Holomorphic anomaly equations for the Hilbert scheme

of points of a K3 surface

Georg Oberdieck

Abstract

We conjecture that the generating series of Gromov-Witten invariants of the Hilbert
schemes of n points on a K3 surface are quasi-Jacobi forms and satisfy a holomorphic
anomaly equation. We prove the conjecture in genus 0 and for at most 3 markings —
for all Hilbert schemes and for arbitrary curve classes. In particular, for fixed n, the
reduced quantum cohomologies of all hyperkéhler varieties of K 3[”]-type are determined
up to finitely many coefficients.

As an application we show that the generating series of 2-point Gromov-Witten
classes are vector-valued Jacobi forms of weight —10, and that the fiberwise Donaldson-
Thomas partition functions of an order two CHL Calabi-Yau threefold are Jacobi forms.
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1 Introduction

1.1 Overview

An irreducible hyperkéhler variety is a simply-connected smooth projective variety X such
that HY(X, Q%) is generated by a holomorphic-symplectic form [7]. A topological classifica-
tion of these varieties is unknown so far. However, among the 4 families of examples which
are known, the most studied case are the Hilbert schemes of points on a K3 surface and
their deformations, which are called of K3["-type. In this article we study the Gromov-
Witten theory (the intersection theory of the moduli space of stable maps) with target a
hyperkéhler variety of K3[M™-type. We state two new fundamental conjectures: finite gener-
ation by quasi-Jacobi forms and holomorphic anomaly equations. We prove this conjecture
for the case of most interest: in genus 0 and for up to three markings, with no restriction
on the curve class. As a corollary, the reduced quantum cohomology of a K3[™-hyperkéhler
variety is determined up to finitely many coefficients. We also find that the series of 2-point
Gromov-Witten classes define vector-valued Jacobi forms of weight —10. This implies that
the Donaldson-Thomas partition functions of CHL Calabi-Yau threefolds are Jacobi forms
proving conjectures of [15].

Together with the multiple cover conjecture [74, 81] we obtain a complete conjectural
picture of the Gromov-Witten theory of K3[™-hyperkéhler varieties, which is proven for
genus zero and up to three markings.

1.2 Gromov-Witten theory
Let S be the Hilbert scheme of n points on a smooth projective K3 surface S. Let
Mg n(SM, 8 +7A)
be the moduli space of N-marked genus ¢ stable maps to S of non-zero degree
B+rA e Hy(SM, 7)) = Hy(S,Z) & ZA,

where A is the exceptional curve class. Because S (] is irreducible hyperkahler, the virtual
fundamental class of the moduli space of stable maps in the sense of [49, 10] vanishes. Instead
Gromov-Witten theory is defined by the reduced virtual class [62, 14, 36, 33]:

(M, (57,84 74)]" € A, n(S™,8+74)), vd=2n(l—g)+N+1

The first values of the virtual dimension vd are listed in Table 1 below.
If 29— 2+ N >0, let 7: M, n(S"™,3+7A) — M, n be the forgetful morphism to the
moduli space of stable curves. Consider the pullback of a tautological class [24]

taut := 7" (a), «a € R*(Myn).

In the unstable cases 2g — 2 + N < 0 we always set taut := 1. Given cohomology classes
v; € H*(S) the reduced Gromov-Witten invariants of S are defined by

N

] slnl . "
(taut; y1, ... ,’YN>g7[3+TA = /[M (00 e taut U rllevi (i)
g,n ) 1=

1.3 Generating series
Consider an elliptic K3 surface 7 : S — P! with a section, and let
B,F € Hy(S,Z)

be the class of the section and a fiber of 7 respectively.



Genusg | O |1]|2(3]4]|5]|6
Sl 0[1(2|3[4]5]|6
Sl 21110

Sl 4 |1

St 6 |1

So] 8 |1

Slel 10 | 1

o Table 1: The first non-negative values of the (reduced) virtual dimension of
Mgo(S "l 3+ 1A). If a field is empty, all Gromov-Witten invariants in this genus vanish.
Hence for SI™ with n > 1 the most interesting case is genus zero.

By [74, Cor.2] (based on the global Torelli theorem [92, 30]) for any hyperkéhler variety
of K3[-type X and for any effective curve class v € Ha(X,Z) there exists an £ > 1 and a
deformation
(X,7) ~ (S (B + dF + rA), (d>0,r€Z)

such that ~ is kept of Hodge type along the deformation. If 7 is primitive, we can choose
¢ = 1. By deformation invariance, it follows that all Gromov-Witten invariants of K3[™-type
hyperkahler varieties are determined by the generating series:

)
[n] glnl
F;:Z (taUt; Y1y 771\7) = Z Z <taut; Y5 77N>g,€(B+F)+dF+TA qd(_p)r. (1)
d=—LTr€L

By convention we assume here that » = 0 in case n = 1. We will always assume that n > 1.

The series (1) and in particular their modular properties are the main topic of this paper.
To state our main conjectures and results we require the Looijenga-Lunts-Verbitsky (LLV)
Lie algebra and quasi-Jacobi forms.

1.4 Looijenga-Lunts-Verbitsky Lie algebra
The LLV algebra [51, 93] of the hyperkiihler variety S is the Lie subalgebra

act : g(S") — End H*(S)

generated by the operators of cup product with classes in H?(S[™, Q) as well as their Lef-
schetz duals (if they exist), see Section 3.4. Concretely, we have an isomorphism

a(s™) 2 A2V @ Ug)

where Ug is the hyperbolic lattice with basis e, f and intersection form (2 (1]), and

V= H(SM, Q) = H2(S,Q) B QS, (6,6)=2—2n

is endowed with the Beauville-Bogomolov-Fujiki quadratic form.
We require the operators

U=act(FAf), T.=act(aAF), ac{B F}*tcV
WT =act(eA f+BAF)

The weight operator WT € End H*(S[™) is semisimple and defines a grading:

WT(y) = wt(y)y, wt(y) € {-n,...,n}.

For a class v € H*(S [”]), the complex cohomological degree of ~y is denoted by deg(y) = 1.



1.5 Quasi-Jacobi forms

Jacobi forms are holomorphic functions f : C x H — C which satisfy a transformation law
under the Jacobi group I' x Z?2, where I' C SLz(Z) is a congruence subgroup [21]. Quasi-
Jacobi forms are constant terms of almost holomorphic Jacobi forms, see Section 2. The
algebra of quasi-Jacobi forms is bi-graded by weight k£ and index m:

QJac(l') = EB @ QJac(T) k,m.

m>0 keZ

The graded summands QJac(T")j, ., are finite-dimensional. We usually identify a quasi-Jacobi
form with its Fourier expansion in the variables

p=e"""  q=¢>"" (r,7)€C xH.

Recall that the algebra of quasi-modular forms QMod(T") is a free polynomial ring over
the subalgebra of its modular forms,

QMod(T") = Mod(T")[Gs)]

where we used the second Eisenstein series

Gy(T) = —i + 30N dg.

n>1 d|n
Similarly, for quasi-Jacobi forms we always have an embedding
QJac(T") C Jac(I)[G2, A

where Jac(I") is the algebra of weak Jacobi forms and A is the logarithmic derivative

d
A — p—1
(p.q)=p e 0g O(p, q)

of the classical Jacobi theta function

1 1 (1-pg™) (1L -p~'q™)
O(p,q) = (p"/* —p /2)71:[1 e

Since the generators G2 and A are free over Jac one obtains anomaly operators

d d
Fen s Qlac(T) g, m — Qdac(T)k—2,m., A QJac(T)k,m — Qac(T)k—1,m

which control the transformation behavior of any quasi-Jacobi form under the Jacobi group.

1.6 Main conjectures

We state three fundamental conjectural properties of the series F, o. The first expresses the
series Fy , in terms of the series of primitive invariants F ;. Consider the /-th formal Hecke
operator of weight k which acts on power series f =", c(d,r)g¢p" by

Toef =Y | Y dle <fg;> q"p"

n.r o \al(€n,r)

Fori € {1,...,N} let v; € H*(S!") be (wt, deg)-bihomogeneous classes.



Conjecture A (Multiple Cover Conjecture, [74, Sec.2.6]). For all £ > 0 we have
) g () -1 —wt (i )
F;:Z (taut; Y1, .- any) = gzl(d &) t(%))Tk,ZF;:l (taUt; RITEEE 77N) (3)
where k =n(2g — 2+ N) + >, wt(v;).

The second conjecture concerns the modular behaviour. Define the modular discriminant

q)=q]J00-qm*

n>1

which is a modular form for SLy(Z) of weight 12, and the congruence subgroup

To(f) = {(Z Z) € SLy(Z)

Conjecture B (Quasi-Jacobi form Property). For all ¢ > 0:

CEOmodﬁ}.

[nl
ng,e (taut;yi,...,7n) € QJacyt126,0(n—1)(To(£)),

1
A(g)
where k =n(2g — 2+ N) + >, wt(y;) — 10.

The difference in the values of k in Conjectures A and B was explained in [79, Sec.7.3].
Tt is responsible for the appearence of the congruence subgroup I'g(£), and also leads to the
unusual 4-th term in the holomorphic anomaly equation for ﬁ below.

Conjecture B would determine any Fy ,(---) up to finitely many coefficients. However,
in order to know their transformation property under the Jacobi group and also to make
them depend on substantially less coeflicients, we will conjecture their dependence on the
quasi-Jacobi generators G5 and A:

For 2g — 2+ N > 0 define the degree 0 Gromov-Witten invariants

N
= [  (tant) [ T evi (),
[M g, n(SIn],0))std .

where we let [...]* denote the standard (non-reduced!) virtual class in the sense of [49, 10].
Explicit formulas are given in (67) below.

Conjecture C (Holomorphic Anomaly Equation). Assume Conjecture B. We have

d

[n]
iCs FS (taut; y1,...,7N) F;lz(taut Yiy-ey YN, U)

+2 Z F91 ) (tauty; 74, Ur)F,, ’Std(taub;VB, Us)

9:g1+gz
{ ,N}=AUB

_QZ wl taut; ’yla---7’7i713U’7i>’yi+17"'3’yN)

_ [n]
—ZZ(Q DavTe, Te, Fyy (taut;yi, ..., vv)

and

d

[n]
dAF o (taut; v, . yw) = ToFS) (baut; i, ., )

where



e we have identified the operator U € End H*(S™) with the class
U e H*(SI" @ s

using Poincaré duality and the conventions of Section 1.183,
e Uy, Uy stands for summing over the Kiinneth decomposition of U € H*((SI")?),
e the eq form a basis of {F, B} C H?(S,Q) and gu» = (eq, ep) is the pairing matriz,
e for any a € {B,F}* CV we set

N
[n] [n]
T.Fyy (taut;y,...,yw) ZZZFgS,e (taut;vi, ..., Y1, TaYi, Yit1s-- - IN)s (4)
i=1

e in the stable case, where taut = 7 (), we let taut’ := 7°* (o) where v : M g1 ny2 —
M, N is the gluing map, in the unstable case, where taut =1, we set taut’ := 1,

e tauty,taute stands for summing over the Kiinneth decomposition of *(taut) where £
is the gluing map

€ My, a1 (SM, B +74) x My, g1 — Mg n (ST, 8 +rA),

o we let ; € H2(M, n(S", 3+ 1A)) be the cotangent line class at the i-th marking.

Conjecture C determines any Fy, up to a finite list of coefficients, where the list is
sufficiently short for this to be actually useful in applications. For example, the conjecture
determines all Gromov-Witten invariants of S/2 from seven elementary computations, see
[18] where this leads to a Yau-Zaslow type formula for the counts of genus 2 curves on
hyperkéhler fourfolds of K3[2-type.

For K3 surfaces (the case of the Hilbert scheme of n = 1 points) the above conjectures
are well-known. In this case, Conjecture A was made in [77], and Conjecture B reduces to
the prediction of Maulik, Pandharipande and Thomas that the series F, ; are quasi-modular
forms for T'g(¢), see [63]. The holomorphic anomaly equation (Conjecture C) was proven in
[78] for £ = 1 and then conjectured in [4] for arbitrary ¢. There is also sufficient evidence:

Theorem 1.1 ([63, 78, 4]). For S = S, the above conjectures hold for all g, N and
e {1,2}.

For Hilbert schemes of points SI™ with n > 1 Conjecture A was proposed in [74] based
on computations using Noether-Lefschetz theory. Since then the following strong evidence
for all n > 1 was given:

Theorem 1.2 ([81, Thm.1.4]). Conjecture A holds for g =0 and N < 3 markings.

The quasi-Jacobi form property (Conjecture B) appeared in an early form already in
[73, Conj.J], where it was stated in genus 0 for primitive classes. On the other hand, the
holomorphic anomaly equation (Conjecture C) is new and a main result of this paper.

Holomorphic anomaly equations are predicted for the Gromov-Witten theory of Calabi-
Yau manifolds by string theory [6]. In the last years, this structure was proven in various
geometries, such as for elliptic orbifold projective lines [64], elliptic curves [78], formal elliptic
curves [95], local P2 [42, 20], local P! x P! [40, 94] relative (P2, E) [13], C3/Z3 [43, 20], toric
Calabi-Yau 3-folds [22, 23, 25, 26], the formal quintic 3-fold [44], the quintic 3-fold [29, 19],
and (partially) elliptic fibrations [79] and K3 fibrations [41]. Conjecture C is maybe the first
instance where a general holomorphic anomaly equation is considered in higher dimensions.
The interaction here with the LLV Lie algebra is a new phenomenon that needs further
exploration. E.g., are there connections with the Lie algebra which appears in [3]?



1.7 Main results
The main result of this paper is the following.

Theorem 1.3. For all Hilbert schemes of points SI™ (i.e. anyn > 1), Conjecture B and
Conjecture C holds for g =0 and N < 3 markings.

In particular, this result shows that for fixed n, computing finitely many Gromov-Witten
invariants of S, where S is the elliptic K3 surface, determines all 3-pointed genus 0 invari-
ants of all Hilbert schemes of n points on K3 surfaces. This shows the following qualitative
result (see [73] for the definition of reduced quantum cohomology):

Corollary 1.1. For any n > 1, the reduced quantum cohomologies of QH*(X) of all
hyperkihler varieties of K3M-type X can be effectively reconstructed from finitely many
Gromouv- Witten invariants of S!™, where S — P! is the elliptic K3 surface with section.

Ezample 1.2. Let £ € H?"(S[) be the class of a fiber of the Lagrangian fibration Sl — P".

An easy computation® shows wt(£) = —n. Hence by the Theorem we find
F (5L, L) € LQJacz,Qn n—1- (5)
r=0a 55 € Ky |

The space QJacy_g;, ,—1 is one-dimensional spanned by O(p, q)?" 72, s0 (5) is determined up
to a single constant. The class of a line in the section P* c S is B — (n—1)A. Since there
is a unique line through any two points in P", we have

glnl
<1;‘C7£>0,B—(n—1)A =1
This yields the explicit evaluation
n B (,_)(p q)2n—2
S 0y = (—nt 22 6
0,1 ( ) ( ) A(q) ( )
This evaluation was previously obtained (with hard work) in [73, Thm 1]. O

We give a more fundamental example, where the holomorphic anomaly equation deter-
mines the transformation law of the quasi-Jacobi form. Consider the generating series of
2-point Gromov-Witten classes

25 p,0) = 3 S atp) (evi x eva). (o (81, B + (d+ 1)F +rA)™)
d=—1reZ

which is an element of H*(S™)®2 @ ¢='C((p))[[¢]]. Add a quasi-Jacobi correction term:

) _ sl G(p,q)"
z8 (p,q) = z8 (p,q) — WASM (7)

where Agn is the class of the diagonal in (S")2, and
d\2
G(0) = ~0(0.0)* (p4; ) Tox(O(p.0)
We have the following corollary:
2mix

Corollary 1.3. Under the variable change p = e and q = €*™'7, the function

75" CxH - HY (M x s C),  (2,7) 25 (@, 7)

n the Nakajima basis of Section 3.2, we have £ = q1(F)™vg, which implies the claim.



s a vector-valued Jacobi form of weight —10 and index n — 1 with a double poles at lattice
points. In particular, we have the transformation laws

_ 2
s < T a7+b) (o7 4 d)"10WT, (C(” Da )

cr+d et +d ct+d

1 .
C S G apTu T +2T5 | | 257 (2, 7)
B

e _
*P ct+d | 4mi

)

[n]

75" (@ 4+ M+, 7) = e (—(n — 1)A%T — 2A(n — 1)z) exp (ATs) 25" (x, 7),

for all (¢ s) € SLy(Z) and \, u € Z, where we have written e(x) = e2™* for x € C.

We refer to Section 11.1 for the precise definitions and conventions that we use here.
A formula for the series 75" (p, q) was conjectured in [73] and then refined to an explicit
conjecture in [31]. The above corollary yields strong evidence for this conjecture.

The cycle Z° . (p, q) also appears naturally in the Pandharipande-Thomas theory of the
relative threefold (S x P!, Sy ). Indeed, by Nesterov’s quasi-map wallcrossing [67, 68] and
the computation of the wall-crossing term in [81] one has

vir

[n] , N
Z5" (,q) = Y q*(—p)"(evo X eVao)u | Prip(as1ymm (S X P1, S0.00)
d,r

where the moduli space on the right parametrizes stable pairs (F,s) on the relative rubber
target (S x P!, Sy o)™~ with Chern character chg(F) = r. Consider the Pandharipande-
Thomas theory of S x E, where E is an elliptic curve. By using the evaluation in [78] and
by degenerating the elliptic curve [77], one obtains the closed formula:

> o [n] 1
St 2 U= -
n=0 S

[n] x §lnl x10(p, 4, q)

where 10 is the weight 10 Igusa cusp form (as in [77]). Because Fourier coefficients of Siegel
modular forms are Jacobi forms, this matches nicely with Corollary 1.3.

1.8 An application: CHL Calabi-Yau threefolds

Let S — P! be an elliptic K3 surface with section B and fiber class F, and let g : S — S be
a symplectic involution such that

Pic(S) = (_12 (1)> éES(—Q)

where the first summand is generated by B, F’ and the second summand is the anti-invariant
part.? Let E be an elliptic curve and let 7 : E — E be translation by a 2-torsion point. The
Chaudhuri-Hockney-Lykken (CHL) Calabi-Yau threefold associated to (g, 7) is the quotient

X=(SxE)/{gxT).
The group of algebraic 1-cycles on X is
N1 (X) = Spany (B, F) ® Z[E']

where the second summand records the degree over the elliptic curve E' = E/(7).

2These K3 surfaces arise as follows: Let R — P! be a generic rational elliptic surface, and let P — P! be
a double cover, branched away from the discriminant. Then consider the K3 surface S = R xp1 P! and let
g be the composition of the covering involutions with the fiberwise multiplication by (—1). This involution
is symplectic and has the desired properties, see [15, Sec.5.1].



Define the Donaldson-Thomas partition function

= > Y DT, (srarma” ' (-p)"

d>—1rez

where we used the reduced Donaldson-Thomas invariants (see [15])

DT, = / 1.
[Hilb,, 5 (X) /E]

Theorem 1.4. Every DT, (X) is a Jacobi form of weight —6 and index n, that is

1

Tl X) € S ?arm

JaC4’n(1—‘0(2)).

The rank 1 Donaldson-Thomas invariants of X in arbitrary curve classes are determined
from the series DT,, by the multiple cover formula of [81] and a degeneration argument [15].
Hence Theorem 1.4 puts strong constraints on the full rank 1 Donaldson-Thomas theory of
X. For an explicit conjectural formula for the DT, see [15].

Our methods can apply also to arbitrary CHL Calabi-Yau threefolds which are associated
to symplectic automorphism of K3 surfaces of any finite order. The above is just the simplest
case notation-wise and choosen here to illustrate the method. The Donaldson-Thomas theory
of general CHL Calabi-Yau threefolds will be studied at a later time.

1.9 Fiber classes and Lagrangian fibrations

Assume that we are in the stable case 2g — 2 + N > 0. Consider the generating series of
Gromov-Witten invariants in fiber classes of the Lagrangian fibration S — P

(n] slnl
Foo (tantim,oow) =D > (et g apya 4°(-P)
d>0 kez
(d,])£0

We have to exclude here the term (d,r) = (0, 0), because reduced Gromov-Witten invariants
are not defined for a vanishing curve class. The price that we pay for this unnatural definition
is that we work modulo the constant term below. Given power series f,g € C((p))[[q]] we
write f = g if the two power series are equal in C((p))[[¢]]/C, or equivalently if f = g + ¢
for a constant ¢ € C. In the unstable cases 2g — 2+ N < 0 we define

(n
ng,o (taut;y1,...,vn) =0.
We first state the conjectural quasi-Jacobi property and holomorphic anomaly equation.
Conjecture D. Assume that 2g —2+ N > 0. We have the following:

(i) (Quasi-Jacobi form property) Up to a constant term, FS (taut;y1,...,yN) i a mero-
morphic quasi-Jacobi form of weight k = n(2g — 2 + N) + >, wt(v;) and index 0 with
poles at torsion points z =at + b, a,b € Q.

(i) (Holomorphic Anomaly Equations) Modulo constants, i.e. in C((p))[[q]]/C, we have

d

[n] [n]
TGQFQSO (taut; 1, ..., yn) =F- g (taut’sy, .y, U)

+2 Z Fg1 0 (taUtl,VmUl) ’Std(tau'ﬂz;“m, Us)

g:glJrgz
{ ,N}=AUB

_22 - taut; 717"'3/77;717U’Y727’7i+17"'5’yN)3



where ¢; € H?(M 4 n) is the cotangent line class, and

N

[n] [n]
Ff,o (taut;y1,...,yn) = ZFﬁO (taut; y1, .oy T5%iy -« s YN )-
i=1

4
dA

Theorem 1.5. Conjecture D holds in the following cases:

(i) For the K3 surface S (i.e. if n=1) and for all g, N
(ii) For all Hilbert schemes S (that is for arbitrary n), if (9, N) = (0,3).

We refer to Theorem 10.1 for the precise form the quasi-Jacobi forms described in (a)
have. The multiple cover conjecture (Conjecture A) was proven for the K3 surface S in fiber
classes dF in [4]. The observation that the corresponding generating series is quasi-modular
and satisfies a holomorphic anomaly equation appears to be new (but follows easily from the
known methods). The case of the Hilbert scheme of points also follows from the multiple
cover conjecture, together with some subtle vanishing arguments.

Deformation invariance and similar methods as in our proof should show that for any
Lagrangian fibration 7 : X — P" of a K3["-hyperkiihler with a section, the generating
series of Gromov-Witten invariants in fiber classes is a (lattice index) quasi-Jacobi form and
satisfies a holomorphic anomaly equation. This raises the following question:

Question 1.4. Consider any Lagrangian fibration X — B with section of a holomorphic-
symplectic variety X. Are the generating series of Gromov-Witten invariants in fiber classes
quasi-Jacobi forms, and do they satisfy a holomorphic anomaly equation?

