.5.2,
we analyse the moduli space of stable maps incident to I(Py),...,I(Pag—2).
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3.5.1 The Grassmannian

Let Z; — Hilb%(P') be the universal family, and let
L < Hilb4(P1)

be the inclusion of a line such that L ¢ I(z) for all z € P!. Consider the fiber
diagram

L 24 y P!

|

L —— Hilb%(Ph).

The curve L C L x P! has bidegree (d, 1), and is the graph of the morphism
Ip:P' > L,z — I(x)NL. (3.15)

By definition, the subscheme corresponding to a point y € L is IL_l(y). Hence,
the ramification index of I, at a point x € P! is the length of I7,(z) (considered
as a subscheme of P!) at z. In particular, for y € L, we have y € AHilbd(]pl) if
and only if I (x) = y for a branchpoint = of I

Let R(L) C P! be the ramification divisor of I;. Since I has 2d — 2
branch points counted with multiplicity (or equivalently, L meets AH”bd(Pl)
with multiplicity 2d — 2),

R(L) € Hilb*~2(p).

Let G = G(2,d 4+ 1) be the Grassmannian of lines in Hilb?(P'). By the

construction above relative to GG, we obtain a rational map

¢ : G --» Hilb*"2(PY), L — R(L) (3.16)

defined on the open subset of lines L € G with L ¢ I(x) for all z € PL.
The map ¢ will be used in the proof of the following result. For u € P,
consider the incidence subscheme

I(2u) = {z € Hilb%(P!) | 2u C 2}

Under the identification Hilb?(P') = P?, the inclusion I(2u) C Hilb?(P!) is a
linear subspace of codimension 2. Let

Z %5 pd = Hilb%(P?) (3.17)
p

G

be the universal family of G, and let
Su=plg ' (I(2u))) ={L € GILNI(2u) # &} C G

be the divisor of lines incident to I(2u).
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Lemma 15. Let uq, ..., usq—o € P! be generic points. Then,

Suy N0 S (3.18)

2d—2

d—l) reduced points.

s a collection ofé(

Proof. The class of S, is the Schubert cycle 1. By Schubert calculus the
expected number of intersection points is

/ saz 1 <2d— 2)

o1 =+ .

G d\d—-1

It remains to prove that the intersection (3.18) is transverse.
Given a line L C I(z) C Hilb¥(P') for some x € P!, there exist at most

2d — 1 different points v € P! with 2v C z for some z € L. Hence, for every

L in (3.18) we have L ¢ I(z) for all x € P1. Therefore, Sy, N... N Syuy, ,

in the domain of ¢. Then, by construction of ¢, the intersection (3.18) is the
fiber of ¢ over the point

lies

Uy 4 -+ - 4 ugg_o € Hilb?2(P1).

We will show that ¢ is generically finite. Since uq,...,usq_o are generic, the
fiber over uy + - - - + ugq_o is then a set of finitely many reduced points.

We determine an explicit expression for the map ¢. Let L € GG be a line
with L ¢ I(x) for all x € P, let f, g € L be two distinct points and let zg, z1
be coordinates on P!. We write

f=anxi + an_lxg_la:l + -+ apx}
-1
g = bnxg +bp_175" w1+ -+ boxy

for coefficients a;,b; € C. The condition L ¢ I(x) for all z is equivalent to f
and ¢g having no common zeros. Consider the rational function

anxn++a0

hw) = hwofw1) = f/9 = 3= 27

where x = xo/x1. The ramification divisor R(L) is generically the zero locus
of the nominator of b’ = (f/g)" = (f'g — fg')/g%; in coordinates we have

2d—2

Fg=fd =3 (> (i-ilab;—ab))a"

m=0 i+j=m+1
1<j

Let M;; = a;b; — ajb; be the Pliicker coordinates on GG. Then we conclude

2d—2

o) =3 (3 - ji)My)a™ € HiIbX @Y.

m=0 i+j=m+1
1<j
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By a direct verification, the differential of ¢ at the point with coordinates
(ag,...,an) = (1,0,...,0,1), (bo,...,bn) =(0,1,0,...,0,1)
is an isomorphism. Hence, ¢ is generically finite. O

Let wq,...,usq_2 € P! be generic points. Consider a line
L e S,nN...N8uyy ,= ¢ H(ur + -+ ugq_2)

and let Uy, be the formal neighborhood of L in G. By the proof of Lemma 15,
the map
¢ : G --» Hilb?4=2(p!)

is étale near L. Hence, ¢ induces an isomorphism from Uy, to

2d—2

Spec (6Hi|bd(P1),u1+---+u2d,2) = H Spec(@P17ui) , (3.19)
i=1

the formal neighborhood of Hilb¥(P!) at w; + - - - + ugq_o. Composing ¢ with
the projection to the i-th factor of (3.19), we obtain maps

ki U 2 Spec (@H“bd(P1)’ul+m+u2d72) — Spec(@plmi) c P!, (3.20)

which parametrize the deformation of the branch points of I1, (defined in (3.15)).
In the notation of the diagram (3.17), consider the map

¢ (Apipier) — G (3.21)

whose fiber over a point L' € G are the intersection points of L’ with the
diagonal AH”bd(Pl). Since L is in the fiber of a generically finite map over a
generic point, we have

LN Apipaery = {61, - - -, S22}

for pairwise disjoint subschemes & € Hilb%(P') of type (21972) with 2u; C &;.
The restriction of (3.21) to Uy, is a (2d —2)-sheeted trivial fibration, and hence
admits sections

V1,...,02d-2" Ur — q_l(AHilbd(IPl))|ULv (322)

such that for every i the composition gow; restricts to & over the closed point.
Moreover, since q o v; is incident to the diagonal and must contain twice the
branchpoint x; defined in (3.20), we have the decomposition

qov; =2Ki+h1+ -+ hi2 (3.23)

for maps hi,...,hg_o : Uy, — PL
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3.5.2 The moduli space
Let Pi,..., Pyg_o € S be generic points and let u; = w(F;) for all i. Let

ev : Mo q_a(HilbY(S), B, + kA) — (Hilb($))*2

be the evaluation map and let
My =ev ' (I(P1) x -+ x I(Pyy_2))

be the moduli space of stables maps incident to I(Py),...,I[(Pyq_2). We con-
sider an element

[f: C = Hilb%(S),p1,...,p2q_2] € Mz.

Since P; € f(p;) and P; is generic, the line L = n(f(C)) c Hilb%(P') is
incident to I(2u;) for all 4, and therefore lies in the finite set

Suy M+ N Suyyy € G(2,d+1) (3.24)

defined in Section 3.5.1; here G(2,d + 1) is the Grassmannian of lines in P,
Because the points uq,...,usq_o are generic, by the proof of Lemma 15
also L is generic. By arguments identical to the case of Section 2.3.2, the map
flcy : Co — L is an isomorphism. We identify Cp with the image L.
For z € P!, let # = I(z) N L be the unique point on L incident to . The
points
.%1,...,%24,’171,...,172,1,2 (325)

are the intersection points of L with the discriminant of 79 defined in (2.5).
Hence, by Lemma 5, the curve C' admits the decomposition

C=ChUA 1 U---UAyyUBiU---UByy_o,

where A; and B; are the components of C' attached to the points z; and u;
respectively; see also Section 2.3.2.

By Lemma 8, the node points Cp N A; and Cp N B;j do not smooth under
deformations of f inside Mz. Hence, by the construction of Section 2.3.4, we
have a splitting morphism

24 2d—2
My — | ] ] < MM (ha,) < ] Mg)(huj,kuj)>, (3.26)
L hk ‘i=1 j=1

where h, k runs over the set (2.18) (with y; replaced by u;) satisfying (2.19),

and L runs over the set of lines (3.24), and where Mg)(h’ , k') is the moduli
space defined as follows:
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Consider the evaluation map
ev : Moo(Hilb*(S), W F + k' A) — (Hilb?(S))?
and let
ev ! (I(P;) x Hilb*(By)) (3.27)
be the subscheme of maps incident to I(P;) and Hilb%(By) at the marked

points. We define Mi(é{)(h’, k") to be the open and closed component of (3.27)
whose C-points parametrize maps into the fiber 77[2]_1(2uj). Using this defi-
nition, the map ¥ is well-defined (for example, the intersection point Cy N B;
maps to the second marked point in (3.27)).

In the case considered in Section 2.3, the image line L = f(Cy) was fixed
under infinitesimal deformations. Here, this does not seem to be the case; the
line L may move infinitesimal. Nonetheless, the following Proposition shows
that these deformations are all captured by the image of .

Proposition 4. The splitting map (3.26) is an isomorphism.
We will require the following Lemma, which will be proven later.

Lemma 16. Let ¢ : C' — Hilb*(S) be a family in Mgl)(h’, k') over a connected
scheme Y,
¢

C —25 Hilb%(S).
l (3.28)
Y

Then 712 o ¢ maps to Hilb*(P') N I(u;).

Proof of Proposition 4. We define an inverse to W. Let

(6 4 = S.an)ict,20: (&5 : By = Hilb(8), ps.g)s-1..202)  (3:29)

be a family of maps in the right hand side of (3.26) over a connected scheme Y.
By Lemma 16, 72 0 ¢; : B; — Hilb?(P') maps into I(u;) N Ayjip2(p1)- Since
the intersection of the line I(u;) and the diagonal Ayyp2 g is infinitesimal, we
have the inclusion

I(u;) N AHi|b2(IP>1) = SpeC(OAHi|b2(]pl)72uj) = Spec(opl,uj),
and therefore the induced map ¢;: ¥ — Spec(@ﬂn ;) Mmaking the diagram

B;

[~

y . .
y —— Spec((’)AH”bz(Pl)’Quj) = Spec(Op1 ;)
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commutative. Let £ = (¢j);: Y — Up, where
Uy = H?i}z Spec(@Pguj) = SpeC(@Hi|b2d72(P1)7Zi w)-
Under the generically finite rational map
G(2,d + 1) --» Hilb?*~2(P1),

defined in (3.16), the formal scheme Uy, is isomorphic to the formal neighbor-
hood of G(2,d + 1) at the point [L]. We identify these neighborhoods under
this isomorphism.

Let Z;, — Uy, be the restriction of the universal family Z2 — G(2,d + 1)
to Ur. By pullback via £, we obtain a family of lines in P? over the scheme Y,

2 =Y, (3.30)

together with an induced map
sl
b2 S 20 o P= HilbY(By) S Hilbd(S).

We will require sections of £*Z; — Y, which allow us to glue the domains
of the maps ¢ and ¢; to £*Z. Consider the sections

V1y-..,U90—2 Y—>€*ZL

which are the pullback under ¢ of the sections v; : Uy, — Z, defined in (3.22).
By construction, the section v; : Y — £*Z parametrizes the points of £*Zy,
which map to the diagonal AH”bd( s) under ¢ (in particular, over closed points
of Y they map to I(u;) N L).

For j =1,...,2d — 2, consider the family of maps ¢, : B; — Hilb?(S),

B; Y Hilb%(S) (3.31)

i

Y

where p; is the marked point mapping to I(P;), and ¢; is the marked point
mapping to Hilb?(By). Let C’ be the curve over Y which is obtained by glueing
the component B; to the line £*Zj, along the points g;,v; for all j:

C' = (f*ZLI—lBl |—|-~|—|BZd—2)/QI ~ ULy G2d—2 ™ V242 -

We will define a map f: C’ — Hilb%(S).

For all j, let x; : Up — SpeC(@]pl,uj) C P! be the map defined in (3.20).
By construction, we have xj o £ = +;. Hence, by (3.23), there exist maps
hl,...,hd,Q ;Y — S with

ouvj=djoqi+hi+ - +his. (3.32)
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Let 7j : B; — Y be the map of the family B;/Y’, and define
n—2

Bu, = (gbj +3 h owj> . B; — Hilb%(S).
i=1

Define the map

f': C" = Hilb(9)
by f'lc, = ¢ and by f'|p, = $j for every j. By (3.32), the map auj restricted
to ¢; agrees with ¢ : " — Hilbd(S) restricted to v;. Hence f’ is well-defined.

By a parallel construction, we obtain a canonical glueing of the components

A; to C’ together with a glueing of the maps f’ and ¢} : A; — S. We obtain
a family of maps

f:C — Hilb%(S)
over Y, which lies in Mz and such that U(f) equals (3.29). By a direct
verification, the induced morphism on the moduli spaces is the desired inverse
to ¥. Hence, ¥ is an isomorphism. ]

The remaining steps in the evaluation of (3.14) are similar to Section 2.3.
Using the identification
2d—2
0 _ 770
H (007 f*THiIbd(S)) =H (CO’TCO) S @ TAHilb2(P1)7¢j(qJ')’
j=1
where q; = CoNB; are the nodes and ¢; is as in the proof of Proposition 4, one
verifies that the virtual class splits according to the product (3.26). Hence,
the invariant (3.14) is a product of series associated to the points x; and u;
respectively. Let

HOW _ k—2% h 1/2 _
wa)=) > vz [ - 1eQ)d]l,  (3.33)
h>0 keZ (M7 (h,k))
be the contribution from the point u;. By Lemma 15, there are 5(2;1—_12) lines

in the set (3.24). Hence,

Hilb%(S) _ GW 2d—2

<I(P1),...,I(P2d72>>q “ad\ld-1 A(q)

Proof of Lemma 16. Since ¢ is incident to I(P;), the composition 72lo¢ maps
to I(u;). Therefore, we only need to show that 72l o ¢ maps to Apjiip2(p1)-

It is enough to consider the case Y = Spec(Cl[e]/€?). Let fy : Co — Hilb?(S)
be the restriction of f over the closed point of Y, and consider the diagram

C—— % Hilb%(S)

o e

Spec(Cle]/e?) —%— Hilb?(P').



3.5. CASE (I(P)),...,1(Py_2))q 67

where 7o is the given map of the family (3.28) and a is the induced map.
Let s be the section of O(Ap1) with zero locus Ap1, and assume the pullback
¢*s is non-zero.

Let 2, be the sheaf of relative differentials of g := 72 The composition

Ty — " Uy S U, (3.35)
factors as
¢ o2y = T = Qe (3.36)

Since the second term in (3.36) is zero, the map (3.35) is zero. Hence, d factors
as
*Qry = O (U, /T 72 ) — Qe (3.37)

By Lemma 17 below, Qr,/m5m2.8, is the pushforward of a sheaf supported
on 7, (Ap1). After trivializing O(Ap1) near 2u;, write ¢*s = e for some
A € C\ {0}. Then, by (3.37),

0=d(s Q) = A d(Qy) C .

In particular, db = 0 for every b € Q,,, which does not vanish on m, '(Ap1).
Since ¢|c is non-zero, this is a contradiction. O

Lemma 17. Let x € P! be the basepoint of a smooth fiber of © : S — PL.
Then, there exists a Zariski-open 2z € U C Hilb*(PY) and a map

U (932 — 724y |U (3.38)
with cokernel equal to j.JF for a sheaf F on Api NU.

Proof. Let U be an open subset of x € P! such that 7,Q,|y is trivialized by
a section

a € m Q2 (U) =Q:(Sv),

where Sy = 7~ 1(U). Consider the open neighborhood U = Hilb?(U) of the
point 2z € Hilb?(P').
Let Dy C Sy x Sy be the diagonal and consider the Zy quotient

Blp,, (Su x Su) 222 Hilb?(Sy) = 3 L(Hilb? (U)).

For i € {1,2}, let
qi . BIDU(SU X SU) — SU
be the composition of the blowdown map with the i-th projection. Let ¢ be a

coordinate on U and let
ti=qit, ai=qa
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for ¢ = 1,2 be the induced global functions resp. 1-forms on Blp, (Sy x Su).
The two 1-forms

a1+ ag and (tl — tg)(al — 042)

are Zo invariant and descend to global sections of m2,8.,|U. Consider the
induced map
u: (9[6]92 — 2., U

The map u is an isomorphism away from the diagonal
ArNU=V((t1 —t2)?) CU. (3.39)

Hence, it is left to check the statement of the lemma in an infinitesimal neigh-
borhood of (3.39). Let U’ be a small analytic neighborhood of v € U such
that the restriction my : Syr — U’ is analytically isomorphic to the quotient

U xC)/~ — U,
where ~ is the equivalence relation
(t,2) ~(t',2)) <= t=t and z—2 €Ay,

with an analytically varying lattice A; : Z?> — C. Now, a direct and explicit
verification yields the statement of the lemma. O

3.6 Case (p_1(F)%15,1(P)),
Let FSW(y, q) and HEW(y, q) be the power series defined in (2.34) and (3.33)
respectively, let P € S be a point and let F be the class of a fiber of 7 : § — P!.

