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Abstract

We study the enumerative geometry of rational curves on the Hilbert
schemes of points of a K3 surface.

Let S be a K3 surface and let Hilb?(S) be the Hilbert scheme of
d points of S. In case of elliptically fibered K3 surfaces S — P!, we
calculate genus 0 Gromov-Witten invariants of Hilb%(S), which count
rational curves incident to two generic fibers of the induced Lagrangian
fibration Hilb?(S) — P?. The generating series of these invariants is
the Fourier expansion of a power of the Jacobi theta function times a
modular form, hence of a Jacobi form.

We also prove results for genus 0 Gromov-Witten invariants of
Hilb?(S) for several other natural incidence conditions. In each case,
the generating series is again a Jacobi form. For the proof we evaluate
Gromov-Witten invariants of the Hilbert scheme of 2 points of P! x E,
where F is an elliptic curve.

Inspired by our results, we conjecture a formula for the quantum
multiplication with divisor classes on Hilbd(S ) with respect to primitive
curve classes. The conjecture is presented in terms of natural operators
acting on the Fock space of S. We prove the conjecture in the first
non-trivial case Hilb? (S). As a corollary, we find that the full genus 0
Gromov-Witten theory of Hi|b2(5) in primitive classes is governed by
Jacobi forms.

We present two applications. A conjecture relating genus 1 invari-
ants of Hilbd(S) to the Igusa cusp form was proposed in joint work
with R. Pandharipande in [OP14]. Our results prove the conjecture in
case d = 2. Finally, we present a conjectural formula for the number of
hyperelliptic curves on a K3 surface passing through 2 general points.
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0 Introduction

0.1 The Yau-Zaslow formula

Let S be a smooth projective K3 surface, and let 85, € Ha(S,Z) be a prim-
itive effective curve class of self-intersection 5,21 = 2h — 2. The Yau-Zaslow
formula [YZ96] predicts the number Nj of rational curves in class f, in the
form of the generating series

1 1
Zthh_IZ*HW- (1)

h>0 q m>1

The right hand side is the reciprocal of the Fourier expansion of a classical
modular form of weight 12, the modular discriminant

Ar)=qJ@-q¢m* (2)

m>1

where ¢ = exp(27iT) and 7 € H. The prediction (1) was proven by Beauville
[Bea99] and Chen [Che02] using the compactified Jacobian, and by Bryan
and Leung [BLO0] using Gromov-Witten theory. It is the starting point
of further research into the enumerative geometry of algebraic curves on
K3 surfaces, see for example [MPT10, PT14b, KKP14] and the references
therein.



The Hilbert scheme of d points on .S, denoted
Hilb%(S),

is the moduli space of zero-dimensional subschemes of S of length d, see
[Leh04, Nak99] for an introduction. It is a non-singular projective vari-
ety of dimension 2d, which is simply-connected and carries a holomorphic
symplectic form. In case d = 1 we recover the original surface,

Hilb!(S) = S,

while for d > 2 the Hilbert schemes Hilb?(S) may be thought of as analogues
of K3 surfaces in higher dimensions.

In this paper we study the enumerative geometry of rational curves on
the Hilbert scheme of points Hilb?(S) for all d > 1. In particular, we obtain
a generalization of the Yau-Zaslow formula (1).

0.2 Gromov-Witten invariants

For all « € H*(S;Q) and i > 0 let
pi(a) : H*(HiIbY(S); Q) — H*(Hilb™(5); Q), 7 = p_i(a)y

be the Nakajima creation operator obtained by adding length ¢ punctual
subschemes incident to a cycle Poincare dual to a. By a result of Grojnowski
[Gro96] and Nakajima [Nak99] the cohomology of Hilb%(S) is completely
described by the cohomology of S via the action of the operators p_;(«) on
the vacuum vector

ls € H*(Hilb’(S); Q) = Q.
Let w be the class of a point on S. For € Hy(S;7Z), define the class
C(B) =p_1(B)p_1(ws) s € Hy(Hilb(S);Z).

If 5 = [C] for a curve C C S, then C(f) is the class of the curve obtained
by fixing d — 1 distinct points away from C and letting a single point move
on C. For brevity, we often write 3 for C(f). For d > 2 let

A=p_s(ws)p_1(ws)? g

be the class of an exceptional curve — the locus of 2-fat points centered at a
point P € S plus d — 2 distinct points away from P. For d > 2 we have

Hy(Hilb%(S);Z) = {B+ kA | B € Hy(S;Z),k € Z}.
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Let f+kA € Hy(Hilb%(S)) be a non-zero effective curve class and consider
the moduli space
Mgm(Hilb™(S), 8 + kA) (3)

of m-marked stable maps' f : C' — Hilb%(S) of genus g and class 3 + kA.
Since Hilbd(S ) carries a holomorphic symplectic 2-form, the virtual class on
(3) defined by ordinary Gromov-Witten theory vanishes [KL13]. A modified
reduced theory was defined in [MP13] and gives rise to a non-zero reduced
virtual class

[Mgm(Hilb"(S), B + kA"
of dimension (1 — g)(2d — 3) + m + 1, see also [STV11, Pril2]. Let
ev; : Mym(Hilb%(S), B+ kA) — Hilb%(S), i=1,...,n

be the evaluation maps. The reduced Gromov-Witten invariant of Hilb?(S)
in genus g and class 8 + kA with primary insertions

Y50 Ym € H*(Hllbd(S))
is defined by

Hilbd(S)

<71""7’Ym>g”3+kA = evT(yl)U-~'Uev’;@(7m). (4)

/[Mg,m(Hilbd(S),ﬁJrkA)]red

In case d = 1 and k # 0, the moduli space M, (Hilb%(S), 3 + kA) is empty
by convention and the invariant (4) is defined to vanish.
0.3 The Yau-Zaslow formula in higher dimensions

Let 7 : S — P! be an elliptically fibered K3 surface and let
74 Hilb4(S) — Hilb?(P') = P?,

be the induced Lagrangian fibration with generic fiber a smooth Lagrangian
torus. Let
L. C Hilb%(S)

denote the fiber of 79 over a point z € P.

The domain of a stable map is always taken here to be connected.



Let F' € Ho(S;7Z) be the class of a fiber of 7, and let ), be a primitive
effective curve class on S with

F-f,=1 and f(7=2h-2.

For points 21, zo € P% and for all d > 1 and k € Z, define the Gromov-Witten
invariant

Hilb? (S
Nd,h,k = <L217L22 IB}ILJrk-(A)

- / evi(L., ) Uevy(Ly,)
[Mo,2(Hilb?(S),Br+kA)]red

which (virtually) counts the number of rational curves in class g, + kA
incident to the Lagrangians L,, and L,,. The first result of this paper is a
complete evaluation of the invariants Ny, .

Define the Jacobi theta function

V1(z,7) 12 . —1/2 (1+yg™ (A +y g™
F(zaT):giz(y/"i'y /)H 2 (5)
() L
considered as a formal power series in the variables
Y= _6271'1'2 and q= 6271'1'7'

where |¢| < 1.
Theorem 1. For all d > 1, we have
1
DY Nanpyd" ™ = Fz,7) 7% == (6)
" A)
h>0 keZ
under the variable change y = —e*>™* and q = 2™,

The right hand side of (6) is the Fourier expansion of a Jacobi form? of
index d—1. For d = 1 the class A vanishes on .S and by convention only the
term k = 0 is taken in the sum on the left side of (6). Then, (6) specializes
to the Yau-Zaslow formula (1).

%see [EZ85] for an introduction



0.4 Further Gromov-Witten invariants

Let S be a smooth projective K3 surface, let 5, € H2(S,Z) be a primitive
curve class of square
BE =2h -2,
and let v € H%(S,Z) be a cohomology class with -8, = 1 and 42 = 0. We
define three sets of invariants.
For d > 2, consider the classes

C(7) = p_1(p-1(w)? 15
A=p_o(w)p_1(w) L
which were defined in Section 0.2. Define the first two invariants
1) Hilb?(S) @ Hilb4(S)
Nink = <C(7) >Bh+kA ’ Nink = <A >Bh+kA

counting rational curves incident to a cycle of class C(y) and A respectively.
For a point P € S consider the incidence scheme of P,

I(P)={&cHibYS) | Pcc}.

For generic points P4, ..., Pog_o € S define the third invariant
Hilb?(S)
NGo = (TP, o T(Pa ) ) .
d,hk (P1), ..oy I(Poa—2) Bt (7)

By geometric recursions, the invariants N&Z,)h’k,z’ = 1,2,3 and Ng p, . deter-
mine the full Gromov-Witten theory of Hilb?(S) in genus 0, see Section 5.6.3.
In case d = 2 the invariants (7) are also related to counting hyperelliptic
curves on a K3 surface passing through 2 generic points, see Section 0.7
below. '

The following theorem provides a full evaluation of the invariants N((j,)h’ i
Consider the formal variables

2miz 2miT

y=—¢e and g=ce
expanded in the region |y| < 1 and |¢| < 1, and the function

2
G(z,71)= F(z,7’)2 <yCZJ) log(F(z,7))

— F(z,7)? {1+y ZZ (—y)m)qd} ®)

d>1m
=14+ @y 2+ +6+4y! +y H)q
+ (6y72 + 24y~ + 36 4 24y + 6%) ¢ +



Theorem 2. For all d > 2, we have

_ 4 1
DD Nt = Gl

h>0 keZ.

@ kh-1_ L d d-1y) 1
2> Nanw'd"™ = 57, <ydy (G A(7)
h>0 kEZ

3 kop-1_ 1[(2d—-2 da 2d-2 1
S SNt =) e ) 5
h>0 kEZ

under the variable change y = —e*™ and q = e>™'7.

0.5 Quantum cohomology
0.5.1 Reduced quantum cohomology

Let /i be a formal parameter with 2 = 0. The reduced quantum cohomology
of Hilbd(S ) is a formal deformation of the ordinary cup-product multiplica-
tion in H*(Hilb%(S)) defined by

(axb,e) = (aUb,e) +hS (a,b, )i ) g8 (9)
>0

where (a,b) = inIbd (S) aUb is the standard intersection form, 8 runs over all
non-zero elements of the cone Eff Hilbe(S) of effective curve classes in Hilb?(S),
the symbol ¢” denotes the corresponding element in the semi-group algebra,
and (a, b, c>g|7iébd(s) denote the reduced genus 0 Gromov-Witten invariants of

Hilb?(S) in class §; see [MO12] for the related case of equivariant quantum
cohomology.

By the WDVV equation for reduced virtual classes (see Appendix A),
equality (9) defines a commutative and associative product on

H*(Hilb(S), Q) @ Q[[EfF (5] @ Q[RI/A?,
which we call the reduced quantum cohomology ring
QH*(Hilb%(9)). (10)

The ordinary cohomology ring structure on H*(Hilb%(S), Q) has been
explicitly determined by Lehn and Sorger in [LS03]. In this paper, we put
forth several conjectures and results about its quantum deformation (10).



Our results will concern only the quantum multiplication with a divisor class
on Hilb%(S). In other cases [Leh99, LQW02, MO09b, OP10b, MO12], this
has been the first step towards a more complete understanding. We will also
restrict to primitive classes § below.

0.5.2 Elliptic K3 surfaces

Let 7 : S — P! be an elliptic K3 surface with a section, and let B and F
denote the class of a section and fiber respectively. For every h > 0, we set

Bn=B+hF.

For d > 1 and cohomology classes 71, ...,vm € H*(Hilbd(S);(@), define the
quantum bracket

. d i d
<’)/1, . ,"}’m>qHI|b (5) = Z Z ykqh_1<’717 s 7’7m>g:—t:-k(j) ’
h>0 kEZ

Define the primitive quantum multiplication *pim by
<a,b*prim c> = <a,bUc> +h- <a, b, c>q. (11)

for all a,b, c. Since h? = 0, different curve classes 3 dont interact, and *prim
defines a commutative and associative product on

H*(Hilb%(5),Q) ® Q((y))((9)) @ Q[A]/h*. (12)

The main result of Section 5 is a conjecture for the primitive quantum
multiplication with divisor classes. By the divisor axiom and by deforma-
tion invariance the conjecture explicitly predicts the full 2-point genus 0
Gromov-Witten theory of all Hilbert schemes of points of a K3 surface in
primitive classes. By direct calculations using the WDVV equation and the
evaluations of Section 3, we prove the conjecture in case Hi|b2(S ).

0.5.3 Quasi-Jacobi forms

Let (z,7) € C x H. The ring QJac of quasi-Jacobi forms is defined as the
linear subspace

QJaC - Q[F(Zv T)v E2(T)7 E4(T)7 W(Z’T)’ p'(z, 7-)7 Jl(sz)]

of functions which are holomorphic at z = 0 for generic 7; here F(z,7) is
the Jacobi theta function (5), Eoy are the classical Eisenstein series, g is the



Weierstrass elliptic function, @® is its derivative with respect to z, and Ji is
the logarithmic derivative of F' with respect to z, see Appendix B.

We will identify a quasi Jacobi form ¢ € QJac with its power series
expansions in the variables

q= 627r27' and y = _6271'27;.

The space QJac is naturally graded by index m and weight k:

QJac:@ @ QJacy, ,

m>0k>—2m

with finite-dimensional summands QJacy, ,,,.

Based on the proven case of Hilb?(.S) and effective calculations for Hilb?(S)
for any d, we have the following results that link curve counting on Hilb?(S)
to quasi-Jacobi forms.

Theorem 3. For all pu,v € H*(Hilb%(S)), we have

(, ) HIB(S) Y(z,7)

! A(r)
for a quasi-Jacobi form ¥(z,7) of index 1 and weight < 6.

Since M(Hilb?(S),~) has virtual dimension 2 for all v, Theorem 3 im-
plies that the full genus 0 Gromov-Witten theory of Hilb?(S) in primitive
classes is governed by quasi-Jacobi forms.

Conjecture J. For d > 1 and for all u,v € H*(Hilb%(S)), we have

() HIB(S) — Y(z,7)

Yl A7)

for a quasi-Jacobi form ¥ (z,7) of index d — 1 and weight < 2 + 2d.

A sharper formulation of Theorem 3 and Conjecture J specifying the
weight appears in Lemma 21.2.
0.6 Application 1: Genus 1 invariants of Hilb?(.S)

Let S be a K3 surface and let 3, € H?(S,Z) be a primitive curve class of
square 32 = 2h — 2. Let (E,0) be a nonsingular elliptic curve with origin
0 € FE, and let

M (0 (Hilb"(S), B + kA) (13)

9



be the fiber of the forgetful map
HLl(Hilbd(S), B, + kA) — Hlﬂ .

over the moduli point (F,0) € Mj;. Hence, (13) is the moduli space
parametrizing stable maps to Hilb%(S) with 1-pointed domain with com-
plex structure fized after stabilization to be (E,0). The moduli space (13)
carries a reduced virtual class of dimension 1.

For d > 0 consider the reduced Gromov-Witten potential

Ha(y,q) = 3 3 g / evi(BY,),  (14)

kEZ h>0 [M (g0 (Hilb%(S),8;,+kA)]red

where the divisor class 3, € H 2(Hilb%(S), Q) is chosen to satisfy

/ By =1. (15)
Brn+kA

The invariants (14) virtually count the number of maps from the elliptic
curve E to the Hilbert scheme Hilb?(S) in the classes 3, + kA. By degener-
ating F to a nodal curve, resolving and using the divisor equation, the series
Ha(y, q) is seen to not depend on the choice of 6,\{7,{.

The case d = 1 of the series Hy(y, ¢) is determined by the Katz-Klemm-
Vafa formula [MPT10]. In case d = 2 we have the following result.

Proposition 1. Under the variable change y = —e*™* and q = €™,

Ha(poa) = Pl (519l 7) - Balr) = §Ealr 4 3B ) 5

In joint work with Rahul Pandharipande a correspondence between curve
counting on Hilbd(S) and the enumerative geometry of the product Calabi-
Yau S x E was proposed in [OP14]. This in turn lead to a explicit conjecture
for Hy(y, q) for all d in terms of the reciprocal of the Igusa cusp form xig.
Proposition 1 verifies this conjecture in case d = 2.

0.7 Application 2: Hyperelliptic curves

A projective nonsingular curve C of genus g > 2 is hyperelliptic if C' admits
a degree 2 map to P,
C — P!,

10



The locus of hyperelliptic curves in the moduli space M, of non-singular
curves of genus g is a closed substack of codimension g — 2. Let

H, € H*9=D(M,,Q)

be the stack fundamental class of the closure of nonsingular hyperelliptic
curves inside M,. By results of Faber and Pandharipande [FP05], H, is a
tautological class [FP13] of codimension g — 2.

Let S be a K3 surface, let 3, € H?(S) be a primitive curve class of
square 5;21 = 2h — 2, and let

T MQQ(S, Br) — Mg

be the forgetful map from the moduli space of genus g stable maps to S in
class . A virtual count of genus g > 2 hyperelliptic curves on S in class
B, passing through 2 general points is defined by the integral

Hon = | 7 (Hy) evi () evi(w),
[Mg,2(S,8p)]red

where w € H*(S,7Z) is the class of a point.

In [Gra01] T. Graber used the genus 0 Gromov-Witten theory of Hilb?(P?)
to obtain enumerative results on hyperelliptic curves in P2. A similar strat-
egy has been applied for P! x P! [Pon07] and for abelian surfaces [Ros14,
BOPY15] (modulo a transversality result). By arguments parallel to the
abelian case [BOPY15], Theorem 2 above leads to the following prediction
for Hg,h-

Let A(T) = q[[,,>;(1 — ¢™)* be the modular discriminant and let

1)k
F(z,7) =u exp ZWE%(T)U
E>1 ’

be the Jacobi theta function which appeared already in (5) expanded in the
variables ‘
¢=¢e*™" and u=2nz. (16)

Conjecture H. Under the variable change (16),

d S|
2g+2 h—1 _ (., )
ZZU ¢ "Hgn <qqu(z,T)) A

h>0 g>2

11



By a direct verification using results of [BL00, MPT10] and an explicit
expression [HM82] for o
7_[3 € H2(M37Q)a

Conjecture H holds in the first non-trivial case g = 3. Similar conjectures
relating the Gromov-Witten count of r-gonal curves on the K3 surface S to
the genus 0 Gromov-Witten invariants of Hilb"(S) can be made.

The virtual counts Hyj, have contributions from the boundary of the
moduli space, and do not correspond to the actual, enumerative count of
hyperelliptic curves on S. For example, H3;1 = —i is both rational and
negative. For h > 0 BPS numbers hy ;, of genus g hyperelliptic curves on S
in class 8y are defined by the expansion

Zhgh (2sin(u/2))%9t? = Z Hypu?9t2. (17)
9>2 g>2

The invariants h,j are expected to yield the enumerative count of genus g
hyperelliptic curves in class 85, on a generic K3 surface S carrying a curve
class 8y, compare [BOPY15, Section 0.2.4].

The invariants hg 5 vanish for A = 0, 1. The first non-vanishing values of
hy » are presented in Table 1 below. The distribution of the non-zero values
in Table 1 matches precisely the results of Ciliberto and Knutsen in [CK14,
Theorem 0.1]: there exist curves on a generic K3 surface in class (3, with
normalization a hyperelliptic curve of genus ¢ if and only if

v o 86119

0.8 Plan of the paper

In Section 1, we introduce the bare notational necessities and prove a few
general lemmas. In Section 2 we prove Theorem 1 by reducing to an elliptic
K3 surface with 24 rational nodal fibers and by comparision with rational
curve counts on a Kummer K3. In Section 3 and 4 we prove Theorem 2
by reducing the statement to a calculation of Gromov-Witten invariants of
Hilb?(P! x E). This approach is mainly independent from the Kummer K3
geometry used in Section 2, and yields a second proof of Theorem 1. In Sec-
tion 5, we present the conjectures and results on the quantum cohomology
ring of Hilb?(K3). Here we also prove Theorem 3 and Proposition 1. In Ap-
pendix A, we present the precise form of the WDVV equations for reduced

12



N, 2 3 4 5 6

2 0 0 0 0

3 36 0 0 0 0

4 672 6 0 0 0

5 8728 204 0 0 0

6 88830 3690 9 0 0

7 754992 47160 300 0 0

8 5573456 476700 5460 0 0

9 36693360 4048200 70848 36 0
10 | 219548277 29979846 730107 1134 0
11 | 1210781880 | 198559080 6333204 19640 0
12 | 6221679552 | 1197526770 | 47948472 244656 36
13 | 30045827616 | 6666313920 | 324736392 | 2438736 | 1176
14 | 137312404502 | 34612452966 | 2002600623 | 20589506 | 20895
15 | 597261371616 | 169017136848 | 11396062440 | 152487720 | 265860

Table 1: The first values for the counts hg j of hyperelliptic curves of
genus g and class §p on a generic K3 surface S passing through 2 general
points, as predicted by Conjecture H and the BPS expansion (17).

invariants. In Appendix B, we introduce the notion of a quasi-Jacobi form,
and list numerical results related to the conjectures of Section 5.
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1 Preliminaries

Let S be a smooth projective surface and let Hilb?(S) be the Hilbert scheme
of d points of S. By definition, Hilb?(S) is a point parametrizing the empty
subscheme.

1.1 Notation

We always work over C. All cohomology coefficients are in Q unless denoted
otherwise. We let [V] denote the homology class of an algebraic cycle V.

On a connected smooth projective variety X, we will freely identify co-
homology and homology classes by Poincare duality. We write

w=wyx € H*I™X)(X.7),
e=ex € H(X;Z)

for the class of a point and the fundamental class of X respectively. Using
the degree map we identify the top cohomology class with the underlying
ring:

2 (X, Q) = Q.

The tangent bundle of X is denoted by T'x.
A homology class 8 € Ho(X,7Z) is an effective curve class if X admits an

algebraic curve C of class [C] = 3. The class (3 is primitive if it is indivisible
in Hy(X,Z).

1.2 Cohomology of Hilb%(S)
1.2.1 The Nakajima basis

Let (p1,..., ) with g3 > ... > ;> 1 be a partition and let
at,...,ap € H'(S;Q)
be cohomology classes on S. We call the tuple

p=((p, 1), (s ) (18)

a cohomology-weighted partition of size |u| = > ;.
If the set {a1,...,} is ordered, we call (18) ordered if for all ¢ < j

pi >y oor (pg =p; and o; > ;).

