GOPAKUMAR-VAFA TYPE INVARIANTS OF
HOLOMORPHIC SYMPLECTIC 4-FOLDS
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ABSTRACT. Using reduced Gromov-Witten theory, we define new invariants which capture
the enumerative geometry of curves on holomorphic symplectic 4-folds. The invariants are
analogous to the BPS counts of Gopakumar and Vafa for Calabi-Yau 3-folds, Klemm and
Pandharipande for Calabi-Yau 4-folds, and Pandharipande and Zinger for Calabi-Yau 5-folds.

We conjecture that our invariants are integers and give a sheaf-theoretic interpretation
in terms of reduced 4-dimensional Donaldson-Thomas invariants of one-dimensional stable
sheaves. We check our conjectures for the product of two K3 surfaces and for the cotangent
bundle of P2. Modulo the conjectural holomorphic anomaly equation, we compute our in-
variants also for the Hilbert scheme of two points on a K3 surface. This yields a conjectural
formula for the number of isolated genus 2 curves of minimal degree on a very general hy-
perkahler 4-fold of K3[2l-type. The formula may be viewed as a 4-dimensional analogue of
the classical Yau-Zaslow formula concerning counts of rational curves on K3 surfaces.

In the course of our computations, we also derive a new closed formula for the Fujiki
constants of the Chern classes of tangent bundles of both Hilbert schemes of points on K3
surfaces and generalized Kummer varieties.
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0. INTRODUCTION

0.1. Gopakumar-Vafa invariants. Gromov-Witten invariants of a smooth projective variety
X are defined by integration over the virtual class of the moduli space M, (X, 3) of
genus g degree 8 € Ho(X,Z) stable maps:

_ T evin) v
M g, (X,B8)]ViF ;254

(0.1) (71 (1) =70, (1)) = /[

Here ev,;: M, ,(X,8) — X is the evaluation map at the i-th marking, ¢; is the i-th cotangent
line class, and v; € H*(X,Q) are cohomology classes. Since M, (X, 3) is a Deligne-Mumford
stack, Gromov-Witten invariants are in general rational numbers, even if all ; are integral.
Moreover the enumerative meaning of Gromov-Witten invariants is often not clear.

For Calabi-Yau 3-folds, Gopakumar and Vafa [GV] found explicit linear transformations which
transform the Gromov-Witten invariants to a set of invariants (called Gopakumar-Vafa invari-
ants) which they conjectured to be integers. In an ideal geometry, where all curves are isolated,
disjoint and smooth, Gopakumar-Vafa invariants should be the actual count of curves of given
genus and degree. The integrality of Gopakumar-Vafa invariants was proven recently in [[P]. A
similar transformation of Gromov-Witten invariants into (conjectural) Z-valued invariants has
been proposed for Calabi-Yau 4-folds by Klemm and Pandharipande [KP], and for Calabi-Yau
5-folds by Pandharipande and Zinger [PZ]. Universal transformations are expected in every
dimension [KPJ.



2 YALONG CAO, GEORG OBERDIECK, AND YUKINOBU TODA

Let X be a holomorphic symplectic 4-fold, by which we mean a smooth complex projective
4-fold which is equipped with a non-degenerate holomorphic 2-form o € H°(X,Q%). Since the
obstruction sheaf has a trivial quotient, the ordinary Gromov-Witten invariants of X vanish for
all non-zero curve classes. As a result, also all Klemm-Pandharipande invariants of X vanish.
Instead a reduced Gromov-Witten theory is obtained by Kiem-Li’s cosection localization [KiL].
It is defined as in but by integration over the reduced virtual fundamental classﬂ

(0.2) [Mgn (X, ) € Az—gin(Mgn(X, 5))-

We are interested here in integer-valued invariants, which underlie the (reduced) Gromov-
Witten invariants of the holomorphic symplectic 4-fold X. In genus 0, all Gromov-Witten
invariants can be reconstructed from the primary invariants, i.e. the integrals where all
k; = 0. Our proposal for the genus 0 primary invariants is as follows:

Definition 0.1. (Definition[L.E) For anyy1, ...,y € H*(X,Z), we define the genus 0 Gopakumar-
Vafa invariant ng g(y1, - .. ,vn) € Q recursively by:

GW n—
<7—0(71)"'7—O(A/n)>0”3 = Z k 3”0,,8/k('71y~~7'7n)'
k21,k|B8

In fact, through a twistor space construction, this definition follows immediately from a similar
definition on Calabi-Yau 5-folds given in [PZ] (see for more explanations).

In genus 1, the situation is more complicated and does not follow from 5-fold geometry.
Since the virtual dimension of is 1 + n, we require one marked point and an insertion
v € H*(X,Z). Because curves in imprimitive curve classes are very difficult to control in an
ideal geometry (see Section we will restrict us to a primitive curve class (i.e. where § is not
a multiple of a class in Hy(X,Z)).

Definition 0.2. (Deﬁnition Assume that B € Hy(X,Z) is primitive. For any~y € H*(X,Z),
we define the genus 1 Gopakumar-Vafa invariant ny g(7y) € Q by

GW 1 GW
(o)) =m1,8(7) = 57 (Te(Mmo(ea(Tx)))g 5
In genus 2, the situation is even more complicated and attracting. In fact, the appearance of
genus 2 invariants is a new phenomenon that is not available on ordinary Calabi-Yau 4-folds and
Calabi-Yau 5-folds. By the virtual dimension of (0.2)), one expects a finite number of isolated
genus 2 curves. The genus 2 Gopakumar-Vafa invariant should be a count of these curves.

Definition 0.3. (Definition Assume that 8 € Ho(X,Z) is primitive. We define the genus
2 Gopakumar-Vafa invariant na g € Q by

CW 1 1 aw 1
<®>2’5 =MnN23 — ﬂnlﬁ(CQ(X)) + 72 042 <TO(62(X))TO(02(X))>O,B + ﬂNnOdaLﬁ?

where Npodal,g € Q is the virtual count of rational nodal curves as defined in FEqn. .
Our first main conjecture is about the integrality of these definitions:
Conjecture 0.4. (Conjecture With the notations as above, we have
70,6(715- -+, 7n)s n1,6(7), n2p € L.

The definitions above are found via computations in an ‘ideal’ geometry where we assume
that algebraic curves behave in the expected way, see 4151 We justify Conjecture in
such an ideal case, which takes the whole

0.2. GV /DT, correspondence. The second main theme of this paper is to give a sheaf the-
oretic interpretation of Gopakumar-Vafa invariants. This is motivated by the parallel work of
[CMT18| [CT20a] on ordinary Calabi-Yau 4-folds.

Let Mg be the moduli scheme of one dimensional stable sheaves F' on X with chg(F) = 3,
x(F) = 1. By [KiP} [Sav], the ordinary DTy virtual class [BJ, [OT] (see also [CL14]) of Mg
vanishes. By Kiem-Park’s cosection localization [KiP], we instead have a (reduced) virtual class

(0.3) [Ms]"'" € Ax(Mg, Q).

As usual, the virtual class depends on a choice of orientation [CGJ, [CLI7]. More precisely,
for each connected component of Mg, there are two choices of orientation which affect the
Iwe will only work with the reduced virtual class in this paper, hence we will denote it simply by [f]"ir.

2Similar considerations in ideal geometries were taken by Klemm-Pandharipande on Calabi-Yau 4-folds [KP]
and Pandharipande-Zinger on Calabi-Yau 5-folds [PZ], though our case looks more complicated (see for
details).
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virtual class by a sign (component-wise). To define descendent invariants, consider the insertion
operators:

7 HY(X,Z) — H*T?7%(Mj3,Q),

Ti(.) = (ﬂ-M)* (W}k((.) U Ch3+i (]Fnorm)) 5
where Fporm is the normalized universal sheaf, i.e. det(mar«Frorm) = Onr,. As in Gromov-Witten

theory, for any v1,...,v, € H*(X,Z) and k1, ..., k, € Z>o, we define DT invariants:

n
DTy

(0.4) <Tk1 (Y1) -+ Tk, (’Yn)>5 = /[M o H Tk, (Vi) € Q.

Here is the second main conjecture of this paper, which gives a sheaf theoretic interpretation
of our Gopakumar-Vafa invariants.

Conjecture 0.5. (Conjecture For certain choice of orientation, the following holds.
When [ is an effective curve class,

DT.

(l) <TO(’71)a"'7TO(,Yn)> :no,ﬂ(,)/l?'-'a’Yn)'
B

When [ is a primitive curve class,

. DT 1 aw

(i) (n(M)s " =—3(nM)gs —m1s(n).

When B is a primitive curve class,

DT 1 DT

(iii) —(m3(1)), "~ E<T1(02(X))>5 f=nap.

As in Conjecture we verify these equalities in the ideal geometry (see and also
for details). An exception is the last equality involving genus 2 invariants, which we obtain
indirectly through stable pair theory [COT22] (see Remark .

Besides computations in the ideal geometry mentioned above, we study several examples and
prove our conjectures in those cases.

0.3. Verification of conjectures I: K3 x K3. Let X = S x T be the product of two K3
surfaces. When the curve class 8 € Hy(S x T, 7Z) is of non-trivial degree over both S and T, then
the obstruction sheaf of the moduli space of stable maps has two linearly independent cosections,
which implies that the (reduced) Gromov-Witten invariants of X in this class vanish. Therefore
we always restrict ourselves to curve classes of form

(0.5) B € Hy(S) € Ha(X).

By Behrend’s product formula [B99] (see Eqn. (5.1))), we can easily compute all Gromov-Witten
invariants and determine the Gopakumar-Vafa invariants as follows.

Theorem 0.6. (Proposition Let v,y € H*(X), a € H5(X) and let
Y=A1-19p+D1®Ds+ A2 p®1l, 7' =A1-10p+Di®@Dy+A4;-p®1,

a=0Qp+pR 0o

be their Kinneth decompositions. Then we have

no,8(7,7) = (D1-B) - (D - B) /T(D2 - D) - No (62) ,

nos(a) = (61 B8) No <ﬁ22> .

If B is primitive, we have

2
o) =2 (/2. = (%),



4 YALONG CAO, GEORG OBERDIECK, AND YUKINOBU TODA

where
1 1
ZNO(Z)qlzf 247
I€Z. 7551 (1—¢")
1 1 d
Ni()g ==~ (qG q>,
IGZZ 1() (qn>1 (l_qn)24) dq 2( )
1 1 d
SN =|=]] 57— (24qG2 —24Gy — 1) ,
I€Z 9551 (1—¢") dq
with Fisenstein series:
1
G = —— ",
2(q) o1+ dq
n=1 dn

In particular, Conjecture holds for X =S x T.

On the Donaldson-Thomas side, a main result of this paper is the explicit computation of all
DT, invariants of X = .5 x T for the classes (0.5]), see Theorem for the formulae. We obtain
a perfect match with our prediction:

Theorem 0.7 (Corollary. C’onjecture holds for X = ST and all effective curve classes
B € Hy(S,Z) C Hy(X,Z).

Here, since the moduli space My is connected, there are precisely two choices of orientation.
We pick the one specified in Eqn. (invariants for the other differ only by an overall sign).

Contrary to the case of Gromov-Witten invariants, the computation of DTy invariants on SxT
is highly non-trivial. In Theorem[5.7] we first identify the virtual class explicitly. This expresses
the DT, invariants as tautological integrals on a (smooth) moduli space of one dimensional stable
sheaves on the K3 surface S. By Markman’s framework of monodromy operators [M0§|, we then
relate such integrals to tautological integrals on the Hilbert schemes of points on S (see §4.3|and
for details). Finally, we determine these integrals explicitly in and by a combination
of the universality result of Ellingsrud-Gottsche-Lehn [EGL], constraints from Looijenga-Lunts-
Verbitsky Lie algebra [LIL [Ver13] and known computations of Euler characteristics.

In particular, we found a remarkable closed formula for Fujiki constants of Chern classes of
Hilbert schemes S[™ of points on S, which takes the following beautiful form (see also Proposition
for the formula on generalized Kummer varieties):

Theorem 0.8. (Theorem Let S be a K3 surface. For any k > 0,

k
Z Clean—2k(Tgim1)) ¢" = (:,I;?: (QCZIG2(Q)> H ﬁ‘

n>k n>1

The right hand side, up to the combinatorical prefactor (2k)!/(k!2*), is precisely the generating
series of counts of genus k curves on a K3 surface passing through %k generic points as considered
by Bryan and Leung [BIL]. This suggests a relationship to the work of Goéttsche on curve counting
on surfaces [G98], which will be taken up in a follow-up work.

0.4. Verification of conjectures II: T*P?. Let T*P? be the total space of the cotangent
bundle on P?, which is holomorphic symplectic. Let H € H?(T*P?) be the pullback of the
hyperplane class and use the identification Ho(T*P?,Z) = Z given by taking the degree against
H. By Graber-Pandharipande’s virtual localization formula [GP], we can compute all genus
Gromov-Witten invariants (Proposition and determine the Gopakumar-Vafa invariants.

Proposition 0.9. (Corollary

1 ifd=1,
noa(H*>, H*) =¢{ -1 ifd=2,
0 otherwise.

TL1J(H2) :0, n2.1 = 0.
In particular, Conjecture holds for T*P?.

On the sheaf side, we can compute DTy invariants for small degree curve classes.
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Proposition 0.10. (Proposition [6.5)) For certain choice of orientation, we have

<To(H ), 7’0(H2)>DT4 =1, <7'0 ), To( HQ)>DT4 = -1, <7'0 ), 7ol H2)>DT4 =0,

<7_1(H2)>DT4 _ 7%’ <7_1(H2)>DT4 _ %7 <T1 H2 >DT4 _ 0,
U™ =5 () = ()] =0
(r3(1 >DT4 _ _%7 <7_3(1)>2DT4 _ %7 (1 >DT4 o

In particular, Conjecture- . holds for all d < 3, and C’onjecture- . . hold.

0.5. Verification of conjectures III: K3[!. Consider the Hilbert scheme S of two points
on a K3 surface S. By a result of Beauville [Bea), S!? is irreducible hyperkihler, i.e. it is simply
connected and the space of its holomorphic 2-forms is spanned by a (unique) symplectic form.
Because the genus 0 Gromov-Witten theory of S is completely known by [O18] (0214l [021c] (see
T heorem for the primitive case), all genus 0 Gopakumar-Vafa invariants are easily computed.
For simplicity, we check the integrality conjecture in the following basic case (ref. :

Theorem 0.11. C’onjecture holds for all effective curve classes on S in genus 0 and with
one marked point.

Higher genus Gromov-Witten invariants are more difficult to compute even for primitive
curve classes. Nevertheless there are several conjectures on the structure of these invariants,
including (i) a quasi-Jacobi form property, and (ii) a holomorphic anomaly equation (see [O22D]
Conj. A & C], see also [O21b] for a progress report). Assuming these conjectures and using
several explicit evaluations of Gromov-Witten invariants, we obtain a complete computation of
all genus 1 and 2 Gromov-Witten invariants of S!? in primitive classes, see Theorem From
this, all Gopakumar-Vafa invariants are computed in Theorems and

With the help of a computer program, we obtain the following check of integrality:

Theorem 0.12. (Corollaries and [7.11)) Assume Conjectures A and C of [022b]. Then the
genus 1 and 2 part of Conjecture hold for all primitive curve classes 3 € Hy(SP,Z) satisfying
(8,8) < 100, where (—,—) is the Beauville-Bogomolov-Fujiki pairing as in .

0.6. A Yau-Zaslow type formula on K32, A hyperkéhler variety is of K3P2-type if it is
deformation-equivalent to the Hilbert scheme of 2 points of a K3 surface S. Given a primitive
curve class 8 € Ho(S,Z), consider the very general deformation (X, ') of a pair (S, 3),
where (3 stays of Hodge type on all fibers. By the deformation theory of hyperkédhler varieties,
the variety X then has Picard rank 1 and the algebraic classes in Ho(X,Z) are generated by
B’. In particular 8’ is irreducible. In this case, it is natural to expect that curves in (X, /')
forms an ideal geometry in the sense of §1.4] §I.5] In other words, after a generic deforma-
tion, our Gopakumar-Vafa invariants should give enumerative information about curves in these
hyperkéhler varieties of K3[P-type.

In genus 2, this yields the following conjectural formula for the number of isolated (rigid)
genus 2 curves on a very general hyperkihler variety of K3[2-type of minimal degree. This may
be viewed as a 4-dimensional analogue of the classical Yau-Zaslow formula concerning counts of
rational curves on K3 surfaces:

Theorem 0.13. (Theorem |7.10) Assume Conjectures A and C of [O22b]. For any hyperkdhler
variety X of K32 -type and primitive curve class B € Hy(X,7), the genus 2 Gopakumar-Vafa
invariant no g is the coefficient determined by B (see Deﬁnition of the quasi-Jacobi form

- e[ 5 25 35 5 5 7
I =— | —pE3 E? ) — ). F>yE E2E
W, 0) = X | 3519F2 + graa e + 300 9F2 ~ prale + ggq 9P+ g P
! 27 a7 5 13 1
E E? - E E.E,— —E? - —0F
et T et T 3P T q08 2 T Tsase 4 T gg¥e
1 9 5 23 5 1
— EE 2B 2 g - By
T 52 T 5P T 52 T 1534 T 1152 0 T R |

where the functions ©,A, p, E; are defined in {7.1]
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In genus 1, it is convenient to encode the invariants in the genus 1 Gopakumar-Vafa class
nip € HY(X,Q)
which is defined by
vVyeHY(X,Q): /X’ﬂm Uy =n18(7),

where n g(7y) is given in Definition In an ideal geometry, n; g is the class of the surface
swept out by elliptic curves in class 3. Theorem [7.6] then yields a conjectural formula for this
class. We list the first values of the genus 1 and 2 Gopakumar-Vafa invariants of hyperkéhler
varieties of K3[-type in Table [1] and Table [2| below. Since the deformation class of a pair
(X, B) where 8 is a primitive curve class, only depends on the square (83, 3) (see [O21al), the
Gopakumar-Vafa invariants only depend on (3, 3).

It is interesting to compare the enumerative significance of the listed invariants with the
known geometry of curves on very general hyperkihler 4-folds of K3/2-type with curve class 3.
In the case (8, 3) = —5/2, any curve in class 3 is a line in a Lagrangian P? C X, see [HT]. In
particular, there are no higher genus curves, and indeed we observe the vanishing of the g = 1,2
Gopakumar-Vafa invariants in this case. Similarly, the case (8,8) = —1/2 corresponds to the
exeptional curve class on K 32! (the class of the exceptional curve of the Hilbert-Chow morphism
K3Pl — Sym?(K3)), and again there are no higher genus curves. The case (3, ) = —2 is similar,
see [HT]. The first time we see elliptic curves is in case (3, 3) = 0, which corresponds to the
fiber class of a Lagrangian fibration X — P2. Elliptic curves appear here in fibers over the
discriminant. The case (8,8) = 3/2 corresponds to a very general Fano variety of lines on a
cubic 4-fold, with 8 the minimal curve class (of degree 3 against the Pliicker polarization). Since
there are no cubic genus 2 curves in a projective space (see also Example , there are no
genus 2 curves in this class; again, this matches the vanishing observed in the table. The case
(8,B) = 2 are the double covers of EPW sextics [O06]. The first time we should see isolated
smooth genus 2 curves is the case (8, 8) = 11/2, which are precisely the Debarre-Voisin 4-folds
[DV]. Here, the explicit geometry of curves has not been studied yet. It would be very interesting
to construct the expected 3465 isolated smooth genus 2 curves explicitly. In fact, to the best of
the authors’ knowledge, there exists so far no known example of a smooth isolated (rigid) genus
2 curves on a hyperkahler 4-fold, and this may be perhaps the simplest case.