Lemma 18. We have

Hik2(s)  FY(y,q) - H"(y,q)
<p_1(F)2157 I(P) >q = A(q)

Proof. Let Fy,Fy be fibers of m: S — P! over generic points z1,zo € P!
respectively, and let P € S be a generic point. Define the subschemes

Z1 = Fi[1]F[1]  and Zy = I(P).
Consider the evaluation map
ev : Mo 1(Hilb?(S), By, + kA) — Hilb?(S)
from the moduli space of stable maps with one marked point, let

Mg, = ev_l(Zg),
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and let
MZ C M22

be the closed substack of My, of maps which are incident to both Z; and Z».

Let [f : C — Hilb?(S), p1] € Mz be an element, let Cy be the distinguished
component of C' on which 7% o f is non-zero, and let L = 7l2(f(Cp)) be the
image line. Since P € S is generic, we have 2v € L where v = 7(P). Hence,
L is the line through 2v and u; + u92, and has the diagonal points

for some fixed u € P!\ {v}. By Lemma 6, the restriction f|c, is therefore
an isomorphism onto the embedded line L C Hilb?(By). Using arguments
parallel to Section 2.3.2, the moduli space My is set-theoretically a product
of the moduli space of maps to the nodal fibers, the moduli space MéF (W', k")
parametrizing maps over 2u, and the moduli space M (h", k") parametrizing
maps over 2v.

Under infinitesimal deformations of [f : C' — Hilb?(S)] inside My, the
line L remains incident to x1 + 2, but may move to first order at the point 2v
(see Section 3.5.2); hence, it may move also at 2u to first order. In particular,
the moduli space is scheme-theoretically not a product of the above moduli
spaces. Nevertheless, by degeneration, we will reduce to the case of a scheme-
theoretic product. For simplicity, we work on the component of M, which
parametrizes maps with no component mapping to the nodal fibers of m; the
general case follows by completely analog arguments with an extra 1/A(q)
factor appearing as contribution from the nodal fibers.

Let N C Mz, be the open locus of maps f : C — Hilb?(S) in M, with

TP (f(C)) N Az (ery = {2t,20}

for some point t € P\ {z1,...,224,v}. Under deformations of an element
[f] € N, the intersection point 2¢ may move freely and independently of v.
Hence, we have a splitting isomorphism

VN — || M (k) x M (B, ky), (3.41)

h=h1+ho
k=ki+ko—1

where

o M®)(h, k) is the moduli space of 1-pointed stable maps to Hilb?(S) of
genus 0 and class hF' + kA such that the marked point is mapped to
sll(2t) for some t € P\ {z1,...,z24, 0},

° MQSH)(h, k) is the moduli space defined in Section 3.5.2.
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For every decomposition h = hi 4+ ho and k = k1 + ko — 1 separately, let
M(F)(hq’ k‘l) X M'[EH) (h27k2) — AH”bQ(Pl) X Spec(oAHilb2(P1)’2v)

be the product of the compositions of the first evaluation map with 72 on
each factor, let

v Vo= Az (pry X Spec (@A (3.42)

Hilb2(]P’1)72v)

be the subscheme parametrizing the intersection points LmAHiIbQ(Pl) of lines L
which are incident to x1 + z9, and consider the fiber product

Mz (b ho by ko) — M®) (hy, ky) x Mng)(hQ,kz)

J l (3.43)

V ———— Auipz(pry X Spec (Onyyz01).20)

Then, by definition, the splitting isomorphism (3.41) restricts to an isomor-
phism
ViMz = || Mz heke-

h=h1+h2
k=k1+ko—1

Restricting the natural virtual class on Mz, to the open locus, we obtain
a virtual class [N]V'" of dimension 1. By the arguments of Section 2.3.5,

W, [NV = § [M®) (hy, k)™ x (M) (hg, k)], (3.44)
h=h1+h2
k=ki1+ko—1

where [MF) (hy, k)] is a Ay p1yrelative version of the virtual class con-

sidered in Section 2.3.5, and [MéH)(hg, ko)]'™ is the virtual class constructed
in Section 3.5.2. The composition of ¢ with the projection to the second factor
is an isomorphism. Hence ¢ is a regular embedding and we obtain

< (F)2 I(P >Hi|b2(5) —d (\I/ [M }vir)
pP-1 5 kA = deg( Y« Mz
= 3 deg L!<[M(F)(h1,k1)}"ir>< [M5H>(h2,k2)]vir). (3.45)
h=h1+hs
k=ki1+ko—1

We proceed by degenerating the first factor in the product
M®) (hy, kr) x MM (ha, ks),
while keeping the second factor fixed. Let
S = Blp,x0(S x A') — AL,
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be a deformation of S to the normal cone of F,, where u was defined in
(3.40). Let S° C S be the complement of the proper transform of S x 0
and consider the relative Hilbert scheme Hilb?(S°/A!) — A, which appeared
already in (2.46). Let

p: ME) (hy ky) — AL (3.46)

be the moduli space of 1-pointed stable maps to Hilb?(S°/A!) of genus 0 and
class hi F' + k1A, which map the marked point to the closure of

(AHnb?(BO) \ {21, @24,0}) x (A1 {O}).
Over t # 0, (3.46) restricts to M) (hy, k1), while the fiber over 0, denoted
M (ki ky) = p~1(0),

parametrizes maps into the trivial elliptic fibration Hilb?(C x E) incident to
the diagonal AH”bz(CX ¢) for a fixed e € E. Since addition by C acts on

MéF)(hl, k1) we have the product decomposition

M (hy, ky) = Mé,Fﬁ)x(hla k1) X Apip2(cxe)s (3.47)

where M%) (hy, k1) is a fixed fiber of

F
Mé )(hla ki) — AHiIbQ(CXe)‘

Consider a deformation of the diagram (3.43) to 0 € A!,

F H
MY 1 o kaey) ——— M (hy ky) x M (hy, )

| l

%4 - ? AHiIbQ((C><E) X Spec(oAHilb2(P1)’2v)’

where (V', /') is the fiber over 0 of a deformation of (V,:) such that the com-
position with the projection to Spec(OAHilb2(Pl>72v)
By construction, the total space of the deformation

remains an isomorphism.

MZa(h17h27k11k“2) ~ M/Z,(hhhz,k‘l,kz)
is proper over A!. Using the product decomposition (3.47), we find
~ 2y (F
M (hy oo ) = Mé,ﬁ)x(hlv ki) x M (ha, ko)

Hence, after degeneration, we are reduced to a scheme-theoretic product. It
remains to consider the virtual class.
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By the relative construction of Section 2.3.5 the moduli space M (h1,k1)
carries a virtual class

[M®) (hy, by (3.48)
which restricts to [M ) (hy, k)Y over t # 0, while over t = 0 we have

O'[M®) (hy, k1) = pr ([Mlﬁxml, kl)]vir) . (3.49)

where pr; is the projection to the first factor in (3.47) and [M{*(hy, k)]"" is
the virtual class obtained by the construction of Section 2.3.5. We conclude,

deg o' (M) (b, k)l (M (ha, k)] ™)
= deg (¢)' (pri ([MP* (i, 1)) ¢ (M (g, o))
= deg ([M*(h1, k)]'™) - deg ([M{™ (ha, k2)]'™).  (3.50)
By definition (see (3.33)),

deg[ M (ha. ko))" = [HOW (4, )]y ar/2

where [ - ] a,» denotes the q®y® coefficient. The moduli space M*(hy, k) is

isomorphic to the space M, (f)(hl, k1) defined in (2.41). Since the construction
of the virtual class on both sides agree, the virtual class is the same under
this isomorphism. Hence, by Lemma 9,

deg[ My, k)] = [FEY(y,0)] oy iy s
Inserting into (3.50) yields
deg 1! (M (., k) x (M (o, ko))
= [HGW(yaq)]qhgyk2—1/2 : [FGW(yaQ)]thyhAm )

which completes the proof by equation (3.45). ]
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The Hilbert scheme of 2 points of P! x

4.1 Introduction

In previous sections we expressed genus 0 Gromov-Witten invariants of the
Hilbert scheme of points of an elliptic K3 surface .S in terms of universal series
which depend only on specific fibers of the fibration S — P!. The contri-
butions from nodal fibers have been determined before by Bryan and Leung
in their proof [BL0O] of the Yau-Zaslow formula (1). The yet undetermined
contributions from smooth fibers, denoted

FYy,q), G%V(y,q), GV(y,q), HV(y,q) (4.1)

in equations (2.34), (3.8), (3.12), (3.33) respectively, depend only on infinites-
imal data near the smooth fibers, and not on the global geometry of the K3
surface. Hence, one may hope to find similar contributions in the Gromov-
Witten theory of the Hilbert scheme of points of other elliptic fibrations.

Let F be an elliptic curve with origin O € F, and let

X=P' xFE

be the trivial elliptic fibration. Here, we study the genus 0 Gromov-Witten
theory of the Hilbert scheme

Hilb?(X).
and use our results to determine the series (4.1).

From the view of Gromov-Witten theory, the variety Hilb?(X) has two
advantages over the Hilbert scheme of 2 points of an elliptic K3 surface. First,
Hilb?(X) is not holomorphic symplectic. Therefore, we may use ordinary
Gromov-Witten invariants and in particular the main computation method
which exists in genus 0 Gromov-Witten theory — the WDVV equation. Second,
we have an additional map

Hilb?(X) — Hilb*(E)

induced by the projection of X to the second factor which is useful in calcu-
lations.

73
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Our study of the Gromov-Witten theory of Hilb?(X) will proceed in two
independent directions. First, we directly analyse the moduli space of stable
maps to Hilb?(X) which are incident to certain geometric cycles. Similar to
the K3 case, this leads to an explicit expression of generating series of Gromov-
Witten invariants of Hilb?(X) in terms of the series (4.1). This is parallel to
the study of the Gromov-Witten theory of the Hilbert scheme of points of a
K3 surface in Sections 2 and 3.

In a second independent step, we will calculate the Gromov-Witten invari-
ants of Hilb?(X) using the WDVV equations and a few explicit calculations
of initial data. Then, combining both directions, we are able to solve for the
functions (4.1). This leads to the following result.

Let F(z,7) be the Jacobi theta function (2.35) and, with y = —e?™%%, let

2
G(z, 1) = F(z,7)2 <y;;> log(F(z,7))

be the function which appeared already in Section 3.1.

Theorem 7. Under the variable change y = —e*™* and q = *™,
FW(y,q) = F(z,7)
GN(y.q) = G(z.7)
~ 1 d
GW _ - et
Gy 9) = —3 <ydq> G(z,7)

HW (y,q) = (qz]) F(y,q)

The proof of Theorem 7 via the geometry of Hilb?(X) is independent from
the Kummer K3 geometry studied in Section 2.4. In particular, our approach
here yields a second proof of Theorem 3.

4.2 The fiber of Hilb*(P' x E) — E

4.2.1 Definition

The projections of X = P! x E to the first and second factor induce the maps
7 Hilb?(X) — Hilb?(P') = P>  and 7 :Hilb*(X) — Hilb*(E)  (4.2)
respectively. Consider the composition

o : Hilb*(X) 5 Hilb*(E) = E
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of 7 with the addition map +: Hilb?(E) — E. Since o is equivariant with
respect to the natural action of £ on Hilb?(X) by translation, it is an isotrivial
fibration with smooth fibers. We let

Y =0 1(0p)

be the fiber of o over the origin Og € F.
Let v € Ha(Hilb?(X)) be an effective curve class and let

Mo,m(HiIbQ(X)fy)

be the moduli space of m-pointed stable maps to Hi|b2(X ) of genus 0 and
class v. The map o induces an isotrivial fibration

o : Mo, (Hilb*(X),vy) = E
with fiber over O equal to

|_| Mo,m (Y7 7/)a
,Y/

where the disjoint union runs over all effective curve classes v/ € Hy(Y;Z)
with 1,y" = ; here ¢ : Y — Hilb?(X) is the inclusion.
For cohomology classes 71, ..., Ym € H*(Hilb?(X)), we have

/ v UIYD - eviy ()
(Mo, m (Hilb?(X),7)]vir

-y | (eoen) () (1o evim) (vm)
v €Ho(Y) [Mo,m (YY"
Ly’ =y

where we let [ - |VI' denote the virtual class defined by ordinary Gromov-
Witten theory. Hence, for calculations related to the Gromov-Witten theory
of Hilb?(X) we may restrict to the threefold Y.

4.2.2 Cohomology
Let Dx € X x X be the diagonal and let

Blp, (X x X) — Hilb?(X) (4.3)
be the Zs-quotient map which interchanges the factors. Let
W=P' xP'xE < XxX, (x1,72,€)— (x1,e,x2,—€)
be the fiber of O under X x X - E x E % E and consider the blowup

p: W =Blp,w W — W. (4.4)
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Then, the restriction of (4.3) to w yields the Zs-quotient map
g: W = W/Zy =Y. (4.5)
Let Dx1,...,Dx 4 be the components of the intersection
Dx W = {(z1, 29, f) EPL x P! x E | 21 = x5 and f = —f}
corresponding to the four 2-torsion points of E, and let
Ei,... By

be the corresponding exceptional divisors of the blowup p : W — W. For
every i, the restriction of g to E; is an isomorphism onto its image. Define
the cohomology classes

Ai=glE], A= gl ()]

for some y; € Dx ;. We also set
1
A=A+ + Ay, A:Z(A1+---+A4).

Let x1,29 € P! and f € F be points, and define

1

Blzg*[p_l(Pl Xxgxf)], Bgzi-g*[p_l(azl X:L“QXE)].

Identify the fiber of Hilb?(E) — E over 0z with P!, and consider the diagram
y —— P!
iﬂ (4.6)
IP)Q

induced by the morphisms (4.2). Let h € H?(P?) be the class of a line and let
x € P! be a point. Define the divisor classes

Dy = [ Y(z)], Dy =7"h.
Lemma 19. The cohomology classes
D1,Do, A1, ..., Ay (resp. Bl,Bg,Al,...,A4) (4.7)
form a basis of H*(Y;Q) (resp. of HX(Y;Q)).

Proof. Since the map g is the quotient map by the finite group Zo, we have
the isomorphism .

g H*(Y;Q) — H*(W;Q)%,
where the right hand side denotes the Zy invariant part of the cohomology
of W. The Lemma now follows from a direct verification. O
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By straight-forward calculation, we find the following intersections between
the basis elements (4.7).

Bl BQ AZ ’ Dl D2 Az
D[ 0 1 0 Dy 0 2B 0
D2 1 0 0 .D2 231 232 2Ai
Al 0 0 -2 Aj | 0 24; 4(A;i - By)d

Finally, using intersection against test curves, the canonical class of Y is

Ky = —-2D,.

4.2.3 Gromov-Witten invariants

Let r,d > 0 be integers and let k = (ki1,...,ks) be a tuple of half-integers
k; € %Z. Define the class

Brdx = rB1 +dBs + k1Aq 4 koAg + k3As + kg Ay.

Every algebraic curve in Y has a class of this form.
For cohomology classes 71, ..., vm € H*(Y; Q) define the genus 0 potential

) = 30 catym [ Vi (1) - vy (V)

r,d>0ke(1z)4 [Mo,m (Y,Br,a,1)]"™

(4.8)
where (,y,q are formal variables and the integral on the right hand side is
defined to be 0 whenever f3, 4 is not effective.

The virtual class of Mg, (Y, Br4x) has dimension 2r + m. Hence, for
homogeneous classes 71, . . . , Ym of complex degree dy, . .., d,, respectively sat-
isfying ). d; = 2r + m, only terms with (" contribute to the sum (4.8). In
this case, we often set ( = 1.