The answer is very likely 'yes’. However, more interestingly we can also ask this for cases
where X is quasi-projective hyperkéhler. A prototypical example to consider is the Hitchin
map Mc,, — @&;H°(C,K}) from the moduli space of rank n Higgs bundles on a curve
C. Evidence for a positive answer to the question will be given in the genus 1 case (more
precisely, for the Hilbert scheme of points on E x C) in [82].

1.10 Strategy of the proof

Hilbert schemes of points on K3 surfaces lie in the intersections of two very special classes
of varieties: (i) (irreducible) hyperkdhler varieties, and (ii) Hilbert schemes of points on
surfaces. The geometry of (i) and (ii) will each imply a modular constraint on the generating
series of Gromov-Witten invariants. We will show that these two constraints are precisely
the two modular transformation equations that a Jacobi form has to satisfy.

From hyperkéhler geometry, we use the global Torelli theorem [92, 30] and the descrip-
tion of the monodromy in [52]. The locus parametrizing Hilbert schemes of points S ("] on
K3 surfaces is a divisor in the moduli space of all hyperkéhler varieties of K3["-type. In
particular, there are deformations of S which do not arise from deformations of the un-
derlying K3 surface S (these deformation may be thought of as deforming the K3 surface S
in a non-commutative way). Utilizing these extra deformations yields precisely one of the
transformation properties that we need.

The other ingredient follows from the Hilbert scheme side. Given a surface S there is a
correspondence between three different counting theories:

(i) Quantum Cohomology (i.e. (9, N) = (0,3) Gromov-Witten theory) of S,
(ii) Pandharipande-Thomas theory of the relative threefold (S x P!, Sp 1 o),
(iii) Gromov-Witten theory of the relative threefold (S x P!, Sp 1 o).

This correspondence is often represented in the triangle:

10



Quantum cohomology
of Hilb(S)

Gromov-Witten theory Pandharipande-Thomas theory
of § x P! of § x P!

The GW/PT correspondence (meaning the correspondence between (ii) and (iii)) was pro-
posed in [56, 57] and was proven since then in many instances in [60, 88, 89]. For K3 x P! it
was recently established in [72] for curve classes which are primitive over the surface. The
Hilb/PT correspondence (between (i) and (ii)) was recently established in full generality by
Nesterov [67]. For C? and resolutions of A,, singularities the triangle of correspondences was
worked out previously in [84, 17, 85, 58, 55, 59, 50].

In the case of K3 surfaces the above correspondences take the simplest form: they are
straight equalities, without wallcrossing corrections, see Theorem 7.3 and [68]. By expressing
invariants of the Hilbert schemes in terms of invariants of S x P! and then applying the
product formula in Gromov-Witten theory we hence have expressed the Gromov-Witten
invariants of the Hilbert scheme in terms of those of the K3 surface. This allows us to
liftt modular properties which are known for K3 surfaces to the Hilbert scheme of points.
Altogether, this provides precisely the other half of the modularity that we were missing.

This leads to the proof of Theorem 1.3 for primitive classes (¢ = 1). To deduce the
arbitrary case we use the proven case of the multiple cover conjecture [81] and check the
compatibility of our conjectures under the formal Hecke operator. Except for working out
the required compatibility on quasi-Jacobi forms this last step is not difficult.

1.11 History

The Gromov-Witten theory of the Hilbert schemes of points of K3 surfaces was first stud-
ied by the author in his PhD thesis in [69]. Many ideas behind the current work were
already anticipated then. For example, the potential role of the monodromy was discussed
in [69, Sec.6.3], and the quasi-Jacobi form property was conjectured in a simple case in [69,
Sec.5.1.3]. Interestingly, the simplest evaluation on the Hilbert scheme from a weight point
of view, given in (6), is precisely also the case where the moduli space of stable maps is the
simplest to describe, and indeed this case was the first to be computed back then.

1.12 Plan of the paper

In Section 2 we review the definition of quasi-Jacobi forms and prove basic properties regard-
ing their z-expansions, their anomaly operators, and how they interact with Hecke operators.
In Section 3 we introduce the LLV algebra on the cohomology of the Hilbert scheme and
then describe explicitly the two monodromy operators that we need for constraints of the
Gromov-Witten generating series (see Sections 3.6.3 and 3.6.3). In Section 4 we use these
two monodromies and obtain our first structure result for the generating series of the Hilbert
scheme in Proposition 4.1, essentially proving the elliptic transformation law.

Then we turn to the part on GW/PT/Hilb correspondences: In Section 5 we discuss first
several basic structures in relative Gromov-Witten theory. The main new technical result
here is a formula for the restriction of relative Gromov-Witten classes to the non-separating
boundary divisor in the moduli space of curves, which is of independent interest. In Sec-
tion 6 we specialize to (K3 x C,K3,) for a curve C, state the GW/Hilb correspondence
(Theorem 6.1), the reduced degeneration formula, and make some preliminary explicit com-
putations of invariants. The goal of Section 7 is to use the product formula and results
about the K3 surface to show that the Gromov-Witten invariants of (K3 x C,K3,) are
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quasi-modular forms and satisfy a holomorphic anomaly equation (Theorem 7.3). This is
our second main structure result.

Section 8 is the heart of the paper: Here we combine the two structure results we obtained
before (Proposition 4.1 and Theorem 7.3) and match the holomorphic anomaly equation on
the Hilbert scheme with the holomorphic anomaly equation for (K3 x C, K3.) under the
GW /Hilb correspondence. This proves Theorem 1.3 in case ¢ = 1. The case ¢ > 1 follows
then in Section 9 by a formal argument using Hecke operators. Section 10 deals with the
fiber classes proving Theorem 1.5 by a combination of the GW/Hilb correspondence and
known cases of the multiple cover conjecture. Section 11 discusses the applications to the
2-point function and the CHL Calabi-Yau threefolds.

1.13 Conventions

Let X be a smooth projective variety. Given a cohomology class v € H*(X) we let deg(v) =
k/2 denote its complex degree. We will use the identification H*(X x X) = End H*(X)
which is given by sending a class I' € H*(X x X) to the operator

I': HY(X) = HY(X), v m.(ri(y) 1),

where 71,2 are the projections of X? to the factors. Given a function Z : H*(X) — Q
we will often write Z(I'1) - Z(I'2) and say that I';, 'y stands for summing over the Kiinneth
decomposition of the class I' € H*(X x X). By this we mean

Z(1) - Z(T2) = Z Z(0:)Z(9))

where I' = 3, ¢; ® ¢ € H*(X x X) is a Kiinneth decomposition. A curve class on X is
any homology class § € Ho(X,Z). Tt is effective if there exists a non-empty algebraic curve
C C X with [C] = B. In particular, any effective class § is non-zero. An effective class § is
primitive if it is not divisible in Hs(X,Z).
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providing the technical result stated in Proposition 5.6.
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and by the starting grant ’Correspondences in enumerative geometry: Hilbert schemes, K3
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2 Quasi-Jacobi forms

2.1 Overview

Jacobi forms are two-variable generalizations of classical modular forms. Quasi-Jacobi forms
are constant terms of almost-holomorphic Jacobi forms. We introduce here the basic facts we
need on quasi-Jacobi forms and refer to [48], [79, Sec.1] and [31] for more detailed discussions.
The topics we cover are the generators of the ring of quasi-Jacobi forms, differential and
anomaly operators, and the Fourier and Taylor expansion of quasi-Jacobi forms. Conversely,
we give criteria on two-variable generating series to be Taylor or Fourier expansions of
quasi-Jacobi forms. In Section 2.8 we discuss Hecke operators on quasi-Jacobi forms, and
in Section 2.9 we consider their action on forms of the wrong weight. In Section 2.10 we
discuss a classical series of meromorphic quasi-Jacobi forms which will later appear for fiber
classes of Lagrangian fibrations in Section 10.
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2.2 Definition

Let H= {7 € C: Im(7) > 0} be the upper half plane and let ¢ = €7 Let also z € C and
p = e?™® We will also frequently use the variable

z = 2mix.

We often write f(p) or f(z) for a function f(z) under the above variable change. Consider
the real-analytic functions
1 (z

YT S (r) ()

An almost holomorphic function on C x H is a function of the form

=3 gijle, e (8)

i,j>0

~

%

&

such that each of the finitely many non-zero functions ¢;; is holomorphic and admits a
Fourier expansion of the form ) -3 ., c(n,7)¢"p" in the region |g| < 1.
Consider a congruence subgroup

I' C SLy(Z)
and write e(x) = €2 for z € C.

Definition 2.1. An almost holomorphic weak Jacobi form of weight k and index m for the
group T is a function ®(x,7) : C x H — C which (i) satisfies the transformation laws

r ar+b\ w [ cmx?
® <T+dT+d) = (er+d)e (md) 2@ )

P (z+ A+ p,7) = e (—mA°1 — 2Amz) ®(z,T)

(9)

for all (¢ 2) el and A\, p € Z, and (i) such that

2
& cma x ar+b
— d
(er +4d) e( CT+d) <CT+d’CT+d)

is an almost-holomorphic function for all (Z 2) € SLy(Z).

Remark 2.2. By taking (‘; 2) to be the identity in (ii), we see that any almost holomorphic
weak Jacobi form is an almost holomorphic function, and hence has an expansion (8). Con-
dition(i) implies that (ii) only needs to be checked for a set of representatives of I'\SLy(Z).
In particular, if I' = SLy(Z) the condition (ii) simply says that ® is an almost-holomorphic
function.

An almost-holomorphic weak Jacobi form &, which is as a function & : C x H — C
holomorphic, is called a weak Jacobi form. More generally, we can consider the holomorphic
part of an almost-holomorphic weak Jacobi form:

Definition 2.3. A quasi-Jacobi form of weight k and index m for T is a function ¢(x, 1)
on C x H such that there exists an almost holomorphic weak Jacobi form Z” (;Si,juiaj of
weight k and index m with ¢o0 = ¢.

We let AHJacy ,(I') (resp. QJacg ., (I'), resp Jack ., (I')) be the vector space of almost
holomorphic weak (resp. quasi-, resp. weak) Jacobi forms of weight k£ and index m for the

group I'. We write
QJac(F) = @ @QJaC(F)k,nL

m>0 keZ

for the bigraded C-algebra of quasi-Jacobi forms, and similar for AHJac(I') and Jac(T').
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Lemma 2.4. The constant term map
AHJac(T)km — Qlac(D)km, D dijv'al = oo
0,J
s well-defined and an isomorphism.
Proof. This is proven in [48]. O

A quasi-modular form of weight k for the congruence subgroup I' is a quasi-Jacobi form
of weight k£ and index 0 for I'. The algebra of quasi-modular forms is denoted by

QMod(T") = @5 QMod(I')x,  QMod(T'). = QJac(T") 0.
k

Remark 2.5. (i) If T is the full modular group SLs(Z), we will usually omit T' from our
notation, e.g.

QJac = QJac(SLy(Z)).
(ii) In what follows, we will often identify a quasi-Jacobi form f(z,7) € QJacy ,,, with its
power series in p,q. We will also often write f(p, ¢) instead of f(z, 7).
2.3 Presentation by generators: Quasi-modular forms
For all even k£ > 0 consider the Eisenstein series
B, k—1
G = - d"~q".
k() ok + T; dz: q

Set also Gy = 0 for all odd £ > 0. We have that Gy is a modular form of weight k for
k > 2, and G is quasi-modular. By [32, 12] the algebra of quasi-modular forms is a free
polynomial ring in G over Mod(T'), i.e. the ring of modular forms for the group I':

QMod(T") = Mod(T")[G2].
For the full modular group I' = SLa(Z) we have
QMod = (C[GQ, G4, G6]

2.4 Presentation by generators: Quasi-Jacobi forms

Consider the odd (renormalized) Jacobi theta function®

Oz, 7) = (" —p*) [] < —p%;")_(z;)g— ),

Consider the derivative operator p% = %% = d% and consider also the series

d
;O T) 1 3 P
=5~

Az, 7) = .
ST lan

By the same argument as in [32, 12] we have that G5 and A are free generators:

3We have O(z, T) = 91 (x,7)/n3(7) where

2
di(e,m)= > (~)prg/?

UEZ-‘,—%

is the odd Jacobi theta function, i.e. the unique section on the elliptic curve C; /(Z + 7Z) which vanishes at
the origin, and 7(7) = ¢'/?*T], >, (1 — ¢") is the Dedekind eta function.
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Lemma 2.6. QJac(I") C Jac(I')[G2, A].

As in the case of quasi-modular forms, for the full modular group, the algebra of quasi-
Jacobi forms can be embedded in a polynomial algebra. Consider the classical Weierstraf3
elliptic function

1 p _
p(z,7) = E—i-ﬁ-i-zz:k(pk—?—i—p Mgl
(1-p) d>1 k|d

We write o' (z,7) = pd% p(z, T) for its derivative with respect to the first variable. Consider
the polynomial algebra
MQJac = C[@, A7 G27 5 pl7 G4]

Proposition 2.7 ([31]). MQJac is a free polynomial ring on its generators, and QJac is
equal to the subring of all polynomials which define holomorphic functions C x H — H.

The generators of MQJac are quasi-Jacobi forms (with poles and character [31]) of weight
and index given in the following table. The algebra QJac is a graded subring of MQJac.

Generator Weight Index

) —1 1/2
A 1 0
Go 2 0
© 2 0
o 3 0
Gy 4 0

Remark 2.8. By the well-known equation
7
¢ () = 4p(2)" + 209(2)Ga(7) + 3Go(7) =0

the generator Gg is not needed as a generator of MQJac.

2.5 Differential and anomaly operators

As explained in [79, Sec.2] the algebra QJac(T") is closed under the derivative operators

1 d d 1 d d d
— a2 — =p
D

" omidr  Ydg’ U 2mide dz

More precisely, these operators act by:

D;: QJaCk,m(F) — QJaCk+2,m(F)a D, : QJaCk,m(F) — QJaCk+1,m(F)'

Similarly, we have anomaly operators. These can be defined most directly as follows. By
Lemma 2.6 every quasi-Jacobi form f(z,7) can be uniquely written as a polynomial in A and
G5 with coefficients weak Jacobi-forms. We hence can take the formal derivative at these
generators, giving functions ﬁ fand Lf If F= > i fijv'a? is the almost-holomorphic
function with fo ¢ = f, then by [79, Sec.2] one has

d d
TGQf—fl,o, ﬂf— fo,1-

This can be used to show that ﬁ and % preserves the algebra of quasi-Jacobi forms, more
precisely:
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Lemma 2.9 ([79, Sec.2]). The formal derivation with respect to A and Go defines operators

d d
i, : QJacy, ,, (I') = QJack—2m (1), A : Qacy, , (T') = QJack—1 n (T).
We have the commutative diagrams:
QJacg,m = AHJacg, QJack,m = AHJacy,
ol s d s
dGo av dA da
QJack_o.m — AHJack_2,m QJack_1,m — AHJack_1,m

where the horizontal maps are the ’constant term’ maps of Lemma 2.4.

Let wt and ind be the operators which act on QJacg,,(I') by multiplication by the
weight k and the index m respectively. By [79, (12)] we have the commutation relations:

d d .
|:dG2,D7—:| = —2Wt, |:dA7D‘L:| = 21nd

d d d (10)
|:dG2’ CU:| dA’ |:dA7 T:| xT

Remark 2.10. These commutation relations are proven by checking them for almost-holomorphic
Jacobi forms, where they follow by a straightforward computation of commutators between
derivative operators and operators of multiplication by variables. In particular, the argument

is not sensitive to the precise holomorphicity conditions we put on Jacobi forms, for exam-
ple the commutation relations (10) hold also for MQJac or any other ring of meromorphic
quasi-Jacobi forms.

As explained in [79] knowing the holomorphic-anomaly equations of a quasi-Jacobi form
is equivalent to knowing their transformation properties under the Jacobi group. Concretely,
we have the following:

Lemma 2.11 ([79]). For any ¢(x,7) € Qlacy ,,,(I") we have

x ar +b & cma? Cdg cmﬁ
I N d ey _ 2
¢(cr—|—d’c7’+d) (er +d) e<c7'—|—d> P Ami(er + d) +cr—|—d ¢(2,7)

Pz + AT+ 1, 7) = e (—mA*T — 2Ama) exp (—)\ddA> o(z, 7).

for all (¢ Z) el and \,u € Z.

2.6 Elliptic transformation law
Recall from Lemma 2.11 the elliptic transformation law of quasi-Jacobi forms:

Lemma 2.12. For any f(p,q) € Qlacy ,, and X € Z we have

—)\2 _ -4
fpg*,q) = ¢ mp e A f(p, q).

In particular, if we are given f(p,q) € QJacy ,,, such that diA =0, and we let

Fpo0) =Y eld, k)g*p*

d>0 kezZ
be its Fourier-expansion, then we have

c(d — Ne +mA% k — 2xm) = c(d, k).
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Moreover, since f(p~t,q) = (—1)* f(p, q¢) where k is the weight of f, we have
c(d, k) = (=1)ke(d, —k).
We prove the following two useful lemmas, which serve as a partial converse.

Lemma 2.13. Let m > 0 and let f(p,q) = > _,~0 > rez c(d, k)q?p® be a formal power series
such that the following holds for all d,k and )\ € Z:

c(d — Mk +mA% k — 2 m) = c(d, k), (11)
c(d, k) = c(d, —k). (12)

Then there exists power series fi(q) € C[[q] such that

m

f(p,9) =0 (p,0) Y fil@)o(p, @)™ "

=0

Proof. A similar argument has appeared in [80, Sec.4.2] but we recall it here for completeness.
The vector space of Laurent polynomials g(p) such that g(p~!) = g(p) has a basis given by
the set of polynomials

@2 —p V3 k>0

Moreover, by the expansions of © and p for every i € {0,...,m} there exists a; (all zero
except for finitely many) such that:

o0, )" ' O(p, )™ = (p"* —p )P + D (0" = p )Y + 0(q)
>t

By an induction argument we can hence find f;(¢q) € C[[¢]] such that the function

m

F(p,q) = f(p,q) = O*"(p,0) Y fil@)p(p, @)™
=0

has the following property: for all d > 0 the ¢ coefficient of I satisfies

Fa(p) = [F(p,q)lgs = > bau(p'/* —p~/?)*. (13)

£>m

Let a(d, k) be the coefficient of ¢?p* in F(p,q). Since ©>™p™~% is a (quasi-) Jacobi
form of index m, its Fourier-coefficients satisfy (11). Moreover, if the Fourier coefficients
of a power series h(p,q) satisfy (11), then the same holds for the Fourier coefficients of
h(p,q) - r(q) for any power series in g. This implies that we have

a(d, k) = a(d — Mk +mA2 k — 2\m) (14)

for all d,k, A € Z. Assume F(p,q) is non-zero and let d be the smallest integer such that
F4(p) is non-zero. Since the sum in (13) starts at £ = m + 1 we have

a(d,k) #0
for some k > m + 1 > 0. But then by (14) with A = 1 we obtain
a(d, k) =a(d—k+m,k—2m) #0.

Since d — k + m < d this contradicts the choice of d. O
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Lemma 2.14. Letm >0 and let f(p,q) =3 ,~0 Ypez ¢(d, k)q?p" be a formal power series
such that the following holds for all d,k and \ € Z:

c(d — Nk +mA% k — 2xm) = ¢(d, k),
c(d, k) = —c(d, —k).
Then there exists power series f;(q) € C[[q] such that

m

fp,q) = (0, 0)¢' (0,9) Y fil@)o(p, @)™ "

i=2
Proof. The vector space of Laurent polynomials g(p) such that g(p~') = g(p) has the basis
(p—p NP2 —p 2%, k>0

Moreover, for i < m we have the expansions:

e2m . p’ . pm—i _ (p —p_l) (p1/2 _p—1/2)2i—4 + Z aj(p1/2 _p—1/2)2j +0(q)
j>i—2

for some «;, of which all but finitely many are zero. By induction we conclude that there
exists f;(¢q) such that

F(p,q) = f(p,q) — 0™ (p, )¢’ (p, q) Z fil@pp.a)™ "
for all d > 0 satisfies
Fa(p) = [F(0, )lga = (0—p7") Y bae@"/? —p /%)% (15)

>m—2

We argue now as before: Let a(d, k) be the coefficient of ¢?p* in F(p,q). We then still
have that (14) as well as
a(d, k) = —a(d, —k).
Assume F(p,q) is non-zero and let d be the smallest integer such that Fy(p) is non-zero.
Since the sum in (15) starts at £ = m — 1 we have a(d, k) # 0 for some k > m > 0. But then
by (14) with A = 1 we obtain

a(d, k) =a(d—k+m,k—2m) #0.

If k > m this yields a contradiction as before, and if k = m then we obtain a(d, k) = a(d, —k),
but since we also have a(d, k) = —a(d, k) this gives the contradiction a(d, k) = 0. O

2.7 The expansion in z

Recall that we have set z = 2miz where x € C is the elliptic parameter. To stress the
dependence on z, we usually write f(z) for a function f(z) under this variable change. We
study here the z-expansions of quasi-Jacobi forms for the full modular group SLy(Z). For
that purpose recall the well-known expansion of the generators of MQJac in z, see e.g. [31]:
p

O(z) = zexp —QZG;C(T)H

E>1
1 Zk—1
Alz)==-—-2 G —_—
(2) =7 ,; KNG

Zk72

(k —2)!

bz) = 5 +23 Glr)

k>4
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Consider the operator that takes the formal derivative with respect ot Go factorwise,

(Céz)z : QMod((2)) — QMod((z)),

that is for f =), fr(7)2z" with f, € QMod, we let

4 .
<d02> F=2 6"

Consider the decomposition of MQJac according to weight k£ and index m,

MQJac = @ MQJacy, -

k,m
Then the following is immediate from the expansions above:

Lemma 2.15. The coefficient of 2" of any series f € MQJacy ,,, is a quasi-modular form
of weight r + k. Moreover, we have

<d22> f——f—2z—f 222mf. (16)

We prove the following partial converses:

Lemma 2.16. Let f;(q) € C[[q]] be power series, such that every z"-coefficient of

m

f(p,9) = 0" (0,0) Y fil@)p(p, @)™ "

=0
is a quasi-modular form of weight 2" 5. Then every f;(q) is quasi-modular of weight s -+ 2i.

Proof. We have ©*m M=t = 221 1 O(2%+2) so we can write f;(q) as a linear combination of
the z"-coefficients of f(p, ¢) with coefficients quasi-modular forms (of the correct weight). [

Lemma 2.17. Let f;(q) € C[[q]] be power series, such that every z"-coefficient of

m

f(p.q) =" (p,q)¢' (0.0) > _ fil@)p(p,q)™ "

=2
is a quasi-modular form of weight 2" T%. Then every f;(q) quasi-modular of weight s+ 2i — 3.

Proof. Similarly. O

2.8 Hecke operators

Let m > 1 and recall that the m-th Hecke operator acts on Jacobi forms ¢(x, 7) of weight
k and index m by

2 lx ar+b
T, = gk d)~Fe [ me—=
Tt ) (7) Z e +4) e(m T+d ! er+d et +d
A=(2 b)esLy(z)\M,

(17)
where A runs over a set of representatives of the SLy(Z)-left cosets of the set

e

a,b,c,d € Z, ad—bc:f}.
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As shown in [21, 1.4], the action of T{j )¢ is well-defined (i.e. independent of a set of
representatives) and defines an operator?

