HOLOMORPHIC ANOMALY EQUATIONS AND THE

IGUSA CUSP FORM CONJECTURE

GEORG OBERDIECK AND AARON PIXTON

ABSTRACT. Let S be a K3 surface and let E be an elliptic curve. We
solve the reduced Gromov—Witten theory of the Calabi—Yau threefold
S x E for all curve classes which are primitive in the K3 factor. In
particular, we deduce the Igusa cusp form conjecture.

The proof relies on new results in the Gromov—Witten theory of el-
liptic curves and K3 surfaces. We show the generating series of Gromov-
Witten classes of an elliptic curve are cycle-valued quasimodular forms
and satisfy a holomorphic anomaly equation. The quasimodularity gen-
eralizes a result by Okounkov and Pandharipande, and the holomorphic
anomaly equation proves a conjecture of Milanov, Ruan and Shen. We
further conjecture quasimodularity and holomorphic anomaly equations
for the cycle-valued Gromov-Witten theory of every elliptic fibration
with section. The conjecture generalizes the holomorphic anomaly equa-
tions for elliptic Calabi—Yau threefolds predicted by Bershadsky, Cecotti,
Ooguri, and Vafa. We show a modified conjecture holds numerically for
the reduced Gromov-Witten theory of K3 surfaces in primitive classes.
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0. INTRODUCTION

0.1. Overview. Let S be a non-singular projective K3 surface and let E
be an elliptic curve. In 1999, Katz, Klemm and Vafa [20] predicted that the
topological string partition function of the Calabi—Yau threefold

X=SxFE

is the reciprocal of the Igusa cusp form xi9, a Siegel modular form. In 2014
a conjecture for the reduced Gromov—Witten theory of X in all curve classes
was presented in [35]. In the primitive case (i.e. for curve classes which are
primitive in the K3 factor) the conjecture matches exactly the earlier physics
prediction. We call the primitive case of the conjecture the Igusa cusp form
conjectureH In this paper we solve the reduced Gromov—Witten theory of
X in the primitive case and prove the Igusa cusp form conjecture.

The main tool used in the proof is the correspondence between Gromov—
Witten theory (counting stable maps) and Pandharipande-Thomas theory
(counting sheaves) proven in [41l [42]. Both sides yield modular constraints
and taken together, they determine the partition function from a single coef-
ficient. The sheaf theory side was developed in [34 [36] and yields the elliptic
transformation law of Jacobi forms (proven by derived auto-equivalences and
wall-crossing in the motivic Hall algebra). On the Gromov—Witten side we
apply the product formula [3] and study the theory for the K3 surface and
the elliptic curve separately. We prove the following new ingredients:

(i) A holomorphic anomaly equation for the cycle-valued Gromov—Witten
theory of the elliptic curve E (Sections and

(ii) A holomorphic anomaly equation for the numerical reduced Gromov—
Witten theory of the K3 surface S in primitive classes (Section .

Part (i) contains a proof of the quasimodularity of the cycle-valued theory.
For both the elliptic curve and the K3 surface the holomorphic anomaly
equation is formulated on the cycle-level and motivates a conjectural holo-
morphic anomaly equation for elliptic fibrations with section (Section .

0.2. The Igusa cusp form conjecture. Let
m:X =85 m:X->FE

be the projections to the two factors and let
ts:S—>X, 1g:E—>X

be inclusions of fibers of w3 and 7 respectively.

1 The Katz-Klemm-Vafa conjecture usually refers to the result proven in [44].
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Let 5 € Hy(S,Z) be a non-zero curve class and let d be a non-negative
integer. The pair (,d) determines a class in Ho(X,Z) by

(8,d) = 15+(B) + 1« (d[E).

The moduli space of stable maps M; (X, (8,d)) from disconnected genus g
curves to X representing the class (f8,d) carries a reducedﬂ virtual funda-
mental class

(Mg (X, (8, )]
of dimension 1. Let p € H?(E,Z) be the class Poincaré dual to a point, and
let BV € H%(S,Q) be any class satisfying
<675v> =1

with respect to the intersection pairing on S. Following [35], reduced Gromov—
Witten invariants of X are defined by

(1) Nypa = [, evi (71(8") U3 (p)
PO g L (x By i 3(P))

By a degeneration argument N, g 4 is independent of the choice of Y.

The elliptic curve E acts on the moduli space M; (X, (B,d)) by transla-
tion with 1-dimensional orbits. The Gromov-Witten invariant N, g4 is a
virtual count of these E-orbits, and hence enumerates (with degeneracies
and multiplicities) maps from algebraic curves to X up to translation.

Let ), € H2(S,Z) be a primitive class satisfying

(B Bn) = 2h — 2.

By deformation invariance Ny g, 4 only depends on g, h and d. We write

Ngzhvd = Ng:Bfud :

The partition function of primitive invariants is defined by

[c e JuNNe elNe o]

(2) Z(u,q,) =D D> N, . qu2~2g" 141,

g=0 h=0 d=0

Consider the classical Jacobi theta functions

ba(q) = " q"2’, 03(a) = ¢, ba(a) = 3 (~1)"¢".

nel neZ nez

2Since S is holomorphic symplectic the (ordinary) virtual fundamental class vanishes.
The theory is non-trivial only after reduction [35].
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Let ¢(n) € Z be the Fourier coefficients of the following meromorphic mod-
ular form for I'g(4) of weight —1/2:

L 405(q)" — 864(q)"
2" = =4 ()

n
= 2¢7 " +20 — 128¢> + 216¢* — 1026¢" + 1616¢° + . .. .

The Igusa cusp form xi9 is a weight 10 Siegel modular form of genus 2,
defined as the Borcherds liftf]

(3) X10(p.a.9) = pag [] (1 — prg"gh)cthd=+),
k,h.d

where the product runs over all k£ € Z and h,d > 0 such that

e h>0ord>0,

e h=d=0and k <0.
We will assume the variables p, ¢, ¢ are taken in the non-empty open region
defined by [p*¢"¢%| < 1 whenever 4hd — k? > —1.

The following result proves the Igusa cusp form conjecture [35, Conj.A].

Theorem 1. The partition function Z(u,q,q) is the Laurent expansion of
—1/x10 under the variable change p = e™,

N 1
Z(u,q,q) =

x10(p,4,9)

In genus 0 and class (B,0) the Gromov-Witten invariants enumerate
rational curves on the K3 surface. Theorem [I] then specializes to the Yau-—

g

Zaslow formula proven by Beauville [2] and Bryan-Leung [6]:

s 1
> Nopod" ™' = —,
= A(q)

where the right hand side is the reciprocal of the modular discriminant
Alg)=q [T (1 —g™?*.
m>1

More generally Ny 0 are the Ag-integrals in the Gromov-Witten theory of
K3 surfaces and we obtain the Katz-Klemm-Vafa formula proven in [30]:

1 1
Z Ng,h,OUQg_Qqh_l = ) H 2 20 “1,m\2"
o (p—2+p7Y) 5y (L=pg™)*(1 = ¢)*(1 = p~'g™)

We list several other known cases. In case h = 0 the invariants Ny 5, 4 were
obtained by Maulik in [27]. The cases h € {0,1} were shown by Bryan [5]
and a second time in [36]. The cases d € {1,2} can be found in [33].

3See Gritsenko-Nikulin [16].
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Theorem [1] determines the Gromov—Witten invariants of S x E in the
primitive case. A conjecture in all curve classes (f,d) has been proposed
n [35]. The case d = 0 corresponds to the imprimitive Katz-Klemm-Vafa
formula and was proven in [44]. The case § = 0 is proven in [37] on the
sheaf theory side. The intermediate cases remain open.

0.3. Elliptic curves. Let F be a non-singular elliptic curve, and let

Mg n(E,d)

be the moduli space of degree d stable maps of connected curves of genus g
to E with n markings. Consider the correspondencﬂ

My (E,d) =222 pr

My?”
defined by the evaluation maps at the markings evy,...,ev,, and the for-
getful morphism 7 to the moduli space of stable curves. Gromov-Witten
classes of E are defined by the action of the virtual fundamental class
[Mgu(E, )" € H(Myn(E,d))

on cohomology classes 71, ...,v, € H*(E) via the correspondence:

(4)  Cgalvis--o7m) = m ([Mg,n(E,d)]V“ﬁeV?(%)> € H"(Mgn),
i=1

where we have suppressed an application of Poincaré duality on M.
Define the generating series

[o@)
Cg('YIa N Z Cg,d('YIa e a')’n)qda
d=0

which by definition is an element of H*(M, ) ® Q[[q]].
The ring of quasimodular forms is the free polynomial algebra

QMod = Q[C%, Cy, Cs]

where C}, are the weight k& Eisenstein series

B 2 i
(5) Crla) =~ + 1y 2 24l

n>1 djn

and Bj are the Bernoulli numbers.

4 We assume here that g, n lie in the stable range i.e. take only those values for which
the moduli spaces M., and M ,,(E, d) are Deligne-Mumford stacks. We follow the same
convention throughout the paper. In all equations or diagrams or sums we assume (g,n)
to lie in the range where all moduli spaces are Deligne-Mumford stacks.
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Theorem 2. For any vi,...,vm € H*(E) the series Cg(V1,...,Vn) 5 @
cycle-valued quasimodular form:

Cg(’Yla oo 7’7n) S H*(Mgm,) ® QMOd

The Gromov—Witten invariants of E are obtained from the Gromov—
Witten classes by integration against the cotangent line classes ¢; € H? (Mgn),

o0

> (T (1) - - Thy () rag® = /M Pk (v, ).

d=0

Hence Theorem generalizesﬂ the quasimodularity of the Gromov-Witten
invariants of elliptic curves proven by Okounkov and Pandharipande [39, [40].
The double ramification cycle

DRy (11, v) € A9(Mg,n)

parametrizes curves of genus ¢ admitting a map to P! with given ramification
profiles 1 over 0 € P! and v over oo € P!. A precise definition is given
in Section The key ingredient in our study of Cy(v1,...,7vn) is the
polynomiality of the double ramification cycle in the parts of the ramification
profiles. This polynomiality is a difficult result proved by a combinatorial
study [45] of an explicit formula for the double ramification cycle [18].