4.2.4 WDVYV equations
Let ¢: Y — Hilb?(X) denote the inclusion and consider the subspace
i* H*(Hilb?(X); Q) ¢ H*(Y;Q). (4.9)
of classes pulled back from Hilb?(X). The tuple of classes
b= (T8, = (ey, D1, Do, A, By, By, A,wy),

forms a basis of (4.9); here ey = [Y] is the fundamental class and wy is the
class of point of Y. Let (gef)e r with

Gef = <Te,Tf> = / T. UTf
Y

be the intersection matrix of b, and let (g¢/). s be its inverse.
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Lemma 20. Let i,...,74 € i*H*(Hilb*(X); Q) be homogenecous classes of
complex degree di, ..., ds respectively such that ), d; = 5. Then,

Z (71,72, T. <’73,’Y4,Tf> Z (71,71, Te <72,73,Tf> :

e, f=1 e,f=1
(4.10)

Proof. The claim follows directly from the classical WDVV equation [FP97]
and direct formal manipulations. O

We reformulate equation (4.10) into the form we will use. Let
v € i H?*(Hilb*(X); Q)

be a divisor class and let

QG 9) =Y amaC'y*

i,d,k

be a formal power series. Define the differential operator 0, by

0,Q(Cy,0) =Y (/

7) airaC'yFq
ik iB1+dBa+kA
Explicitly, we have

d d d

Then, for homogeneous classes v, . ..,74 € i* H*(Hilb*(X); Q) of complex de-
gree 2,1, 1,1 respectively, the left hand side of (4.10) equals

0o (71,73 U)’ + 05,00 (m Uy2)”
+ Y 0 () ) g on0n0n (1), (411)

Teé{Bl,Bg,A}
Ty €{D1,D2,A}

where we let <1> denote the Gromov-Witten potential with no insertions. The
expression for the right hand side of (4.10) is similar.

4.2.5 Relation to the Gromov-Witten theory of Hilb?(K3)

Recall the power series (4.1),

FY(y,q), G%V(y,q), GV (y,q), HV(y,q).
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Proposition 5. There exist a power series

HY(y,q) € Q((y"/%))][[q]

such that
(By, By)" = (V)2 (i)
(wy )" =265V (i)
(B, By)" = 2FCW . gGW 4 qGW (i)
(A, B))" =GV 4 HOW . oW (iv)
(A, By)" = %f{rGW - FOW. (v)

Proof. Let d > 0 be an integer, let k = (kq,...,kq) € (%Z)4 be a tuple of
half-integers, and let

Bax = B1 +dBy + k1 Ay + - + k4 Ay

Consider a stable map f : C — Y of genus 0 and class 4. The composition
7o f:C — P? has degree 1 with image a line L. Let Cy be the component of
C on which 7o f is non-constant.

Let g : W — Y be the quotient map (4.5), and consider the fiber diagram

cC-t w2, plxE

|, b

C#Y,

where p = pryz op is the composition of the blowdown map with the projection
to the (2, 3)-factor of IPil x P! x E. Then, parallel to the case of elliptic K3

surfaces, the image of C' under p o f is a comb curve
B +pry ' (2),

where B, is the fiber of the projection X — FE over some point ¢ € FE, the
map pry : P! x E — P! is the projection to the first factor, and z C P! is a
zero-dimensional subscheme of length d.

Let Gy C C be the irreducible component which maps with degree 1 to B,
under p o f The projection C — C induces a flat map

Go — Cp. (4.12)

If (4.12) has degree 2, then similar to the arguments of Lemma 6, the
restriction f|c, is an isomorphism onto an embedded line

L C Hilb*(S.) C Y,
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where e = —e € E is a 2-torsion point of E. Since f|¢, is irreducible, we have
L ¢ I(x) for all z € P!. The tangent line to Apgipz(pry at 2z is I(z) for every
x € P'. Hence, L intersects the diagonal Anib2 ®1) in two distinct points.

If (4.12) has degree 1, the map f|c, is the sum of two maps Cp — X.
The first of these must map Cj to a section of X — P!, the second must be
constant since there are no non-constant maps to the fiber of X — P!. Hence,
the restriction f|¢, is an isomorphism onto the embedded line!

Be+ (2, —e) =g (p " (2/ x Be x —¢)), (4.13)

for some 2’ € P! and e € E; here we used the notation (1.4).
Every irreducible component of C' other then Cy maps into the fiber of

7:Y — Hilb?(P!) = P?

over a diagonal point 2z € AH“bQ(Pl).
Summarizing, the map f : C' — Y therefore satisfies one of the following.

(A) The restriction f|c, is an isomorphism onto a line
L C Hilb*(B.) C Y (4.14)

where e € E is a 2-torsion point. The line L intersects the diagonal in
the distinct points 2z and 2x5. The curve C' has a decomposition

C=ChuCiLuUCy (4.15)

such that for i = 1,2 the restriction f|c, maps in the fiber 7—1(2x;).
(B) The restriction f|¢, is an isomorphism onto the line (4.13) for some 2’ €
P! and e € E. The image f(Cp) meets the fiber 7T_1(AH”b2(P1)) only in
the point (2/,e)+(2’, —e). Hence, the curve C admits the decomposition
C=CuC, (4.16)

where f|c, maps to the fiber 771(2z").

According to the above cases, we say that f : C' — Y is of type (A) or (B).

! If e is a 2-torsion point of E, we take the proper transform instead of p~* in (4.13).
This case will not appear below.
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We consider the different cases of Proposition 5.

Case (i). Let Z;, Z5 be generic fibers of the natural map
7Y — Hilb?(Ph).

The fibers Z1, Z3 have class 2B3. Let f : C' =Y be a stable map of class 841k
incident to Z; and Z;. Then f must be of type (A) above, with the line L
in (4.14) uniquely determined by Z;, Z> up the choice of the 2-torsion point
e € E. After specifying a 2-torsion point, we are in a case completely parallel
to Section 2, except for the existence of the nodal fibers in the K3 case.
Following the argument there, we find the contribution from each fixed 2-
torsion point to be (FEW)2, Hence,

(2By,2B5)" = [{e € E | 2¢ = 0}| - (FEW)? = 4. (FEW)2,

Case (ii). Let x1,22 € P! and e € E be generic, and consider the point
y = (x1,€e) + (x2,—€) €Y.

A stable map f : C — Y of class 34k incident to y must be of type (B) above,
with 2’ = 1 or x5 in (4.13). In each case, the calculation proceeds completely
analogous to Section 3.3 and yields the contribution GEW. Summing up both
cases, we therefore find (y)¥ = 2GSV,

Case (iii). Let 2/, 71,22 € P! and e € E be generic points. Let
Zy = g(p  H(P! x 2’ x e)) = (P! x e) + (2/, —e) (4.17)

and let Zs be the fiber of 7 over the point x1 + x5. The cycles Z1, Zs have the
cohomology classes [Z1] = B; and [Zs] = 2B5 respectively. Let

f:C—=Y

be a 2-marked stable map of genus 0 and class 34k with markings pi,p2 € C
incident to Zy, Zs respectively. Since f(p1) € Z1, we have

f(pl) = (xllv e) + (xlv —6)

for some 2" € P!. Since also f(p2) € Z> and e is generic, " € {2/, x1,z2}.

Assume z” = x1. Then, f is of type (B) and the restriction f|¢, is an
isomorphism onto the line £ = B, + (21, —e). The line ¢ meets the cycle Zs in
the point (z2,€)+ (x1, —e) and no marked point of C lies on the component Cy
in the splitting (4.16). Parallel to (ii), the contribution of this case is GEW.
The case " = z9 is identical.
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Assume z” = /. Then, 7(f(p1)) = 22/. Since w(f(p2)) = x1 + 2, we
have 7(f(p1)) N 7(f(p2)) = @. Hence, f is of type (A) and we have the
decomposition

C=CyuCiuCCy,

where f|c, maps to a line L C Hilb?(B./) for a 2-torsion point ¢’ € E, the
restriction f|o, maps to 771(22'), and f|c, maps to the fiber of 7 over the
diagonal point of L which is not 22’. We have p; € Cy with f(p1) € Z;, and
p2 € Cp with f(p2) = (x1,€¢') + (22, —€'). The contribution from maps to the
fiber over 2z’ matches the contribution HSW considered in Section 3.6. Since
there is no marking on Cb, the contribution from maps f|c, is F GW _ For each
fixed 2-torsion point €’ € E, we therefore find the contribution FEW . HGW,
In total, we obtain

(B1,2B5) =2- GOV 4. FOW . gOW.

Case (iv). Let z,2' € P! and €’ € E be generic points, and let e € E be the
i-th 2-torsion point. Consider the exceptional curve at (z,e),

Zy=g(p~ ' (z,2,¢))
and the cycle which appeared in (4.17) above,
Zy =glp ' (P! x 2’ x €)) = (P! x &) + (z/, —¢€).

We have [Z;] = A; and [Z3] = B;. Consider a 2-marked stable map f: C — Y
of class B4k with markings p1,p2 € C incident to Z1, Z> respectively.

If f is of type (B), we must have w(f(p1)) N7w(f(p2)) # @. Hence, f(p2) =
(x,€¢) + (2/, —€’) and the restriction f|¢, is an isomorphism onto

(= (p(zxP x¢)) = B(_ey + (z,€)

In the splitting (4.16), the component C1 is attached to the component Cy = ¢
at (z,—€') + (z,¢'). Then, the contribution here matches precisely the contri-
bution of the point ug in the K3 case of Section 3.4; it is GOW.

Assume f is of type (A). The line L in (4.14) lies inside Hilb?(B,) for some
2-torsion point €” € E. Since €’ is generic, 7(L) is the line through 2z and 22’
Consider the splitting (4.15) with C; and Cy mapping to the fibers of m over
2z and 22’ respectively. The contribution from maps f|c, over 2z’ is parallel
to Section 3.5.2; 1t is HSW. Let Hy (vesp. Hi) be the contribution from maps
flo, over 2z if € = e (resp. if €” # e). Then, summing up over all 2-torsion
points, the total contribution is HGW . HSW where HGW — HO + 3H1

Adding up both cases, we obtain (A;, Bl) = GOW 4 gCGW . gGW,

Case (v). This is identical to the second case of (iv) above, with the difference
that the second marked point does lie on Cy, not Cs. O
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4.3 Calculations

4.3.1 Initial Conditions

Define the formal power series

H=>" Huywy ¢’ = (Bs, Bs)"

d>0 keZ

1= Liwy¢' = {wy)”
d>0 keZ

7= Tufe?=(1)",
d>0 kez

where <1>Y is the Gromov-Witten potential (4.8) with no insertion, and we
have set ( = 1 in (4.8). We have the following initial conditions.

Proposition 6. We have

(i) Tox =8/k>  forallk >1
(ii) Ty —2q=2/d> foralld>1

(iii) H 10 =1

(iv) Hyp =0 if (d=0,k < —2) or (d> 0,k < —2d)
(v) Ty =0 if k < —2d

(vi) Iy =0 if k < —2d.

Proof. Case (i). The moduli space M (Y, Y, k;A;) is non-empty only if there
exists a j € {1,...,4} with k; = d;;k for all i. Hence,

4
Ty = / 1= / 1.
m+§%lkmmmzwﬁmw ?; [Mo(Y kA

Since the term in the last sum is independent of i,

%k:4/ 1. (4.18)
[Mo(YJ{:Al)}Vir

Let e € E be the first 2-torsion point, let
Dxi={(z,z,e)|z P} CP' xP' x E

and consider the subscheme
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which already appeared in Section 4.2.2. The divisor A is isomorphic to the
exceptional divisor Ey of the blowup p: W — W, see (4.4). Hence A; =P(V),
where

V =0p(2) ®Op1 — P!,

Under the isomorphism A; = P(V'), the map

is identified with the natural P(V) — P .
The normal bundle of the exceptional divisor £y C W is Op(y)(—1).

Hence, taking the Zs quotient (4.5) of W, the normal bundle of A; C Y
is

N = Na, /vy = Op)(=2).
For k > 1, the moduli space
M = Mo(Y, kA7)

parametrizes maps to the fibers of the fibration (4.19). Since the normal bun-
dle N of A; has degree —2 on each fiber, there is no infinitesimal deformations
of maps out of Aj. Hence, M is isomorphic to My(P(V), df), where § is class
of a fiber of P(V). In particular, M is smooth of dimension 2k — 1.

By smoothness of M and convexity of P(V) in class kf, the virtual class
of M is the Euler class of the obstruction bundle Ob with fiber

Ob; = HY(C, f*Ty)

over the moduli point [f : C' — Y] € M. The restriction of the tangent bundle
Ty to a fixed fiber Ay of (4.19) is

TY|AO = OA0(2) D OAO D OAO(_2)7

Hence,

Ob; = HY(C, f*Ty) = H'(C, f*N).
Consider the relative Euler sequence of p : P(V) — P!,
0— Q= p'V @ Opyy(—1) = Oppry — 0. (4.20)

By direct calculation, Q, = Opy)(—2) ® p*Op1(—2). Hence, twisting (4.20)
by p*Op1(2), we obtain the sequence

0= N —pV(2)®Opuy(—1) = p*Op(2) = 0. (4.21)

Let ¢ : C — M be the universal curve and let f : C — A; C Y be the universal
map. Pulling back (4.21) by f, pushing forward by ¢ and taking cohomology
we obtain the exact sequence

0— Roq*f*p*(’)p1(2) — RYq.f*N — qu*f*p*V(2)®(9]p(V)(—1) — 0. (4.22)
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The bundle R'q, f*N is the obstruction bundle Ob, and
R, [*pOp1(2) = 4.q"p" Op1(2) = p" Op1(2),
where p’ : M — P! is the map induced by p : P(V) — P!. We find
c1(p" Op1(2)) = 2p"wp,

where wp1 is the class of a point on P!. Taking everything together, we have

/ 1:/ e(R'q.f*N)
[Mo(YkA)] M

= /M c1(p™ Op1(2))cap—2(R' q f*P*V(2) ® Op(ry(—1))
9 / eoha(R S DV (2) © Opy (<)) ars,  (4.23)
My

where M, = My(P!, k) is the fiber of p’ : M — P! over some z € P!. Since

PV (2) @ Opy(=1)|p-1(2) = Opvy, (1) ® Opvy, (—1),
the term (4.23) equals 2 57 o(p1 ) C2k—2(E), where £ is the bundle with fiber

HY(C, f*Op1(—1)) ® H(C, f*Op1(—1)).

over a moduli point [f: C' — P'] € M,. Hence, using the Aspinwall-Morrison
formula [HKK 103, Section 27.5] the term (4.23) is

2
/ ) 1=2- / Cgkfg(g) = E
[MU(Y,kAl)}V‘r Mo,o(]P’l,k)

Combining with (4.18), the proof of case (i) is complete.