14



For i > 0 and oo € H*(S;Q), let
p_i(a) : H*(Hilb%(S),Q) — H*(Hilb*(S),Q)
be the Nakajima creation operator [Nak97], and let
lg € H*(Hilb’(S),Q) = Q

be the vacuum vector. A cohomology weighted partition (18) defines the
cohomology class

P (ar) ... p—y () ls € H*(H”blﬂ‘(s)) :

Let ai,...,a;, be a homogeneous ordered basis of H*(S;Q). By a the-
orem of Grojnowski [Gro96] and Nakajima [Nak97], the cohomology classes
associated to all ordered cohomology weighted partitions of size d with co-
homology weighting by the «; not repeating factors (p;,a;) with «; odd,
form a basis of the cohomology H*(Hilb%(S); Q).

1.2.2 Special cycles

We will require several natural cycles and their cohomology classes. In the
definitions below, we set p_,,(a)* = 0 whenever k < 0.

(i) The diagonal

The diagonal divisor

is the reduced locus of subschemes ¢ € Hilb?(S) such that len(O; ;) > 2 for
some z € S. It has cohomology class

[Aipas)] = @—2 ! 21 P 2(e)p_1(e) %1y = —2- ¢ (O,

where we let El¥ denote the tautological bundle on Hilb¥(S) associated to
a vector bundle E on S, see [Leh99, Leh04].

(ii) The exceptional curve

Let Sym?(S) be the d-th symmetric product of S and let
p : Hilb(S) — Sym?(S), & — Z len(Og ;)

be the Hilbert-Chow morphism.

15



For distinct points x,y1,...,yq_2 € S where d > 2, the fiber of p over
2x + 3 ,y; € Sym?(S)

is isomorphic to P! and called an exceptional curve. For all d define the
cohomology class

A = poa(wpo(w) s,
where w € H*(S,7Z) is the class of a point on S. If d > 2 every exceptional
curve has class A.
(iii) The incidence subschemes

Let z C S be a zero-dimensional subscheme. The incidence scheme of z is
the locus

I(z)={ & cHiIbYS) | zc ¢}

endowed with the natural subscheme structure.

(iv) Curve classes

For 5 € Hy(S) and a,b € Hy(S5), define

C(B) = p-1(Bp-1(w)" s € Hy(Hilb’(3)),

C(a,h) = por(@pa(Dpr(@) s € Ho(Hill(s)). )

In unambiguous cases, we write 8 for C'(8). By Nakajima’s theorem, the
assignment (19) induces for d > 2 the isomorphism

Hy(S,Q) & A2H,(S,Q) & Q — Ha(Hilb%(S); Q)
(B,a Ab k) — B+ Cla,b) + kA.

If d <1, we write

B+ Clai,bi) + kA € Hy(Hilb?(5),Q)

for some S, a;, b;, k, we always assume a; = b; =0 and k=0. If d =0, we
also assume 8 = 0. This will allow us to treat Hilb%(S) simultaneously for
all d at once, see for example Section 1.3.

(v) Partition cycles

Let V' C S be a subscheme, let £ > 1 and consider the diagonal embedding

uy : S — SymF(S)

16



and the Hilbert-Chow morphism
p : Hilb*(S) — Sym*(S).
The k-fattening of V is the subscheme
VIk] = p~H(ix(V)) C Hilb*(S).
Let d =di + - - - + d, be a partition of d into integers d; > 1, and let
i,...,V, C S
be pairwise disjoint subschemes on S. Consider the open subscheme

U={(&,...,&) € Hilb™(S) x -+ x Hilb™(S) | &N & = @ for all i # 5}
(20)
and the natural map o : U — Hilbd(S ), which sends a tuple of subschemes
(&1,...,&) defined by ideal shaves I¢, to the subscheme £ € Hilb?(S) defined
by the ideal sheaf I, N --- N I¢,. We often use the shorthand notation?

o€, &) =&+ + & (21)
We define the partition cycle as
Vildi] --- Vild,] = o(Vi[di] x --- x V;[d,]) C Hilb%(S). (22)

By [Nak99, Thm 9.10], the subscheme (22) has cohomology class
P—d; (al) o P—d, (ar)ls € H*(Hllbd(S)),

where «; = [V;] for all 1.

1.3 Curves in Hilb?(9)
1.3.1 Cohomology classes

Let C be a projective curve and let f : C' — Hilb%(S) be a map. Let
p: Z4 — Hilb%(S) be the universal subscheme and let ¢ : Z; — S be the
universal inclusion. Consider the fiber diagram

C~' ! Zd 1 s S

}a | (23)

¢ —L s Hibd(s)

3 For functions f; : X — Hilb%(S),i = 1,...,r with (f1,...,f.) : X = U we also use
fi+...+fr=00(fr,...,fr): X = Hilb%(S).
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and let f/ = qofv. The embedded curve C' C C x S is flat of degree d over C.
By the universal property of Hilb%(S), ~we can recover f from C. Here, even
when C' is a smooth connected curve, C' could be disconnected, singular and
possibly non-reduced.

Lemma 1. Let C be a reduced projective curve and let f : C — Hilb%(S) be
a map with

£IC = B+ Cloj)) + kA (24)

j
for some B € Hy(S),v;,7; € Hi(S) and k € Z. Then,

(g0 f)<[C] = 8.
Proof. We may assume d > 2 and C' irreducible. Since p is flat,
FUC) = F7*[C] = g™ f[C).
Therefore, the claim of Lemma 1 follows from (24) and
p"A=0, ¢pCB)=70, ¢pClab)=0

for all 5 € Ha(S) and a,b € H1(S). By considering an exceptional curve of
class A, one finds ¢.p*A = 0. We will verify ¢.p*C(5) = 5; the equation
¢:p*C(a,b) = 0 is similar.

Let U C 8% be the open set defined in (20) with d; = 1 for all 4, and let
o : U — Hilb%(S) be the sum map. We have C(3) = o.(w? ' x ). Consider
the fiber square

U Z, 1 .9

U —— Hilb?(S).

Let Ajq41 C S x S be the (i,d + 1) diagonal. Then U c 84 xS is the
disjoint union Ui:l,...,d Ajgr1 N (U x S). Therefore

4:p*C(B) = qup o (W™t x B)
= pryip, P (W % B)

d
= Zprdﬂ*(mudﬂ] (W x B xes))
i=1

= 3. O
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Lemma 2. Let C be a smooth, projective, connected curve of genus g and
let f: C — Hilb%(S) be a map of class (24). Then

k=x(0g) —d(1 —g)

Proof. The intersection of f,[C] with the diagonal class A = —201((’)[5‘?]) is
—2k. Therefore

k = deg(c1 (O 1 £.[C]) = deg(f* Oy = x(f*O) — d(1 - g),

where we used Riemann-Roch in the last step. Since we have
708 = fp.q*Os = 5. f*q"Os = .0
and p is finite, we obtain X(f*Ogﬂ) = X([0«0z) = x(Og)- O

Corollary 1. Let~ € Hy(Hilb%(S),Z) and let Mo(Hilb%(S),~) be the moduli
space of stable maps of genus 0 in class . Then for m < 0,

Mo(Hilb%(S),y + mA) = @

Proof. Let f : P! — Hilb%(S) be a map in class v + mA. The cohomology
class of the corresponding curve C = f*Z4 C P! x S is independent of m.
Hence, the holomorphic Euler characteristic X(Oé) is bounded from below
by a constant independent of m. Therefore, by Lemma 2, we find m to be
bounded from below when the domain curve is P'. Since an effective class
v + mA decomposes in at most finitely many ways in a sum of effective
classes, the claim is proven. O

1.3.2 Irreducible Components
Let f : C'— Hilb%(S) be a map and consider the fiber diagram
C=f2— 2,
P l

¢ —L 5 Hibd(s),

where p : Z; — Hilb%(S) is the universal family.

Definition 1. The map f is irreducible, if f*Zy is irreducible.
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Let d > 1 and let f : C — Hilb%(S) be a map from a connected non-
singular projective curve C. Consider the (reduced) irreducible components

Gi,...,G,
of the curve C' = f*Z4, and let
§=Uizp(GiNG;) C C

be the image of their intersection points under p. Every connected compo-
nent D of C'\ p~1(€) is an irreducible curve and flat over C'\ €. Since C' is
a non-singular curve, also the closure D is flat over C, and by the universal
property of Hilbd/(S ) yields an associated irreducible map

C — Hilb? (S)

for some d’ < d. Let ¢1,. .., ¢, be the irreducible maps associated to all con-
nected components of C \ p~1(&). We say f decomposes into the irreducible
components ¢i,...,op.

Conversely, let ¢; : C — Hilb%(S),i =1,...,n be irreducible maps with

o > .di=d,
® ¢;Z4, N @524, is of dimension 0 for all ¢ # j.
Let U be the open subset defined in (20). The map
(f1,...,bn) : C — Hilb(S) x --- x Hilb?(9)

meets the complement of U in a finite number of points z1,...,z, € C. By
smoothness of C', the composition

oo (p1,...,0n): C\{z1,...,2m} — Hilb¥(S)

extends uniquely to a map f : C — Hilb?(S).
A direct verification shows that the two operations above are inverse to
each other. We write

f=d1t ot o
for the decomposition of f into the irreducible components ¢1, ..., ¢;.

Let 3, 8; € Ha(S), ’yj,’y;,’ym,fyg’j € Hy(S) and k, k; € Z such that

f.lC] = C(B) + ZC(W,V;) + kA € Hy(Hilb%(S))

J

$i[C] = C(8;) + ZC(W,%J) + kA € Hy(Hilb%(S)).

J
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Lemma 3. We have

o > . Bi=p € HyS;Z)
© > iV A= 25 Avj € A Hi(S) .

Proof. This follows directly from [Nak99, Theorem 9.10]. O

2 The Yau-Zaslow formula in higher dimensions

2.1 Overview

In the remainder of section 2 we give a proof of Theorem 1. The proof
proceeds in the following steps.

In section 2.2 we use the deformation theory of K3 surfaces to reduce
Theorem 1 to an evaluation on a specific elliptic K3 surface S. Here, we
also analyze rational curves on Hilbd(S) and prove a few Lemmas. This
discussion will be used also later on.

In section 2.3, we study the structure of the moduli space of stable
maps which are incident to the Lagrangians L., and L,,. The main result
is a splitting statement (Proposition 2), which reduces the computation of
Gromov-Witten invariants to integrals associated to fixed elliptic fibers.

In section 2.4, we evaluate these remaining integrals using the geometry
of the Kummer K3 surfaces, the Yau-Zaslow formula and a theta function
associated to the Dy lattice.

2.2 The Bryan-Leung K3
2.2.1 Definition

Let 7 : S — P! be an elliptic K3 surface with a unique section s : P! — S
and 24 rational nodal fibers. We call S a Bryan-Leung K3 surface.

Let 21, ..., 224 € P! be the basepoints of the nodal fibers of 7, let By be
the image of the section s, and let

F,cS

denote the fiber of 7 over a point z € P!,
The Picard group

Pic(S) = HYY(S;Z) = H*(S;Z) N HY(S;C)
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is of rank 2 and generated by the section class B and the fiber class F. We
have the intersection numbers B? = —2, B- F =1 and F? = 0. Hence for
all A > 0 the class

Br = B+ hF € Ho(S;Z) (25)

is a primitive and effective curve class of square B,% =2h — 2.
The projection 7 and the section s induce maps of Hilbert schemes

74 Hilb?(S) — Hilbd(PY) =P, sl P4 — Hilb?(S),

such that 7% o sl = idps. The map sl? is an isomorphism from Hilb%(P') to
the locus of subschemes of S, which are contained in By. This gives natural
identifications

P? = Hilb?(P!) = Hilb%(By),

that we will use sometimes. In unambiguous cases we also write m and s for

7l and sl respectively.

2.2.2 Main statement revisited

For d > 1 and cohomology classes 71,..., %, € H*(Hilb%(S); Q) define the
quantum bracket

Hilb%(S)

Hilb®(S) _ k h71< >
<’717-~77m>q _Zzy q Y-+ Ym By +kA )

h>0 k€Z
where the bracket on the right hand side was defined in (4).
Theorem 4. For alld > 1,

Hilb?(S) F(z77)2d72

<Pfl(F)d15 ) p,l(F)d15>q = W7

where ¢ = e*™7 and y = —e?™*.

We begin the proof of Theorem 4 in Section 2.3.
Let ' : S” — P! be any elliptic K3 surface, and let I’ be the class of a
fiber of ’. A fiber of the induced Lagrangian fibration

714 Hilb?(S") — P4

has class p_1(F')?1g. Hence, Theorem 1 implies Theorem 4. The following
Lemma shows that conversely Theorem 4 also implies Theorem 1, and hence
the claims in both Theorems are equivalent.
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Lemma 4. Let S be the fired Bryan-Leung K38 surface defined in Sec-
tion 2.2.1, and let By, = B + hF' be the curve class (25).

Let S" be a K3 surface with a primitive curve class 3 of square 2h — 2,
and let v € H?(S',7) be any class with 3-~v =1 and v*> = 0. Then
Hilb4(S")
B+kA

Hilb?(S)

(1) e, b (M) 7 = (pa(F)s, pa(F)'Ls)

Br+kA

Proof of Lemma 4. We will construct an algebraic deformation from S’ to
the fixed K3 surface S such that g deforms to S, through classes of Hodge
type (1,1), and ~ deforms to F. By the deformation invariance of reduced
Gromov-Witten invariants the claim of Lemma 4 follows.

Let Eg(—1) be the negative Eg lattice, let U be the hyperbolic lattice
and consider the K3 lattice

A=Es(-1)"aU®.
Let e, f be a hyperbolic basis for one of the U summands of A and let
b A= H*(S;7)
be a fixed marking with ¢(e) = B + F and ¢(f) = F. We let
bp=e+(h—1)f

denote the class corresponding to 8, = B + hF under ¢.
The orthogonal group of A is transitive on primitive vectors of the same
square, see [GHS13, Lemma 7.8] for references. Hence there exists a marking

¢ N = H*(S';7)

such that ¢'(by) = 3. Let g = ¢'"1(7) € A be the vector that corresponds
to the class v under ¢'. The span

AO = <gvbh> - A

defines a hyperbolic sublattice of A which, by unimodularity, yields the
direct sum decomposition
A=Ay A(J)‘ .

Because the irreducible unimodular factors of a unimodular lattice are unique

up to order, we find
Af = Eg(-1)®2 @ U®2.
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Hence there exists a lattice isomorphism o : A — A with o(by) = bj, and
o(g) = f. Replacing ¢’ by ¢’ o 0~!, we may therefore assume ¢'(b;) =
and ¢/(f) = 7.

Since the period domain €2 associated to by is connected, there exists a
curve inside 0 connecting the period point of S’ to the period point of S.
Restricting the universal family over €2 to this curve, we obtain a deformation
with the desired properties. ]

2.2.3 Rational curves in Hilb?(S)

Let h > 0 and let k be an integer. We consider rational curves on Hilb%(S)
in the classes By + kA and hF + kA.
Vertical maps

Let uy,...,uq € P! be points such that

e u; is not the basepoint of a nodal fiber of 7 : S — P! for all 4,

e the points uq,...,uq are pairwise distinct.

Then, the fiber of 7l¥ over u; + --- 4 ug € Hilb?(P!) is isomorphic to the
product of smooth elliptic curves

Fuy, x ... xFy,.

d

The subset of points in Hilb?(P!) whose preimage under 7% is not of this

form is the divisor
W =I(x1) U... I(w24) U Ay pry C Hilb?(P1), (26)

where x1,...,x94 are the basepoints of the nodal fibers of 7, I(z;) is the
incidence subscheme, and AH”bd(Pl) is the diagonal, see Section 1.2.2. Since

a fiber of 7% over a point z € P? is non-singular if and only if z ¢ W, we
call W the discriminant of w4,

Consider a stable map f : C' — Hilb%(S) of genus 0 and class hF + kA.
Since the composition

7o f:C — Hilb?(P)

is mapped to a point, and since non-singular elliptic curves do not admit
non-constant rational maps, we have the following Lemma.

Lemma 5. Let f : C — Hilb%(S) be a non-constant genus 0 stable map in
class hF + kA. Then the image of 7\% o f lies in the discriminant W.
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Non-vertical maps
Let f : C — Hilb%(S) be a stable genus 0 map in class f.[C] = B, + kA. The

composition
o f:C — P?

has degree 1 with image a line
L P

Let Cy be the unique irreducible component of C' on which 7 o f is non-
constant. We call Cy C C the distinguished component of C.
Since Cy = P!, we have a decomposition

f|00:¢0+"'+¢r

of f|g, into irreducible maps ¢; : Co — Hilb%(S) where d; are positive
integers such that d = dy + - - - 4+ d;, see Section 1.3.2. By Lemma 3, exactly
one of the maps 7l%l o ¢, is non-constant; we assume this map is ¢.

Lemma 6. Let W be the discriminant of wl?. If L ¢ W, then

(i) di=1 forallie{1,...,r},

(ii) ¢; : Coy — S is constant for all i € {1,...,r},
(iii) ¢o : Coy — Hilb®(S) is an isomorphism onto a line in Hilb®™ (By).
Proof. Assume L & W.

(i) If d; > 2, then 7%l o ¢; maps Cj into Aipds (p1y- Hence

ﬂ—[d] o f — Zlﬂ—[dz} le) ¢Z
maps Cy into AH“bd(Pl) CW. Since L = 74l o f(Co), we find L C W,
which is a contradiction.

(ii) If ¢; : Cp — S is non-constant, then 7o ¢; maps Cy to a basepoint of a
nodal fiber of w : S — P!. By an argument identical to (i) this implies
L C W, which is a contradiction. Hence, ¢; is constant.

(iii) The universal family of curves on the elliptic K3 surface 7 : S — P!
in class 8, = B + hF is the h-dimensional linear system

8| = Hilb"(P!) = P".
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Explicitly, an element z € Hilb"(P') corresponds to the comb curve
By+n1(2)cC S, (27)

where 771(z) denotes the fiber of 7 over the subscheme z C P!.*
Let Z; — Hilb%(S) be the universal family and consider the fiber
diagram
Co
oo

Co —L Hilbd(S).

By Lemma 1, the map f' = qo f: (A]B — S is a curve in the linear
system |Bp/| for some b’ < h. Its image is therefore a comb of the form
(27).

Let Gy be the irreducible component of 6’6 such that 7o f’|¢, is non-
constant. The restriction

ﬁ|Go : G() — Co (28)

is flat. Since wo f’ : 60 — P! has degree 1, the curve 50 has multi-
plicity 1 at Gp, and the map to the Hilbert scheme of S associated to
(28) is equal to ¢o.

Since Gy is reduced and f’|g, : Go — S maps to By, the map ¢y maps
with degree 1 to Hilb% (By). The proof of (iii) is complete. O

The normal bundle of a line

Let sl : Hilb¢(P') — Hilb%(S) be the section, and consider the normal
bundle

d]*
N = sl THiIbd(S)/THilbd(IPl)'
Lemma 7. For every line L C Hilb?(P'),
Thin(s)|, = Taiwiceny |, @ N,

with N‘L = L:OL(—Q)@OL(—D@M_I).

\%
THiIbd(]P’l)l

4 To see this, let C be a curve in class B5,. Since Pic(S) is discrete, the restriction of C
to a general fiber of 7 is linear equivalent to the restriction of the zero section By. This
forces By C C so C' = By + n~ *(2) for some z C P*.
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Proof. Because the embedding sl¥ : Hilb?(P') — Hilb¥(S) has the right
inverse 7%, the restriction

THiIbd(S) |Hi|bd(JP’1)

splits as a direct sum of the tangent and normal bundle of Hilb%(By).

The vanishing H(P?, Q]?Dd) = 0 implies that the holomorphic symplectic
form on Hilb?(S) restricts to 0 on Hilb?(P') and hence, by non-degeneracy,
induces an isomorphism

Thia(ery = N7

Since TH”bd(Pl)‘L = OL(I)GB(d*l) @ Or(2), the proof is complete. O

2.3 Analysis of the moduli space
2.3.1 Overview

Let S be the fixed elliptic Bryan-Leung K3 surface, let z;, zo € Hilb?(P') be
generic points, and for i € {1,2} let

Z; = w71 (z) c Hilbd(S)

be the fiber of 7% over z;. The subscheme Z; has class [Z;] = p_1(F)%1s.
Let
ev : Mo (Hilbd(S), By + kA) — Hilb%(S) x Hilb%()

be the evaluation map from the moduli space of genus 0 stable maps in class
Bn = B+ hF, and define the moduli space

My = Mz(h,k) = ev (21 x Zs)

parametrizing maps which are incident to Z; and Z,.

In Section 2.3, we begin the proof of Theorem 4 by studying the moduli
space My and its virtual class. First, we prove that Mz is naturally iso-
morphic to a product of moduli spaces associated to specific fibers of the
elliptic fibration 7: S — P'. Second, we show that the virtual class splits
as a product of virtual classes on each factor. Both results are summarized
in Proposition 2. As a consequence, Theorem 4 is reduced to the evaluation
of a series F&W(y, q) encoding integrals associated to specific fibers of 7.
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2.3.2 The set-theoretic product

Consider a stable map
[f : C — Hilb“(S), p1,ps] € My
with markings p1,ps € C. By definition of My, we have
md(fp) =z, 7N f(p2) = 2.
Hence, the image of C under ¥ o f is the unique line
Lcp

incident to the points z1, z9 € P?. Because z1, z9 € P? are generic, also L is
generic. In particular, since z; N 29 = &, we have

L& I(x) forall xz P! (29)

Let Cp be the distinguished irreducible component of C' on which 7 o
f is non-constant. By (29), the restriction f|c, is irreducible, and by
Lemma 6 (iii), the map f|¢, is an isomorphism onto the embedded line

L C Hilb(PY) C Hilb%(S).

We will identify Cy with L via this isomorphism.
Let z1,...,z24 € P! be the basepoints of the nodal fibers of 7, and let

Yis- - Y2d—2 € P!
be the points such that 2y; C z for some z € L. For x € P!, let
T=1I(zx)NL e Hilb%P)
denote the unique point on L which is incident to x. Then, the points
Ti, oo, T24, Y15 -5 Y2d—2 (30)

are the intersection points of L with the discriminant of 7 defined in (26).
Hence, by Lemma 5, components of C' can be attached to Cj only at the
points (30). Consider the decomposition

C=ChUAIU---UAy UB1U---UDBy4_o, (31)

where A; and Bj are the components of C' attached to the points z; and y;
respectively. We consider the restriction of f to A; and B; respectively.
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A;r Let 2; = x; + w1 + -+ + wq_; for some points wy € PL. By genericity
of L, the w; are basepoints of smooth elliptic fibers. Hence, f|a4,
decomposes as

fla, = ¢+ wir + - +wq_1, (32)
where wy, € P! C S for all £ denote constant maps, and ¢ : A; — Fy,
is a map to i-th nodal fiber which sends Z; to the point s(x;) € S.