Tk,m),e = daCk,m — Jack me.

Since the argument in [21] only involves the compatibilities of the slash-operators of the
Jacobi forms the proof carries over identically to almost holomorphic weak Jacobi forms.
Hence using formula (17) we also obtain a well-defined operator:

T(k,m),l : AHJac;%m — AHJaCkngz, F— T(k,m),€F~

Transporting to quasi-Jacobi forms using the ’constant term’ map of Lemma 2.4 we hence
obtain a Hecke operator on quasi-Jacobi forms

Tk,m)y,e * QIackm — QJack me,

defined by the commutativity of the diagram

QJacg m, — AHJacy, m,

T(k,m),éJ( J{T(k,m),l .

QJack, me = AHJacy me

The Hecke operator on quasi-Jacobi forms satisfies the following;:

Proposition 2.18. If f = Zn’r e(n,r)q"p" is the Fourier-expansion of a quasi-Jacobi form
of weight k and index m, then

In r
T, =5 Y a5, o ) | 18
(k,m),[f a c (a27 a) qp ( )

n,r \al(¢,n,r)

Moreover,
d d
—1T, =lTp_2m—
pTe k.o f k-2, ngf (19)
d d
deTk,éf—ngq,mdef

where we write Ty ¢ := T(x m),¢ since T(xm),¢ does not depend on m.

Proof. For (’Cl 2) € M, we have the transformation properties:

b 1

v <C”+ ) = (et +d’
_1
0

ct+d
[(CT +d)?v(T) +

cler +d)
4

( lx  ar+b
o

+d+d) = (cr +d) - afe,7) - cx

Consider the weight k index m almost holomorphic weak Jacobi form

F = E fi’leOéJ
,J

4We only require Hecke operators for the full modular group, so we restrict to I' = SLo (Z) here, i.e. omit
I" from the notation. This section generalizes also to arbitrary congruence subgroups.
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with foo = f. With J = ¢7 + d and é = ¢/4mi we obtain

(T:(km,:)_’fF)(x,T_)k —cx? lr ar+b\ [(J-(Jv+é)\" s
N e(mz )f( )( ; )(Ja cz)®. (20)

cr+d cr+d er+d
A,r,s

We specialize A now to run over the set of representatives of SLo(Z)\ M, given by

a b
(0 d>’ f=a-d, b=0,...d—1.

Then (20) becomes:

.1 ) at +b
— pk—1 T S —k+2r+s
(Tkym), o) (z,7) = £ Z vt | o Z d fros (az, y )

r,s>0 {=a-d
= d

Taking the 1°a® coefficient and inserting f = >, ¢(n,r)¢"p" yields
Tik.my.ef = Coeffroao (Tnm).oF)

d—1
=051 ARy flaz, (ar + b)/d)
b=0

l=a-d
k—1 ar na/d
= g a g e(n, r)p*"q /4,
l=a-d n,r
n=0 mod d

This gives the first claim. The compatibility with the anomaly operators follows from

d — ar na
T%Tkjf = Coeff ;140 (T(k,m),ZF) = gezdak 3 ; C/(’Il,r)p q /d
- n=0 mod d
d
T Tk f = Coeffyoar (Tihmy,eF) = ¢ ZZ;#” ; ' (n, r)p*q
- n=0 17nod d
where ¢/, ¢ are the Fourier coefficients of fi ¢ and fy 1 respectively. O

By a straightforward computation using (18) one finds that for f € QJacy ,,:

Tiq2,0Drf =D Ty o f
Tiy1,0D.f = DTy o f

Then equations (19) and (21) are compatible with the commutation relations (10).

2.9 Wrong-weight Hecke operators

For a formal power series f = > dr c(d,r)q%p" we can define formally the /-th Hecke operator
of weight k by

In r
_ k—1 e n,.r
Tief = E E a c(aQ’ a) qp". (22)

nr \al(.n,r)

In Proposition 2.18 we have seen that T} , defines an operator

Tyee - Qlacy ,,, — QJack me-
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More generally, we can ask what happens if we apply T} ¢ to quasi-Jacobi forms f of a weight
k' different from k? This is answered by the following proposition:
Consider the congruence subgroup

Ty () = {(Z g) € SLy(2)

Proposition 2.19. For any k, k', m the £-th formal Hecke operator defines a morphism
Tkl : QJacklvm — QJaCk/ymg(Fo(g)).
Moreover, for any f € QJacy ,,(SL2(Z)) we have

CEOmodﬁ}.

d d
—1T =0Ty o m—
iCy kof k—2, ngf

d d
—Tpof =LTp_1.m—f.
A kef h—Lm Af
For the proof we will decompose the 'wrong-weight Hecke operator’ into ordinary Hecke
operators and the scaling operators By for N > 1 defined on functions f: C x H — C by

(Bnf)(z,7) = f(Nz,NT).
Lemma 2.20. If f € QJacy ,,, then By f € QJacy mn(To(N)), and moreover

(23)

d 1 d
——~ Byf=-— Byv—0
dG =y NG,
d 1 d

2 Byf=—By—F.
aa Pyl =5 By ant

Proof. Let F(z,7) be a almost-holomorphic weak Jacobi form of weight k£ and index m. Set

F(z,7) = (ByF)(x,7) = F(Nz,N7).
Then for (* %) € Ig(N) and with ¢ = ¢’ - N we have
I3 r ar+b _F Nz  aNT+ Nb
cr+d cer+d) cr+d er+d
Nz aNT+ Nb
d(NT)+d ¢(N7)+d

=F

mc' (Nx)?
(NT)+d

= (cr + d)¥e <(TZT‘7\2652) F(x,7)

= ((NT) + d)*e ( ) F(Nz,Nt)

where we have used that (ac,l\;b) € SLy(Z). Similarly, one proves that

E(z 4 A7, 7) = e(—mN (M%7 + 2X\2)) f(x, 7).

This shows that £ € AHJacg ;N (To(IV)), and by taking the constant coefficient also By f €
QJacy, ;v (T'o(IN)). To show the compatibility with the anomaly operators write

F(x,7) = Z fijv'al.
.3
Since we have v(NT) = v(1)/N, we get

1 oo
ByF(z,7) = Z ﬁfi’j (Nz, NT)v'a’.

,J
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Hence if f = fo,0 we get

d 1 1 d
——Bnf = ff By F = — Nz, N,)= —Bny—.
iGs ~Nf = Coeff,1 0 (BN F (2, 7)) Nfl,o( x, N;) N Nngf
The case for % is similar. O

Proof of Proposition 2.19. We follow ideas of [4, Lemma 12|. Given a power series f =
>arcld, r)q%p” define the formal operator

Upf = Zc(b -n,T)¢"p".

A direct calculation starting from (22) shows that
Tk,é = Z akilBan.
a-b=¢

Recall the Mobius function

(1) if n=p; - pg for distinct primes p;
p(n) =
0 else .

which satisfies 3, ;.0 p(d) = dn1. For s € Z let Id, be the function Ids(a) = a®. For
functions g, h define the Dirichlet convolution (g*h)(¢) = >",_, , g(a)h(b) and the pointwise
product (g - h)(a) = g(a)h(a). Both of these are associative operations. We then have

(- 1dg—1) x Idg—1(a) = a1
and thus
(Idk_l (i Tdp—1) * Idp ) (a) = Idy_1 .
After setting
¢k (€) = (Idg—1 *(p - Idpr—1))(e)
this yields

Tio= Y (Iol,H s Idj_y) *Idk/,l)(a)Ban
a-b=¢

Z ch,k’ (e) (g)k/_l B,U,

a-b={ ela
= Z Ck,k’(e)Be Z (b/)klile/Ub
e-d=4 d=b-b’

> crp(€)BeTia (24)

e-d=¢{

(25)

where we used B, = B, - By/e
Given f € QJacys ,,, we have Ty 4f € QJacys ,,q by Proposition 2.18, and hence

BTy .af € Qlack: ma € Qlacys mae(To(e))
by Lemma 2.20. Since for e|¢ we have

QJac(T'o(e)) € QJac(Ty(¥))
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we obtain that

Tiuf =Y craw(€)BeTw af € Qlac(To(f)).
e-d=~{
For the second part, observe that

cri (€ Zak lbkll (b) = e*cr_op—2(e).

Hence by the second parts of Proposition 2.18 and Lemma 2.20 we have
d
dG /
d

G,

wa > ko) Bde
e-d={

—ﬁzck 2.k —2(€) Be Tk a——
e-d=/{

f

4

=T
k— QedG

Ezample 2.21. Recall that Mods(T'g(2)) is 1-dimensional and is generated by

Fy(r)=1+24)  dq".

d|n
dodd

Hence QMod,(T'(2)) has the basis given by Fy, G2. One computes that
Ti 2Go(T) = 2571 BoGy + Us G

1 1
_2“( @Fg—l- GQ) (24F2+2GQ>

Hence as predicted by Proposition 2.19 we get:

d

T 2Ga(T) = 2(14+2F73) = 2. T}, _55(1).
dGs

O

In applications below we will consider quasi-Jacobi forms with a pole at 7 = ioco, i.e.
which are of the form
¢(x,7)

f(va) = A(T)T

for a quasi-Jacobi form ¢ and some m > 1. Since the argument used to prove Proposi-
tion 2.19 also works when there are poles, the results of Proposition 2.19 remain valid for
these quasi-Jacobi forms as well. The only modification concerns the order of poles:

Proposition 2.22. For any k, k', m the £-th formal Hecke operator acts by

1
Tk’g : m QJaCk’+12E,m€(FO(€))'

The relations (23) hold identically.

1
QJack/y12,m — NG

Proof. If f(z,7) = QX“E;T)) is a weight k£ index m quasi-Jacobi for group SLs(Z), then the
"correct weight’ Hecke transform Ty, o f is also quasi-Jacobi for the full group SL2(Z). The
poles of T of are located at the single cusp 7 = ioco, and here (22) shows that the pole
order is increased by £. We hence obtain that A(7)Ty ¢f is holomorphic quasi-Jacobi, i.e.
lies in QJacy12¢,me. Hence the claim holds if £ = &’. In the general case we use again the
decomposition (24), the fact that By is a ring homomorphism, and that for any N > 1 we
have (see e.g. [35, Prop.17(a)])

1 1
By (A(T)) € AN Modia(n—1)(To(2V)). 0
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2.10 Index 0 meromorphic Jacobi forms

Consider the algebra of index 0 Jacobi forms,

MQJacy := @) MQJacy o = C[A, Ga, o, ¢', Gal.
k>0

The algebra MQJacg is precisely the ring of index 0 meromorphic Jacobi forms with poles
only at lattice points © = ar + b for a,b € Z, see [48].
Consider once more the Jacobi theta function

B 1 _pqm)(l _p—lqm)
O(2) = (pt/2 _ p=1/2 ( .
(z)=(p ) I1 =g

m>1

which we view in this section as a function of z = 2miz (and drop 7 from notation). Define
functions A, (z,7) for all n € Z by the expansion:

O +u) M) o
@(z)@(w)_n% ! ' (26)

In particular Ag = 1, A; = A. The function %

w) is a meromorphic Jacobi of lattice

index (1(/)2 1(/)2), which leads to the proof of the following:

Theorem 2.1 ([97, 48]). (a) For all n we have A,, € MQJacg ,, and

d d

A =0, ZA, =nA, .
dGs ) dA NAn—1

(b) For all n > 0, we have the expansion

Lp'/2 4 p~1/2 n—1(, k n, —ky kd
An(ZaT):Bn+5n,1§m_n Z d" = (p" + (=1)"p")q™".

where the Bernoulli numbers B,, are defined by % coth(z/2) = ano(Bn/n!)z"’l.

Proof. The first part follows immediately from the transformation properties given in the
theorem of [97, Sec.3], but see also [48] for why the A,, lie in MQJac, and [70, Lemata 5 and
6] for the holomorphic anomaly equation (the functions A, were called J,, in loc.cit.). Part
(b) follows from the following expansion proven in [97, Sec.3]:

O(z + w)

1 w z > . n n

n=1 d|n

Remark 2.23 (Historical remark). The function (26) already centrally appeared in work of
Eisenstein on elliptic functions in the 1850’s, see [96] for a historical account,

3 Cohomology and monodromy of the Hilbert scheme

3.1 Overview

Let S be a K3 surface and let S be the Hilbert scheme of n points on S. There are
two basic structures on the cohomology of the Hilbert scheme. The first is the Nakajima
Heisenberg action (Section 3.2) which gives a natural additive basis of the cohomology and
allow us to identify the curve classes on the Hilbert scheme (Section 3.3). The second is
the Looijenga-Lunts-Verbitsky (LLV) Lie algebra (Section 3.4) which will appear in the
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statement of the holomorphic anomaly equations. In Section 3.5 we use the LLV algebra to
define several gradings on the cohomology. In Section 3.6 we recall work of Markman on how
the LLV algebra controls the monodromy. For us important are two particular monodromy
operators, which lead to the elliptic transformation property of the generating series: These
are discussed in detail in Section 3.6.3 and 3.6.4. In particular, we describe how they act on
the Nakajima basis.

3.2 Nakajima operators

We follow the work [65], see also [28]. For any n, k € N, consider the closed subscheme:
Stk — £(1 5 ') | 1/I' is supported at a single z € S} ¢ S x §ln+kl

endowed with projection maps

S[n,nJrk]
7 lps& (27)
Sl S Stk

which remember I, x, I, respectively. For « € H*(S) and k > 0 we define the k-th Nakajima
operator by letting S[""*# act as a correspondence, that is we define:

r(e) : H*(SM) — H* (S M)
k()7 = (P2 (7) - P (a))-
Similarly, we can go the other way around and define q_(a) : H*(S[**#) — H*(S) by
q-k(a)y = (=1)*p_(p’ (7) - p5(a)).

We also set qo(y) = 0 for all ~.
Consider the direct sum

* (Hilb) EB H*(S

n>0

Because the correspondences above are defined for all n, we obtain operators
qi(«) : H*(Hilb) — H*(Hilb).
By the main result of [65] we have the commutation relations of the Heisenberg algebra

[ak (@), @ (B)] = k(e, B) Idmi, - (28)
Moreover, H*(Hilb) is generated by the operators qy

() for k > 0 from the vacuum vector
vy € H* (81 = Q.
In particular, the set of classes

aa (Vin) o PVISN (71'5@) e,

where A = (), 'yZ]) runs over all partitions of size n weighted by cohomology classes from a
fixed basis {7;}24, of H*(S), forms a basis of H*(S", Q).
For homogeneous a; € H*(S), the degree of a Nakajima cycle is

deg (qr, (1) -+ g, () ve) = n*€+zdeg(ai), (29)

The length of a Nakajima cycle is defined to be the number of Nakajima factors:

Lk, () - - ar, (@e)ve) = L. (30)
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3.3 Curve classes

For n > 2 the fiber of the Hilbert-Chow morphism S — Sym"(S) over a generic point in
the discriminant is isomorphic to P! and has (co)homology class

A=qx(p)q1(p)" vy € Hao(S", Z2),

where p € H4(S,Z) is the class of a point. Similarly, given a class 8 € Hz(S,Z) we have an
associated class on the Hilbert scheme given by

B = q1(B)g1(p)" tvg € HQ(S["],Z).

If B is the class of a curve C' C S, then f,,) is the class of the curve parametrizing subschemes
consisting of n — 1 distinct fixed points away from C and a single free point on C.
By Nakajima’s theorem [65] (discussed in the last section), we have an isomorphism:

Ho(SIM,2) = H*(S,2) © ZA, By + 1A i (B,7). (31)
Usually we simply write § + rA for the class associated to (8,r) on the Hilbert scheme. If

n <1, we set A =0 and always assume that » = 0; in case n = 0 we also assume that 5 = 0.

3.4 The Looijenga-Lunts-Verbitsky algebra

Let X be an (irreducible) hyperkihler variety of dimension 2n. The lattice H?(X,Z)
is equipped with an integral and non-degenerate quadratic form, called the Beauville-
Bogomolov-Fujiki form [27]. We will also view H*(X,Z) as a lattice using the Poincaré
pairing. Both pairings are extended to the C-valued cohomology groups by linearity.

The Looijenga-Lunts-Verbitsky Lie algebra of X is defined as follows (see [51, 93]). For
any a € H?(X,Q) such that (a,a) # 0, consider the operator of multiplication by a,

eq: H'(X,Q) » H*(X,Q),z — aUx

Let h be the Lefschetz grading operator which acts on H?!(X, Z) by multiplication by (i—n).
Then there exists a unique operator

fu: HY(X,2) > H*(X.2)
such that the sl commutation relations are satisfied:
[ea’f‘l] =h, [h>€a] = €q, [h7fa] = —fa-

The LLV Lie algebra g(X) is defined as the Lie subalgebra of End H*(X, Q) generated by
€as fa, h for all @ € H?(X,Q) as above. By the central result of [93] one has

9(X) = so(H*(X,Q) ® Ug)

where U = ((1) é) is the hyperbolic plane.
The degree zero part of g(X) decomposes as

9(X)o = so(H*(X,Q)) & Qh.

The summand so(H?(X,Q)) is also called the reduced LLV algebra. Base changing to C
and integrating this yields the LLV representation

priv : SO(H?*(X,C)) — GL(H*(X,C)). (32)

The LLV representation acts by degree-preserving orthogonal ring isomorphisms [51, Prop.
4.4(ii)], where orthogonal means with respect to the Poincaré pairing,.
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The Hilbert scheme of points S on a K3 surface are irreducible hyperkéhler varieties
[7]. The LLV algebra was described here explicitly in the Nakajima basis in [71]. We recall
the explicit formulas, using the conventions of [66]. First recall the isomorphism

V=H*SM)~H*(S)8 Q-6 (33)

which can be obtained by dualizing (31). In particular, ¢§ is f% times the class of the locus of

non-reduced subschemes and satisfies § - A = 1. Moreover, for a € H?(S, Q) the associated
divisor on the Hilbert scheme is ﬁql(a)ql(l)”_lvg. The Beauville-Bogomolov—Fujiki

form is then the form on V which extends the intersection form on H?(S) and satisfies
(6,6) =2—2n, (5,A'(S))=0.

The LLV algebra is given by
1
a(St") = A*(V @ Ug)
where the Lie bracket is defined for all a,b,c,d € V & Ug by

[anb,end] = (a,d)bANc—(a,c)bNd— (b,d)aNc+ (bc)and.

Consider for all a € H?(S, Q) the following operators:

€a = — Z dng—n(Asa)

n>0
1
€5 = % _+§ . D 0iq59x(A123) -
i+j =
. : (34)
fo=— Z ﬁqnq—n(al + az)
n>0
~ 1 1 1 1 2 2 2
=—= S ;4 —A —A =A — — — .
fs 6 Z 9:959% (k2 12-|-j2 13+i2 23+jkcl+ik02+ij03>
i+j+k=0
Here : — : is the normal ordered product defined by

. Ch'l qlk = qig(l) "'qia(k)

where o is any permutation such that i5;) > ... > i5). We define operators e, and fa for
general a € V by linearity in «. By [39] we have that e, is precisely the operator of cup

product with a. By [71], if (v, @) # 0, the multiple fa/(a,a) acts on cohomology as the
Lefschetz dual of e,. Then, as shown in [71] the assignment

act : g(S™) — End H*(SM) -
VaeV: actlera)=eq, act(aAf)=fa

induces a Lie algebra homomorphism, which is precisely the action of the LLV algebra. The
element e A f acts by the Lefschetz grading operator

h=act(e A f) = Z%quI—k(PQ —p1)- (36)
k>0

3.5 Weight grading

With the notation of the previous section, consider vectors W, F' € H?(S,Z) which span a
hyperbolic lattice, that is which have intersection form (0 1). We associate three operators

10
on H*(S) to this pair:
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(i) The Lefschetz dual operator (which will appear in the holomorphic anomaly equation
for —4-)
dGs )

U=fr=act(FAf) == ~auaalFi +Fy)

n>0
(ii) For any o € V with a L {W, F'}, the degree-preserving operator
Ty = [eq, U] = act(a A F).
For the class § € V, we have explicitly
1

1
Ts = 2 Z i CIiCIjCIk((F1 + FQ)A23>- (37)
i+j+k=0

(iii) The weight grading operator

1
WT = [ew, Ul =act(e A f+ WAF) =) ZAkA-k(P2 = P+ WaFy — Wi F3)  (38)
k>0

The action of z = e A f+ W A F on H*(X,Q) @& Ug) is semisimple, so z is a semisimple
element of the LLV algebra. Hence H*(S [”]) decomposes into eigenspaces under WT. We
can describe the eigenspaces quite explicitly: We define a weight grading on H*(S) by

1 if o € {W,p}
wt(a) =< -1 ifae {F 1}
0 if o € {F,W,1,p}+

This induces a grading of H*(S[™) by setting

wt(y) = Zwt(ai) forall ~= H qr; () vg, (39)

such that all «; are wt-homogeneous. By the explicit formula (38), a direct check shows that

WT(v) = wt(y)y

for a wt-homogeneous element y € H*(SI").
Lemma 3.1. The action of WT on H*(S["]) is semi-simple with eigenspace decomposition

H*(S")y = @ Va, WTly, =d-idy,.

dez.
The operators Ty, (for a L {W, F}) and U act with respect to this grading with weight —1
and —2 respectively, that is

To:Vag—= Vi1, U:Vyg— Vi o

Proof. The first claim follows since wt(y) takes values in {—n,...,n}. The second claim
follows from

WT, T, = act(fe A f+ W AF,aAF]) =act(FAa) =—T,.

WT, U] =act(eAf+WAF,FAf])=act(fANF—FAf)=-2U. O
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We have the following weight computation for the class
U e H*(SM x sln
associated to the operator U according to the conventions of Section 1.13.

Lemma 3.2. Consider a Kinneth decomposition U =Y, a; ® b; € H*(S’["])®2 with a;, b;
homogeneous with respect to wt. Then for all i we have

wt(a;) + wt(b;) = —2.
Proof. This follows from
(id @ WT + WT ®id)(U) = WT oU + U o WT*
=WToU —-UoWT
= [WT, U]
= —2U.

The weight grading also interacts nicely with cup product:

Lemma 3.3. The product 1 - - - i of any wt-homogeneous classes 7y; is again wt-homogeneous,
and has weight

W) = (k= 1n+ D we(3s).

Proof. The grading operator h = h + nid is multiplicative, i.e. ﬁ(xy) = iz(m)y + xiL(y)
Moreover, since the LLV representation (32) acts by ring isomorphisms,

d
hwr = act(W A\ F) = %h:opLL\/(et(W/\F))
is multiplicative. Hence WT := WT +nid = h + hw r is multiplicative. If we use this to

compute WT (7 - - - y%), we obtain the claim. O

Remark 3.4. For v € H*(S)), the modified degree function deg(7) of [74, Sec.2.6] is related
to the weight wt(y) defined above by deg(y) = n 4 wt(y).