Case (ii) and (v). Let f: C — Y be a stable map of genus 0 and class
dBy + ) kiAj. Then, f maps into the fiber of

7Y — Hilb?(Ph)

over some diagonal point 2z € A2 (P1)- The reduced locus of such a fiber is
the union
Yo UAge, U...UAL,, (4.24)

where e1,...,e4 € E are the 2-torsion points of F,
Ape=g(p~H(z x x x )

is the exceptional curve of Hilb?(X) at (z,¢) € X, and ¥, is the fiber of the
addition map HiIbQ(Fx) — F, = E over the origin 0g. Hence,

[«[C] = a[X;] + Z b; [A-'E76i]



86 CHAPTER 4. THE HILBERT SCHEME OF 2 POINTS OF P! x E

for some a, by,...,by > 0. Since [A;,,] = A; and

1
[Ex] = By — i(Al + A + A3z + A4)
we must have d = a and therefore

£C) = dBa+ ) (b — d/2) A

Since b; > 0 for all 4, we find ) _, k; > —2d with equality if and only if k; = —d/2
for all . This proves (v) and shows

Ty —2q = / 1. (4.25)
[Mo(Y.dB2 =3, (d/2)A))]¥1*

Moreover, if f : C'— Y has class dBy — ) ,(d/2)A;, it is a degree d cover of
the curve X, for some x.
We evaluate the integral (4.25). Let Z’ be the proper transform of

P! x E < W, (z,e) — (z,z,€)
under the blowup map p: W — W, and let
Z=g9(Z"\=Z'|lyCY

be its image under g : W — Y. The projection map pr; 3 0p : Z' - P' x E
descends by Zs quotient to the isomorphism

(112,m7) : Z = P! x P!, (4.26)

where 7 : Y — P! is the morphism defined in (4.6). Under the isomorphism
(4.26), the curve X, equals P! x z. Since moreover the normal bundle of
Z C'Y has degree —2 on X, we find

My(Y,dBy — 2dA) = My(P!, d) x PL.
The normal bundle Z C Y is the direct sum
N = Nz;y = pri Opi(a) ® pry Op1 (—2).
for some a. We determine a. Under the isomorphism (4.26), the curve
R=zxP' cP' xP!

corresponds to the diagonal in a generic fiber of 7 : Y — P!. The generic fiber
of 7 is isomorphic to P! x P!, hence ¢1(N) - R =2 and a = 2. The result now
follows by an argument parallel to (i).
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Case (iii). This follows directly from the proof of Proposition 5 Case (i) since
the line in (4.14) has class By — A; for some 1.

Case (iv). Let f: C — Y be a stable map of genus 0 and class 4 incident
to the cycles Z1, Zy of the proof of Proposition 5 Case (i). Then, there exists
an irreducible component Cy C C' which maps isomorphically to the line L
considered in (4.14). We have [L] = B; — A; for some i

Since all irreducible components of C' except for Cy gets mapped under f
to curves of the form 3, or A, ;, we have

JlC] = Bax = [L] + d[X:] + Z bjA;

= By +dBs + Z(—d/Q — 8i5 +bj)
J

for some by,...,b4 > 0. If d =0 we find k =), k; > —1. If d > 0, then f
maps to at least one curve of the form ¥, with non-zero degree. Since L and
¥, are disjoint, we must have b; > 0 for some j. This shows k =}, k; > —2d.

Case (vi). This case follows by an argument parallel to (iv). O

4.3.2 The system of equations

Let d% and d% be the formal differentiation operators with respect to ¢ and y
respectively. We will use the notation

The WDVV equation (4.10), applied to the cohomology insertions

€:(717"‘7’Y4)

specified below yield the following relations:

1
¢ = (Ba, D9, Dy, A) (Bs, A) = —50:(H)
1
£:(B2,D27D2,D1) <BlaBQ>:8TH+§I
1 1
¢ =(A,Dy, Dy, A) (A, A) = ZafH — ZI
1 (4.27)
f_(A?D27D27D1) <B17A>:_§828’7'H
1 1
E = (BI7D27D27A) <B17A> - Zazj = _§8Z<B17B2>
gz(Bl)DQrD?le): 2<BluBl>+8TI:2aT<Bl>BQ>

& (By,B1) = 02H
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Using (4.27) and the WDV'V equations (4.10) with insertions £ further yields:

W1. ¢ = (By, D1, Dy, Ds):
0=202H +20,1 — H-9>T + %azH - 0,0°T
W2. £ = (By, A, A, Dy):
0=20°H +40,H +2I — H - 0?0, T + %@H (44 027)

W3. 52 (BQ,A,A,Dl):

0 =402H + 20,1 — 921 + %azaTH (44 93T) — 0. H - 0?0, T
- %8§H 020, T + 0,H - 9,0°T
W4. ¢ = (A, A, A, Dy):
0=—80,0,H —40>H + 89,1 +20.H - 9*0,T — 0°H - (4+0>T) +I-(4+0°T)
W5. ¢ = (A, A, Dy, Dy):
0= —2027 + %(‘ﬁ@H L 020,T — 0.0, H - 0,0°T — %OEH 0,02
+0H - 02T — %ELI 020, T + %azf - 0,0°T
W6. ¢ = (By, D1, Dy, Ds):

1 1
0=202H — 9*I — 0,H - 93T — i 3T + 50-0-H - 9.0*T

4.3.3 Non-degeneracy of the equations

Proposition 7. The initial conditions of Proposition 6 and the equations
W1 - W6 together determine Hgy,, Lqk, Tar for all d and k.

Proof of Proposition 7. For all d, k, taking the coefficient of ¢%y* in equations
W1 - W6 yields

1o
2d° Hyy, + 2dIz), = z;(d —0*((d = 1) = 5k = ) Hij Ty (W)
J7

(k1) + ) g+ 2L = S (k=) ((d—1) = 5k =) ) Hiy T
i\l
j (W2)
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2d(2d + k)Hyp + (2d — k*)Iq), =
=S k= (ita-n-1k-5)(@-n- %j(k ~ ) HiTagey (W3)
7,1

(2k + V) Igp — k(K* +k+2d)Hyp =

) ;Zlu{; (G =0 = k= ) Hig + 5k = )) Taiey (WA)

2d% Iy =Y (d— l)(j(d =) =k~ j))'

al

) 1. ) 1 .
(J(d —1)H;j — §J2(’€ —J)H; + §(k - J)Iz,j)Td—lJc—j (W5)

2d°Hyp, — d*Ippe =Y (d—1)*
7,0

1 1. :
(@ = D@L + 5115) = 530k = ) Hi) Tasp—j. (W6)

2
Claim 1. The initial conditions and W1 - W6 determine Hy, Iy i, 1o i for
all k, except for Hyg
Proof of Claim 1. The values T are determined by the initial conditions.
Consider the equation W2 for (d, k) = (0,0). Plugging in (d, k) = (0,0) and
using H07_1 = 1,T()71 = 8, we find 1070 = 2.

Let d = 0 and k > 0, and assume we know the values Hy j, I ; for all j < k
except for Hy . Then, equations W3 and W4 read

—4k21'0’;€ + (known terms) =0
b—4k*(k + 1)Hoy + (known terms) = 0.

Hence, also Iy j, and Hy j are uniquely determined. By induction, the proof of
Claim 1 is complete. O

Let d > 0. We argue by induction. Calculating the first values of Hg x, 1o
and Tp x, and plugging them into equations W1 - W6 for (d, k) = (1, —2) and
(d,k) = (1,—1), we find by direct calculation that the values

Hoo, Hi,—2, Hy 1, Iy 2, 111, T1,-1, T10

are determined.
Let now (d = 1,k > 0) or (d > 1,k > —2d), and assume we know the
values Hy j, I ;,Tjj foralll < d,j < k+2(d—1) and for all I =d,j < k. Also
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assume, that we know 7§ ;. The proof of Proposition 7 follows now from the
following claim.

Claim 2: The values Hyy, 14, Ty r+1 are determined.

Proof of Claim 2. Solving for the terms Hy, 14, Ty r+1 in the equations W1,
W6 and W5, we obtain:

1
2d*Hyy + 2dIyy, — d? <d +5(k+ 1)> Tyri1 = (known terms) (W1)
2d°Hgy, — d*I;; = (known terms) (W6)

1
241 + <d + 5(/@ + 1)> Tyk+1 = (known terms) ,  (W5)

where in the last line we divided by d2. These equations in matrix form read

2d 2 —d(d+3(k+1)) Hgap

2d -1 0 | Zsr | = (known terms)

0 -2 d+i(k+1) Taps1
The matrix on the left hand side has determinant (2d — 3)(k 4+ 2d + 1)d. It
vanishes if d = % or k =—2d—1 or d = 0. By assumption, each of these cases

were excluded. Hence the values Hy y, I4 k., Ty p+1 are uniquely determined. []

Remark. We have selected very particular WDV'V equations for Y above.
Using additional equations, one may show that the values

Hy_1=1, Too=0, To1 =8, Ti_2=2

together with the vanishings of Proposition 6 (iv) - (vi) suffice to determine
the series H,I,T.
4.3.4 Solution of the equations
Let z € C and 7 € H and consider the actual variables

y=—e* and q=e*". (4.28)
Let F(z,7) and G(z,7) be the functions (2.35) and (3.1) respectively.
Theorem 8. We have

H = F(z,7)
I=2G(%,71)

1 1 4
TSy e Y

k>1 kn>1
1 _ 1 _ _
+8 Z E(yk—i_y k)qkn+2 Z E(y%c_’_y Qk:)q(2n Dk
kn>1 kn>1
under the variable change y = —e2™Z% gnd q= e2miT
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Proof. By Proposition 7, it suffices to show that the functions defined in the
statement of Theorem 8 satisfy the initial conditions of Proposition 6 and the
WDVV equations W1 - W6. By a direct check, the initial conditions are
satisfied. We consider the WDVV equations.

For the scope of this proof, define H = F(z,7)? and I = 2G(z,7) and

T:SZ%yk—FH > %qk”

k>1 kn>1
1 _ 1 _ _
+8 Z ﬁ(yker k)qkn+2 Z ﬁ(y2k+y 2k)q(2n l)k.
kn>1 kn>1

considered as a function in z and 7 under the variable change (4.28). We show
these functions satisfy the equations W1 - W6.

For a function A(z,7), we write
1 0A d 1 0A d

S L N (S S B s gy
271 0z ydy ’ 1

A*=0,A =
0 2mi OT dq

for the differential of A with respect to z and 7 respectively.
For n > 1, define the deformed Eisenstein series [Obel2]

Jan(z,7) = 5n,1L +B,—n Z R 4 (=D) T R)GET

y—1 kr>1
1 _ _ r_l
Jan(z7) = =Ba(1= 5o ) = 3 (1= 1/2)" 7 (0F + (-1)"y)g ),
k,or>1
where B,, are the Bernoulli numbers (with B; = —%) and we used the variable
change (4.28). We also let
Gn(z,7) = Jan(22,27)
1 _ _ _
= =B (1=5og) =0 30 (=12 + (<)),
kor>1

Then we have
T = —4 —8Jy1 — 16G4
020, T = —4Jy5 — 8Go
8 16
(‘L(‘BET = —§J2,3 — gGg (4'29)

1
8§T = —2J2,4 — 4Gy + 27OE4'

Since T'(z,7) appears only as a third derivative in the equations W1 - W6,
we may trade it for deformed Eisenstein series using equations (4.29).
The first theta function ¥ (z, 7) satisfies the heat equation

0291 = 20,91,
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which implies that F' = F(z,7) = 01(2,7)/n3(7) satisfies

1 1
O F = §8§F - gEQ(T)F, (4.30)
where Ep(7) =1 =243, 3 44 kq? is the second Eisenstein series. With a

small calculation, we obtain the relation
I =40,(H) - 0*(H) + Fy - H. (4.31)

Hence, using equations (4.29) and (4.31), we may replace in the equations
W1 - W6 the function T" with deformed Eisenstein Series and I with terms
involving only H and FEs. Hence, we are left with a system of partial differ-
ential equations between the square of the Jacobi theta function F', deformed
Eisenstein series and classical modular forms.

These new equations may now be checked directly by methods of complex
analysis as follows. Divide each equation by H; derive how the quotients

ke kr
H and H

(with H ke and H the k-th derivative of H with respect to z resp. T respec-
tively) transform under the variable change

(z,7) = (z+ AT+ p,7) (A peZ);

using the periodicity properties of the deformed Eisenstein series proven in
[Obel2], show that each equation is is double periodic in z; calculate all
appearing poles using the expansions of the deformed Eisenstein series in
[Obel2]; prove all appearing poles cancel; finally prove that the constant term
is 0 by evaluating at z = 1/2. Using this procedure, the proof reduces to a
long, but standard calculation. O

4.3.5 Proof of Theorem 7

We will identify functions in (z,7) with their expansion in y,q under the
variable change (4.28). By Proposition 5, the definition of H in (4.3.1), and
Theorem 8, we have

(FOW)? = (By, By)” = H = F(2,7)°
which implies
FY(y,q) = +F(z,7). (4.32)
By definition (2.34), the y~1/2¢ - coefficient of F&W(y,q) is 1. Hence, there is
a positive sign in (4.32), and we have equality. This proves the first equation
of Theorem 7. The case GEW = @G is parallel.

Finally, the two remaining cases follow directly from Proposition 5, the
relations (4.27) and Theorem 8. This completes the proof of Theorem 7.
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Quantum Cohomology

5.1 Introduction

5.1.1 Reduced quantum cohomology

Quantum cohomology of a smooth projective variety X is a commutative and
associative deformation of the ordinary cup product multiplication in H*(X).
Its product, the quantum product *, is defined by

(axb,c) =(aUb,c)+ Z(a, b, c)éf’ﬁ"irqﬁ
B8>0

for all a,b,c € H*(X), where (a,b) = [, aUb is the intersection form, 8 runs
over all non-zero elements of the cone Eff x of effective curve classes in X, the
symbol ¢® denotes the corresponding element in the semi-group algebra, and
{a,b, c>gfgir are the genus 0 Gromov-Witten invariant of X in class 3.

Let S be a smooth projective K3 surface and consider X = Hilb%(9).
Since Hilb?(S) carries a holomorphic symplectic form, all (ordinary) Gromov-
Witten invariants vanish in non-zero curve classes. In particular, the quantum
cohomology of Hilb?(S) is the trivial deformation of H*(Hilb%(S)).

Using the reduced Gromov-Witten invariants

Hilb?(S)

<CL, b7 c>07ﬁ

defined in Section 1.4 we define a non-trivial reduced quantum cohomology
with associated reduced quantum product *. Let A be a formal parameter
with 2 = 0. Then, for all a,b,c € H*(Hilb¥(S)), we let

{axb,c) ={aUb,c)+ hZ(a, b, C>g|,i[l3bd(s)qﬁ )
B8>0

By the WDVV equation for reduced virtual classes (Appendix A), * is a
commutative and associative product on

H*(Hilb%(S), Q) ® Q[[Eff e (s)]] © Q[ /%.

93
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The definition of reduced quantum cohomology is similar to the definition
of the equivariant quantum cohomology of varieties carrying a C*-action. The
parameter i here can be thought of as an infinitesimal virtual weight on the
canonical class K\ypag)- In the toric cases of [MOO09b, OP10] it corresponds
to the equivariant parameter (¢; + t2) mod (t1 + t2)2.

The ordinary cup product multiplication on the cohomology

H*(Hilb%(S), Q)

has been explicitly determined by Lehn and Sorger in [LS03]. In this sec-
tion, we put forth several conjectures and results about the reduced quantum
cohomology

QH*(Hilb%(S9)). (5.1)
Our results will concern only the quantum multiplication with a divisor class
on Hilb%(S). In other cases [Leh99, LQW02, MO09b, OP10, MO12], this has
been the first step towards a fuller understanding. We will also restrict to
primitive classes 8 below.

5.1.2 Elliptic K3 surfaces

Let m : S — P! be an elliptic K3 surface with a section, and let B and F
denote the class of a section and fiber respectively. For every h > 0,

Bn =B+ hF

is an effective curve class of square ﬂ,% = 2h — 2. For cohomology classes
Y5y Ym € H*(Hilb(S); Q) define the quantum bracket

cl
<’yl,...,7m Hllb ZZyk h= 1 (Y1, m>g:im , (5.2)
h>0 keZ

it d>1and by (...)®) —gifa=o0.
Define the primitive quantum multiplication spyim on H *(Hilb%(S)) by

<a, b *prim c> = <a7 bU c> +h- <a, b, c>q . (5.3)
Since (- -- )4 takes values in Q((y))((¢)), the product #pim, is defined on
H*(Hilb?(5), Q) ® Q((»))((¢)) ® Q[h]/A*. (5-4)

It is commutative and associative. If unambiguous, we write *prim = *.