The proof of Theorem [2] proceeds by degenerating the elliptic curve to
a rational nodal curve. After degeneration the Gromov—Witten classes of
the elliptic curve are expressed as a trace-like sum of double ramification
cycles. Quasimodularity then follows from the polynomiality of the double
ramification cycle.

0.4. Holomorphic anomaly equation. Let ¢ : My_1 419 — Mg, be the
gluing map along the last two marked points, and for any g = g1 + ¢go and
{1,...,n} =51 1S, let

J i Mg, sitey X My, 5,000y = Mg

be the map which glues the points marked by e, where Hgi’,gi is the moduli
space of stable curves with markings in the set S;.

50ur argument is independent of [39, [40] and in fact yields a new proof.
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Theorem 3. Considering Cy(V1,...,Vn) as a polynomial in Cy, Cy, Cs with

coefficients in H*(M4.,,), we have

d
769(717 cee 7'7%) = L*Cg—l(’Ylv <o Yns 1, 1)

dCy
+ Z Jx (Cgy (781, 1) W Cgy (755, 1))

g9=g1+g2
{1,...,n}=51US2

n
- 22 </E’YZ) wl ' 69(717' <oy Yi—1, 1777;-"-17 R 77’”«)7
i=1

where vs, = (Vk)kes;, and 1 € H*(E) is the unit.

Theorem (3| measures the dependence of the modular completion [19] of
Cy(...) on the non-holomorphic parameter and is therefore called a holo-
morphic anomaly equation. Practically it determines the quasimodular form
from lower weight data up to a purely modular part (involving only Cy and
Cs) which depends on strictly less parameters. This will be used in the proof
of the Igusa cusp form conjecture in Section [4]

Milanov, Ruan and Shen have proven a holomorphic anomaly equation for
some elliptic orbifold P's (i.e. stack quotients of an elliptic curve by a non-
trivial finite group). The elliptic curve case was left as a conjecture in [31]
and is proven by Theorem [3| For elliptic orbifold P's the genus 0 Gromov—
Witten theory is generically semisimple, and the holomorphic anomaly equa-
tion is deduced by Teleman’s higher genus reconstruction theorem. For the
elliptic curve the genus 0 theory is trivial and this approach breaks down.
Instead our proof relies on a careful analysis of the appearance of Cs in the
degeneration formula for C, and properties of the double ramification cycle.

The ring QMod is graded by the weight of its generators

QMod = 5 QMod; .
k>0
In particular, each graded summand QMody is a finite-dimensional vector
space and knowing the weight of a quasimodular form yields strong con-
straints on its Fourier coefficients. One immediate consequence of Theorem 3]
is the following refinement of Theorem [2] by weight.

For any homogeneous v € H*(E) let degy () denote its real cohomological

degree. Hence v € Hier() (E).

Corollary 1. Let v1,...,v, € H*(E) be homogeneous. Then Cy(v1,...,Vn)
is a cycle-valued quasimodular form of weight 2g — 2 + %, degg(vi),

Co(vis---im) € H (Mgp) ® QMOng—2+Zi degg (vi)"



8 GEORG OBERDIECK AND AARON PIXTON

0.5. Elliptic fibrations. Let X and B be non-singular projective varieties
and consider an elliptic fibration

m: X — B,

a flat morphism with fibers connected curves of arithmetic genus 1. We
assume 7 has integral fibers and admits a section

t:B— X.

For every curve class § € Hy(X,Z) with 7,5 = k the fibration 7 induces
a morphism

7 Mygn(X,B) = Myn(B,k).
Define 7r-relative Gromov-Witten classes with insertions 1, ...,v, € H*(X),
n
C;rﬁ(’yh ey Yn) = T ([Mg,n(X7 B H ev:(%)> € H*(Mg,n(Bv k))-
i=1
Let By € H?(X) be the class of the section ¢ and let N, be the normal
bundle of «. We define the divisor class
1
W = By — §7r*cl(NL).

For every curve class k € Hy(B,Z) we form the generating series

Coi(as ) = >, ¢V7CT 50, )
S

where the sum runs over all curve classes 8 € Hy(X,Z) with 7.5 = k.

Conjecture A. For any v1,...,7 € H*(X) and k € Hy(B,Z) we have

Cok(15--y ) € Hi(Mgn(B,k)) ® QMod.

1
Ag)™

where m = —c1(N,) - k.

A refinement of Conjecture [A] by weight can be found in Appendix [B]
We conjecture a holomorphic anomaly equation. Consider the diagram

ngn(B, k) - Ma Mgfl,nJrQ(Ba k)

J{ J{evn_H X eVp42

B— 2 .BxB

where A is the diagonal, Ma is the fiber product and ¢ is the gluing map
along the last two points. Similarly, for every splitting g = g1+9g2, {1,...,n} =
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S U Sy and k = kg + ko consider

Mgzn(B’ k) ! MAykLkQ Mgl,SHLI{.}(B) kl) X Mgz,Sle{.}(B) k2)

| [eve xeve

B A B x B

where M4 y, k, is the fiber product and j is the gluing map along the marked
points labeled by e.
Conjecture B. On M, (B, k),
d vy v
dicbcgyk(,)/l’ e 7’7”) = L*A!Cg—l,k(/)/la <oy Yy 15 1)

+ Z j*A! (C;rl,kl (vs, DK C;r27k2 (V52 1))

9=g1+g2
{1,..,,n}:S1I_lS'2
k=k1+ko

n
- 22#& . C;r,k(’}/h sy Yi—1, 7T*7T*’Yi7%‘+17 cee ,’Yn),
i=1

where v; € H*(M 4, (B, k)) is the cotangent line class at the i-th marking.

If X is a Calabi—Yau threefold the moduli space of stable maps is of
virtual dimension 0. The degree of the m-relative classes are the genus g
Gromov—Witten potentials

Fyula) = [ €40

Conjecture [A] implies
1
F, ————QMod.
97k(Q) € A(q)_%KBkQ o
Conjecture [Bland a direct calculation yields
d 0g20k0
T@Fg,k = (k + Kg, k>Fg*17k + 72 (k1, k2>F917k1F92,k2 - 9240 e(X),
g=g1+g2
k=ki+ks

where (-, -) is the intersection pairing on the surface B. We recover the holo-
morphic anomaly equation for Calabi—Yau threefolds predicted by Bershad-
sky, Cecotti, Ooguri, and Vafa [7] using mirror symmetryﬂ This example is
further discussed in Appendix

The generating series C;k(. ..) captures only a slice of the full w-relative
Gromov—Witten theory of X. For example, there might be distinct curve

6See [21), Eqns.(3.8) and (3.9)] and [I] for a discussion in the elliptic case.
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classes 1, B2 € Ha(X,Z) with
1 = mPe and (W, B1) = (W, Ba),

and C7(...) only remembers the sum of their Gromov-Witten classes. A
holomorphic anomaly equation for the full relative potentials will be conjec-
tured in [38]. There we also prove that Conjectures A and B hold for the
rational elliptic surface after specialization to numerical Gromov—Witten in-
variants. Here we state the following Corollary of Theorems [2 and [3] which
follows from Behrend’s product formula [3].

Corollary 2. Conjectures [A] and [B hold if X = Bx E and 7w : X — B is
the projection onto the first factor.

0.6. K3 surfaces. Let S be a non-singular projective K3 surface and let 5 €
Pic(S) be a non-zero curve class. Since S carries a holomorphic symplectic
form the virtual class on the moduli space of stable maps vanishes,

[Mgn(S, B)]'" = 0.

A non-trivial Gromov—Witten theory of S is defined by the reduced virtual
class [29] 22]

[Mg.n(S, Bt € Au(Mgn(S,B)).

Let 7 : S — P! be an elliptic K3 surface with a section, and let
B, F € Pic(95)

be the class of a section and a fiber of 7w respectively. By deformation
invariance the Gromov—Witten theory of S in the classes

Bn=DB+hF, h>0

determines the Gromov—Witten theory of all K3 surfaces in primitive classes.
Given 71, ...,v, € H*(S) define the generating series of w-relative classes

Kg(r1,---m) = i ¢"'m <[Mg,n(5, Br)]red ﬁ er(%’))
h=0

i=1
€ H(Mgn(P',1)) ® Qllall,

where 7 : My,(S, Br) — My, (P!, 1) is the induced morphism.

Conjecture C. K,(71,...,7) € Hi(My,(PL, 1) ® ﬁQMod.