Bj: Let y; = 2y; + w1 + - - - + wq—2 for some points wy € P!. Then, f|B].
decomposes as
f|Bj:¢+w1+~--+’wd_2, (33)
where ¢ : B; — Hilb*(S) maps to the fiber (7[2)~1(2y) and sends the
point y; € L = Cj to s(2y;).

Since L is independent of f, we conclude that the moduli space My is
set-theoretically® a product of moduli spaces of maps of the form f|4, and
f|B;. The next step is to prove the splitting is scheme-theoretic.

2.3.3 Deformation theory
Let [f : C — Hilb%(S), p1, p2] € Mz be a point and let

6 f

il

Spec(Cle] /€?)

Hilb?() (34)

be a first order deformation of f inside Myz. In particular, p is a flat map,
D1, pa are sections of p, and f restricts to f at the closed point.

Consider the decomposition (31) and let z; for ¢ = 1,...,24 and y; for
j=1,...,2d — 2 be the node points A; N Cy and B; N Cy respectively.
Lemma 8. The deformation (34) does not resolve the nodal points 1, ..., %24
and gl) s 7§2d—2-

Proof. Assume f smoothes the node Z; for some i. Let Z4 — Hilb%(S) be

the universal family and consider the pullback diagram

f*Zd =C > Zd S

| |

¢ —L s Hibd(s)

5i.e. the set of C-valued points of Mz is a product

29



Let E be the connected component of f \Zl Z4, which defines the non-constant
map ¢ in the decomposition (32), and let Go = f|¢;, Za. Then, the projection
C — C is étale at the intersection point ¢ = Go N E,

The deformation f : C — Hilb%(S) induces the deformation

K=7F2Z;— Spec((C[e]/e2)

of the curve C. Since C' smoothes 7; and C — C is étale near q, the defor-
mation K resolves q. Then, the natural map K — S defines a deformation
of the curve C — S which resolves q. Since C — S has class Bn, such a
deformation can not exist by the geometry of the linear system |3y,|. Hence,
fdoes not smooth the node ;.

Assume J?smoothes the node y; for some j. We follow closely the argu-
ment of T. Graber in [Gra0l, page 19]. Let F,, be the fiber of 7 : § — P!
over y;, let

D(F,,) = {§ € Hilb(S) | ¢ N F,, # 0}

be the divisor of subschemes with non-zero intersection with F., and con-
sider the divisor
D = Apipas) + D(Fy,)

Let C7 be the irreducible component of C' that attaches to Cy at ¢ = yj,
and let ('3 be the union of all irreducible components of B; except C7. The
curves Cq and C] intersect in a finite number of nodes {g;}. The deformation
fresolves the node ¢ and may also resolve some of the g;.

The first order neighborhood C7 of C in the total space of the deforma-
tion C' can be identified with the first order neighborhood of P! in the total
space of the bundle O(—/), where ¢ > 1 is the number of nodes on C; which
are smoothed by f Let

f': C1 — Hilb%(9)

be the induced map on C;. We consider the case, where I'lcy is a degree
k > 1 map to the exceptional curve at y;. The general case is similar.

Let N be the pullback of O(D) by f' : C; — Hilb%(S), and let s €
HO(C, N) be the pullback of the section of O(D) defined by D. The bundle
N restricts to O(—2k) on Cy. By [Gra0l, page 20|, giving N and s is
equivalent to an element of the vector space

Homo, (O(~0), fl,0(D)),

of dimension £ — 2k +1 < /¢ —1.
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The neighborhood 671 intersects Cy in a double point. Since Cj intersects
the divisor D transversely, s is non-zero on Ci. Let q1,---,qe—1 be the other
nodes on C7 which get resolved by f Since Cy C D, the section s vanishes
at q1,...,qr—1. By dimension reasons, we find s = 0. This contradicts the
non-vanishing of s. Hence, fdoes not smooth the node y;. O

By Lemma 8, any first order (and hence any infinitesimal) deformation
of [f : C' = Hilb%(S), p1,pa] € Mz inside M preserves the decomposition

C=CyU; A; U; B
and therefore induces a deformation of the restriction
fley : Co — L C Hilb%(8). (35)

By Lemma 7, every deformation of L C Hilb%(S) moves the line L in the
projective space Hilbd(Bo). Since any deformations of f inside Mz must stay
incident to Z1, Zy C Hilb%(S), we conclude that such deformations induce
the constant deformation of (35). The image line f(Cp) stays completely
fixed.

2.3.4 The product decomposition

For h > 0 and for z € P! a basepoint of a nodal fiber of 7 : S — P!, let

be the moduli space of 1-marked genus 0 stable maps to S in class hF' which
map the marked point to s(z). Hence, MY (h) parametrizes degree h covers

of the nodal fiber F,. By convention, M;gN)(O) is taken to be a point.

For h > 0, k € Z and for y € P! a basepoint of a smooth fiber of 7, let
F
M) (h, k) (36)

be the moduli space of 1-marked genus 0 stable maps to Hilb?(S) in class

hF + kA which map the marked point to s?(2y). By convention, MZS,F) (0,0)
is taken to be a point.
Let T be a connected scheme and consider a family

¢ —£ Hilb4(s)
l (37)
T
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of stable maps in M. By Lemma 8, the curve C allows a decomposition
C=CoUA1U---UAyUByU---UDByy_o,

where Cj is the distinguished component of C' and the components A; and
Bj are attached to Cp at the points Z; and y; respectively.
The restriction of the family (37) to the components A; (resp. B;) defines

a family in the moduli space Mﬁv)(hxl) (resp. Mg)(hyj, ky;)) for some hy,
(resp. hy;, ky;). Since, by Section 1.3, the line f(Co) = L has class

[L]=B—(d—1)A € Hy(Hilb%(S),Z),
and by the additivity of cohomology classes under decomposing (Lemma 3),
we must have >, hq, + 3 hy; = hand 3 ky, =k +(d —1). Let

24 2d—2
UMy — || (HMQ)(}ZM) <[] M?Sf)(hyj,kyj)). (38)
hk ‘i=1 j=1

be the induced map on moduli spaces, where the disjoint union runs over all

b= (Bays- s Pgss Py - s ) € (NZ0)E0003) (39)
k= (kyys. kyyy ,) € 222

» VY2d—2

such that

> g+ hy,=h and > ky, =k+(d—1). (40)
( J J

Since L C Hilb%(S) is fixed under deformations, we can glue elements of
the right hand side of (38) to Cp and obtain a map in Mz. By a direct
verification, the induced morphism on moduli spaces is the inverse to V.
Hence, ¥ is an isomorphism.

2.3.5 The virtual class

Let Z1, Zy be the Lagrangian fibers of 79 defined in Section 2.3.1, and let
Z = Z1 X Zy. We consider the fiber square

My — 71 oM



where M = M 2(Hilb?(S), B +kA). The map i is the inclusion of a smooth
subscheme of codimension 2d. Hence, the restricted virtual class

[Mz]vir — Z-![M]red (42)
is of dimension 0. By the push-pull formula we have

i d
/[M W1 s e s (43)
Z vir

Let ¥ be the splitting morphism (38). We will show that W,[Mz]V'" splits
naturally as a product of virtual cycles.

Let Lx denote the cotangent complex on a space X. Let E®* — s be
the reduced perfect obstruction theory on M, and let F'* be the cone of the
map

p*i*Q(H”bd(s))g — JFE* ®p*Qy
induced by the diagram (41). The cone F'®* maps to Ly, and defines a perfect
obstruction theory on My. By [BF97, Proposition 5.10], the associated
virtual class is [Mz]"¥.

Let [f : C — Hilb%(S),p1,p2] € Mz be a point. For simplicity, we
consider all complexes on the level of tangent spaces at the moduli point
[f]. Let E, and F, denote the derived duals of E® and F'® respectively.

We recall the construction of E,, see [MP13, STV11]. Consider the
semi-regularity map

b: RU(C, [*Thipa(g)) = VI=1] (44)

where V = HO(Hilb%(S9), QQH”bd(S))V, and recall the ordinary (non-reduced)

perfect obstruction theory of M at the point [f],
ES" = Cone (RI(C, To(=p1 = p2)) = BI(C, [ Trucs) )

where T = L, is the tangent complex on C. Then, by the vanishing of the
composition

RI(C, Te(—p1 — p2)) = RU(C, f Tygyags)) = VI-1], (45)

the map (44) induces a morphism b : EY* — V[—1] with co-cone E,.
By a diagram chase, F, is the co-cone of

(b,dev): EVT V-1 & Nz (21,29)
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where z1, zo are the basepoints of the Lagrangian fiber 71, Z respectively,
N7 (21.2) is the normal bundle of Z in Hilb%(S)? at (z1,22), and dev is
the differential of the evaluation map. Since taking the cone and co-cone
commutes, the complex F, is therefore the cone of

v RI(C, Te(—p1 — p2)) — K, (46)
where
K = Cocone |(b,dev) : RT'(C, f*TH“bd(S)) = VI[-1® Nz 2| (47)
Consider the decomposition
C=CyUA U UAyqUB U UBogy s, (48)

where the components A; and B; are attached to Cp at the points z; and g;
respectively. Tensoring RI'(C,T¢(—p1 — p2)) and K against the partial
renormalization sequence associated to decomposition (48), we will show
that the dependence on L cancels in the cone of (46).

The map (b, dev) fits into the diagram

RT(C, f*Tyipas)) —= BU(L, f*Thipas)) (49)
lv(b,dev)

J{(b,dev)
(o,id)
V[_l] S8 NZ,(Zl,ZQ) - V[_l] @ NZ,(zl,ZQ)a

where v is the restriction map and o is the induced map®. By Lemma 7,
the co-cone of v is RI'(TL(—p1 — p2)).
The partial normalization sequence of C' with respect to ; and y; is

0 — Oc — Oy, @De{Ath} Op — @se{ii,ﬂj} OQS — 0. (50)

Tensoring (50) with f*Tjy,4(s), applying RT'(-) and factoring with (49), we
obtain the exact triangle

(51)

S0 is the inverse to the natural isomorphism in the other direction induced by the

sequence of surjections H'(C,Qc) — @ H'(Ci,Qc,) — H'(C,wc) — 0.
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For each node t € C, let NV; (resp. T3) be the tensor product (resp. the
direct sum) of the tangent spaces to the branches of C' at t. Tensoring (50)
with Te(—p1 — p2) and applying RT'(-), we obtain the exact triangle

RFTc(—pl—pQ) — RP(TL(—pl —pg))@DRF(Tp)@tNt[—H — By — ... .

(52)
By the vanishing of (45) (applied to C' = L), the sequence (52) maps
naturally to (51). Consider the restriction of this map to the summand
RT(Tr(—p1 — p2)) which appears in the second term of (52),

¢ : RU(TL(=p1 — p2)) = RU(L, TL(=p1 — p2)) ©p RU(D, fipThipes)) -

Then, the composition of ¢ with the projection to RI'(L, Tr(—p1 — p2)) is
the identity. Hence, Fy = Cone(y) admits the exact sequence

Fo— ®pGp - @p Hp — Fi1, (53)

where D runs over all 4; and B;, and

Gp = Cone [RF(TD) ®1 Ny[~1] — RL(D, finThpics)
Hp = Cone [@t T, — @ TH“bd(S)vt )

Here t = t(D) = D N Cy is the attachment point of the component D.
The map ¢ in (53) maps the factor Gp to Hp for all D. For D = A,
consider the decomposition

fla, =0 +wi+ -+ w1

The trivial factors which arise in Gp and Hp from the tangent space of
Hilb?(S) at the points wy, ..., wq_; cancel each other in Cone(Gp — Hp).
Hence Cone(Gp — Hp) only depends on ¢ : C — S, and therefore only
on the image of [f] in the factor Mg)(hwi), where Mg)(hxl) is the moduli
space defined in Section 2.3.4. The case D = B; is similar.

Hence, F, splits into a sum of complexes pulled back from each factor of
the product splitting (38). Since F, is a perfect obstruction theory on M,
the complexes on each factor are perfect obstruction theories. Let

[M(N) (h’mi)]Vir and [Mgf) (hij kyj)]Vir

Zq

be their virtual classes respectively. We have proved the following.
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Proposition 2. Let U be the splitting morphism (38). Then, U is an iso-
morphism and we have

24 2d—2
U [Mz)"" =TT ()] T M (B By )]
hk \i=1 j=1

where the sum is over the set (39) satisfying (40).

2.3.6 The series FGW
We consider the left hand side of Theorem 4. By (43), we have

Zzykhl/ 1

h>0 keZ MZ(h7k)]Vlr

Hilb<(5)

(p-1(F)'1s . pa(F)1s),

By Proposition 2, this equals

24 2d—2
k _h—1
S () (I 1)
h>0 (h,k) i=1 [M;I:)(hxi)}vn (F) (hy, skey; )]V
keZ i ha 2, hy;=h

5, by =kH(d=1)

24
— _(d_l) _1( hzz/ 1)
Yy q q
E %0 MG (ha 1V
2d—2
(TS )
(M) (R ey )]

=1 hy, >0
kyjez
2d—2
HZ / ™ (qu /<F> <1>'
i=1 h>0 (R)]¥ i=1 = [My;* ()]

The integrals in the first factor were calculated by Bryan and Leung in their
proof of the Yau-Zaslow conjecture [BLOO]. The result is

1
> g /MW = 11 = (54)

h>0 ]v1r mZO

By deformation invariance, the integrals

/ 1
(Mg (k)]

36



only depend on h and k. Define the generating series

FGW(y,q)ZZthyk_é/ ( 1. (55)

F .
>0 keZ [My]-)(h1k)]v'r

By our convention on Z\Jy(f)(()7 0), the y~1/2¢%-coefficient of FEW is 1.
Let A(q) = q[1,,>1(1 —¢™)** be the modular discriminant A(7) consid-
ered as a formal expansion in the variable ¢ = *™7. We conclude

Hilb?(S) _ FGW(y’ q)2d—2

<P—1(F)dls ; P—l(F)d15>q = Al)

The proof of Theorem 4 now follows directly from Theorem 5 below.

2.4 Evaluation of FGWV and the Kummer K3

Let F be the theta function which already appeared in Section 0.3,

Loy T e g (1+yg™ (A -y g™
F(z,7) () (y'"+y )Tgl (1—qm)2 ;

2miT

where ¢ = ¢ and y = —e?™%,

Theorem 5. Under the variable change ¢ = €*™7 and y = —e*™%*

F(y,q) = F(z,7).

In Section 2.4 we present a proof of Theorem 5 using the Kummer K3
surface and the Yau-Zaslow formula. An independent proof is given in Sec-
tion 4 through the geometry of Hilb? (P! x E), where E is an elliptic curve.

The Yau-Zaslow formula was used in the geometry of Kummer K3 sur-
faces before by S. Rose [Rosl4] to obtain virtual counts of hyperelliptic
curves on abelian surfaces. While the geometry used in [Ros14] is similar to
our setting, the closed formula of Theorem 5 in terms of the Jacobi theta
function F'is new. For example, Theorem 5 yields a new, closed formula for
hyperelliptic curve counts on an abelian surface, see [BOPY15].

2.4.1 The Kummer K3

Let A be an abelian surface. The Kummer of A is the blowup

p:Km(A) - A/+1 (56)
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of A/ + 1 along its 16 singular points. It is a smooth projective K3 surface.
Alternatively, consider the composition

s : Hilb?(A) — Sym?(A) — A

of the Hilbert-Chow morphism with the addition map. Then, Km(A) is the
fiber of s over the identity element 0p € A,

Km(A) = s71(04). (57)
Let E and E’ be generic elliptic curves and let
A=ExFE.

Let t1,...,ts and t},...,t} denote the 2-torsion points of E and E’ respec-
tively. The exceptional curves of Km(A) are the divisors

Aij=p N ((t:t)), 4,5=1,....4.
The projection of A to the factor E induces the elliptic fibration
p:Km(A) — A/+1— E/+1=DP

Hence, Km(A) is an elliptically fibered K3 surface. Similarly, we let p’ :
Km(A) — P! denote the fibration induced by the projection A — E’. Since
E and E’ are generic, the fibration p has exactly 4 sections

s1,...,84 : P — Km(A)

corresponding to the torsion points ¢},..., ¢, of E'. We write B; C Km(A)
for the image of s;, and we let F}, denote the fiber of p over z € P

Let y1,...,y2 € P! be the image of the 2-torsion points t1,...,t4 € F
under E — E/ +1 =P The restriction

p3Km(A)\{Fy17”'7Fy4} —>P1\{y1,...,y4}

is an isotrivial fibration with fiber E’. For ¢ € {1,...,4}, the fiber F,, of p
over the points y; is singular with divisor class

Fy1:2ﬂ+Azl++AZ47

where T; denotes the image of the section of p’ : Km(A) — P! corresponding
to the 2-torsion points t;. We summarize the notation in figure 1.
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E)+1

A A
Bl ® 11 ® 21
A
By JERE /
p
—
Bs
By
T T T3 T
lr
Pl = E/ +1 ° . ° °
Y2 Y3 Yq

Figure 1: The Kummer K3 of A= E x F’

Let F and F’ be the class of a fiber of p and p’ respectively. We have
the intersections
F?=0, F-F'=2 F?=0

and
F-Aij:F,~Aij:0, Aij-AMI*Q(;ikéjg foralli,j,k,fé{l,...,él}.

By the relation
F=2T+Aj + App + Ajiz + Ais

- (58)
F' ' =2B; + Ay; + Ag; + Az + Ay,

for i € {1,...,4} this determines the intersection numbers of all the divisors
above.
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2.4.2 Rational curves and F&W

Let § € Ho(Km(A),Z) be an effective curve class and let

Km(A)
(153 = | 1
0.8 [Mo(Km(A),B)]re

denote the genus 0 Gromov-Witten invariants of Km(A). For an integer
n > 0 and a tuple k = (k:ij)i’j:l,mA of half-integers k;; € %Z, define the class

4
1 n
Bnx = §F/ + §F+ g kijAij € Ho(Km(A), Q).
ij=1

We write 3, x > 0, if 3,k is effective.

Proposition 3. We have

G
Z (1) Oﬁnkq yt = 4 FOV(y, )",
/Bnk:>0

where the sum runs over alln > 0 and k= (k;j);; € (%Z)4X4 for which By, k
1 an effective curve class.

Proof. Let f : C — Km(A) be a genus 0 stable map in class $,x. By
genericity of £ and E’ the fibration p has only the sections By,..., By.
Since p o f has degree 1, the image divisor of f is then of the form

Im(f) = By + D/

for some 1 < ¢ < 4 and a divisor D', which is contracted by p. Since the
fibration p has fibers isomorphic to E’ away from the points y1, . ..,ys € P!,
the divisor D’ is supported on the singular fibers F,,. Hence, there exist
non-negative integers

a;, izl,...,4 and bij7 i,jzl,...,4

such that

Im(f) = By + ZCLZT + Z bij Aij.

4,j=1
Let Cp be the component of C' which gets mapped by f isomorphically to
By, and let D; be the component of C, that maps into the fiber Fy,. Then,

C=CyUDiU---UDy, (59)
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with pairwise disjoint D;. Under f the intersection points Co N D; gets
mapped to s(y;), where s, : P — Km(A) denotes the ¢-th section of p.

By arguments similar to the proof of Lemma 8 or by the geometry of
the linear system |3, k|, the nodal points Cp N D; do not smooth under
infinitesimal deformations of f. The decomposition (59) is therefore pre-
served under infinitesimal deformations. This implies that the moduli spaces
Mo(Km(A), B, x) admits the decomposition

Mo(Km(A), Bze) = || |_| HM (i, (kij + 6je>j>, (60)
{=1 n=

where Méf) (n4, (kij);) is the moduli space of stable 1-pointed genus 0 maps
to Km(A) in class

4
ni
SF+ z; kijAij
j:

and with marked point mapped to s;(y;). The term %@-g appears in (60)
since

1
B, = §(F' — Ay — Agp — Agp — Ayp).

For n; > 0 and k; € Z/2, let

M niki) = | M (i, (kij)) (61)
ki1, ,kia €7,/2
ki=ki1+-+kis

be the moduli space parametrizing stable 1-pointed genus 0 maps to Km(A)
in class 5 I + Zj kijAi; for some k;; with Z]‘ kij = ki and such that the
marked points maps to s¢(y;).

Let n > 0 and k € Z/2 be fixed. Taking the union of (60) over all k such
that k = Z - k;j, interchanging sum and product and reindexing, we get

4
|| Mo(Km(A), Bux) = |_| L] [[MP k) (62)
k: Zi,j kij:k /=1 k’iQn}gT+ +ﬁi4 =1
By arguments essentially identical to those in Section 2.3.5 the moduli space
M (n;, k;) carries a natural virtual class
Yi 19 e

(M7 (ni, k)] (63)
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of dimension 0 such that the splitting (62) holds also for virtual classes:

4

|_| [MO(KIH( Bnk red _ |_| H n“ z VlI‘.

k: o kii=k /=1 n=ni+-+ng =1
Zw K k+2=k1+-+ka

Consider the Bryan-Leung K3 surface mg : S — P!, Let” oy
L C Hilb?*(B)
be a fixed generic line and let y € P! be a point with 2y € L. Let
M) (n, k)

be the moduli space parametrizing 1-marked genus 0 stable maps to Hilb?(S)
in class nF + kA, which map the marked point to s/%(2y), see (36). The
subscript .S is added to avoid confusion. By Section 2.3.5, the moduli space
M éFy) (n, k) carries a natural virtual class.

/ - / 1. (65)
[ (k)] (M) (k)]

The Lemma is proven below. We finish the proof of Proposition 3. By
the decomposition (64),

Z Z Oﬁnquz o

n>0
Bn k>0

Lemma 9. We have

kezZ k+2 k1+ +k4

An application of Lemma 9 then yields
4 4 A

SIS oo |

_ 4. (pGW 4
o )= At

(=1i=1 n;>0 [My;” (i ks
ki €Z
This completes the proof of Proposition 3. O

"We may restrict here to the Hilbert scheme of 2 points, since the evaluation of F¢W
is independent of the number of points.
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Proof of Lemma 9. Let F, = 7r§1(y) denote the fiber of mg over y € PL
Consider the deformation of S to the normal cone of Fy,

S =Blp, xo(S x A') — Al

and let §° C S be the complement of the proper transform of S x 0. The

relative Hilbert scheme
Hilb?(S°/A!) — Al (66)

parametrizes length 2 subschemes on the fibers of S° — Al. Let
p: M — A

be the moduli space of 1-pointed genus 0 stable maps to Hilb*(S°/A!) in
class nF + kA, with the marked point mapping to the proper transform of
s121(2y) x A'. The fiber of p over t # 0 is

p(t)

The fiber over ¢ = 0 parametrizes maps to Hilb*(C x F,). Since the domain
curve has genus 0, these map to a fixed fiber of the natural map

F

Hilb(C x F,) - Sym?(C x F,) == F,.