The main result of Section 5 is a conjecture for an effective procedure
calculating the primitive quantum multiplication with divisor classes. By the
divisor axiom and by deformation invariance (see Section 6.3.4), the conjecture
explicitly determines the full 2-point genus 0 Gromov-Witten theory for the
Hilbert schemes of points of any K3 surface in primitive classes. By direct
calculation using the WDVV equation and the evaluations of Section 3, we
prove the conjecture in case Hilb?(S).
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5.1.3 Quasi-Jacobi forms

Let (z,7) € C x H. The ring QJac of quasi-Jacobi forms is defined as the
linear subspace

QJac C -Q[F(z,7), Ea(1), BEa(1), 0(2,7), 9°(2,7), J1(2, T)]

of functions which are holomorphic at z = 0 for generic 7; here F'(z, ) is the
Jacobi theta function (2.35), Egy are the classical Eisenstein series, p is the
Weierstrass elliptic function, @® is its derivative with respect to z, and J; is
the logarithmic derivative of F' with respect to z, see Appendix B.

We will identify a quasi Jacobi form @ € QJac with its power series ex-
pansions in the variables

qg= 6271'17' and y = —627”2.

The space QJac is naturally graded by index m and weight k:

QJac:@ GB QJacy, ,,

m>0k>—2m

with finite-dimensional summands QJacy, .

Based on the proven case of Hilb?(S) and effective calculations for Hilb?(S)
for any d, we have the following results that link curve counting on Hilb?%(.S)
to quasi-Jacobi forms.

Theorem 9. For all u,v € H*(Hilb?(S)), we have

<M7 V)q - A(T)
for a quasi-Jacobi form i of index 1 and weight < 6.

Since Mo (Hilb%(S), ) has virtual dimension 2 for all o, Theorem 9 implies
that the full genus 0 Gromov-Witten theory of Hilb?(S) in primitive classes is
governed by quasi-Jacobi forms.

Conjecture J. For d > 1 and for all p,v € H*(Hilb%(S)), we have

<H) V>q = A(T)

for a quasi-Jacobi form ¢ of index d — 1 and weight < 2 + 2d.

A sharper formulation of Conjecture J specifying the weight appears in
Lemma 21.2.
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5.1.4 Overview of Section 5

In section 5.2 we recall basic facts about the Fock space

F(8) = P H*(Hilb'(5); Q).

d>0

In Section 5.3 we define a 2-point quantum operator EM° which encodes
the quantum multiplication with a divisor class. In section 5.4 we introduce
natural operators £ acting on F(S). In Section 5.5, we state a series of
conjectures which link £ to the operator EMP. In section 5.6 we present
several example calculations and prove our conjectures in the case of Hi|b2(5’ ).
Here, we also discuss the relationship of the K3 surface case to the case of
Aj-resolution studied by Maulik and Oblomkov in [MO09b].

5.2 The Fock space

The Fock space of the K3 surface S,

F(8) = P Fa(S) = @ H*(Hilb(S), Q), (5.5)

d>0 d>0
is naturally bigraded with the (d, k)-th summand given by
FE(S) = H* I (Hilb?(S), Q)
For a bihomogeneous element u € F¥(S9), we let
ul=d,  k(u) =k

The Fock space F(S) carries a natural scalar product < : ‘ . > defined by
declaring the direct sum (5.5) orthogonal and setting

(nlv) = / pUv
Hilb%(S)

for v € H*(Hilb%(S),Q). If a, o’ € H*(S,Q) we also write

{a,a) —/SaUa'.

If p,v are bihomogeneous, then (u|v) is nonvanishing only if |u| = |v| and
kE(u) + k(v) = 0.

For all « € H*(S,Q) and m # 0, the Nakajima operators p,,(«) act on
F(S) bihomogeneously of bidegree (—m, k(«)),

Prm(c) : F¥ — ]-“fff@(a) .
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The commutation relations

[pm (@), pr(B)] = —mbmn0{c, B) idz(s), (5.6)

are satisfied for all a, € H*(S) and all m,n € Z\ {0}.
The inclusion of the diagonal S C 5™ induces a map

Tem - H*(Sv(@) — H*(Sm’Q) = H*(S’ Q)®m
For 7, = 742, we have

(@)=Y g7 (aUy) ®7,
i?j

where {v;}; is a basis of H*(S) and g% is the inverse of the intersection matrix

9i5 = (¥i> V5)-
For v € H*(S,Q) and n € Z define the Virasoro operator

1
Ln(y) = =5 D+ PkPuk 1 7+(7),
kEZ

where : —— : is the normal ordered product [Leh04] and we used
prpr-a® B = pr(a)pi(B).
We are particularly interested in the degree 0 Virasoro operator

L) =3 3 bk )

kE€Z\O

== g p k(v U)pk(ys),

k>1 4,
The operator Lo(7) is characterized by the commutator relations
[pe(@), Lo(7)] = kpr(aUn).
Let e € H*(S) denote the unit. The restriction of Lo(y) to Fu(S),
Lo(y)]fd(s) : H*(Hilb%(S), Q) — H*(Hilb%(S), Q)

is the cup product by the class

D(y) = (d_ll)!p_mv)p_l(e)“ € H* (Hilb'(S), Q) (5.7)

of subschemes incident to 7, see [Leh99]. In the special case v = e, the operator
Lo = Lo(e) is the energy operator,

Lo}fd(s) =d-idg,s) - (5.8)
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Finally, define Lehn’s diagonal operator [Leh99]

1
0= 5 > (p=ib—jPici + PiPjp—(i5))7:([S])

1,521

For d > 2, the operator 0 acts on F4(S) by cup product with —%AH”bd(S),

where )
AHiIbd(S) = (d—2)! 2)!P—2(€)P—1(€)d_2

is the class of the diagonal in Hilb%(S).

5.3 The WDVYV equation
Define the 2-point quantum operator
M2 F(5) @ Q1)) ((0)) — F(5) @ Q(y))((9))
by the following two conditions.
e for all homogeneous a, b € F(S),

(a | £1p) = {(a, b>q if [a| = |0]

0 else,

o £HIb i5 linear over Q((y))((q)).

Since Mg o(Hilb%(S), @) has reduced virtual dimension 2d, the operator
is self-adjoint of bidegree (0, 0).
For d > 0, consider a divisor class

gHiIb

D e H%(Hilb%(S)),
and the operator of (primitive) quantum multiplication with D,
Mp:ar— Dxa

for all a € F4(S) ® Q((y))((q)) © QI /A2, 1t

D = D(v) for some v € H*(S) or D= —iAH”bd(S),

by the divisor axiom we have

MD('y) ‘]'—d(s) (LU (7) + hpO (7)8Hi|b>

Fa(S)
1 d LHilb
“53Maa) | 7us) = (8 * hy@g )

)

Fa(9S)
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where % is formal differentiation with respect to the variable y, and po(7)
for v € H*(S) is the degree 0 Nakajima operator defined by the following

conditions:!

* [po(7); Pm(¥)] =0 for all v/ € H*(S), m € Z,
o po(7) "'y 1s = (v, Bu)d" W 1s  for all b, k.
Since the classes D(y) and Apypag) span H?(Hilb%(S), the operator £Hilb
therefore determines quantum multiplication Mp for every divisor class D.

Let Di,Dy € H2?(Hilb%(S),Q) be divisor classes. By associativity and
commutativity of quantum multiplication, we have

(5.9)

D1 * (DQ * a) = DQ * (Dl * a) (510)

for all a € F4(S). After specializing D; and Ds, we obtain the main commu-
tator relations for the operator EHiP:

For all v,+' € H?(S,Q), after restriction to F(S), we have
po(7) [E™®, Lo(v)] = po(v') [EM™®, Lo(v)]

. d .

po(v) [5H'Ib,3] = ycTy [EH'IbaLo(’Y)} :

The equalities (5.11) hold only after restricting to F(S). In both cases,

the extension of these equations to F(S) ® Q((y))((¢)) does not hold, since
po(7) is not g-linear, and yd% is not y-linear.

(5.11)

Equations (5.11) show that the commutator of £M'® with a divisor inter-
section operator is essentially independent of the divisor.

5.4 The operators ")

For all (m,¢) € Z*\ {0} consider fixed formal power series

eme(y,q) € C((y"*))[la]] (5.12)

which satisfy the symmetries

Pmp = —P-m,—¢

(5.13)
é@m,é =MmPem -

Let A(q) = gq[],,>1(1— q™)?* be the modular discriminant and let

(L+yg™)A+y'q™)
(1—qm)?
! The definition precisely matches the action of the extended Heisenberg algebra

<Pk (v), k € Z> on the full Fock space F(S) ® Q[H*(S,Q)] under the embedding ¢"~' —
P see [KY00, section 6.1].

Fly,q) =@ +y ") ]

m>1
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be the Jacobi theta function which appeared in Section (2.1.1), considered as
formal power series in ¢ and y in the region |q| < 1.
Depending on the functions (5.12), define for all r € Z operators

EN : F(S) @ C((y")((a)) — F(8) @ C((y"*)((9) (5.14)
by the following recursion relations:

Relation 1. For all » > 0,

£ = “id 7 (5)@C((172)) (9))
Fo(9)aC((w'/2) (@)  F(y,q)%2A(q) 0(S)®C((y'/2))((2))

Relation 2. For all m # 0, r € Z and homogeneous v € H*(S),

k()

mk(,y) :pE(V)g(r—Hﬂ_@ : (pm,f(y7Q)a

[P (1), €01=)

LeZ

where k() denotes the shifted complex cohomological degree of 7,
v e HFOH(5:Q),

and : —— : is a variant of the normal ordered product defined by

(1) EP) = p(NED i <0
: : 5‘(k’)P£(’y) £0>0.

By definition, the operator £") is homogeneous of bidegree (—r,0); it is
y-linear, but not ¢ linear.

Lemma 21. The operators E7),r € 7 are well-defined.
Proof. By induction, Relation 1 and 2 uniquely determine the operators £,

It remains to show that the Nakajima commutator relations (5.6) are preserved
by €. Hence, we need to show

[[pm(a),pn(ﬁ)Lg(r)] = [_m(sm—i-n,O(aaB) id]:(g),g(r)] =0

for all homogeneous «, 8 € H*(S) and all m,n € Z\ {0}. We have

[[pm(a),pn(ﬁ)],g(”} = [pm(a), [pn(/@)7g(7’)]] — [pn(5)7 [pm(a)?g(r)]]
(5.15)
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Using Relation 2, we obtain

[pm(), [pa(8),£¢]]

k(B) N
= [P0, Yy pUDET D ey, 0)]
LeZ
—m)kB)+1
_ml (a, BYETHI™ (5.16)

nk(ﬁ) ’
Ek(ﬁ) (g/)k:(oz) r4+n+m—~£—~0'
+”Z€:an(5)mkm) 3134(5)(3 Pf’(a)g( ) ) Pm 0Pl

Similarly, we have

k(a)+1
[Pn(8), [pm(@), €7]] = i)m,ms“n*%m,w
gk(ﬁ) )
+ Z ) tper () (- pe(B)ETTTIT ) ) o g (5.17)
=

Since for all ¢, ¢ € Z we have

pe(B) (: pe ()T ) = () (s pu(B)ETTET ).
the second terms in (5.16) and (5.17) agree. Hence, (5.15) equals

(_nwkwy+1 (—n)kle)+1 }
78077’7, n

(r+m+n) ) \THe) =7 o
e { Ee - S (5.18)

If (o, B) = 0 we are done, hence we may assume otherwise. Then, for degree
reasons, k(a) = —k(f). Using the symmetries (5.13), we find

m m
Om,—n = ——P—-nm = —Pn,—m
n n

Inserting both equations into (5.18), this yields

—k(a)+1 k(a)+1
(o, BYErTmim) m 4+ RRAL Qe
’ n_k(a)

mb(@) n

5.5 Conjectures

Let G(y, q) be the formal expansion in the variables y, g of the function G(z, T)
which already appeared in Section 3.1,

2
G(y,q) = F(y,q)* (yjy> log(F(y,q))

:F(y’q)2'{ (1 +y)2 ZZ —y)m)qd}-

d>1m
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Conjecture A. There exist unique series ©m ¢ for (m,€) € Z2\ {0} such that
the following hold:

(i) the symmetries (5.13) are satisfied,
(ii) the initial conditions

. 1 d
Y11 = G(y7 Q) - 17 $1,0 = —1- F(yv q)7 P1,—-1 = _5 qdiq(F(z%q)Q) 5

hold, where i = +/—1 1is the imaginary number,

11) Let ,T € e the operators (5.1 efined by the functions o, .
Let £ 7 be th 4) defined by the f ,
Then, ) satisfies after restriction to F(S) the WDVV equations

Po(7) (€, Lo(v")] = po(v") [€), Lo(7)]

po(7) €@, 0] = y;‘; €O, Lo()

(5.19)

for all v, € H*(S,Q).

Conjecture A is a purely algebraic, non-degeneracy statement for the
WDVYV equations (5.19). It has been checked numerically on F4(S) for all
d < 5. The first values of the series ¢,, ¢ are

1 1.,
@99 = 2K* (Jf —2J%p — EJ%E2 — ~Jip )

2
2 1 1
G =2K3 (2T} - Jip— —J1Ey— —p°
P21 (3J1 Jip 12J1 2 6@)
p20=-2J1- K’
1 1, (5.20)
o1 = 2K3. <J1p— EJlEZ + 29 >

=K- ydC;(G(y,CJ))

P20+ 1=2K". (pr - leJsz + 292 + Jip® — 916E4) :
where K = iF and Fo, p, p°, J1 are the functions defined in Appendix B. More
numerical values are given in Appendix B.2.

For the remainder of Section 5, we assume conjecture A to be true, and
we let £7) denote the operators defined by the (hence unique) functions ¢y, ¢
satisfying (i)-(iii) above. Since Conjecture A has been shown to be true for
F4(S) for all d < 5, the restriction of £© to the subspace Ba<sFal(S) is
well-defined unconditionally.
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The following conjecture relates £© to the quantum operator £, Let
Lg be the energy operator (5.8). Define the operator

Gly. )™ : F(S) ® Q1) (@) — F(S) @ Q(1))((9))

by the assignment
Gy, )" (1) = Gly. )" - p

for any homogeneous p € F(5).
Conjecture B. After restriction to F(5),

. 1
ghib — e . — _G(y,q)%0. 5.21
F(y,q)*A(q) 9 (5:21)

Combining Conjectures A and B we obtain an algorithmic procedure to
determine the 2-point quantum bracket (-, -)q.

The equality of Conjecture B is conjectured to hold only after restriction
to F(S). The extension of (5.21) to F(S) ® Q((y))((q)) is clearly false: The
operators EM® and G0 /(F2A) are g-linear by definition, but £ is not.

Let QJac be the ring of holomorphic quasi-Jacoi forms defined in Ap-
pendix B, and let
QJac = @ @ QJacy, ,,
m>0k>—2m

be the natural bigrading of QJac by index m and weight k, where m runs over
all non-negative half-integers %Zzo.

Conjecture C. For every (m,f) € Z? \ {0}, the series
Pm,¢ + 5gn(m)0my
is a quasi-Jacobi form of index (|m| + |¢|) and weight —do,.
Define a new degree functions deg(y) on H*(S) by the assignment

o 7€ QF — deg(y) = -1
¢ YEQ(BH+F)+rdeg(y) =1
o v € {F, B+ F}+ — deg(v) =0,

where the orthogonal complement {F, B + F}* is defined with respect to the
inner product (-, ).
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Lemma* 21.1. Assume Conjectures A and C hold. Let ~;,v; € H*(S) be
deg-homogeneous classes, and let

= Hp*mz (vi)1ls, V= Hp*nj (f’?j)ls (5.22)

be cohomology classes of Hilb™(S) and Hilb"™(S) respectively. Then

(] =) = o

for a quasi-Jacobi form ® € QJac of indez (Im| + |n|) and weight

> deg(vi) + > deg(v)).
i ;

Proof of Lemma 21.1. We argue by induction on |u| + |v/|.

If |u| + |v| = 0, the claim holds since 1 is a Jacobi form of index 0 and
weight 0.