Because we use reduced virtual classes, the holomorphic anomaly equation
of Conjecture @ does not apply to Ky and needs to be modified. We require
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two additional ingredients. First, the virtual class on the moduli space of
degree 0 maps plays a role. Identifying M, (S,0) = M,, x S we have

[H@}n X S] if g = 0
[M g (S,0)]"" = < prca(S) N [Myn x S] ifg=1
0 if g > 2,

where pr, is the projection to the second factor. We let
Ky (s -3 m) = T ([Mg,n(s’ 0)]*" HeV;-*(vz')) :
i

where 7 : M ,(S,0) — M, (P!, 0) is the induced map.
Second, let V be the orthogonal complement to B, F in H?(S,Q) with
respect to the intersection pairing,

H*(S,Z) = (B,F) &V,
and let Ay € VXV be its diagonal. Define the endomorphism
o: H*(S?) — H*(5?)
by the following assignments:
o(y®~4') =0 whenever vy or 4/ lie in H°(S) ® QF @ H*(9),
and for all a, 0/ € V,
c(BX B) = Ay, oc(BRa)=—-alXF,
c(a®B)=-FXa, o(a,d)=(a,d)FXF.
Define the class
To(visooosm) = L*A!ng_l(’yl, ceeyns 1, 1)
+2 > A (K (s, ) BKE (9s,,1))

9=g1+92
{1,...,n}=slu52

n
=2 Ui Kg(V1s- oy Yie 1 T Yid 1y -5 V)
=1

n
+ 2OZ<’717F>IC9(717 .- a’YiflaFvlyiJrla R ”777,)
=1

- 2ZIC!](717 cee 70-1(7i77j)a .- '70-2(/7ia7j)7 cee 7’711)‘
i< —

Conjecture D. For any v1,...,v, € H*(5),

d

T@Kg(717--~77n) = Ty(V15-- M)
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Let p: My, (P!, 1) — M, be the forgetful map, and let
R*(My,) C H* (M)

be the tautological subring spanned by push-forwards of products of ) and
k classes on boundary strata [12]. By [30, Prop.29], for any tautological
class o € R*(M,,,) we have

# 1
(6) /Mg,n(nm,mp (@) Ny, 30) € o7 QMod
Hence Conjecture [C| holds after specialization to numerical Gromov—Witten
invariants, or numerically. Here we show Conjecture [D| holds numerically.

Theorem 4. For any tautological class o € R*(M.,,),

& [P @0kt a0 = [P Ty ).

0.7. Comments. 1) In Conjecture [Bf we assumed that the elliptic fibration
admits a section. We expect quasimodularity and holomorphic anomaly
equations also for elliptic fibrations without a section, with the modification
that we use quasimodular forms for the congruence subgroup

I'(N) C SLy(Z),

where N is the lowest degree of a multisection over the base. This prediction
is in agreement with computations for elliptic Calabi—Yau threefolds [, [15],
and also [31] if we view an elliptic orbifold P! as an elliptic fibration over an
orbifold point without a section[}

2) Conjecture [B| predicts a holomorphic anomaly equation for 7-relative
Gromov—Witten classes of (well-behaved) Calabi—Yau ﬁbrationsﬂ of relative
dimension 1. It seems plausible that holomorphic anomaly equations exist
for Calabi—Yau fibrations of higher relative dimension, and that the shape of
the formula should be simular to Conjecture [Bl Families of lattice polarized
K3 surfaces is a particularly interesting case to study and beyond fiber
classes [29] 44] not much is understood. Another example is the equivariant
theory of local P2 which we may view as a local P? fibration. Here, [24] Sec.§]
proves a holomorphic anomaly equation (after a specialization of variables)
which exactly matches the shape of ours.

7 The examples in [I] suggest that the congruence subgroup should be I'1 (N) in gen-
eral. For elliptic orbifold P's we have strictly I'(N) modular forms; however this is not a
counterexample since the target is an orbifold. We leave determining the exact congruence
subgroup for elliptic fibrations without a section to a later date.

8A Calabi-Yau fibration is a flat connected morphism of non-singular projective vari-
eties whose general fiber has trivial canonical class.
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3) The virtual class on M, ,(E,d) can be defined as an algebraic cycle
and yields a correspondence between Chow groups. Hence it is natural to
ask if the Chow-valued generating series

Co(0) = 3 e (Mg (B, )] (ev1 x -+ x ev) (@) ) ¢
d=0

lies in A*(M,,) ® QMod for every algebraic cycle o € A*(E™).

The methods used in the paper unfortunately do not provide any answer
even if « is the class of a point (21, ..., z,) € E™. The argument fails already
in the first step — finding a suitable degeneration of E to a rational nodal
curve. If we work in Chow we require the degeneration to be over P! and
to admit n sections that specialize to the points z;. However, if the z; are
chosen to be linearly independent then such degeneration yields an elliptic
surface over P! with Mordell-Weil rank > n, hence an elliptic curve over
C(t) of rank > n. It is an open question whether those exist for n > Oﬂ

4) The holomorphic anomaly equation for the elliptic curve (Theorem |3))
can be interpreted in terms of Givental’s R-matrix action on cohomological
field theories as follows. By Theorem 2} we can view C, as a CohFT with
coefficients in the ring QMod. Define

cod (v, ..., ) € H* (M) ® Mod

to be the modular part of C,; obtained by setting C5 to zero. Since the map
QMod — Mod sending quasimodular forms to their modular parts is a ring
homomorphism, C;md is also a CohFT (with coefficients in Mod C QMod).
These two CohFTs are identical in genus 0 since the genus 0 theory of F
vanishes in positive degree, but Teleman’s reconstruction theorem does not
apply because they are not (generically) semisimple. Thus the two theories
need not be related by an R-matrix. However, it turns out that they are:
Theorem (3| is equivalent to the statement

Cy = Rp.Cy
for the R-matrix Rp € End(H*(E)) ® QMod[[z]] defined by

Rp(y) =v+2C; (év)z‘l-

For an elliptic fibration 7 : X — B, it should be possible to interpret
Conjecture [Bf as an R-matrix action (on an appropriate generalization of
a CohFT that takes values in the moduli space of stable maps to B) in a
similar way. In this case the R-matrix will be given by

Rx(y) =+ 2Com* ..

9We thank B. Poonen for discussions on this point.
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0.8. Plan of the paper. In Section [I| we prove quasimodularity and the
holomorphic anomaly equation for the elliptic curve (Theorems [2| and |3)) if
all insertions are point classes. In Section [2] we prove the general case and
Corollary[I] In Section[3]we prove the holomorphic anomaly equation for K3
surfaces numerically. In Section [4] we prove the Igusa cusp form conjecture.
In Appendix [A] we study the constant term in the Fourier expansion of
certain multivariate elliptic functions appearing in Section[I} In Appendix (B
we give a refinement of Conjecture [A] by weight and we work out an example
as evidence.
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1. ELLIPTIC CURVES: POINT INSERTIONS
1.1. Overview. Let F be a non-singular elliptic curve and let
pe H*(E)

be the class of a point. We write p*™ for the n-tuple (p,...,p). In this
section we prove the following special cases of Theorems [2 and [3]

Theorem 5. C,(p*") € QMod for every n > 0.

Theorem 6. For every n > 0 we have

d
—7-Co(P™") = t.Cq1 (P, 1,1)

dCy
+ Z Jx (Cgl(px‘sllal) ®Cg2(p><|52‘,1)>

(7) 9g=g1+g2
{1,...,n}:51|_|5'2

n
-2 Zﬂ’i : P;Cg(Pxn_l)v
i=1
where p; : My, — Mg ,—1 is the map forgetting the ith marked point.

In Section [1.2| we introduce the double ramification cycles. In Section [1.3
we discuss a relationship between certain graph sums and elliptic functions
which is used later in the proof. In Section we prove Theorem [5| and in
Section [I.5] we prove Theorem [6]
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1.2. Double ramification cycles. Let
A= (al,a2,...,an), a; €7

be a vector satisfying > ©* ; a; = 0. The a; are the parts of A. Let pu be
the partition defined by the positive parts of A, and let v be the partition
defined by the negatives of the negative parts of A. Let I be the set of
markings corresponding to the 0 parts of A.

Let M, 1(PY, i1, v)™ be the moduli space of stable relative maps of con-
nected curves of genus g to rubber with ramification profiles u, v over the
points 0,00 € P! respectively. The moduli space admits a forgetful mor-
phism (but still remembering the relative markings)

m: My (P, p,v)~ = Mg,
The double ramification cycle is the push-forward
p— vir R
DRy(A) = m. [My (P! pv)~| " € A9(M,,0).

Consider the double ramification cycle as a function of integer parameters
(a1,...,a,) with 3, a; = 0, taking values in the Chow ring of M,,. The
following result is proven in [I8] 45] and forms the basis of our approach.

Proposition 1 ([I8, 45]). DRy(A) is polynomial in the a;, that is, there

exists a polynomial Py, € A9(Mgp)[x1,...,2,] such that
DRy(A) =Py (ai,...,an)
for all (a;); € Z™ with Y ;a; = 0.

Since DRy(A) is an Sy,-equivariant function of A, we can choose the poly-
nomial P, ,, to be S,-equivariant as well.

1.3. Graph sums. Let I" be a connected finite graph with n vertices vy, ..., v,
and no loops. Let H(I') be the set of half-edges of I". If h € H(I'), let v(h)
denote the vertex to which h is attached. A function
w: H() — Z\ {0}

is called balanced if it satisfies the following conditions:

(1) w(h) + w(h') = 0 for every edge e = {h, 1},

(2) Xu(h)y=0 W(h) = 0 for every vertex v.

Let k : H(I') = Z>¢ be an arbitrary function, and let ¢ be a total ordering

of the vertices of I'. We consider the g-series

Fho) = Y I R w ),

wH(I)SZA 0} e=fhny L4
balanced  w(h)<,v(h')
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where the product is over all edges e = {h, h'} such that vertex v(h) appears
earlier than v(h/) in the total ordering o, and every (1 — ¢™)~! factor is
expanded in positive powers of ¢q. If m < 0 then

1
1—qgm
, not 1. This behavior implies that the sum defining

—m —2m

has leading term —q™™

F' converges, since a direct check shows that there are only finitely many
terms in the sum with all values of w(h) bounded from below.

We rewrite the series F'(I', k, o) in terms of elliptic functions. Let p, be a
formal variable for every vertex v in I' and write

Ph = Du(n)
for every half-edge h. Then F(T', k, ) is the coefficient of [, p2 of the series
w(h " w(h) w(h'
Z H 1 (w)(h)w(h)k(h)w(h/)k(h )ph( )Ph'( )’
W e={hh'} q
(h)<ov(h’)

where the sum is over all w : H(I') — Z \ {0} satisfying condition (1). This
series factors as

a
(®) I Y @2
e—{hi'} aczfo} t =g Pw

v(h)<ov(h')

2miz

Let z € C and 7 € H where H is the upper half plane, and let p = e
and g = e?™". The Weierstra8 elliptic function p(z) reads
1
p2) =35+ +szp —2+4p "¢’
d>1 k|d
when expanded in p, g-variables in the region 0 < |q| < |p| < 1. Hence

o) +20s(r) = Y <L

a 9y
a€Z\0 q

where we consider Ca(q) as a function on H via ¢ = 7.