We find, that p~!(0) parametrizes 1-pointed genus 0 stable maps into a
singular D4 fiber of a trivial elliptic fibration, with given conditions on the
class and the marking. Comparing with the construction of Km(A) via (57)

and the definition of Méf) (ni, ki), one finds

p 1 (0) = MY (i, k).

The moduli space M’ carries the perfect obstruction theory obtained by
the construction of section 2.3 in the relative context. On the fibers over
t # 0 and ¢t = 0 the perfect obstruction theory of M’ restricts to the perfect
obstruction theories of M éF;
associated virtual class [M’]

virtual classes:

(n, k) and My(f) (n;, k;) respectively. Hence, the

vir restricts on the fibers to the earlier defined

CIM = (M) (n k)T (£ 0),
O![Ml]vir _ [Méf) (ni7 ki)]vir.

Since M’ — A' is proper, the proof of Lemma 9 follows now from the
principle of conversation of numbers, see [Ful98, Section 10.2]. O
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2.4.3 Effective classes

By Proposition 3, the evaluation of FEW (y, q) is reduced to the evaluation
of the series Kon(A)
D (Lo, Ty, (67)
n,k

B >0
Since Km(A) is a K3 surface, the Yau-Zaslow formula (1) applies to the in-

variants <1>;<m(A)’ when £ is effective® The remaining difficulty is to identify

precisely the set of effective classes of the form g, k.

Lemma 10. Let n > 0 and k € (Z/2)*4. If Bn.k is effective, then there
exists a unique £ = {(n, k) € {1,...,4} such that

1 4
Pk = B+ Z aiTi + Z bij Aij -
i=1 ij=1

for some integers a; > 0 and b;; > 0.

Proof. If B3, x is effective, then by the argument in the proof of Proposition
3, there exist non-negative integers

a;, izl,...,4 and bij7 i,jzl,...,4
such that
4 4
Bnge=Be+Y_aiTi+ Y biAy
i=1 ij=1

for some ¢ € {1,...,4}. We need to show, that ¢ is unique. By (58), we
have

F’ 1 a ! a; 1
Py =5+ ZZQIZF+ > (bij - 51 — 59 )Aija
ij=1

hence k;; = bj; — % — %531. We find, that ¢ is the unique integer such that

for every i one of the following holds:

o kij € Z for all j # ¢ and ki ¢ Z,
° kijgéZforallj#ﬁandkigEZ.

In particular, £ is uniquely determined by k. O

8In fact, the Yau-Zaslow formula applies to all classes 8 € H2(Km(A), Z) which are of
type (1,1) and pair positively with an ample class.
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By the proof of proposition 3, the contribution from all classes 3, x with
a given £ to the sum (67) is independent of ¢. Hence, (67) equals

4- Z<105nqu (68)

where the sum runs over all (n, k) such that 3, i is effective and ¢(n, k) = 1.
Hence, we may assume ¢ = 1 from now on.
It will be useful to rewrite the classes 3,k in the basis

Bl, F and Ti, Aig, Aig, Ai4, 1= 1, . .,4. (69)

Consider the class

4
1 n
By = 5F +5F + > kijAi € Hy(Km(A),Q)
ij=1

4 4
=B +nF + Z <azTZ + Z biinj) ,
i=1 j=2
where (n,k) and (7, a;, b;;) are related by
n=2mn+ Ziai, kﬂ = —%(ai + 1), /ﬂj = bij — % (] > 2). (70)
Lemma 11. If B, i is effective, then n,a;, b;j are integers for all i,j.
Proof. If B, x is effective with ¢(n,k) = 1, there exist non-negative integers
a, i=1,...,4 and by, i,j=1,...,4
such that
4 4
Buge =B1+ > a;Ti+ > bijA.

i=1 ij=1

In the basis (69) we obtain

B = B1 + (iéil)FJr 24: ( — 2b;1)T; + Z i — ﬂ)Ai).
i=1 i=1 =2

The claim follows. O

Lemma 12. If n,a;,b;j are integers and ﬁi g = —2, then B, 1 is effective.
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Proof. If 7, a;,b;; are integers, then [,y is the class of a divisor D. By
Riemann-Roch we have
xX(O(D)) +x(O(-D)) _ D?

== 42
2 y T2

and by Serre duality we have

WD) + WD) > XD+ XOD)

2
Hence, if 37 ) = D? > =2, then h%(D) + h°(—=D) > 1. Since F - B, = 1,
we have h?(—D) = 0, and therefore h%(D) > 1 and D effective. O

We are ready to evaluate the series (68).
By Lemma 11 we may replace the sum in (68) by a sum over all integers
n € Z and all elements

4
xi:aiTi—i—Zbiinj, 1=1,...4
j=2

such that
(1) a;, bi2, biz, bis are integers for ¢ € {1,...,4},
(i) B1 +nF + ), x; is effective.

Hence, using (70) the series (68) equals

7 a4 — s T Km(A
43 Y @Sy T (1)K o S (71)
n X1,...,T4
where the sum runs over all (7, z1,...,z4) satisfying (i) and (ii) above.

By the Yau-Zaslow formula (1), we have

< 1 >Km(A) (72)

1
0.BitnF+3 ;2 [A(T)} T2

whenever By +nF + ), x; is effective; here [ - |;m denotes the coefficient of
¢™. The term (72) vanishes, unless

2
. 1 1 .
n—1+52(1‘i,xi>:§ <B1+nF+in> > 1.
(]

2

When evaluating (71), we may therefore restrict to tuples (7, z1,...,24),
that also satisfy
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(i) (By+aF+Y,3)° > —2.

By Lemma 12, condition (i) and (iii) together imply condition (ii). In (71)
we may therefore sum over tuples (72, 1, ..., x4) satisfying (i) and (iii) alone.
Rewriting (iii) as

> — Z(mi,xi>/2

and always assuming (i) in the following sums, (71) equals

4. Z Z q2ﬁ+2i aiy_2+zz‘<xiaTi> |:A27—)

T1,..,%4 >y, (zg,q)
225

=4. Z y_2+zz‘(xiaTi>q2+Zi(ai—<xi7l’i>)

:|qﬁ_1+zi<xi’xi>/2

T1,...,24
- 1
. Z ! [A(T)LﬁHZi Seigeal
A2y, gt
4 —24 3 (@0, 1) 24T (i (i)
= . y A\ q \% (EE
A2,
4
= 4 . H (Zy—%+($i7Ti)q%+ai—($i@i>) .
A(27) Pl ey

Consider the Dy lattice, defined as Z* together with the bilinear form

Z' X 23 (2,y) = (2,y) = a" My,

where
2 -1 -1 -1
-1 2 0 0
M -1 0 2 0
-1 0 0 2

Let (e1,...,e4) denote the standard basis of Z* and let
o = 2e1 + ez + e3 + ey4.

Consider the function

. «Q €1 a a
(—‘) R = (—2 < -, 7>> . <x+2,x+2>
(z,7) EEZ4e><p mi{ x + 5 zel + > q
x
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where z € C,7 € H and q = ¢*™". The function O(z, 1) is a theta function
with characteristics associated to the lattice Dy. In particular ©(z,7) is a
Jacobi form of index 1/2 and weight 2, see [EZ85, Section 7].”

Lemma 13. For every i € {1,...,4},
Zy—%+<$i7Ti)q%+ai_<$iyzi> = O(z,7)
i

under ¢ = €™ and y = —e?™*,
Proof. Let Dy(—1) denote the lattice Z* with intersection form
(z,y) — —zT My.
The Z-homomorphism defined by
e1 = Ti, e Aip, ez Ajz, ear> A

is an isomorphism from Dy(—1) to
(ZTi ® ZAiz ® LAz © LA, (- '>>7

where ( , ) denotes the intersection product on Km(A). Hence,

Zy_%+<$szl>q%+al_($lvxl> — Z y_%_<mvel>q%+<$7a>+(xv$>
Z; z€Z*
Using the substitution y = exp(2miz + mi), we obtain
a e o, o
Z exp ( —2mi - (x + 5ozert 51>> g = 9(z, 7). O
xcZ4

By Lemma 13, we conclude

Km(A) 5 S kg 4 4
1 iR = .
; < 0,6n,x 7Y ! A(QT) ®(Z7T) (73)
B ic>0

9 The general form of these theta functions is

o, [ g } (z,7) = Z q%<”+A’I+A> exp (27ri . <ac + Az v+ B>) .

zeZt

for characteristics A, B € Q* and a direction vector v € C*. Here,

O(2,7) = 6(_ay) [ e, ] (2,27).
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2.4.4 The theta function of the D, lattice
Consider the Dedekind eta function
=g J[-q™ (74)
m>1
and the first Jacobi theta function
91(z,7) = —ig" ¥ (p"? —p™ ) [T (1 = g™ (1 = pg™)(1 = p~"¢™),
m>1

where ¢ = €™ and p = ™%,

Proposition 4. We have

—91(2,7) - n(27)°
n(r)?

The proof of Proposition 4 is given below. We complete the proof of
Theorem 5.

O(z,7) = (75)

Proof of Theorem 5. By Proposition 3, we have
GW i
F =2 (1) o 195
5b k>0

The evaluation (73) and Proposition 4 yields

aw 1 (Oi(z7) - n(2n)®)*
PP o) = A(%)( pIESE )

Using A(7) = n(7)?* and since by definition (see Section 2.3.6) the y~1/2¢°
coefficient of FEW is 1, we conclude

Y1 (z,7)
n3(7)

Proof of Proposition 4. Both sides of (75) are Jacobi forms of weight 2 and
index 1/2 for a certain congruence subgroup of the Jacobi group. The state-
ment would therefore follow by the theory of Jacobi forms [EZ85] after com-
paring enough coefficients of both sides. For simplicity, we will instead prove
the statement directly.

FW(y,q) =

= F(z,71). O
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2miT

We will work with the variables ¢ = e and p = e?™*. Consider

Y7) — V1(2,7) — _i(pl/2 _ /2 (1—=pg™) (1 —p~'g™)
Flz7) = 50y =~ —p )ngl 0= g2 (76)

By direct calculation one finds

F(z 4 Am+ p,7) = (1) g 2p K (2, 7)

77
O(z+ AT+ p,7) = (—1))‘+“q*)‘/2p*>‘@(z, 7). (77)
We have
o _ . g ﬂ <x+ﬁ7x+ﬁ>
0(0,7) = Zexp( 27r7,<x+ X 2>)q 2772
xEZ4
= Z exp ( — i, el))q<m/’xl>
T ELA+G

Since for every @’ =m + § with m € 7Z* one has

exp (— mi(2', e1)) + exp (— mi(—2',e1)) = —i(—1){men) pj(—1)men)
=0,

we find ©(0,7) = 0. By (76), we also have F(0,7) = 0.

Since © and F' are Jacobi forms of index 1/2 (see [EZ85, Theorem 1.2]),
the point z = 0 is the only zero of © resp. F' in the standard fundamental
region. Therefore, the quotient

O(z, 1)

F(z,71)
is a double periodic entire function, and hence a constant in 7. Using the
evaluations ) )

1 1+¢™ 2
" <2’T> =2]] (1+qm)2 = o™ T)4
L a=gme =

and )

reZ4
the statement therefore follows directly from Lemma 14 below. O
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Lemma 14. We have

8
S ettt 2o n(2r)°

reZ4
Proof. As a special case of the Jacobi triple product [Cha85], we have
T 1 — q m
(( 1/8 H Z q +1)%/2
mr m>1 MEZ

For m = (my,...,my) € Z*, let

= Llyey Llye g e
Tm = \MT5 )T "™y )5 YD)

Using that «, es, e3, e4 are orthogonal, we find

16 (Z q(m+ ) /2> Z q(xmv$m>
meZ mezZ4
We split the sum over m = (my,...,m4) € Z* depending upon whether

m1 + m; is odd or even for ¢ = 2, 3,4,

Y= Y Y g ()

mezZ4 52,53,54€{0,1} (m1,...,m,)EZ*
mi1+m;=s; (2)

For every choice of sg, s3,s4 € {0,1}, we have

Z gfmam) — Z q<x+§,z+§>7

(ml,...,mr)EZ4 T€Z4
mi+m;=s;(2)

where 3 € Z* is a root of the Dy-lattice (i.e. (3, ) = 2). Since the isometry
group of Dy acts transitively on roots,

O P W

reZ4 zeZ4

Inserting this into (78) and dividing by 8, the proof is complete. O
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3 Evaluation of further Gromov-Witten invariants

3.1 Overview

In Section 3 and Section 4 we prove Theorem 2

In Section 3.2 we reduce the calculation to a Bryan-Leung K3. We also
state one extra evaluation on the Hilbert scheme of 2 points of a K3 surface,
which is required in Section 5. Next, for each case separately, we analyse the
moduli space of maps which are incident to the given conditions. In each
case, the main result is a splitting statement similar to Proposition 2.

As a result, the proof of Theorem 2 is reduced to the calculation of certain
universal contributions associated to single elliptic fibers. These contribu-
tions will be determined in Section 4 using the geometry of Hilb?(P' x E),
where F is an elliptic curve. The strategy is parallel but more difficult to
the evaluation considered in Section 2.3.

3.2 Reduction to the Bryan-Leung K3

Let 7 : S — P! be an elliptic K3 surface with a unique section and 24 nodal
fibers. Let B and F' be the section and fiber class respectively, and let

Brn =B+ hF

for h > 0. The quantum bracket ( ... ), on Hilb%(S),d > 1 is defined by

Hilbd(S) k h_1 Hilb4(S)
<Vla"'7’ym>q _hzm]%y q <’717---77m>5h+k,4 )
>0 ke

where 71,...,7m € H*(Hilb%(S)) are cohomology classes. By arguments
parallel to Section 2.2.2, Theorem 2 is equivalent to the following Theorem.

Theorem 6. Let P,..., Pyg o € S be generic points. For d > 2,

(e - S
<A>Hilbd(5) _ _l(in(z T))G(Zv(T))dz
d 2\"dy ’ AT
o )

under the variable change q¢ = e*>™ and y = —e?™>.

52



Later we will require one additional evaluation on Hilb?(S). Let P € S
be a generic point and let
p-1(F)*1s
be the class of a generic fiber of 2 : Hilb?(S) — P2.

Theorem 7. Under the variable change ¢ = €*™7 and y = —e*™*

)

ilb2 F(z,7)- 4 p Z,T
<]L1(F)21s, I(P)>Hlb (s): ( )A(ijg (2,7)

q

3.3 Case (C(F)),
. . Hilb%(S)
We consider the evaluation of <C(F)>q . Let P,...,P;_1 € S be

generic points, let Fy be a generic fiber of the elliptic fibration 7 : § — P!,
and let
Z = Fy[1]Pi[1] - - - P4_1[1] € Hilb%(S)

be the induced subscheme of class [Z] = C(F'), where we used the notation
of Section 1.2.2 (v). Consider the evaluation map

ev : Mo 1(Hilb(S), B, + kA) — S, (79)
the moduli space parametrizing maps incident to the subscheme Z
Mz =ev 1(2), (80)

and an element

[f : C — Hilb(S),p] € M.

By Lemma 5, there does not exist a non-constant genus 0 stable map to
Hilb?(S) of class h'F 4 k’A which is incident to Z. Hence, the marking
p € C must lie on the distinguished irreducible component

CocCcC

on which 7% o f is non-constant. By Lemma 6, the restriction f lco s
therefore an isomorphism

f|CO : C() — Bo[l]Pl[l] LR Pd—l[l]

o (81)
= I(Bo)NI(P)N...NI(Py_y) C Hilb%(S),

where By is the section of S — PL. In particular, f(p) = (Fo N By) + > b
We identify Cy with its image in Hilb%(S).
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Let z1, ..., z94 be the basepoints of the rational nodal fibers of 7 and let
u; = n(P;) for all i. The image line L = nl4 o f(C') meets the discriminant
locus of 7% in the points

xi+diuj (i=1,...,24) and 2uj+» u; (i=1,...,d—1)
=1 i
By Lemma 5, the curve C is therefore of the form
C=CyUAU...UAyUBU...UBy_
where the components A; and B; are attached to the points
zi+Pi+--+P;y and wuj+Pi+...4+P;, (82)

respectively. Hence, the moduli space My is set-theoretically a product of
spaces parametrizing maps of the form f|4, and f|p, respectively. We show
that the set-theoretic product is scheme-theoretic and the virtual class splits.
The argument is similar to Section 2.3.

First, the attachment points (82) do not smooth under infinitesimal de-
formations: this follows since the projection

f*Zh 216?—%(7

is étale over the points (82), see the proof of Lemma 8; here Z; — Hilb?(S) is

the universal family. Therefore, any infinitesimal deformation of f inside My

induces a deformation of the image f(Cp). This deformation corresponds to

moving the points P, ..., P;_1 in (81), which is impossible since f continues

to be incident to Z. Hence, f(Cp) is fixed under infinitesimal deformations.'”
By a construction parallel to Section 2.3.4, we have a splitting map

24 d—1
UMy — || (HMg)(hm) <[] Mgﬁ(hyj,kyj)), (83)
) j=1

(k) Ni=1

where Mag\l) (hy,;) was defined in Section 2.3.4, and for an appropriately de-
fined moduli space M&?) (hy,, ky;); since f(Cop) has class B, the disjoint union
in (83) runs over all

h=(Rays. s Poggy Bugs oy Py ) € (NZ0) {70t}

84
k= (kuy,. ook, ,) €241 (84)

10" Although f(Co) is fixed under infinitesimal deformations, the point u; in the at-
tachment point f(Co N Bj) = u; + P1 + -+ + Pg—1 may move to first order, compare
Section 3.6.
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such that >, ha, + 325 by, = h and °; ky; = k. Since f(Cp) is fixed under
infinitesimal deformations, the map ¥ is an isomorphism.

Let [Mz]'' be the natural virtual class on M. By arguments parallel
to Section 2.3.5, the pushforward W,[Mz]"'" is a product of virtual classes
defined on each factor. Hence, by a calculation identical to Section 2.3.6,
(C(F))q is the product of series corresponding to the points z; and u; re-
spectively.

For the points x1,...,x24, the contributing factor agrees with the con-
tribution from the nodal fibers in the case of Section 2. It is the series (54).
For uq,...,uq—1 define the formal series

GV, ) =D ykq"/

1, (85)
h>0 kEZ [M’SL?>(h7k)}Vir

where we let [Méf)(h, E)]VI' denote the induced virtual class on Mig})(h, k).
We conclude

HibY(S)  GOW(y, q)@1
C(F == 86
(o). AT (36)
3.4 Case (A),
. . Hilb%(S) .
We consider the evaluation of (A)g . Let Py,...,P;_o € S be generic

points, let
Z = Ry2]|P1[1] - - - Py_[1] C Hilb%(S)

be the exceptional curve (of class A) centered at 2Py + P, -+ + P;_s, and
let
My =ev Y(2),

where ev is the evaluation map (79). We consider an element
[f: C — Hilb(S),p] € M.

Let Cy C C be the distinguished component of C' on which 7l¥ o f is non-
constant, and let C’ be the union of all irreducible components of C' which
map into the fiber

()" (2ug + ur + . .. + ug_2),

where u; = 7(P;). Since f(Cp) cannot meet the exceptional curve Z, the
component C’ contains the marked point p,

peC.
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The restriction f|c» decomposes into the components
flo=¢+P1+-+ Py,

where ¢ : C' — Hilb?(S) maps into the fiber 712=1(2ug) and the P; denote
constant maps.
Consider the Hilbert-Chow morphism

p : Hilb*(S) — Sym?(9)
and the Abel-Jacobi map
aj : Sym?(F,,) — Fu, -

Since p(¢(p)) = 2Py, the image of ¢ lies inside the fiber V' of
p~(Sym*(Fyy)) & Sym®(Fuy) = Flug

over the point aj(2F). Hence, f|c» maps into the subscheme
V=V+P +...+P;,CHib%9).

The intersection of V with the divisor D(By) C Hilb%(S) is supported in
the reduced point

s(uo) + Q+ Pr+ -+ + Pa_a € Hilb(5), (87)
where s : P1 — S is the section and Q € F,, is defined by
aj(s(uo) + Q) = aj(2h) -

Since the distinguished component Cy C C' must map into D(By), the point
f(Co N C") therefore equals (87). Hence, the restriction f|¢, yields an iso-
morphism
fley : Co — Bo[LJQ[UP[1] - -+ Pa—s[1],
and we will identify Cy with its image.
Following the lines of Section 3.3, we find that the domain C is of the

form
C:CoUC,UAlU...UA24UBlU...UBd_2,

where the components A; and B; are attached to the points

i+ Q+ P+ + P, uj+Q+ P+ + Py
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respectively. Hence, My is set-theoretically a product of spaces correspond-
ing to the points

UQy ULy e e sy UJ—2y LTy T2 (88)
By arguments parallel to Section 3.3, the moduli scheme My splits scheme-

theoretic as a product, and also the virtual class splits. Hence, (A ), is a
product of series corresponding to the points (88) respectively.

For x1,...,x94 the contributing factor is the same as in Section 2.3.6,
and for uq,...,uq_o it is the same as in Section 3.3. Let
GV(y,q) € Q(v))[l4]] (89)

denote the contributing factor from the point ug. Then we have

<A >Hi|bd(5) _ GGW(y, q)d—2éGW(y’ q) (90)
q A(Q)

3.5 Case <[(P1),...,I(P2d,2)>q

Let Pi,...,Py3_o € S be generic points. In this section, we consider the

evaluation of
Hilb9(S)
<I(P1), . ,I(Pgd_2)>q (91)

In Section 3.5.1, we discuss the geometry of lines in Hilb?(P'). In Section
3.5.2, we analyse the moduli space of stable maps incident to I(Py), ..., I(Pq_2).

3.5.1 The Grassmannian
Let Z4 — Hilb%(P') be the universal family, and let
L < Hilb%(Ph)

be the inclusion of a line such that L ¢ I(z) for all z € P'. Consider the
fiber diagram
L 2, > P!
L

— Hilb%(P").