Let |u| + |v| > 0 and assume the claim holds for all smaller values of
|| + [v|. We may assume |v| > 0. With

V=] p-n,Gi)1s
#1
and by Relation 2’, the bracket

<:U’ ’ 8(T)p_n1 (il)yl>
is a C-linear combination of terms

() <p2 ;?1 ,UJ ‘ g(rfnlJré) (90 ni—4 — 5n1,€)yl>
(i) (u | €™ Do ) e(Fn)V)
(iii) <,u ‘ po(71)E" g0_1,0V>

where £ > 0.
We consider the terms in (i). For a deg-homogeneous class «, the pairing
(71, ) is non-zero only if deg(a) = —deg(71). Hence, ps(y1)p is a linear

combination of classes

prmms € H*(Hilb™~(S))

with

Zdeg ) = deg(n +Zdeg %)-
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By the induction hypothesis and since ¢_,,, ¢ — ,,, ¢ has index (¢ +mn;)/2 and
weight 0, the term (i) satisfies the claim of Lemma 21.1. Case (ii) is similar.

The terms in (iii) vanish unless deg(y1) # 0. If deg(y1) = —1, then po(71)
is multiplication by a constant and the claim holds since ¢_1 g has index 1/2
and weight —1. If deg(71) = 1, then po(71) is a multiple of qd%. By induction,

<M ‘ 5T<P—1,0V'>

is a quasi-Jacobi form of index (|| + [v|) and weight

S deg(y) + > deg(;) — 1.
¢ j#1

By Lemma 24 the differential operator qd% preserves quasi-Jacobi forms and
is is homogeneous of weight degree 2 and index degree 0. Hence,

~ d
<,u | pg(’yl)grgo_17oyl> = (const) - qd—q<,u ’ STQO_LDI//>

is a quasi-Jacobi form of index (|| +|v|) and weight 3", deg(vi)+>_,; deg(7))-
This shows the claim of Lemma 21.1 also for the term (iii). O

Let p,v € H*(Hilb%(S)). By Lemma (21.1) and Conjecture B, we have

(V) = 7oy (5.23)
for a quasi-Jacobi form ¢. Since F' has a simple zero at z = 0, we expect the
function (5.23) to have a pole of order 2 at z = 0. Numerical experiments
(Conjecture J) or deformation invariance (Corollary 4) suggest that the series
(i, v)q is nonetheless holomorphic at z = 0. Combining everything, we obtain
the following prediction.

Lemma* 21.2. Assume Conjectures A, B, C, J hold. Let u,v € H*(Hilb%(S))
be cohomology classes of the form (5.22). Then,

Hilb?(S) o
W)= A

for a quasi-Jacobi form ® of index d — 1 and weight

2+ Z@(%) + Z@(%)-

J
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5.6 Examples

5.6.1 The higher-dimensional Yau-Zaslow formula

(i) Let F be the fiber of the elliptic fibration 7 : S — P!. Then

<P—1(F)dls ‘ <5(0) - ﬁGL°>P—1(F)dls>
=<P—1(F )15 ‘ 5(0)P—1(F)dls>
~)(1s | p1(F) D1 (F)'1s)
~1%(1s | po(F)'ED e o1 (F) 1)

—1)"(1s | po(F)*E® (~1)%e 00 oL )

—~

shows Conjecture B to be in agreement with Theorem 1; here we have used
po(F) =1 above.

(ii) Let B be the class of the section of m : S — P! and consider the class
W =B+ F.

We have (W, W) = 0 and (W, ) = h — 1. Hence, po(W) acts as qd% on
functions in q. We have

<P—1(W)d1s ‘ (5(0) - ﬁGLO)P—l(W)dls>
P ( Y15 | €0p 1 (W)s)
“(1g ‘ po(W)?€ )801,0P71(W)d15>

o(W )ng( )901,090(11,013>

2d @i{o@il,o
F(y,q)*A(q)

()

<
SE?
\_/\_/-c;/\
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5.6.2 Further Gromov-Witten invariants

(i) Let w € H*(S;Z) be the class of a point. For d > 1, let

C(F) =p_1(F)p_1(w)* g € Ho(Hilb%(S),Z)
D(F) =p_1(F)p_1(e)¥ 115 € H3(Hilb?*(S),Z).

1

- F2aGDE))

<C(F) ‘ (£©

1

s 1>'<p_1(F)p_1(w)d7115 | €05 1(F)p-a(e)'1s)

1
~ d— 1)l<p*1(w)d—115 ‘ 5(0)%01,%071,0]3—1(€)d_113>
—1)d-1
= (d—)l)‘<1s ‘ 5(0)901,090—1,0(901’1 + l)d_lpl(w)d_lp_1(e)d_115>
prop-10(p11 + D!

F(y,9)?A(q)

Gly,a"!

A(g)

By the divisor equation and (D(F), B, + kA) = 1 for all h, k, Conjecture B is
in full agreement with Theorem 5 equation 1.

o~ o~

(ii) Let A =p_o(w)p_1(w)? 215 be the class of an exceptional curve. Then,

(4] (€0~ gz G™)D(F))

1\d
= o (15 | PO o (Fp-a (' ora+ 1) 1)
_
- (d—1)!

1
= —§<1s ‘ EWp_1(F)pa1(p11 + 1)d_2>
1 (—p-1,0)p2,1(p1,1 + 1)

2 F2(y, q)A
i) 0
2 .

1
(Ls | 3EDp1@) ™ o1 (F)p-1(e)* anlpr + 1) 21s)

N |

Hence, again, Conjecture B is in full agreement with Theorem 5 equation 2.
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(iii) For a point P € S, the incidence subscheme
I(P) = {¢ € Hilb*(S) | P € ¢}
has class [I(P)] = p_1(w)p_1(e)lg. We calculate

(1) | (20— g1
— —<p_1(e)1s ‘ Pl(w)g(O)I(P)> - F(fA

2
= ~(p1()1s | (EVp1(@)(p11+1) = p1 (@)1, 1 ) I(P)) - FC;A

B <P_1(e)15 ‘ EOp_1(w) (11 + 1)15>
+ <15 ’ 5(2)p—1(w)p_1(e)¢1,_115> _ FCfA

(o110 +1)?  —p_11p1,-1 B G2
F2A F2A F2A

(s F)
Aq)

Hence, Conjecture B agrees with Theorem 5 equation 3, case d = 2.

(iv) For a point P € S, we have

(p1(F)* | (€9 — 5 G™)1(P))

= —<1S ’ 5(2)¢%,OI(P)>

o _90%,090—171
- F2A
F(y,q) - a4 F(y,q)
A(T)

Hence, Conjecture B is in agreement with Theorem 6.

5.6.3 The Hilbert scheme of 2 points

We check conjectures A, B, C, J in the case Hi|b2(S). Conjecture A has shown
to hold by an algorithmic check. The corresponding functions ¢,, ¢ are given
in (5.20). This implies Conjecture C by direct inspection. Conjecture B and
J hold by the following result.

Theorem 10. For all ju,v € H*(Hilb?(S)),

= (n] (0~ )
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Theorem 11. Let p,v € H*(Hilb?(S) be cohomology classes of the form

(5.22). Then,
P
(sv)y = A(g)

for a quasi-Jacobi form ® of index 1 and weight

2+ Z@(%’) + Z@(’Yé‘)-

J

By Sections 5.6.1 and 5.6.2 above, Theorem 10 holds in the cases considered
in Theorems 2, 5 and 6 respectively. Applying the WDVV equation (5.9)
successively to these base cases, one determines the bracket (u,v), for all p, v
in finitely many steps. Since for Hilb?(S) the WDVV equation also holds for
EO) — GLo/(F2A), this implies Theorem 10. Theorem 11 follows now from
direct inspection.

5.6.4 The A, resolution.

1

Let [¢~!] be the operator that extracts the ¢~! coefficient, and let

ggilb — [qfl]gHilb

be the restriction of 7P to the case of the section class B. The corresponding
local case was considered before in [MO09a, MOO09b].
Define operators Eg) by the relations

o [pn(1),ED] = (v, B) ((—y) ™2 — (—y)™/?) £5+™

for all m # 0 and all v € H*(S), see [MO09b, Section 5.1]. Translating the
results of [MO09a, MO09b] to the K3 surface leads to the following evaluation.

Theorem 12 (Maulik, Oblomkov). After restriction to F(S),

Hilb y . _ ¢(0)
Ep +(1+y)21d]:(s)—53 .

By the numerical values of Appendix B.2, we expect the expansions

Pm,0 = ((—y)_m/2 - (_y)m/z) + O(q) for all m # 0
ome = 0(q) for all m € Z, £ # 0.

Because of
GLo Y .
2N 1+ y)21df(5) )

we find conjectures A and B in complete agreement with Theorem 12.

_1]

[
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Applications

6.1 Genus 1 invariants and the Igusa cusp form

Let S be a K3 surface and let 8, € H2(S) be a primitive curve class of square

(Bh, Br) = 2h — 2.
Let (F,0) be a nonsingular elliptic curve with origin 0 € F, and let
M (p,0)(Hilb"(S), By + kA)|"™ (6.1)
be the fiber of the forgetful map
M 1 (Hilb%(S), B, + kA) — My ;.

over the moduli point (E,0) € M. Hence, (6.1) is the moduli space
parametrizing stable maps to Hilbd(S) with 1-pointed domain with complex
structure fized after stabilization to be (E,0). By Section 1.4, the moduli
space (6.1) carries a reduced virtual class of dimension 1.

For d > 0 consider the reduced Gromov-Witten invariant

Hatrg) = 3% yfhgh ! / evi(BY),  (62)

keZ h>0 [M (,0) (Hilb%(S),Bn+kA)]red

where the divisor class 8y, € H 2(Hilb%(S), Q) is chosen to satisfy

|-t (6.3)
Bn+kA

The invariants (6.2) virtually count the number of maps from the elliptic
curve E to the Hilbert scheme Hilb?(S) in the classes ), + kA.

We may rewrite Hy(y, ¢) by degenerating (F,0) to the nodal elliptic curve
(and using the divisor equation) as

Ha(y,q) = ZZykq“/ (evi x eva) [AM] (6.4)

kEZ h>0 [MO,Q(H”bd(s)aﬁh"‘kA)]red

111
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where [AlY] € H?I(Hilb%(S) x Hilb%(S)) is the diagonal class. Equation (6.4)
shows the integral (6.2) is independent of the choice of B}Y’k satisfying (6.3).
Since, by convention, for d = 1 only the k¥ = 0 term contributes in (6.4),

Hi(g) = > ¢"! / (evy x evy)*[Al]

h>0 [Mo,2(Hilb* (S),85)]

i (309

L Ex(g)
*Alg)

where we used the Yau-Zaslow formula (1) in the second equality.

For the first non-trivial case d = 2, let F'(z,7) be the Jacobi theta function
(2.35), let p(z,7) be the Weierstrass elliptic function (B.1) and let Eo,(7) be
the Eisenstein series (B.2).

Corollary 2. Under the variable change y = —e*™* and q = e*™,
Ha(y.q) = F(z7) - (54 0(z,7) - Ba(r) = S Ba(r)? + S Ba(r) ) 57
’ ’ ’ 4 4 A(T)

Proof. This follows from (6.4) and a direct verification using Theorem 10. [J

We conjecture a formula for Hy(y, ¢) for all d > 0. Define the generating
series

H(y,¢,9) = > _Ha(y,q) §* .
d>0

Let G(z, ) be the function defined in (3.1). We will also require the Igusa
cusp form x1¢9 defined as follows. Consider the standard coordinates

Q:<T i)GHQ
z T

on the Siegel upper half plane Hsy, where 7,7 € H and z € C such that
Im(z)? < Im(7)Im(7). We will work with the variables

—y=p=-exp(2miz), q=exp(2mit), ¢=exp(2miT). (6.5)

Define coefficients c¢(m) by the expansion'

Z(z,7) = —24p(2,7)F(z,7)* = Z Zc(4n — E2)pkq.
n>0keZ

'The function Z(z,7) is the elliptic genus of a K3 surface, see [Kaw97]
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By a result of Gritsenko and Nikulin [GN97], the Igusa cusp form x10(2) is

12
x10(Q) =pgg [ (1 —phqtgh =+, (6.6)
(khd)

where the product is over all k£ € Z and h,d > 0 satisfying one of the following
two conditions:

e h>0ord>0,

e h=d=0and £k <O0.

The following conjecture is a result of joint work with Rahul Pandhari-

pande on a correspondence between curve counting on Hilb?(S) and the enu-
merative geometry of the product Calabi-Yau S x E, see [OP14].

Conjecture D.[OP14] Under the variable change (6.5),

1 11 1
’ I S
(v,4,9) o) T FA ('1~T£Il(1—(cj-G)")24

The second factor on the right hand side can be expanded as

1
G.
”H (1—(q- G A(%)‘4=G-q
=G '+ 24G + 324G?G + 3200G3F + .
= qu—lx (Hilb%(S))G*

d>0

~Lo—1 GLO

= Trre) Al

where x(Hilb?(S)) denotes the topological Euler characteristic of Hilb?(S), and
in the last step we used the Fock space formalism of Section 5. Let

£V F(5) ©Q(y) (@) = F(S) @ Q(1))((9)) -

be the operator defined in Sections (5.4) and (5.5). Then, Conjecture A, C
and D combined imply the purely algebraic evaluation of the trace of £,

1
x10(9)

Trr(s) q~L0—15(0) S
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6.2 Hyperelliptic curves on a K3 surface

A projective nonsingular curve C of genus g > 2 is hyperelliptic if C' admits a
degree 2 map to P,

C —PL.
The locus of hyperelliptic curves in the moduli space M, of non-singular curves
of genus g is a closed substack of codimension g — 2. Let

H, € H*9~D (M ,,Q)

be the stack fundamental class of the closure of nonsingular hyperelliptic
curves inside M, . By results of Faber and Pandharipande [FP05], H, is a
tautological class [FP13] of codimension g — 2. While the restriction of H,4 to
M, is a known multiple of A\,_2, a closed formula for H, on M in terms of
the standard generators of the tautological ring is not known.

Let S be a smooth projective K3 surface and let £, be a primitive curve
class with 5,21 = 2h — 2. The moduli space

Mg(sv ﬁh)

parametrizes stable maps to S of genus g and class ;. It has reduced virtual
dimension ¢g. In an ideal situation we therefore expect to find 2-dimensional
families of hyperelliptic curves on S in class 3.2

For g > 2, define a virtual count of genus g hyperelliptic curves in class S5,
passing through 2 general points of S by the integral

o = | 7 (Hy) v1 (D) 3 1)
[Mg,2(S,8k)]e4

where p € H*(S) is the class of a point and 7 : My2(S,8,) — M, is the
forgetful map. By deformation invariance Hg g, only depends on g and h. We
write

Hg 5, = Hgn-
By the universal property of the Hilbert scheme of 2 points of .S, a map
f:C—=S (6.7)
from a non-singular hyperelliptic curve in class 8 corresponds to a map
¢ : Pt — Hilb%(9) (6.8)
with image not contained in the diagonal AH”bQ( s)- For every point P € S, let
I(P) = {¢€ e Hilb*(S) | P € ¢}

2 This expectation holds for very general K3 surfaces, see [FKP09, CK14] and [KLM15,
Remark 5.6]
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denote the incidence subscheme of P in Hilb?(S). Then, (6.7) is incident to P
if and only if the corresponding map (6.8) is incident to I(P). Hence, one
may expect a relation between the virtual count {H,p}s>2 and the genus 0
Gromov-Witten invariants

Hilb2(S)

(I(P1), 1(Py) 0,8n+kA

(6.9)
where P;, P, € S are general points and k ranges over all integers.

In the case of P?, Tom Graber determined such a relationship in [Gra01]
and used it to calculate the number of degree d hyperelliptic curves in P2
passing through an appropriate number of generic points. Similar results has
been obtained for P! x P! [Pon07] and for abelian surfaces [Ros14, BOPY15]
(modulo a transversality result). Following arguments parallel to the abelian
case [BOPY15] and using our results on the invariants (6.9) in Section 3 leads
to the following prediction for the counts Hg 5.