3.6 Monodromy
3.6.1 Monodromy group

Let X = SI". Let Mon(X) be the subgroup of O(H*(X,Z)) generated by all monodromy
operators, and let Mon?(X) be its image in O(H?(X,Z)). We let

mon : Mon(X) — O(H*(X,Z))

denote the monodromy representation.
By results of Markman ([53, Thm.1.3] and [54, Lemma 2.1]) we have that

Mon(X) = Mon?(X) = Ot (H?(X,Z)) (40)

where the first isomorphism is the restriction map and 6+(H 2(X,7)) is the subgroup of
O(H?(X,Z)) of orientation preserving lattice automorphisms which act by £1 on the dis-
criminant.® If g € Mon?(X), we let 7(g) € {1} be the sign by which g acts on the
discriminant lattice. This defines a character

7 : Mon?(X) — Zs.

5Let C = {z € H?(X,R)|{z,z) > 0} be the positive cone. Then C is homotopy equivalent to S?. An
automorphism is orientation preserving if it acts by +1 on H? ) =12.
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3.6.2 Zariski closure

By [52, Lemma 4.11] if n > 3 the Zariski closure of the subgroup Mon(X) C O(H*(X,C))
is O(H?(X,C)) x Zy. The inclusion yields the representation

p:O(H?*(X,C)) x Zy — O(H*(X,C)) (41)
which acts by degree-preserving orthogonal ring isomorphism. There is a natural embedding
Ot (H*(X,Z)) — O(H*(X,C)) x Z3, g — (g,7(g))

under which p restricts to the monodromy representation, that is:
mon(g) = p(g,7(g)) for all g € Mon(X). (42)

In case n € {1,2} the Zariski closure of Mon(X) is O(H?(X,C)). In this case, we define the
representation (41) by projection to O(H?(X,C)) followed by the natural inclusion.
The representation p is determined by and has the following properties:

Property 0. For any (g,7) € O(H?(X,C)) x Z> we have

p(g;7)lm2(x,0) = 9-
Property 1. The restriction of p to SO(H?(X,C)) x {1} is the integrated action of the
Looijenga-Lunts-Verbitsky algebra [51, 93],
P|SO(H2(X,C))x{o} = PLLV-

Property 2. We have
p(1,=1) = Do p(=idp2(x,c), 1),
where D acts on H*(X,C) by multiplication by (—1)°.

Property 3. The action is equivariant with respect to the Nakajima operators: For any
g < O(HQ(X, (C)) such that g((S) = (5, let g = g|H2(S,(C)) (S5) idHO(S’Z)GBHAL(S’Z). Then

p(ga 1) (H qk@(al)1> = quz(gal)l

Property 1 follows by [52, Lemma 4.13]. Property 3 follows since the Nakajima operator
is naturally equivariant with respect to the action of the monodromy group Mon(S) =
O(H?(S,Z))" (of deformations of the K3 surfaces), and this group is Zariski dense in
O(H?*(X,C))s. Properties 0 follows by construction. Property 2 is implicit in [52, Sec.4],
compare also with [52, Sec.1.1.2].

3.6.3 Example 1: Involution
Consider the element g € OT(H2(X,Z)) given under the isomorphism (33) by
9la2(sz) =id, g(d) = —0.

Indeed, this is orientation preserving (it fixes a slice of the positive cone) and acts by —1 on
the discriminant lattice. We want to describe the action of the corresponding monodromy
operator of X defined by the isomorphism (40).

By Property 2 above we have that

mon(g) = Do p(—g,1).

Since —g fixes d, we obtain the equivariance with respect to the Nakajima operators in the
sense of Property 3, that is, if we let

g - idHO@Hél @ _ide(S,Z)
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then
p(=g,1) (H qfci(aiﬂ) = [T ok (Gair.
i i
In particular, if all a; are homogeneous, we see that

(=9, 1) (an, (1) - i (@0)va) = (1), (1) -~ Gy, (@)oo

where ¢ = |{i : a; € H2(S,Q)}|. Using (29) we conclude that

n+4

mon(g) (qk, (1) - - qr, (e)vg) = (=1)"qr, (a1) - - qr, (0) Vg

3.6.4 Example 2: Shift
The element § A F acts on H?(X,Z) by

W6, 6= 2n—-2)F, F—0, (0AF)iwrs- =0
Let T5 = act(d A F') as before and for any A € Z consider the operator
A Y (X, 7)) — H (X, 7).

By a direct check the operator e*ON) . H2(X,7) — H?(X,Z) is an isometry, which is
orientation preserving, acts with +1 on the discriminant and has determinant +1. By (40)
it hence defines a monodromy operator of X. Moreover, by (42) and Property 1 we have

6/\F)) —e )

A(J/\F)) AT

mon(ek( = pLLV(e

In particular, e*”s is a monodromy operator.

The action of Ty is compatible with the identification of H?(X,Q) and Ho(X, Q) under
the Beauville-Bogomolov form. Hence using § = (2 — 2n)A under this identification, one
finds that T acts on Ho(X,Z) by

Wi (2—-2n)A, A~ —F, F~0.
We conclude that

(W +dF +rA) =W + (d—rA+ X2(n— 1)) F + (r — 2\(n — 1)) A.

3.7 Monodromies preserving the Hodge type of a curve class

The Gromov-Witten invariants of S} in an effective curve class a € Ha(S[™) are invariant
under deformations which preserve the Hodge type of a. Consider two classes a,a’ €
HQ(S[”]) which are of Hodge type (2n — 1,2n — 1) and which pair positively with a Kdhler
class. If there is a monodromy operator ¢ € Mon(S[™) such that ha = o/, then by the
global Torreli theorem [92, 30] there exists a monodromy of S} which induces ¢ and which
preserves the Hodge type of a along the deformation. In this case we conclude that:

gtn] slnl
(taut; y1,. .., IN)g 0 = (taut; (), .- (V) g p(a) -

Remark 3.5. The condition that o and ¢(«) both pair positively with a Ké&hler class is
necessary. For example, the monodromy operator of Section 3.6.3 sends A to —A, but
obviously does not preserve the Gromov-Witten invariants (since —A is not effective).
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4 Constraints from the monodromy

4.1 Overview

Let S be an elliptic K3 surface with section B and fiber class F' and define the class
W =B+ F.

Let n > 2 and consider the generating series of Gromov-Witten invariants of S

[n] glnl
Fy (tant;yn, o w) = YD (@t NS wparea (D) (43)
d>—1rez

Our goal in this section is to prove the following:
Proposition 4.1. There exists unique power series f; ; s(q) € Q[[q]] such that

n—o 2n n—1

FS™ (taut; v, .. yw) = % DX Y fuis@AP ) elp, )¢ (p,0)°

i=0 j=0 s€{0,1}
Moreover, we have the following properties:

(a) In the ring ﬁ(@[[q]][A, 0, o', ©] we have

d [n] (n]
deF;’ (taut;717~~'a7N):T5F; (taUt;’yla"'afYN)

where the right hand side is defined as in (4).

(b) The series ng[n] (taut; y1,...,YN) @s a power series in q with coefficients which are
Laurent polynomials in p.

(¢) If the v; are written in the Nakajima basis (of length l(7;) as defined in (30)), then
(] _ , ) gl
FS" (taut;yi,. .., yw)(pt) = ()N TRAOO ST (tauty ).

The idea of the proof of Proposition 4.1 is not difficult: The monodromy operators de-
scribed in Section 3.6.3 and 3.6.4 together with the invariance of Gromov-Witten invariants
under deformations (which preserve the Hodge type of the curve class) yield two basic iden-
tities on the generating series F| (;9 o (taut;y1,...,7n). Up to correction terms coming from
insertions of lower weight, these identities are precisely the conditions given in Lemmata 2.13
and 2.14, and hence up to the correction term force an expression of the series as a certain
polynomial in p, © and g’. To control the correction term, we argue by an induction on the
order of the weight. The correction term is then controlled by the A-holomorphic anomaly
equation, and the claim follows by a formal argument.

4.2 Proof of Proposition 4.1

We split the proof in two parts:

Step 1.: The p — p~! symmetry We first prove the properties (b) and (c). By Sec-

tion 3.6.3 there exists a monodromy mon(g) of S which acts on cohomology by

n+4

Gk (1) - gk, (e)ve = (=1)"qp, (1) -+ - qr, () vo.

In particular, it acts on Hy(S[, Z) by the identity on Hz(S,Z) and sends A to —A. By
deformation invariance of the Gromov-Witten invariants we obtain that:

gln] glnl

(aut; v, ..., IN) g widrsra = (taut;mon(g)yi, ..., mon(9)VN) g mon(g)(W+dF+ra)
[n]
_ (_1)N~7L+Z1+4..+[N (taut; Yy 77N>§’W+dF7TA .
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For any curve class 5 € Ha(S,Z) there exists an integer rg such that for all r > rg there are
no curves in S of class 8 — rA € Ho(S™). Hence this equality proves (b) and (c).

Step 2.: The p — pg* symmetry. We apply the deformation invariance with respect to
the monodromy considered in Section 3.6.4. It yields

slnl AT

<taUt§71=---7’YN>9,W+¢1F+TA = <taut;e e s

glnl
RATEER ’YN>g,w+(d—m+xz(n—l))F+(r—2A(n—1))A :

By multiplying with (7p)r72)\qu7'r‘)\+)\2m7 summing over r and d and replacing A\ by —A,

we obtain that:

—2xm ,—A2m S — T
q Fyo(

[n] _
FJ7 (taut;ye, ..., ww) (pa*,q) = p taut; e oy, e Moy (44)

We argue now the remaining claims by induction on the total weight of the insertions
Z wt(vy;) = L.
i

Assume that the claim of the proposition holds for all insertions ~; with >, wt(v}) < L.
(Since we always have wt(vy;) > —n, the statement is true for L < —nN. This provides the
base of the induction.) Since Ty decreases the weight by one (see Lemma 3.1), the series

N

[n]
ZF_(;S' (tautvr)/h771—17T571771+177’YN) (45)
=1

satisfies the induction hypothesis and hence has all the desired properties. In particular, it
is equal to ©*"~2A(q)~! times a polynomial in A, p, ' with coefficients power series in g.
Consider the integral with respect to A,

N

~ (n]

F= E /F; (taut; 1,5 Yie1, T, Yig1s - - -, YN)AA,
i=1

which is defined here formally as the right inverse to diA with constant term in A to be

zero. (In other words, [ A'dA = A™1/(i+1).) By Lemma 2.12 and using the induction

hypothesis to calculate % we obtain the transformation property:

2 =~ _)\-d_
P " F(pg*, q) = e 273 F(p, q)

~ d ~ X /d\*=~
—F(p,q))\F+(> F+...

dA 2 \dA
~ [n]
:F(p7Q)_F_(;S' (taut;’yh"w’}/N)
[n] _ _
+ng (taut;e 2oy, ... e M o).

Using this equation and (44) we conclude that

[n]
F(p,q) = F}" (taut;, ..., ) — F(p,q)

satisfies
PP F(pg,q) = F(p,q).

Since Ty is a cubic in Nakajima operators (see (37)) its action on a cohomology class
changes the parity of the number of Nakajima factors in which it is written. In particular, if
r=N-n+ Y 1l(v) is even, then the function (45) is odd in p by Step 1, and, since A(p, q)
is odd in p, its integration with respect to A is again even in p. Similar arguments apply, if
r is odd. We obtain that

Fp~'q) = (~)N =00 P(p,q).
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Using Lemmata 2.13 and 2.14 (depending on the parity of Nn+ )", ¢;) we conclude that

Flp.q) Alg)~10*™ (p.q)¢' (p, ) XoiZs fil@)p(p, @)™ " 3f N+ 37, 1(y) is even (46)
’ Alg)710*™(p,q) 3212 fil@)e(p )™ if Nn+ 32, U(yi) is odd.
for some power series f;(q) € C[[¢]]. This proves the main claim.
Since F'(p,q) is written without any A we have
0= iF(]D q) =~ F" (taut; v, ... yw) — ~= F(p,q)
dA™ dA~ 9 T dA”
d g Y gt
= ﬁFgS (tantt; 1, yw) = Y Fo (bautive, - Yi 1, To%is Yit 1, -0 IN)
i=1

that is we also have the holomorphic anomaly equation (part a) with respect to A. O

The argument in Step 1 of the proof more generally shows the following:

Lemma 4.2. For any K3 surface S and effective curve class B € H2(S,Z) the series

[n] glnl
Z;’ﬁ (taut;y1,...vn) == Z (taut; vi, .. s YN ) g para (—P)"
rEZ

s a Laurent polynomial in p, and if the ; are in the Nakajima basis, then

[n] _ n . ) [n]
Z3 5 (taut; vy, . .oyn) (p7) = ()N FEH00 Z8 5 (faut; v, . yw).

5 Relative Gromov-Witten theory

5.1 Overview

Let X be a smooth projective divisor and let D C X be a smooth divisor with connected
components D; for 4 = 1,..., N. In this section we consider the relative Gromov-Witten
theory of the pair (X, D) introduced by Li [45, 46], see also [2, 72] for introductions. In
the first part we introduce the basic structures of the theory: moduli spaces, evaluation
maps, psi classes, and rubber moduli spaces. Then, we recall three basic equations that
will be needed later on: a splitting formula for the relative diagonal, proven recently in [2]
(Proposition 5.2); a splitting formula for relative psi-classes (Proposition 5.3), and finally
we prove a new formula for the restriction of relative Gromov-Witten classes to the non-
separating bounary divisor in the moduli space of curves (Proposition 5.4).

5.2 Moduli space

Let 8 € Ho(X,Z) be a curve class and let X = (Xl, ..., ANn) be a tuple of ordered partitions
Ai = (Xiy)i=, of size and length

|Xz\ = Z)\i,j =D;-B, L(\)=¢L
J

Consider the moduli space of r-pointed genus g degree [ relative stable maps from connected
curves to the pair (X, D) with ordered ramification profile \; along the divisor D,

Mg,Tﬁ((X’ D)’ )‘)
By definition, an element of the moduli space is a map f : C — X[k] where X[k] is a
target degeneration of X along D which satisfies a list of conditions (finite automorphism,
predeformability, no components mapping entirely mapped to the singular fibers, relative
multiplicities as specified). The degree of the map is 7, f«[C] = 8 where 7 : X[k] — X is
the canonical map that contracts the expansion.
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5.3 Evaluation maps

For every boundary divisor D; we have relative evaluation maps
evih: My, s((X,D),X) = Di, j=1,....00%)

which send a stable map to the j-th intersection point with the divisor D;.
We also have an interior evaluation map:

ev: Mgy, 3((X,D), ) = (X,D)"

which takes values in the (smooth projective) moduli space (X, D)" of (ordered) tuples of r
points on the relative geometry (X, D), see [34] for a construction. For example, as a variety
(X, D) is isomorphic to X, and (X, D)? is the blow-up Bl, p, xp, (X x X). We refer to [89)
and [2, Sec.3.4] for beautiful self-explaining figures illustrating the situation. By forgetting
points we have for any I C {1,...,r} contraction maps p; : (X, D)" — (X, D)/l. We can
hence view classes on [[,(X, D)% with ) .a; = r (such as X") as defining cohomology
classes on (X, D)" via pullback by the projections. We write ev; = py o ev.

The class of the locus in (X, D)? of incident points (the relative diagonal) is denoted by

Al%.py C H*((X,D)?).

5.4 Psi-classes

There are cotangent line bundles at both interior and relative markings. We let their first
Chern classes be denoted, respectively, by

i, i=1,...,m, Y i=1,...,N, j=1,...,00\).

4,37

Let also Lp, be the cotangent line bundle associated to D; on the stack of target expan-
sions T as defined in [61, 1.5.2]. The line bundle Lp, has a section which vanishes precisely
at expansions corresponding to bubbling at D;. Let ¥, = ¢1(Lp,) and let

q: Mg,r,ﬁ((X, D)a X) =T

be the classifying map corresponding to the universal target over the moduli space. The
relative 1-classes then satisfy the following well-known lemma:

Lemma 5.1. ); ; fejl =q*(¥;) — ev{’ejl*(cl(NDi/X)),

Proof. See for example [79, Proof of Lemma 12]. O
5.5 Cohomology weighted partitions

Consider a H*(D;)-weighted partition u

((:uhél)a""(:ué’é@)): 6j€H*(Di)7 1> ..o 2> pe > L (47)

We write £ = ¢(y) for the length and |u| = >, p; for the size of the partition. The partition
underlying u is the ordered partition

ﬁ: (F‘lw"vﬂf)ﬂ

While the §; are arbitrary cohomology classes on D;, we often take them to be elements of a
fixed basis B of H*(D;). In this case we say u is B-weighted. Given a B-weighted partition
1, the automorphism group Aut(u) consists of the permutation symmetries of p.
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5.6 Gromov-Witten invariants

For i € {1,..., N} consider H*(D;)-weighted partitions

L(\;
A = (Mg, 0ig)) 52

=1
and let Xl be the partition underlying A;. Fix also a class
ve H*((X,D)").

We define relative Gromov-Witten invariants by integration over the virtual fundamental
class [46] of the moduli space:

(X.D) N £(X\;)
AL, AN V) S ::/ evrel
< Vs (37X, D) S 1_[1 jHl

We will also sometimes need to include 1-classes in the integral. A more general definition
is hence the following. Let a; ; and b; be arbitrary non-negative integers.

X,D
() N o
< n T iy <n1~--m><v>>
=1 i=1
9,8
r N £(\)
- /7 I TT i) eviel(si) . (48)
¥y, 5 ((X.D). X i Pl e

If all b; = 0 we will simply write + instead of 7y, - - - 7, (7).
The discussion above also work when we allow the source curve of our relative stable
map to be disconnected. More precisely, we let

denote the moduli space of relative stable maps to (X, D) as above except that we allow
disconnected domain curves and require the following condition:

(o) For any stable map f: ¥ — (S x C)[{] to a target expansion of the pair (S x C, S,),
the stable map f has non-zero degree on every of its connected components.

We define Gromov-Witten invariants in the disconnected case completely parallel as in
(48). The brackets on the left hand side will be denoted with a supscript e, as in (..)(XP)-e.

5.7 Rubber moduli space
For any of the divisors E € {D,..., Dy} consider the projective bundle

P:]P)(NE/X ®0g)—> E.

The projection has two canonical sections Fy, Fo, C P called the zero and infinite section
with normal bundle Ng/p = N} /x and Ng/x respectively. Let

Ny a(B, Bo U Fog), X) (19)

be the moduli space of genus g degree o € Hy(FE, Z) rubber stable maps with target (P, EgL
E.). Elements of the moduli space are maps f : C — P;, where P; is a chain of [ copies
of P with zero sections glued along infinite section of the next components, satisfying a list
of conditions. The degree of a rubber stable map is fixed here to be mg, f.[C] = a where
mg @ P — E is the natural projection. In the definition of (49) we let the source curve
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be connected. If we allow disconnected domains and require condition (e), we decorate the
moduli space (and the invariants below) with the supscript e. As before we have evaluation
maps at the relative markings denoted evrEI By evaluating the composition g o f at the
interior marked points we also have a well- defined interior evaluation map:

ev : NQTQwREouEwLm—+ET

Given H*(FE)-weighted partitions A,y and v € H*(E") we define:

ol = [ e T T evidion).
i |

g,m

5.8 Splitting formulas

We state two splitting formulas that we will need later on. Let ¢ : D — X denote the
inclusion. We begin with the splitting of the relative diagonal.

Proposition 5.2.

<)\1,.”’)\N|A€§(17D)>;§37D)’.:<>\1a-- )\N‘AX>(XD)7

3 I p (X,D) (P,D; 0UD; o)
722 Z #<)\1,..., " ,...,/\N> :H”< i I V|A > az‘o i00),®,~

=1 gi+ga=g+1—L(n) |Aut(p)] e g1, g2,

Leart'=p

In the above formula, p runs over all cohomology weigted partitions p = {(ui,'ysi)} of
size 3- D;, with weights from a fized basis {v;} of H*(D;). Moreover, we let i = {(n:,74,)}
be the dual partition, with weights from the basis {v;'} which is dual to {~;}.

Proof. This is a special case of [2, Theorem 3.10]. O

Next we explain how to remove the relative i-classes. Again we only need a special case
(the general case is similar), and without loss of generality we can consider relative 1)-classes
for the first component D;.

Proposition 5.3. For any j € {1,...,0(\1)},
Te X,D),e ~ X,D).e
/\1’J<¢ l)‘l""7/\N>(g,B ) :_<)\1,/\27...,/\N>;,ﬁ :
H»/f"i (X,D),e v\ (P,D1 oLD; o0 ),0,~
*Z Z Z7<)\1,..., Iz ,...,)\N> ’ ’</\ivﬂ > D1, oo)i®
Aut 91,8’ g2,a
Ko g1tg2=g+1—L£(n) | Aut(p)] m’
teat+p'=p

where Xl is the weighted partition \; but with j-th cohomology weight 015 replaced by d1; U
cl(NDI/X). Moreover, u runs over the same data as in Proposition 5.2.

Proof. This follows from Lemma 5.1 and [46], compare also [79, Lem.12]. O

5.9 Boundary restriction

We will also require the restriction of relative Gromov-Witten classes to the boundary.
Consider the class in H, (M, ,3((X, D)) defined by

N £(X;)

TP ) = ev* () [T T evich0ig) - (Mg s((X, D), X)) (50)

i=1 j=1
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If there exists a forgetful morphism
7 My, 5((X,D),X) = My,

where n =r + 3%, ¢(X;) consider also the pushforward

N £(X\:)
1557 Al =7 eV*(v)HH Vi (01) - Mo (X, D), N | . (51)

Let w : Mg_l,n_H — Mg,n be the natural gluing morphism.

Proposition 5.4.

I ) = 1) (Al,...,AN‘A(f;D))

g—1,

al mob,
rox x 0

m>0 b,b1,....,bm
g=g14ga+m €01l
B=pB"+t.cx

&g* [Jg(ffb’?%-(xl, it (8, 80,0), (b, At I ) Ait s )
———
(n+1)-th

xJ(g]iD 0UD; o0),e, (( (b, ABM), (b, Aﬁ,@j)}n_l),ki)}

(n+2)-th

+&J”

Jx e (Al,...,)\i_l, ((b, Aw),(bj,ij);;l),AM,...,AN)
———

(n+2)-th
P,D; oUD; oo
e N (NN O Aﬁ,m)xi)u
\_\,_/
(n+1)-th
where

e (n+ 1)-th’ stands for labeling the corresponding marked points by n+ 1,
® b by,..., by run over all positive integers such that b + Zj b =p8-D,,
e Ap=>,Ap;® AE,@ 1s a Kiinneth decomposition of the diagonal of D.