Consider the operator of differentiation with respect to z,
1 d d

*T oridz  Pdp

Let z, € C be a variable for every vertex v and set p, = e>™%v

. We write
Zh = Zy(p) for every half-edge h. The individual factors in (§)) can then be
rewritten as

> %ak(h)(—a)k(h,) (ph) = 35;5}1)35,5,’1/)(@(211 — zw) +2C3),
aczvjoy - ¢ Ph!
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Py

Py Ps

P Py
FiGURE 1. The dual graph of an n-cycle in case n = 5.

where the right hand side is expanded in the region U, C C" defined by

0 <lq| <lpnl/lpwn| <1

whenever v(h) <, v(h'). We conclude the following result.

Proposition 2. Let I',k,o be as above. Then

F(ko)= | JI 055l (ol — 2w) +2C2)
e={h,h'}
v(h)<sv(h') .o
where we let [~]po’g denote taking the coefficient of [, p° in the expansion
in the variables p, in the region U,.

1.4. Proof of Theorem |5, Since Cy4() = 0 the claim holds if n = 0, so we
may assume n > 1. Let P, ..., P, be disjoint copies of P!, and let

0,00 € P

be two distinct points on each copy. Let C,, be the curve obtained by gluing
for every i the point 0 on P; to the point co on P;y1, where the indexing is
taken modulo n. In particular, C; is a P! glued to itself along two points.
The curve C,, is called an n-cycle of P's and its dual graph is depicted in
Figure [[]in case n = 5.

Cconsider a degeneration of the elliptic curve E to an n-cycle of P's,

E ~ C,.
We apply the degeneration formula of [25] 26] to the class

Cg,d(pv ) p) € H*(Mg,n)

where we choose the lift of the i-th point insertion p € H?(E) to the total
space of the degeneration such that its restriction to the special fiber is the
point class on the i-th copy of P!. Hence after degeneration the i-th marking
of the relative stable maps must lie on a component which maps to P;.
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For partitions = (p1, ..., fe()) and v = (v1,...,vy,)) of equal size let
Mgﬂl(Pl? My V)

be the moduli space parametrizing relative stable maps from connected n-
marked genus g curves to P! with (ordered) ramification profile y, v over the
relative points 0, co respectively. If 2g — 2 +n + €(u) + £(v) > 0, let

T Mg,n(]P)lv 12 V) — Mg,n+€(,u)+€(u)
be the forgetful map (which remembers the relative markings).
Lemma 1. If 2g — 2+ n+ £(u) + £(v) > 0, then m,[Myn(P', 1, )] = 0.
Proof. The C* action on P! which fixes the points 0,00 € P! induces a C*-
action on M, (P, u,v). The claim follows by virtual localization and a
dimension computation. O

By the lemma we find that if a graph is to contribute in the degeneration
formula, each stable vertex v (those where 2g, — 2 + n,, + €(y) + £(vy) > 0)
must contain a marked point. Hence there are at most n stable vertices.
Since the n marked points must map to n different copies of P! (by the
incidence conditions) and each lies on a stable vertex, the graph therefore
must have n stable vertices containing a single marking each.

The contribution of each stable vertex is related to the double ramification
cycle by the following.

Lemma 2. Let p € H*(P') be the point class. Then
T <|:Mg,l(]P)17 , V)] eVT(p)> = DRg(07 K1y ooy () —V1y e ey _Vé(l/))‘
Proof. This follows from rigidification [28] Sec.1.5.3]. O

At unstable vertices of the graph we must have g, = n, = 0 and pu, =
vy = (d) for some d. The corresponding moduli space Mg o(P*, (d), (d)) is of
virtual dimension 0 and parametrizes a map to P! totally ramified at both
ends. We call such a component a tube. The contribution of a degree d tube
is

—__ vir 1
(9) dog [Moo (P, (d), (d))] = —.
Considering all possible contributions yields for all d the formula

Xny __ Hh: w(h)>0 W(h) i
(10) Cg,d(p )= ; |Aut(f)| &rx <Zl—[1 DRy, ((W(h))hem‘)>

with the following notation. The sum is over tuples I = (T, w, £) where
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e [ is a connected stable grapﬂ I" of genus g with exactly n vertices
v1,..., Uy, where each vertex v; has genus g; and exactly one leg with
label i,

e w: H(I') — Z is a weight function on the set of half-edges,

o (: E(I') = Z>¢ is a wrapping assignment on the set of edges,

satisfying the following conditions:

(1) w(h)+w(h') =0 for every edge e = {h,h'},

(2) w(h) =0 if and only if h is a leg,

(3) She, wih) =0.

(4) For every edge e = {h,h'} with w(h) > 0 and h € v; and I/ € v; let

C[wh)(ee)+ 1) ifi>]
dle) = {w(h)f(e) if i < j.

Then 3 .cpryd(e) = d.

The group Aut(T') is the automorphism group of the stable graph I" which
preserves the decorations w and £. The morphism &t is the canonical gluing
map into the boundary stratum of Mg,n determined by T'.

We explain the graph data and the summands in . The vertex v;
labels the unique stable component which maps to P;. Every edge e between
vertices v; and v; corresponds to a chain of tubes between the corresponding
stable components (the chain may have length 0). The tubes in the chain
have a common degree r. We set w(h) = r for the half-edge h of e which
is glued to the stable component over the point 0 € P;. For the opposite
half-edge h' we let w(h') = TH We let £(e) be the number of times the
chain fully wraps around the cycle. If e starts and ends at the same stable
component and traverses the cycle once we let £(e) = 0.

We can read off the degree of the stable map at the intersection point
x = P NP, Lete={hh} bean edge with w(h) > 0 and h € v; and
h' € vj. We may depict the chain corresponding to e as leaving P; and
traveling clockwise in Figure If i < j the chain crosses x exactly £(e)
times with ramification index w(h) each. It contributes therefore w(h)¢(e)
to the degree of the stable map. If i > j the chain crosses P exactly (¢(e)+1)
times with degree contribution (¢(e) 4+ 1)w(h). Summing up over all edges
yields the degree condition (4).

10g6e [18] Sec.0.3.2] for the definition of a stable graph.

L Thig corresponds to the following convention: Assume the dual graph of the target
C,, is depicted in the plane with labels increasing in clockwise direction as in Figure
Let e = {h,h'} be an edge with w(h) > 0 and h € v; and I’ € v;. Then the chain
corresponding to e 'travels’ clockwise from P; to P; around the cycle.
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We discuss the contributions coming from the kissing factors and the
genus 0 unstable components. For every edge e = {h, h’'} with w(h) > 0 the
corresponding chain of tubes has m components and m + 1 gluing points
(with itself or other components) for some m. Each component contributes
1/w(h) by (9) and each gluing point contributes the kissing factor w(h).
The contibution from e is therefore

- (2)7% w(h)™ = w(h).
The product over all these contributions yields [, wry>o W(h).

We turn to the evaluation of . Forming a g¢-series over all d yields

(1)
Z]Aut (Z H _ w(h HDRgz( (h))hevi))7

W e={h,h'}
where (I, w) runs over the same set as before (satisfying (1), (2) and (3)),
and the first product on the right side is over the set of edges e = {h,h'}
where h € v; and h' € v; such that
e | < j,0r
e i =jand w(h) <O0.

By Proposition [1| there exist classes

Cg,k S A*(M%m)
all vanishing except for finitely many k& = (k1,...,kn) € (Z>0)™ and with
Sm-equivariant dependence on k such that
(12) DRy(at,...,am) = Y. Cgrai'---akr.
k:(klv-“akm)

Plugging into we obtain
(13)

&rx (ITy Cgo ko w(h)
T T LGl (s I U T ).
v=(kn)hew W e={h,h'}

where the product over edges e is as before and the last product is over all
half-edges h.

Suppose e = {h,h'} is a loop and let k be defined by k; = kp and
%h' = kp, as well as %h” = ky» for all all other half-edges h”. Then by
Sp-equivariance of the double ramification cycle we have

I« (H Cgv,ku> = &r« (H CQU’EJ) .

If &y, + kpy is odd then the contribution to of k and w cancels out with
the contribution of £ and w, where w agrees with w at all half-edges other
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than h and A’ and has interchanged values there. We conclude that we can
restrict the sum over all k = (k) to only those k satisfying

(14) kp, + kp is even for every loop e = {h, h'}.

Since the balancing conditions at vertices are independent of the weighting
at loops, we can factor the sum over w into a contribution from the loops
and non-loops respectively. The sum over loops further splits as a product
over each individual loop, with a loop e = {h, '} contributing the factor

d-d"- (s
Liy, k,, (@) =2 Z T
d<0
qd
— 2(_1)k}h Z dk}h+k}h/+1 - <.
>0 q

In the notation of Section the non-loops contribute exactly
F(Fno loops, k, 0_0)7

where I'° 1°°Ps ig the graph formed by deleting all the loops of I and oy is
the vertex ordering defined by v; <,, v; & i < j.
Hence we arrive at

* C v, Ry no loops
(15) C Zér AHt guk ( T Zins, (@ >'F(F 100P% ;. o7p).
'k ’ u loops
e={h,h'}

For every m > 0 we have

d Bom 2m + 2)!
ag) e o P GmAEG, )

= 4(m+1) 2

Since we have already removed all terms with kj + kp, odd from , we
conclude that the loop contribution Ly, x,,(q) is a quasimodular form. The
quasimodularity of F/(I'° 1°°PS k5q) follows from Proposition [2{and the first
part of Theorem [7] in Appendix [A] This concludes the proof of Theorem

0

1.5. Proof of Theorem |§|. We will begin the proof of on the left side
using the formula (I5). Since Cy(p*™) is S,-invariant, we can average the
formula above over all n! vertex orderings to get

* Cv,u 1 no loops
Z& |1£1[1t gv:k ( I Zewk, (a )'n!ZF(F loops '} 7).