(8,8) ag bs (8,8) ag bs
—5/2 0 0 23/2 | 103461120 — 12187560
—2 0 0 12 178607520 —21135240
~1/2 0 0 27/2 | 826591920 — 124077800
0 6 1 14 1378589520 —210090760
3/2 105 35/8 31/2 | 5903493120 —1077138720
2 360 30 16 9574935480 —1781067420
7/2 | 3840 40 35/2 | 38376042111 | —65957272227/8
4 9360 300 18 | 60812926920 | —13338391770
11/2 | 74970 | —6405/4 39/2 | 230147470080 | —56902511160
6 | 157080 | —1540 20 | 357559991712 | —90266652168
15/2 | 1034496 | —55224 43/2 | 1286717384040 | —359854419320
8 | 1982820 | —94570 22 | 1965075202440 | —560881363980
19/2 | 11288760 | —965720 47/2 | 6762292992000 | —2110582343520
10 | 20371680 | —1702680 24 | 10172904142800 | —3237985250920

TaBLE 1. The first coefficients of the genus 1 Gopakumar-Vafa clas{’

1
nig = iaﬁh% + bﬁCQ(TX)

for a hyperkihler 4-fold of K3[-type with primitive curve class 3 (see for
the definition of the dual divisor hg). In an ideal geometry (ref. §1.5), ny g is
the class of the surface swept out by the elliptic curves in class .

0.7. Appendix. In the appendix §A] we discuss several cases where we can extend the above
GW/GV /DT, correspondence to imprimitive curve classes.
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(ﬂaﬁ) n2,p (ﬂ?IB) n2.p (/655) n2.3
—5/2 0 23/2 55981800 51/2 | 137145316350735
-2 0 12 104091120 26 212193639864360
—1/2 0 27/2 691537770 55/2 775018459086480
0 0 14 1234210950 28 1181532282033600
2 0 10 12229095800 62?2 §§§E§§§§T§§3§3535
7/2 0 35/2 | 62706694050 32 | 31011424430679000
4 0 18 | 105164743320 67/2 | 100506478032240210
6 7920 20| 805306494960 71/2 | 463428612330788160
15/2 | 153720 43/2 | 3490512517800 36 | 674306145117002160
8 | 321300 22 | 5593478602320 75/2 | 2052965259390710250
19/2 | 3527370 47/2 | 22715949849120 38 | 2959299345635755920
10 | 6902280 24 | 35731375344000 79/2 | 8765107896801841200

TABLE 2. The first genus 2 Gopakumar-Vafa invariants of a hyperkahler 4-fold
of K3[P-type in a primitive curve class f.

Notation and convention. All varieties and schemes are defined over C. For a morphism
7: X — Y of schemes and objects F,G € DP(Coh(X)) we will use

RHom(F,G) := R, RHomx (F,G).

A class § € Hy(X,Z) is called effective if there exists a non-empty curve C' C X with class
[C] = 8. An effective class 8 is called irreducible if it is not the sum of two effective classes, and
it is called primitive if it is not a positive integer multiple of an effective class.

A holomorphic symplectic variety is a smooth projective variety together with a non-degenerate
holomorphic two form o € HY(X,0%). A holomorphic symplectic variety is irreducible hy-
perkihler if X is simply connected and H°(X, Q%) is generated by a symplectic form. A K3
surface is an irreducible hyperkéhler variety of dimension 2.
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1. GOPAKUMAR-VAFA INVARIANTS

Let X be a holomorphic symplectic 4-fold with symplectic form o € H(X, 0Q%).

In this section we first recall the definition of (reduced) Gromov-Witten invariants, and then
give our definition of Gopakumar-Vafa invariants. In Section we justify the definition by
working in an ideal geometry of curves.

1.1. Gromov-Witten invariants. Let ngn(X,ﬁ) be the moduli space of n-pointed genus
g stable maps to X representing the non-zero curve class 8 € Ha(X,Z). The moduli space
M, (X, ) admits a perfect obstruction theory [BE,[LT]. By the construction of [MP13, §2.2]
the symplectic form ¢ induces an everywhere surjective cosection of the obstruction sheaf. By
Kiem-Li’s theory of cosection localization [Kil] it follows that the standard virtual class as

defined in [BE] [LT] vanishes and instead there exists a reduced virtual fundamental class:

(Mg (X, B)]™" € Ar—gin(Mgn(X, 5)).

3Although there are fractional numbers in Table the corresponding classes n1 g are integral, see Lemma|7.7]
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In this paper we will always work with the reduced virtual fundamental class which we will hence
simply denote by [—]"'.

Given cohomology classes v; € H*(X) and integers k; > 0 the (reduced) Gromov-Witten
invariants of X in class [ are defined by

n

GW * k;
(L1) (s (1) -7, ()Y = / evi(y) o,
' B @, (x p) 1;[1

where ev;: Mg, (X,3) — X is the evaluation map at the i-th marking and 1; is the i-th
cotangent line class. By the properties of the reduced virtual class, the integral is invariant
under deformations of the pair (X, 3) with preserve the Hodge type of the class 3. We call the
invariant (1.1) a primary Gromov- Witten invariant if all the k; are zero.

1.2. Relations. We record several basic relations among genus 0 Gromov-Witten invariants
which will be used later on in the text. For the first reading, this section map be skipped.
Lemma 1.1. Let D be a divisor on X such that d := D -5 #0. Then
awW 1 aw 2 GW
<Tl(7) 0,8 = ﬁ<T0(’Y)TO(D2)>07B - g<7—0(’7 : D)>0”5 .
Proof. By the divisor equation (e.g. [CKl pp. 305])

(MT(DP)SY = ()5 +2d(ro(y - D))y -

On the other hand, by rewriting 1 in terms of boundary divisors and using the splitting formula
for reduced virtual classes as in [MPT] §7.3] one gets

(n(Mm(D)?)ey = ((M7(D?))ey - O

Lemma 1.2. For any v € H*(X), we have: <71(7)>§ZV = <7’2(].)T0(’7)>§>3N.
Proof. Arguing as in Lemma [1.1] we can express both sides in terms of primary Gromov-Witten
invariants, which yields the result. O
Lemma 1.3. (r3(1)) ) = (n(1)ma(1))g ), -
Proof. Let D € H?(X) such that d := D - 3 # 0. Consider the following invariants:

Ao = (ms(1))g 5 Bo = (n(1)ma(1))5

Ay = (ra(D))g By = (n()r(D))g

By = (n(1)m0(D?))5

0,8
C2 = (n(P)n(D)y;  Cs = (n(D)mo(D)

F = (1o(D*)m(D?))g -

GW
0,8

Applying topological recursions to the invariants on the left then yields the following relations
on the right:

(s()ro(D)mo(D))oy + Ba=d*Ag+2dA; + Ay
(n(D)ro(D)ro(D))gy = Cs=d>Ay +2dAs + Ay
(n(D)m(D)ro(D))oy = F =d*Ay +2dAs
<72(1)TO(D3)>SZV —A3 =dBy + Cs
(r(D)70(D*)70(D >§ZV dAs =dCs + F
(()r(D)r(D))yy 0=dBy +2B
<T2(1)T1(D)TO(D)>SZV : 0=dB; + Cy+ Bs
(n(D)n(D)ro(D))gy © 0=dCy+2Cs.
Putting all together (using the assistance of a computer) one finds:
(1.2) <T3(1)>'(J},Z’V =40 = _%A?’ + %F = By = (r2(1)m2(1) (?ZV 0
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Lemma 1.4. Assume that all fibers of the universal curve p : C — Mg (X, B) are isomorphic
toPL. Let m: Mo (X, ) = Moo(X, ) be the forgetful morphism. Then

cr(wr) =11
In particular, with f:C — X the universal map, we have
oW "
(13 ey = [ rmal)
p*[Mo,o(X,B8)]V"

Proof. Let p : C; — Mo1(X, /) be the universal curve and let s : Mo 1(X,3) — C1 be the
universal section. By definition, we have

1 = s"(c1(wp)) = s7e1(Q2p).
Recall that we have C 2 My 1(X, ). Moreover, since C — M o(X, 3) parametrizes only smooth

curves, we have
Cl ~C XMO,O(X,ﬁ) C.
Under this isomorphism, the section s is identified with the diagonal morphism. We have the
fiber diagram
7
CXHooxpC¢ —— €

1l i
Mo1(X,B) —"— Moo(X,8).
Hence since 7 o s = id, we have
P =5"c1(Qp) = 8" T 1 (Qy) = a1 ().
The second part follows since
[Mo,1(X, B)]"" = 7 [Mo,o(X, B)]"". O

1.3. Definition of GV invariants. We consider the definition of Gopakumar-Vafa invariants.

In genus 0, by [BL, MP13], reduced Gromov-Witten invariants of X are equal to the (ordi-
nary) Gromov-Witten invariants in fiber classes of the twistor space X — P! associated to the
symplectic form o (alternatively, we can view X embedded in a suitable 1-parameter family of
holomorphic symplectic 4-folds such that the corresponding classifying map is transverse to the
Noether-Lefschetz divisor defined by /). The definition of genus 0 Gopakumar-Vafa invariants
for Calabi-Yau 5-folds proposed by Pandharipande and Zinger in [PZ, Eqn. (0.2)] hence can be
viewed as a definition for genus 0 Gopakumar-Vafa invariants of X as follows:

Definition 1.5. For any v1,...,v, € H*(X,Z), we define the genus 0 Gopakumar-Vafa invari-
ant 1o, (Y15 ---,Tn) € Q by

GW _
<’7—0(’71)"'7—0(’7n)>0,,8 = Z k™ 3”0,[’3/k(’717"'77n)~
k>1,k|B

The case of genus 1 does not follow from the 5-fold geometry, since the virtual class of the
moduli spaces differ by a factor of (—1)9)\,, see [MP13] [021a]. Instead we propose a definition
of genus 1 Gopakumar-Vafa invariants based on computations in an ideal geometry of curves
in class 8. Because curves in imprimitive curve classes are very difficult to control, we restrict
hereby to the primitive case (i.e. to those 5 which are not a multiple in Ho(X,Z)). Consider the
Chern classes of the tangent bundle of X:

er(X) = cn(Tx) € H*(X, 7).
Definition 1.6. Assume that 3 € Ha(X,Z) is primitive. For any v € H*(X,Z), we define the
genus 1 Gopakumar-Vafa invariant ny g(7y) € Q by

<To(7)>?;v =n15(y) — i<TO(W)TO(C2(TX))>S,;V~

Next we come to the genus 2 Gopakumar-Vafa invariants. Since the virtual dimension of the
moduli space Ms (X, 3) is zero, GV invariants are defined without cohomological constraints.
In other words, we expect that ng g should be given by the enumerative count of genus 2 curves
in class 8. For the definition we require the following invariant introduced in [NOI:

! * evi(c(T
(1.4) Nnodal,p = 5 [/ 4 (evy X eva)*(Ax) — /7 . M 7
[Mo,2(X,B)]vir [Mo,1(X,B)]vir 1

where
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o Ax € H3(X x X) is the class of the diagonal, and
e ¢(Tx) =1+ ca(Tx) + ca(Tx) is the total Chern class of Tx.
The invariant Nyodal, g is the expected number of rational nodal curves in class 8 [NO| Prop. 1.2]|ﬂ

Definition 1.7. Assume that 5 € Ho(X,Z) is primitive. We define the genus 2 Gopakumar-
Vafa invariant na g € Q by

el 1 1 cw 1
<®>2,ﬂ =MN23 — ﬂnlﬁ(CQ(X)) + 72 o002 <TO(CQ(X))TO(CQ(X))>O,B -+ ﬂNnodal,/%

Remark 1.8. For primitive 8 € Hy(X,Z), we obtain the following:

m0,501:-+70) = (7o) o)y
ms() = (005 + gy (0N

cw 1 GW 1 ew 1
Nn2.pg = <,®>2,5 + ﬂ<TO(CZ(X))>1ﬁ + 72 042 <TO(62(X))TO(C2(X))>O,B — ﬁNnodal,B'

It would be interesting to obtain a conceptual understanding for the form of these formulae.

As in the cases of Calabi-Yau 4-folds and 5-folds [KP| [PZ], our first main conjecture concerns
the integrality of the Gopakumar-Vafa invariants on holomorphic symplectic 4-folds.

Conjecture 1.9 (Integrality). We have
10,515+, Yn)s n1,6(7), N2 € Z.

1.4. Ideal geometry. We will justify our definition of Gopakumar-Vafa invariants by working
in an ‘ideal’ geometry where we assume curves on X deform in families of expected dimensions
and have expected genericity properties. This discussion is inspired by the ‘ideal’ geometry of
curves on Calabi-Yau 4-folds by [KP] and on Calabi-Yau 5-folds by [PZ]. Concretely, since the
virtual dimension of M (X, ) is 2 — g, we expect that:
Any genus g curve moves in a smooth compact (2 — g)-dimensional family.

In particular, there are no curves of genus g > 3.

We discuss now the expected behaviour of the curves in these families. We start with genus
zero. Let p : C§ — S§ be a family of rational curves in class 3 over a smooth 2-dimensional
surface Sg, fiberwise embedded in X. Then we can have the following behaviour:

(i) All the curves parametrized by Sj can be reducible.
Reason: Let 8 = 81 + B2 and let Cgi — Sgi be a 2-dimensional family of rational
curves in class ;. Let Sgh 3, be the preimage of the diagonal under the evaluation maps

j1 % j2:C xCh, — X x X.

Then Sgh 3, 18 of expected dimension 3+3—4 = 2, so by gluing the curves we can obtain
a 2-dimensional family of reducible rational curves in class .
(ii) Given a generic curve C? := p~!(s) C X in the family, there exists another curve C%, C X
in the family which meets it.
Reason: This follows by the same reasoning as in (i).
(iii) For finitely many s € S, we expect the curve C% C X to be nodaﬂ
Reason: The moduli space Mg 2(X, ) is of expected dimension 4, and hence the
preimage of the diagonal under evy X evy is of expected dimension OEI
iv) Even if all fibers of C3 — S5 are smooth P!’s, the natural morphism j : C% — X is not
B B B
necessarily an immersion.
(The differential dj : Teg —j *(T'x) is expected to have a kernel in codimension > 2.)

Similarly given a family p : Cj — S} of elliptic curves in class § over a smooth 1-dimensional
curve S}g, fiberwise embedded in X, all the curves parametrized by Sé can be reducible. The
argument is similar to (i) above, by considering the preimage of the diagonal under the evaluation
maps

1 ><j2:Cg1 ><C[1;2 — X x X, where 8= 0+ (o,

where Cgl (resp. C}gz) is a family of rational curves in class 31 (resp. elliptic curves in class [33).

4Here we use genus reduction to rewrite the term Ny in [NO| §1.3] as the first term in Eqn. .

5A naive model for (ii,iii) would be for the image of Cg in X to be (SxP1)/((s,0) ~ (gs,00)), where g € Aut(S)
is an automorphism with a finite number of fixed points (which lead to nodal curves).

6This is related to what is called the double point number.
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The genus 2 curves we expect to be smooth and finite. By dimension reasons they should be
disjoint from elliptic curves, but can have finite intersection points with the family of rational
curves. In the moduli space M3 (X, 3) we will hence also see genus 2 curves with rational tails.

In summary, the geometry of curves is more complicated then for both CY 4-folds and CY
5-folds. Especially for imprimitive curve classes 3, it becomes increasingly difficult to control.

1.5. Ideal geometry: Primitive case. We make the following additional assumptions:

e X is irreducible hyperkéhler,
o the effective curve class f € Hy(X,Z) is primitive.

By the global Torelli for (irreducible) hyperkahler varieties [Verl3l [Huy] (in fact, the local sur-
jectivity of the period map is sufficient) the pair (X, ) is deformation equivalent (through a
deformation with keeps 3 of Hodge type) to a pair (X', ') where 8’ € Hy(X,Z) is irreducible.
Hence we may without loss of generality make the following stronger assumption

o the effective curve class 5 € Hy(X,Z) is irreducible.
Under these assumptions our ideal geometry of curves simplifies to the following form:

(1) The rational curves in X of class 8 move in a proper 2-dimensional smooth family
of embedded irreducible rational curves. Except for a finite number of rational nodal
curves, the rational curves are smooth, with normal bundle Op:1 @ Op1 @ Op1 (—2).

(2) The arithmetic genus 1 curves in X of class 8 move in a proper 1-dimensional smooth
family of embedded irreducible genus 1 curves. Except for a finite number of rational
nodal curves, the genus one curves are smooth elliptic curves. For the convenience of
computations, we also assume the normal bundle of elliptic curves is L& L~! & O, where
L is a generic degree zero line bundle.

(3) All genus two curves are smooth and rigid.

(4) There are no curves of genus g > 3.

Example 1.10. Let Y C P5 be a very general smooth cubic 4-fold and let F(Y) C Gr(2,6) be
the Fano variety of lines on'Y. By a result of Beauville and Donagi [BD], F(Y) is an irreducible
hyperkdhler 4-fold, and together with its Pliicker polarization it is the generic member of a locally
complete family of polarized hyperkdahler varieties deformation equivalent to the second punctual
Hilbert scheme of a K3 surface. The algebraic classes in Ho(F(Y),Z) are of rank 1. Let B be
the generator which pairs positively with the polarization (it is of degree 3 with respect to the
Pliicker polarization). The geometry of curves in class B has been studied in [OSY] NO, [GK].
The Chow variety of curves in class [ is given by

Chowg(F(Y))=SUZ,

where S C F(Y) is the smooth irreducible surface of lines of second type, and ¥ is a smooth
curve parametrizing genus 1 curves. There are precisely 3780 rational nodal curves corresponding
to the intersection points S NS, and all other rational curves are isomorphic to P*. Moreover,
there are no curves of genus > 2 in class 8. We see that the curves in F(Y) of class 8 satisfy
the requirements of the ideal geometry.

1.6. Justification: GV in genus 1. For a given class v € H*(X,Z) let I' C X be a generic
topological cycle whose class is Poincaré dual to v. In an ideal geometry, the Gopakumar-Vafa
invariant n; g(y) should be the (enumerative) number n(I") of arithmetic genus 1 curves in X
which are incident to I'. To derive an expression for it using Gromov-Witten invariants, we start
with the genus 1 Gromov-Witten invariant:

(1.5) (o (M1 5

where 8 € Hy(X,Z) is primitive. Assuming the ideal geometry of Section we will analyze
the contributions from genus 0 and genus 1 curves to it (there are no contributions from genus
2 curves since they never meet the cycle I'). We show that the contribution from genus 1 curves
is precisely n(I"). This will yield the expression for ni g(7).

"The statement is false if we do not assume that X is irreducible hyperkéahler, for example on X the product
of two K3 surfaces, a class 8 = (81, f2) with both 3; non-zero effective, any deformation that keeps 8 Hodge,
will keep both 8; Hodge. In particular 3 stays reducible under deformations.
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1.6.1. Contribution from genus one curves. Let p : C}; — Sé be a 1-dimensional family of elliptic
curves of class § as in Section and let j : Cé — X be the evaluation map.