Moreover, j is the embedding of the (closed and open) component

U C My, 5 ((X,D),(X\ i, (0,b1,..., b)) x My o (P Dio U Do), X (b, b1, - ., b))

parametrizing pairs (f1 : C1 — X[k],p;) and (f2 : Co — Py, pl) such that the curve, which is
obtained by gluing C1 to Co pairwise along the m markings labeled by b;, is connected. And
we let

6 U — Mg,LnJrQ

is the map that forgets the maps f1, f2, glues together the curves Cy,Cs pairwise along the
markings labeled by b;, and then contracts unstable components.

A related formula for the restriction of the double ramification cycle to the divisor
My_1p42 — Mg, was given (only with a sketch) by Zvonkine in [99)].
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Proof. Let M, ,, be the Artin stack of prestable curves, where n =Y. £();). We refer to [5]
for an introduction to the stack 9, ,. The map 7 factors as a morphism 7 to My ,, followed
by the stabilization map st : M, , — M, ,. Form the fiber diagram

M,y Z M Mg,r,ﬁ((Xv D)7 X)
I I I
mgfl,nJrZ w = mtg,n
J{St J{St
Mg_1,n+2 % Mgﬂ’b'

Consider also the gluing map on prestable curves

~ P
u=uo0q:My_1n42 = Mgn.

We want to apply Proposition 5.6 below. Observe the following;:

My, is smooth and by [5, Example 4] has a good filtration by quotient stacks.

Since v’ : W — 9, ,, is representable and 9, ,, has affine stabilizers at geometric
points [5, Prop.3.1], by [37, Proposition 3.5.5] and [37, Proposition 3.5.9] W has affine
stabilizers at geometric points.

The gluing maps u : MQ_LWFQ — Mg,n and € : Mg_1 py2 — My, are both repre-
sentable [5, Lemma 2.2].

By [5, Prop 3.13] the map

q: mg_17n+2 - W = mgm Xﬁq . Mg—l,n+2

is proper and birational. Since u is representable, ¢ is representable.

Since the domain and target of u is smooth, u is lci.

By [9, Prop.3] the stabilization map st : M, ,, — M, is flat. Since u: My_1 12 —
M, is lci, and this is preserved by flat base change (see [91, Tag 0691]), also u' is lci.

The map a : M, 5((X, D), X) — M, is representable, since it is injective on stabi-
lizers: The group of automorphisms of (C — X|[k|,p;) is a subgroup of the group of
automorphisms of (C,p;).

By the above, u and u are proper representable, so M7, My are proper DM stacks.
By Proposition 5.6 below we obtain that

() = @7 A(M ., 5((X, D), X)) = Au_1(Ms).

Consider the clas

We obtain
I (V) = (sto o)l
= (stoo).(u)'J
= (stoo).q.i'J)
= (qostoo),u'J
= ﬂ*ﬁ!J
where

40



Hence we need to compute the refined pullback @' J.
The stack o .
Mg—1.n+2 X, . Mgrp((X, D), A)

parametrizes relative stable maps (f : C — X|[k],p1,...,p,) together with a chosen non-
separating nodal point p € C and two marking p,,, , P42 on the partial normalization C' — C
at p. By [2, Sec.1.5] we have a disjoint union (both components open and closed)

m9*17n+2 Xomn Mg;rﬁ((XvD)’X) = P97T,ﬁ((X7D)>X) qu,Tﬁ((X’ D)7X)

g,mn

—

The component Py . 3((X, D), \) parametrizes relative stable maps where the marked
point p map to a non-singular point on some expanded degeneration X[k] of (X, D). By [2,
Thm.3.2] we have then

e (B0, ) = K55 (A ).

The other component N, 5((X, D), X) parametrizes maps where p maps to the singular
locus, and hence forces a splitting of the source curve C,

C=CUCy,

where f|co, : C1 — X|a] is a relative stable map to (X, D) and f|¢, : C2 — Py maps entirely
into a bubble of D; for some i. The marked points p,41,pnt2 have to lie on different
components C;, hence there are two choices: p,y1 can lie on C7 and p,o lies on Cs, or
vice versa. The curve C' is obtained by gluing C7, Cs along p, 11 and p, 2, as well as along
'secondary’ markings ¢; € Cq and ¢, € Cs for i = 1,...,m. The latter markings are called
'secondary’ because they will be forgotten by pushforward along m to M _1 ,42. Let b be
the contact order of f with the divisor at p,41, and let b; be the contact order at the g;.
We consider the local structure of the component N, 5((X, D), X) A local versal family
for the gluing nodes of C' is given by zy = s and z;y; = s; for i = 1,...,m. Let t be étale
locally the coordinate defining the bubble splitting X[a] UPy. The coordinate ¢ is pulled
back from the stack of target degeneration. Then the local analysis of [46, Sec.4.4] shows
that ¢ = s* and t = s%. Hence N, 5((X, D), X), which is cut out by s = 0, is given by the
equations {s = 0, si” = 0}. On the other hand, the image stack of the glueing morphism

My, 5((X, D), (X\ X, (b,b1, ..., b)) X pmts
M

o, ~ -

(Pa Di,O u Di,oo)a )‘i7 (ba b17 ceey bm)) i> Ng,T,B((X7 D)’ X) (52)

92,04(

is given by {s = 0,s; = 0}. Since the gluing morphism is finite of degree |Aut(n)|, by the ar-

guments in [46], especially Lemma 3.12, one obtains that the virtual class of Ny » 5((X, D), A)
is TT", b;/|Aut(b, ..., by,)| times the pushforward by £ of the natural virtual class on the
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domain of the map (52).% In total one obtains:
' vir
(“ Mg,r5(X,D)] )‘Nrg((XD)X):

N
Z Z Z HZ 1 5* Dm+1] ([ 91,5'((X7D)7X\Xiv(\qJ’bl"'"bm))]v”x

=1 m>0 biby,... n+1
9= (11+‘12+m
B+

[Mm a((P Dz oU Dy oo) >\i7 (‘ b 7b1a ) bm))]wr]
n+2
+ (same term with role of (n + 1) and (n + 2) interchanged). (53)

Here we have viewed (by,...,b,) as a list of numbers and not as a partition, so that the
factor 1/|Aut(by,...,by)| has to be replaced by 1/m! to compensate for overcounting.
Pushing forward (53) by 7 completes the proof. O

Ezample 5.5. We consider a basic example (adapted from [47]) which illustrates the lo-
cal analysis in the last step of the proof above in the case of a univeral target (A, D) =
(A'/G,,,0/G,,). The universal target was introduced in [1], see also [2, Proof of Thm.3.2].
We let wg be the coordinate on the chart A! — A. Let 71 = Al /G,, be the stack of 1-step
target expansion of (A, D). The universal family of targets over 77 is

Al[l] = Blp(A! x Al) — Al
modulo a quotient by G3 . Explicitly, if ¢ is the coordinate on A® (the chart of 71), then

ALT1] 1 1 1
Al[l] = BIQ(A X Al) = V(wozl = twl) C A wo X Pt x A%
where w1, z; are the homogeneous coordinates on P!.
Consider a family of degenerating curves C' = A2 — Al given by (z,y) — s = 2y, and
consider the commutative diagram:

f —
¢ — Afm,z C Al[1]

J |

Al ——— A}
where we let A2, be the affine chart Spec(Clwo, Z]) C Al[ | for Z = z1/wq, and the map
f is described by  — w" and y — Z". Then the lower horizontal map is given by t > s",
that is the coordinate defining the bubble ¢ corresponds to the r-th power of the coordinate
defining the node of C. O

Proposition 5.6 (Schmitt). Consider the following data:

o Let X,Y,Z be algebraic stacks locally of finite type over C of pure dimension, and
assume that'Y has affine stabilizers at geometric points, and that Z is smooth and has
a good filtration by finite type substacks’,

6The more modern viewpoint is to work relative to the moduli space of stable maps to the univer-
sal target (A'/Gn,0/Gm) as proposed in [1]. The moduli space Mg, q(A?/C*,0/Gp) is pure of ex-
pected dimension, and the virtual class on Mg,r,B(Xv D) is the virtual pullback of the fundamental class
on Mg n, 4(A1/C*,0/G;n). The local argument above proves an equality of codimension 1 classes in
Mg pn,a(A1/C*,0/Gm). The equality (53) of virtual classes on Mg . g(X, D) follows from this by virtual
pullback (after matching the relative perfect obstruction theories). See [2, Proof of Thm 3.2] for a similar
case. I thank P. Bousseau for discussions related to this point.

"In the sense of [5, Defn.A.2] or [83, Defn.5], i.e. there exists a collection (Um )men of open substacks of
finite type of Z with U, C U, for m < ¢ and such that dim(Z \ Up,) < dim(Z) —m
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o let g: X — Y be proper birational of DM type, let f 1Y — Z be representable and lci
of relative dimension k, and assume that h =go f: X — Z is representable and lci,

o [et W be a finite type DM stack and let a : W — Z be a representable morphism.
Consider the fiber diagram

L W
la
-7, Z.

= Q
<<

—
I

|

Then we have
fr=g.h  ALW) = A (V).

Proof. We work with the Chow groups as introduced in [5, App.A] and [37]. In particular,
for any locally finite type algebraic stack X over C we define

A (X) = y%nA*(ui)

where (U;)icr is a directed system of finite type open substacks of X whose union is all of
X, and the Chow groups A.(U;) are taken with Q-coefficients in the sense of Kresch [37]. If
X is pure dimensional and admits a good filtration (U, )men by finite type substacks then

Adim(x)-d(X) = Agimx)—d(Up) for all m > d.

In this case all functionalities of Kresch’s Chow groups also apply to A, (X).

Kresch defines only a projective pushforward. A proper pushforward along proper mor-
phisms of DM type has been defined in [5, Theorem B.17], assuming that the target has
affine stabilizers at geometric points, or equivalently is stratified by quotient stacks [37,
Thm. 2.1.12]. In particular, by our assumptions on Y there exists a proper pushforward g..

Assume first that W is a smooth finite type scheme. Then since the source and target of
a are smooth, a is lci. By the commutativity of refined pullbacks [37], and the compatibility
[5, Proposition B.18] of proper pushforward (along the DM type morphism ¢) and refined
Gysin pullback (along the representable morphism a) we then have

£ = fla'(2] = d'f'12) = d'[v] £ d'g.[X]

= g*a![X] = g*a!hl [Z] = g*hla![Z] = g*h![X], (54)
where (*) follows since g is birational and hence of degree 1, compare [11, Prop.25].

In the general case, the Chow group of W is generated by ¢, [W], where W are smooth
finite type schemes and ¢ : W — W is proper and representable. Form the fiber diagram:

A
L
U—V — W
|
x 4y oz

|

With (54) and using again the compatibility [5, Proposition B.18] of proper pushforward
and refined Gysin pullback (along the representable morphisms f, h) we find:

FlraW] = L F W) = LG b W] = Gl ' [W] = guh'e,[W].
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6 Relative Gromov-Witten theory of (K3 x C, K3,)

6.1 Overview

Let S be a smooth projective K3 surface, let C be a smooth curve and let z = (z1,...,2N)
be a tuple of distinct points z; € C. We specialize here to the relative Gromov-Witten
theory of the pair

(SxC,8.), S.=|]Sx{=}: (55)

After introducing our notation for the relative Gromov-Witten invariants in Section 6.2,
we state in Section 6.3 the main input in this paper: the correspondence between relative
invariants of (S x C,S,) and the invariants of the Hilbert scheme of S (Theorem 6.1).
Then we discuss further preliminaries. In Section 6.4 we state the reduced degeneration
formula. In Sections 6.6 and 6.7 we give basic evaluations of non-reduced invariants and
reduced rubber invariants.
The curve classes on S x C' will be denoted throughout by

(B,n) = 1B+ n[C] € H(S x C,Z) = Hy(S,Z) & Z[C].

6.2 Definition
For i € {1,..., N}, consider H*(S)-weighted partitions

ey
A= (g 81)) 10

of size n with underlying partition ;. Let also v € H*((S x C, S.)") be a cohomology class.
If B # 0, define the partition function of reduced Gromov-Witten invariants

ZEXCS) (N AN (T T ) (7)) = (—1) 9O =NnE B €N 4 (2-29(C) = N)nt 22, £(%)

GW,(8,n)
SN2 O A | (e ) ()SSS (56)
9EL

where the invariants on the right hand side are defined by integration over the reduced virtual
fundamental class of the moduli space which is obtained by cosection localization [33] from
the surjective cosection constructed in [62, 63]. If all k; = 0, we often just write v instead of
Thy -+ Ty (7). Sometimes we will also include psi classes wfejl at the relative markings where
we follow the notation of (48). If 3 = 0, the series (56) is defined to vanish.

For any (8, m) the moduli space M;yT’(ﬁ’n)((S x C,S,), ) carries also the ordinary or
standard (i.e. non-reduced) virtual class. By the existence of the non-trivial cosection it
vanishes for all 5 # 0, so it is only interesting for 8 = 0. In case § = 0 we denote it
by [—]**. If we integrate over the ’standard’ virtual class, we decorate the corresponding
Gromov-Witten bracket and the partition function Z with a supscript std. The rest of the
notation is unchanged.

We can associate to every H™*(S)-weighted partition a class on the Hilbert scheme:

Definition 6.1. The class in H*(S")) associated to a H*(S)-weighted partition = {(pi, 5;)}

of size n is defined by
1

T 1:[%‘(5@‘)%- (57)

We extend the Gromov-Witten bracket (48) for (S x C,S,) and the partition functions
Z(..) by multilinearity in the entries A;. Since the Gromov-Witten bracket is invariant
under permutations of relative markings that preserve the ramification profile (i.e. under

Aut(X;)), the partition function Zé\SNX(C/;’%)) (M,..., An|y) only depends on the associated

class \; € H*(S[™). Hence we obtain a morphism:

5xC,S. s aln
ZEXCS) (L —Jy)  HY(S)EN S Q((2)).
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6.3 Hilb/GW correspondence
Assume that 2¢g(C) — 2+ N > 0 so that (C, 21, ...,2y) is a marked stable curve,
g = [(072’1, .. .,ZN)] S M%N

Given classes A1, ..., \x € H*(S!") we define the generating series
2GR O ) = S [ ev; (58)
Hilb,(8,n) r% (7 y 0, (ST Bor A) i H

By Lemma 4.2 the series (58) is a Laurent polynomial in p.
Theorem 6.1 ([67, 68, 72]). If 8 € H3(S,Z) is primitive, then we have

(SxC,S2) (8xC,5.)
ZH1lb J(B,m) ()‘1""3)‘1\7) ZGW (B,n) ()\1,...,)\]\]).

under the variable change p = e*.

Proof. Denis Nesterov in [67, 68] showed that the left hand side is equal to a partition
function of relative Pandharipande-Thomas invariants of (S x C, S.), see in particular [68,
Cor.4.5]. The statement follows then from the GW/PT correspondence for (S x C,S,)
proven in [72, Thm.1.2] whenever [ is primitive. O

Remark 6.2. If the multiple cover conjecture [77, C2] holds for an effective curve class
B € Hy(S,Z) then Theorem 6.1 holds also for 3, see [72, Prop.1.4].

6.4 Degeneration formula

We recall the reduced degeneration formula for reduced invariants. Let C' ~» Cy U, C5 be a
degeneration of C. Let
{1,...,N} =AU A,

be a partition of the index set of relative divisors, and write z(4;) = {z;|j € A;}. We choose
that the points in A; specialize to the curve C; disjoint from z. Recall also the Kiinneth
decomposition of the diagonal of the Hilbert scheme in the Nakajima basis:

Lemma 6.3. In H*(S" x S[") we have

Agi = -1y Al (59)

m

where p runs over all cohomology weighted partitions pu = {(pi,vs,)} with weights from a
fized basis B = (71,...,724) of H*(S), and pn* = {(n:,7s)} is the dual partition.

Proof. For B-weighted partitions y, v one has [q,, p-v" = S (= 1) | Aut(p) |/ TT, i O

Proposition 6.4. For any o; € H*(S x C) we have:

SxC,S,
Z((;Wf(ﬁ;n)) <>\1’ Co AN ( )) = Z (
) {1 ..... T}:B1HB2
SxCs,S, d
H Thk; az > ((O :) 2 (42),= =)t <H )\z»AQ

Z((BS?:LCD z(A1), ) (H )\uAl

I 7 )

i€A, i€ By i€As 1€ Bsy
(SXCl, 2(Aq), )Std SXCQ, z(As), )
2 T A ] T 7wsten) ) Zsy ™ | T A B2 T 7 ()
i€Aq i€ By i€Ao i€ By

where (A1, As) stands for summing over the Kinneth decomposition of the diagonal (59).

Proof. The required modifications to the usual degeneration formula of Li [45, 46] needed
in the reduced case are discussed in [63]. We refer also to [72, Sec.5.3] for a discussion of
the matching of signs and exponents, and to [72, Sec.8.1] for a conceptual explanation for
the form of the equation. O
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6.5 Rubber invariants

We will also need generating series of rubber invariants. For any «; € H*(S) define

HTki (Oéﬂ)

= (_1)*n+l(k)+l(u)Zf(/\)H(#) Z(_l)gflzzgfz <>\,u
gEZ

(SXP!,S0,00),~
Zew,(pm) (’\’ H

(SxP',S0,00),8,~

H Tk (ai) >

where the brackets on the right hand side are defined by integrating over the reduced virtual
class of the moduli space of rubber stable maps to (S xP!, Sx{0,0}). The rubber invariants
for the standard (non-reduced) virtual class are denoted by std.

9,(B;n)

6.6 Non-reduced invariants

We state two explicit evaluations of non-reduced relative invariants:

Proposition 6.5 ([17]). For any cohomology weighted partitions A1, ..., An of size n,

ZéinéP())lA:r;s)Z)&td ()‘13 .. 7)\N) = /[ : )\1 U... U>\N
) sin

Recall the class § € H?(S") from Section 3.

Proposition 6.6.
~,std _
ZGVJ(O’”)(A, p) = z/s[n] SUXU

Proof. Consider first the connected rubber invariants (, N);,(o,n) (no e means connected).
By the stability of the moduli space we have 2g — 2 + ¢(\) + ¢(n) > 0. Hence we can apply
the product formula which shows that the invariant vanishes for ¢ > 2. If ¢ = 1 all the
cohomology weights of A, i have to be of degree 0, hence deg(\) + deg(u) < 2n — 2. Since
the moduli space is of virtual dimension 2n — 1, the integral vanishes. This leaves g = 0.
Let A = (A, vi) and p = (p4,7;). We find

D> deg(ni) + ) deg;(7]) = 2.
On the other hands, by (29) we have

deg(A\) =n—L(N\) + Z deg(v;)

deg(p) =n — () + ) deg(y))
and moreover we can assume the dimension constraint:

deg(A) + deg(p) =2n — 1.

Inserting, we find £(A\)+£(p) = 3. If we assume that A = (Mg, va) (Mo, ) and g = (e, V2))s
then by the product formula we obtain

(A 1) 0.n) = 0g0 /7 7 (DRo(Aa, A, —#te)) V7 (7a) ev5 (1) evi ()
[Mo,3(S,0)]=

= 590/ 'Ya'yb'yé'
S
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where DR, (a) is the double ramification cycle and we used that it is = 1 in genus 0.
For the disconnected case, recall that all connected non-rubber invariants of (S xP*, 50,00)
with only relative insertions vanish (see e.g. [78, Lemma 2]), except for the tube evaluation

* * ]'
/7_ cevi(y)evi(y) = 50g7/ v
[M(SXP1 /S, 00,(0,n),((n),(n)))]¥r nJs

(This also proves Proposition 6.5 in the case N = 2.) Moreover, in the disconnected series,
we have one rubber term and the remaining terms are non-rubber,

We conclude that we must have £(\) = £(u) & 1, otherwise all invariants vanish. We
assume that £(\) = ¢(u) 4+ 1, the other case is parallel. We find that

~

ZG”\;\j‘t?O i) = Z(_l)g—l(_1)—n+e<x>+e<u>Zag—2+e<x>+e<m<A7 u> ’

gez g,(O,n)
:Z(,l)gfl(71)7n+Z(A)+f(#)22972+Z(A)+5(#) Z <5g+€(A'),0/’Ya’Yb’Y£>
9€L 1<a,b<t()) s
a#b
1<c<e(p)
, ) 1
(~L)I ) [ T anGive T v
Hi;ﬁa,b )\1 Hz;ﬁc i Jstian i#a,b i#c

where )\ is the partition A without the parts (Ag,7a), (Ap,V5)- Since it is of length £(\') =
£(N) — 2, we obtain:

~std
ZGV\? (0, n)()\ ) =

TN T 1 H i
Y DML (/5%%%)/ T avGies v Tauw (e

1<a,b<t(N) Aol i#a,b i#c

a#b
1<e<h(p)

On the other side, recall that the operator of cup product with & can be explicitly
described as a cubic in Nakajima operators (34). For ¢ = j + k, one obtains:

(%’(%‘)aeé qj(%)qk(vk)vz) = (—1)”’%'-3'-/6/5%%%-

where we write (—, —) for the intersection pairing on S[™. One finds that Jsm OUAU 1
vanishes unless ¢(\) = ¢(u) £ 1. Assuming that £(\) = £(u) + 1 we compute:

1
SUNUp = =——o—
/sw [T A IT
_1)\a+>\b / " // .
> (L) [ T anGoes uTTan .

1<a,b<t(N) 175a b iF#c
a#b
1<e<i(n)

The claim follows by comparison. O

6.7 Reduced rubber invariants

The reduced rubber invariants can be expressed in terms of the non-reduced ones by rigidi-
fication. This is the K3 surface analogue of [55, Prop. 4.4]:
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Proposition 6.7. For any D € H*(S) and 3 # 0 we have
SxP!,S0, 00 ).~
(D B) 2oy ™"~ )
SxP*,50.1,00 SxP',S n
= Ziu o) (A, 1, D) + ( /S s u) ZEn o) (1, p)"|ro(wD)).

where D = (1, D)(1,1)" ).

(n=1)! 1)'

Proof of Proposition 6.7. Rigidification of the rubber as discussed in [55, Prop. 4.3] (or [61],
or [72, Prop.3.12]) implies:

1 ~ 1 )
(8- DY g™ = (DI 0™

(SxP',S0.00)

<To (wD) |)\ > (Bm)

For the disconnected rubber invariants we hence obtain that:
SxP',50.00),
(67 )Zéwx(ﬁ n)U ) (A,H)

1
:Z(_l)g—l(_1)—n-‘r@()\)-i-@(u)ng—Q-‘,—E()\)J,-E(M) Z <TO(wD) A ,,>(qu> ,50,00)

g+£(A'),(B,n)

9ez A=AUN
p=pUp"”
! 1
(— )T+ / IT ax.i)ve U I au(i)v
[aiex Ailliy i Jsvn 75, i€

SxP!,S0, 00
=Zguioimy ™ (@D)A ).
We now apply the degeneration formula which gives:

SXP,50 0o
Zon (5207 (ro(wD) A, )

(SxP*,S0,1,00) vty Vi (SxP 50).std
—ZZGW " Qo) (S )|Aut( )| “ow om  (o@D)l)

(SXPS oo ),std vl+e(v HV’L Sps)
+ZZGW(O7L01 T ) (= )l I+ )|Aut( )|ZGWX(Bn)0 (ro(wD)[vY).  (60)

We have the straightforward evaluation

' D ifv=(1,7)(1p)""
Z(SX]P’ ,S0),std D fSV ) )
awom (PP =14 if v = (2,p)(1,p)" 2

which gives us

Z( ey v [L vi 7(SxP*,50) std (ro(wD)[1¥) - v =

[Aut ()] W (0:m) ((1,D)(1,1)" ") = D.