Tk loops
e={h,h'}
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Using Proposition [2| we can rewrite this as

Zfl“* H Cgv,kv)

T |Aut(I)|

’ ( H LkhJ%/(Q)) H 3kh3§£,’( (zn — zp) + 2C3) ,

loops non-loops
e={h,h'} e={h,h'} 0
where [-],0 is the coefficient [-],0 , averaged over all orderings, see (67)).

We have already seen that the loop factor Ly, k,,(¢) is quasimodular and
by applying the ﬁ operator to it gives 2 if kp = kp = 0 and 0 else.
By Theorem [7] the non-loop factor is quasimodular and we have a formula
for its Cs-derivative. The sums over I' and k are finite, so we can apply the
d%‘z operator to the entire formula. The result is a sum of three terms

d
1c, o)

* Cgvyv
Z&\Eut)\) > 2( II Lkh,kh/(Q)>

Lk eo={ho,h{} a loop other loops
with k)hO:k'h/ =0 €={h,h/}
0

T 9585 (o(zh — 2) +2C)

non-loops
e:{h,h’} po
(11, € U,kv
+ Z - g H Ly, k), (q
|Aut(T
Tky loops
e={h,h'}
kpr
> 2 [T 98roC (p(zn — 2n) + 2C)
eo=(ho,h{,) a non-loop  |other non-loops
with khO :kh/ =0 (i:{h,hl} pO
(11, € U,kv
+ g IT Lk, (a
|Aut(T W/
Tky loops
e={h,h'}

(-1) > |@mi)*Res | (zi—2) I 0500 (p(zn — 2w) +2Cs)
1<i#j<n B non-loops

e={h,h'}
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The first two of these three terms agree with the first two of the three
terms on the right of the holomorphic anomaly equation @ that we are
trying to prove. To see this, commute the sum over ey out past the sum
over k, in each of these terms. After doing so, the conditions kp, = khé =0
are conditions on the k,-sum. Then taking kj, = k% = 0 in the double
ramification cycle coefficients Cy, 1, is the same thing as setting those pa-
rameters to be zero in the double ramification cycle and thus is the same
thing as computing the Cy ;, for I' with edge ep deleted and then pulling
back by forgetful maps. In the case where I' is still connected after deleting
the edge eg, these contributions give preciselylﬂ the first term on the right
of (7). For the second term of the above formula (deleting a non-loop) the
graph might become disconnected after deleting edge eq; this gives precisely
the second term on the right of .

Thus it remains to show that the third term above agrees with the third
term on the right of . Removing a factor of —1, we want to show that
(17)

gF* (H Cg k ) < H
Z Z T v Ly, k,,(q)
Fiustie MO o

S |@ri)?Res | (zi—z) [ 0505 (p(zh — 2m) + 2Cs)

— 2i=Zzj
1<i#j<n non-loops

— /
e={h,h'} »

=23 i piCe(p "),
i=1

We now move to the right side of . In this discussion IV will always
denote a graph with n — 1 vertices and I' a graph with n vertices. We start

with with n replaced by n — 1:
><n 1 W(h) n—1 DR .
Z |Aut ] Zv:e {I;Ih/ qw(h) z:l_[1 gi((W( ))hEUi)

where the half-edges h,h’ satisfy v(h) < v(h’) with respect to the vertex
ordering v, < v for 1 <a <b<n—1and if v(h) = v(h') then w(h) must

12The factor of 2 in the first term above cancels with the factor of 2 from the deleted
loop’s contribution to Aut(T").
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be negative. As before, we can average over all possible vertex orderings:

n
P Z |Aut ()]

1 ( ) n—1

ol 1= o R (Wihew) |

(n—1)! — gw(h)
o W oe={hh} =1

where o runs over all (n — 1)! orderings of the vertices and the sum over

edges e now uses o to choose which half-edge will be h.
We apply the pullback map p} for some i € {1,...,n}:

1
P = Y 2 TAut(@)]

1<j<n r’
j#i legs i,j on same vertex

| oty 2 T o IT R (wen) |

o W oe={hn}y 1 1<k<n
k£
where now I has (n — 1) vertices but n legs and the legs i,j are on the
same vertex v; = v; (of genus g; = g;). Everything inside the first sum is
symmetric in 7 and j, so after multiplying by 1; and summing over ¢ we can
write the entire formula more symmetrically as

(18)
" 1 1
; - ;kc xn—1 — i . -
izzl Vi - p;Cy(p ) 5 1<#Zj<n(7/) +95) ; [Aut(T)]

legs 4,7 on same vertex

| X I o T R (e

W e—{h1'} q 1<k<n
k#i

We will need a formula for the product of a v class with a double ramifi-
cation cycle. We use the following variant of the basic identity [9, Cor.2.2].

Lemma 3. For any g > 0 and aq,...,a, € Z with sum zero, we have
(wl + ¢2)DRg(O>O7G17 sty an) =

Cl .. -Cm
Z TDRgl(X,aSI,—cl,...,—cm)&DRgz(—X,asz,,cl,...,cm) )
m,G:,55,Ci ’ X1

where K denotes gluing along the m pairs of marked points with weights
+¢;, the bracket [P]x1 denotes taking the coefficient of X' in a polynomial
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functioﬁ P of X (in this case defined for all sufficiently large integers X )

and the sum >, . g, .. Signifies
1<m<g+1 g=g1+g2+m—1 Cl,..sCm >0

{1,...,n}=51US> Cl+"'+5m:X+Zi€SI @i

Proof. Use the basic identity [9, Corollary 2.2] to compute
(X¢1 - (_X)¢2)DR9(X, _Xa ai, ... ,an)
and take the coefficient of X! of both sides. O

Using this lemma to expand the (; + ¢;)DRy, factor in effectively
splits the vertex carrying legs 7 and j in I into two vertices each with one
of the legs, connected by some positive number of edges. We obtain

" 1
;W'p;‘kc’g@m_l)zi Z Z|Aut (T) Z

1<i#j<n T ‘ S a nonempty set of edges
between v; and v;

oSy I

—_ qw(h
L T
e¢S

n
Z H C(h/) H DRgi (((W = C)(h))hevi> ) :
c e={h,h'}€S i=1
v(h)=vi,v(h')=v; X!

Here I' is now a stable graph on n vertices with one leg on each vertex.
The set S is a nonempty set of edges between v; and v; in I'; these are the
edges created by the (¢; +1;)DR,, formula. To explain the later sums in the
formula, let IV be the graph formed from I' by contracting the edges of S,
so IV has n — 1 vertices and legs 7 and j are on a single vertex. In particular,
edges between v; and v; that are not in S become loops in I'. Then the

remaining sums are over the following data:

e 0 is an ordering of the vertices of I, and is used in the usual way to
determine orientations e = {h, h'};

e w is a balanced weighting of the non-leg half-edges of I", which
are naturally identified with the non-leg half-edges of I' that do not
belong to edges in S;

e c is a weighting of the remaining half-edges of I (those belonging to
edges in S, and legs) such that c(l;) = X, c(l;) = —X for some large

13Polynomiality here follows from the polynomiality of the double ramification cycle
[18, @5).
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integer variable X, ¢ vanishes on all the other legs, c(h) < 0 for any
half-edge h between v; and v; with v(h) = v;, and w U ¢ forms a
balanced weighting of I'.

Using the polynomiality of the double ramification cycle the expression
inside [-]|x1 is polynomial in X for fixed w and sufficiently large X € Z; we
take the coefficient of X! in that polynomial, as in Lemma

Expanding the double ramification cycles as sums of monomials with co-
efficients Cg, 1, , this becomes

D wipiCy(p* )

=1

. 1 fr* (Hv C v,k’v)
3 22 2 Tawm)

1<i#j<n T kv=(kn)ne S a nonempty set of edges

at least one edge between v; and v;
between v; and v;

(1) 'ZZ 1 I—QW(h w(h)w (R

e={h,h'}
e¢S

Z H c(h)c(h)Fre(h)kw

c e={h,h'}eS
v(h)=vi,v(h')=v, X1

We can multiply by 2 and rearrange the sums slightly to make this look
more similar to the left side of :

2> i piCy(p™ )

i=1
&rs (ITy Cgu k)
=>. > *,;ut 5 II Zew (@
I kv=(kn)hew loops in I
e={h,h'}
W(h)kh—i-lw(h/)kh/
Z Z ( ! ' 1— qw(h)
1<i#j<n S a nonempty set of edges 0 W non-loops in I'
between v; and v; e={h,h'}¢S

Z H c(h)c(h)Fre(h)kw
c e={h,n'}€S
v(h)=v;,v(h')=v; x1
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Thus it is sufficient to show that

(19) | (27i)* Res | (2 — z;) H 65}?85:; (p(2n — 21r) +2C2)

Zi=Zj

non-loops
e:{h,h’} pO
kp+1 Nk
_ Z 1 Z Z H w(h) w(h')"n
(n—1)! . 1—qgv(h)
S a nonempty set of edges 0 W non-loops in T’
between v; and v; e={h,h'}¢S
> I1 c(h')e(h)ne(h')"

c e={h,h'}€S

v(h)=v;,v(h)=v; x1

We will expand both sides of more explicitly and show they are equal.
On the left side we will expand the residue, while on the right side we will
express the last line as a polynomial in the w(h) and then apply Proposi-
tionto interpret the right side as the p®-coefficient of a multivariate elliptic
function.