Since I' (which represents v € H*(X,Z)) is chosen generic, it intersects Cé in precisely (Cé )
many points. Following Section [1.5] we assume that the incident curves are smooth elliptic
curves E/ with normal bundle Ng,x = L @ L' @ ©. We find the contribution of this family to

the invariant (1.5)) is
(€} ) /ﬁ Cevi(w) = (€} ) = n(T),
[My1(E,1)]vir

where w € H?(E,Z) is the class of a point and the trivial factor H*(E, Ng,x) = H'(E,Op) =C
in the obstruction sheaf does not appear because we used the reduced virtual fundamental class.

1.6.2. Contribution from genus zero curves. Let p : Cg — Sg be a 2-dimensional family of
embedded rational curves of class # in X parametrized by a smooth surface Sg. The generic
fiber of p is isomorphic to P! but over finitely many points we can have a rational nodal curve.
The insertion I' intersects the divisor Cg in a curve that we can assume maps to a curve in Sg.
In particular, it avoids the singular fibers. For simplicity we may hence assume that there are
no nodal fibers, and that this is the only family of rational curves in class 8. We will compute
the contribution of this family to the genus 1 GW invariant .

Under these assumptions, for any genus 1 degree § stable map f : C — X, the source curve
splits canonically as C' = E U P!, where E is an elliptic curve glued to P! at one point p. The
map f is of degree 0 on E, and of degree 3 on P!. Hence

Mio(X,B)=Mo1(X,8) x My ;.
By comparing the obstruction theories on the level of virtual classes, we get
EY @ evi(Tx))
I=XA =1 g
= (v = viM +evi(ea(X)) (%1 — M) ([M11] x [Moa(X,B)]),
where [—]4 denotes taking the degree d part, E — Mg is the Hodge bundle over the moduli space
of curves (having fiber H%(C, w¢) over a point [C]) with first Chern class \; = ¢1(E) € A (M 1),

and 1)1 is the usual psi class on the moduli space Mg 1(X, 3). In the last line we have used that
the dimension of M (X, 8) is equal to the expected dimension, so

(1.6) [Mox(X, B = [Mo,r(X, B)].

Finally, as we will do often, we have suppressed pullback maps along the projection to the factors.
Consider the forgetful morphism 7: My 1(X, 5) — M1 (X, 5) which at the same time is the
universal curve over the moduli space. In particular, we have a decomposition

M 1(X,8)=EUP,

where £ — Ml,l and P — MOJ(X, B) are the universal curves. Since 7 is flat of relative
dimension 1, we have

[M11(X,8)] = 7" [M10(X,8)] = ax ([M12] x [Mo,1(X,B)]) + ba ([M1,1] x [Mo2(X,5)]),
where a : £ — M1 1(X,8) and b: P — M7 1(X, ) are the natural inclusions. We find

()5 = /[ V() (63 — P2 + evi(ea(X)) (%1 — M)

[ro(x, ) = | < A (1] % (o (X, B)])

(1.7) M1 1]x[Mo,2(X,B8)]vir

s e @ = v+ e @0) 0~ ),

[My 2] x [Mo,1(X,B)]vi"
where for the second summand the ~ is pulled back along the evaluation map evy : Mg 1(X, ) —
X (since the map is constant on the elliptic curve).

In the second term in Eqn. , the integrand over the factor M o is pulled back from My q;
hence this term vanishes. We conclude that Eqn. is equal to:

/ﬁ (=) /ﬁ evi ()T (R + evi(ea(X))
[Mo,2(X,B)]vir

Ml,l

_i (<72(1)TO(7)>SZV + <T0(CQ(X))7—O(7)>SZV _ <7_1(7)>;}:;v)

1
= L (X))
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Here in the second step, we used that 7*(11) = 11 — s.(1), where s : Mo 1(X,8) = Mo2(X, )
is the section, so that 7*(1?) = ¥? — s.(¢1), and in the last step we used Lemma

1.6.3. Conclusion. By the discussion above we have obtained that in the ideal geometry we have

(o)) =) = g (olea) (1) 3

Since n(T') is the Gopakuma-Vafa invariant nq g(y) in the ideal geometry, this ends the justifi-
cation for both Definition [1.6| and integrality of genus 1 invariants in Conjecture

1.7. Justification: GV in genus 2. In the ideal geometry of Section the genus two
Gopakumar-Vafa invariant ns g should be the (enumerative) number of genus 2 curves in the
irreducible curve class 8. We hence make the ansatz

GW
(18) <®>25 :/7 1:n2’6+... ,
' [M2,0(X,B)]vi

where the dots stand for the contributions from curves of genus < 1. In this section we derive
an expression for these lower genus contributions.

1.7.1. Contribution from genus one curves. We consider first the contributions from a 1-dimensional
family of elliptic curves Cj — S} parametrized by a smooth curve Sj, but with the additional
assumption that there are no nodal rational curves in the family.

For simplicity of notation we also assume that the family C é parametrizes all curves in class 3

. . . GW . .
(so there are no rational or genus 2 curves). We compute the invariant <® >2ZV in this geometry.

Under the above assumption we have the isomorphism
Mo(X, ) = M1,1(X, ) x M1,
and with an argument parallel to Section [I.6.2] the virtual class is:
(EY ® evi(Tx))
I—=XA1 =

where 1)1 is the cotangent line class on M7 1(X,3) and A\; € H?(M;1), both pulled back to the
product via the projection to the factors. One obtains that:

[V (X, B = [ } A (B7,.1(X. )] x (M1,

(@)Y = /[ M2 — M evi(ea(Tx))

M1, (X,B)]virx [M1,1]
1 *
=751 |- Ui + evi(ea(X)).
[M1,1(X,B)]vi
By our assumption there are no family of rational curves in class 3, so that we have ¥; = 7*(¢1),
where 7 : M1 1(X,8) = M1, is the forgetful morphism to the moduli space of stable curves,
and therefore 1/ = 0. We conclude that

GW 1 aw 1
<®>2,5 = 7ﬂ<7_0(c2(X))>1”3 - 7ﬂn115(02(X))'
In total hence we see that the family Cj — S} contributes —37n1,8(c2(X)) to the integral (L.8).
Assume more generally that there are both rational and elliptic curves in class 3, but still
no nodal rational curves. Then by the discussion in Section [I.6] and the above computation we
have that —57n1,3(c2(X)) is precisely the contribution from the elliptic curves to (1.8). Hence
this contribution remains valid also in the presence of rational curves.

1.7.2. Contribution from genus zero curves. Let p : Cg — Sg be a family of degree 5 embedded
rational curves in X parametrized by a smooth surface Sg. We assume that there are no curves of
genus 1 or 2, and that all rational curves parametrized by Sg are smooth. Since § is irreducible,
this means that all of them are isomorphic to P'.

By our assumption, we have an isomorphism of moduli spaces:

M = MQ,O(Xa ﬂ) = MQ,O(Cg/ng 1)3
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where the right hand side is the moduli space of genus 2 degree 1 stable maps to the fibers of
Cg — Sg. In particular, we have a diagram:

f

C s gy —15 0y L x

Sl b
M —1 S5,
where C' — M is the universal curve over the moduli space (for both M o(X, 8) and M2,(C3/S5, 1)),

f:C— Cg is the universal map of Mg,o(cg/SO, 1), and ¢ is the structure morphism to the base.

By definition the middle square is fibered. The moduli space Mw(cg / Sg, 1) carries naturally a
virtual fundamental class which we denote by

[M]™ = [M2,0(C3/ S, )] € A(M).
We also denote the reduced virtual fundamental class of M2 o(X, 3) by
[M]"" = [Mo,0(X, B)]'"" € Ag(M).
Since fp is fiberwise an embedding we have the subbundle 7}, C f3(Tx). Let
N = f3(Tx)/T,

be the quotient, which is locally free of rank 3. The key to our discussion is the following
comparision of virtual fundamental classes.

Proposition 1.11. We have
M = e (5. ((R'p.0) @ 4°N) ) 1 [M]",
For the proof we start with the two basic lemmata:
Lemma 1.12. We have
m(FN) 2 " (Tgs).
Proof. By the Cohomology and Base Change Theorem we have
p*(OC) = Oq*cg.
Hence we find that
W*f*N =Dupsp @ N
= P«(p«(Oc) ® ¢*N)
= P (]*N

where in the second equality we used that N is locally free, and in the forth equality we used
flat base change. For the last step we used that Sg = Mo o(X, ) is smooth with tangent bundle
given by p.N (which at each point s € S§ has fiber HO(CB,stcg /x)) O
Lemma 1.13. We have the exact sequence:

0= px((R'p.0c) ® G*N) = R'm.(f*N) = R'p.(§"N) — 0
and R'p.(¢*N) = Oy

Proof. The first statement is just an application of the Leray-Serre spectral sequence for the
composition m = p o p. For the second statement, we have by flat base change that:

R'5.(§"N) = ¢*(R'p.N).
By the existence of a global cosection, we have a surjection R'p, N — Osg~ Since p, N is locally

free of rank 2, R'p, N is locally free of rank 1, so using the cosection it is isomorphic to O 9 O
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Proof of Proposition|1.11. The ‘standard’ virtual tangent bundl of Mo (X, 3) relative to the

Artin stack of prestable curves s is by definition given by

std o %
T3t o (x.8) ym, = B[ (Tx),

where f = fgo f:C — X is the universal map. The reduced virtual tangent bundle is defined
to be the cone:

vir * red % Sty
Tﬁg,o(x,ﬁ)/smg = (Rm.["Tx)"" := Cone(Rm, f*(Tx) == O[-1])[-1],

where sr, is the semi-regularity map associated to the symplectic form o, see [MP13| MPT].
The inclusion T}, C f5(Tx) induces a natural distinguished triangle:

~ - red
(1.9) R, f*T, — (R f*Tx)" — (Rmf*N) .
where the third term is defined as the cone of the first map. By Lemma [I.13] and since the
restriction of sr, to Ps ((Rlp*(’)c) ® (j*N) vanishes, we have
(1.10) Bt ((Rmf*N)™!) = 5.((R'p.00) @ 4" N).

Similarly, the virtual tangent bundle of the perfect obstruction theory of ngo(Cg / Sg,) fits into
the distinguished triangle

(1.11) Rr.(f*T,) — Tﬁ,o(cg/so,m/m — ¢ (Tsy).

By Lemma there exists a natural morphism
~ red
¢ (Tsy) — (R f'N)

which induces an isomorphism in degree 0 cohomology. This morphism induces a morphism

from the complex (1.11) to the complex (1.9), and combining with Eqn. (1.10]), we obtain the
distinguished triangle:

vir vir ~ 1 ~x
Tt otcs/so0ms = Tty o(x,)/m, = P+ (B'p4Oc) © "N) [-1].
The claim now follows from the excess intersection formula. O

The moduli space M decomposes naturally as the union
M = My U (My/Zs),
where
My =My x Mo1(C3/S3,1),
My =DMy x My x Mo(C3/Sg,1),

and Zj acts by interchanging the two factors of M ; and switching the markings on Mg 2(C3/5%,1).

The class [M]' is of dimension 6, but the dimensions of M; and M, are 7 and 6 respectively.
In particular, there exists some class o € Ag(M7) such that

(M = 61.(0) + 50, [M),

where &; : M; — M are the natural (gluing) morphismsﬂ By Proposition we find that:
GW _ .
(@)y 5 = /[M] 1 e(p*((Rlp*Oc) ®q N))

(112) = [ &e(p- (.00 97N

1
+ =

2/7 _ Se(ﬁ*((Rlp*Oc)@q*N)).
M1,1><M1,1><M0,2(Cg/$g,1)

These two terms are analyzed as follows:

SIf B* — Lz is a perfect obstruction theory, then the associated virtual tangent bundle is TI‘\’/Iir = (B*)V.
9The naive splitting of the virtual class [M2,0(X,B)]"'" as the sum

e(EY ® ev}(Tx))
L=t =91 |;
does not hold. The long detour to the relative virtual class [M

[M21 x Mo1(X,B)]

+ %[Mil % M0,2(X7 B)]vir |:C(IE2{ ® eVT (TX)) C(EZ ® BVS (TX)):|
6

1—2Xa1 — Y1 1—Xp1 — 2

]7e! is necessary to decompose the virtual class!
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Lemma 1.14. We have the vanishing
e(€15.((R'0.00) 4" N) ) = 0.

Proof. Let C — M be the universal curve as before, and let C’ — M be its pull back along
& : My — M. There exists a natural decomposition C! = RU, Z where R is the pullback of the
universal curve over M 1(X, ) and Z is the pullback of the universal curve from Mg ;. The
curves R and Z are glued along the marked points v : M; — C. In particular, we have the
diagram

¢ —C

J» b

o &qrCy —E g°CY

Al b

M, —5 M,

where © = p/ o v is the image of the gluing point. Applying p’, to the normalization exact
sequence
0—-0c - 007 -0, =0
shows that
& R'p.(Oc) = R'p,0c = R'p(O7) = z.(m7EY),
where pry : My — My is the projection and E — M ; is the Hodge bundle (pulled back to the
product). We obtain that:
£p-((R'p.0c) @ I"N) = vi(N) ® prj (E),
where evy = G o 51 ox: M — Cg is the evaluation map.

Using the defining exact sequence 0 — T}, — fz(Tx) — N — 0 and that evi(7},) is isomorpic
to the cotangent line bundle of M 1(C3/S3,1) at the marking, i.e. evi(T},) = L), we obtain
the exact sequence

0=EY®L) —-EY®@evi(Tx) = evi(N) @ pri(EY) =0,

where ev : Mo,l(cg/so, 1) & Mo1(X,8) — X is the evaluation map to X and we surpressed
the pullbacks by the projection to the factors. We conclude that
v *
o6t (.00 0 7N)) = |22 gﬁff)) 6
- {C(EV)4 + 2evi(ea(Tx))e(EY) (1 — A1)
(I=v1)2 = (1 —1) + A2 67

where in the second equality we used the splitting principle and the Mumford relation
(1.13) CB)e(EV) = (1 + A1+ M) = A+ X2) =14+2X — A2+ X2 = 1.

Now a straightforward computation (using that Mg (X, 3) is of dimension 3 and the Mum-
ford relation, and which may be performed by a computer program) shows that this degree 6

component vanishes. ([
Lemma 1.15.
* ~ 1 ~% 1 GW
A &e(p.((R'p.00) @ 4" N) ) = o5 (ro(ea(X))mol(ea(X)) gy -
0 /g0 24 B
Ml,lXMlﬁlxMo)z(Cﬁ/Sﬁ,l)

Proof. Let C' — My be the pullback of the universal curve C — M to M,. We have a decom-
position ¢’ = RU E; U Es, where R is the universal 2-pointed genus 0 curve, and the E; are the
universal genus 1 curves. Let
1,20 1 My — fgq*Cg
be the image of the marked points under the evaluation map p’' : C' — fgq*Cg. We have
&R p.Oc = R (Ocr) = 1.(EY) @ 224 (Ey),

where E; = pr}(E) are the Hodge bundles pulled-back from the first or second copy of Ms. We
argue as in Lemma that is first we have

e~V¢:¢jo§2 o X;.
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Then with 7; : Mo2(Cj/Sg,1) — Mo1(C3/S§,1) the morphism that forgets all but the i-th
marking we have that
v (Tp) = myev™(Tp) = ] (Ly,).

(Here, we need the precompose with the forgetful morphism because the two markings can lie
on a bubble in which case the tangent space to a marking maps with zero to the tangent space
of the image point; by precomposing with the forgetful map, we contract the bubbles). As in
Lemma [[.T4] we then obtain that

&e(p.((R'p.00) ©4°N))
/ c(EBf ® evi(Tx))c(By @ evi(Tx))

W1 5 W1 x W0 (c9/59,1) (1= e1(Br) — 3 (1)) (1 — e (Br) — w5 (12))
For i = 1,2 and (A, ¢, ev) := (¢1(E;), 7f (v;), ev;), we have

c(EY @ ev*(Tx))
1-XA—7v
= (1= N*+ev*(c2(X)A = DA+ X+ 1p + 2200 + 2 + 30?4+ 3 + 4\?)

= A((1+ ev" () (1 + 20 + 30 + 46%) + (—4 = 2ev" (X)) (L + 4 + 92 +4) ) + ()
- /\( — 32y — g —ev*(cQ(X))) + (),

where (---) are terms that are not multiples of A.

Using this and Eqn. (1.6]), the term (1.14]) becomes:

m o (evie0) + ) e e X)) + 3 )?)
[Mo,2(X,8)]vir

On My 2(X, ) we have

(1'14) /M1,1><M1,1><M0,2(Cg/52,1)

(1.15)

Y1 =77 (Y1) + s.(1),
where s : Mo 1(X, 3) = Mo2(X, 3) is the canonical section, and therefore

1 (¥1)? = ¥f = s.(¢).
Applying Lemma we find that:
X X GwW oW
[ mPen(al) = (mUn(E)y - (nlel)) =o
[Mo,2(X,B)]v
With a similar reasoning, using Lemma [I.3] we also get that:
« X GW cwW
[ mPm ) = (en)y - (m)y =0
[Mo,2(X,B)]vir '
Inserting both these vanishings into Eqn. (1.15)) concludes the claim. O

Inserting the two lemmata above into Eqn. (1.12), the whole computation collpases into the
following simple evaluation:

(@05 = gz (mle (Ol

We hence conclude that the family Cg — Sg of rational curves with only smooth fibers contributes
(10(c2(X))70 (CQ(X))>SZ,V/(2 - 24?) to the Gopakumar-Vafa invariant ng .

1.7.3. Conclusion and contribution from nodal rational curves. Consider an ideal geometry of

curves as in Section [L.5| without any additional assumptions. We expect the contributions from

. . G
genus 0 and genus 1 curves to the invariant <® >QZV

term coming from the nodal rational curves. This correction term should be local, and hence a
multiple of the expected number of nodal rational curves Nyoda1,g. We hence make the ansatz:

to be as discussed above, plus a correction

GW

<T0(CQ(X))TO(CQ(X))>0”5 + aNnodal,B

GW 1 1
(1.16) <®>275 =n2,p ﬂnl(@(X)) ooz

for a constant a € Q independent of (X, ).
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We determine now a with a test calculation. Let X be the Fano variety of lines on a very
general cubic 4-fold, and let 5 € Hy(X,Z) be the minimal effective curve class. As we will see
in Section [7| we have the evaluations (assuming the conjectural holomorphic anomaly equation):

(2)gy =—11445/128,
n1)5<02(X>) = 5985,

(roe2(X))mo(ea(X)) )y = 2835.
Moreover, by [NOL Thm. 1.3], we have
Nuodals = 3780.
Since there are no genus 2 curves on X in class 3 (see [NOJ) we set
nog = 0.
Inserting this into Eqn. yields:

a=—.

24
This conclude the justification of Definition While the last step (i.e. §1.7.3) requires two
assumption (locality of the contribution of nodal rational curves, and the holomorphic anomaly

equation), the remainder of the paper yields plenty of numerical support for this definition.

2. DONALDSON-THOMAS INVARIANTS

For a holomorphic symplectic 4-fold, we define (reduced) Donaldson-Thomas invariants (DT,
invariants for short) of one dimensional stable sheaves. We then use them to give a sheaf theoretic
approach to Gopakumar-Vafa invariants defined in the previous section. In the last section we
justify the definition by computations in the ideal geometry of curves.

2.1. Definitions. Let M3 be the moduli scheme of one dimensional stable sheaves F' on X
with [F] = 8, x(F) = 1. Such moduli spaces are independent of the choice of polarization
(e.g. [CMTI8, Rmk. 1.2]) and are used in [CMTI8| [CT20a] to give sheaf theoretic interpreta-
tion of Gopakumar-Vafa type invariants of ordinary Calabi-Yau 4-folds [KP]. We also refer to
[CMTT9] [CTT9, [CT20b) [CT20¢] for related conjectures and computations, which build on the
works of virtual class constructions [BJ] [OT] (see also [CL14]).