1
(n—1)!

Moreover, in the second summand on the right of (60) we must have v = (1,1)" for dimension
reasons. Using Proposition 6.5 the claim follows. O

v

For primitive 8 the second term on the right of the proposition is known:

Proposition 6.8 ([76]). If 8 € H2(S,Z) is primitive, then

G"(z,
Zéﬁvx?afi’)«lm)”lm(wl?»—(ﬂ,mCOeffqm< P )

02(2,9)A(q)
where G(z,q) = —O(2,7)2D? log((2,7)) with D, = % and g = >i".
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7 Holomorphic anomaly equations: (K3 x C, K3,)

7.1 Overview

In this section we prove that the natural generating series of Gromov-Witten invariants of
(S x C,K3,) for an elliptic K3 surface S in primitive classes, are quasi-modular forms and
satisfy a holomorphic anomaly equation (Theorem 7.3). The idea is straightforward: We
apply the product formula in Gromov-Witten theory and use the corresponding results from
the Gromov-Witten theory of K3 surfaces which were proven in [63, 78].

The details require some work: First in Section 7.2 we introduce a special set of discon-
nected invariants labeled by ’#’ which is well-adapted to the holomorphic anomaly equation.
In Section 7.3 and Section 7.4 we recall the quasi-modularity and holomorphic anomaly
equation for K3 surfaces in this convention. In Section 7.5 we then state and prove Theo-
rem 7.3 using the product formula and by a careful application of the splitting formulas and
the new boundary restriction formulas introduced in Section 5.

7.2 Preliminaries
To state the holomorphic anomaly equations we will need another convention for discon-
nected Gromov-Witten invariants. Let m : X — B be an elliptic fibration and let

(X, B)

be the moduli space of stable maps f : C' — X from possibly disconnected curves of genus
g in class [, with the following requirement:
(#) For every connected component C’' C C' at least one of the following holds:
(i) mo f|c is non-constant, or
(ii) C’ has genus ¢’ and carries n’ markings with 2¢’ — 2 +n’ > 0.
Parallel definitions apply to relative targets (X, D) admitting an elliptic fibration to a

pair (B, A), moduli spaces of rubber stable maps, etc. We will denote the invariants defined
from moduli satisfying condition (f) by a supscript f.

7.3 Quasi-modularity

Let 7 : S — B = P! be an elliptic K3 surface with a section, let B, F denote the class
of the section and a fiber respectively, and set W = B + F. For any tautological class
taut € T*R*(M,,,) (or taut = 1 in the unstable cases 2g — 2+ N < 0) and v; € H*(S)
consider (or recall from (43)) the generating series

S
FJ(taut; v, ..., yn) = > (taut;vi, o vy wpar 4°-
d>—1

Theorem 7.1 ([63],[16, Sec.4.6]). For wt-homogeneous classes v; € H*(S), we have

Ff(taut;’yl,...,ny) € QMod,

1
A(q)
for s =2g+ N+ >, wt(v;).

Consider the generating series of disconnected invariants (for the f-condition):
N

FSttantin, o) = 3 a [ o (taut) [ evi ().
a>—1 J[Mg N (S;WHdE)r i=1
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Corollary 7.1. For wt-homogeneous classes v; € H*(S), we have

b

ng’ﬁ(taut; Yy YN) € A QMod,
for s =29+ N+, wt(v;).
Proof. Recall that the standard virtual class satisfies
[Mom X S] if g = 0
[(Myn(S, 0 =< ca(S)N[My, x S] ifg=1
0 if g > 2.

If an invariant
7w (taut) | | evi(vi)
/[Mg,n(s,onstd H
is to contribute, we must have:
e g=0and )  wt(y;)=2-n
e g=1and )  wt(y)=—n.

In both cases we have
—24+29+n+ Zwt(%) =0.

7

Now, if a connected components of Mi, ~ (S, B) contributes non-trivially to the discon-
nected Gromov-Witten invariant, then by a second-cosection argument the component must
parametrize stable maps f : C — S which are non-constant only on one component C’. Let
g', N’ be the genus and number of markings on C’. The above computation shows that

N N’
29+ N+ Y wt(yi) =29 + N+ > wt(v,)
i=1 =1

where ¢; are the indices of marked points on C’. The claim hence follows from Theorem 7.1.
O

7.4 Holomorphic anomaly equation
We state the holomorphic anomaly equation for K3 surfaces in primitive classes.

Theorem 7.2 ([78]).

d
T%ng(taut;%a ) =Fy (taut’; v, e, Ap)

+2 Z FJ (tauty;ya, Ap1) Foy®(tauts; v, Ap,2)

9=91+92
{1,...,r}=AUB

T
_2ZFgS(¢i A YL, - Vi1, T Y Vi s - - V)

=1
=Y (g b Te, Te, Fy (tanut; v, -,y
a,b

where we follow the notation of Conjecture C and moreover

o Ap1,Ap2 stands for summing over the Kiinneth decomposition of the diagonal class
Ap € H*(B x B), and we have suppressed the pullback to S x S,
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This immediately yields the following for the series of disconnected invariants (compare
with [79, Sec.3.2] for a similar case).

Corollary 7.2.

d
—Fsﬁ(taut;’yl,...,'yr) = FSti L (taut’sva, ..oy, AB)
dGo

_QZFSﬁ 1/1 - taut; 71a~o~7%—1,7T*7T*%7’Yi+17~~7%~)

fz DT, Teng F(taut; yi,. .., yr)-

Ezample 7.3. Instead of the proof (which is straightforward) let us consider a concrete
example that highlights all the main points. Consider the series
d 1
FS(W,F,F) = FyY(W,F,F) = g~

We compute in three different ways the Ga-derivative. First directly:

d d d 1 1 1
— FSW,F,F)=|—.,q—| — = -2 (-12)—— = 24——.
G, 10 )= [dG2 ng] A(q) 30 =50
Second, by the holomorphic anomaly equations for the connected series:
d S,std 1
— YW, F\F)=2-2-Fy(F,Uy)Fy"" (U, W, F) + 20Fy (F, F, F 24——
Ten o ( ) = o (F,Uy) (U2, ) + 205 ( )= Al

where the extra factor 2 comes from choosing which of the two F’s goes to the two factors.
Third, by the disconnected holomorphic anomaly equation:

%Fs YW, F,F) = FS}(W, F, F, Ag)—2F % (11, F, F)4+20F (F, F, F) = (672+20)%
2
where we have used that:
FSH W, F,F,Ag) = 2F% (W, F,F,F,1) = 6F} (F, F)F5 (W, F,1) = 6@.
—2F (1, F, F) = =2 (24 /7 ¢1) FS(F,F).
My 1
O

7.5 Relative geometry (S x C,S.,)
Consider the relative geometry:

(SxC.8.), z=(21,...,2n), S.=| ]9 x{z}, (61)

where we assume that that the pair (C, z1,...,2zy) is stable, i.e. 29 —2+ N > 0. Define the
generating series of relative invariants satisfying the f condition:

SxC,S: )4
FEXOS940, Anh) = D0 6 (e A ) g e
d>—1

where \; are H*(S)-weighted partitions and v € H*((S x C,S,)"). Similarly, we have the
corresponding series of reduced rubber invariants, see Section 6.
We also also require the non-reduced invariants:

(SXC,52) tstd.

FéSXC’SZ)7u’Std()\1,.--,)\Nh) = <)\17.,.,/\N‘ >g 0m)
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Theorem 7.3. (a) For cohomology weighted partitions X\; = (X; j,9; ;) where 6; ; € H*(S)
are wt-homogeneous we have

1
FSXCS8 N, A —_QMod,.
g ( 1, 5 N)E A(q)Q 0odg

where s = 2g + vazl E(N) + 22, wt(di ).
(b) We have the holomorphic anomaly equation

d
T%FQ(SXC’SZ)’ﬁ()\l, ceey )\N)

_ F(SXC’SZ)’u()\lw' /\N|Ar3ch ))

+zzz y =

m>0 b,b1,...,bm
9 =g1+g2+m £,01,....Lm

FYS¥ESocdtsd (b Ap ), (b Mg )))

Fyy * 5 N (0, A% ), (bsy A% )0 ), At - - AN)
Jrl[‘jg(lsxpl’SU'OO)’N’ﬁ (Ais (b, ABe), (bi, Age,)1))

Fay ¥ OS5t Ohi, (0, A% ), (b, A% )T ) s Aitts - -5 AN)

N ()
22 FS* O8Ny, N, 9 AD Nists AN
i=1 j=1
(g 1)abTeaTeng(SXC’SZ)’ﬁ(/\1,...,/\N).

a,b

Here, the b,bi, ... by, run over all positive integers such that b+ Y. b; = n, and the (,¢;
run over the splitting of the diagonals of B and S respectively:

Ap :ZAB,Z(@A%,@ Vi: AS:ZAS@'@AEL'
14 4

Moreover, /\Ej) is the weighted partition \; but with j-th weight §;; replaced by m*m.(d;;).

Proof. Consider a stable map f : ¥ — (S x C)[k] parametrized by the moduli space

MQ(WMFW)((S x C,S.),X). In order for the connected component of the moduli space
containing f to contribute non-trivially to the Gromov-Witten invariant, there must be pre-
cisely one connected component ¥/ C ¥ where f is of non-zero degree over the K3 surface
S. Moreover, we claim that f|y/ in this case is also of non-zero degree over C. Indeed if
not, then the remaining components yields a factor of

(SXC,S.),4,std
(M AN om0

which have to vanish for dimension reasons (since the standard virtual class is dimension
one less than the reduced virtual class and the degree of the insertions A1, A2, A3 are chosen
to sum up to the degree of the reduced virtual class). Since (C,z) is stable, it follows
that X' satisfies 2g(X') — 2 + n(X’) > 0, so its stabilization is well-defined. Similarly, if
¥’ C ¥ is a connected component whose degree over the K3 surface S is trivial, then either
2g(2") = 2 + n(X) > 0 by assumption of the moduli space, or the degree over C is non-
trivial. In the latter case by the stability of (C,z) we have that ¥’ has again at least N
special points and genus > g(C), hence ¥’ and its markings defines a stable curve. Note

also since we have no interior markings, there are no contributions from contracted genus

g > 2 components. Let Mg C((;Xdp (S xC,8y), X) be the union of connected components
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which have a non-trivial contribution, where we have written )= (Xl, e XN) We have
shown that there exists a commutative diagram:

f,contr

Mg,(W+dF,n)((S X O; Sz)vX) 4> M 9,5, L) (S,W+dF)

T |

M, ((C,2),X) L M

g,n

where M/ (X, D) is the moduli space of disconnected relative stable maps where each

connected component of the source is stable, and s g.n 18 simply the moduli space of dis-
connected stable curves (where each connected component is stable).
Recall from (51) the class

IG (X ]9) = 7. (ev* (1) Mg ((C,2), V] ) -
Then applying the product formula of [8, 38] we conclude that:

£(Aq)

FSXOSD8(0 . Ay) :FgS,n( 1C2)7(3); H H‘sm‘)
=1 j

The first claim hence follows from Corollary 7.1.
For the second claim we apply the holomorphic anomaly equation of Corollary 7.2. Let

e —_—
L Mg_17n+2 — ngn

be the morphism that glues the (n + 1)-th and (n + 2)-th marked point. By an application
of Proposition 5.4 we then have:

TGN = 10’7”(‘Argz))+z 3 Z H

m>0 b,by,.
{5*

g=g1+g2+m £,01,..., Zm

where (reversed) stands for the same term as before but with the role of the markings (n+1)
and (n+2) reversed, and the rest of the notation is as in Proposition 5.4 (except that we do
not require the glued curve to be connected). Since only the (n+ 1,n+ 2)-th marked points
are not glued, we exclude precisely those components of the moduli space where there is a
totally ramified morphism from a genus 0 component to rubber (P!, 0LIoo) which is ramified
over 0 by some relative marking A; ; and over oo by b (corresponding to the marking labeled
n+1 or n+ 2). Applying the product formula in reverse we hence find that

glcﬂz/)’ ()\la"'a)‘i—lv (babla“-7bm)7Ai+1a"'a)\N>

= L0z, N((b, by, .. .,bm),Ai)

+ (reversed)}

£(N;)

S’ * 3% ) Y .
F4 (600 T TT600)
i=1 j

accounts for precisely the first two terms on the right of part (b) of Theorem 7.3, except
for the components where we have a contribution from a totally ramified map to a bubble
attached to the marking b.

The second term on the right of Corollary 7.2 is

2ZFSﬁ 02)7 X) 717"'77j—15wi 'W*ﬂ*7j77j+1""’77')
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where we write (y1,...,7) = (0;5)i;. Again we apply the product formula in reverse. For
that we need to compare the psi-classes 1; on the domain and target of the morphism:

——f,contr

g,
M, warn (S % C,8.),X) & Mg s 4x,) (S, W +dF).

Precisely, we have
¢ (Yij) =9 — D

where D is the virtual boundary divisor parametrizing splittings of maps f : C — X[k] where
the relative marking \; ; lies on a genus 0 component mapping entirely into the bubble, such
that the underlying curve is contracting after forgetting the map to (C, z). We hence obtain
precisely the third tirm in part (b) of the claim, plus the contribution we were missing in
the first 2 terms.

Finally, the third term in Corollary 7.2 yields precisely part (b) in our claim. This
completes the proof. O

Remark 7.4. The holomorphic anomaly equation of Theorem 7.3 is a version (for reduced
virtual classes) of the holomorphic anomaly equation conjectured for the relative Gromov-
Witten theory of elliptic fibrations in Conjecture D of [79]. The form in [79] is more natural,
but requires more notation (for once it is defined on the cycle level). Theorem 7.3 is then a
special case of the following statement: if the holomorphic anomaly equation (in the form of
[79, Conjecture B]) holds for an elliptic fibration S — B, then for any relative pair (X, D)
the holomorphic anomaly equation holds for the elliptic fibration S x X — B x X relative
to S x D — B x D (in the form of [79, Conjecture D]). O

8 Holomorphic anomaly equations: Primitive case

8.1 Overview

Let S — B be an elliptic K3 surface and recall the generating series

(] glnl
FJ" (bautsyn, . yw) = D > (tautiv, e N gy ea 40 (D)
d>—1r€z

where W = B + F and B, F are the section and fiber class. The following is the conjec-
tural quasi-Jacobi form property and holomorphic anomaly equation in the special case of
primitive classes. We follow parallel notation as in Conjecture C.

Conjecture E. (a) For wt-homogeneous classes v;, we have

[n] 1
F3" (taut; 71, . .., € ——QJacy ,,—
g (taut;y YN) A(q)Q kn—1

where k =n(2g —2+ N) 4+ 2+ Y, wt(y;).
(b) Assuming part (a) we have

d [n] (n]
d—G2F; (taut;y1, ..., YN) :ng_l (taut’;v1,...,vn,U)

[n] [n]
+2 Z Fy (tauty;va, U Fy % (taute; vs, Us)

9=91+92
{1,...,N}=AuUB

N
()
- QZF,ﬁS (¥i - taut; 1, Yie1, U (Vi) Yig1s - -+ YN)
i=1
1 glnl
- Z(g )abTeaTeng (taUt; RITEEE v’yN)
a,b
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In this section we prove the following;:
Theorem 8.1. Conjecture E holds in case g =0 and N < 3.

The proof below proceeds in three steps. Afte reducing to N = 3 and taut = 1, the
GW/Hilb correspondence (Theorem 6.1) implies the following basic statement, see (62):

Fég["] ()\17 )\2’ )\3) _ 222‘972777,4»21. l()\i)(il)g71+zi Z(Ai)Fg(SXIP’l,SO,l,oo)’ﬁ (Ah )\27 )\3)
gEL

under the variable change p = e®. By Theorem 7.3 of Section 7 we know that each
F(SXPI,Soyl,x),ﬁ (
g

tion. Moreover, the Hilbert scheme series F(j9 . (A1, A2, A3) on the left satisfies the structure
described in Proposition 4.1. Our main work is then to turn these two inputs into the quasi-
Jacobi form property and the holomorphic anomaly equation for quasi-Jacobi forms for the
Hilbert scheme series. In Section 8.2 we first discuss that the left hand side is a quasi-Jacobi
form. Then in Section 8.3 we reduce the holomorphic anomaly equation for the left hand
side to an identity of the correspondence z-series. This is done by using Lemma 2.15 on the
comparison of the Go-holomorphic anomaly equation for quasi-Jacobi forms with the factor-
wise Ga-holomorphic anomaly equation on the z-expansion. Finally, the required identity is
checked in Section 8.4 in a longer and technical 4-step argument.

A1, A2, Az) is a quasi-modular form satisfying a holomorphic anomaly equa-

8.2 Quasi-Jacobi form property

We start with the quasi-Jacobi form part of Theorem 8.1.

Proposition 8.1. Assume that g =0 and N < 3. For wt-homogeneous classes ~y;, we have
1

F5™ (taut; 7, . ..
g (au,717 a’YN)eA(q)

QJaCs,n—l

where s =n(2g —24+ N)+ 2+ >, wt(v;).

Proof. For g =0 and N < 3 we can take taut = 1. By using the divisor equation the claim
for N € {0,1,2} reduces to case N = 3. Consider three H*(S)-weighted partitions,

)\i = ()\ij,éij)j, 1= 1,2,3

We argue in three steps.

Step 1. Under the variable change p = e* the 2" coeflicient in A(g) - F(;g["] (M, A2, A3) is a
quasi-modular form of weight r +n+ 2+ >, wt()\;).

Proof of Step 1. By Theorem 6.1 under the variable change p = ¢* we have

[n] SxPL,S0.1,00
FE (e, 08) = > Z8 i) (A A2, As) ¢
d>—1

Since (P!,0,1,00) is stable and there are no interior markings, we have the inclusion

— - — e -
Mg,(W-l—dF,n)((S X P17 50,1700)7 >\) C Mg,(W—i—dF,n)((S X ]Pﬂ) 50,1700)7 >\)

and moreover, every connected component in the complement does not contribute to the
Gromov-Witten invariant since the obstruction theory will admit an extra cosection coming
from stable maps with two components of the domain curve of non-trivial degree over S.
Hence we find that

Fég[n]()\17 )\27 )\3) _ Zz2g727'ﬂ+zi l()\i)(_l)g*1+zi l(/\i)Fg(SXP17SOvlv°°)’u ()\1’ )\27 )\3) ) (62)
IS4
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By Theorem 7.3 (a) the series A(q) - Fg(SXPl’SO’I""’)’ti (A1, A2, Ag) is a quasi-modular form of
weight

3
i=1 i,

Hence under p = e* the z" coefficient of A(q)F@gM (A1, A2, A3) is a quasi-modular form of
weight r + s where

s= (204D )+ > wt(si)) <2g2n+Z€(Ai)> =n+2+ 3 wt()).

Step 2. A(q) - ng[n] (A1, A2, A3) € MQJac, ,,—1, where s =n+ 24+ >, wt(\;).

Proof of Step 2. We argue by induction on the total weight of the insertions
> wt(\i) = L.

We assume that the claim holds for all insertions A with >, wt()\;) < L. By induction and
Lemma 3.1 we have

3
()
Z ng ()\1, ey )\i—la T(;/\i, )‘i+17 ey /\3) S MQJacS_Ln_l.
i=1
As in Step 2 of the proof of Proposition 4.1 we consider the integral with respect to A,

3
ﬁzZ/F(Sg[n]()\l,---7)\1‘717T5>\¢7)\i+1,-~-,)\3)dA
i=1
which lies in MQJac; ,,_;. Consider also the difference:

[n] ~
F(p,q) = F§" (A1, A2, A3) — F(p, q).

Then as shown in (46) there exists power series f;(q) € Q[[g]] such that

A=Y @)™ (p, q)¢ (@) 1o fi(@)p(p, @)™ if 3n+ 305 £(\;) s even

oo = {A_l(Q)GQ’”(n QX fil@)pp, g™ if 30+ 377, £(A) is odd.

By Step 1 (for the term F@gln] (A1, A2, A3)) and by Lemma 2.15 (for F e MQJacs ;,—1)
every 2" coefficient of F(p,q) is a quasi-modular form of weight r + s. By Lemma 2.16 or
Lemma 2.17 (depending on the parity of 3n + Zf’zl £()\;)) the claim follows. O

Step 3. A(q) - FJ¥' (M, A2, A3) € Qlac, ,,—1, where s =n + 2+ > wt();).

Proof of Step 3. The function F(z,7) = A(q)-Fy (M1, A2, A3) defines a meromorphic function
C x H — C which is holomorphic away from the lattice points 5= = A7+ p for all A, u € Z.
By Proposition 4.1(b) the expansion of z around z = 0 takes the form

F(z,7)= Z fr(r)2"

k>0

where f;(7) are quasi-modular forms. This shows that F(z,7) is holomorphic at z = 0.
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To check the other lattice points, we apply Lemma 2.12 which yields the transformation
F(z+2mi(M +p),7) = q_>‘2mp_2M”e_>‘ﬁF(z7 T)
By Proposition 4.1(a) (the behaviour under -4 ) this equals:
= q_’\zmp_Q)‘mA(q) - FY (taut; e Ao e M Ny e )\)

Since T is nilpotent there are only finitely many terms on the right hand side. Hence by
Proposition 4.1(b) again, the right hand side is holomorphic at z = 0. O

O

8.3 Reduction

Recall the operator that takes the Gs-derivative of a power series in z with coefficients
quasi-modular forms factorwise:

(dZQ)Z : QMod((2)) — QMod((2)).

After having shown part (a) of Conjecture E we now reduce part (b) to a statement about
the z-series of the 3-point function:

Proposition 8.2. Part (b) of Conjecture E holds for g = 0 and N < 3 if for any cohomology
weighted partitions A1, A2, A3 we have

d n n n
<dG2) FS"™ (0 Ao Ag) = Q(Fos[ 'O UeAs)) — ES™ (U1, Aahs)
(n] )
+ FY " (A, UM A3)) — FS (UXa, A1)
(n] [n]
+ FS" g, UM N)) — S (U>\3,)\1)\2))

_ [n]
S G NaTe, Tey B (M, Ao, As)
a,b

[n] ) [l
—2z(FOS (TsA1, Aoy As) + FS™ (O, Tida, Ag) + FS (Ah/\z,Téxg))

n)

—2(n — 1)22FS™ (A, Aoy A3).