The curve L C L x P! has bidegree (d, 1), and is the graph of the morphism

Ip:P' > L, 2= I(x)NL. (92)
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By definition, the subscheme corresponding to a point y € L is IL_l(y).
Hence, the ramification index of I, at a point € P! is the length of Iy (x)
(considered as a subscheme of P!) at x. In particular, for y € L, we have
Yy € AH”bd(Pl) if and only if I (x) = y for a branchpoint x of I}.

Let R(L) C P! be the ramification divisor of Ij,. Since I}, has 2d — 2
branch points counted with multiplicity (or equivalently, L meets AH”bd(Pl)
with multiplicity 2d — 2),

R(L) € Hilb?=2(p).

Let G = G(2,d + 1) be the Grassmannian of lines in Hilb¢(P!). By the
construction above relative to GG, we obtain a rational map

¢ : G --» Hilb*=2(PY), L — R(L) (93)

defined on the open subset of lines L € G with L ¢ I(x) for all x € PL.
The map ¢ will be used in the proof of the following result. For u € P,
consider the incidence subscheme

I(2u) = {z € Hilb%(P!) | 2u C 2}

Under the identification Hilb%(P') = P4, the inclusion I(2u) C Hilb%(P!) is
a linear subspace of codimension 2. Let

Z —15 P4 Hilb%(P!) (94)

|

G
be the universal family of G, and let
S, =plg ' (I(2u))) ={L € GILNI(2u) # &} C G
be the divisor of lines incident to I(2u).
Lemma 15. Let uy,...,usq_2 € P be generic points. Then,

Suy Moo Sy s (95)

s a collection ofé(Qdd:f) reduced points.
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Proof. The class of S, is the Schubert cycle o1. By Schubert calculus the
expected number of intersection points is

-1
a d\d-1
It remains to prove that the intersection (95) is transverse.

Given a line L C I(x) C Hilb?(P') for some = € P!, there exist at most
2d — 1 different points v € P! with 2v C z for some z € L. Hence, for every
L in (95) we have L ¢ I(z) for all z € P!. Therefore, Sy, N...N Sy,, , lies
in the domain of ¢. Then by construction of ¢, the 1ntersect10n (95) is the
fiber of ¢ over the point

UL+ -+ Ugg—2 € Hilbzd_Q(Pl).

We will show that ¢ is generically finite. Since uq, ..., usq_o are generic, the
fiber over uy + - - - + ugq_o is then a set of finitely many reduced points.

We determine an explicit expression for the map ¢. Let L € G be a line
with L ¢ I(x) for all z € P!, let f,g € L be two distinct points and let
o, X1 be coordmates on P'. We write

f=anzy + an_lscg*lxl + -+ apzf
g =bpxy + bn_lnglxl + -+ boxl

for coefficients a;,b; € C. The condition L ¢ I(z) for all z is equivalent to
f and g having no common zeros. Consider the ratlonal function

anx™ + -+ ag
(@) = hlao/a1) = f/g = §mm g,

where z = x¢/x1. The ramification divisor R(L) is generically the zero locus
of the nominator of b’ = (f/g)" = (f'g — f¢')/g%; in coordinates we have

2d—2
flg—td = Z ( > (=) ajbi)):cm
m=0 ,L+Jz<rjn+1

Let M;; = a;b; — a;b; be the Pliicker coordinates on G. Then we conclude

2d—2

=Y (X G-My)a™ € HibR AP,

m=0 i+j=m+1
1<J
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By a direct verification, the differential of ¢ at the point with coordinates
(a07-"aan) = (1¢O¢--->071)7 (b(]a'--abn) = (O¢1707--'70a1)
is an isomorphism. Hence, ¢ is generically finite. O

Let uq,...,usq_2 € P! be generic points. Consider a line
L € Su1 n... ﬂSqu_2 = (bil(ul +"'+U2d_2)

and let Uy, be the formal neighborhood of L in G. By the proof of Lemma 15,
the map
¢ : G --» Hilb?¢=2(p1)
is étale near L. Hence, ¢ induces an isomorphism from Uy, to
R 2d—2 R
Spec (OHi|bd(P1),u1+...+u2d,2) = H Spec(Op1 4, ) » (96)
i=1

the formal neighborhood of Hilb%(P') at uy + - - - +ugq_o. Composing ¢ with
the projection to the i-th factor of (96), we obtain maps

kit U —2 Spec (@Hilbd(Pl)mﬁ,”JrquiQ) — Spec(Op1,,) C P, (97)

which parametrize the deformation of the branch points of I; (defined
in (92)).
In the notation of the diagram (94), consider the map
q_l(AHnbd(Pl)) - G (98)

whose fiber over a point L’ € G are the intersection points of L’ with the
diagonal AH“bd(Pl). Since L is in the fiber of a generically finite map over a
generic point, we have

for pairwise disjoint subschemes &; € Hilb%(P!) of type (21972) with 2u; C &;.
The restriction of (98) to Ur is a (2d —2)-sheeted trivial fibration, and hence
admits sections

U1y, U2d—2 1 UL — q_l(AHilb’i(Pl)”UL’ (99)

such that for every ¢ the composition g o v; restricts to & over the closed
point. Moreover, since ¢ o v; is incident to the diagonal and must contain
twice the branchpoint k; defined in (97), we have the decomposition

qovi=2k;+h1+ -+ hgo (100)

for maps hi,...,hg_s : Uy, — PL.
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3.5.2 The moduli space
Let Pi,..., Pyg_o € S be generic points and let u; = w(F;) for all i. Let

ev : Mo 242 (Hilb%(S), By + kA) — (Hilb%(5))*~?
be the evaluation map and let
MZ = eV_1 (I(Pl) X oo X I(Pgd_g))

be the moduli space of stables maps incident to I(Py),...,I(Pyq—2). We
consider an element

[f: C = Hilb%(S), p1,. .. ,pag_s] € M.

Since P; € f(p;) and P; is generic, the line L = 7(f(C)) C Hilb%(P!) is
incident to I(2u;) for all 4, and therefore lies in the finite set

Suy N+ N Suy, , € G(2,d+1) (101)

defined in Section 3.5.1; here G(2,d + 1) is the Grassmannian of lines in P?.
Because the points u1, ..., usq_o are generic, by the proof of Lemma 15
also L is generic. By arguments identical to the case of Section 2.3.2; the
map f|c, : Co — L is an isomorphism. We identify Cy with the image L.
For 2 € P!, let = I(x) N L be the unique point on L incident to z. The
points
51,...,524,ﬁ1,...,ﬂ2d,2 (102)

are the intersection points of L with the discriminant of 7 defined in (26).
Hence, by Lemma 5, the curve C' admits the decomposition

C=CoUA1U---UAyyUBiU---UByy_o,

where A; and B; are the components of C' attached to the points z; and u;
respectively; see also Section 2.3.2.

By Lemma 8, the node points Cy N A; and Cp N B; do not smooth under
deformations of f inside Myz. Hence, by the construction of Section 2.3.4,
we have a splitting morphism

24 2d—2
vty — U (T100 0 [T 08000)). 109

L hk “i=1 j=1
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where h, k runs over the set (39) (with y; replaced by w;) satisfying (40),

and L runs over the set of lines (101), and where Mtgl)(h’ , k) is the moduli
space defined as follows:
Consider the evaluation map

ev : Moo (Hilb?(S), W' F + k' A) — (Hilb*(S))?
and let
ev ! (I(P}) x Hilb*(By)) (104)

be the subscheme of maps incident to I(P;) and Hilb?(By) at the marked
points. We define ng.{)(h’ , k') to be the open and closed component of
(104) whose C-points parametrize maps into the fiber wl2=1(2u;). Using
this definition, the map W is well-defined (for example, the intersection point
Co N Bj maps to the second marked point in (104)).

In the case considered in Section 2.3, the image line L = f(Cy) was fixed
under infinitesimal deformations. Here, this does not seem to be the case;
the line L may move infinitesimal. Nonetheless, the following Proposition
shows that these deformations are all captured by the image of W.

Proposition 5. The splitting map (103) is an isomorphism.
We will require the following Lemma, which will be proven later.

Lemma 16. Let ¢ : C — Hilb?(S) be a family in Mg{)(h’,k’) over a con-
nected scheme 'Y,

C —2 Hilb%(S) .
J (105)
Y

Then 7?0 ¢ maps to Hilb*(P') N I (u;).

Proof of Proposition 5. We define an inverse to V. Let

<(¢; t A = S, qz,)i=1,..24, (0 : Bj — H”bQ(S),pj,q]‘)jzl,...,Qd—Q) (106)

be a family of maps in the right hand side of (103) over a connected
scheme Y. By Lemma 16, 7% o ¢; : B; — Hilb*(P') maps into I(u;) N
Apgip2(pry- Since the intersection of the line I(u;) and the diagonal Apye g
is infinitesimal, we have the inclusion

I(u;) N AHiIbQ(IP‘l) = Spec(@AHi|b2(pl)72uj) = Spec(@Pl,uj),
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and therefore the induced map ¢;: Y — Spec(@ﬂmvui) making the diagram

B;

[

i ~ ~
y —— SpeC(OAHi|b2<]p1)72uj) = Spec(OP17uj)

commutative. Let £ = (¢);: Y — Up, where

Ur = H?d:f Spec(@pmj) = SpeC(@H“de—Q(P1)7Ei w)-
Under the generically finite rational map
G(2,d+1) --» Hilb*~2(PY),

defined in (93), the formal scheme Uy, is isomorphic to the formal neighbor-
hood of G(2,d+ 1) at the point [L]. We identify these neighborhoods under
this isomorphism.

Let Z;, — Uy be the restriction of the universal family Z2 — G(2,d + 1)
to Ur. By pullback via £, we obtain a family of lines in P4 over the scheme
Y,

CZp =Y, (107)

together with an induced map
(4]
b 020 5 20 o P = HibY(Bo) S Hilbd(S).

We will require sections of £*Z; — Y, which allow us to glue the domains
of the maps ¢, and ¢; to £*Z. Consider the sections

V1y...,02d—2 : Y — K*ZL

which are the pullback under ¢ of the sections v; : Ur, — Z; defined in
(99). By construction, the section v; : Y — ¢*Z parametrizes the points of
£* Z7, which map to the diagonal AH”bd( s) under ¢ (in particular, over closed
points of Y they map to I(u;) N L).

For j =1,...,2d — 2, consider the family of maps ¢; : B; — Hilb(S),

B; 2~ Hilb%(5) (108)

oo

Y
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where p; is the marked point mapping to I(P;), and g¢; is the marked point
mapping to Hilb?(By). Let C’ be the curve over Y which is obtained by
glueing the component B; to the line £*Z;, along the points g;,v; for all j:

C'= (f*ZL U By U..-|—|B2d—2>/Q1 ~ UL, Q2d—2 ™ V2d-2 -

We will define a map f': C’ — Hilb%(S).

For all j, let x; : Up — Spec(@plyuj) C P! be the map defined in (97).
By construction, we have x; o £ = ¢;. Hence, by (100), there exist maps
hl,...,hd_QZY%SWith

Yovj=¢joq +hy+--+hgo. (109)

Let m; : B =Y be the map of the family B;/Y", and define
_ n—2
bu, = (6 + D hiom;) : By — Hilb'(S),
i=1

Define the map
f': C" = Hilb(9)
by f'lc, = and by f'|p;, = % for every j. By (109), the map auj restricted
to g; agrees with ¢ : ¢/ — Hilb?(S) restricted to vj. Hence f’ is well-defined.
By a parallel construction, we obtain a canonical glueing of the compo-
nents A; to C’ together with a glueing of the maps f" and ¢, : A; — S. We

obtain a family of maps
f:C — Hilb(S)

over Y, which lies in Mz and such that ¥(f) equals (106). By a direct ver-
ification, the induced morphism on the moduli spaces is the desired inverse
to U. Hence, ¥ is an isomorphism. O

The remaining steps in the evaluation of (91) are similar to Section 2.3.
Using the identification

2d—2

H®(Co, f* Try(s) = H*(Co. Tey) & €D Tayo o). 0
j=1

where g; = Cp N Bj are the nodes and ¢; is as in the proof of Proposition 5,
one verifies that the virtual class splits according to the product (103).
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Hence, the invariant (91) is a product of series associated to the points
x; and u; respectively. Let

HO(y,q) = 323y b /[Mé?)(hw LeQUEAlgl,  (10)

h>0 keZ

be the contribution from the point u;. By Lemma 15, there are %(Zj__f)

lines in the set (101). Hence,
HilbY(S) 1 (2d — 2\ HW (y, q)* 2
I(P),... . I(Poy. — = i {41 VA
<( 1) ( 2d 2)>q d<d_1> A(q)

Proof of Lemuma 16. Since ¢ is incident to I(P;), the composition @ o ¢
maps to I(uj). Therefore, we only need to show that 7@ o ¢ maps to

(111)

AHiIb2(]P1)'

It is enough to consider the case Y = Spec(Cle]/€?). Let fo : Co —
Hilb?(S) be the restriction of f over the closed point of Y, and consider the
diagram

C——2 5 Hilb%(S)

ol

Spec(Cle]/e?) —%— Hilb?(P').

where 7 is the given map of the family (105) and a is the induced map.
Let s be the section of O(Ap1) with zero locus Ap1, and assume the pullback
¢*s is non-zero.
Let Q, be the sheaf of relative differentials of my := 72l The composi-
tion
O Ty — " Uy S U, (112)
factors as
¢ om0y = e = Qg (113)

Since the second term in (113) is zero, the map (112) is zero. Hence, d
factors as
O Uy = "y /572 ,) — Q. (114)

By Lemma 17 below, Qy, /75m2.Q, is the pushforward of a sheaf supported
on 7y (Ap1). After trivializing O(Ap1) near 2uj, write ¢*s = e for some
A € C\ {0}. Then, by (114),

0=d(s: Q) = Xe - d(Qry) C Q.
In particular, db = 0 for every b € Q,,, which does not vanish on m; *(Ap1).

Since ¢|¢ is non-zero, this is a contradiction. ]
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Lemma 17. Let x € P! be the basepoint of a smooth fiber of m : S — PL.
Then, there exists a Zariski-open 2z € U C Hilb?(P') and a map

u: 05 = 19,00, |u (115)
with cokernel equal to j«F for a sheaf F on Apt NU.

Proof. Let U be an open subset of € P! such that 7,.Q, |y is trivialized by
a section

a € m . (U) =Q:(Sv),
where Sy = 7 1(U). Consider the open neighborhood U = Hilb?(U) of the
point 2z € Hilb?(Ph).
Let Dy C Sy x Sy be the diagonal and consider the Zo quotient
Blp, (Su % Su) 23 Hilb?(Sy) = m3 L(Hilb3 (D).
For i € {1,2}, let
qi : BIDU(SU X SU) — SU

be the composition of the blowdown map with the i-th projection. Let ¢ be
a coordinate on U and let

ti=qit, ai=gqga

for ¢ = 1,2 be the induced global functions resp. 1-forms on Blp,, (Sy x St).
The two 1-forms

a1 +as  and (tl — tz)(al — 042)

are Zo invariant and descend to global sections of m9,8,,|U. Consider the
induced map
u : 032 — 7'('2*9772‘(]

The map w is an isomorphism away from the diagonal
ANU=V(t1—t2)?) CU. (116)

Hence, it is left to check the statement of the lemma in an infinitesimal
neighborhood of (116). Let U’ be a small analytic neighborhood of v € U
such that the restriction mys : Syv — U’ is analytically isomorphic to the
quotient

(U xC)/~ — U,
where ~ is the equivalence relation

(t,2) ~ (t',2)) <= t=tandz—2 €Ay

with an analytically varying lattice A; : Z? — C. Now, a direct and explicit
verification yields the statement of the lemma. O
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3.6 Case <]L1(F)21571(P>>q

Let FSW(y,q) and HSW(y, q) be the power series defined in (55) and (110)
respectively, let P € S be a point and let F' be the class of a fiber of
7:8 — PL

Lemma 18. We have

Hib2(s) _ F"(y,q) - H"(y, q)
<P—1(F)2157 I(P) >q = A(q)

Proof. Let Fy, F, be fibers of 7m: S — P! over generic points x1,zy € P!
respectively, and let P € S be a generic point. Define the subschemes

Z1 = Fi[1]F[1]  and Zy =I(P).
Consider the evaluation map
ev : Mo (Hilb*(S), By, + kA) — Hilb*(S)
from the moduli space of stable maps with one marked point, let
Mg, = ev™ Y (Z),

and let
My C M22

be the closed substack of Mz, of maps which are incident to both Z; and
Z.

Let [f : C — Hilb*(S),p1] € Mz be an element, let Cy be the distin-
guished component of C' on which 7?0 f is non-zero, and let L = 7l?/(f(Cy))
be the image line. Since P € S is generic, we have 2v € L where v = 7(P).
Hence, L is the line through 2v and w; + u2, and has the diagonal points

for some fixed u € P!\ {v}. By Lemma 6, the restriction f|¢, is therefore an
isomorphism onto the embedded line L C Hilb?(By). Using arguments par-
allel to Section 2.3.2, the moduli space My is set-theoretically a product of
the moduli space of maps to the nodal fibers, the moduli space ngF)(h’ K
parametrizing maps over 2u, and the moduli space MW (h", k") parametriz-
ing maps over 2v.

Under infinitesimal deformations of [f : C' — Hilb?(S)] inside My, the

line L remains incident to 142, but may move to first order at the point 2v
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(see Section 3.5.2); hence, it may move also at 2u to first order. In particular,
the moduli space is scheme-theoretically not a product of the above moduli
spaces. Nevertheless, by degeneration, we will reduce to the case of a scheme-
theoretic product. For simplicity, we work on the component of M which
parametrizes maps with no component mapping to the nodal fibers of 7; the
general case follows by completely analog arguments with an extra 1/A(q)
factor appearing as contribution from the nodal fibers.

Let N C Mz, be the open locus of maps f : C' — Hilb?(S) in M, with

7Pl (£(C)) N A2 ery = {2, 20}

for some point ¢t € P\ {z1,...,224,v}. Under deformations of an element
[f] € N, the intersection point 2¢ may move freely and independently of v.
Hence, we have a splitting isomorphism

VN — || MO (k) x M (R, k), (118)
h=h1+h2
k=k1+ko—1
where

o M) (h, k) is the moduli space of 1-pointed stable maps to Hilb?(S) of
genus 0 and class hF' + kA such that the marked point is mapped to
sl21(2t) for some t € P\ {x1,...,z24, 0},

. MéH)(h, k) is the moduli space defined in Section 3.5.2.

For every decomposition h = hy 4+ ho and k = ky + ko — 1 separately, let

Hilb2(]P’1)72v)

be the product of the compositions of the first evaluation map with 72 on
each factor, let

i Vo A2 pry X Spec (OAH“bQ(]PI)’QU) (119)

be the subscheme parametrizing the intersection points L N AHiIbQ(IP’l) of
lines L which are incident to x1 + x2, and consider the fiber product

My (hy by s k) ——— M (hy, k) x M (ha, ko)

l l (120)

V—— AHiIb2(P1) x Spec (OAHiltﬂ(ﬂ’l)’?”)
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Then, by definition, the splitting isomorphism (118) restricts to an isomor-
phism

U:My;— |_| MZ,(hl,hz,lim)'

h=h1+ho
k=k1+ko—1

Restricting the natural virtual class on Mz, to the open locus, we obtain
a virtual class [N]'" of dimension 1. By the arguments of Section 2.3.5,

[N = E [IME) (hy, k)Y x M) (hg, k)], (121)
h=h1+ho
k=k1+ko—1

where [M®) (hy, k)] is a A2 (p1y-relative version of the virtual class con-

sidered in Section 2.3.5, and [Mng)(hQ, ko)]¥I" is the virtual class constructed
in Section 3.5.2. The composition of ¢+ with the projection to the second
factor is an isomorphism. Hence ¢ is a regular embedding and we obtain

2 vir
(pa (P 1(P)) = dea(W.[MZ]™)
= Y deg d(IME (k)] x M (b, ko)™ ). (122)
h=hi+h2
k=k1+ko—1

We proceed by degenerating the first factor in the product
M (hy k) x MU (g, ky),
while keeping the second factor fixed. Let
S = Blp, xo(S x Al) — A,

be a deformation of S to the normal cone of F),, where u was defined in
(117). Let 8° C S be the complement of the proper transform of S x 0 and
consider the relative Hilbert scheme Hilb?(S°/A') — A!, which appeared
already in (66). Let

p: ME) (hy ky) — A (123)

be the moduli space of 1-pointed stable maps to Hilb?(S°/A') of genus 0
and class h1 F' + k1 A, which map the marked point to the closure of

(Ahib2(By) \{@1,. . @0, 0)) x (AT {0}).
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Over t # 0, (123) restricts to M T (hy, k;), while the fiber over 0, denoted
M (b, k1) = p~1(0),

parametrizes maps into the trivial elliptic fibration Hilb?(C x E) incident
to the diagonal AH“bz(CXe) for a fixed e € E. Since addition by C acts on

MéF)(hl, k1) we have the product decomposition
MP (b, ) = M(E,Fﬁ)x(hhkl) X Apiip?(Cxe) (124)
where M (h1, k1) is a fixed fiber of
MSF)(hl, k1) = Apig2 (©xe)-

Consider a deformation of the diagram (120) to 0 € Al,

F H
MY 0y sy ——— M§ (ha k) x M (o, ko)

| l

Vi—— AHiIbQ((CxE) X SPGC(OAHW(W),ZU),

where (V') is the fiber over 0 of a deformation of (V,¢) such that the com-

position with the projection to Spec((/Q\AH”b2 (Hﬂ),gv) remains an isomorphism.

By construction, the total space of the deformation
Mz (s s ks k)~ Mgy o )
is proper over A'. Using the product decomposition (124), we find
~ prr(F) H
M (11 ) = Mo, ) X M (ha )

Hence, after degeneration, we are reduced to a scheme-theoretic product. It
remains to consider the virtual class. .