Parallel to Gromov-Witten theory, the ordinary virtual class of Mg vanishes [KiP| [Sav]. For
a choice of ample divisor H, one can define a reduced virtual class due to Kiem-Park [KiPl
Def. 8.7, Lem. 9.4]:

(2.1) [Mp]"'" € A2(Mj,Q),

depending on the choice of orientation [CGJl [CL17]. To define descendent invariants, we need
insertions:

7 H(X,Z) — H*"72(Mjs,Q),

Ti(.) = (ﬂ-M)* (ﬂ-}k((.) U Ch3+i(]Fnorm)) )
where Form is the normalized universal sheaf, i.e. det(mns«Frorm) = On, (vef. [CT20a) §1.4]).

Definition 2.1. For any v1,...,% € H*(X) and k; € Z>¢ the DTy invariants are defined by

n
DTy

(22) I NCATAE W | LT

2.2. Conjectures. As in [CMTT8| [CT20a], we propose the following sheaf theoretic interpre-
tation of all genus Gopakumar-Vafa invariants:

Conjecture 2.2. For certain choice of orientation, the following equalities hold.
When [ is an effective curve class,

. DT

(l) <TO(’71)3"'aTO(7n)>ﬂ * :noﬂ(rylw"afyn)'
When [ is a primitive curve class,

.. DT 1 GW

(i) (n)F™ = —5(n()ey —ms()
When [ is a primitive curve class,

DT 1 DT

(111) _<T3(1)>5 ‘- E<7-1(C2(X))>,3 f= n2 ga.
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s G . . . .
By Proposition <71 (’y)>0;v can be deduced by g = 0 primary Gromov-Witten invariants.
Therefore these formulae determine all genus Gopakumar-Vafa invariants from primary and
descendent DTy invariants, which give a sheaf theoretic interpretation for them.

Remark 2.3. The way we write down Conjecture is indirect. By [COT22, App. A],
the LHS of is equal to stable pair invariant P_y g which is conjecturally the same as genus
2 Gopakumar-Vafa invariants [COT22, Conj. 1.10]. We believe there is also a formula relating

<7'2 (9)>ET4 to genus 2 Gopakumar-Vafa invariants, which we haven’t found so far.

Remark 2.4. Our conjecture implicitly includes the independence of DT, invariants on the
choice of ample divisor in defining reduced virtual classes (2.1)).

2.3. Justification: Primary DT, invariants. For Conjecture , we consider the case
1,72 € HY(X,Z) for simplicity. These two 4-cycles (generically) cut out finite number of
rational curves and miss high genus curves.

As in [CMTTS8] §1.4], any one dimensional stable sheaf F' with [F] = (8 is O¢ for some rational
curve C. Their moduli space Mg is identified with the moduli space Sg of rational curves and

(2.3) [Mp]"" = [S3],

for some choice of orientation. After imposing the primary insertion, we have
/ To(n) 0(72) = / pu(f™ 1) - P (f2),
[Mg]Viv S5

where p : Cg — Sg is the total space of rational curve family (RCF) of class § and f : Cg — X is
the evaluation map. Therefore Conjecture is confirmed in this ideal setting as both sides
of the equation are (virtually) enumerating rational curves of class /3 incident to cycles dual to
v1 and 7s.

2.4. Justification: Descendent DT, invariants. For Conjecture , as we put the in-
cident condition with one 4-cycle v in <71 (7)>ﬂDT4 which generically does not intersect genus 2

curves, so we only need to consider the contributions from RCF and ECF (elliptic curve family).
(1) For any RCF of class 3, we have an embedding i : Cg — Sg x X fitting into the diagram:

(2.4) ¢y —= 89 x X
TS
P
S5 X.
!
By Grothendieck-Riemann-Roch (GRR) formula, we have

Obviously Fporm = OC% , and therefore
71(7) = s« (cha(Ocy) - Tx7)
= —gmsaliser(wp) - 75)

= —%Ws*(i*(cl(wp) )

= _%p* (Cl (Wp) : f*7)7

where w,, is the relative cotangent bundle of p.
Combining with Eqn. (2.3)), we see RCF in class 8 contributes to <7'1(’y)>

1 *
(2.6 Jope 00 =75 [ prtaton -1

As (3 is primitive, we may deform it to the irreducible case where RCF consists of smooth rational
curves (except at some finite number of fibers of nodal curves which can be ignored by insertion

v € HY(X)). By Lemma the RHS of Eqn. (2.6) is equal to —3 (7 (’y)>§;v This justifies the
first term in the RHS of Conjecture .

DTy

s by
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(2) Next we consider the contribution from ECF. Let p : Cé — Sé be the total space of ECF of
class f and j : Cé — X be the evaluation map. The insertion v € H*(X) (generically) intersects
Cé in a finite number of points. We may assume Cé =FE x Sé is the product, p is the projection
and j is an embedding in our computations. We further assume FE is smooth with normal bundle
L® L' ® O for a generic degree zero line bundle L on E.

Lemma 2.5. Let p: Cé — Sé be a one dimensional family of smooth elliptic curves E on X

with normal bundle Ng,x = LeL '@ O for a generic L € PicO(E). Then any one dimensional
stable sheaf F' supported on this family is scheme theoretically supported on a fiber of p.

Proof. By [CMT1I8, Lem. 2.2], we know F is scheme theoretically supported on Totg (L @ L~!)
for a fiber E of p. By [HST, Prop. 4.4], F is scheme theoretically supported on the its zero
section, so we are done. U

By the above lemma, there exists a morphism
(2.7) Mg — S,

whose fiber over {E'} is the moduli space M, 1(E) of stable bundles on E with rank 1 and x = 1.
Note that My ;(E) = E. A family version of such isomorphism gives

(2.8) Mg = Cj,
such that the virtual class satisfies
(2.9) [Mp]"™ = [C3),

for certain choice of orientation.
Next we compute the descendent insertion. In the following diagram:

F E

Cs x X]%ﬂ)(?é x C} @)Sé x S§,

a universal one dimensional sheaf F can be chosen as
F :5*E, ]E = Oﬁ*(AS}g)(ACé%
where we treat Ac}, as a divisor of p* (Asé) via

Acy = {(w.2) |z € Ch} = {(2.p7'p(@) |2 € CA} = " (Agy).

It is straightforward to check that F is normalized.
Below, we use notations from the following diagram

1 _;Z(id,j) 1 1
Cﬂ X X<—Cﬁ X Cﬁ

%xl ml X
c} x—1 ¢ Ch.
The GRR formula gives
= = 1 *
(2.10) chy(5.E) = j. (2 chi(E) - m5e1(Ch) + ChQ(E)) :

Therefore, we have

(.11 () = mn (cha(1.B) - 77)
= rcud. ((5m(®) mer () + cu(®)) 573

1 . ok g
=5 (chi(E) 'wﬁcl(C}j) 7357 y) + m1x (cha(E) - 755%)
= M. (cha(E) - 735™7) ,

where the last equality is because dime Cy = 2 and ¢1(C}) - j*y € H%(C}) = 0.
From the exact sequence in Coh(Cé X Cé):

1)—)0,

0= Opr(agy) = Opragy(Bep) = Oy (Acy
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we obtain

(212) ChQ(E) = Ch2 <Op* (As}g)> + Ch2 <0Ac}j (ACé))

— _%p*(AS}i)*(Q(Sé)) +[Acy),

where Ag: Sh — Sp x Sk denotes the diagonal embedding and we use GRR formula for the
map A s} in the last equation.

Combining Eqns. (2.11)), (2.12), we obtain

(2.13) () = =5 (b (Asy)- (1) - 735°7) + moe (18] - 735%7) = 5™,
where we note that p* (As}a)*(ﬁ(sé)) is some multiple of the fiber class of p, so the first term in
above vanishes. Therefore, ECF of class 8 contributes to <71(7)>BDT4 by

/ n(y) = / i,
[Mﬁ]vir Cl

B

which gives exactly the genus 1 GV invariant nq g(y) for primitive 8 as they are (virtually)
enumerating elliptic curves of class 8 incident to the cycle dual to ~.

Remark 2.6. For a general curve class 8 and any k > 1 such that k|B, one can similarly show

that any elliptic curve family Cé/k of class B/k contributes to (11 (’y)>DT4 by

)
/ 7y =n18/k0().
Cl
B/k

Therefore, all elliptic curve families contribute to (T (7)>?T4 by > ks m1,/k(7)-

3. THE EMBEDDED RATIONAL CURVE FAMILY

As a first illustration of the general case, we work out here all Gromov-Witten, Gopakumar-
Vafa and Donaldson-Thomas invariants for a family of smooth irreducible rational curves globally
embedding in a holomorphic symplectic 4-fold. We will see that the global embedding assumption
forces already almost all of our invariants to vanish.

3.1. Setting. Let X be a holomorphic symplectic 4-fold with symplectic form o € H°(X, Q%).
Consider a family p : C — S of embedded rational curves in the irreducible curve class 8 €
Hy(X,Z) parametrized by a smooth surface S.
We make the following assumptions:
(i) All fibers of p are non-singular (isomorphic to P!).
(ii) The evaluation map j : C — X is a (global) embedding.
(iii) All curves in class df for all d > 1 are unions of curves of the family C — S.
Let 0 € HY(X,0Q%) be the holomorphic symplectic form. Since the pullback j*(o) €
HY(C,Q2) vanishes on T}, there exists a 2-form o € H%(S, Q%) such that
p(@) = (o)
If o vanishes at a point s € S, then for every point x in the fiber Cs := p~!(s) the form o vanishes
on the image of T , — T'x j(2)- Since 0j(,) is non-degenerate, it can only vanish on a subspace
of at most half the dimension of T'x j(,), so this is impossible. Hence o does not vanish. We

conclude that S is a holomorphic symplectic surface, hence either an abelian or a K3 surface.
Moreover, consider the sequence

0—Te— j°(Tx) = Neyx — 0.
The form ¢’ = o|c € H°(C,j*0%) is non-degenerate; so the vanishing o’(T,,T¢) = 0 implies
that we have an isomorphism
o' 1T, = N x.
Example 3.1. Let S be the Hilbert scheme of two points on a holomorphic symplectic surface
S. The Hilbert-Chow map from S to the second symmetric product of S:

7 S Sym?(S)
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is a resolution of singularity [F], whose exceptional divisor D fits into the Cartesian diagram

D2, gl

P\L lﬂ’
A 2
where A is the diagonal embedding and p : D — S is a P*-bundle. The pair (S, 8 := j.[D,])
satisfies the assumptions (i-iii) for the family D — S.

3.2. Gromov-Witten invariants. In the setting (i-iii), we have the following computation of
Gromov-Witten invariants. In genus 0, one has the following description:

Lemma 3.2. For any vy1,...,7 € H*(X), we have
oW _34n . .
(To(71) -~ 70(m) g g5 = A7 /SHP*(J (7))-
i=1

Proof. By condition (iii) the evaluation map factors as

ev: Mon(X,dB) L C xg -+ xgC L2y xn,
~——_— ——
n times
Since Mg, (X, dB) is of virtual dimension 2 4+ n = dim(C xg - -+ x s C) we have
eV*[MQW(X, dﬁ)]Vir = ad[C Xg-+ Xg C]

By restriction to a fiber and using the Aspinwall-Morrison formula (see e.g. [O18] Prop. 7(i)] for
our context), we have

aq = d=3+n,
Consider the fiber diagram

- Xn

C cxsn Ly X
| |

S n C><S(n—1)

where 7, and 7 are the projections to the n-th and the first (n — 1)-factors respectively, and p
is the structure morphism. We obtain:

/ G N @ ® ) :/ () (@ @) T ()
CXST" CXST],

= /st(n_w (GO DY (11 @+ @ )P (04 (5% (7))

= /qil:[lp*(j*(vi)),

where we used that 7.7} (7*vn) = p*p«(j*v») and then induction in the last step. The claim
follows by putting these two statements together. O

In genus 1 and 2, we have:

Lemma 3.3. For any v € H*(X,Z) and d > 1, we have

cwW cwW
<TO(7)>1,d/3 = <®>2,dﬁ =0.
Proof. Under our assumptions we have an isomorphism of moduli spaces
Mi1(X,B8) 2 M;:(C,dF) = M;1(C/S,d),
where M 1(C, dF) is the moduli space of stable maps to the (total space of) C of degree d times
the fiber class F, and M1 1(C/S,d) is the moduli space of stable maps into fibers of C — S. By
comparing the perfect-obstruction theories of the first two moduli spaces one finds that:

(o)) = /[ eVt (7)) e(V),

Mlyl(c’dF)]vir

where the fiber of the bundle V at a point [f : ¥ — C,p1] € M1 1(C,dF) is the kernel of the
semiregularity map H' (3, f*(N¢,/x)) — H' (2, wg) = C.



GOPAKUMAR-VAFA TYPE INVARIANTS OF HOLOMORPHIC SYMPLECTIC 4-FOLDS

Similarly, the virtual classes of the latter two moduli spaces are related by
[M1,1(C, dF)]"™ = [M1,1(C/S, d)]"™ - e(EY @ p*(Ts)).
Since S is symplectic, we have: e(EY ® p*Ts) = ca(Ts) — A1c1(Ts) = c2(Ts). Hence

(o) s = [ evi (7 (1) p*(ca(Ts))e(V)

Mi,1(C,dF)]vir

evi(i*(v) p*ea(Ts))e(V)

(M1,1(C,dF)]vir
0,

where in the last step we used that j*(v) p*c2(Ts) =0 € H*(C) for dimension reasons.
The case of genus 2 is similar (using the Mumford relation ([1.13))).

We also have the following vanishing:

Lemma 3.4. For any v € H*(X,Q) and d > 1 we have:

(ro(M)70(e2(X)))g g5 = 0.

Proof. Consider the invariant (7 (7)>OGZV By Lemma we have

(3.1) (neey = [ (e

Applying Lemma to the divisor [C] € H?(X,Z) which satisfies [C] - 8 = —2, we also have:
1

(3.2) (MMgs = MMy + (7a(r- D)y s -

Since N¢,x = T,/ = wp, we have

W - -
(- le)ey = [Gen = [ meata).
Comparing Eqn. (3.1) and Eqn. (3.2)), we conclude with the help of Lemma that:

GW

(33) 0= (mm(CP)es = [ ")) -puler (T,)?)
The pair of short exact sequences

0—=To = j*Tx =T, =0,
0T, —Tc—p"(Ts) =0

shows that

7 (e(X)) = 14 p*(ca(9)) — er(T5)?
and hence
(3.4) 7*(ea(X)) = p*(ca(9)) — er(T)%.

Inserting into Eqn. (3.3]), we find

[ pG ) G @) =0,
By Lemma [3.2] this implies the claim (for all d > 1).

We will also require the following evaluation.

Lemma 3.5. For any v € H*(X,Q), we have

GW 1

(3.5) (e = 5 L3 ) eater)

Proof. By Lemma 1.1 applied to D = [C] € H*(X,Z) (which satisfies D - 8 = —2) we have:

() = 72 (oo ([C) g + (ol - [CD)

By Eqn. (3.3) and Lemma the first term vanishes. And by Lemma again we get:

(- D) = 5 77010 = 35 [ 7 @erte)

23
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3.3. Gopakumar-Vafa invariants. We compute all ¢ > 1 Gopakumar-Vafa invariants in the
setting (i-ii).
Lemma 3.6. For any v € H*(X,Z), we have

n1,p(7) = nap = 0.

Proof. By Lemmata [3.3] and [3.4] and the definition of Gopakumar-Vafa invariants it suffices to
show that Nyodal,g vanishes. Since Mg (X, 8) =C x s C we have

1 L s .
Niodal,g = 5 / (Jx3)"(Ax) — /7 , P7 + evi(ea (X)) | -
2 CxsC [Mo,1(X,B)]vir

To evaluate the first term we use that the preimage of the diagonal under j xj :CxgC — X x X
is equal to C and that the refined intersection has an excess bundle which is an extension of Tg
and Tpv . For the second ierm we use Eqn. (3.4) and that by Lemma we have 1 = —c1(T})
under the isomorphism Mg 1 (X, 8) = C. With this the above becomes:

=3 [[emmam) - [Camr+oes) - amcam)

2
1
=3 [—2e(S) + 2¢(S)] = 0,
where we used 11 = —c1(T},) under the isomorphism Mg (X, 3) 2 C by Lemma O

3.4. DT, invariants.

Lemma 3.7. In the setting (i-iii), for certain choice of orientation, we have

(). )y = [ T1030),

("™ = =5 [0,
(@)™ = 55 [ O - 5 [ 5 -0)

DT, 1

)™ = 57 [ @) a,).
Moreover, all DTy invariants vanish in curve class d for d > 1.

Proof. The computation is essentially done in By [CMTI18|, Lem. 2.2], any one dimensional
stable sheaf in class df is scheme theoretically supported on a fiber of p : C — S. Therefore

(3.6) Mg =S, Mgp=0,ifd>2.
And their virtual classes satisfy
(3.7) [Mg]"'" = £[S], [Mag]"" =0, if d > 2.

Under the isomorphism (3.6 and the commutative diagram

C =) Sx X

N

J

X,

the normalized universal family Fyopm is .O¢. By Grothendieck-Riemann-Roch formula,
(3.8) ch(i,O¢) = i (td ™ (Ne/sx x))

=i, (1 - %cl(wp) + % (c1(wp)? — 5 ea (X)) + icl(wp) .j*02(X)> .

Therefore
Ti(7) = mss (X7 U chypy3(i.0c))
= TS« (7&’7 Uiy [td_l(NC/SxX)]deng)
= D= (.]*7 U [tdil(NC/SXX)]ngC k) :
Combining with Eqns. (3.7)), (3.8), we are done. O
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To sum up, combining Lemmata [3.2H3.7, we obtain:

Theorem 3.8. Conjecture[1.9 and Conjecture[2.9 hold in the setting specified in §3.1]

4. TAUTOLOGICAL INTEGRALS ON MODULI SPACES OF SHEAVES ON K3 SURFACES

In this section, we compute several tautological integrals on moduli spaces of one dimensional
stable sheaves on K3 surfaces. These will be used in Section [5| to compute DT, invariants on
the product of K3 surfaces, though they are interesting in their own right.

4.1. Fujiki constants. The second cohomology H?(M,Z) of an irreducible hyperkihler variety
carries a integral non-degenerate quadratic form

q: H*(M,7) — Z,

called the Beauville-Bogomolov-Fujiki form. By the following result of Fujiki [Fuji] (and its
generalization in [GHJ]) it controls the intersection numbers of products of divisors against
Hodge cycles which stay Hodge type on all deformations of M:

Theorem 4.1. ([Fuji], [GHI, Cor. 23.17)) Assume o € H*(M,C) is of type (2j,2j) on all
small deformation of M. Then there exists a unique constant C(a) € C depending only on «
and called the Fujiki constant of a such that for all § € H?(M,C) we have

(4.1) /Ma BT = O(a) - q(B)" .

In this section, we consider the Hilbert scheme S of n-points of a K3 surface S, which by
the work of Beauville [Bea] is irreducible hyperkdhler. We will prove a closed formula for the
Fujiki constants of all Chern classes of its tangent bundle.