(63)

Proof. Part (b) is Conjecture E is compatible under the divisor equations, string equation,
and restriction to boundary. This can be proven parallel to [78, Sec.2] or [4, Sec.3]. Hence
to prove part (b) it suffices to consider the case a = 1, ¢ = 0, N = 3, i.e. to prove the

holomorphic anomaly equation for Fy’ ) (A1, A2, A3).
One has that

[n] (n]
Z ng (1;)\A7U1)F69 ’Std(]«;)\BaUQ)
{1,...,3}=AUB

[n] [n] [n]
= Fy (AL UR22a)) + B (A2, Uds)) + 5 (A, U(AiA)),
and by expressing 1; as boundary we also get:

[n] [n]
F" (1;UM, A2y As) = FY (UM, Aads).
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Hence the equation that we need to prove is:

d

d—%F(f[”] Ay A2, \3) = Q(FOS“” (A, UaAg)) — FS™ (UM, Aos)

+ FS" 0, Uis)) — FS™ (U, M)
+ 55" Qe U ) = B (U, 0000))

_ ()
- Z(G DavTe, Te, F (A1, A2, As)
a,b

We now apply the variable change p = e* and view Fy(A1, A2, A3) as a power series in z
with coefficients quasi-modular forms. Since Fy(A1, A2, A\3) are quasi-Jacobi forms of index
n—1 by Lemma 2.15, we have the following relation of Jacobi and factorwise Go-derivative:

d n d n
(da2> ES O 20, 08) = 5o F5 T O, da, As)

_ gz%mf” (Ms A2, Ag) = 222 (0 = D ES" (M1, Ao, Ag).

By Proposition 4.1 we have that

d g (] (] (]
AFS T Oy A2, As) = FF (Toda, Ao, As) + g (A, Toda, As) + 5 (A1, Ao, Tis).
Expressing the left hand side in (64) in terms of (ﬁ) then yields the claim. O

8.4 Conclusion

We aim to prove the holomorphic anomaly equation (63), which by Proposition 8.2 gives us
the remaining part of Theorem 8.1. We start with the expression given in (62),

ng[n](Ah )\2’ )\3) _ Z229*2*”+Zil()‘i)(fl)gfprzi l()\i)Fg(Sxpl,SO,l,oo)’ﬂ (/\1, )\27 )\3) ) (65)
gEZL

We will compute the factorwise Go-derivative (d;éz) using the holomorphic anomaly equa-
z

tion given in Theorem 7.3, and then match all the terms with the right hand side of (63).
We analyse all the terms appearing the right hand side of Theorem 7.3. We need to
analyze four terms, which we do in a sequence of lemmata.

Lemma 8.3 (Term 1).

Zz2g—2—n+zi l()‘i)(_l)g_l‘i‘zi Z(Ai)FQETPI,So,l,m)vﬁ ()\1’ Aa, )‘S‘AE%xC,BZ))
gEZL

n]

=(2-2n)22F " (A1, Ao, As)

Proof. Let B = B4 = W 4 dF. By the splitting formula of Proposition 5.2 applied in the
reduced case we have

(SX]P’l,S() 1 (x,),ﬁ 1
rel o (SxP*,50,1,00) 4
<)‘1’)‘Q’A?"A<e’3xc’32)>g,(ﬁm) = O 22, Xl g gy
(SXP,S0,1,00)tostd / (SXP', 50,00 )8~
<A17"'7 1% 7"'7AN>91’(0$,”) <)\17H’ |AD>g2,(5,n) +
- > i o (SXP,S0,1,00),8 (SXP", 80,00 ).~ std
XIP",50,1,00)5 XIP",50,00 ) 8,7~ st
i€{1,2,3},u |Aut(ﬂ)| </\1,...7 9 7...7)\N >91,(B,n)01 <)\iaMV ‘AD>927(O’H)U
g1+92=g+1—L(n) Z\t’h/
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To analyze the first term above we now use the Kiinneth decomposition
Apxc =Ap - Ac = (w1 + w2)(F1 + Fy).

The moduli space M1 1,(0,0)((S x P*, S0,1,00), @) is naturally isomorphic to My, x S x P*
with virtual class given by

* 1 1 1
(H' (3, (T 50, 0))) = TSm0, ) ~ ML s, )

where we used the log tangent bundle

1 1
T(5%P S0.,00) = L5 D T8 01,00y = T ® O (=1).

It follows that

(SxPY,So,1,00) _ )0 if o€ {1,F}
(@m0 = {—1 if o = w

Observe that under the () convention we can have genus 1 components that are contracted,
but since we only have two interior markings there can be no contracted genus 0 component.
Moreover, genus > 2 contracted component are ruled out since the K3 virtual class vanishes.
Hence applying the divisor equation yields:

1
(A1; Az, A3|ABXC>(9‘?(2]}]7“;SO'1*&)7&

1
= 2(A1, A2, A3|F, w}éizi)’smlm),ﬁ

1 1 °
= 2(rp(w)) T 001 ) (g, Ag, Ag) (57 S0

+ 2 (/ W> (M1, /\2,/\3>§]ﬁ7§(2{f’:;5‘o,1,m),0
(B,mn)

(SXP',S0,1,00),0

— (_2 + 271) <>\17 )\2’ )\3>91(an)

On the other hand, we have Ap = F + F5, so we find

(SXP",50,00 )~ (SxP',S0,00), i~
<Ai7uv | AD>927([37”)0 - 2< )\i»/iv |T0(1)TO(F) 927(5771)0

If the marked point carrying 7o(1) lies on a component of a curve which remains stable after
forgetting the marking, i.e. where on the corresponding connected component of the moduli
space the morphism forgetting the marking is welldefined, then since the integrand is pulled
back from the forgetful morphism, the contribution vanishes. Alternatively, 7(1) lies on a
contracted genus 1 component, which yields the contribution

SxP,S0,00),~ SxP.S0,00),@
(o) ooy ™ e o) ™
where since 7o(1) stabilizes the rubber action, the second factor is non-rubber(!). The first
factor is non-zero, but the second factor vanishes by the product formula and the general
vanishing (see e.g. [78, Lemma 2])

. [Mg,r (P!, p, )™ = 0

for 7 the forgetful morphism to M, ¢(,)+e(n) Whenever 2g — 2+ 7+ £(p) 4+ £(v) > 0. The
case where the rubber carries the standard virtual class is similar.
In summary we obtain that:

1
(SxP*,50,1,00), (SXPluso,l,oo)y.

<)\1, A2, Ag‘AE%XC,B2)>g (8m) =2(n—1) (A1, A, )‘3>g,(l3,n)
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Replacing g by g — 1, and summing over the genus, then yields
2229727"+Zil(m(* )90 <)\1 >\27)\3’A(B><CB )> 1.8m)
g€eZ e

_ zQ(_l) ZzQ(g_1)—2_n+ziz(Ai)(_l)(g—1)—1+ziz(xi)2(n 1) (A, e, )\3>;i;{%:),50,1,m),.
gEeZ

(SXIP S01 m)ﬂ

= —2(n — )220 T2 (A, Ao, s)

= —2(n — )2 Z57 500 (A, Aa. a)

where we used the triangle of correspondences in the last step. Summing now over the curve
class B4 then completes the lemma. O

For the second term we need first some preparation.

Lemma 8.4. The class U € H*(S™) has Kiinneth decomposition:

u=> > m*"““;n} = (0, Ap,0), (0sy B )T ) B (0, AR ), (bi A% )T
m>0b;by,....bm
Ll

where the b, by, ..., by run over all positive integers such that b+ . b; = n, and the ,¢;
run over the splitting of the diagonals of B and S respectively:

Ap=> Apy®@A%,  Vii Ag=> Agy @AY,
l I

Proof. Let q;,q; denote the Nakajima operators acting on the first and second copy of
Sl % SUI respectively. Then we have

1
U==> 5ha-s(Fi+ )
b>0

1
- Z Z biz(_l)bqbq;;(Fl + F5)Aginy

b>0 X:|[A|=n—b

1 b (— )\flJrf()\) /
= 72 Z bﬁ(*l) v ey (F1 +FZ)WqA1q)\1(As)...qu(A)qMW(AS)
>0 A:|A|=n—b
1yt 11 1 NF 4R (A /A
_Z Z m'b2H.b-qbqb( 1+ F2)ap, 4y, (As) - b, Gp,, (As)-
m>0b;by,. i Vi

By using Definition 6.1 to rewrite this in terms of weighted partitions yield the claim. O
Lemma 8.5 (Term 2a).

237 202 B 00 (Lo RN 3O Z

gEL m>0  bibi,....bm
g=g1+g2+m £:01,....0p,

F;l,ii,std (A, (b, A ), (b, Ase)™y)) Féfxpl’s‘)’l'”)’n(((b,AVB,4)7(bz‘aAqu, Diti)s A2, As)
= 2:F5" (UG M), Aoy Ns) (66)

Proof. By Lemma 8.4, by a careful matching of the signs and z factors, and by observing
that since we have no interior markings the (#) convention yields the same invariant as the
(e) convention, the left hand side in (66), equals

SXP,80,00),~,std SxP,S0,1,00
23 a'Zig T T L UG i (U e ).
d
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where we write Uy, Us for summing over the Kiinneth factors of the class U € H*(S "l % & ["]).
By Proposition 6.6 and Theorem 6.1 the above then becomes:

zzzd:qdz (

=2 Z qdzZ((fod;gv)lm)(U((sgl)’ A2, A3)
d

(SxP*,S0,1,00)

(W+dF,n) (U27/\27)\3)

- - Ul) A
Sinl

:QZF(fM (U0 - A1), A2, Az).

Lemma 8.6 (Term 2b).

22229*2*714‘21» I(Ai)(_1)9*1+zil(/\i) Z Z HZ:]| bJ
m:

gEZ m>0 b;by,...,b
g=gi1+ga+tm l;ly,....L

Fot (A, (0, Ape), (biy sy, )iy )) Fgy X 50l B4 ((0, A o), (b, A, )i1)s Ao, As)
N G(p,q)"

—2F5" (A, U(DaA +2(/ AU/\/\>

0 (A1, UMads)) st (Aods) ©2(p, q)A(q)

Proof. With similar reasoning as for Term 2a and using Proposition 6.5 and Proposition 6.7
this becomes

m
m

SXP',80,00),~ SxP',S0,1,00),5td
2quZ((W>:-dFJOL) ) (Al’Ul)Z((o,:) U, 2a, M)
d

- d 7 (SXPY,S0 00 )~
=2) 0"Zi a0 /SM Uz~ A2+ A3
d
(W4dF,n)

=237 25T S0l (A U o g)).
d

Let D(F) = ﬁ((l, F)(1,1)" 1) € H?(S"). Employing Proposition 6.7 and the evalua-

tion of Proposition 6.8 we get

. N G(z,q)"
:2 dz(SX]P »SO,oo)’ D F 2 . 7’
zd:q iy (A1, U(Aaa), D(F)) + - A1 U(A2)s) 0202, 9)Aq)
. G(p, )"
=2F5" (A1, U (X +2( /\-U)\)\>’
o QUG +2{ | A Uleds) | g0 =510
as desired. H

Lemma 8.7 (Term 3). Let )\Ej) be the weighted partition \; but with j-th weight d;; replaced
by m*m.(0;;). Then we have

L(A1)
o QZ 229‘2_”+Z'i l(Ai)(_l)g—l-‘rZi LX) Z Fg(Sxpl,So,LooLﬁ(wllf?} . )\gj)) As, )\3)
g€L j=1

(n] (n]
= —22F5 (8- U(M), A2, A3) — 2F5 " (U(M1), Az - A3)

([ ro0) g5tisg
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Proof. We employ the splitting formula for the relative 1-class given in Proposition 5.3. The
left hand side term becomes:

(A1)
SxP",50,00), SxPY,50,1 00 ),std
_22 Z /\1 dZ(WidFr(i) ) ()‘(1)7A )Z( X) o) St (Ag, A2, A3)
5(,\
S><IF" 150,00 ),~,std /y (7) (SxP',S0,1,00)
_22 Z /\1 ” ()‘1 7A1)Z(W+dF,’IS,)1 (A2v)‘2a)‘3)
Jj=1

where A, As stands for summing over the Kiinneth decomposition of the diagonal in (S [n] )2.

Observe that U acts on a H*(S) weighted partition A = ((A;, 5J'))j:1 by
o)
U\ = Z (A1, 61) - g, T (3) - (Mo, 62))
—_———

i-th
Hence with Proposition 6.5 and Proposition 6.6 the above becomes

d 7 (SXP', S0, 00),~
Z Z(W-i—dF:z]) (U(M1), A1) - Asdo)s

o ZZZQ (/ (] )‘1)6A ) Zé;/iPdFSO)I = (A27A27)\3)

:_gzqdz(vsvfdﬁg)w ~(U (A1), A2As) —zzzqdzgfﬁdﬁg;w (6 U(M), A2, As)

[n]

= — 255" (U(M), Mahs) — 2 (/ U <A1>A2As> @f(pi” — 2255 (5 U(M), Az Ns).
S

(p,9)A(q)
O

Lemma 8.8 (Term 4).

*Z v Te, To, FLS¥F S0.1.0)8 (Ao Ao, Ag) = = > (G HwTe, To, B3 (A1, A2, As).
a,b

Proof. Since there are no interior markings the (§) condition yields the same invariants as
the (o) condition. Hence the claim is just the application of Theorem 6.1. O

Proof of Theorem 8.1. Part (a) was proven in Proposition 8.1. For Part (b) it suffices to
d
E)Z Of
the left hand side of (62) by applying the holomorphic anomaly equation for (S x P!, Sg 1.o0)
stated in Theorem 7.3. This holomorphic anomaly equation produces four terms. These
four terms are precisely the terms labeled 1, 2a, 2b, 3, 4 in the above lemmata (up to

permutation). Summing these four terms together yields:

prove the equality in Proposition 8.2. We start with equation (62). We compute (

d [n] [n]
— ) FF (ML A2, A3) = (2= 20)22FF (A1, A2, As)
dGs ),

+ 225" (U6 - A1), Da, As)
- _G@a)"
+ 2F} (>\17 U()‘z)\?’)) 2 <~/S )\IU()\2>‘3)) 62(17, Q)A(q)

—22FS" (5 U (M), Ay As) — 2F5 ™ (U (A1), A2 - As)

([ ro0n) g5l

— Z(Gil)abTeaTeng[n] ()‘17 )\23 )‘3) + ()
a,b

(n]
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where (...) stands for the terms where the role of A; is played by A; and A3 in the four middle
terms. The above is precisely the right hand side in Proposition 8.2 if we observe two basic
facts: First, the operator U is symmetric (since the adjoint of q,(«) is (—1)"q_n()):

[ o= [ xv,

hence the G™ terms cancel. And second, we have

Ts = [es, U], hence TsA=0-UX)—=U(-N). O

9 Holomorphic anomaly equations: Imprimitive case

9.1 Overview

Let g, N be fixed. For the elliptic K3 surface S — P! recall the generating series

oo
glnl
Fg,E(taut; RATRRE 77N) = Z Z <taut; RATEER 7,7N>g,€W+dF+rA qd(_p)r’
d=—LreZ

where we have dropped the supscript S[™ on the left.

We show that the quasi-Jacobi form property and the holomorpic anomaly equation
for the primitive series F,; (Conjecture E) together with the Multiple Cover Conjecture
(Conjecture A) implies both claims for the general series F, . More precisely we have:

Proposition 9.1. If Conjecture A and Conjecture E hold for all g', N' such that either
g <gor (¢ =gand N < N), then Conjecture B and Conjecture C holds for g, N.

Using Proposition 9.1 we obtain the proof of the main theorem of the paper:

Proof of Theorem 1.3. If g =0 and N < 3, then Conjecture A holds by Theorem 1.2, and
Conjecture E was proven in Theorem 8.1. Hence the claim follows from Proposition 9.1. O

The proof of Proposition 9.1 is purely formal: if the multiple cover formula holds, then
F, ¢ is obtained from F, ; by applying the Hecke operator. The statement then follows from
results about Hecke operators on quasi-Jacobi forms (Section 2.8) and basic properties of
the operators appearing in the holomorphic anomaly equation.

9.2 Proof

Proof of Proposition 9.1. Recall the formal ¢-th weight k Hecke operator T}, ; defined in (22).
If the Multiple Cover Conjecture holds, then for all £ > 0 we have
Fyu(taut; vy, ..., yy) = (2= ds0)=n=wtO b (taut; i, ..., )

where k =n(29g —2+ N) + >, wt(7;). Assuming part (a) of Conjecture E we have

1
Fy1(taut;yi,...,vn) € mQJack/m,l

where k' =n(29—2+N)+ . wt(;) —10. Hence by Proposition 2.22 (describing the action
of Hecke operators of weight k on weight &’ forms) we find that:

1
Fyo(taut;yi,...,yn) € WQJaCk'H%,(n—ne(Fo(5))-

that is Conjecture B holds.
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To prove Conjecture C, the multiple cover conjecture and the relations (23) give:

d . d
@Fg,e(taut;% coN) =4 (VI’MWN)T%Tleg,l(taUtE'Yla o3 IN)
. d
=/ (150, ’YN)+1TA;—27€ dGQ g,l(taut; Y1y .- 771\7)

where

(1, w) = ) (deg(i) — n — wi(y,).

2

Assuming part (b) of Conjecture E this equals

Fgfl,l(taut; Y15---5,7IN, U)
+23° g=g1+02 Fy, 1 (tauty;va, Up) Fad(tauty; vp, Us)
1, —AUB

= 66(71""”Y”)+1Tk_2,g =

-2 EiZI Fg71(¢i . taut;717 s Yi-1, U’Yi?,}/i-i-lv s 7’7N)
- Za,b(971)abTeaTeng,l(taUtE RATRER 7'YN)

By Lemmata 9.3 and 9.2 below we can apply Conjecture A to this term in reverse, e.g.
66(71"'WN)“T;C,Q’gFg,Ll(taut; Yy YN, U) = Fyoq g(taut; v, ..., vw, U),

or the exceptional case

66(71""7”’N)+1Tk,275F971(taut; e ,Tea’}/i, e ,Teb’}/j, Ce ,)

1
= ZFg7g(taut; cosTenYiv ooy Tey Vi ooy ),

et cetera. As a result we obtain precisely the right hand side for the ﬁ—holomorphic
anomaly equation in Conjecture C.
Similarly, by Proposition 4.1 we have

d
d—AFgJ(taut; Yy, YN) = TsFy 1 (taut; v, ..., vN).

Hence by the relations (23) we have

d e i) —N—W i d d
ﬁng(taut; Ve YN) = ¢2:(deg(7:) t(%))ﬁTk,eﬂFg,l(taUtQ Y15+ IN)
d
=f. Ezz‘(deg(%)’”""’t(”))Tk_MﬂFgJ(taut;71, S N)
=f. Ezl‘(deg(%’)’"""’t(W))Tk_MT(;Fg,l(taut; s YN)

= TsFy(taut;ye, ..., yv)
where we used that Ty is of weight —1 (Lemma 3.1). O

Lemma 9.2. If U = ) .a; ® b; is a wt-homogeneous Kinneth decomposition of U €
H*(SM)®2 | then for every i we have

kE(g—1,N+2,91,...,vn,ai,0;) = k(g, N,y1, .-, YN, @i, b)) — 2
. [n]
(g1, |Al 4+ 1,74, a5) = k(g Ny, oyw) =2, if Fip 9 (tauta; v, b;) # 0
k(g7N7fY].7"'7U(,Y’L')7"'7’YN) :k(g?Na,yl,"'aryN)_Q
k(g7N7Pylv"'7Tea7i7"'ﬂT€b’yj7"'77N) :]f(97N7’)’1»~--a’YN)—2'
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Proof. The first of these equations follows from Lemma 3.2, and the 3rd and 4th follows
from Lemma 3.1. For the second, recall that for X = S we have

[Mon x X] ifg=0,N>3
My n(X,0) = [My § x X]rh(con(X)) ifg=1,N>1 (67)
0 ifg>2

If ng;d (taute; vp,b;) # 0, we hence find:
> Fod(tauts; v, bi)a; = / tauty | - (ILics ) if g,
@ Mg2,IBI+1 U (CQn(X) HiEB ’Y,’) if g2 = 1.
Hence using Lemma 3.3 we get:
k(gv |A|+177A7U(HieB%)) ifg2 -0
k(g —1,]Al + 1,74, U (con(X) [Licp i) ifga=1
= k(g7N7’717"'77N)

k(gla |A| =+ 17’>/A7ai) = {

where we used wt(c2, (X)) = n in the last step. O

Lemma 9.3. If U = ) .a; ® b; is a wt-homogeneous Kiinneth decomposition of U €
H* (S22 then for every i we have

e(Y1y- -+, YN, @i b)) = e(y1, .-, yN) + 1
e(ya,a;) =e(y)+1, if F;;d(tautz;’yg, bi) # 0 for some go
e(v1y-- U)o n) =e(y1, .- yn) + 1
ey TeoYin- -y TeyVis- o sIN) = €(V1, -+, YN) + 2.

Proof. With the notation of Section 3.5 define hpy := act(F' A W), which acts semisimply
on H*(S™). For an eigenvector v, define degy, () to be the eigenvalue of hpy, i.e.

hew (v) = degpy (7).
Then because we have
(deg(y) —n —wt(v))y = (h = WT)y = —act(W A F)y = hpw(7)

we find
e(1s- -, V) = ZdegFW(’Yi)~

The claim now follows parallel to Lemma 9.2 (use that hpy = h—WT, so the corresponding
properties for the grading operator hpy are easily derived). O

10 Fiber classes

10.1 Overview
We study the generating series of Gromov-Witten invariants of S in fiber classes of the

Lagrangian fibration S — P",

glnl
Fyo(taut;y, ..., yw) =Y Y (taut;yi, ., )y apra @ (D)
d>0  rez
(d.r)#(0,0)
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Recall from Theorem 2.1 the weight n (meromorphic) quasi-Jacobi forms

1pl/2 4 p-1/2 .
A,(z,7) =B, +5n12 v — nZd Yok + (=) )™ € MQJacg ..
k,d>1

For any (deg, wt)-bihomogeneous class v define the modified degree:

degy p(v) = n + wt(y) — deg(y).

Remark 10.1. Consider the basis of H*(S, Q) given by B = {1,p, W, F, e, }, where {e,} is a
basis of {W, F}*+ C H%(S,Q). If v = 1, qn, (6;)ve for §; € B, we have

degy p(7) = {i: 6; = W} — [{ilo; = F}|.
By Section 3.5, degy, () is also the eigenvalue of the operator hy p := act(W A F). O
The main result of this section is the following;:
Theorem 10.1. Fiz g, N with 2g — 2+ N > 0 such that the following holds:
(i) the Multiple Cover Conjecture (Conjecture A) holds for this g, N,
(i) (taut;y1,...,IN) g apyra = 0 for all (d,r) # (0,0), whenever 3=, degy p(7i) < 0.
Let ~; be (wt,deg)-bihomogeneous classes and let

N
a=3g9—3+ N —deg(taut), b= Z degy r(7i)-

=1

If a,b >0, then in C((p))[[¢]]/C we have

s["
Fyo(taut;yi,...,yn) = (taut;yi,...,vv) oF Z kedbqhd

d,k>1
F fran 5 a (= (02) Aatnea)) | (69
au e — | p— .
=~ 371, y IN g, F+rA b+ 1 pdp b+1\D, q psp”
In particular, Fgo(taut; v1,...,vn) is @ meromorphic quasi-Jacobi form of weight k = n(2g—

24+ N)+ >, wt(y;) and index 0, with poles at torsion points.