By the relative construction of Section 2.3.5 the moduli space MF) (hy, k1)
carries a virtual class

(M) (hy, k)] (125)
which restricts to [M ™) (hy, k1)]""" over t # 0, while over ¢ = 0 we have

O[NP (hy, o) = prf ([ME=(ha, b)) (126)
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where pr; is the projection to the first factor in (124) and [M*(hq, ki)Y' is
the virtual class obtained by the construction of Section 2.3.5. We conclude,

deg o' ([M®)(ha, k)™ ¢ (M (ho, o)) ™)
= deg (1)} (pry (M (ha k0)]™) x [ (h, k)™
= deg ([MP(hy, k0)]"™) - deg (M (ha, k)]™). - (127)
By definition (see (110)),
deg[MéH)(hg, kQ)}Vir = [HGW(% Q)]qthk2—1/2 )

where [ - ja,» denotes the q®y® coefficient. The moduli space MI*(hy, k;) is

isomorphic to the space Méf)(hl, k1) defined in (61). Since the construction
of the virtual class on both sides agree, the virtual class is the same under
this isomorphism. Hence, by Lemma 9,

deg[M{iX(hla kl)]Vir = [FGW(ya Q)]thyk1—1/2 .

Inserting into (127) yields

deg L!([M(F)(hla k)] x (M (ha, k2)]Vir>
= [HGW(yv q)]qthk2—1/2 ’ [FGW(y’ (])]thykl—l/2 )

which completes the proof by equation (122). O

4 The Hilbert scheme of 2 points of P! x E

4.1 Overview

In previous sections we expressed genus 0 Gromov-Witten invariants of the
Hilbert scheme of points of an elliptic K3 surface S in terms of universal
series which depend only on specific fibers of the fibration S — P!. The
contributions from nodal fibers have been determined before by Bryan and
Leung in their proof [BL00] of the Yau-Zaslow formula (1). The yet unde-
termined contributions from smooth fibers, denoted

FSW(y,q), GV(y,q), GV(y,q), HSV(y,q) (128)

in equations (55), (85), (89), (110) respectively, depend only on infinitesimal
data near the smooth fibers, and not on the global geometry of the K3
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surface. Hence, one may hope to find similar contributions in the Gromov-
Witten theory of the Hilbert scheme of points of other elliptic fibrations.
Let E be an elliptic curve with origin O € F, and let

X=P' xFE

be the trivial elliptic fibration. Here, we study the genus 0 Gromov-Witten
theory of the Hilbert scheme

Hilb?(X) .

and use our results to determine the series (128).

From the view of Gromov-Witten theory, the variety Hilb?(X) has two
advantages over the Hilbert scheme of 2 points of an elliptic K3 surface.
First, Hilb?(X) is not holomorphic symplectic. Therefore, we may use or-
dinary Gromov-Witten invariants and in particular the main computation
method which exists in genus 0 Gromov-Witten theory — the WDVV equa-
tion. Second, we have an additional map

Hilb?(X) — Hilb?(E)

induced by the projection of X to the second factor which is useful in cal-
culations.

Our study of the Gromov-Witten theory of Hilb?*(X) will proceed in two
independent directions. First, we directly analyse the moduli space of stable
maps to Hilb?(X) which are incident to certain geometric cycles. Similar
to the K3 case, this leads to an explicit expression of generating series of
Gromov-Witten invariants of Hilb?(X) in terms of the series (128). This is
parallel to the study of the Gromov-Witten theory of the Hilbert scheme of
points of a K3 surface in Sections 2 and 3.

In a second independent step, we will calculate the Gromov-Witten in-
variants of Hilb?(X) using the WDVV equations and a few explicit calcula-
tions of initial data. Then, combining both directions, we are able to solve
for the functions (128). This leads to the following result.

Let F(z,7) be the Jacobi theta function (5) and, with y = —e?™, let

2
G(z,7) = F(z,71)? <y(ZJ> log(F(z,7))

be the function which appeared already in Section 0.4.
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2miT

—e2™% gnd q = ™7,

Theorem 8. Under the variable change y =

G 0) = (v ) )

H (y,q) = <ch2> F(y,q)

The proof of Theorem 8§ via the geometry of Hilb*(X) is independent
from the Kummer K3 geometry studied in Section 2.4. In particular, our
approach here yields a second proof of Theorem 5.

4.2 The fiber of Hilb>(P! x E) - E
4.2.1 Definition

The projections of X = P! x E to the first and second factor induce the
maps

7 Hilb?(X) — Hilb>(P') = P>  and 7 : Hilb?*(X) — Hilb>(E)  (129)
respectively. Consider the composition
o : Hilb%(X) s Hilb*(E) & E

of 7 with the addition map +: Hilb?(E) — E. Since o is equivariant with re-
spect to the natural action of E on Hilb?(X) by translation, it is an isotrivial
fibration with smooth fibers. We let

Y = O’fl(OE)

be the fiber of o over the origin O € E.
Let v € Hy(Hilb?(X)) be an effective curve class and let

Mo (Hilb?(X), )

be the moduli space of m-pointed stable maps to Hi|b2(X ) of genus 0 and
class . The map ¢ induces an isotrivial fibration

o : Mo, (Hilb*(X),~) — E
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with fiber over Og equal to

|_| Mo,m (Y7 ’Y/)v

,Y/

where the disjoint union runs over all effective curve classes v/ € Hy(Y;7Z)
with 1,7" = ; here ¢ : Y — Hilb?(X) is the inclusion.
For cohomology classes 71, ..., Ym € H*(Hilb?(X)), we have

/ e U] e )
[Mo,m (Hilb (X),7)]vir

= X [ o) () (oev) ()
y €Hy(Y) [Mo,m (Y

Ly =y

where we let [ - ]V'' denote the virtual class defined by ordinary Gromov-
Witten theory. Hence, for calculations related to the Gromov-Witten theory
of Hilb?(X) we may restrict to the threefold Y.

4.2.2 Cohomology
Let Dx C X x X be the diagonal and let

Blp, (X x X) — Hilb?(X) (130)
be the Zs-quotient map which interchanges the factors. Let
W=P'xP'xE < X xX, (z1,22,€) — (x1,€,22,—¢€)
be the fiber of O under X x X — E x E % E and consider the blowup
p:W =Blp,aw W — W. (131)
Then, the restriction of (130) to W yields the Zo-quotient map
g:W > W/Zy =Y. (132)
Let Dx 1,...,Dx 4 be the components of the intersection
DXOW:{(ml,:I:g,f)EPI x Pl x E | 21 = z9 and f = —f}
corresponding to the four 2-torsion points of E, and let

Ei,...,E4
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be the corresponding exceptional divisors of the blowup p : W — W. For
every %, the restriction of g to F; is an isomorphism onto its image. Define
the cohomology classes

A =glE],  Ai= gl (W)

for some y; € Dx ;. We also set
1
A=A+ -+ Ay, A:Z(A1_|_...+A4).

Let z1,20 € P! and f € E be points, and define

1
By = g. [pfl(IP’l X T9 X f)], By = 3 © G [pfl(acl X Tg X E)] .

Identify the fiber of Hilb?(E) — E over Og with P!, and consider the diagram
Yy —— P!
iﬁ (133)
]P)2

induced by the morphisms (129). Let h € H?(PP?) be the class of a line and
let = € P! be a point. Define the divisor classes

Dy = [r7(z)], Dy =7*h.
Lemma 19. The cohomology classes
Dy,Dy, Aq,..., (resp. Bl,Bg,Al,...,A4) (134)
form a basis of H*(Y;Q) (resp. of H4(Y;Q)).

Proof. Since the map ¢ is the quotient map by the finite group Zs, we have
the isomorphism -
g H'(Y;Q) — H*(W;Q)",

where the right hand side denotes the Zy invariant part of the cohomology
of W. The Lemma now follows from a direct verification. O

By straight-forward calculation, we find the following intersections be-
tween the basis elements (134).
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B, By A; - | D1 Do A;
Di| 0 1 0 Dy| 0 2B 0
_D2 1 0 0 D2 231 232 2Az
Al 0 0 =20 Aj | 0 245 4(Ai = Bi)di

Finally, using intersection against test curves, the canonical class of Y is

Ky = —-2Dy.

4.2.3 Gromov-Witten invariants

Let r,d > 0 be integers and let k = (ki1,...,k4) be a tuple of half-integers
k; € %Z. Define the class

Brdax = rB1 4+ dBa + k1 Ay + ko Ao + k3 Az + kg Ay.

Every algebraic curve in Y has a class of this form.
For cohomology classes 71, ...,vm € H*(Y; Q) define the genus 0 poten-
tial

) = 3 Z ety [ Vi) -+ eVl (),

r,d>0 ke [M(J m(YBrdk)]wr

(135)
where (, vy, q are formal variables and the integral on the right hand side is
defined to be 0 whenever 3, ;x is not effective.

The virtual class of Mo, (Y, B;ax) has dimension 2r + m. Hence, for
homogeneous classes 71, ...,7v, of complex degree dy,...,d,, respectively
satisfying >, d; = 2r + m, only terms with (" contribute to the sum (135).
In this case, we often set { = 1.

4.2.4 WDVYV equations
Let ¢: Y — Hilb?(X) denote the inclusion and consider the subspace
i* H*(Hilb*(X); Q) ¢ H*(Y;Q). (136)
of classes pulled back from Hilb?(X). The tuple of classes
b= (T)%, = (ey, D1, Dy, A, By, By, A, wy),

forms a basis of (136); here ey = [Y] is the fundamental class and wy is the
class of point of Y. Let (gef)e,s with

Jef = <Te,Tf> = / T. UTf
Y

76



be the intersection matrix of b, and let (g¢/),.  be its inverse.

Lemma 20. Let vy, ..., € i*H*(Hilb*(X); Q) be homogeneous classes of
complex degree dy, .. .,ds respectively such that ). d; =5. Then,

8 8

S (e T g (s T = Y (v Te) Y g (e, s, Ty )
e, f=1 e, f=1
(137)

Proof. The claim follows directly from the classical WDVV equation [FP97]
and direct formal manipulations. O

We reformulate equation (137) into the form we will use. Let
v € i* H*(HiIlb*(X); Q)

be a divisor class and let

Q¢ 9) =Y ainaC'y*

i,d,k

be a formal power series. Define the differential operator 0, by

Q¢ y,q /‘ amqu
4 Z Bi1+dB> -‘rk‘A '

Explicitly, we have
d d d
D1 qdqa Do Cdcv A ydy

Then, for homogeneous classes 71, ...,v4 € i*H*(Hilb?(X); Q) of complex
degree 2,1, 1,1 respectively, the left hand side of (137) equals

672 <71a Y3 U 74>Y + 874873 <,)/1 U 72>Y
+ Z Oy, (<717T€>Y) gef8738748Tf<1>Yv (138)

TeE{Bl,BQ,A}
TfE{Dl,DQ,A}

where we let <1> denote the Gromov-Witten potential with no insertions.
The expression for the right hand side of (137) is similar.
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4.2.5 Relation to the Gromov-Witten theory of Hilb?(K3)

Recall the power series (128),
FY(y,q), GV (y,q), GV (y,q), HV(y,q).

Proposition 6. There erist a power series

H(y,q) € Q((y*?)[[4]]

such that
(By, By)" = (FOW)? (i)
(wy)Y =26V (i)
(B, By)" = 2FCW . gGW 4 qOW (iii)
(A,B)" =GOV 4 HOW . gOW (iv)
(A, Bo)' = HGW FOW. (v)

Proof. Let d > 0 be an integer, let k = (k1,...,k4) € (3Z)* be a tuple of
half-integers, and let

6d,k = B1+dBy + k1A + - + k4Ay.

Consider a stable map f : C' = Y of genus 0 and class 84 x. The composition
mwo f:C — P? has degree 1 with image a line L. Let Cy be the component
of C'on which 7o f is non-constant.

Let g : W — Y be the quotient map (132), and consider the fiber diagram

c-L . Ww_2,plxE

L, b

C’%Y,

where p = prys op is the composition of the blowdown map with the projec-
tion to the (2, 3)-factor of P! x P! x E. Then, parallel to the case of elliptic
K3 surfaces, the image of C under po f is a comb curve

Be +pry ' (2),

where B, is the fiber of the projection X — FE over some point e € F, the
map pr; : P! x E — P! is the projection to the first factor, and z C P! is a
zero-dimensional subscheme of length d.
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Let Go C (~Z’~be the irreducible component which maps with degree 1
to B, under p o f. The projection C' — C induces a flat map

Go — Co. (139)

If (139) has degree 2, then similar to the arguments of Lemma 6, the
restriction f|c, is an isomorphism onto an embedded line

L C Hilb*(S,) C Y,

where e = —e € F is a 2-torsion point of E. Since f|¢, is irreducible, we
have L ¢ I(z) for all x € P'. The tangent line to Apipz(pry at 2z is I(x)

for every « € P'. Hence, L intersects the diagonal Anib2 (1) in two distinct
points.

If (139) has degree 1, the map f|¢, is the sum of two maps Cyp — X.
The first of these must map Cy to a section of X — P!, the second must
be constant since there are no non-constant maps to the fiber of X — P!.
Hence, the restriction f|g, is an isomorphism onto the embedded line!!

B.+ (2, —e) =g (p' (2/ x Be x —¢)), (140)

for some 2’ € P! and e € E; here we used the notation (21).
Every irreducible component of C' other then Cy maps into the fiber of

7:Y — Hilb?(P!) = P?

over a diagonal point 2z € Ay 2 Py
Summarizing, the map f : C' — Y therefore satisfies one of the following.

(A) The restriction f|¢, is an isomorphism onto a line
L C Hilb*(B.) C Y (141)

where e € E' is a 2-torsion point. The line L intersects the diagonal in
the distinct points 2x; and 2xo. The curve C' has a decomposition

C=ChuCiUCy (142)

such that for i = 1,2 the restriction f|c, maps in the fiber 7—1(2x;).

' If ¢ is a 2-torsion point of E, we take the proper transform instead of p~' in (140).
This case will not appear below.
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(B) The restriction f|¢, is an isomorphism onto the line (140) for some
7' € P! and e € E. The image f(Cp) meets the fiber 7T_1(AH”b2(P1))
only in the point (2/,€) + (2/, —e). Hence, the curve C admits the

decomposition
C=CyuC, (143)

where f|c, maps to the fiber 771(22").

According to the above cases, we say that f: C' — Y is of type (A) or (B).
We consider the different cases of Proposition 6.

Case (i). Let Z;, Z5 be generic fibers of the natural map
7Y — Hilb*(Ph).

The fibers Z1, Z5 have class 2B>. Let f : C — Y be a stable map of class 84k
incident to Z; and Zs. Then f must be of type (A) above, with the line
L in (141) uniquely determined by Zj, Zy up the choice of the 2-torsion
point e € E. After specifying a 2-torsion point, we are in a case completely
parallel to Section 2, except for the existence of the nodal fibers in the K3
case. Following the argument there, we find the contribution from each fixed
2-torsion point to be (FSW)2. Hence,

(2B2,2B5)" = [{e € E | 2¢ = 0} - (FEW)? = 4. (FEW)2,

Case (ii). Let 1,22 € P! and e € E be generic, and consider the point
Y= (xlve) + (x27 —6) €Y.

A stablemap f : C' = Y of class 84k incident to y must be of type (B) above,
with 2/ = x1 or x9 in (140). In each case, the calculation proceeds completely
analogous to Section 3.3 and yields the contribution GEW. Summing up both
cases, we therefore find (y)Y = 2GSW.

Case (iii). Let 2/, 21,20 € P! and e € E be generic points. Let
Zy = g(p ' (P! x 2’ x €)) = (P! x e) + (a/, —e¢) (144)

and let Zs be the fiber of m over the point x1 + x2. The cycles Z1, Zs have
the cohomology classes [Z1] = B; and [Z3] = 2B, respectively. Let

f:C—=>Y
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be a 2-marked stable map of genus 0 and class 84k with markings p1,p2 € C
incident to Z1, Z, respectively. Since f(p1) € Z1, we have

f(pl) = (x//7 6) + (l’l, —6)

for some 2" € P!. Since also f(p2) € Z and e is generic, 2" € {2/, 21, 22}

Assume 2" = z1. Then, f is of type (B) and the restriction f|¢, is an
isomorphism onto the line ¢ = B, + (z1,—e). The line ¢ meets the cycle
Zy in the point (z2,e) + (1, —e) and no marked point of C' lies on the
component C in the splitting (143). Parallel to (ii), the contribution of this
case is GEW. The case 2" = 9 is identical.

Assume 2" = 2/. Then, 7(f(p1)) = 22’. Since w(f(p2)) = z1 + 2, we
have 7(f(p1)) Nw(f(p2)) = @. Hence, f is of type (A) and we have the
decomposition

C=CyuCiuCCy,

where f|c, maps to a line L C Hilb?(B,/) for a 2-torsion point ¢/ € E, the
restriction f|c, maps to 771(22'), and f|c, maps to the fiber of 7 over the
diagonal point of L which is not 22’. We have p; € C; with f(p1) € Z1, and
pe € Cy with f(p2) = (x1,€¢) + (x2,—€’). The contribution from maps to
the fiber over 2z’ matches the contribution H&W considered in Section 3.6.
Since there is no marking on Cb, the contribution from maps f|c, is F GW,

For each fixed 2-torsion point e/ € E, we therefore find the contribution
FGW . HGW.

In total, we obtain
(By,2By) =2- GOV 4. FOW . gOW.

Case (iv). Let z,2’ € P! and ¢/ € E be generic points, and let e € E be
the i-th 2-torsion point. Consider the exceptional curve at (z,e),

Zy = g(pil('r? Z, 6))
and the cycle which appeared in (144) above,
Zy =glp 1 (P x 2’ x €)) = (P! x &) + (', —¢€).

We have [Z1] = A; and [Z2] = B;. Consider a 2-marked stable map f : C' —
Y of class 34k with markings p1,p2 € C incident to Zy, Z5 respectively.

If f is of type (B), we must have w(f(p1)) N 7(f(p2)) # <. Hence,
f(p2) = (z,€') + (2/, —€') and the restriction f|c, is an isomorphism onto

(= (p "tz xP x¢)) = B_eny + (z,€)

81



In the splitting (143), the component C} is attached to the component Cy =
¢ at (x,—e') + (z,€'). Then, the contribution here matches precisely the
contribution of the point ug in the K3 case of Section 3.4; it is GEW.

Assume f is of type (A). The line L in (141) lies inside Hilb?(Bg») for
some 2-torsion point €’ € E. Since €' is generic, (L) is the line through
2z and 22’. Consider the splitting (142) with C; and Cy mapping to the
fibers of 7 over 2x and 22’ respectively. The contribution from maps f |y
over 2z’ is parallel to Section 3.5.2; it is HGW. Let Hy (resp H)) be the
contribution from maps f|c, over 2z if ¢” = e (resp. if ¢” # e). Then,
summing up over all 2-torsion points, the total contribution is HEW . HGW,
where HEW = Ho + 3H1 B B

Adding up both cases, we obtain (A;, B)Y = GEW + gEW . gGW,

Case (v). This is identical to the second case of (iv) above, with the
difference that the second marked point does lie on Cy, not Cs. O

4.3 Calculations
4.3.1 Initial Conditions

Define the formal power series

H=>3"3"Hyptq" = (By, Bo)"

d>0 keZ

I= ZZId,kykqd = <wY>Y
d>0 keZ

T=3"3 Tufe?=(1)",
d>0 keZ

where <1>Y is the Gromov-Witten potential (135) with no insertion, and we
have set ¢ = 1 in (135). We have the following initial conditions.

Proposition 7. We have
(i) Tox =8/k>  forallk >1
(ii) Ty—2q4 =2/d> foralld>1

(iii) H 10 =1

(tv) Hqp =0 if (d=0,k<—=2) or (d>0,k<—2d)
(v) Ty =0 if k< —2d

(vi) Iy =0 if k< —2d.

82



Proof. Case (i). The moduli space My(Y, Y, kiA;) is non-empty only if
there exists a j € {1,...,4} with k; = 0;;k for all i. Hence,

4

Tor = / 1 = / 1.
k1+-§|—:k4k (Mo (Y, 32, kiAq)]viT Zz; [Mo(Y,kA)]vir

Since the term in the last sum is independent of 4,

Tox = 4/ 1. (145)
[MQ(Y,kAl)]Vir

Let e € F be the first 2-torsion point, let
Dx1={(z,z,e)|z P} CP' xP' x E
and consider the subscheme
Ay =g(p~H(Dx1))

which already appeared in Section 4.2.2. The divisor A; is isomorphic to
the exceptional divisor F; of the blowup p : W — W, see (131). Hence
Ay =P(V), where

V=0p(2)®Op — P!,

Under the isomorphism A; = P(V), the map
™ AL = Ay = P (146)

is identified with the natural P(V') — P
The normal bundle of the exceptional divisor £y C W is Op(yy(—1).
Hence, taking the Zs quotient (132) of W, the normal bundle of A} C Y is

N = Na,jy = Op)(-2).
For k > 1, the moduli space
M = My(Y, kA;)

parametrizes maps to the fibers of the fibration (146). Since the normal
bundle N of A; has degree —2 on each fiber, there is no infinitesimal defor-
mations of maps out of A;. Hence, M is isomorphic to Mo(P(V), df), where
f is class of a fiber of P(V'). In particular, M is smooth of dimension 2k — 1.
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By smoothness of M and convexity of P(V) in class kf, the virtual class
of M is the Euler class of the obstruction bundle Ob with fiber

Ob; = HY(C, f*Ty)

over the moduli point [f : C — Y] € M. The restriction of the tangent
bundle Ty to a fixed fiber Ay of (146) is

Ty |ag = 04,(2) © Ony ® O4,(-2),

Hence,
Oby = HY(C, f*Ty) = H'(C, f*N).

Consider the relative Euler sequence of p : P(V) — P!,
0— Q= p'V @ Opyy(—1) = Opry — 0. (147)

By direct calculation, Q, = Opyy(—2) ® p*Op1(—2). Hence, twisting (147)
by p*Op1(2), we obtain the sequence

0= N —=pV(2) ®Opyy(—1) = p*Op(2) = 0. (148)

Let ¢ : C — M Dbe the universal curve and let f : C — A; C Y be the
universal map. Pulling back (148) by f, pushing forward by ¢ and taking
cohomology we obtain the exact sequence

0— R f*p*Op1(2) = R'q. f*N — Rlq.f*p*V(2) ® Opay(=1) = 0.
(149)
The bundle R'q, f*N is the obstruction bundle Ob, and
Rq.f*p*Op1(2) = q.q"p"* Op1(2) = p"* Op1 (2),
where p' : M — P! is the map induced by p : P(V) — P'. We find
c1(p™ Op1(2)) = 2p™ w1,

where wp: is the class of a point on P'. Taking everything together, we have

/ 1:/ e(R'q.f*N)
[Mo(YJ{:Al)}Vir M

5@q@%mmmm4m@ﬁwwm®@ww4»

:2/(%4m@ﬁfwm®@wwﬂmm, (150)
My
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where M, = Mo(P!, k) is the fiber of p’ : M — P! over some x € PL. Since
PV (2) ® Opvy(=1)|p-1(2) = Opvy, (1) ® Opv), (—1),
the term (150) equals 2 [57 o(p1 k) C2k—2(E), where & is the bundle with fiber
HY(C, f*Op(-1)) ® H'(C, f*Op1 (-1)).

over a moduli point [f: C — P! € M,. Hence, using the Aspinwall-
Morrison formula [HKK™03, Section 27.5] the term (150) is

2
/ 1=2. / Cgk_g((‘:) == E
[Mo(Y,kAl)]Vir Moy()(ﬂ:bl,k‘)

Combining with (145), the proof of case (i) is complete.