For k > 2 even, we define the classical Eisenstein series

(4.2) Grla) = 5 + S d g,

nz1 dn
where By, are Bernoulli numbers, i.e. By = %, By = —%, ---. For example, we have
1 n
Ga(q) = 51 + Zqu .
n>1 dln
Theorem 4.2. Let S be a K3 surface. For any k > 0,
L @2k d ¥ .
5 Clem-aTo)a” = S (a4 6aa)) T -4,

n>k n>1

The first coefficients are listed in Table [3] Remarkablely, the right hand side in Theorem
is up to the prefactor (2k)!/(k!2¥) precisely the generating series of counts of genus k curves on
a K3 surface passing through k generic points [BL]. This suggests a relationship to the work of
Géttsche on curve counting on surfaces [G98]. The proof presented below uses similar ideas as
in [G98], but we could not directly deduce it from there. The relationship to curve counting on
K3 surfaces will be taken up in a follow-up work.

Proof. Let L € Pic(S) be a line bundle on an arbitrary surface S. Consider the series

o= qn/ o(Tgim) € Fm),
n=0 S

where we let L,, = det(L") ® det(O?])’l. Since the integrand is multiplicative, by [NWJ, Prop
3] (which immediately follows from [EGL]), there exists power series A, B, C, D in ¢ such that for
any surface S and line bundle L, we have

$g 1 =exp (cl(L)2A +eci(L) - ¢1(S)B+ c1(S)*C + CQ(S)D) .
The Gottsche formula
1
®s0 = qn/ con(Tgim)) = _
g stn) 5 };[1 (1 —qn)e)
shows then that C = 0 and provides an explicit expression for D. Hence we have

Qg = H(l - q")fe(s) exp (cl(L)QA + C1(L)C1(S)B) )

n>1
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Co C2 Cyq Ce Cg €10 C12
Sl 1
st 24
Sl 3 30 324
SBIL 15 108 480 3200
SH 105 | 630 | 2016 | 5460 | 25650
S 945 | 5040 | 13500 | 26184 | 49440 | 176256
S161 | 10395 | 51030 | 122220 | 198300 | 266490 | 378420 | 1073720

TABLE 3. The first non-trivial Fujiki constants of the Chern classes ¢ :
cix(Tgm) of Hilbert schemes of points on a K3 surface.
Theorem [£.2] appears in the diagonals, e.g. the cases k = 0,1 are the functions:

The modularity of

[T = a7 =1+ 24 + 324¢> + 3200¢° + - -

n>1

d
-G 1—¢") " = 30q2 + 480¢> + 5460q¢* + - - -
(qdq z(q))H( q") g+ 30¢” + 480¢® + 5460¢" +

n=1

Replacing L by L®! for t € Z shows that

(4.3) Zq / (T ) et ) = TT (1 = ¢") ) exp (e1 (L)**A + c1(L)er (S)tB) .

] n=1

Since both sides are power series with coefficients which are polynomials in ¢, and the equality
holds for all t € Z, we find that Eqn. (4.3)) also holds for ¢, a formal variable. We write ®g 1, (¢)

for the series (4.3). We argue now in two steps.

Step 1: Specialization to K3 surfaces. Let S be a K3 surface. Since S
symplectic, its odd Chern classes vanish. Together with Eqn. (4.1)) and q(L

sL(t)=> q Z /s[n] Con—ak (Tt )e1 (Ln) 7

n=0

= Z ZC con—2k(Tsm))q"

k>0
On the other hand, we have

Og0(t) = [J(1 =) expler(L)*F°A).

n>1

By taking the t?* coefficient we obtain that

(4.4) Z Clcan—2k(Tsm)) ¢" = %A(Q)k H (1

n>k ’ n>1

Step 2: Specialization to abelian surfaces. Let A be an abelian surface with a line bundle

L € Pic(A) such that ¢;(L)% # 0. Let o : A" — A be the sum map, and let

Kum,,_1(A) =0 1(04)

be the generalized Kummer variety of dimension 2n — 2. We have the fiber diagram

A x Kum,_1(A) —2— Al

ko
A—" LA

In particular v is étale (of degree nt), which implies that

VT g1 = pri(Ta) © pry(Tkum, _,(4))-

Since the Chern classes of an abelian surface vanish, we obtain

V*C(TA[n] ) = PYSC(TKumn,l (A))
Moreover one has (see [NW| Eqn. (2)]) that

V(L) = pri(L%") @ (Lnlkum, () -

is holomorphic
n) = c1(L)? this gives
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We obtain that

1
/ Cl(Ln)202n72(TA[n]) = —4/ Cl(l/* (Ln))2c2n72(V*TKumn_1(A))
Aln) " JAxKum, _1(A)
1
= @@ [ e, )
1
= E(CI(LF) e(Kum,,_1(A)).

Using that e(Kum,_1(4)) =n° 3", d (ref. [GS]) and Eqn. (£.3), we conclude that

(@(L2)-A@) = @as®le =5 30" [l enaTan)

n>0
S N
n=l  dln
where [~ denotes the coefficient of ¢? term. Hence
1 d
A —Ga(9).
(9) = 595,G>(@)
Combining with Eqn. (4.4]), we are done. ]

For completeness we also state the Fujiki constants of Chern classes of the second known
infinite family of hyperkéhler varieties, the generalized Kummer varieties.

Proposition 4.3. For any k > 0 and abelian surface A, we have
2k)! d\>( d ,\"
Clenm-an(Ticumy ) ™ = — 20 (04) (446,)
nz;k (c2n—2k(Tkum, (4))) 4 G \Tag ) (93,

Proof. Using the universality (4.3)) and the value of A(q) we computed above, one concludes that
for any line bundle L on A, we have:

@) d o\ e
ot (43:G2) (@@
=0 [ el Taer Lo
n=0 )
n 1 * 7 2k
= d"— Con—ok (V" (Tat))er (v* L)
n>0 " JAxKum, _1(A)
1 _
= Z ( ) </ CI(L)2) q(Ln|Kum,,L,1(A))k 1C(CQn—2k(TKum,,Lfl(A)))-
n? A
n=0
Using q(Ln|kum,_;(4)) = ¢1(L)* we conclude the claim. O

Remark 4.4. It is remarkable that all Fujiki constants of cx(Tx) for X € {SI" Kum, (A4)}
are positive integers. By the software package ‘bott’ of J. Song [Son|, the same can be checked
numerically for arbitrary products of Chern classes of the tangent bundle (up ton < 10). We also
refer to [CJL ] for some general results on positivity of Todd classes of hyperkahler varieties, and
to [OSV] for a discussion on positivity of Chern (character) numbers. This suggests the question
whether all (non-trivial) Fujiki constants of products of Chern classes on irreducible hyperkdhler
varieties positive. This question was raised independently and then studied in [BS| [Saw].

4.2. Descendent integrals on the Hilbert scheme. We now turn to integrals over descen-
dents on Hilbert schemes, which are defined for o € H*(S) and d > 0 by

Ga(a) == it « (75 () chy(Oz)) € H*(SM),
where T, Tg are projections from SI™ x S to the factors. We prove the following evaluations:
Proposition 4.5. Let p € H*(S) be the point class. Then

2.4 / oy CT5m1)®2(P) = (214+G2) [Ta-am—=

n>=0 n>1
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Proof. This is a special case of [QS], but we can give a direct argument. For any surface S and
K-theory class x € K(S) with chg(z) = chy(z) = 0 consider the series

5.=3 " / (T2 @™
n>0 /St
By [EGL] and since we know the answer for = 0, there exists a series A(g) such that
b5, = H (1 —q") * exp (chy(z)A).
n>1
Setting x = tO,, we in fact get the equality of
Z q / TS - ) cho (Ot _ H(l B qn)724 exp (At) )
n>0 Stnl n>1
Case 1: K3 surfaces. By GRR and taking the t!'-coefficient, one finds that
(45) Sa [ elTan®ale) = (@l = A [T 0 -2
n=0 n>1

Case 2: Abelian surfaces. For an abelian surface A, similar as before, we have

1
/ eama(Tyi) chy (O = = / v (cha (O ean—2(Ticum, 1 ()
Aln] AxKum,_1(A)

n4

e(Kum, _1(4)) 1 3

Here we used that v* chg(O,[,n])| Axpt = np. (To see the last statement, consider the diagram

vxid

A x Kum,, _1(A) x A 225 Al x A

! iy

A x Kum,,_;(A) —%—— Al
i !
A nx A.

Let Z ¢ A" x A be the universal subscheme, and let Zxym C Kum,,_1(A) x A be its restriction
to the Kummer. Inside A x Kum,,_; — A, we have an equality of subschemes:

(v % id)7(2) = mi3 (Zkum),

where mq3 is the addition map on the outer factors. Restricting to A x pt x A we find that
mM13[ % pixa(MP) = nA 4. Then the claim follows from the deﬁnition). We hence obtain that

Alg) = [®ailn =D ¢ / . Can—2(Tam) cha(OF) = — + Ga(q).

24
n=0
Combining with Eqn. (4.5, we are done. (I
Proposition 4.6.
(i) / Coa—2(SIMG5(D) =0 for all divisors D € H?(S,Q),
sl

(ii) > q / (T )B4 (1) = (—20G3 — 2Go — 5/3G4 — 1/24) [ (1 — ¢™) >,

n=0 n>1

where Gy, is given in (4.2)).

Proof. Recall that for any hyperkahler variety X, the Looijenga-Lunts-Verbitsky Lie algebra
g(X) is isomorphic to so(H?(X,Q) ® Ug), where U = (2 (1)) is the hyperbolic lattice [LLL [Ver95,
Ver96]. The degree 0 part of the Lie algebra splits as go(X) = Qh @ so(H?(X,Q)) where
h is the degree grading operator. Looijenga and Lunts show that for the natural action of
g(X) on cohomology, the subliealgebra so(H?(X,Q)) acts by derivations. In other words, if
t C so(H?(X)) is a maximal Cartan, we have a decomposition

:@V)n

Ait—Z
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which is multiplicative, i.e. Vy -V, C Vay,. Here A runs over all weights of the torus and V) is
the corresponding eigenspace.

For a Hilbert scheme, let § = cl(O[S"]) and recall the natural decomposition
H?(Sy = H2(S) ® Q0.

We consider the subliealgebra so(H?(S)) C so(H?(X,Q)) and for a Cartan t' C so(H?(S)) the
associated decomposition

H (S = P V.
pt' =7

Since Chern classes are monodromy invariant, they lie in Vp; see [LL] for a discussion. If D =0
there is nothing to prove. Otherwise, we can choose the Cartan t' such that D lies in a non-zero
eigenspace of the action of so(H?(S)) on H%(S,Q). Since the map v + i+ (cha(Oz)7% (7))
is equivariant with respect to the action of so(H?(S)) on H*(SI4) and H*(S) respectively, we
conclude that also

®3(D) = mhib « (ch3(Oz)m5(7))

is of non-trivial weight with respect to t', i.e. lies in V}, for p # 0.

By multiplicativity of the decomposition, it follows that the integrand coq_o(S!¥) - &3(D) is
of non-zero weight, hence its integral must be zero. This proves (i).

For part (ii) we start with the vanishing from part (i): For any divisor W € H?(S,Q) we have

/[ ] caa—2(ST)B3(W) = 0.
Sin

In the notation of [NOY] Eqn. (36)] consider the element hps = F Ad in so(H?(X,Q)) for some
F € H%(S,Q). Since the integrated degree 0 part of the LLV algebra acts as ring isomorphisms
and preserves the Chern classes (see [LL]), we have

o) /sm caa—a (S (S3(W)) = / e (caa—a(S)B3(W))

snl
- / Caa (ST B3 (W) = 0.
St
By [NOYL Prop. 4.4], we have that
hps(®3(D1)) = —62(F)Go(W) — (F,W)G5(1)&(p) — (F,W)B4(1).

Taking the derivative %h:o of Eqn. (4.6, we find that:

(w) [

Sl

c(Tsim )®4(1) = —/

(Tt (F)B(W) — n(F, W) / (Tt B3(p).
Sln]

Sinl
Note that by Theorem [4.2] we have
n n\—24 d
Sa" [ eTu)®aP)ea) = (R W) [T - a) a5 Calo).
nz0 7S n>1 4
Moreover, by considering log-derivative, one has
d _ e
(4.7) a5 [T0 - =TI =) (1 +24G).
q nz=1 n>1
Therefore we find as desired

(4.8) Z q”/

n>0 Sin]

o(Tor)®a(1) = — [[01 - ) (quqca(q) (o + G+ 24G2>)

24
n>=1
=— [[ (= q")*(5/3G4 + 20G3 + 2G2 + 1/24),

n>1

where we used the following Ramanujan differential equation [BGHZl, pp. 49, Prop. 15]

d 5
qdquz(Q) = —2G>(q)* + 6G4(Q)~ O
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4.3. Descendent integrals on moduli spaces of 1-dimensional sheaves. Let 5 € Hy(S,Z)
be an effective curve class and let Mg 3 be the moduli space of one dimensional stable sheaves
F on S with [F] = g and x(F) = 1. By a result of Mukai [M], Mg g is a smooth projective
holomorphic symplectic variety of dimension 8% + 2. Let F be the normalized universal family,
i.e. which satisfies det Rmps.F = Oprg ;. For o € H*(S), we define the descendents

0a@) = mar. (5 (@) cha(F)).
We have the following evaluations:

Proposition 4.7. Let 3 € Hy(S,Z) be an effective curve class. For the point class p € H*(S)
and D € H*(S), we have

) [ crmm=m ().
(i [, o) =—-mv (),

2
(i [ et o =-v (F).
]\/[s,g
where Ni(1), N'(1) for alll € Z are defined by the generating series

19 S M4 = | T e | (156200

lez q n>1
1+ 30q + 480¢% + 5460¢> + 49440¢* + 378420¢° + 25401604¢° + - - -,

1 1 d 1
/ l _ - . _
ZN(l)q = 1‘[7(17(171)24 (qqu2+G2+Q4)

leZ q n>1
= 24 57¢ + 880¢% + 9735¢> + 86160q¢* + 646850¢° + 4269888¢° + - - - .

4.4. Transport of integrals to Hilbert schemes. For the proof of Proposition [4.7] we will use
the general framework of monodromy operators of Markman [MO8] (see also [022a]) to transport
the integrals to the Hilbert schemes.

Consider the Mukai lattice, which is the lattice A = H*(S, Z) endowed with the Mukai pairing

(o) = [ =
S
\Y

where, if we decompose an element € A according to degree as (r,D,n), we write ¥ =
(r,—D,n). Given a sheaf or a complex of sheaves E on S, its Mukai vector is defined by

v(E) := +/tdg - ch(E) € A.
Let M (v) be a proper smooth moduli space of stable sheaves on S with Mukai vector v € A
(where stability is with respect to some fixed polarization). We assume that there exists a
universal family F on M (v) x S. If it does not exist, everything below can be made to work by
working with the Chern character ch(F) of a quasi-universal family, see [MO§] or [022a]. Let
71, Ts be the projections to M(v) and S. One has the Mukai morphism g : A — H2(M(v))

defined by
)= o (3085

where [—]geg=r stands for extracting the degree k component and where (as we will also do
below) have suppressed the pullback maps from the projection to S. The morphism restricts to
an lattice isometry

(4.10) Or : vt — H?*(M(v),7Z)
where on the right we consider the Beauville-Bogomolov-Fujiki form. Define the universal class
0
Uy = €XPp <<F(U;> ch(F)+/tdg,
v,V

which is independent of the choice of universal family F. For z € A, consider the normalized
descendents:

B(x) = mare(uy - V),

and let By(x) = [B(x)]deg=2k its degree 2k component.



GOPAKUMAR-VAFA TYPE INVARIANTS OF HOLOMORPHIC SYMPLECTIC 4-FOLDS 31

Example 4.8. For v = (1,0,1 — d), the moduli space becomes the punctual Hilbert scheme:
M(v) = S, Then we have

uy = exp (‘5) oh(Z2)y/ids,

2d — 2

where we let § = m,. chs(Oz) (so that —20 is the class of the locus of non-reduced subschemes).
We define the standard descendents on the Hilbert scheme by

Ba(a) = T« (75 (@) cha(Oz)) € H* (1),
where a« € H*(S). One obtains that

1
Bi(p) = 94—
1 8
Bs(p) = 2@d—272 &2(p)-
For a divisor D € H*(S) one finds
Bi(D) = &5(D),
0
By (D) = &5(D) — 2d7_2?52(D)~
And for the unit,
1
Bl(].) == —56,
3 62
By(1) = 129432 G2(p) — B4(1).

Example 4.9. Let 8 € Pic(S) be an effective class of square 8- 8 = 2d — 2. For the Mukai
vector v = (0, B,1) the moduli space is M (v) = Mg g. Let F be the normalized universal family,
i.e. which satisfies det R F = O. For « € H*(S), we define as before the descendents

oda(e) = T« (ms(a) cha(F)).
By the normalization condition and GRR, we have:
(4.11) c1(RmaF) = 03(1) 4+ 201 (p) = 0.
Moreover, by a direct computation, one also has:
Bi(p) = o1(p),
Or(v) = —02(8) + o1(p),
Using the vanishing c1(RmpF) = 0 again yields

O (v) ﬂ _ Or(v) 1
deg 2

2d — 2 = (o1(p) — 2(8))-

Bi(1+p) = [ch(RmE exp ( 2d-2" 2d-2

This shows
02(B) = 01(p) — (2d — 2)B1(1 + p),
Or(v) = (2d — 2)B1(1 + p).

By rewriting the B’s in terms of the o’s using the formulae above and then inverting the relation,
we obtain for all D € H*(S) by a straightforward calculation the following:

o1(p) = Bi(p),
02(D) = —(D - B)Bi(1 + p) — B1(D),
and

o2(p) = Ba(p) — B1(p)B1(1 +p),

03(D) = —By(D) + B1(D)B1(1+p) + 5 (D - f)Bi(1 + p)?,

N[ —

73(1) = By(1 — p) + 2B() By (1 + p) — 5 Br(1+ )’
= Byl —p) — 5 Ba(1+ p)Bu(1 — 3p).

For later, we also record some pairings with respect to the Beauville-Bogomolov-Fujiki form:
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Lemma 4.10.
03(1) - 01(p) =0, o1(p)-02(D) =D B, o3(1)- 02(D) =—-2(D-B).
Proof. By Eqn. and since is an isometry and moreover B(—)|,. = 0f|,1 we have
03(1) - o1(p) = —201(p) - 01(p) = —2B1(p) - B1(p) = 0.
Similarly,
o1(p) - 02(D) = Bi(p) - (=(D - B)B1(1 +p) — B1(D)) = =(D - B)(p-1) = D - 5.
The last one uses again Eqn. . O

Using the descendents By (x), one allows to move between any two moduli spaces of stable
sheaves on S just by specifying a Mukai lattice isomorphism g : A @ Q - A ® Q. We give the
details in the case of our interest, see [MO0S8| [022a] for the general case.