For simplicity, we will assume that kp = 0 for all b’ between v; and v;
with v(h’) = v;. This reduction is justified because reducing kj, by one and
increasing its partner kj, by one just multiplies both sides by —1.

Let e1, ..., e be the edges in ' between v; and v;. Let eq = (hq, h,) with
v(hg) = v, and let kg = kp,. On the right side of , we will think of S
as a subset of {1,...,m}. We write ¢, = c¢(h},) for a € S and w, = w(h,)
fora¢ S.

We first compute the residue on the left side of . The only terms in
the product with a pole along z; = z; are [[, 0% (p(z; — z;) + 2C2), so using
(63) and setting w = 2miz the residue is equal to

m

S TT 2% (o(z) + 2C)
>0 La=1 w—2-1
s o
il H 0,10z, (p(zn — zn) + 2C2)
’ non-loops in I/ -

e={h,h'}

We expand the first product. We start with the w-expansion

1
p(z) +2Cy = 3 + 2(27“ +1)(2r+ 2)CQT+2?U2T,
r>0
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SO

1)k .
Hiote) +209 = O 4 5 S o

2r—

[STES

Also, it will be convenient to use the notation

Dopyo =2 dflirlchl7
d>0
SO
(2k +2)!- Copq2 = Dopgp + (=1 — 2k)
and

0% (p(2) +2C2)

_( ) (k:+1 27“ k w2r—k
= +3 DQT+2 + > ¢(-1-2r) 7(% i

7“> k 7‘> k
The residue is then equal to

2r +2 C —-1- 27'(1)
20 k 1 2
(20) Z H(a+)H (2rq — kq) 'H (2rq — kq)!
{1,...m}=AUBUC a€A a€
TGEZ,raZ%L for ae BUC
>0

(-D'oL,

I H 8’”‘62:, (p(zn — znr) + 2C9) ,

non-loops in I/ 2i=2;

e={h,h'}

where [ is defined by

l==2+Y (ka+2)+ > (ka—2ra)

acA aceBUC

and the constraint [ > 0 in the sum should be viewed as a constraint on the
variables used to define I.

We now switch to the right side of and show that it is equal to the
pP-coefficient of . We will need the following combinatorial identity (a
multivariate version of Euler-Maclaurin summation):
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Proposition 3. Let m and X be positive integers. Let P(x1,...,xm) be a
polynomial in m wvariables. Then

Z P(x1,...,xm)

21,y Tm EL>0
1+t rm=X

. / Py, am)| | e
zh—((—

ICqL,...,m} ©;>0 for i€l )
I#0 Zie] xi:X_ZigI . forig¢I
where the integral is over a (|I| — 1)-dimensional simplex in the variables
(zi)ier and if i1 < ... <1, are the elements of I then we use the convention

P .= / deil cee dl‘il_l.
;>0 for i€l x; >0 for i€l
Zie] xi:X*Zi@I Ti Zie[ xi:X*Zief Zi
The wvalue of the integral in the region Zigg zi < X s a polynomial in
the variables (z;);¢1, and we extract a number by replacing each xf by the

negative zeta value ((—k).

Proof. When m = 1 this just says that P(X) = P(X). Assume m > 2. We
may also assume that P(x1,...,%y) = 27" --- 2% is a monomial. Then the
integral on the right side is a beta integral and evaluates as

/ x;>0 for i€ P(xi,...,xm)
Dier xi:X—Zigl T

a; H'EI ai! Z (a-+1)_1
= LI}‘,L.Z 7 (X — :CZ) ier\%i
(zg ) (Xier(a; +1) = 1)! zgzl
— n (_1)bix?i+bz’
= H a;! Z W H T
el n€l>gq il
biEZZQ for i ¢

n+2i§£[ bi=) e (ait1)—1

Replacing powers xf by the negative zeta values

(k) = (-1)f 5

(where By are the Bernoulli numbers) then gives

Ha-‘ H(—l)“i Z X" H Baitbi+1

b ! T (a4 +b :

i€l gl n€Zso LRy bl (a; +b; + 1)
bi€Z>q for i ¢ I

n+zi$1 bi:ZieI(ai+1)_1
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Using the generating function

Z Batbi1 zb:<d)a< 1 1>
bl-(a+b+1) dz e#—1 z)’

b>0

we can rewrite this as

[Tet TI-) [ (i ) 1)12
T

e ) (-]

m
= H(_
i=1
If I = () this expression is 0, since in this case the expression inside [],-1 has

no pole at z = 0. Hence we can safely enlarge our sum over I C {1,...,m}
to include an empty I. The result is that the right side of the identity to be

SR ()

If we interpret this as a residue at z = 0 and change variables by w = e* —1

proved is equal to

we obtain

L d\% 1
Res,_geX? H (—) ( Z ) dz
el dz e —1
= Res 0(w+1X1H( w—i—l)d)ai(l)dw
= d w '

=1 w

This only has poles at w = 0 and w = oo, so the residue at w = 0 is —1
times the residue at w = co. We then change variables by w = % — 1 to get

— ReSy—oo (w 4 1)%~ 1]__[( w+1)dd) Z<1>dw
w

i=1 w

1 d\" [ u
= ReSUZOW g (udu> <1 — u) du.

This is equal to the coefficient of u*

fl(e) ()=t (5 )

Ti€7Z>0

which is the sum we were trying to compute. O
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The conditions on the sum over c on the right side of are that (¢q)aes
are positive integers with fixed sum

X—}—Zwa+ Z w(h).

a¢sS h not part of a loop in T
v(h)=v

Hence we may apply Proposition [3| above. The result is

ey > > ,Z )

SC{1,...,m} ICS I;ﬁ@ " 0 w balanced on I
w(h) k Ky |walg™e! ka
H T qw(h)w(h) nw (h)En . H Z I _“ pn (—|wal)
non-loops in I/ a¢S \wq.€Z\{0}
e={h,h'}
ka . ka
H(_l) Lq +1 b (k) )
24>0 for acl aes fz;je ;\ I
ZaEI$a:X+Za¢Swa+W_ZaES\I Za X1
where
W= > w(h).
h not part of a loop in I'/
v(h)=v;
The integral is a beta integral and evaluates to
H H a:k“H [Lacs(ka +1)!
a€s a€S\I L4 2er(ba +2))!
: (X + Z Wq + W — Z xa)71+zael(ka+2)a
ag¢sS aeS\I
which has X' coefficient
. W

3 H(zra_k; 'Hk + ) [T a2t T w2ete =,

TQEZ,TQZ% for a¢l a¢l acl aeS\I ag¢S
>0

where [ is defined by

I==2+ (ka+2)+ > (ka — 2ra).
acl a¢l
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Substituting this into and setting A = I, B={1,...,m}\ S, and
C = 5\1 gives

Z H(k‘a 1) H Doy, 12 H C(—=1—2r,)

_ | _ |
{1,...,m}=AUBUC a€A a€EB (27“a ka)' acC (QTG ka)'
raEZ,raz%l for ac BUC
>0

! W) (SO
e [T = W wy ==

0w balanced on I'V non-loops in I/

e={h,h'}

Applying Proposition 2] to the second line gives the desired equality with the
pP-coefficient of the residue . This completes the proof of Theorem@ ([l

2. ELLIPTIC CURVES: THE GENERAL CASE

2.1. Overview. In Section [[] we proved the quasimodularity and holomor-
phic anomaly equation for

Co(15---,7m) € H (Mg,) @ Q[[g]]

if all v; are point classes. Here we show the point case implies the general
case by showing quasimodularity and the holomorphic anomaly equation are
preserved by the following operations:

e Pull-back under the map Mg ,41 — Mg, forgetting a point,
e Pull-back under the map MQ_LTH_Q — Mgm gluing two points,
e Monodromy invariance.

In Section we also present the proof of Corollary
2.2. Cohomology. Let E be a non-singular elliptic curve and let
17 a7 b7 p

be a basis of H*(F) with the following properties:
(a) 1 € H°(E) is the unit,
(b) a€ HY(E)and b € H*'(E) determine a symplectic basis of H!(E),

/anzl,
E

(c) p € H?(E) is the class Poincaré dual to a point.

2.3. Monodromy invariance. For any ¢ = (?‘Y ’?) € SLa(Z) there exists a
monodromy of the elliptic curve E whose action on cohomology

¢: H*(E) — H*(E)
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is the identity on H°(E) and H?(E) and satisfies

(a a B (a
o(5)~ (0 5 6)
By deformation invariance it follows that

(22) Cg(’717---,’)/n) :Cg(gb(’Yl)a"'aQZ)('Yn))

where the right hand side is defined by multilinearity.
This implies the following balancing condition, which can be found in [I7,
Sec.4] and is proven by an adaption of [40] Sec.5].

Lemma 4 (Janda [I7]). If y1,...,7 € {1,a,b,p} are non-balanced, i.e. if

{i: vi = a} # [{i: 7 = b},
then Cy(y1,...,7) =0.

2.4. Proof of Theorem [2| For every g and n consider the homomorphism
Co: H'(E)®" = H*(Mgpn) @ Qllall, M ® -+ @7 = Cg(n,. -, 7).
Define the subspace
K, C H*(E)®"
to be the set of all v such that for all g the series Cy(v) lies in H*(M,,,) @
QMod. We need to show that the inclusion

K=K, c T(E)=E H*(E)*"

n>0 n>0
is an equality. Consider any element
(23) YT=71® D Vn, /ylaa’Yne{laaabap}
If 7 is non-balanced, then v € K by Lemma [d Hence we may assume 7 is
balanced. We will show v € K by induction on
m(y) = [{i: v = a}|,
the number of factors in v equal to a.

Base. If m(v) = 0, then every ; is either the point class or the unit. Since
every K, is invariant under permutation we may assume

Y=pR - @pR1I® - ®1
k n—=k

for some k. If 29 —2 4+ k < 0 then Cy(7) is a constant in ¢ and hence
quasimodular. Otherwise we have

p*Cy(p,....p) =Cy(p,...,p,1,...,1),
k
e
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where p : My, — M, is the map that forgets the last n — k points. We
conclude v € K by Theorem [5

Induction. Let m > 1 and assume 7 € K for any v with m(vy) < m.