Here for two power series f(p,q), g(p,q) € C((p))[[g]], we write f = g if they are equal in
C((p))[[g]]/C that is if there exists a constant ¢ € C such that f(p,q) = g(p,q) + c.

In (68) the sum over r is finite by Lemma 4.2, hence the statement of the theorem is
well-defined. If ¢ < 0 in Theorem 10.1, then taut = 0, so all Gromov-Witten invariants
would vanish. Condition (ii) in Theorem 10.1 would follow from a family-version of the
GW /Hilb correspondence (Section 6.3), where one does not fix the complex structure of the
source curve. Hence (ii) is expected to hold for all g, N with 2g — 2+ N > 0. We prove
condition (ii) for (g, N) = (0, 3) below and obtain the following.

Theorem 10.2. For any 1, 72,73 € H*(S") the series Fy—oo(taut;yi,...,vn) is a mero-
morphic quasi-Jacobi form of weight n+ >, wt(v;) and index 0 with poles at torsion points
(of the form given in (68)). Moreover, in C((p))[[q]]/C we have

—— Fy o(taut; =0
G 0,0( au»’hﬁzﬁz’,)

d
<a Foo(taut; V1,72, 73) = Ts Foo(taut; y1, 72, 73). (69)
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10.2 Multiple cover conjecture

We first recall an equivalent form of the Multiple Cover Conjecture (Conjecture A). Let S
be any K3 surface with an effective curve class 8 € H(S,Z). For every divisor k|S let Sk
be some K3 surface and consider any real isometry

o« H*(S,R) — H?(Sy,R)

such that ¢ (8/k) € Ha(Sk,Z) is a primitive effective curve class. We extend ¢y, to the full
cohomology lattice by ¢ (p) = p and @i (1) = 1. Define an extension to the Hilbert scheme
by acting factorwise in the Nakajima operators:

o« H* (S — H* (S, qu Nvg - qu (01(6;))vs
Conjecture F. We have

st r
(tanti o) = ST RN ) (1) (s (), (1))
k|(B.r)

This conjecture is equivalent to the one we have given in the introduction.

Lemma 10.2 ([74, Lemma 3]). Conjecture F is equivalent to Conjecture A.

10.3 Proof of Theorem 10.1

Step 1: Positive part. We apply the Multiple Cover Conjecture (in the form of Conjecture F)
to the following series, where we sum only over curve classes which have positive fiber degree:

glnl
F;fo(taut; Yy IN) = Z Z (taut;yq, . .. ’7N>g,dF+rA C]d(—p)r.
d>1r€ez

For any k|(d,r) let o) : H2(S,Q) — H?(S,Q) be the isometry defined by:

k d .
FH&F, W'—)%VV, ng|{W7F}L :ld.

Assuming that all ; are written in the Nakajima basis with weightings from the fixed basis
B (defined in Remark 10.1), we obtain:

glnl
F;o(taUt§71a-~-77N ZZ Z kb( ) 1)T/k <taut;7la'~'a’yN>gF+rAp q

d>1r€eZ k|(d,r)

Using the monodromy (3.6.3) we have

stnl Uy sln]
(taut; vi, ..., IN) g pira = (—1)"N 100 (taut; v, . .. NS pra -

Hence we conclude that:

S[n
F;O(taut;’yl,...,’YN) = (taut;y1,...,Yn), p Z kedbgh?
d,k>1

glnl ‘ N /
+ Z (taut;yy, . .. ’7N>9,F+7~A Z kadb(pk + (_1)"N+zz l('y,)p k)qkd
r>1 k,d>1 s

We analyse now the second term on the right. Since otherwise all invariants vanish, we
can assume the dimension constraint

vd MQ,N(S["],ﬁ) =(2n—3)(1 — g) + N + 1 = deg(taut) + Zdeg(%)
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or equivalently,
a=3g—3+ N —deg(taut) =2n(g—1) — 1+ Z deg(v:). (70)
Let further ~; ; € H*(S) be the cohomology weights of 7; in the Nakajima basis. Let V' =
(W, F}*+ c H%(S,Z). Since ev.[M, n(S™, dF + rA)]¥" is invariant under the monodromy

group O(V,Z), by standard invariant theory for the orthogonal group (e.g. [72, Sec.6.1]) we

can assume that there is an even number of v;; such that «;; € V. Indeed, otherwise, all
[n]
the invariants (taut;~yi, ... ,'yN>§ Fira vanishes and there is nothing to prove. We obtain

the following parity result.
Lemma 10.3. a+nN + Y. l(y;) =b— 1 modulo 2.
Proof of Lemma 10.5. Using (29) we have

> deg(yi) =nN =Y U(w)+ ) deg(yy).
i i .7
Hence by the dimension constraint (70) and modulo 2 we have

a+nN+> U(y;) = —1+deg(yi) +nN + > ()

= -1+ deg(v)

=1+ Z 1{j :vij € H*(S)}|

*

L 3o € (WP
=b-1

where in (*) we used that there is an even number of v;; in {W, F}+. O

[n]
Ffo(taut;m, ... yn) = (taut;y,... o w)s o > k%d°q"
d,k>1

glnl —_
+ Z taUt VL 7’7N>g,F+TA ( ) Z db p + b+1p k)qkd

r>1 k,d>1 p—pT

Step 2: Fiber degree zero part. It remains to compute the degree zero part

0 gln] .
F;g (taut;y1,...,yn) = Z (taut; 1, ... ’7N>g,rA (—p)".
r>1

Lemma 10.4. If ) . degy p(7i) # 0, then Fg(’oo)(taut;yl, ...,yN) =0.

Proof. By monodromy invariance, the class
evy (taut . [ngN(S[”LrA)]Vi') c H*(g[n])®N

has weight zero with respect to the grading operator hy p = act(WW A F). On the other
hand,

hwrp(n ® - @7N) Z% @ hwrp(vi) ®- = (Z degy p(7i)) N ® - @ N.

Hence if >, degy (7:) # 0, the pairing between these two classes vanishes. O
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Lemma 10.5. If )", degy (7)) = 0 and under the assumptions of Theorem 10.1, we have

0 S[n]
F\ (baut; 1, ..., yw) = D (=1)" (baut; v, .. yw)s pova O KD
r>1 k>1

Proof. Recall the monodromy e~75 from Section 3.6.4 which satisfies e 79 A = A + F. We
conclude that

—T slnl

st ~T.
’ ny>g,rF+rA :

(taut;’yl,...,ny>g7rA = <taut;e Viye-es€ (72)

The operator Ty satisfies the commutation relation
[hwr, Ts] = [act(W A F),act(d A F)] = —T;

and hence degy r(T57) = degy r(7) — 1. Because we assumed ). degy (7)) = 0 and
condition (ii) of Theorem 10.1, only the leading term in e~75+; can contribute:

[n]
(Term in Eqn. (72)) = (taut;yq, ... ,’yN)jTFJrTA .

Using the multiple cover formula (Conjecture F) and b = )", degy, () = 0 this becomes:
_ a r+r/k . slnl
_ij (=1)r+/ (taut,’yl,...,’yN>g’F+%A.
k|r
The claim of the lemma follows from this by rearranging the sums. O

Step 3: Proof of Eqn. (68). If b = . degy r(v:) > 0, then by Lemma 10.4 the series
Fyo(taut;yi,...,yn) is given by (71), and since [Ap41]q0 is a constant in p, the right hand
side of (71) is precisely as claimed in (68). If b = 0, we add the evaluation of Lemma 10.5
to (71) and use the straightforward identity:

d\%1pl/2 —1/2
Z kapkr = constant + (— (pd> p1/2+p—1/2>
=1 p) 2p/7—p pop”

Step 4: Quasi-Jacobi form property. Since Ap11 € MQJacyy o, the derivative p% increases
the weight by 1, and if the operator f(p,q) — f(p",q) sends quasi-Jacobi forms of weight k
and index m to quasi-Jacobi forms of weight k and index mr? (see [21, Thm 1.4.1]), we see
that the second term on the right in (68) is a quasi-Jacobi form of weight

a+b+1=2n(g—1)+ Zdeg(%) + ZdegWF(%-) =n(2g—2+N)+ ZW'C(%)~

K3
By the monodromy of Section 3.6.3 we have
glnl slnl
<taut; Vi ’7N>g,F = (_l)nN-'rl(')’l)"ru»-‘rl(’YN) <taut; iy ”7N>g,F .

Hence the first term in (68) unless nN 4+ 1(y1) + ...+ I(yn) is even, in which case a =b+1
modulo 2 by 10.3. If a > b we find in C][q]]/C the equality

b
d
agb kd — a—b _m
S wat= (o) Skt
d,k>1 m>1k|lm
and since this is the ¢-derivative of an Eisenstein series we get

constant + Z kadbqkd € QModg 1 py1-
d,k>1

The case b > a is parallel. O
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10.4 Conclusion

We prove Theorem 10.2 and Theorem 1.5 of the introduction.

Proof of Theorem 1.5(i). If there is an index i (let us say ¢ = 1) with 3 = F - 41, then by
using F' = [E] for a smooth elliptic fiber ¢ : E < S a straightforward computation gives

- — * [~ * * E
FgO(taUt;’ylu”w'-yN) :Z<ta’Ut' (_1)g 1)‘gfl;b (Wl)al/ (72)7'~'7L (,VN)>gd[E] qda (73>
d=1

where we used the standard notation for the (ordinary, non-reduced) Gromov-Witten invari-
ants of the elliptic curve E. In this case Conjecture D(i) follows from [86], and one checks
that the holomorphic anomaly equation of [78] implies the one stated in Conjecture D(ii).

In case there is no such 7, by expressing taut as boundary classes and the splitting formula,
as well as using the divisor equation, we can reduce the claim to the case (g, N) = (0, 3).
This base case holds by inspection from the explicit evaluation:

FRo(LW, W, W) = (W, W,W)§ » Y d®¢" = cst + 24G(q). O
k,d>1

We prove a basic vanishing for the Gromov-Witten theory of the elliptic K3 surface S:
Lemma 10.6. If ) . degy r(7i) <0, then every (taut; i, ... 7'7N>§,dF =0 for all d > 0.

Proof. We assume ~; € B for all i. By Remark 10.1, if >, degy 1 (7;) < 0 there exists at
least one cohomology class with v; = F. Hence by expressing the invariants of .S in terms
of the invariants of the elliptic fiber E as in (73) we see that, (i) if v; = F for some j # ¢,
then the invariant vanishes, and (ii) if there are no other cohomology classes with ; = W
then the integrand on My y(E, d) is invariant under translation by E and hence the integral
vanishes (see e.g. [87, Sec.5.4]). Since we are always at least in one of the two cases, this
proves the claim. O

Proof of Theorem 10.2. In case (g, N) = (0,3) we can take taut = 1, so a = 0. By Theo-
rem 1.2 the multiple cover conjecture holds for this (g, N). Moreover, using the GW/Hilb
correspondence (Theorem 6.1) the product formula for the relative Gromov-Witten theory
of (SxP!, 501 ), and Lemma 10.6 also condition (ii) of Theorem 10.1 holds. Hence the first
two claims follow directly from Theorem 10.1 and the déz -holomorphic anomaly equation
for A,, proven in 2.1. It remains to prove (69). This last claim follows by either (a) using
the monodromy of Section 3.6.4 to derive the elliptic transformation law in the meromor-
phic case or by (b) applying the GW/Hilb correspondence (possible since the multiple cover
conjecture is proven for fiber classes [4], see Remark 6.2) and then use (16) to calculate the
ﬁ derivative in terms of the z-expansion (similarly to what was done in Section 8). We
leave the details to the reader. O

11 Applications

In this section we prove two applications of the holomorphic anomaly equation for the Hilbert
scheme stated in the introduction. The first considers the 2-point function on the Hilbert
scheme (Corollary 1.3) which is implied by Proposition 11.1 below. The second concerns
the Jacobi form property for CHL Calabi-Yau threefolds (Theorem 1.4). Here we first prove
by a deformation argument a version of the holomorphic anomaly equation for generating
series which keep track of curve classes of the form W + dF + « where « runs over a lattice
Es(—2) C Pic(S) orthogonal to W, F' (Proposition 11.2). Then Theorem 1.4 follows formally
by the degeneration formula and the GW/Hilb correspondence (Theorem 6.1).
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11.1 The 2-point function
Recall the notation of Section 3.5, in particular the LLV algebra
g(S")y = A2 (Ve Ur), V =H*(SM).
Extend the definition of the operator T, by defining
T, :=act(a A F).
for all « € V @ Ug with a L {W, F'}. In particular, we have
T.=act(eNF)=ep, Tf=act(fAF)=-U. (74)

For any operator a € g(S!™) which is homogeneous of degree deg(a) (i.e. if deg(ay) =
deg() + deg(a) for all homogeneous ), define the induced operator

a: H* (SN 5 fre(sn)yen

al , (75)
a1 ®...09N) = Z% ® - 7im1 ® (1) V) @ 1111 ® ... ® YW
=1

By the quasi-Jacobi form part of Theorem 1.3 the generating series Z° o (p, q) defined in
(7) can be identified with a vector with entries quasi-Jacobi forms. We prove the following
anomaly equation, which combined with Lemma 2.11 (and using that WT is anti-symmetric)
immediately implies Corollary 1.3.

Proposition 11.1.

d [n] ~_ [n]
75" (p,q) = =D (G apTuTsZ" (p,q)
dGs ~

25" ) = 1525 (p,q)
dA b b) bl

where «, B run over a basis of {W, F}l C V & Ug with intersection matriz Gop = {(, 3).

Proof. By Theorem 1.3 for any 1,72 € H*(S™) we have

d [n] [n] [n]
dT;’QF(fl (71,72) = 2F5) (U(v1 Una)) — 2F5) (13 Ui, y2) — 2F0,1 (Y2371, U)
_ [n)
- Z(g 1)abF(§,1 (Te, Te, (11 @ 72))-
a,b
Let pgra1 = q1(p)™vg be the class of a point on SM™. By U(pgi) = nqi(F)q1(p)” vy and

the evaluation [73, Thm.2] we have

G(p,9)" " /
Ung = 2n—22 1 U 7s.
. Y1 Y72 A(q) . 1Y 72
Similarly, using the divisor equation with respect to ﬁql(F)ql(l)"_lvg to add a mark-
ing, rewriting the -class in terms of boundary and applying the splitting axiom of Gromov-
Witten theory (see for example Section 1.2 of [18] for a similar case) yields

28 (U Une)) = 258" (U (p) /S [

[n] [n] [n]
Fy (WU, v2) = Foy (Ui erye) — By (erUni,y2).

Rewriting this using (74) and using convention (75) we get:

o (] (] (]
—2F57 (15U, 72)—2F3) (Y23m1, Une) = 2F51 (Uep(m@2)) = —2F5, (TeTr(11®72)).
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Finally, by the commutation relations (10) we have

d 2

Putting all this together we obtaln:

d (n] d _gin d G"
— z° U —_Ff§ — U =
T eaumen = R e ( /S 1Y) 2

:_Z NapTaTsZ%" (p,q)

The first claim now follows since T, is anti-symmetric if & € V, and symmetric if a € Ug
(both orthogonal to W, F). The second claim follows from ﬁ(} = 0, the holomorphic
anomaly equation for ﬁ (proven in Theorem 1.3), and since Ty is anti-symmetric. O

11.2 CHL Calabi-Yau threefolds

We work in the setting introduced in Section 1.8. For a general element o € Eg(—2) (where
Es(—2) C Pic(S) is the anti-invariant part of the symplectic involution g : S — ) and with
W = B + F as usual, consider the curve class

W+ dF + o € Hy(S,Z).

Let by,...,bs be a fixed integral basis of Eg(—2), and identify w = (wy,...,wg) € C8
with >, w;b; € Eg(—2) ® C. Given a class a € Eg(—2), we write

¢* = exp({ He (bi, aywy). (76)

We also refer to [79, Section 2.1.4] for parallel definitions.
Form the extended generating series

oo
~ a[n] slnl .
F7(tautsyn, . oyw) = 3 D0 > (tauti v, W) s wapaes 44(—P)7C
d=—17€Z aceEs(—2)

Usually we drop the supscript S, The first step is to prove the following:
Proposition 11.2. If Conjecture B and Conjecture C holds for (g, N), then

~glnl 1
FP" (taut; y1,. .., ) € mQJack+12,(n—l)@%Eg(—2) (To(2) x (2Z & Z)),

where k =n(2g —2+ N) + >, wt(v;) — 6 and QJacy, 1, is the vector space of weight k multi-
variable quasi-Jacobi forms of lattice index L as defined in [79, Sec.1], except that here we
work with respect to the Jacobi group T'o(2) x (2Z & Z).8 Moreover,

d

(n]
EES (taut;yr, ..., yn) = Fyoy (taut’s v, .y, U)
2

~glnl [n]
+2 Z Fy (tauty; va, U Fy, % (tauts; v, Us)

9=g1+g2
{1,...,N}=AUB

N
~gln]
_2§ Fg;s (wztaum’}/la771—1aU71771+1777N)
=1

_Z Ai bT Teng (taUt§717---7’YN)a

(77)

8More explicitly, the quasi-Jacobi forms we consider will simply be linear combinations of derivatives of
the theta function of the Eg(2)-lattice, see the proof.
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where the e, form a basis of (Spany (B, F) @ Eg(—2))* € H?(S,Q) with intersection matrix
/g\ab = <€a, eb); and

d ~ qn] ~ aln]
ﬁFgS (taut;y1,...,y8) = T(;F!;g (taut;y1,...,YN)-

Proof. For oo € Eg(—2) the operator T, = act(a A F') satisfies

1
e Te(W+dF +rA+a) =W + (d+2<a,a>>F+7~A.

Moreover, e~ 1= can either be viewed as a monodromy operator (as in Section 3.6) or

identified with the induced action on the Hilbert schemes coming from the automorphism
t_o 1S — S given by translation by the section labeled by —«, compare [79, Sec.3.4]. In
either case, we have invariance of Gromov-Witten invariants, so we find:

~gln]
FJ™ (taut; v, ..., )

_ _ glnl
:Z Z (taut;e™ "oy, . e Ta’yN>g7W+(d+%<a,a>)F+rAqd(_p)rca
d,r a€Eg(—2)

_ _ st jo_1
— Z <taut, e Ta,.yl7 — Ta,yN>g,W+d~F+TA qdq 2(&,04)(71))7’((1
d,r

= > Fyltautie Moy, e oy )g 20 ce
acFEg(—2)

Let h* be the inverse matrix of the intersection matrix (b;,b;). Then

T, = Z h {(c, b;) Ty, .
0,
Moreover, let
_1
Op,2)(¢,q) = Z g 2l (78)

OLGEg(*Q)

be the theta functions of the Eg(2) lattice, which is a Jacobi form of weight $rkEg(—2) = 4
and lattice index § Eg(2) for the Jacobi group I'g(2) x (2Z x Z), see [98, Sec.3].? Similarly, if
we multiply the summand in (78) with products of (e, b;), the function becomes derivatives
of the theta functions by the differential operators

_1d
T 2w dw;

Dy

i

For example,
1
D (abi)g 2O = Dy Oy (2)( q)-

OLGEs(*Q)

Putting this together we find that,

ﬁ;[n] (ta‘ut7 RATERE 7ny) = Fg (taUt7 e Zi"j h Dbinj RITIERE e Zi’j h”Dbinj ny) ®E8(2) (C7 q)

(79)
which is understood as expanding all the exponentials and then applying the derivatives Dy,
to the theta function. The operator Dy, preserves the algebra of quasi-Jacobi forms, see [79)].
Moreover, since Dy, increases the weight by 1, and T}, is of degree —1 with respect to the
weight grading wt on cohomology, we conclude that (79) is a quasi-Jacobi form of weight

9Concretely, the theta function © g (7, 2) for the unimodular lattice Eg is a Jacobi form for the full Jacobi
group SL2(Z) x Z?, and we replace T by 27, which introduces the congruence subgroup.
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equal to the weight of Fy(taut;~1,...,vn) plus 4. Finally, the claimed holomorphic anomaly
equations also follow from (79) by a straightforward computation: The terms where d%& does
not interact with the derivatives Dy, are evaluated by Conjecture C. For any a € Eg(—2)
one has (e7Te ® e=T=)(U) = U (proven by differentiating with respect to o and then as in
Lemma 3.2). Hence one sees that these terms give precisely the 4 terms in (77) up to the
extra term coming from summing over the basis of Eg(—2) in the last term. This extra term
cancels with the terms coming from interactions of d%;z with the Dj,. These are calculated
using the commutation relations [79, Eqn.(12)]. Since the Eg-theta function does not depend
on p, the diA derivative follows directly from the one in Conjecture C. O

Proof of Theorem 1.4. By the arguments of [75] we can work with stable pairs invariants of
X. We then use the degeneration formula for the degeneration

(S x E)[Zy ~ (S x P)/((s,0) ~ (gs,00)),

which was worked out explicitly in [15, Sec.1.6]. This reduces us to invariants of (SxP!, Sy )
with relative condition specified with the graph of the automorphism of S induced by the
involution g : S — S,

T, € H* (S x s,

We then apply Nesterov’s wall-crossing [67, 68, 81]. Putting all together yields:

= 1 G(p,q)"
DTw(p.q) = = Fo(Tg)lcoct — = > q%p" Coeff D9 Agi - T
#.0) = 5 Foo)leor =5 2 49" Coell v jon, (9(19, 9)2A(q) /s[ans[n] St

a,d,r
1 G(p,q)"
202(p, q)A(q)

where Op,(2)(0) = > cpy(—2) g 2(®®) = F,(¢?) is the theta function of the Eg-lattice.
This shows that DT, (p, ¢) is a quasi-Jacobi form of weight —6 and index n — 1 for T'y(2).

It remains to compute the derivative with respect to G2 and A of the first term (the second
is clearly Jacobi). Since the anomaly operators fé? and ﬁ commute with specializing of
the variable ¢ (compare [79, Sec.1.3.5]) we have

d%z (FO(F‘]) <a=1> N (dngO(Fg)>

By Proposition 11.2, arguing then as in the proof of Proposition 11.1, and using [T, ,g] =0
for e, € Eg(—2)* and [U, g] = 0 one finds

= S Fo(Ty o - O a2 (g) Tr(g H* (51)), (30)

¢r=1’

d - G(pa Q)n_l

TGQFO(FQH("‘ZIZQW Al O 1y (2 (@) Tr(g|H™ (S™™)).

Since this cancels precisely with the Ga-derivative of the second term in (80) we get

d
= DT,(p,q) = 0.
iGs (r,q) =0

The claim -£DT,(p, q) = 0 follows from T5(T'y) = [Ts, g] = 0. O
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