We want to connect the moduli spaces

Mg g ~ sldl,
Define the isomorphism g: A @ Q - A ® Q by
1+ (0,0,1), pw (1,—B,d—1), (0,D,0) (0,D,—(D-B)),
for all D € H?(S,Z). The isomorphism was constructed so that
(0,8,1) = (1,0,1 —d), 1+ (0,0,1), (2d—2,5,0)~ (0,8,0), gl{1pp: = id,
which shows that it is a lattice isomorphism. Then one has:
Theorem 4.11. (Markman [MO08, Thm. 1.2], reformulation as in [022a, Thm. 4]) For any
ki >0, a; € H*(S) and any polynomial P,

/ P(By (a1), ¢ (Tars ) = / P(By. (g0s), ¢ (Tsim))-
Ms s

Sldl

4.5. Proof of Proposition Let 8 € Ha(S,Z) be an effective curve class with 32 = 2d — 2.
We begin with the first evaluation. The strategy is to use Theorem and the formulae given
in Examples [4.8] [£.9] to move between the standard descendents and Markman’s B-classes. We
obtain:

| el oalo)
Ms,p
:/M c2d—2(Ths ) (B2(p) — Bi(p)B1(1+ p))

:/S[d] ¢3a-2(Tsi)(Ba(1 = B+ (d = 1)p) = Bi(1— B+ (d— 1)p)B1(1— B+ dp)).
Observe that:
Bi(1 -8+ (d—1)p) = —d — &2(B),

Bl(l — ﬁ-l—dp) = —(5 — @2(5) — 26{%2,
52 4]
Ball = 8-+ (d = D) = 57— — da(9) - ©4(1) ~ (a(6) - 37502(9))

Using the vanishing in Proposition (i) we find that

/W] caa2(Tota) Ba(1 = B+ (d — 1)p)

= [ sl <2j_2 - dwa(p) - 04(1) )

=—C(caqg—2(Tga)) — /Sldl cad—2(Tsia)(dG2(p) + B4(1)),

as well as
/S | enaa(Tsa) Byl = B+ (d = Dp)Bi(1— 5+ dp) = ~Cleza-a(Tsia)

Let us write
Ad =/ c2d—2(Tvg 5)o2(p),
MS,E
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which is well-defined since the above shows that the right hand side only depends on d. Taking
generating series and using the evaluations of descendents on S (in particular, the expression
(4.8) and the differential equation (4.7))), we conclude

S Au' == Ya" [ o T (d8a(p) + ©4(1)
d

a0 JS¢

(M(q)(1/24 + Ga)) + M(q) (qucz i (214 +G2) 1 24G2))

where we denote M(q) = [[,~,(1 — q")~2*. This proves the first evaluation (after shifting the
generating series by q).
For the second case, one argues similarly, and obtains

/ ¢oao(Taso ) )os(D) = (D - B) ( / c2d_2<TS[d])e52(p>+c<C2d_2(T5[d]>>).
Ms Sldl

In the third case, one obtains

/ CZd—Q(TMs,5)04(1):/ c2d—2(Tsia)(G4(1) + (d — 1)&3(p)). U
Ms,s Sld]

5. PRODUCT OF K3 SURFACES

In this section, we consider the product of two K3 surfaces S and T
X=5xT.

If the curve class 8 € Ha(S x T,7Z) is of non-trivial degree over both S and T, then one can
construct two linearly independent cosections, which imply that the reduced invariants of X in
this class vanishm Because of that we always take 5 in the image of the natural inclusion

Ly - HQ(S, Z) — HQ(X, Z),

where ¢ : S x {t} < X is the inclusion of a fiber. In we first discuss the computations of
GW/GYV invariants. Then we completely determine all DTy invariants. By comparing them, we
prove Conjecture 2.2]for X =S x T

5.1. Gromov-Witten invariants. For § € Hy(S,Z) C Hy(X,Z), by the product formula in
Gromov-Witten theory [B99], the reduced virtual classes satisfy

o . (Mo, (S, 8)]Vr x [T] if g =0
(5.1) [Mgn(X,B)]"" =S [M1,(S,B)]"" x (c2(T)N[T]) ifg=1
0 if g > 2.

The Gromov-Witten theory of K3 surfaces in low genus is well-known.
In genus 0, one defines BPS numbers ng g(S) by the multiple cover formula

(52) dealMoo(S, A" = 32 5 mo(S).

kZz1,k|B

By the Yau-Zaslow formula proven by Klemm, Maulik, Pandharipande and Scheidegger [KMPS],
the invariant ng g(S) only depends on the square B2. By the evaluation for primitive curve classes
due to Bryan and Leung [BL], one then has

:3) ns(5) =3 (5 ).

1 1
(5.4) Y Nohd =-1] D

leZ q n>1
= ¢! 424 + 324¢ + 3200¢° + 25650¢> + - - - .

100 course, one may work with 2-reduced invariants but the moduli spaces becomes more difficult to handle.
We leave the study of the 2-reduced theory to a future work.
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In genus 1, by Pandharipande-Yin [PY] pp. 12, (8)], we have the multiple cover formula
ﬂ2
(5.5) /7 evi(p)= Y kN <2k2> ,
[M1,1(S,8)]v" k>1,k|8
where Ny (1) is defined as in (4.9)) of the last section, that is

1 1 d
ZNl(Z) ¢=1|- H TR <qG2(q)>
ez q n>1 (1 —q ) dq

= 1+ 30q + 480¢° + 5460¢°® + 49440¢* + 378420¢° + - - - .

We remark that although genus 2 Gromov-Witten invariants are zero (5.1)), the corresponding
Gopakumar-Vafa invariants are nontrivial (Proposition [5.1]).

5.2. Gopakumar-Vafa invariants. Let v,7 € H*(X) be cohomology classes and
¥=A41-1@p+D1®@D2+A2-p®1,
Y =A-1p+Di@Dy+ A, - p®1

be their decompositions under the Kiinneth isomorphism:

HY(X) = (H(S) © HA(T)) @ (H(S) ® HA(T)) @ (H*(S) & HO(T)).
Fix also a curve class
a=02p+p®b, c H(X) = (H*(S)® HYT)) ® (H*(S) ® H*(T)).
Proposition 5.1. For any effective curve class 8 € Hy(S,Z) C Hy(X,Z), we have

() = 019+ (04-9)- [ (02053 (2.

(@) = 61 5) 0 ().
If B is primitive, we have

2 2
n1g(y) =24 Ay Ny (i) . nap =N, (i) ’

where N1(l) is defined as in (4.9) and

(5.6) > Nao(l)q' = 1 11 _ (24qqu2 —24G, — 1)

_ an\24
IEZ q n>1 (1 q )
= 72q + 1920¢° 4 28440¢> + 3052804 + 2639760¢° + 19450368¢° + - - - .
In particular, Conjecture holds for X =S x T.

Proof. By the divisor equation, we have

GW

(o(M70(Y))g 5 = (D1-B)(Dy-B)- / (Ds - D3) - deg([Mo,0(S, B)]"™),
T
GW AT vir
<To(04) 0.8 — (01 - B) - deg([Mo,0(S, B)I'™).
The genus 0 formula hence follows from Eqn. (5.2]) and the Yau-Zaslow formula (5.3). In genus
1, the product formula (5.1) and Eqn. (5.5)) imply that for any effective class 5 € H(S,Z) we
have:

(5.7) <T0(’)/)>?;;V = Ase(T) / ev'(p) = Ay e(T) Z k- Ny <B> )

[M1,1(S,8)]vir k>1,k|B

Moreover, by the first part we have

<70(’Y)7'0 (CQ(X))>OG7;V =0.

Hence taking these formulae for primitive S yields the result.
For the genus 2 Gopakumar-Vafa invariant, let 8 be primitive. Observe that we have

(@)gy =0, nuplea(X)) = 22N (82/2),  (mo(ea(X))?)5y =0.
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The nodal invariant is computed as follows:

1

Nuodalp = 5 [<TO(AX)>§;V = <T1(02(TX))>§;V}

1
— 24/ (evy X eva)*(Ag) — 24/ U
2 [Mo,2(S,8)] " (Mo, (S,8)]¥"

1
= 5 [24(8- HINo(5%/2) +2 - 24No(5°/2)] .
If By, is a primitive curve class of square 32 = 2h — 2, we conclude:

1[,.d (1 1
h—1 _ -~ —
Z Nnodal,8,,9 9 |:48qdq <A(q)) * 48A(Q):|

h>0
1 1

= 2426*2(q)m + 24@’

where we used A(q) = q[],5,(1 — ¢")** and the identity (ref. Eqn. ([.7)):

d 1 _24G2(q)
qdq<A<q>>‘ Alg)

Using the definition of ny g, we conclude that:

1 (gl L
an,ﬂhq = (24A<q)qqu2(Q)> (24G2(q)A(q) + A(q))

h>0

_ ﬁ (24(1;202((1) —24G(q) — 1> .

This is exactly the desired result. [l
We will also need the following later (in the appendix):
Lemma 5.2. For any effective curve class 8 € Hy(S,Z) C Ho(X,Z), we have
GW 1 B/k)?
(r1(7) 05 = —241 Z E'NO (( /2) :
k>1,k|8

Proof. Consider a divisor D = pri(a) € H*(X) with d := a - 3 # 0. By Lemma and
Eqn. (5.1) we have

(M(M)oy = —5(m(v- D)) s

2
:—fAl/ ev'(a)
d " J[3To . (5.8)

= —24; deg[Mo,(S, B)"".
By Eqn. (5.2) and the Yau-Zaslow formula ([5.3]), we obtain the claim. O

5.3. DTy virtual classes. The moduli space M3 of one dimensional stable sheaves on X satisfies
(e.g. [CMT18, Lem. 2.2]):

(58) Mg = MggxT,

where Mg s is the moduli space of one dimensional stable sheaves F' on S with [F] = 8 and
X(F) = 1. By aresult of Mukai [M], Mg g is a smooth projective holomorphic symplectic variety
of dimension 52 + 2. In order to determine the DTy virtual class of Mg, we first recall:

Definition 5.3. ([Swl, Ex. 16.52, pp. 410], [EGl Lem. 5]) Let E be a SO(2n,C)-bundle with
a non-degenerate symmetric bilinear form @ on a connected scheme M. Denote Ey to be its
positive real formE|. The half Euler class of (E,Q) is

e*(E,Q) = *e(Ey) € H*™(M,Z),
where the sign depends on the choice of orientation of E .

HThis means a real half dimensional subbundle such that Q is real and positive definite on it. By homotopy
equivalence SO(m, C) ~ SO(m, R), it exists and is unique up to isomorphisms.
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Definition 5.4. ([EG], [KiP| Def. 8.7]) Let E be a SO(2n,C)-bundle with a non-degenerate
symmetric bilinear form Q on a connected scheme M. An isotropic cosection of (E,Q) is a map

(;5 E— OM,
such that the composition
Q
popY : 0Oy —EYEZE - Oy
is zero. If ¢ is furthermore surjective, we define the (reduced) half Euler class:
eta(E,Q) = (" 0m)" /(6" On), Q) € H™"*(M, Z),

as the half Euler class of the isotropic reduction. Here Q) denotes the induced non-degenerate
symmetric bilinear form on (¢VOn)*/(¢V Onr).

We show reduced half Euler classes are independent of the choice of surjective isotropic co-
section.

Lemma 5.5. Let E be a SO(2n, C)-bundle with a non-degenerate symmetric bilinear form @Q on
a connected scheme M and
(;5 E — Oy
be a surjective isotropic cosection. Then we can write the positive real form Ey of E as
E. =& oR?
such that )
era(E,Q) = £e(&y).

Moreover, it is independent of the choice of surjective cosection.

In particular, when E = O%2 @V such that Q = <(1) é) ®© Qlv, we have

1
¢rea( B, Q) = =2 (V.Qlv).

Proof. Let E_ :==+\/—1-E,, then E = E, ® E_. Since ¢ is surjective, ¢V determines a trivial

subbundle Oy of E. In the diagram:

Om—2~E=-FE.0FE_

Eia

for v € ¢¥(Oypy), write v = vy +v_ based on above decomposition. The isotropic condition gives

0=Q(v,v) = Q(vy,v4) +2Q(v4,v-) + Q(v—,v-).

If vy =0, then Q(v_,v_) = 0 which implies v_ = 0 as  on F_ is negative definite. Therefore
the composition 74+ o ¢V determines a trivial subbundle R C E.
We write (¢ On )t = Ve @V for Vi = EL ) (¢VOn)t, which fits in the diagram

¢V (Onr) = (¢VOn) " E

C
RoR Vy® V. E,®E_.

Then rankg V, + rankg V_ = 4n — 2 and rankg Vi < rankg E+. As (¢VOn)t /(¢ Oyr) has an
induced non-degenerate symmetric bilinear form, so

rankg V4 =rankg V_ = 2n — 1.
Let £ := V /R, by the metric Q|y, on Vy, we may write
(5.9) Vi=&E DR

Under the identification EY g FE, we have
Ker(¢) = {v € E|¢(Q(v, -)) = 0}
={ve E|Qv,¢"Oy) =0}
= (¢VOn) .
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Therefore E/(¢¥Opn)* é Op. By using the metric Q|g, on E, we may write
E, =V, ®R.

Combining with Eqn. , we have
E,. =& oR%

By definition, the reduced half Euler class is the Euler class of &;.

Given two surjective cosections ¢y, @a, if ¢y Opr = ¢y Opr, then the bundle £, they determine
are the same, so are the reduced half Euler classes. If ¢Y Ops # ¢y Oy, we divide into two cases:
(1) when ¢y Onr C (¢YOpr)t (which automatically implies ¢y Opr C (¢y Oar)t), it is easy to
see the corresponding £, has a trivial subbundle R, so both reduced half Euler classes vanish.
(2) when ¢y On € (¢YOnr)t (hence also ¢Y Onr € (¢y Oar)t), then we have

E = (¢)On)" ® ¢35 On = (¢500)" @ ¢y Our.
Taking quotient by ¢y Onr @ ¢y Opr, we obtain
(67 Onr)*/6Y Ons = (63 On) ™t /63 Ot

whose half Euler classes are the same. Therefore we know the reduced half Euler class is inde-
pendent of the choice of surjective isotropic cosection. The last statement when £ = 092 @V

such that QQ = ((1) (1)> @ Q|v follows from this. O

Recall a Sp(2r, C)-bundle (or symplectic vector bundle) is a complex vector bundle of rank
2r with a non-degenerate anti-symmetric bilinear form. One class of quadratic vector bundles
is given by tensor product of two symplectic vector bundles Vi, Va. Their half Euler classes can
be computed using Chern classes of Vi, V5. For our purpose, we restrict to the following case.

Lemma 5.6. Let (V1,w1), (Va,ws) be a Sp(2r, C) (resp. Sp(2,C)-bundle) on a connected scheme
M. Then
(V1 ® Va,w1 ® wa)
defines a SO(4r,C)-bundle whose half Euler class satisfies
2 (Vi @ Va,wi @ wa) = £ (e(V1) — car2(V1) - e(Va)).

Proof. Consider the universal Sp(2r,C)-bundle V; (resp. Sp(2,C)-bundle V3) on the classify-
ing space BSp(2r,C) (resp. BSp(2,C)). Their tensor product gives a SO(4r,C)-bundle on
BSp(2r, C) x BSp(2,C), whose half Euler class is denoted by ez (V; @ Vs).
By the property of half Euler class (e.g. [EGL, Prop. 2]):
e%(Vl @W)2 =e(V1 @ Vo) = cor,(V1)? = 2¢o, (V1) car_a(V1)ca(Va),

where we use the fact that the odd Chern classes of V; vanish in the second equality. Note that
above expression is the same as the square of cor (V1) — c2r—2(V1)c2(V2). Since H*(BSp(2r, C) x
BSp(2,C)) is the tensor product of two polynomial rings (e.g. [Swl, Thm. 16.10]), hence it is an
integral domain. Therefore

ez (V1 @ Vs) = + (c2r (V1) — cor—2(Vi)e2 (V2)).
Since this construction is universal, we are done. O
Finally, we can determine the (reduced) virtual class of Mpg.
Theorem 5.7. For certain choice of orientation, we have
(5.10) [M] = e(Ms,g) - [T] - e(T) - ez (Ms,s).
Proof. Under the isomorphism :
Mg = Mgpg xT,
a universal family F of Mg satisfies
(5.11) F=FsXOa,,
where Fg is a universal sheaf of Mg g and A denotes the diagonal in 7" x 7.
Then the obstruction sheaf of Mg:
Smterﬁ (F,F) = Ext?>  (Fg,Fg) @ Extl  (Fg,Fs) R Tr @ Ext

T”VIS,[S T”WS‘,H 77]%37[3

(Fs,Fs) X ATy

is a vector bundle with two trivial subbundles Ext2 , (Fg,Fg), and 5377521\45 , (Fs,Fs) X A2 T,

Mg,

By Lemmata we are done. O
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5.4. DTy invariants and proof of conjectures. In this section, we determine all DT, invari-
ants of S x T. Let v, € H*(X) be cohomology classes and decompose them as

Yy=A1-1p+ D1 @D+ Ay -pR1,

Y =A]-1@p+Di®@Dy+ Ay - p®1,

according to the Kiinneth decomposition:
HY(X) = (H°(S)® HYT)) @ (H*(S) ® H*(T)) @ (H*(S) ® H*(T)).

Fix also a divisor class

0=0,+0, c H*(X)= H*(S)® H*(T),
and a curve class

a=0,2p+p®b, € H(X) = (H*(S)® HYT)) ® (H*(S) ® H*(T)).

Theorem 5.8. Let 8 € Ho(S,Z) C Ho(X,Z) be any effective curve class. With respect to the
choice of orientation ([5.10), we have

) (i)™ = 05 % (5.

(i) (e = v () - asery v (5)).
i) (o) = 005857 (5.

() ) =8 (%),

0 ) = 09 ([ peuny) o (5

(vi) <70(7),r1(0)>BDT4 = (D;-B) (/T Dy U 02) No <B22> — 2445(6, - B)Ny (ﬂ;) :

(wii)  (ro(). (1), " =0,

2
DT
(viii) <7'1(9),72(1)>ﬁ * =48(60, - B)N, (ﬂ?) ,
where No(1), N1(1) are defined in Eqns. (5.4)), (4.9) respectively and
1 d
SN = 1 T[22 Gala) + 216a0) -1
dgq
l€Z n>1
= —2¢~ ! + 720q + 14720¢* + 182340¢> + 1715328¢* + - - - .
The above theorem immediately implies the following:
Corollary 5.9. C’onjecture holds for the product X = S X T and 8 € H2(S,Z) C Ho(X,Z).

Proof. This follows by inspection using Theorem [5.8 on DT, invariants and Proposition [5.1] and
Lemma for the GV/GW invariants respectively. O

Another remarkable consequence of Theorem is that all DT, invariants of S x T depend
upon the curve class 3 only via the square 42 and not the divisibility. More precisely, given pairs
(S,) and (5", 38") of a K3 surface and an effective curve class such that 3% = 32, let

¢ : H*(S,R) — H*(S",R)

be any real isometry such that ¢(8) = 8’. Extend ¢ to the full cohomology by setting ¢(1) =1
and p(ps) = ps where ps € H*(S,Z) is the point class.

Corollary 5.10. With respect to the choice of orientation (5.10), we have

DT4,SxT . . DT4,8' xT
(T (1) T ()Y 7 = (T (P @ idm), - Th (P @ id)Yn) )5

for any v; € H*(X) and k; > 0.

This raises the question whether a similar independence of the divisibility holds for Donaldson-
Thomas invariants of holomorphic symplectic 4-folds more generally.