Lemma 5. Let v be of the form with m(y) = m and let v = a and
v = b for some i < j. Then, under the induction hypothesis,

R AR bR = R b R® 2R
~— ~— ~— ~—
ith jth ith jth
in T(E)/K, with all factors except the i-th and j-th the same on both sides.

Proof. Let v : My, — Mgi1,—2 be the map that glues the i-th and j-th
markings. For every g we have by induction

Cogt1(Vis-- s Yire o) € H' (Mg41n—2) @ QMod,
where 4; and 7; denotes that we omitted the i-th and j-th entry. Hence also
CCq1(Ms -y Vis e sV s ) = Colvis--y 1,00 ipyeey )
+Co(v1,-- 5Py L )
—€-Cy(m1,--,3,...,b, ..., m)
+e-Cy(71,.-.,b, . 0ya, . 7m)

lies in H*(M,,) ® QMod, where € = Hi<k<j(—1)degk(7k) and we used the
diagonal splitting

(24)

Ap=1l®p+p®l—a®b+b®a.
By induction the first two terms on the right hand side in lie in

H*(My,) ® QMod, hence so does the difference
—Cyg(71,--5a,.. b ) HC (1, - by Ay ). O

Let v be of the form with m(y) = m. We show v € K,, and complete
the induction step. By .S, invariance of K,, we may assume

Y=a® - ®aRb® - Qb®Vomi1 @ @ W,

m m

where ; are even for all ¢ > 2m. Consider the element
V=28 ®a®em+1 ® @
2m

Since 7' is non-balanced it lies in K by Lemma Hence by monodromy

invariance with respect to ¢ = (i (1)) also

(25) p(Y)=(@+b)®@ - ®@(@+b)@m1 @@

2m
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lies in K. But by Lemmas [f] and [f] we have
2m
o() = ( >7+

m

where (...) stands for elements in K. It follows that v € K. O

2.5. Holomorphic anomaly equation. Define

Ho(y1, - 9m) € H' (M gn) @ Q[q]]
to be the right hand side in the equality of Theorem [3 and let
Hy : H*(E)®" — H* (M) @ Qllg]l, 11 ® - ® v = Hg(m, .., )
be the induced homomorphism. We show several compatibilities of H,.

Lemma 6. Let p: My ,41 — Mg, be the map that forgets the (n + 1)-th
marked point. Then for any g and v1,...,v, we have

L*Hg<717 s 7771) = Hg('Yh <o I 1)

Proof. This follows by a direct calculation from the following. For any g
and ~1,...,v, we have

P Cy(v1,-57m) = Co(71, -+, mr 1)

And for every i € {1,...,n} the cotangent classes v; € H?(M,,) and
V; € H*(Mg4,+1) are related by

(26) Vi = p"i + Dint1)s

where D(; 11 is the boundary divisor whose generic point parametrizes the
union of a genus 0 curve carrying the markings ¢ and n + 1, and a genus g
curve carrying the remaining markings. U

Lemma 7. Hy(v1,...,7) = Hg(¢(71), ..., &(n)) for every ¢ € SLa(Z).
Proof. This follows from the monodromy invariance . ([l

Lemma 8. Let ¢ : My 40 — My, be the gluing map along the last two
marked points. Then

L*Hg(71a e 77n) = Hgfl(’yla s )anAE)-

Proof. This follows from a direct calculation of t*Hg(v1,...,7,) using the
description of the intersection of boundary strata in M, in [14, App.Al.
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For example, by [14, Sec.A4] the pullback of the first term is

L*L*Cg_l(’)/l, ey Yn 1, 1) = L34*Cg_2(’)/1, c e Yn AE, 1, l)

+ Z Zj*cgl (751 ) AE,éa 1) X ng (752’ AE‘,Z’ 1)

g—1l=g1+g2 ¢
{1,...,n}=51US>

- 2Cg—1(717 e T 17 1)(¢n+1 + wn-l—Q)a

where 134 : Mg_27n+4 — Mg_1,n+2 is the map gluing the (n + 3)-th and
(n 4 4)-th point, j is the map gluing the last marking on each factor, and
A=A ® AJYE,Z is the diagonal. The calculation of the other terms is
straightforward. O

We prove the holomorphic anomaly equation in full generality.

Proof of Theorem[3. By Theorem |2| the homomorphism C, takes values in

H*(My,) ® QMod. For any g and n we may therefore consider

d * n * (AT
Tym = (d@cg — Hg> : H(E)®" — H*(M,,,,) ® QMod.

Consider the subspace of vectors which lies in the kernel of T, for every g,

K, = ﬂKer(Tgm) C H*(E)®™.
9

We need to show the inclusion

K=K, c P H(E)*"

n>0 n>0

is an equality. We have the following list of properties of K.
All unbalanced v are in K (by Lemma {4)).
Every K, is invariant under permutations.
Ally=p®...®parein K (by Section [1]).
If y € K, then y® 1 € K (by Lemma [6)).
If y € K, then y® Ag € K (by Lemma.
Ton(7) = Tgn(o(y)) for every ¢ € SLa(Z) and vy (by Lemma [7)).

The claim of the Theorem follows from the properties above and the same

induction argument used in Section [2.4] O

2.6. Proof of Corollary The ring of quasimodular forms admits the
derivations

oL QMod - QMod  and L : QMod — QMod.
dq dCy

A verification on generators of QMod proves the commutator relation

d d .

QMOdk
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for every k. In particular, QMod,, is the —2k-eigenspace of [ﬁ, qd%].
We prove the Corollary by calculating the commutator
d d
—.,q—|C ... )
[ng’qdq] 9(717 /771)

Let p: Mynt1 — My, be the map that forgets the (n + 1)-th marked
point. By the divisor equation we have

d
p*cg(’yl) <o I P) = qdich(’ylv e 7’Yn)'

Since p, and ﬁ commute we therefore find
d d d d d
—q— | Cy(v1,- -, =ps—Co(71,-- -, P) — ¢———=Co(V15- -y Vn)-
|:d02 qdq:| g(’)/l ’Yn) p*dCQ 9(71 Tn p) qdq dCQ g(’yl ’Yn)
A direct evaluation of the right hand side using Theorem |3 relation
and pyn4+1 = 29 — 2 + n yields
[ d d
— q—
dCQ dq
where mg and mgo are the number of ~; of degree 0 and 2 respectively. [

:|Cg(717"'7’7n) = _2(29 —24+n—mo+ m2)cg(717- . 'a’)/n)a

3. K3 SURFACES

3.1. Overview. Let 7 : S — P! be an elliptic K3 surface with section, let
B, F € Pic(S) be the class of a section and a fiber respectively, and define

Bn =B+ hF, h>0.
The quasimodularity @ is proven in [30] by induction on the genus and
the number of markings using the following reduction steps:

e Degeneration to the normal cone of an elliptic fiber S Ug (P! x E).
e Restriction to boundary divisors in Mg ,,.

We show both steps are compatible with the holomorphic anomaly equation
(Sections and respectively). This implies Theorem [4] (Section [3.6)).

3.2. Convention. If 2g — 2 4+ n > 0 recall the forgetful morphism
p: Mgm(IP’l, 1) = Mgy,

and the tautological subring
R*(My,) C H"(My,).

For Section [3] we extend both definitions to the unstable case. If g,n > 0
but 29 — 2+ n < 0 we define M, to be a point, p to be the canonical map
to the point, and R*(M,,) = Q spanned by the identity class.

This will allow us to treat unstable cases consistently throughout. We

will point out when the convention is applied.



38 GEORG OBERDIECK AND AARON PIXTON

3.3. Boundary divisors. For any 2g—2+n > 0 consider the pushforwards

Koty m) = pKyg(y1, -+, ),
Ky (vis - m) = eIy (71, - -5 ),

Tg(’yl) o a’yn) = p*Tg(’Yla e 7771,)
where p : Mg’n(}P’l,k) — Mg, is the forgetful map and ICg,IC‘g’ir,Tg were
defined in Section
Let ¢ : My_1+2 = Mg, be the gluing map along the last two marked
points. We have the splitting formula [30] 7.3]

L*IEQ(VM cee aryn) = 169*1(717 <o o AS)a
where Ag € H*(S x S) is the diagonal.

Lemma 9. L*'T'g(’yl, ey Yn) = 'T'g_l('yl, e Yy Ag).
Proof. By a direct calculation, similar to Lemma [§ ([l
For any g = g1 + g2 and {1,...,n} = S; U Sy let
Mg, 5,000} X Mg, sy01e) = Mgn
be the gluing map along the points marked ’e’. We have

j*icig(,ylu e 7771) =

Z (’691 (751ﬂ AS,K) X K;;r(’)/sw Ag,é) + Iz;ir (7517 AS,f) X 1692 (752’ Ag,é)) .
l

Lemma 10.

j*-T—g(717 ey Yn) = Z <:|:91 (V515 AS,E) X ﬁgér('ysw Aéé)
l

+ Iz;)ir(r)/Sl 9 AS,E) x -T-QQ (/ySza Aée)) .

Proof. The pullback under j of the first three terms of 'T'g (Y1, -+, 7n) match
the corresponding three terms of the right hand side. The respective last
two terms also agree by a careful matching of all the cases. O

3.4. Relative geometry on P! x E. Consider the trivial elliptic fibration
m: Pl x E - PL
We denote the section class by B and the fiber class by F, and write
(k,d) = kB +dFE
for the corresponding class in Ho(P! x E,Z). Let also
Y1y € H* (P! x E)
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be cohomology classes. We define several Gromov—Witten classes.