Let A(T) = q[[,,>;(1 — ¢™)** be the modular discriminant and let

I _ (=1)* By, 2%
(Z, T) = Uu exp ZWEQIC(T)U y
E>1 ’

be the Jacobi theta function which appeared already in Section 2; here Fo(T)
are the classical Eisenstein series (B.2), By are the Bernoulli numbers and
we used the variable change

g=¢e"™" and u=2nz. (6.10)

Conjecture H. Under the variable change (6.10),

S = ()
. dg A(T)

h>0 g>2

By a direct verification using results of [BL00, MPT10] and an explicit
expression [HM82] for

H3 € H2<M37Q)7

Conjecture H holds in the first non-trivial case g = 3.

Similar conjectures relating the Gromov-Witten count of r-gonal curves
on the K3 surface S to the genus 0 Gromov-Witten invariants of Hilb%(.S) can
be made. In fact, a full correspondence between the genus 0 Gromov-Witten
theory of Hilb?(S) and the genus g Gromov-Witten theory of S x P! has been
proposed in [OP14].
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The virtual counts H, j, have contributions from the boundary of the mod-
uli space, and do not correspond to the actual, enumerative count of hyperel-
liptic curves on S. For example,

1
H3,1 = —Z

is rational and negative.
For h > 0, define BPS numbers h,; € Q of hyperelliptic curves on S in
class By by the expansion

Zhgh (2sin(u/2))%1? =
g>2

(6.11)

g>2

The invariants hgj are expected to yield the enumerative count of genus g
hyperelliptic curves in class 8y on a generic K3 surface S carrying a curve
class By, compare [BOPY15, Section 0.2.4].

The invariants hg j vanish for h = 0,1. The first non-vanishing values of
hg.» are presented in Table 6.1 below. The distribution of the non-zero values
in Table 6.1 matches precisely the results of Ciliberto and Knutsen in [CK14,
Theorem 0.1]: there exist curves on a generic K3 surface in class ), with
normalization a hyperelliptic curve of genus g if and only if

o 80119

Y 2 3 4 5 6
2 0 0 0 0
3 36 0 0 0 0
4 672 6 0 0 0
5 8728 204 0 0 0
6 88830 3690 9 0 0
7 754992 47160 300 0 0
8 5573456 476700 5460 0 0
9 36693360 4048200 70848 36 0
10 219548277 29979846 730107 1134 0
11 1210781880 198559080 6333204 19640 0
12 6221679552 1197526770 47948472 244656 36
13 | 30045827616 6666313920 324736392 2438736 1176
14 | 137312404502 | 34612452966 | 2002600623 | 20589506 | 20895
15 | 597261371616 | 169017136848 | 11396062440 | 152487720 | 265860

Table 6.1: The first values for the counts h, ; of hyperelliptic
curves of genus g and class 5y, on a generic K3 surface 5,
as predicted by Conjecture H and the BPS expansion (6.11).
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6.3 Jacobi forms and hyperkahler geometry

6.3.1 Overview

In all cases we considered, the generating series of Gromov-Witten invariants
of Hilb?(K'3) were Fourier expansions of (quasi)-Jacobi forms. This qualitative
feature implies strong symmetries among the invariants. For example, consider
the Gromov-Witten invariant

d d Hilb4(S)
c(n, k) =Ngni1,k = <P71(F) g, p-1(F) 1S> (6.12)
Brn+1+kA
which appeared in Section 2; here F' is the fiber class of an elliptic K3 surface
S — P! and f3, is a primitive square 2h — 2 curve class on S with F - ), = 1.
Let F(z,7) be the Jacobi theta function (2.35). By Theorem 1,

F(z, T)deAgT) = Z Zc(n, k)yFq" (6.13)

n=—1keZ

2miT

under the variable change ¢ = e and y = —e?™*. The function

1
A(7)

F(z,7)%%2 (6.14)
is a Jacobi form of index d — 1 and hence satisfies the elliptic transformation
law (5) which is equivalent to

c(n.k) =c(n+kA+ (d— 1A%, k+2(d — 1)\ (6.15)

for all n,k and all A € Z. Similarly, applying the modular equation (4) with
(g 3) = (7[1) 7(1)) to (6.14) yields for all n, k the symmetry

c(n, k) = c(n,—k). (6.16)

Equation (6.15) mixes in the corresponding Gromov-Witten invariants the
classes 5 and A in a non-trivial way; similarly, relation (6.16) relates the
invariants for 8, + kA and (§;, — kA. We find that both relations are not
implied by deformations of the underlying K3 surface S.

An (irreducible) holomorphic symplectic manifold is a simply-connected
compact Kihler manifold X such that H%(X, Q%) is spanned by a holomorphic
symplectic 2-form. The Hilbert scheme of points Hilb%(S) of a K3 surface S is
an example of such manifold. When S varies®, the Hilbert schemes Hilb?(S)
form a hypersurface in their deformation space. A general deformation of
Hilb?(S) is therefore no longer the Hilbert scheme of points of a K3 surface.*

3Here, we allow non-algebraic deformations of the K3 surface S
“See [Beall] for open problems regarding these deformations.
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Consider the monodromy action of deformations of Hilb(S) in the moduli
space of holomorphic symplectic manifolds. Then, such action will in general
not respect the direct sum decomposition

Hy(Hilb%(S),Z) = Hy(S,7Z) ® ZA

and will mix the classes 8, and A. Based on the recently proven global
Torelli theorem for holomorphic symplectic manifolds [Ver13, Huy12, GHS13],
Markman [Marl1] classified the monodromy action on the cohomology group

H*(X,7).

Combining this with the deformation invariance of Gromov-Witten invariants
leads to non-trivial relations between Gromov-Witten invariants of Hilb?(S)
which mix the class §; and A.

In Section 6.3.3 below we show that in the case of the invariants c¢(n, k)
these relations match exactly (6.15) and (6.16). Hence, the geometry of the
moduli space of holomorphic symplectic varieties implies a prori the elliptic
transformation law for the generating series (6.13).

Usually, cohomology classes € H*(Hilb?(S)) are not preserved under the
monodromy action. For example, the monodromy action which we will use to
obtain relation (6.15) yields

w — p + (additional terms). (6.17)

Hence, for general classes pu, v the primitive potential
Hllbd(S)
{1, v)q = Z q"y ﬂ L1+kA

will satisfy the elliptic transformation law (5) only up to additional correction
terms. This matches Conjecture J of Section 5.1.3 which predicts (u, )4 to be
merely a quasi-Jacobi form which, by definition, are allowed to add additional
terms under the elliptic transformation law [Obel2].

This hints at the following more general framework. Let

ev : Mo (Hilb%(S), By + kA) — (Hilb?(S))?
be the evaluation map. Define the full genus 0 potential

Hulbd(S Z Z qh lyk evy| M072(Hi|bd(5), Br + kA)]red
h>0 keZ

as an element of
H*(Hilb?(S)) @ H*(Hilb?(5)) ® Q((y))((q))-

Then, we may speculate that ZH”bd(S) is a vector-valued Jacobi form [IK11]
with respect to a representation of the Jacobi group on the cohomology

H*(Hilb%(S)) ® H*(Hilb%(S)).
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6.3.2 The Beauville-Bogomolov pairing

Let X be a holomorphic symplectic manifold of dimension 2d. There exists a
unique positive constant cx € Q and a unique non-degenerate quadratic form

qx : HX(X,Z) - 7Z (6.18)

satisfying the Fujiki relation

/ o = cxqx()?
X

for all « € H?(X,Z) and with qx(c +7) > 0 for 0 # 0 € H*°(X,Z). The
constant cy is the Fujiki constant of X and ¢x is the Beauville-Bogomolov
quadratic form [Bea83, Fuj87]. By non-degeneracy, ¢x induces an embedding

H*(X,Z) — Ho(X,7) (6.19)
which is an isomorphism after tensoring with Q. We let
gx - HQ(X,Z) — Q

denote the quadratic form such that (6.19) is an isometry onto its image.
If X is deformation equivalent to the Hilbert scheme of d points of a K3
surface, the Fujiki constant of X is

(2d)!

CHilbd(S) = “d = “g1od
and there exists an isomorphism
n: (H*(X,Z),qx) = A = Lgs & (2 — 2d)

where (2 — 2d) is the lattice Z with intersection form 2 — 2d, and L3 is
isomorphic to the H2-lattice of a K3 surface S together with its intersection
form,
Lis = H*(S,Z2) = U@ Eg(—1)2.
We say 7 is a marking of X and we call the pair (X,n) a marked pair.
In case X = Hilb%(S) we have a natural isomorphism

H*(8,Z) & (2 — 2d) = (H*(Hilb"(S); Z), gy s)) (6.20)
defined by mapping a € H?(S,Z) to
1 .
D(a) = Wp,l(a)p,l(e)dﬂg € H*(Hilb(S),z)
and the positive generator of (2 — 2d) to
1 d
6 = =5 D(s) = 1(05).

Below, we will sometimes identify an element o € H?(S,Z) with its image
D(«) under (6.20).
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6.3.3 Monodromy action

Let X1 and X5 be holomorphic symplectic manifolds. A complex deformation

is a smooth proper family 7 : X — B of holomorphic symplectic manifolds
over a connected analytic base B together with points pi,ps € B such that
Xp, = X for i = 1,2. We say (6.21) deforms v; € H*(X1) to 72 € H*(X>) if
there exists a section

v € H(B, Rr.Q) (6.22)

restricting to 7; at the point p; for i = 1,2. If ; is pure of type (p,q) we say
(6.21) deforms through classes of type (p, q) if the image of v in H*(X}, Q) is
of type (p, q) for all b € B.

Let S be an elliptic K3 surface S with a section, let B and F' be the classes
of a section and fiber respectively, and let

B =B+ hF
for h > 0 be the usual curve class. We will use the notation
(n,k) = Bny1 + kA € Ho(Hilb%(S),7Z).

Proposition 8. Letn > —1 and k, X € Z. There exist a complex deformation
Hilb?(S) ~ Hilb%(S) which deforms (n, k) to

(n+EkX+ (d— 1A% k+2(d— 1)A)
through classes of Hodge type (1,1), and deforms D(F') to itself.

Proof. We identify elements o € H?(S,Z) with its image D(a) under (6.20).
Consider the isometry

@ : H2(Hilb%(S),Z) — H?(Hilb%(S),Z)
defined by
B—=B+(d-1)F-6 F—F  §—=6—(2d-2F

and by the identity map on (F, B,§)*. Under the embedding (6.19), the map
© induces by Q-linear extension an isometry

@ : Hy(Hilb%(S),Z) — Hy(Hilb%(S),Z).

We have
0 ((n, k) =+ (d—1)+k k+2(d—1))
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We will show that there exists a deformation
Hilb?(S) ~~ Hilb%(S) (6.23)

which induces the morphism ¢ on cohomology and deforms (n,k) through
Hodge classes of type (1,1). Concatenating this deformation |A|-times implies
the claim of Proposition 8.

Since ¢V (A) = A+ F, the map ¢" induces the identity map on
Hy(Hilb%(S), Z)/H?(Hilb(S), Z) .

Hence, ¢ is a parallel transport operator in the sense of Markman, see [Marl11,

Lemma 9.2], and there exists a complex deformation (6.23) inducing ¢. We

show this deformation may be chosen to preserve the Hodge type of (n, k).
We follow arguments from [Marl3, Section 5] and [Marll, Section 7]. Let

m 2 H*(HilbY(S)) = A = L3 @ (2 — 2d)
be a fixed marking and let
M =m o(pfl H*(X) = A

be the marking induced by ¢. Since ¢ is a parallel transport operator, the
marked pairs
(Hilb%(S),m) and  (Hilb%(S),ns)

lie in the same component M% of the moduli space of marked holomorphic
symplectic manifolds.
Consider the period domain

Oy ={pePAeZc) | (p,p) =0,(p,p) >0},
and the period map
Per : M — Qq, (X,7n) — n(H*°(X,C))

which is a holomorphic, surjective, local isomorphism with fibers consisting of
bimeromorphic holomorphic symplectic manifolds [Ver13, Huy12].
Let v be the element of AV corresponding to (n, k) under 7,

v=n{((n,k)) € A,
and consider the locus of period points orthogonal to +,

Qe ={peQal(p)=0}.
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The quadratic form on A induces by extension a Q-valued form on AY. De-
pending on the norm of v, the subvariety {2, .1 may have several components.
Let

QX,’YL C QA’,\/J_

be the connected component of €2, -1 which contains Per(Hilb%(S),n1). Since
¢ is the identity on (B, F,§)*, we have

Per(Hilb%(S), n1) = Per(Hilb%(S), n2),

hence also Per(Hilb?(S),n2) lies in QX’A/L.
Define the subspace
Mj\_,’yJ- = {(Xv 77) S M?\ ‘ Per(Xﬂ?) € Qj\—7,yj_7
(n7(7), k) > 0 for a Kahler class k) (6.24)

which parametrizes marked pairs (X, 7) such that 7! () has Hodge type (1,1)
and pairs positively with some Kahler class. Because there exists an ample
class on Hilb?(S) which pairs positively with (n, k) and ¢(n, k), we have

(HilbY(S),m), (HilbY(S),n2) € M ..

Claim. The restricted period map
Pery : MT = Qf | (6.25)

is a local isomorphism onto a complement of a countable union of analytic
subvarieties, and its general fiber consists of a single element.

Proof of Claim. If (v,7) < 0 the claim follows from [Marl3, Corollary 5.10]
and the fact that the subset of points p € QX L such that

(Re(p), Im(p))" NAY = Z(y)

is a complement of a countable union of analytic hyperplanes.

Assume (7,v) > 0. Since HY'(X,R) has signature (1,20) for all (X,7),
the condition (n~!(y), ) > 0 for some Kéhler class » holds for all (X,7) in
Perfl(QXﬁ . ). Hence, the restricted period map Per, is surjective.

Let (X,n) be an element in the general fiber of Per, and let 7/ = n71(v).
Let ¢ be an element in the positive cone of H! (X, R), that is, in the connected
component of

{z € HY"Y(X,R) | (z,z) > 0}

which contains a Kéahler class. Every rational curve C in X has homology
class a positive multiple of 7/, and therefore satisfies [C] - ¢ > 0. By [GHJ03,
Proposition 28.5] the positive cone equals the Kéhler cone. The claim now
follows from the Global Torelli theorem [Marll, Theorem 2.2 (4)]. O



6.3. JACOBI FORMS AND HYPERKAHLER GEOMETRY 123

We prove that MX L is path-connected. Since MX L is analytic and

contains (Hilb?(S),n;) for i = 1,2, this completes the proof of Proposition 8.
By Claim 2, the restricted period map (6.25) is a local isomorphism onto
a dense open subset
_l’_
UcQ At
which is a complement of a countable union of analytic closed subvarieties. In

particular, U is path-connected, see [Ver13, Lemma 4.10).
Consider arbitrary elements

(Xlanl)v (Xa 772) € MXWL .
Since U is dense, there exists a path

. +
f00,1) = QF )

such that
f(O) = Per(X, nl)a f(l) = Per(X, 772)

and such that f(1/2) is a point whose fiber over Per, consists of a single
element. Therefore, the preimage Per L(£([0,1])) is path connected. Hence
there exists a path in /\/lj\rvL connecting (X, n1) to (X, n2). O

We have D(F)? = p_1(F)?1g. If the deformation constructed in Proposi-
tion 8 would be a deformation of Hilb?(S) through projective holomorphic sym-
plectic manifolds, the deformation invariance of the reduced Gromov-Witten
invariants would imply equation (6.15).

While we expect that such a stronger deformation statement is still true, we
choose a more direct approach here. The reduced Gromov-Witten invariants
for Hilb%(S) equal the twistor-family Gromov-Witten invariants defined in
[BLOO]. These invariants have their origin in symplectic geometry and are
invariant under complex deformations as long as the curve class stays of Hodge
type (1,1). Hence, relation (6.15) follows from Proposition 8 after translating
the statement to twister-family invariants.

Lemma 22. There exist a complex deformation Hilb%(S) ~ Hilb%(S) with
duced monodromy action

¢ : H*(Hilb(S)) — H*(Hilb%(S9))
such that
e (n,k) deforms to the class (n,—k) through Hodge classes of type (1,1),

* pop=idp ipi(s)):

o the restriction = o[y ypd(s)) satisfies 9(0) = —0 and Plsr =id;..
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Proof. This follows from [Mar10] applied to the symplectic resolution
Hilb?(S) — Sym?(S)
and arguments parallel to the proof of Proposition 8. ]
Consider the injective homomorphism
v H?(S) — H2(Hilb(S)), o+ D(a)
and the induced map
k= Sym®(1) : Sym®(H?(S)) — H*(Hilb%(S)).