GOPAKUMAR-VAFA TYPE INVARIANTS OF HOLOMORPHIC SYMPLECTIC 4-FOLDS 39

5.5. Proof of Theorem We split the proof in two parts.

Proof of Theorem [5.8 Part (i), (v). We begin with part (v). By Eqn. (5.11), the primary inser-
tion becomes
T0(7) = (D1 - B) ® D2 + As s 4+ (m5p - chy (Fs)) @ 1,
where g, Ty , are projections to each factor of S x Mg 5. Therefore
. 2
70(7) - 10(7') = (D1 - B) - (D} - B) @ (D2 - Dy) + Az Ay (marg g (15p - chi(Fs)))” @ 1 + others,
where “others” lie in H?(Mg ) ® H*(T). Combining with Theorem we get
DT
(5.12) (r0(7),70(7")); " =(D1-B) (D} B) - e(Ms,p) /T(D2 - D;)

N 2
—da Aye(T) [ (mary e o (F9)))° - (M)
S,B

There exists a Hilbert-Chow map
HC: MS,B — ‘6| = P%BZ—H,
to the linear system |G| and ch;(Fg) = (ids x HC)*[C], where C is the universal curve of the

linear system:

C— S x|f——=Ip
|
S.
Since [C] = p*B + ¢*h for the hyperplane class h of |3], we have
Tats px (5P - chi(Fs)) = Tazg 5 (m5p - (ids x HC)™[C])
=HC¢.([C] - p*p)
= HC*(h).
By Theorem we have

[ (ats e (r5p e (@) 0 (M)
Ms,p

= C(cp2(Ms,5)) - a(HC™(h))

= C(cp2(Ms,)) (C(l)—1 : /M (HC*(h52+2))> 7
= 0.

Therefore Eqn. (5.12) becomes

(o), 7o), * = (Dy+B) - (D} - B) - (D3 - Dh) - e(Ms ).

Finally, since Mg s is deformation equivalent to S (32 = 2d —2) (e.g. [Y09, Cor. 3.5, pp. 136]),
they have the same Euler numbers:
e(Ms,g) = e(S),

which is given by No(82/2) due to Géttsche [GI0]. This proves (v).
For (i), we similarly have

T0() = Targ 5+ (501 - chi(Fs)) @ p + Tasg 54 (5P - chy(Fs)) @ b2,
DTy

(ro(@))y " = (01 B) - e(Msp) = (61 ) - No(B*/2). .
Proof of Theorem Parts (ii-iv) and (vi-viii). We first express the DTy descendent invariants
as integrals on Mg g. Let F'g°™ be the normalized universal sheaf on Mg g x S, i.e.
det(mars 5+ Fs™™) = O s,
where myrg , 0 Mg g x S — Mg g is the projection. By Eqn. , we have
F=FsXOa,.

Hence the family F is normalized if and only if Fg is so. Moreover, for the diagonal embedding
A:T —TxT, by GRR, we have

ch(Oa) = A, (1 - 2p).
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We obtain
T1(7) = A1 Tagg 5 (ch2(FS™)) @ p+ A2 Tazg 5x (mgp - cha(Fg™™)) @ 1
+ 7r1\45,/5>*<(7T:;'(D1) : ChQ(]Fg'OTm)) ® Ds.
By base change to a point, we have
s g+ (cha(Fg™™)) = 1.
Combining with Theorem [5.7] we obtain that
DT norm *
(r1(7)), ' = Are(Ms,p) — Az e(T) / cpz(Ms,p) - Targ o (cha(F§™™) T5p).
Ms,ﬁ
Part (ii) now follows from Proposition [4.7(i).
Similarly, for (iii) we have
chs (Fporm) = chg(Fg™™) - A1 — 2chy (F™™) - Ax(p).
Hence
T2(0) = mar« (chs (Frorm)7%6)
= WMS’ﬂ*(Chg,(Fgorm)WZ«el) =+ WMS,B*(Chg(Fgorm)) X 92 — QWMS,ﬁ*(Chl (Fg"rm)wg@l) X P
= s 5% (Ch3 (B m501) + s 5 (chs (Fg™™)) B 05 — 2(6, - 5) K p,
where the last equality is by base change to a point. Using Theorem we obtain
DT norm *
(r2(0))5 " = —2(01 - B) e(Ms.p) *24/ g2 (Ms,g) - Tass g (ch(F™) wgr).
Ms,p
Thus with Proposition we obtain that

(ra(0)); " = (01 B) (—2N0 (f) + 24N’ (f)) :

For part (iv), one similarly establishes:
DTy

<T3(1)>ﬂ = -2 e(MS,B) — 24\/M 652 (MS,B) . WMS’ﬁ*(Ch4(FI§0rm))

/82 2
=—2Ny | = 24N' | =
() o ()
For (vi), we compute using Lemma that
DT
<7'0(7),T1(9)>ﬁ ' = (D1 - B)(Dz-62)e(Msp)
— 24A2 / 052 (MS’Q) . ’/TMS,B* (Chl(Fgorm) ’R':;vp) . ’/TMS,B* (Chg(ngorm) 7'(':;91)
MS;B
= (D1 B)(Dz - 02) e(Ms,p) — 24A5(61 - B) Cleg2 (Ths ))-
Since Mg 3 and S [l are deformation equivalent they share the same Fujiki constants:

Cles2 (T 5)) = Cleza—2(Tsia)) = Ni(6%/2),
where 32 = 2d — 2. This implies the claim. Finally for (vii) and (viii), we similarly find:

(ro(7), (1)), = —244, /MS (M) - ats o (el (FF™) 750) - s o (ch(F5™™)
=0,

(r(0), (1)), = —24 /MS | (Map) - Fary o (cha(EF™) m3t) - mars o (cha (FF™)
=24+ (=2) - (61 - B) Clege(Tars )
= 48(01 - H)NL(5/2). O

6. COTANGENT BUNDLE OF P?
We consider the geometry X = T*P2. There is a natural identification of curve classes:
Hy(X,Z) = Ho(P?,7Z) = Z[4],

where ¢ C P2 is a line.
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6.1. GW and GV invariants. Let H € H?(T*P?) be the pullback of hyperplane class. We
identify Ho(T*P%,Z) = Z by its degree against H.

Proposition 6.1.

aw (=1)d71 aw  (=1)371 aw (=1)371
<T0(H2),T0(H2) o = ( ) , <7_0(H2)>1d _ ( ) d, <®>2d —_ ( ) dS'
, d ) 8 , 128
Proof. This follows by a direct calculation using Graber-Pandharipande virtual localization for-
mula [GP]. We refer to [PZl §3] for a computation with parallel features. O

Based on Definition we then obtain the following:

Corollary 6.2.

1 ifd=1,

noa(H*>, H*) =¢{ —1 ifd=2,
0  otherwise.
ny1(H?) =0, ngy=0.
In particular, Conjecture holds for T*P2.
Proof. In genus 0 and 1, this follows from a direct calculation using the definition and that
co(Tx)|p2 = —3H?.
In genus 2, it remains to determine the nodal invariant Nyodar,g. In H*(]P’2 X IP’Q), we have
Ax|pzxpz = Apz - pri(ca(Qp2)) = 3pri (H?)prs(H?).
Using Lemma and Eqn. we find that
G

1 W GW
Naoaar = 5 [3= ((n(ca(Tx))oy + (D)o, )]
1
= 5[3— (-3+6)] =0.
The vanishing ny ; = 0 follows now from a direct calculation. O

6.2. DT, invariants. Let Mp.p2 4 (vesp. Mp2 4) be the moduli scheme of compactly supported
one dimensional stable sheaves F' on T*P? (resp. P?) with [F] = d[¢] (d > 1) and x(F) = 1.

Lemma 6.3. Let ¢ : P2 — T*P? be the zero section. Then the pushforward map
(61) Ly - M]p27d — MT*]P’z,d
is an isomorphism.

Proof. The map t, is obviously injective. We show that ¢, is also surjective. As T*P? admits a
birational contraction T7*P? — Y which contracts the zero section P? < T*P? to 0 € Y and YV’
is affine, any one dimensional sheaf on T*P? is set theoretically supported on the zero section.
It is enough to show that any one dimensional stable sheaf F' on T*P? is scheme theoretically
supported on the zero section.

Recall the following fact as stated in [CMTI18| Lem. 2.2]: let g: Z — T be a morphism of
C-schemes, and take a closed point t € Z. Let Z; C Z be the scheme theoretic fiber of g at t.
Suppose that F' € Coh(Z) is set theoretically supported on Z; and satisfies End(F) = C. Then
F is scheme theoretically supported on Z;.

It should be well-known (and easy) that the scheme theoretic fiber of T*P?2 — Y at 0 € Y is
the reduced zero section, then surjectivity of ¢, follows from the above fact. As we cannot find
its reference, we give another argument here. Consider the closed embedding T*P? C Op2(—1)®3
induced by the Euler sequence on P2. Note that Opz(—1)®3 is an open subscheme of [C®/C*],
where C* on CS by

t(xh x2,T3,Y1,Y2, ZU3) = (txlv tha tl‘?,, t_lyla t_lyQa t_1y3)7
and corresponds to (z1,22,73) # (0,0,0). The stack [C®/C*] admits a good moduli space
[CO/C*] = T := Spec Clzy, y;]© = SpecClz;y; : 1 < 1,5 < 3].

One can easily calculates that the scheme theoretic fiber of the above morphism restricted to
(x1,29,23) # (0,0,0) is (y1 = y2 = y3 = 0). It follows that the scheme theoretic fiber of
T*P? C Op2(—1)®3 — T at 0 € T is the reduced zero section P2. As T is affine, any one
dimensional stable sheaf is set theoretically supported on the (scheme theoretic) fiber of 0 € T
Using the above fact, it is also scheme theoretically supported on it. Therefore ¢, is surjective.
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Since Mp= 4 is smooth and ¢, is bijective on closed points, it remains to show that ¢, induces
an isomorphisms on tangent spaces. For a one dimensional stable sheaf F' on P2, the tangent
space of Mp-p2 4 at 1. F is

Extipe (1« F, 12 F) 2 Extgs (F, F) @ Hom(F, F @ T*P?).
By the Euler sequence and stability, we have
Hom(F, F @ T*P?) C Hom(F, F ® Op2(—1)%3) = 0.
Therefore ¢, induce an isomorphism of tangent spaces. ([
Then the following result is straightforward.

Lemma 6.4. Under the isomorphism (6.1)), we have

1

[Mypp2 4 = PD (efcd (Extl:, (F,FRT*P2), Q)) € Hy(Mp2 g, 7).

1
Here PD denotes the Poincaré dual, e’ is the reduced half Euler class as in Deﬁm’tion F
denotes a universal sheaf of Mp2 g and mpr @ Mp2 g X P2 — Mp»= 4 is the projection.

Proposition 6.5. For certain choice of orientation, we have

(B2, 7o) = 1. (o), mo(H) " = =1, (o), mo(H) " =0,
S A
()™ = =2 (m) SR = =2 ()P <0,

(RO =5 ()t =5 () =0,

In particular, for X = T*P?, we have
o Conjecture (i) holds when d < 3.
) Conjecture , hold.
Proof. We present the proof of d = 2 case (the d = 1 case follows similarly). The support map
Mp2 5 = |Op2(2)] 2 P°,  F = supp(F)
is an isomorphism. The normalized universal sheaf satisfies Fyorm = O¢ for the universal (1,2)-
divisor C < P° x P2. Let mp : Mp2 5 % P2 - Mp= 5 be the projection. Bott’s formula implies
RHom,,, (0, 0(—C) R T*P?) = Ops (—1)[-2]%3,
RHom,, (0,0(C) R T*P?) = Ops (—1)3,
RHom.,, (0,0 R T*P?) = Ops[1].
Therefore, we have
RHomy,, (Oc,Oc B T*P?)[1]
~ RHom,,, (O(-C) — O, (0(-C) — 0O) K T*P?)[1]
>~ Ops (—1)%% © Ops (1) @ Ops @ Ops.
By Grothendieck-Verdier duality, it is easy to see
Ops (—1)23 @ Ops

is a maximal isotropic subbundle of RHomy,, (Oc, Oc X T*P?)[1]. Hence the reduced virtual
class satisfies

[Mpp2 o] = e(Ops (—1)%3) N [P?] € Hy(PP).
Let h € H?(PP?) denote the hyperplane class. It is straightforward to check

1 1 1
ro(H?) = [b], (H?) = — 302, mo(H) = %, 7(1) = —3H2
By integration again the virtual class, we have the desired result for d = 2 case.
The d = 3 case can be computed by a torus localization as in [CKM19, [CKM20]. One sees
that for any torus fixed point, the reduced obstruction space has a trivial factoﬂ which implies

the vanishing of (reduced) invariants. (]

12We thank Sergej Monavari for his observation and help on this.
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7. HILBERT SCHEME OF TWO POINTS ON A K3 SURFACE

Let S be a K3 surface. There are three fundamental conjectures which govern the Gromov-
Witten invariants of the Hilbert scheme of points S!":

(i) Multiple cover conjecture (proposed in [O21a], and proven partially in [O21c]) which
expresses Gromov-Witten invariants for imprimitive curve classes as an explicit linear
combination of primitive invariants,

(ii) Quasi-Jacobi form property (proposed in [O18] [0221)]),

(iii) Holomorphic anomaly equation (proposed in [O22b], see also [O21b] for a progress re-

port).

For the Hilbert scheme of two points S these conjectures have been established in genus
0 by [O18] [021d, [022bh]. Together with [O18] they yield a complete evaluation of all genus 0
Gromov-Witten invariants of S[2!, that is for all curve classes and all insertions. We consider
here the case of genus 1 and genus 2 Gromov-Witten invariants of S| for primitive curve classes.
The strategy is to assume both the quasi-Jacobi form property (ii) and the holomorphic anomaly
equation (iii). Under this assumption, the natural generating series of genus 1 and 2 Gromov-
Witten invariants are given in terms of Jacobi forms and are determined up to finitely many
coeflicients. Using our earlier computations in ideal geometries we are able to uniquely fix these
finitely many coefficients. Modulo the above conjectures, this leads to a complete evaluation of
Gopakumar-Vafa invariants for S1 in all genera.

7.1. Quasi-Jacobi forms. To state the result we will work with quasi-Jacobi forms. We refer
to [Libl WIOP] for an introduction to quasi-Jacobi forms, and to [OI8, App. B] for the variable
conventions that we follow here. We work here entirely on the level of (g, y)-series. We need the
following series:

Ep(q) =1— Zizzdk‘lq"7 Alg) =q [J =M,

n=1 d|n n=1

Oy.0) = (y/2 4y~ T L)

e (1—qm)? ’
o(y,q) = % — ﬁ + ;%;m((—y)m — 2+ (—y)"™)g".

Sometimes it will also be convenient to use the following alternative convention of Eisenstein

series: B B
k k k—1 _n
Gr(a) 9. Kk 2.k+zzd q
n>=1 dn
The algebra of quasi-Jacobi forms is then the subring of

d d
C @ 767 G23 G47 £, yp:|

’ 6ydy dy

consisting of all series which define holomorphic functions C x H — C in (z,7) where y =
e?™(2+1/2) and q = e*™7. A key fact is that the generator Ga(q) is algebraically independent in
the algebra of quasi-Jacobi forms from the other generators. Hence for any quasi-Jacobi form
F(y,q) we can speak of its ‘holomorphic anomaly’, which is defined by %F(y, q), see [vIOP].

7.2. Curve classes. Since X := S is irreducible hyperkéhler, recall from Section the
integral, even, non-degenerate Beauville-Bogomolov-Fujiki form
q: H*(X,Z) — 7.
Since q is non-degenerate, we obtain an inclusion of finite index
H*(X,Z) — H*(X,7Z)* = Hy(X,Z), Dw~— (D,—-),

where we write (—, —) for the induced inner product on H?(X,Z). By extending q, we hence
obtain a QQ-valued non-degenerate quadratic form

q:HQ(X)Z)%Qa ﬁ’_)(ﬁaﬁ)
Given a class § € Hy(X,Z), we write

for its dual with respect to the Beauville-Bogomolov-Fujiki form (—, —). We have

(hg,hg) = (B, 5)-
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Let also
CBB € HQ(X) ®H2(X)
be the inverse of the Beauville-Bogomolov-Fujiki form, i.e. the image of q € H?(X)* ® H?(X)*
under the natural isomorphism H?(X,Q)* = H?(X, Q) induced by q.
We will also require the following definition:

Definition 7.1. Let F(y,q) be a quasi-Jacobi form of index 1 which satisfies the transformation
law of Jacobi forms for the elliptic transformation z — z 4+ T (in generators this means it is
independent of %y%@; we will only encounter such kind here).

For any class B € Hy(X,Z), the B-coefficient of F(y,q),

Fs € Q,
is defined to be the coefficient of q%y* for any d, k € Z such that (8, ) = 2d — k2 /2.

Remark 7.2. The choice of d, k is not unique, but the coefficient F is independent of the choice
by the elliptic transformation law of Jacobi forms [EZ].

7.3. Gromov-Witten invariants. We first recall the genus 0 Gromov-Witten invariants of S?!
which are completely determined by the following two quasi-Jacobi forms:

2
Fly,q) = @(Ay(’qq)) :
G(y,q) == @XJ(’qq)) (—o(y,q) + %Ez(q))-

The first coefficients read:
Fly,q) = (y ' +2+y)q "+ (2y 2 + 32y~ + 60 + 32y + 2?)
+ (y~2 +60y~2 + 555y~ 1 4+ 992 + 555y + 603> + 1y*)g + - - -,
G(y,q) =q ' + (4y +30 + 4y~ 1) + (30y~2 + 120y~ + 504 + 120y + 30y°)g + - - - .

The following completely determines all primary Gromov-Witten invariants of X = S in
primitive curve classes (see [O21c] for the imprimitive case):

Theorem 7.3 ([O18] [O21a]). Let 8 € Ho(X,Z) be a primitive curve class. We have
€V [MO,I(Xa ﬁ)]vir = Gﬁhﬂa
— vir 1 1 1
evy (Y1 - [Moa (X, B)]'™) §Fﬂh% I (G/B + 4(@@%) c2(X),

eV (¢f ' [MO,l(Xv 6)]Vir) = 73F5 ! Ba
€V (w% : [MO,I(X’ ﬁ)]Vir) = 6F5 [p]7

as well as:
— . 1
ev. (o2(X, B = 1 Fa(h3 ® h3) + G (hy ® B+ B hy + (hg © hg) - ci)

(g8 @ alX) + a0 813) + g5 (8,80 B a()) (G5 + 6.0,

Modulo conjectures we have the following evaluation of genus 1,2 Gromov-Witten invariants:

Theorem 7.4. Assume Conjectures A and C of [022b]. Then for any primitive curve class
B € Hy(X,Z), in genus 1, we have:

— : 1
evi[My 1 (X, B)]"" = 5-’4/3}% + Bgea(Tx ),
where

0% /1 3 1
= —(-pEy+ —E5+ —F
A=A (4” 2T 372 g 4)’
P 5pE22+5E§_pE4+5E2E4 5 ( d \° 5Eg
T A\ 46 334 1536 2044 4608 184 \“dy" 39744 |

In genus 2, we have
GW
<®>2,[3 = I,
where

I(y.q) = — _ _
W9 =331 * 51ma 384 3072 18432 96 | 1152
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The first coefficients of A and B and I are as follows:

y+y ) _ 1 315 315 , 1 _
A(y,q)=%q 1+(81/3+8y+160+8y A R
y+y ) _
Bly,q) = L2 T Jy 141
1 ., ., 38 _, 110 385 , 1
iy YTy Ty ety g )t
_(y—i—y_l) -1 15
I(y,q) = o5 Y 5
1, 15 _, 11445 _, 11445 15 , 1 )
32y 485 — 2y 22 — .
+<128y 2 Y 128 7 8- ¥ ¥ Ty et o)

7.4. Proof of Theorem [7.4; Holomorphic anomaly equations. The global Torelli theorem
for hyperkéhler varieties implies that the Hilbert scheme S1? has a large monodromy group, we
refer to [M11] for an introduction. In our case, as [OSY] §2.7] or [O21a] the monodromy implies
that for a primitive curve class, we have

— : 1
(1) v, [T, 1 (X, B)] " = SAsh + Bea(T).
GW
<®>2,,8 = I,

for some constants Ag, Bg, Ig € Q which only depend on the square (3, 3) of the class.