Case (ii) and (v). Let f: C — Y be a stable map of genus 0 and class
dBs + ) kiAj. Then, f maps into the fiber of

7Y — Hilb*(P!)

over some diagonal point 2z € AHiIbQ(IP’l)' The reduced locus of such a fiber
is the union

SeUAge, U UAyg, (151)

where e1,...,e4 € E are the 2-torsion points of F,
Are=g(p(z x z x €))

is the exceptional curve of Hilb?(X) at (z,e) € X, and X, is the fiber of the
addition map Hi|b2(Fx) — F, = E over the origin 0g. Hence,

f]C] = alZs] + Z bi[Az.e,]
for some a,by,...,by > 0. Since [A;,] = A; and

1
[Zz] =By — §(A1 + Ay + Ag + A4)
we must have d = ¢ and therefore

£o[C] = dBa+ ) (b — d/2) A;.
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Since b; > 0 for all 4, we find )", k; > —2d with equality if and only if
k; = —d/2 for all i. This proves (v) and shows

Td,Qd:/ 1. (152)
[Mo(Y,dB2—3_,(d/2) AV

Moreover, if f: C'— Y has class dBy — ), (d/2)A;, it is a degree d cover of
the curve Y, for some x.
We evaluate the integral (152). Let Z’ be the proper transform of

P! x E < W, (z,e) — (z,z,€)
under the blowup map p: W — W, and let
Z=g(Z\=2Z']7yCY

be its image under g : W — Y. The projection map pry 3op : 7' s P' x E
descends by Zs quotient to the isomorphism

(112,mz) : Z = P' x P!, (153)

where 7 : Y — P! is the morphism defined in (133). Under the isomorphism
(153), the curve ¥, equals P! x z. Since moreover the normal bundle of
Z CY has degree —2 on ¥, we find

Moy(Y,dBy — 2dA) = My(P',d) x PL.
The normal bundle Z C Y is the direct sum
N = Nyzy = pri Opi(a) ® pry Op1 (-2).
for some a. We determine a. Under the isomorphism (153), the curve
R=axP' CcP' x P!

corresponds to the diagonal in a generic fiber of 7 : Y — P!. The generic
fiber of 7 is isomorphic to P! x P!, hence c¢;(N)- R = 2 and a = 2. The
result now follows by an argument parallel to (i).

Case (iii). This follows directly from the proof of Proposition 6 Case (i)
since the line in (141) has class By — A; for some 1.

Case (iv). Let f : C — Y be a stable map of genus 0 and class 4k incident
to the cycles Zy, Z5 of the proof of Proposition 6 Case (i). Then, there exists

86



an irreducible component Cy C C which maps isomorphically to the line L
considered in (141). We have [L] = B; — A; for some ¢

Since all irreducible components of C' except for Cy gets mapped under
[ to curves of the form >, or A;;, we have

JolC) = Bage = [L) + dI%a] + 3 b4

=B +dBs + Z(—d/Q — 51']‘ + bj)
J

for some by,...,bs > 0. If d = 0 we find k = > ,k; > —1. If d > 0,
then f maps to at least one curve of the form >, with non-zero degree.

Since L and ¥, are disjoint, we must have b; > 0 for some j. This shows
k= Zj k; > —2d.

Case (vi). This case follows by an argument parallel to (iv). O

4.3.2 The system of equations

Let diq and d% be the formal differentiation operators with respect to ¢ and
y respectively. We will use the notation

d d
T — 45 d z =Y
10) qdq an 0 ydy

The WDVV equation (137), applied to the cohomology insertions

é.:('-yla'-'vfM)

specified below yield the following relations:

1
g: (BQ)D27D2)A) <B25A> = _§8Z(H)
1
§ = (B2,D2,D2,D1): (B1,By) = 0;H + 51
€= (A, Dy, Dy, A) : (A A) = iafH _ i[
1 (154)
£ = (A, Dy, Dy, D) (B1,A) = —iazaTH
1 1
¢ = (By,Ds,Ds, A) (B, A) — 1621 = —58,2(31, By)
§ = (B1,D2,D9, D) : 2(B1, By) + 0.1 = 20.(By, Bs)

& (By1,B) = 0?H
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Using (154) and the WDV'V equations (137) with insertions & further yields:
W1. { = (Bg, D1, Dy, Ds):
0=202H + 20,1 — H-9>T + %ELH - 0,0%T
W2. £ = (B, A, A, Dy):
0=202H +40,H +2I — H - 020,T + %@H (4+02T)

W3. f: (BQ,A,A,Dl)Z

0 =402H +20.1 — 921 + %@&H (44 0°T) — 0.H - 920, T
_ %GfH L 020,T + 0,H - 0.0°T
W4. € = (4,A,A,Dy):
0= —80,0,H—40>H +80,1+20,H - 0?0, T —9>H - (4 +0°T) +1-(4+0°T)
W5. € = (4,7, Dy, Dy):
0= —202T + %agaTH 920, T — 0,0, H - 9,0*T — %8§H -0,0°T
+02H - 03T — %OTI 020, T + %azz -0,0°T
W6. ¢ = (B1, Dy, Dy, Do):
0=202H — 0*I — 0, H - 92T — %I P + %azaTH -0,0°T

4.3.3 Non-degeneracy of the equations

Proposition 8. The initial conditions of Proposition 7 and the equations
W1 - W6 together determine Hgy, Igy, Ty for all d and k.

Proof of Proposition 8. For all d, k, taking the coefficient of ¢%y* in equa-
tions W1 - W6 yields

Lo
242 Hyy + 2dIy = zl:(d —02((d =) = 5k = ) HojTamrpy (W1)
J»
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(2k(k+1)+4d)Hyp+214) = Z(k:—j)2((d—l)—%j(k—ﬁ)HzJTd—uk—j
75l
(W2)

2d(2d + k)Hyp + (2d — k*) 1y, =
=S (30 10— ) (1)~ ik~ ) g Tap s (W3)
75l

(2k + ) Igp — k(k* +k +2d)Hyp =

s Sk (GG~ 1)~ k= ) Hy 4 (b= D) Taty (W)
75l

2d% Iy = (d—1) (j(d =) =k~ j))-

j7l

. 1. ) 1 .
(J(d —1)H;j — 532(16 —J)Hj + Q(k - J)Il,j>Td—l,k—j (W5)

2d°Hyy — Iy =Y (d—1)*
7,0

1 1. .
((d = D(UHL; + 510) = 3310k = j)Hy ) Tasi—y. - (WE)

Claim 1. The initial conditions and W1 - W6 determine Hy y, Io x, 1o for

all k, except for Hyg
Proof of Claim 1. The values T are determined by the initial conditions.
Consider the equation W2 for (d, k) = (0,0). Plugging in (d, k) = (0,0) and
using H(),,l = 1,T071 == 8, we find IO,O = 2.

Let d = 0 and k£ > 0, and assume we know the values Hy j, I ; for all
J < k except for Hgo. Then, equations W3 and W4 read

—4k?Io 1, + (known terms) =0
b—4k*(k + 1)Ho ) + (known terms) =0

Hence, also Iy and Hp j are uniquely determined. By induction, the proof
of Claim 1 is complete. O
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Let d > 0. We argue by induction. Calculating the first values of
Hy , Io; and T g, and plugging them into equations W1 - W6 for (d, k) =
(1,-2) and (d, k) = (1,—1), we find by direct calculation that the values

Hoyo, Hi,—2, Hi 1, I1,—2, I1—1, T1 -1, T1p

are determined.

Let now (d = 1,k > 0) or (d > 1,k > —2d), and assume we know the
values Hy j, 1) ;,T;; for all | < d,j < k+2(d—1) and for all | =d,j < k.
Also assume, that we know 7. The proof of Proposition 8 follows now
from the following claim.

Claim 2: The values Hyy, Iqk, T r+1 are determined.

Proof of Claim 2. Solving for the terms Hgp, Iqk, Ty r+1 in the equations
W1, W6 and W5, we obtain:

1
2d°Hyy + 2dIyy — d? (d +5(k+ 1)> Tujr1 = (known terms)  (W1)
2d°Hgy — d*I;) = (known terms) (W6)

1
21 + <d + §(k + 1)) Tak+1 = (known terms) , (W5)

where in the last line we divided by d?. These equations in matrix form read

2d 2 —d(d+ 3(k+1)) Hyy,

2d -1 0 | Iar | = (known terms)

0 -2 d+3z(k+1) T je+1
The matrix on the left hand side has determinant (2d — 3)(k + 2d + 1)d.
It vanishes if d = % or k = —2d —1 or d = 0. By assumption, each of
these cases were excluded. Hence the values Hg g, I4, Ty r+1 are uniquely
determined. ]

Remark. We have selected very particular WDV'V equations for Y above.
Using additional equations, one may show that the values

Ho1=1, Too=0, Top1=8, Ty, 2=2

together with the vanishings of Proposition 7 (iv) - (vi) suffice to determine
the series H,I,T.
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4.3.4 Solution of the equations
Let z € C and 7 € H and consider the actual variables

y=—e* and q=e*". (155)
Let F(z,7) and G(z,7) be the functions (5) and (8) respectively.
Theorem 9. We have

H = F(z,71)?
I=2G(z,71)
| 1
Tzsz?y +12 ) ELa
E>1 kn>1
1 _
+8 Y W +y e +2 Z (y?* 4y~ )P,
kn>1 kn>1
under the variable change y = —e*>™* and q = 2™,

Proof. By Proposition 8, it suffices to show that the functions defined in the
statement of Theorem 9 satisfy the initial conditions of Proposition 7 and
the WDVV equations W1 - W6. By a direct check, the initial conditions
are satisfied. We consider the WDVV equations.

For the scope of this proof, define H = F(z,7)% and I = 2G(z,7) and

_ 1 k 1 kn
T—8Z?y +12 Z 34
k>1 kn>1

+8 Z y +y k k:n+2 Z y +y Qk)q(2n—l)k:.
kn>1 kn>1

considered as a function in z and 7 under the variable change (155). We
show these functions satisfy the equations W1 - W6.
For a function A(z, ), we write

1 0A d 1 0A d
A A= —— —A A =0.A=_—"——— —A
= 2mi Oz ydy ’ Or 271 OT qdq
for the differential of A with respect to z and 7 respectively.

For n > 1, define the deformed Eisenstein series [Obel2]

Jan(z, T)—(Snlyy + B, —an" Lk + (=) F) g
k,r>1

2”1—1) —n > =12 R+ (-1,

kr>1

Jsn(2,7) = —Bn<1 -
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where B, are the Bernoulli numbers (with B; = —%) and we used the
variable change (155). We also let

Gn(z,7) = Jan(22,27)

1 n— n_ — r—
- _B"<1 - F) —n Y (r=1/2)" " 4 (1)) .
kor>1

Then we have
3T = —4 —8Jy1 — 16G,
020.T = —4Jy5 — 8Go
8 1
.07 = S 1,5 - D, (156)
37°° 3
1
OPT = —2Jp4 — 4G4 + T

Since T'(z,7) appears only as a third derivative in the equations W1 - W6,
we may trade it for deformed Eisenstein series using equations (156).
The first theta function ¥, (z, 7) satisfies the heat equation

029, = 2091,

which implies that F = F(z,7) = 91(2,7)/n(7) satisfies

1 1
0, F = 5agF = gEQ(T)F, (157)
where Ep(7) =1 =243 51> 44 kq? is the second Eisenstein series. With
a small calculation, we obtain the relation

I =40,(H) - 0*(H) + By - H. (158)

Hence, using equations (156) and (158), we may replace in the equa-
tions W1 - W6 the function T with deformed Eisenstein Series and I with
terms involving only H and E5. Hence, we are left with a system of partial
differential equations between the square of the Jacobi theta function F,
deformed Eisenstein series and classical modular forms.

These new equations may now be checked directly by methods of complex
analysis as follows. Divide each equation by H; derive how the quotients

ke kt
H and H
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(with H** and H* the k-th derivative of H with respect to z resp. 7
respectively) transform under the variable change

(z,7) = (2 + AT+ p,7)  (\peZ);

using the periodicity properties of the deformed Eisenstein series proven in
[Obel2], show that each equation is is double periodic in z; calculate all
appearing poles using the expansions of the deformed Eisenstein series in
[Obel2]; prove all appearing poles cancel; finally prove that the constant
term is 0 by evaluating at z = 1/2. Using this procedure, the proof reduces
to a long, but standard calculation. O

4.3.5 Proof of Theorem 8

We will identify functions in (z,7) with their expansion in y,q under the
variable change (155). By Proposition 6, the definition of H in (4.3.1), and
Theorem 9, we have

(FSW)2 = (By, By)Y = H = F(z,7)?

which implies

FW(y,q) = £F(z,7). (159)
By definition (55), the y~/2¢%coefficient of FSW(y, ¢) is 1. Hence, there is
a positive sign in (159), and we have equality. This proves the first equation
of Theorem 8. The case GEW = @ is parallel.

Finally, the two remaining cases follow directly from Proposition 6, the
relations (154) and Theorem 9. This completes the proof of Theorem 8.

5 Quantum Cohomology

5.1 Overview

Let S be a K3 surface. In section 5.2 we recall basic facts about the Fock
space

F(8) = P H*(Hilb’(5); Q).

d>0

In Section 5.3 we define a 2-point quantum operator EM°. which encodes
the quantum multiplication with a divisor class. In section 5.4 we intro-
duce natural operators £ acting on F(S). In Section 5.5, we state a
series of conjectures which link £() to the operator EM®. In section 5.6 we
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present several example calculations and prove our conjectures in the case
of Hilb?(S). Here, we also discuss the relationship of the K3 surface case to
the case of A;-resolution studied by Maulik and Oblomkov in [MOO09b].

5.2 The Fock space
The Fock space of the K3 surface S,

F(S) = P Fa(S) = @ H*(HiIb(S), Q), (160)

d>0 d>0
is naturally bigraded with the (d, k)-th summand given by
FE(S) = H*FH D (Hilb?(S), Q)
For a bihomogeneous element p € F¥(S), we let
ul=d,  k(u) =k

The Fock space F(S) carries a natural scalar product < . ‘ . > defined by
declaring the direct sum (160) orthogonal and setting

<M | V> N /Hilbd(S) e

for pu,v € H*(Hilb%(S),Q). If a,o/ € H*(S,Q) we also write

(oz,o/>:/San/.

If p, v are bihomogeneous, then (u|v) is nonvanishing only if |u| = |v| and
k() + k(v) = 0. For all o € H*(S,Q) and m # 0, the Nakajima operators
pm (@) act on F(S) bihomogeneously of bidegree (—m, k(«)),

() .7:5 — .7:§+k(a) .

The commutation relations
[P (@), pn(B)] = —mbmin,o(a, B) idJ—‘(S): (161)

are satisfied for all a,, 8 € H*(S) and all m,n € Z\ {0}.
The inclusion of the diagonal S C S™ induces a map

Tsxm - H*(SyQ) - H*(va(@) = H*(S7Q)®m :
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For 1, = 749, we have

(@) =Y g7 (aUy) @7,
,J

where {7;}; is a basis of H*(S) and ¢ is the inverse of the intersection

matrix g;; = (Vi, 7;)-
For v € H*(S,Q) and n € Z define the Virasoro operator

1
Ln(')/) = _5 Z CPEPn—k T*(’Y):
keZ
where : —— : is the normal ordered product [Leh04] and we used
prpr- @ B = pr(a)pi(B)-
We are particularly interested in the degree 0 Virasoro operator

1
Lo(v) = 3 Z PpEPk ()
kEZ\O

== > g k(i Upe(y)

k>1 5
The operator Lo(7) is characterized by the commutator relations
[pr(a), Lo(v)] = kpr(aU7).
Let e € H*(S) denote the unit. The restriction of Lo(v) to Fy4(S),
Lo(")| 7,5 : H*(HilbY(S),Q) — H*(HilbY(5), Q)

is the cup product by the class

D(y) = (d_ll)!p_mv)p_l(e)d-l € H*(HibY(S),Q)  (162)

of subschemes incident to v, see [Leh99]. In the special case 7 = e, the
operator Ly = Lg(e) is the energy operator,

Lo| 7,5 = d - idz(s) - (163)

Finally, define Lehn’s diagonal operator [Leh99]

1
0= =5 D (Poibp—iPiss + PP (i) 73((S])

4,521
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For d > 2, the operator 0 acts on F4(S) by cup product with — AHIIbd(S)

where )
At (s) = =k 2(e)p-1(e)?

is the class of the diagonal in Hilb?(S).

5.3 The WDVYV equation

Let S be an elliptic K3 surface with a section. Let B and F' be the section
and fiber class respectively, and let

B, =B+ hF.

For d > 1 and cohomology classes 71, ..., %m € H*(Hilb%(S); Q) define the
quantum bracket

Hilbd (S kB 1< >Hi|bd(S)
<’717---77m> Zzy Yiy-- -5 Tm By +kA )

h>0 keZ

where the bracket on the right hand side was defined in (4).
Define the 2-point quantum operator

g2 F(5) @ Q1)) ((0)) — F(5) @ Q(y))((9))
by the following two conditions.
e for all homogeneous a,b € F(S),

(a | £Mp) = {<“’ b>q if |a] = |b|

0 else,

e £Hib ig Tinear over Q((y))((q))-

Since M 2(Hilb%(S), a) has reduced virtual dimension 2d, the operator £H'P
is self-adjoint of bidegree (0, 0).
For d > 0, consider a divisor class

D e H%(Hilb%(9)),
and the operator of primitive quantum multiplication'? with D,

Mp:a— Dxa

12defined in (11)
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for all @ € F4(5) @ Q((y))((q)) ® Q[n]/R*. If

1
D = D(v) for some y € H*(S) or D= —iAH”bd(S),

by the divisor axiom we have

MD(W) ’]'—d(s) = (LO(’V) + hpO(’Y)gH”b>

Fa(S)
1 d Hilb
_iMAHilbd(S) ’]—‘d(S) = (8 + hy@g >

Fa(s)’

where di is formal differentiation with respect to the variable y, and po(y)

for v € H*(S) is the degree 0 Nakajima operator defined by the following
conditions:!?

* [po(7),pm(7)] =0 for all v/ € H*(S), m € Z,

- _ (164)
e po(0) d" My 1s = (v, Br)d"yF 1s  for all b, k.

Since the classes D(7y) and Apypa(g) span H?(Hilb%(S), the operator £HP
therefore determines quantum multiplication Mp for every divisor class D.

Let Dy, Dy € H?(Hilb%(S),Q) be divisor classes. By associativity and
commutativity of quantum multiplication, we have

D1 * (DQ * a) = D2 * (D1 * a) (165)

for all a € F4(S). After specializing D; and Dy, we obtain the main com-
mutator relations for the operator EHiP:
For all v,v' € H?(S,Q), after restriction to F(.9), we have

po(7) [EM, Lo(7)] = po(v) [EM, Lo ()]

po(7) [£1, 5] = yjy €7, Lo (7).

(166)

The equalities (166) hold only after restricting to F(S). In both cases,
the extension of these equations to F(S) ® Q((y))((g)) does not hold, since
po(y) is not ¢-linear, and y% is not y-linear.

Equations (166) show that the commutator of EM® with a divisor inter-
section operator is essentially independent of the divisor.

'3 The definition precisely matches the action of the extended Heisenberg algebra
<Pk(7), k € Z> on the full Fock space F(S) ® Q[H*(S,Q)] under the embedding
"t ¢ see [KY00, section 6.1].
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5.4 The operators £"
For all (m,f) € Z*\ {0} consider fixed formal power series

eme(y,0) € C(y"?))[q] (167)
which satisfy the symmetries

Pmp = —P—m,—¢

(168)
&pm,ﬁ = MPem -

Let A(g) = q ][> (1 - q™)?* be the modular discriminant and let

+yq™)(1+y ™)
(1—qm)?

Fly,q) =" +y ") ] u

m>1

be the Jacobi theta function which appeared in Section (0.3), considered as
formal power series in ¢ and y in the region |q| < 1.
Depending on the functions (167), define for all € Z operators

EN: F(S) @ C((y") () — F(8) @ C((y"*)((9) (169)
by the following recursion relations:
Relation 1. For all » > 0,

5(7‘) _ 507’

% 4 :
Fo()EC(/2) (@) Fly,q)2A(q) TSt/ ))(@)

Relation 2. For all m # 0, r € Z and homogeneous v € H*(S),

k() -
(1), €] =) e} e (NETTO iy, ),
LeZ

where k() denotes the shifted complex cohomological degree of ~,
v € B (s;Q),

and : —— : is a variant of the normal ordered product defined by

pu(y)e®) = [ PEEY il <0
' C | EWpy(y) i L>0.

By definition, the operator £(") is homogeneous of bidegree (—r,0); it is
y-linear, but not ¢ linear.
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Lemma 21. The operators E),r € 7 are well-defined.