Corollary 3. For all p,v in the image of k and for all i, 7,

Hilbd(S)
Br+kA

Hilb(S)

<MU5Z,VU5]> Br—kA

= (=) {(pud, vud)

Proof. This follows from Lemma 22 and the discussion after the proof of
Proposition 8. O

More generally, we expect the relation

Hilb4(S) (mi—1 (ni—1 Hilb%(S)
e L vy

for cohomology classes pi = [[; p—m,(c;)1s and v = []; p_n;(a})1s. This may
be proven by a more careful analysis of the map ¢ of Lemma 22.

Corollary 4. For all pu,v € H*(Hilb%(S)), we have

Hilb? (S
< 7V>ﬁ+k/(1 ) =0

for |k| > 0.
Proof. Consider the monodromy operator
¢ : H*(Hilb%(S)) — H*(Hilb%(S))
of Lemma (22). There exist a basis of H*(Hilb%(S)) consisting of eigenvectors

of v to the eigenvalues +1. Let u, v be any two such eigenvectors. Then, by

aed
Lemma 1 we have (u, y>gﬁ}{g) = 0 for k£ < 0, hence also

Hilbd (S Hilb4 (S
(), o) ™ = £, ) it =0

for k > 0 by Lemma (22) and the argument after Proposition 8. O
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6.3.4 Curve class invariants

Consider a primtive effective curve class v on the Hilbert scheme of d points of
an arbitrary K3 surface. The following Lemma together with the discussion
after the proof of Proposition 8 implies that the Gromov-Witten invariants
in class v may be reduced by deformation to the calculation of the Gromov-
Witten invariants of Hilb?(S) in the classes 3, + kA, where S is the elliptic
K3 surface defined in Section 6.3.3 above.

Consider pairs (X, ) such that

(i) X is a holomorphic symplectic manifold deformation equivalent to the
Hilbert scheme of d points of a K3 surface,

(il) v € Ho(X,Z) is a primitive class of Hodge type (1,1) which pairs posi-
tively with a Kéhler class on X.

We can associate the following invariants to the primitive class 7.
e The Beauville-Bogomolov norm gx (7).
e Consider an isomorphism
o:Ho(X,Z)/H*(X,Z) — Z)(2d — 2)Z

such that o([a]) =1 € Z/(2d—2)Z for an an element o € Ho(X,Z) with
qx () = ﬁ. The map o is unique up to multiplication by +1.

Define the residue set of v by
£ ={%o(h]) } CZ/(2d - 2) (6.26)
Since o is unique up to +1, the set £[y] is independent of o.

Lemma 23. Let (X,v) and (X',~') be two pairs satisfying (i) and (ii) above.
There exist a complex deformation X ~ X' which deforms v to ' through
Hodge classes of type (1,1) if and only if

qa(v) = (') and ] =*£[y].

Proof. The ’only if’ part follows since both ¢4(7y) and +[y]| are deformation
invariant. We need to show the ’if’ direction.

Since X and X’ are both deformation equivalent to the Hilbert scheme
of d points of a K3 surface there exists a deformation X ~ X’. Let

1/1 : HQ(X,Z) — HQ(X/,Z)
be the induced parallel transport map on homology and let

a=v9().



126 CHAPTER 6. APPLICATIONS

Then we have
[a] = +[y] € Hy(X,7Z)/H*(X, 7). (6.27)

After concatenating the deformation X ~~ X’ by the monodromy used in the
proof of Lemma 22, we may assume [o] = [7] in (6.27). Then, by [Eic74, §10]
(see also [GHS10, Lemma 3.5]), there exists an isomorphism

¢o: H*(X,Z) - H*(X,Z)

which induces the identity on Hy(X,Z)/H?(X,Z) and sends « to . By
[Marll, Lemma 9.2] the map ¢ is a parallel transport operator. Hence, after
concatenating the deformation X ~» X’ with this monodromy, may assume
¥(y') = 7. The claim now follows from arguments parallel to the proof of
Proposition 8. O

6.3.5 Divisor classes

The top intersection of a divisor class D on Hilb?(S) is a power of the Beauville-
Bogomolov norm gx (D) times a universal coefficient, the Fujiki constant. One
may hope that genus 0 Gromov-Witten invariants of Hilb?(S) with insertions
the powers of divisor classes also depend only on some simple numerical invari-
ants of these classes and universal coefficients. Below we present an explicit
conjecture for such dependence.

For every k£ > 0, define the symmetric multilinear form

o H2(Hib(9)®% = Q, 0q(a®?%) = ¢; qa(a)*
for all a € H2(Hilb%(S); Q), where

(2k)!
k= Rk

is the Fujiki constant for Hilb*(S) and ¢4 is the quadratic form (6.18).
Conjecture E. For all r € Z and for all classes T,U € H?(Hilb%(S); Q),
<Td+7" Ud—r>H”bd(S) _ dz_:l d+r\ (d—r
T U TT ) 0|

F2d-0)
k

where F' and G are the Jacobi forms (2.35) and (3.1) respectively and [ - | n—1

denotes extracting the coefficient of ¢"~1y*.

)
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The reduced WDVV equation

Let Mg 4 be the moduli space of stable genus 0 curves with 4 marked points.
The boundary of M4 is the union of the divisors

D(12[34), D(14]23), D(1324) (A.1)

corresponding to a broken curve with the respective prescribed splitting of the
marked points. Since M 4 is isomorphic to P!, any two of the divisors (A.1)
are rationally equivalent.

Let Y be a smooth projective variety and let Mom(Y, B) be the moduli
space of stable maps to Y of genus 0 and class 5. Let

I Mo,n(Y, 6) — MOA

be the map that forgets all but the last four points. The pullback of the bound-
ary divisors (A.1) under 7 defines rationally equivalent divisors on Mg, (Y, 3).
The intersection of these divisors with curve classes obtained from the vir-
tual class yields relations among Gromov-Witten invariants of Y, the WDVV
equations [FP97]. We derive the precise form of these equations for reduced
Gromov-Witten theory. For simplicity, we restrict to the case n = 4.

Let Y be a holomorphic symplectic variety and let

red
R evilm) U+ Uev ()
b [Mo,n(Y,B)]red

denote the reduced Gromov-Witten invariants of Y of genus 0 and class 5 €
Hy(Y';Z) with primary insertions =1, - ,vm € H*(Y).

Proposition 9. Let v1,...,74 € H*(Y;Q) be cohomology classes with

Zdeg(%) = vdim M 4(Y,8) =1 =dimY + 1,
i
where deg(v;) denotes the complex degree of ;. Then,

red

red
= <71,74772U73>6 +<71U’Y4,’Y2,’Y3>6

red

red
<’71,’Y2,’73U’Y4>B +<’Y1U’Y2,’73774>5

127
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Proof. Consider the fiber of 7 over D(12|34),
D =7 1(D(12(34)).

The intersection of D with the class
4
(H ev;-w) A Mo (Y, A, (A.2)
i=1

splits into a sum of integrals over the product
M' = Mo3(Y,B1) x Mos(Y, B2),

for all effective decompositions 8 = (1 + Bo.
The reduced virtual class [M 4(Y, 8)]*¢ restricts to M’ as the sum of

(eva x evy)*Ay N [Moa(Y, B1)]" x [Mo3(Y, B2)]"
with the same term, except for 'red’ and 'red’ interchanged; here
Ay € H2dmY(y v, 7)
is the class of the diagonal and [ - ]°" denotes the ordinary virtual class.

Since [Mo3(Y, 8)]°"4 = 0 unless 8 = 0, we find
ord

red
Du Yi = <717727T> ge‘f<737’y47Tf> +
/[M0,4(Y,5)}red 1:[ ' Z /s 0

e?f

ord ef red
+ <717V27T6>0 g <’Y37745Tf>

B
red

red
= <71,72,73 U74>B + <71 U727737’Y4>ﬁ , (A3)

where {T.}. is a basis of H*(Y’;Z) and (g°/)..s is the inverse of the intersection
matrix gey = [y Te U Ty.

After comparing (A.3) with the integral of (A.2) over the pullback of
D(14]23), the proof of Proposition 9 is complete. O

We may use the previous proposition to define reduced quantum cohomol-
ogy. Let R be a formal parameter with 22 = 0. Let Effy- be the cone of effective
curve class on Y, and for any 3 € Effy let ¢° be the corresponding element
in the semi-group algebra Q[Effy]. Define the reduced quantum product * on

H*(Y;Q) ® Q[Effy]] ® Q[h]/A*.
by
red
(M *72,78) = (MU2,73) + 0> qﬁ<’y17 Y2, 73>B
B8>0

for all a,b,c € H*(Y'), where (y1,72) = [, 71U~z is the standard inner product
on H*(Y;Q) and S runs over all non-zero effective curve classes of Y. Then,
Proposition 9 implies that * is associative.
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Quasi-Jacobi forms

B.1 Definition

Let (z,7) € Cx H, and let y = —p = —e?™* and ¢ = €2™". For all expansions
below, we will work in the region |y| < 1.
Consider the Jacobi theta functions

o) = N(z7) e L+yg™) (A +y'q™)
F( ’ ) 773(7_) (y +ty )Tgl (1 _qm)Z )

the logarithmic derivative

Jl(zaT) = yjy IOg(F(yaQ)) = 1_?_73/ - % — ZZ ((_y)m o (—y)_m)qd,
d>1 m|d

the Weierstrass elliptic function

o(:07) = 5~ s + ()" =24 () (B
d>1 mld

the derivative

o (217) =y ol 7) = m S ()" — (—n) ™

d>1 mld
and for £ > 1 the Eisenstein series
4k _
Ey(r) = 1= 2= > (D m*)q", (B.2)
2k 4>1 " mld

where By are the Bernoulli numbers. Define the free polynomial algebra
V= (C[F(Z, T)a EQ(T)v E4(T)7 Jl(zv 7—)3 p(27 T)a p.('z7 T)] .

Define the weight and index of the generators of V by the following table.
Here, we list also their pole order at z = 0 for later use.

129
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F(sz) EQk(T) Jl(z77—) p(za’]—) p.('z?’]—)
pole order at z =0 0 0 1 2 3
weight -1 2k 1 2 3
index 1/2 0 0 0 0

Table B.1: Weight and pole order at z =0

The grading on the generators induces a natural bigrading on V by weight k

and index m,
V=B PHVim

me(%z)zo keZ

where m runs over all non-negative half-integers.
In the variable z, the functions

EQk(T)a J1(27T)7 p(Z,T), p.(277-> (B3)
can have a pole in the fundamental region
{z+yr |0<z,y<1} (B.4)

only at z = 0. The function F(z,7) has a simple zero at z = 0 and no other
zeros (or poles) in the fundamental region (B.4).

Definition 2. Let m be a non-negative half-integer and let k € Z. A function
f(z, T) S Vk,m

which is holomorphic at z = 0 for generic T, is called a quasi-Jacobi form of
weight k and index m.

The subring QJac C V of quasi-Jacobi forms is graded by index m and

weight k,
QJac = @ EB QJacy, ,,

m>0 k>—2m

with finite-dimensional summands QJacy, .
By the classical relation

(6°()” = 4p(2)* — 5 Ba(r)p(2) + 5= Fio(r).

we have Fg(7) € V and therefore Eg(7) € QJac. Hence, QJac contains the
ring of quasi-modular forms C[Es, E4, Eg]. Since the functions

Y91 = —F(Z,T)z, w01 = —12F(z,7)2p(z,7),

lie both in QJac, it follows from [EZ85, Theorem 9.3] that QJac also contains
the ring of weak Jacobi forms.
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Lemma 24. The ring QJac is closed under differentiation by z and 7.

Proof. We write

1 0 d P 1 0 d
= —_—— —_— an = —_—— —_—
T 2mior dq 270z ydy
for differentiation with respect to 7 and z respectively. The lemma now direct

follows from the relations.

1 1 1
(F)=F -(=J?—Zp— —E (F)=.,-F,
0-(F) (2J1 59 13 2>, d,(F) = J;
O-(J1) = J L)Lt d,(J1) = — +1lg
\J1) — J1 12 2 [ 2@7 z\J1) — £ 12 2

1 1
Or(9) = 20" + 9B + J19° — 5B, 0:(p) = ¢*,

1 1 1
o\ 2 . - . *\ _ 2

0-(9%) = 619" — 571 Ea + 3pp° + L Eap”, 0:(p") = 60" — 51 B .0

B.2 Numerical values

We present the first values of the functions ¢,, ¢ satisfying the conditions of
Conjecture A of Section 5.5. Let K = iF, where i = /—1. Then,

1 11
=K (P _,-—FE
¥1,-1 (2‘]1 2¥ " 12 2)

p1,0 = —K
_ K2 o iE
Y11 = § 12 2

1 1.,
@9, = 2K* (Jf —2J%p — EJEE2 - 3ip )

2 1 1,
o1 = 2K3 <3Jf —Jip — EJ1E2 —g¥ )

@2’0:—2-J1-K2

1 1
=2K3. (1p— —J1Ey+ —p°
P2,1 ( 19 1271 2—1—2@)

1 3 1
1=2K* (J?p— —J?FEs+ —0> + J1p* — —FE
802,2+ (1@ 12 1 2"‘2@ + Jigp 96 4
1

1
J3Es + = J10?
g1 2-1—21@

9 9
P32 = 3K (5J15 - 5&@@ -

1 5, . 1 3
+ ﬂh@Ez - ZA@ + @J1E4+ 505% )

J
1

1 1 1 1. 1
J12@—§J12E2+*@2+ﬂ@E2—5J1@ +E4>

9
L =3K* [ ZJf -
P31 =3 (8J1 8 288
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9 3
@30 =K"- (_2J12 + 2@)

L,

3 1 1 1

4 2 2 o

01 =3KY (ZJ%0 - ZJ2E, + = o R 1)
31 =3 (2 Ly 8‘]1 2 2p 24p 2+ N 144 4)

3 1 7
@32 =3K"- <2pr — §J§E2 + §J192
1 7 1 3
— JipFs + = J2p* — —J1Es+ ~p - p°
—|—24le 2+4J1p 36J1 4+4@ @)

9
1

3

15 1
16

e

@33+1=3K". ( Jte 5 8J12@E2 +3J7p°

5 3 1 2 1 2 0 1 1 o\2
2 By — — PB4+ 3Jip 9 — —— oEut -
+4K) 187 E, 6 4+ 3N1p-p Vi 4+3(@)

32 2 .
010=K*" (_SJE +8J1p + 39 )

In the variables

_ 627ri7'

qg= and s= (—y)l/2 = e

the first coefficients of the functions above are

01,1 = (—3_4 +4s72 — 6 445> — 54) q+0(¢?)

(
(
Yo, _9 = (—25‘6 +4s7 42572 — 84252 + 451 — 236) q+0(¢?)
(
(

@21 = (257° =65 + 457" +4s — 65° +25°) ¢ + O(¢°)
oo+ 1=1+ (250 —ds* - 2572 48— 25> — 4s* +25%) ¢+ O(¢?)

@32 =(—35"T+65° =351 —3s+65" —35) ¢+ O(¢?)

@31 = (=350 +9s71 - 09572+ 6 — 95 + 95" — 35°) ¢+ O(¢?)
p30=(s2—5) + (=957 + 1857 — 957 4+ 9s — 185 4+ 95°) ¢ + O(¢?)
Y31 = (35_6 — 095449572 - 6495 — 95t + 356) q+0(¢?)
p32= (35T —65°+35 " +3s— 65 +35") ¢ + O(¢°)

p33+1=1+ (38_8 — 650943571 — 652412 — 652 +3s* — 655 + 388) q+0(¢%

pa0=(s""—5") + (16570 + 3251 — 16s7% + 165° — 325" + 165°) ¢ + O(¢?).
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