To determine these constants, we can work with an elliptic K3 surface S — P! with section.
The Hilbert scheme in this case has an induced Lagrangian fibration S — P? with section. Let
B, F be the section and fiber class of S respectively, and let A € Hg(S[Q], Z) be the class of the
locus of non-reduced subschemes supported at a single point. There exists a natural isomorphism

H,y (S, Z) = Hy(S,Z) & ZA
given by the Nakajima basis [O18] §0.2]. For h > 0 and k € Z, we consider the classes
Bhx =B+ hF +EA,

which are of square
k2

(Bh.k, Brk) =2h —2 — 5

The set of these squares contains all possible squares of curve classes 5 € Ha(X,Z), we see that
any (X, () can be deformed to (SP, Bh,k) for some h, k. We form the generating series

sl _
Fg(’yla e a’Yn) = Z Z <T0(ryl)7 e 7T0(’Yn)>g,3+dp+kAqd 1yk'
d>0 keZ

The F,’s are conjectured to be quasi-Jacobi forms and that their formal derivatives ﬁFg are
determined by a holomorphic anomaly equation [022h)].
Below we will freely use the language of Nakajima operators
qi(a) : H* (S — H*(StmH)

foralli € Z and o € H*(S), where we follow the conventions of [NOY]. Given i, ...,y € H*(S)
and nq,...,n, = 1, we will write

Y1 [n1] .. %[nk] = (p, (71) TR (nk)l e H*(S[Zini])7

where the unit 1 € H*(S%) is also sometimes called the vacuum.

Proof of Theorem[7.4} Genus 1 case. By [022b, Conj. C], we have for any v € H*(X) the fol-
lowing holomorphic-anomaly equation:

d

G 1 0) = Fo(3,U) = 2R 00 U()

- yd%m, F[2]) + 2Fo (v, FW[1] + 15[1]p[1])

d
. 2qd7q|:0(%F[1]2) —2F1 (A3 U(9)),
where
W=B+F
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and

1
U= 71‘1251—2(F1 + F2) — quq-1(F1 + F3)
1
- *ZqQC]—2(F1 +F) + a1q1q-19-1((F1 + Fa)Ass)

1
_Zq2q12(F1 + F2)(1®1) + q191q797 (F1 + F4)Ags) (1 ® 1),

which is viewed here both as a morphism H*(S1) — H*(SP) and by Poincaré duality in the
last line as a class in H*(S? x S) (we let g denote the Nakajima operator acting on the
second factor of H*(S) & H*(S"™)). Moreover, F,()y;...) stands for the (obvious) generating
series where we integrate also over the tautological class A1, see [O22h].

We consider the invariant F1(q;(F)?1). Using the holomorphic anomaly equation above, the
known results in genus 0 (Theorem and the discussion in [O18] [OP] on how to reduce the
series Fq(A1;...) to genus 0 invariants, we have:

4 e (P = & (60 + 108Gy)
aq, AP 2)-

Integrating with respect to G5 yields

@2
Fu(1(F)?) = & (aBs = 6pG2 + 54G3)

where 2 does not appear, because it would yield the only pole on the left hand side (contradicting

Conjecture A of [O22b] or also monodromy invariance). By Proposition we have
GW cw,rp? 1
Coeffy-1,-1 (FL(a1(F)*1)) = (1o (F[1]*)) ) 4 = (no(H?)) ) = 3

Solving for a one finds a = 1/96, and hence

1 1
F1 E E —F, ).
@mE) =7 (4” TR T 4)
Similarly, we have
d @ 135 5

——F — | =105pFy + —F3 — -E

4Gy 1(c2 N < pLig + 3 4) )
where we used that U(c2(X)) = 30q1(F)q1(1)1. This ylelds

@2

Fl(CQ(X)) = (16 E2 64E2 192E2E4 + aE4p+bE6) ,

A

where, since there are no poles on the left hand side, the poles in (D, p)? and p® cancel and give
the Eisenstein series Eg. By Proposition and since the pair (S1?, B + F + A) is deformation
equivalent to (S1?, A) and we have seen in Lemma that the genus 1 invariants vanishing in
this case, we have:

GW,T*P? 3
<02 >1 B-A *3<7'0 H2)>g:1,1 Y
<02 >1 ,B+F+A =0.

Solving with these conditions for a and b, we obtain

02 (35pE2 15E3 A4TpEs 5EsE, 5E
A( pE} 15} 4TpEs | SEE, _6> = —3/8(y"+y)g " +828+0(q).

Fulea(X)) = 16 64 16 192 48
Finally, by Lemma below and the definition of Ag, Bz in (7.1)), the functions

A= Z Aﬁh,.kqhilyk? B = Z Bﬁh,k thlyk
d,k d.k

satisfy:

Fi(qi(F)*1) = A, Fi(c2(X)) =30 (qjq—l( CZ/) >A+8288

This proves the claim by solving for A and B.

We remark that determining Fi(qq(F)?1) only required a single geometric constraint, namely
the computation for class B— A. However, the formula also matches the vanishings obtained from
computations in the ideal geometry (which applies to classes 8 € {B, B+ F+ A}). For Fy(ca(X))
the system is likewise overdetermined: we only used 2 of the 3 available constraints. O
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Proof of Theorem[7.J} Genus 2 case. Using Lemma [7.5] below, the standard intersections
(X)) q(p)a()1 =27, (X)) qaW)n(F)1=3
and the genus 1 part of Theorem the holomorphic anomaly equation of [022b] reads:

d d 1/ d\*
— F,=F =3(20—= — = (y—= )
dGQ 2 1(U) ( qdq B <ydy> >¢4+608

Integration with respect to G5 yields

(5 gy 2 Bi 4 0By Ey+ —— E2Ey + —— By Eg + aE2 + bpE
= - —_— - CI/
27 A \ 38477 T prag ™ T gga PR T g e T g 20 T AR T OREG
for some a,b € C. Here we used that F} is determined up to the functions p?, p(y% ©)2, 0°Ey, By
and that the poles in the first of these functions have to cancel which replaces them with a Eggp

term and then that p?F, can also not appear because of holomorphicity. Finally, using the
following evaluations (ref. Proposition Lemma :

GW 1 GW
<®>2,B—A ~ 128’ <®>2,B+F+A =0

yields that « = —13/18432 and b = —1/96 and thus

A 384 6144 384 3072 18432 96 1152 ) °

Fo (@)

This implies the result by monodromy invariance (we even have one more condition to spare,
GwW 0

namely the vanishing of <®>2_B ).

Lemma 7.5. Let ,§d7;€ =W +dF + kA and let hgy = E;k be the dual. Then

hg - ai(F)°1 =2, ha s ai(p)ar (1)1 = 2d — k? /4,
hg - 92(F)1 = =2k, ha - ar(W)ai(F)1 = 2d — k* /4,

hg - c2(X) = 30(2d — k?/2).

Proof. Let § = 61(0[32]) = —1Age and D(a) = q1(@)q1(1)1. We have

~, k
har = ﬁ)i/,k = D(W)+dD(F) — 5(5

This yields, for example

[ aaEn ==k [au(r) 5. DOV) = 2.
The other cases are similar (use that q1(W)qy(F) - 62 = q1(p)q1(1) - 62 = —1). For the last
expression we use the Fujiki constant C(c2) = 30. O
7.5. Genus 1 Gopakumar-Vafa invariants. A hyperkihler variety X is of K32 -type if it is

deformation equivalent to the Hilbert scheme S for a K3 surface S. For any primitive curve
class 8 € Hy(X,Z), we define the genus 1 Gopakumar-Vafa class

ni s € HY(X,Q)
by
/ nigUy=n15(7), YVveH X, Q),
X

where nq g(7y) is given in Definition In an ideal geometry (ref. , n1 g is the class of the
surface swept out by the elliptic curves in class 3.
Our discussion above leads to the following formula. Define

©/ 1 5 !
A= — (—@— Ez) _ W) gy O(a),

A\ 1Y s 8
02 1 1 1 (y+y Y
(S E _7E2_7E —_N I J —1
5 A( 9672 7 2567 2 2304 4) 92 ¢ O

and recall the series A, B from Theorem [7.4
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Theorem 7.6. Assume Conjectures A and C of [022b). For any hyperkdhler variety X of K32
type and for any primitive curve class 8 € Ha(X,Z), we have

1
niyg = §a5h% +bgea(Tx),
where ag = Ag + A}y and bg = Bg + Bj.

Proof. Since the Chern class ¢o(X) is monodromy invariant, we can write

1 — : 1
21 evix(evi(ca(X))[Mo2(X, B)V") = §A’Bh% + Bjea(Tx ).

for some A’ ,B’ﬁ. Using Theorem one computes that these are precisely the S-coefficients of
the functions A’, B’ defined above. The claim now follows from Theorem and the definition
of genus 1 Gopakumar-Vafa invariants. O

The integrality conjecture for Gopakumar-Vafa invariants (Conjecture would imply that
ni1,p € HY(X,Q) is an integral class. We give the following criterion:

Lemma 7.7. ny g is integral, i.e. lies in H*(X,Z) if and only if the following holds:

(1) If (B,0) € 2Z, then ag is an even integer and 3bg € Z.
(i) If (8,B8) = 2d — 5, then ag, 24bg, gap — 3bg all lie in Z.

Proof. Using deformation invariance (e.g. [021al, Cor. 2]), we may work with X = S for an
elliptic K3 surface S with Pic(S) generated by the class of a section B and the fiber class F,
Moreover, we can use the curve class

B = Bar = W +dF + kA,
for d > —1 and k € {0,1}. With the notation of Lemma we then have:

1 1 2
nip = §a5D(W)2 +dagD(W)D(F) + §a5d2D(F)2 + —kagD(W)§ — kdD(F)5 + %52.
By the main result of [Noval, a basis for the Hodge classes
H>2(SP 7)) = H*(SP Z) n H*2(S1% C)

is given by the 7 classes

D(W)?, D(W)D(F), D(F)?,
1
5 (D(z)* + D(z)6) for z € {W,F}
1 1
V.= ﬂCQ(TS[Q]) + §62
The class n; g has the following expansion in this integral basis:
k+1

(IBD(W)2 - kagew

+ @aﬁﬁ — kdager

+ das D(W)D(F)

nipg =

k2
+ 24b5V + (8(1/3 — 3bﬁ> 52.

If (8,8) € Z then k = 0, so integrality of ny g impies (by the first summand) that ag € 2Z and
by the last summand that 3bg € Z, and this is clearly sufficient. If (8,5) = 2d — %, we have
k =1, which gives ag, 24bg, %a/g — 3bg € Z and this is clearly sufficient. O
The criterion of the lemma can be easily checked using a computer program. We obtain:
Corollary 7.8. Under the assumptions of Theorem|7.0, n1 g is integral for all (8,5) < 100.

Example 7.9 (A real life example). Let F(Y) C Gr(2,6) be the Fano variety of lines on a very
general cubic 4-fold Y C P°. LetU C ng be the universal subbundle on Gr(2,6) and set

g=cU), c=c2(UY).

The unique primitive curve class is 8 = %gv and is of square (8,3) = 3/2 since (g,9) = 6. The
basic geometry of these classes is discussed in [Ot], in particular we have

c2(X) = 5g° — 8c.
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Theorem implies that the surface in F(Y') swept out by elliptic curves in class B has class:
nip = 35(g* — c).
This is indeed integral and effective (the surface of lines meeting a given line is %(92 —0)).

7.6. Genus 2 Gopakumar-Vafa invariants. Since we can control now all Gromov-Witten
invariants for S1? in arbitrary genus (for primitive classes), it is also straightforward to compute
genus 2 Gopakumar-Vafa invariants (see [NOJ for the computation of the nodal invariants):

Theorem 7.10. Assume Conjectures A and C of [O22b]. For any hyperkdihler variety X of
K312 type and for any primitive curve class B € Hy(X,Z), we have

nQﬁZTﬁv
where
- 2[ 5 25 35 5 7
I =— | —pFE}+ —FE} + —pE? - —F}+ —pF,E E?E
W.0) = K 351982 * grag e + 35192 — a3y 0B+ gy P b
71 27 a7 5 13 1
— —pE E? - —pF FyEy — ——E7 — —pF,
61552 T 51972 T 3P T o082 T TRaga T g6t
1 9 5 23 5 1
E,FE, 2p- =2 p-—"F
e 2 T g8 T 5 T g™ T 1152 0 T 5|

Using a computer program, we immediately obtain:
Corollary 7.11. Under the assumptions of Theorem ne. g is integral for all (B, 5) < 138.

7.7. Genus 0 Gopakumar-Vafa invariants. For completeness, we also give a proof of the
integrality of genus 0 Gopakumar-Vafa invariants discussed in the introduction.

Proof of Theorem|[0.11] Inverting the definition of genus 0 Gopakumar-Vafa invariants, we have

_34n aw
n0,6(715- -5 m) = D KT (ro(m) - 10(m))g g »
klg

where (k) is the Mébius function. Consider also the “BPS invariants” introduced in [O21a]:

- _ aw

f0,5(7s -3 7m) = D u(R)E™ (=) (7 (1) -1 (1) ) g -

k|g

Then it is straightforward to show that (see [O21al, Def. 1] for the notation [—]):

( ) If [dlv(ﬁ)] = 07 then nO,B(’yla e 7777,) = ﬁo,ﬁ(lyh e 7’771)7
(i) If [d (ﬁ)] =1, then

- ) = n0,8(V1,- -5 Vn) if div(B) is odd or 4|div(8),
O e in 10,8(V1s -+ Vn) = No,g/2(V15 -+, n) if div(B) is even but div(5/2) is odd.

Hence it suffices to show that ng g(7y) is integral for any effective curve class 8 € Hy(X,Z). As
conjectured in [O21a] and proven in [O21c], the invariant 79 g(7) only depends on

q(B), [B/div(p)], and (B,7).

Hence we may assume that 8 is primitive. But here the result follows since for a very general
pair (X, 8), where X is a hyperkihler variety of K3%2-type, it is well-known that Mg ; (X, 3) is
an algebraic space (there are no non-trivial automorphisms) of expected dimension (e.g. [OSY],
§1.1]), therefore

v [Mo (X, B)]"" = ev.[Mo1(X, B)]

is integral (the same argument also shows the integrality of ng g(7y1, . .., ) for arbitrary number
of markings if § is primitive). O
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APPENDIX A. IMPRIMITIVE CURVE CLASSES

Let X be a holomorphic symplectic 4-fold. We consider here the Gromov-Witten, Gopakumar-
Vafa and DT, invariants of X in a (possibly imprimitive) curve class 8 € Hy(X,Z). As discussed
in Section[1.4] the ideal geometry of curves in this case is very difficult to control. Moreover, there
are only very few geometries where both the GW and DTy invariants can be completely com-
puted, and these geometries do not reflect the general structure of the GW/GV /DT, invariants.
As such, the general definition of Gopakumar-Vafa invariants ng g for g > 0 and imprimitive
[ is not clear at this point. Nevertheless, in this section we define genus 1 Gopakumar-Vafa
invariants for imprimtive curve classes in the two geometries where all the invariants can be
controlled, and then prove a GV /DT, relation.

A.l. Genus 1 Gopakumar-Vafa invariants. There are two geometries where we know all
GW and DT} invariants:

(i) The Embedded Rational Curve family of Section
(ii) The product of two K3 surfaces S x T for all curve classes which lie in Hy(S,Z).

These geometries are special because all primary GW and DT} invariants with insertion co(T'x)
vanish. This implies that the genus 1 Gopakumar-Vafa invariants do not have any contributions
from genus 0 curves. Based on a computation in the ideal geometry following Section [1.6.1] one
expects that

GW

(A.1) (ro(7) 1,8 :”ZU(]C)HLB/MV)‘F('”),

klg

where o(k) := 32, [ and (---) stands for contributions from genus 0 curves. This suggests that
for the geometries (i) and (ii), there should be no contributions in genus 0. Hence we make the
following adhoc definition in this case:

Definition A.1. Let X be a holomorphic symplectic 4-fold and 8 € Ho(X,Z) be an effective
curve class of type (i) or (ii) above. For any v € H*(X,Z), we define n1 g(7y) by:

(A.2) (()yy = D ok)nsm():

k>1,k|8
We also introduce the following:

Definition A.2. For anyy € H*(X,Z), we define ng s(v;v) € Q by the multiple cover formula:

ey = X mrosnny)

k>1,k|8
We then can prove the following generalization of the genus one part of Conjecture

Proposition A.3. Let X be a holomorphic symplectic 4-fold, and B € Hy(X,Z) be an effective
curve class of type (i) or (ii) above. For certain choice of orientation, we have

. 1
(A.3) (m)y " = =3nos(iv) = D mgm(n), ¥y HYX,Z).
k>1,k|8

Remark A.4. The second part in the RHS of the above equality is also consistent with the ideal
geometry computation (see Remark .

A.2. Proof of Proposition Embedded rational curve family. Let X be a holomor-
phic symplectic 4-fold and let 8 € Hy(X,Z) be a curve class which satisfy conditions (i-iii) of
Section Then by Lemma all genus 1 GV invariants ny g(vy) vanish. Moreover, by Lemma
and with the notation of that section, we have

JeirMealw,) ifd=1,

no,dﬁ(’Yﬂ/’) = { 0 ifd>1

Similarly, by Lemma [3.7] for certain choice of orientation we have

DTy =3 Joi* () alwy) ifd=1,
(n(); { “ ifd>1.

This implies the claim. O
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A.3. Proof of Proposition K3 x K3. Let X =S5 x T and 8 € H5(S,7Z) be an effective
curve class. Consider a cohomology class v € H*(X,Z) with Kiinneth decomposition

The claim follows from the following two lemmata:

Lemma A.5. nog(7;¢) = =241 - Ny (%)

Proof. This follows from Lemma [5.2 and the definition. O
Lemma A.6. We have
(A.4) Z nyp/6(7) = Az e(T)N1(5%/2).

k>1,k|3

Proof. Recall that by (5.7)) we have
aw B2
(RO = dae) 3 kemi (f).
k>1,k|8

Hence by Eqn. (A.2), nq g(y)’s are the unique (recursively defined) integers which satisfy the
relation
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(A.5) SN lns(n) = A e Yk Ny (%) .

k| Uk k|8
We show that the integers nq g(7y) defined by Eqn. (A.4)) satisfy the relation (A.5). This then
completes the proof. Indeed, using Eqn. (A.4), the right hand side of Eqn. (A.5)) becomes
ﬁ2
Az e(T) Zk - Ny <2k2> = Zk Z n1,6/ka(7)
k|g k|B alB/k
(set m :=ka) = Z Z knyg/m
m|B klm
which is precisely the left hand side of Eqn. (A.5)). Hence Eqn. (A.4]) holds. O
We conclude the proof of Proposition By Theorem [5.8], we have
2 2
DT B B
<T1(’7)>B 4:A1N() —_ —AQQ(T)Nl —-— |,
2 2
which is precisely the right hand side of (A.3) by the two lemmata above. O
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