Proof. By induction, Relation 1 and 2 uniquely determine the operators
£, Tt remains to show that the Nakajima commutator relations (161) are
preserved by £"). Hence, we need to show

[[pm(a), pn(ﬁ)] ) 5(7“)} = [ — MOmin0(a, B) id]-'(S), g(r)] =0

for all homogeneous «, € H*(S) and all m,n € Z\ {0}. We have

[[Pn(@),p(8)], €] = [bm(@), [pa(8), €] = [#n(8), [pm (@), £7]].
(170)
Using Relation 2, we obtain
[pm(@), [pn(8), 7]
7k(B) 3
= [pml@), Y- i 9 DETTO 5 oy, q)]
n
ez
k()L e
= O (B, 1)
gk(ﬁ)(g/)k(a) el
+ Z B k) pe(B)(: por(@)Erntm=t=£) D) P Pnt
ez
Similarly, we have
)\ k(a)+1
[pa(8). [pm(e).£0)] = E2 o, gy,
m
kB (pryk(a) !
+ Z nk(ﬁ)(nl)k(a) : pg/(()d) (Z pg(,@)g( +nt t E) Z) . (pmj/gpn,e. (172)

INLYA
Since for all ¢, ¢’ € Z we have
pe(B) (: per ()€U ) s = (@) (: pe(B)ETTET) )
the second terms in (171) and (172) agree. Hence, (170) equals

(_m)k(B)H (—n)kle)+ }
25 Pm,—n

(r+m+n) ) \ o)~ -
s { E e, - S (173)

If (o, B) = 0 we are done, hence we may assume otherwise. Then, for degree
reasons, k(a) = —k(f). Using the symmetries (168), we find

m m
Pm,—n = _gcpfn,m = z@n,fm
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Inserting both equations into (173), this yields

—k(a)+1 k(a)+1
<a, B>g @n,—m{ nfk(a) + mk;(a) n } 0. ]

5.5 Conjectures

Let G(y,q) be the formal expansion in the variables y, ¢ of the function
G(z,7) which already appeared in Section 0.4,

2
G(y,q) = F(y,q)* (yjy> log(F(y,q))

= F(y,q)*- { 1 j—Jy)2 > > m((=y) "+ (—y)m)qd}-

d>1 m|d

Conjecture A. There exist unique series @m g for (m,f) € Z?\ {0} such
that the following hold:
(i) the symmetries (168) are satisfied,

(i) the initial conditions

. 1 d
=Gy =1, pro=—i Fly.q), ¢11=—3 qdfq(F(y,q)Q) :

hold, where i = \/—1 1is the imaginary number,

(iii) Let £ r € Z be the operators (169) defined by the functions ©m..
Then, £ satisfies after restriction to F(S) the WDVV equations

po(7) €D, Lo(v)] = po(7') [E©, Lo ()]

174
po(7) [€©, 0] = y;; (€@, Lo(7)] ()

for all v,+' € H?(S,Q).

Conjecture A is a purely algebraic, non-degeneracy statement for the
WDVYV equations (174). It has been checked numerically on F;(S) for all
d < 5. The first values of the series ,, ¢ are given in Appendix B.0.7. For
the remainder of Section 5, we assume conjecture A to be true, and we
let £ denote the operators defined by the (hence unique) functions Om.
satisfying (i)-(iii) above. Since Conjecture A has been shown to be true for
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Fa(S) for all d < 5, the restriction of £ to the subspace @g<5F4(S) is
well-defined unconditionally.

The following conjecture relates £© to the quantum operator EMP. Let
Lg be the energy operator (163). Define the operator

Gy, )™ : F(5) @ Q1)) ((2)) — F(S) @ Q(y))((2))
by the assignment
Gly, )" (1) = Gly, @) - p
for any homogeneous p € F(S).

Conjecture B. After restriction to F(.5),

1

Hilb
¢ F(y,q)*A(q)

— £0) _

Gy, q)™. (175)

Combining Conjectures A and B we obtain an algorithmic procedure to
determine the 2-point quantum bracket (-, -),. The equality of Conjecture B
is conjectured to hold only after restriction to F(.S). The extension of (175)
to F(S) ® Q((y))((q)) is clearly false: The operators 1P and G0 /(F2A)
are g-linear by definition, but £ is not.

Let QJac be the ring of holomorphic quasi-Jacoi forms defined in Ap-

pendix B, and let
QJac = @ @ QJacy, ,,

m>0k>—2m

be the natural bigrading of QJac by index m and weight k, where m runs

over all non-negative half-integers %ZZO.

Conjecture C. For every (m,l) € Z? \ {0}, the series
Om.e + sgn(m)de
is a quasi-Jacobi form of index 3(|m| + |€]) and weight —do.
Define a new degree functions deg(y) on H*(S) by the assignment
o 7 €QF o deg(y) = -1
e Y€Q(B+F)—deg(y)=1
e y€{F, B+ F}*—deg(y) =0,
where the orthogonal complement {F, B + F}* is defined with respect to

the inner product (-, ).
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Lemma* 21.1. Assume Conjectures A and C hold. Let v;,7; € H*(S) be
deg-homogeneous classes, and let

n= Hp—mz(’)/’b)lsu V= Hp—nj (%ﬂ)ls (176)
i J

be cohomology classes of Hilb™(S) and Hilb™(S) respectively. Then

<M ‘ g(n_m)y> N F(%;QA(Q)

for a quasi-Jacobi form ® € QJac of indezx 3(Im| + |n|) and weight

D deg(i) + 3 deg(7)).

Proof of Lemma 21.1. By a straight-forward induction on |u| + |v|. O

Let p,v € H*(Hilb%(S)). By Lemma (21.1) and Conjecture B, we have

 ey,9)
hov) = F(y,9)*A(q) )

for a quasi-Jacobi form ¢(y,q). Since F(y,q) has a simple zero at z = 0,
we expect the function (177) to have a pole of order 2 at z = 0. Numerical
experiments (Conjecture J) or deformation invariance'? suggest that the
series (i, V), is nonetheless holomorphic at z = 0. Combining everything,
we obtain the following prediction.

Lemma* 21.2. Assume Conjectures A, B, C, J hold. Let u,v € H*(Hilb%(S))
be cohomology classes of the form (176). Then,

L\ Hilb(S) ®(y,q)
v, Alq)

for a quasi-Jacobi form ®(y,q) of index d — 1 and weight

2+ deg() + Y deg(s))

14Gee [Obel5] for a discussion of the monodromy action by deformations of Hilb?(S) in
the moduli space of irreducible holomorphic-symplectic varieties.
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5.6 Examples
5.6.1 The higher-dimensional Yau-Zaslow formula

(i) Let F be the fiber of the elliptic fibration 7 : S — P!. Then

(o] (60 - g0 o)

=(p-1(F)"1s | £Op1(F)15)

(~1)%(1s | 1 (F)eOp_1 (F)15)

= (~1)(1s | po(F)'ED et o1 (F)"15)
| po(F)

(—1)d<1S F)*g® )( ) <P10<P 101$>

shows Conjecture B to be in agreement with Theorem 1; here we have used
po(F') = 1 above.

(ii) Let B be the class of the section of 7 : S — P! and consider the class
W =B+F.

We have (W, W) = 0 and (W, 3,) = h — 1. Hence, po(W) acts as qd% on
functions in q. We have

<p—1(W>dls (0= FQAGLO)p 1(W)1s)
< )1g ‘ 5<0>p,1(W)d1S>

= (=1) <1S ‘ po(W d5(d)¢?oP—1(W)dls>
{

s ‘ po(W)24E0) ¢ 0¥P— 1015>

2 <P10<P 1,0
dq> ( 0)?A(g >>
) (M50
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5.6.2 Further Gromov-Witten invariants

(i) Let w € H*(S;Z) be the class of a point. For d > 1, let
C(F) = p_1(F)p_1(w)*'1g € Hy(Hilb*(S),Z)

and
D(F) =p_1(F)p_1(e)¥ 115 € H*(Hilb*(S),Z).
Then,

(e ] (€0 - g 6™piE)

(d—1 1 (F)p-1(w)* s ’ 5(0)13—1(F)P—1(e)d’113>
L (pate

P_1

) <P—1
T d- )|< )T s ‘ 5(0)%,090—1,013—1(e)d’115>
_ (=%

- (d—1) |<1S ) EQw1op_10(p11 + 1) py (W>d_1p_1(e)d_115>

_pr0p-10(p11 +1)47
 F(y,9?A(9)
_ Gly,9™!
A

By the divisor equation and (D(F), By, + kA) = 1 for all h, k, Conjecture B
is in full agreement with Theorem 6 equation (1).

(ii) Let A = p_o(w)p_1(w)? 215 be the class of an exceptional curve. Then,

(4] € - getp)

= (1 | b)) 2o (Do (0 (1 + 1 15)

_1)d
:(c(i—l)l)'< )25(1)‘01( Y1 (F)p-1(e) oo lprn + 1)721s)

— —%<1s ‘ EWp_1 (F)pai(p11 + 1)d_2>

_ 1(=po10)p2a(pr + D)2
2 F2(y,q)A

() 0"
)y

N | =
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Hence, again, Conjecture B is in full agreement with Theorem 6 equation

(2)-

(iii) For a point P € S, the incidence subscheme
I(P) = {¢€ € Hilb*(S) | P € &}

has class [I(P)] = p_1(w)p_1(e)ls. We calculate

(1(p) | (£ - F;AGLO)I(P)>
- _<p—1(€)1s ‘ P1<w)5(O)I(P)> - FCiQA
- 7<P71(6)1S ‘ (5(0)P1(W)(601,1 +1) - pfl(w)5(2)¢17,1)I(P)> a FG;A

- <p*1(6)15 ‘ EOp 1(w) (11 + 1)15>
+ <ls ‘ 8(2)p—1(W)p_1(e)<p17_113> _ FC;QA

(pra+1)? o191 G
F2A F2A F?A

(s F)
A(q)

Hence, Conjecture B agrees with Theorem 6 equation (3), case d = 2.

(iv) For a point P € S, we have

<p_1(F)215 ‘ (£© 1

- F2A
= *<1S ‘ 5(2)80%,01(P)>
=P op-1
- F2A
F(y,q) - q4-F(y,q)
A(r)

Hence, Conjecture B is in agreement with Theorem 7.

GLO)I(P)>

5.6.3 The Hilbert scheme of 2 points

We check conjectures A, B, C, J in the case Hilb?(S). Conjecture A is
seen to hold for Hilb?(S) by direct calculation. The corresponding functions
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©m,¢ are given in Appendix B.0.7. This implies Conjecture C by inspection.
Conjecture B and J hold by the following result.

Theorem 10. For all yu,v € H*(Hilb?(S)),

o= (] (£ G ).

Theorem 11. Let pu,v € H*(Hilb%(S)) be cohomology classes of the form

(176). Then,
>

(u, V>q = Alq)

for a quasi-Jacobi form ® of index 1 and weight

2+ Z@(%) + Z@(V})-

By Sections 5.6.1 and 5.6.2 above, Theorem 10 holds in the cases con-
sidered in Theorems 4, 6 and 7 respectively. Applying the WDVV equation
(164) successively to these base cases, one evaluates the bracket (u,v), for
all p, v € H*(Hilb?(9)) in finitely many steps. Since for Hilb?(S) the WDVV
equation also holds for £© — GLo /(F2A), this implies Theorem 10. Finally,
Theorem 11 follows now from direct inspection.

Proof of Proposition 1. By degenerating (FE,0) to the nodal elliptic curve
and using the divisor equation we may rewrite Hy(y, q) as

Ha(y. q) = ZZykqh_l/ (evy x eva)*[AM] (178)

kEZ hZO [MO’Q(Hi|bd(S),,3h+kA)]Yed

where [AlY] € H24(Hilb%(S) x Hilb%(S)) is the diagonal class. Proposition
now follows from calculating the right hand side of (178) using Theorem 10.
O

5.6.4 The A; resolution.

I coefficient, and let

Let [¢~!] be the operator that extracts the ¢~
gHib _ [4~1)gHilb

be the restriction of EM'P to the case of the section class B. The correspond-
ing local case was considered before in [MO09a, MO09b].

Define operators Sg) by the relations
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o [pm(1),EY] = (7, B) ((—y) ™2 — (—y)m/?) £5+™

for all m # 0 and all v € H*(S), see [MO09b, Section 5.1]. Translating
the results of [MO09a, MO09b| to the K3 surface leads to the following
evaluation.

Theorem 12 (Maulik, Oblomkov). After restriction to F(.S),

Y . _ (0

EHiIb
g+ 14y

By the numerical values of Appendix B.0.7, we expect the expansions

emo = ((—y) ™2 = (—y)™?) +0(q)  forallm#0

ome = 0(q) forallme Z,£+#0.
Because of
GLo y d
2N (1+y)21 F(8)

we find conjectures A and B in agreement with Theorem 12.

_1]

lq

A The reduced WDVYV equation

Let M4 be the moduli space of stable genus 0 curves with 4 marked points.
The boundary of Mg 4 is the union of the divisors

D(12|34), D(14/23), D(13|24) (179)

corresponding to a broken curve with the respective prescribed splitting of
the marked points. Since M4 is isomorphic to P!, any two of the divisors
(179) are rationally equivalent.

Let Y be a smooth projective variety and let Mg, (Y, 3) be the moduli
space of stable maps to Y of genus 0 and class 8. Let

7 Mon(Y,B) = Mo

be the map that forgets all but the last four points. The pullback of the
boundary divisors (179) under 7 defines rationally equivalent divisors on
My, (Y, ). The intersection of these divisors with curve classes obtained
from the virtual class yields relations among Gromov-Witten invariants of Y,
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the WDVV equations [FP97]. We derive the precise form of these equations
for reduced Gromov-Witten theory. For simplicity, we restrict to the case
n = 4.

Let Y be a holomorphic symplectic variety and let

red
() = Vi) U Uevi(m)

B Mo, (Y,B)]red

denote the reduced Gromov-Witten invariants of Y of genus 0 and class
B € Ho(Y;Z) with primary insertions 71, -+, vm € H*(Y).

Proposition 9. Let v1,...,71 € H*(Y;Q) be cohomology classes with

Zdeg(%) = vdim Mo4(Y,8) — 1 =dimY + 1,

where deg(~y;) denotes the complex degree of ;. Then,

red

red
= <’71774,’72U73>5 +<’Y1U74,’72>73>ﬁ

red

red
<71,’72>73U’Y4>6 +<71U72773,W4>ﬁ
Proof. Consider the fiber of 7 over D(12|34),
D =7 H(D(12(34)).

The intersection of D with the class

4
(H evy (%)) N [Moa(Y, B)]" (180)
i=1

splits into a sum of integrals over the product
M’ = Mos(Y, B1) x Mos(Y, B2),

for all effective decompositionsf = 51+ Bs.
The reduced virtual class [Mg4(Y, 3)]"? restricts to M’ as the sum of

(evs x evs)* Ay N [Mo(Y, )" x [Mo3(Y, B2)]
with the same term, except for 'red’ and ’'red’ interchanged; here
Ay € H?9mY(y v 7)

is the class of the diagonal and [ - |°*? denotes the ordinary virtual class.
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Since [Mo3(Y, )] = 0 unless 8 = 0, we find

red ord

DUllv= <71,72,Te> gef<73,74,Tf> +
/[Mo,4(Y,5)]fed 1:[ ezf: A 0
ord

red
+ <71,’72,Te> gef<73,’74>Tf>ﬁ

0
red red
= <’Y1,72,73 U 74>ﬁ + <71 U 72»73,V4>6 , (181)

where {T.}. is a basis of H*(Y;Z) and (¢°/). ¢ is the inverse of the inter-
section matrix gey = fY TeUTy.

After comparing (181) with the integral of (180) over the pullback of
D(14]23), the proof of Proposition 9 is complete. O

We may use the previous proposition to define reduced quantum coho-
mology. Let % be a formal parameter with 72 = 0. Let Effy be the cone of
effective curve class on Y, and for any 3 € Effy let ¢® be the corresponding
element in the semi-group algebra Q[Effy|. Define the reduced quantum
product * on

H*(Y;Q) ® Q[[Effy]] ® Q[A]/1* .

by
red

(M * 72,78y = (M Uy2,73) + 7Y q5<71,72,73>ﬂ

B8>0

for all a,b,c € H*(Y), where (y1,72) = [;71 U2 is the standard inner
product on H*(Y;Q) and g runs over all non-zero effective curve classes of
Y. Then, Proposition 9 implies that * is associative.

B Quasi-Jacobi forms

B.0.5 Overview

We give a short concrete definition of quasi-Jacobi forms, and listed the first
values of ¢y, ,,. Quasi-Jacobi forms arise more generally as constant terms
of almost-holomorphic Jacobi forms, see [Lib11] for an introduction'®. Our
definition here is closely related to Libgober’s definition. If f is a quasi-
Jacobi form (in our sense) of index m, then f/F?™ is a quasi-Jacobi form
in the sense of [Lib11].

!5 The authors would like to thank A. Libgober for pointing out [Lib11].
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B.0.6 Definition

Let (z,7) € CxH, and let y = —p = —€?™% and ¢ = €*™*7. For all expansions
below, we will work in the region |y| < 1.
Consider the Jacobi theta functions

U1z, 7) — (2 4y H (1+yg™ A +y'g™)

Fen =5 P N (T

the logarithmic derivative

d
Ji(z,7) =y log(F(y,q) = —— — 5 — g,
1(2,7) dy(()) 1+y ;%d ~y)™")
the Weierstrass elliptic function
1 —m\ d
d>1 mld
the derivative
d -m
o' (1) =y ol=T) = 1+ +sz —(—=y) ™",
y d>1 m|d
and for k > 1 the Eisenstein series
4k _
2k 4=1 " mld

where By are the Bernoulli numbers. Define the free polynomial algebra
V= (C[F(z,T),Eg(T), Ey (1), J1(z,7), p(2z,7), p’(z,r)].

Define the weight and index of the generators of V by the following table.
Here, we list also their pole order at z = 0 for later use.

F(z,7) | Eop(7) | Ji(2,7) | 9(2,7) | 9°(2,7)
pole order at z =0 0 0 1 2 3
weight -1 2k 1 2 3
index 1/2 0 0 0 0

Table 2: Weight and pole order at z =0
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The grading on the generators induces a natural bigrading on V by weight
k and index m,
V- D BV
me(% 7)>0 k€L

where m runs over all non-negative half-integers.
In the variable z, the functions

EQk(T)v J1<Z,7'), @(Z,T), @.(Z,T) (184)
can have a pole in the fundamental region
{z4+yr |0< 2,y <1} (185)

only at z = 0. The function F(z,7) has a simple zero at z = 0 and no other
zeros (or poles) in the fundamental region (185).

Definition 2. Let m be a non-negative half-integer and let k € Z. A func-
tion

f(zv 7_) € Vk,m
which is holomorphic at z = 0 for generic T is called a quasi-Jacobi form of

weight k and index m.

The subring QJac C V of quasi-Jacobi forms is graded by index m and
weight k,
QJac = @ @ QJacy, ,

m>0 k>—2m

with finite-dimensional summands QJacy, ,,,.
By the classical relation

1 1

(0°(2))" = 4p(2)° — 5 Ea()p(2) + 56 Eolr).

we have Eg(7) € V and therefore Eg(7) € QJac. Hence, QJac contains the
ring of quasi-modular forms C[Es, Ey, Fg]. Since the functions

Y91 = —F(Z,T)Q, w01 = —12F(z,7')250(z,7'),

lie both in QJac, it follows from [EZ85, Theorem 9.3] that QJac also contains
the ring of weak Jacobi forms.

Lemma 22. The ring QJac is closed under differentiation by z and 7.
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Proof. We write

for differentiation with respect to 7 and z respectively. The lemma now
direct follows from the relations.

1 11
(F)=F.-(=J?-Zp— —F (F)=J,-F,
0nF) = F- (32~ 30 152, 0.(F) =
o) =T (B —p) — 2o 0.(J1) = —p + —E
T\J1) — J1 12 2 § 2@7 z\J1) — £ 12 2
1 1
0r(p) = 20" + GoEa + J1p° — o B, d:(p) = 9°,
1 1 1
° 2 ° ° ° 2
- — —LE ) — 6p% — —Fy.
0-(p*) = 6J1p 24J1 1+ 3pp +4 20", 0:(p°) = 6p g 4 O

B.0.7 Numerical values

We present the first values of the functions ¢, ¢ satisfying the conditions of
Conjecture A of Section 5.5. Let K = iF', where ¢ = v/—1. Then,

1 11
=K (-2 Zo__FE
#1,-1 (2‘]1 2¥ 7 12 2)

p1,0=—K
_ K2 o iE
Y11 = § 12 2

1 1.
9,9 =2K* (Jf —2J%p — EJ%E2 — §J1p )

2 1 1.
a1 = 2K <3Jf - Jip— EJlEQ ¥ )
P20=—2-J1-K°

1 1
=2K%. [ J1p— —J1Es + —¢p°
©2.1 ( 1 271 2+2@)

1 3 1
1=2K* (JPp— —J?Fy+ 0>+ Jip*— —F
P22+ <1p i 2+2@ + Jip 9% 4
1

1
J3Ey + = J1p?
g1 2+21@

9 9
@32 =3K"- <5J15 - EJ?@

1

1 9 9 e
-l-ﬂleEz—Zle + 180

3 .
J1Ey + %@@ )
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9 9 1 1 1 1 1
G =3K* (I =T — < JPFy+ —p* + —pFEy — —J1p° + —E
P3-1=3 <8J1 e A R VL I R R T
9 3
3 2
w30 =K '(—J1+@>
: 2 2
3 1 1 1 1
=3K* (ZJ2p— —J?Ey + —p* + —pFy + J1p* — —F
w31 =3 (2J1K) 8J1 24 507+ 5B + J1p" — o By

3 1 7
@32 =3K"- <2Jf@ - ngEz + §J1@2

1 7 1 3
— J1pEy + —J?p* — —J1Es+ Sp-p°
+24le 2+4J1p 36J1 4+4p p)

@33+1=3KS. (ZJ{*@ - %J{lEQ + % To° + %prEQ +3J3p°
+ 2@3 - %WQEQ - 1i6J12E4 +3J1p - p° — ipﬂi + ;(@')2>
Pa0=K*- (—?Jf’ +8J1p + §@>
In the variables
g=T  and s = (—y)/? = emiz

the first coefficients of the functions above are

01,1 = (—3_4 +4s572 — 6+ 45> — 54) q+0(¢?)

o11= (st =452+ 6 — 45> +84) q+0(¢%)

)

572 —8%) + (—4sT + 8572 =857 +45") ¢+ O(¢%)
o1 = (2670 — 652 + 45 + 45 — 65° + 25°) ¢ + O(¢°)
Poo+1l=1+(25"0—ds™ — 2572+ 825" —45* +25%) ¢ + O(¢?)

@32 =(—35"T+65° =351 =35+ 65" —35") ¢+ O(¢?)
¢3,-1= (=350 49571 - 09572+ 6 — 95 + 95" —35°%) ¢+ O(¢?)
w30 = (873 — 53) + (—9575 +18573 — 9571 + 95— 185% + 955) q+0(¢%)
@31 =(3570=9s""+ 9572 -6+ 95> — 95" +35°) ¢ + O(¢?)
p32= (35T —65°+3s " +3s5— 65" +35") ¢+ O(¢?)
33+ 1=1+(35%—650+35s""—652+12— 65> +3s* — 65° +35%) ¢ + O(¢?)

04,0 = (5_4 — 54) + (—168_6 +3257% — 1652 + 1652 — 32s* + 1636) q+0(d%).
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