3.4.1. Absolute classes. Recall the absolute Gromov—Witten classes
’Pg,k(’yla s 7771) = Cg,k(’Yb s 77“) € H*(Mgm(]}”l? k)) ® Q[[CIH

3.4.2. Relative classes. Consider the moduli space of stable maps

My ((B* x E)/{0}, (k. d), 1)

to P! x E in class (k,d) relative to the fiber over 0 € P! with ramification
profile over 0 specified by the partition u of size k. We let

7 My (Pt x E)/{0}, (1,d), u) — Myn(P'/{0}, 1)

be the morphism induced by the projection P! x E — P!,
We are here interested only in the cases k € {0,1} where the partition p
is uniquely determined. Hence we omit it in the notation. If kK = 0 define

o
PN i) = 3 4 ([M W(B % B)/{0}, (0,d))] ™ Hev (7 ) :
d=0
where evy, ..., ev, are the evaluation maps at the non-relative markings.

In degree 1 consider the evaluation map at the unique relative marking,
evo : Mgn((P' x E)/{0}, (1,d)) = E.

Let u € H*(E) be a relative insertion. We define

Pt (v, mi 1)
_Zq s <{ 2((P' x E)/{0},(1,d) } revo Hev %>.

3.4.3. Rubber classes. Consider the moduli space of stable maps
(28) Mg,n((]?l X E)/{07 00}7 (17 d))
relative to fibers over both 0 € P! and oo € P!, and let

My, ((P' x B)/{0,00}, (1,d))

denote the corresponding stable maps space to a rubber target [40] 28]. We
have an induced morphism

v 1 T~ (ml
m: My, (P x E)/{0,00}, (1,d)) = My, (P"/{0,00}, (1))
and interior evaluation maps

evi,...,evy :M;n((ﬂ”l x E)/{0,0}, (1,d)) = E.



40 GEORG OBERDIECK AND AARON PIXTON

which are the descents of the composition of the interior evaluation maps
of with the projection P* x E — E. For any 71,...,v, € H*(E) and
relative insertions p, v € H*(F) define the rubber class

LA CTRNTRY)

=S [T < B3/10.50). 01,0
d=0

M eviu) eviow) [ evi m) .
=1

We identify the insertion v; € H*(E) with its pullback to H*(P! x E) by
the projection to the second factor.

3.4.4. Holomorphic anomaly equation. By Corollary [2] the class

Pg,k(717 s 7771)

lies in H. (Mg, (P!, k)) @ QMod and satisfies a holomorphic anomaly equa-
tion. We obtain a parallel result for the relative classes by the relative
product formula [23]. The argument is similar to Corollary [2[ and yields

’P;?{(’Vla ooy Yns ) € H*(Mg,n(lpl/{o}? (1)) ® QMod

as well as the holomorphic anomaly equation

d r
T@Pg,e% (’Yla N3] ,U)
= L*A!P;'ilLl(fyl, ey, 1,15 1)
+2 > A (Pl (s, 1) B P (1,015 ) )

9=g1+g2
{1,...,n}=S1|_|SQ

(29) +2 > e (P;?bber(%‘l; 1, 1) B P (35 1))
9=g1+92

{1,...,n}=51US2
VieS1v,€H*(E)

n
— 227);?{(’}/1, Ce 77i—177r*77*7i7’7i+1; . ,’yn;u)wi
=1

where A : P! — P! x P! is the diagonal, the product A' is taken both times
with respect to the evaluation maps of the two extra markings, ¢, j are the
gluing maps along the extra markings, and

Vo € H*(Mgn(P'/{0}, (1))

is the cotangent line class at the relative marking.

3.5. Relative K3 geometry.
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3.5.1. Relative classes. Let
EcsS

be a fixed non-singular fiber of 7 : S — P! over the point co € P!,
For any v1,...,v, € H*(S) and u € H*(E) define the relative class

K v, s ) = > ¢ <[Mg,n(S/Ev Bu)* Y evi () [ ] 6Vf(%)> :
h=0 =1

where 7 : M, (S/E, B1,) — Mgn(P/{cc}, (1)) is the induced morphism.
Since every curve on S in class (5, is of the form B + D for some vertical
divisor D we have

(30) Ky (v, - mip) = 0 if degg () > 0.

Hence we will usually take the relative insertion to be p = 1.
By [30, Lem.31] and with the convention of Section we have

* rel . 1
/p (@) NG 30i1) € 5 QMod,

for every o € R*(M,).

3.5.2. Relative fiber classes. Consider the moduli space
(31) Mgy, (S/E,dF)

of stable maps to S relative F in class dF'. Since F'- E = 0 we do not need to
specify a ramification profile here. The moduli space carries a non-zero
(non-reduced) virtual clasﬂ We define

’C;ir_rel(’)/l,--~a'7na Zq T ( g, S/E dF VereV Yi > s

=1

where 7 : M, ,(S/E,dF) — Mg,n(Pl/{O}, 0) is the induced morphism.
We have the following description of the virtual class.

Lemma 11. Let i : E — S be the inclusion and let p be the forgetful map
to My,,. With the convention of Section in the unstable case,

p*lcgir-rel(vl’_”’,yn; ) :p*lcgir(fyl,...,’yn) Prel( ( ) ,'L*(’yn))

Proof. Since S carries a holomorphic symplectic form we have

Zm( My (S, dF))] V”Hev %)qd = K (15 Yn)-

=1

The statement follows by applying the degeneration formula for the degen-
eration S ~ S Ug (P! x E) to the left hand side. O

l4The log canonical class of the pair (S, E) is non-zero.



42 GEORG OBERDIECK AND AARON PIXTON

3.5.3. Relative holomorphic anomaly equation. We define a candidate for
the ﬁ—deriv&tive of the relative class

Ky (1, mi 1) € Ho(Mgn(P!/{0},1)) © Q[[a]l.
Consider the class in H.(M,,(P'/{0},1)) ® Q[[¢]] defined by

Tgel(f}/h e 77”)
= LA (71,7, 1,15 1)

g—1
+2 Y A (K (s, 131) x K (s, 1))
9=91+g2

{1,...,n}:5'1l_|52

+2 Y (KOs 1) x Pt (3 1,1))
g=g1+g2
{1,...,n}=SlL|S2
VieS1 v, e H* (E)

n
- 2Z’C§el(7h s Vi1, 77*7r*7177i+1> <5 Yns 1)¢1
=1

n
+ 202<7@a F>K§el(’yl’ s Vi1, Fa Yit+1s -5 Ins 1)
=1

— 2> K1, 01 (Vi) s 020, Y)s s 1),
—— ——

1<j h

i jth

J

where A : P! — P! x P! is the diagonal, in the first and second term on the
right hand side the intersection A' and the gluing maps j are taken with
respect to the extra interior marked points, and in the third term j is the
gluing map between the relative point on the K3 and one of the markings
on the rubber class.

3.5.4. Compatibility with the degeneration formula I. Assuming quasimod-
ularity we expect the holomorphic anomaly equations

d
(32) TCQICg(’Yl’--w’Yn) :Tg('Ylv-~-7’Yn)
d re re
(33) dCQK:gl(fhw-wan;l):Tgl(717~-'77n)

The degeneration formula yields a compatibility check for these equations.
Consider the degeneration

(34) S~ SUg (P! x E)
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and apply the degeneration formula to Kg(71,...,7,) for any choice of lift
of v1,...,v,. The result is

(35)  pKo(mom) = D peta (K (rs,: 1) B PLE(95,:p))

9=g1+g2
{1,...,n}151|_|52

where ¢ is the gluing map along the relative point and we used the vanishing
. Assuming and using we can calculate the Cy derivative of
the right hand side of . A direct check shows the result coincides with
applying the degeneration formula to the right hand side of . Hence the
formulas and are compatible with the degeneration formula.

3.5.5. Compatibility with the degeneration formula II. Let < be the lexico-
graphic order on the set of pairs (g,n), i.e.

(36) (91,m1) < (92,m2) <= g1 <g2or (g1 =gz and ny < ny).

The following proposition shows the holomorphic anomaly equation in
the absolute case implies the relative case. Here and in the proof we use the
convention of Section

Proposition 4. Let G, N be fized. Assume

ddOz/p*(a)./cg(%,...,%) :/p*(a)‘Tg(’ﬂv-~-7%)

for every (g,n) < (G,N), o« € R*(Myy) and v1, ...,y € H*(S). Then

d * rel * rel
dC'Q/p (CY)"Cg (717”’77’/1)2/1) (a)Tg (717”’7771)

for every (g,n) < (G,N), o« € R*(Myy) and v, ..., € H*(S).
Proof. Let ps € H*(S) be the point class and assume
Yi S {17PS7F7W}UV

for every i. We apply the degeneration formula for the degeneration
where we choose all v; with v; ¢ {1, W} to specialize to the component S.
Writing out we find

(37) PeKg(1s ) = Pk (i D)

where ’...” stands for terms of lower order (i.e. for which (g1,m1) < (g,n)).

We argue now by induction over (g,n). Let (g,n) be given and assume the
claim holds for all (¢, n") with (¢’,n’) < (g,n). After integration against any
tautological class a both sides of are quasimodular forms. Hence after
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integration we may apply ﬁ' By the induction hypothesis, the assumption
in the Proposition, and , all terms except for

d
— D (e, s 1

are determined. By the compatibility check of Section the claim follows
also in the case (g,n). O

3.6. Proof of Theorem [4. With the convention of Section [3.2] we show

(38) dCQ/p*(a) NKg(115- -, m) = /p*(a) NTg(v1,---, M)
for all v1,...,v, € H*(E) and a € R*(M,,,).
Assume the classes 71,...,7, € H*(S) and «a are homogenenous and

consider the dimension constraint

(30) g+ n=deg(a) + 3 deg(r).

i=1

where deg() denotes half the real cohomological degree. The left hand side
in is the reduced virtual dimension of Mg, (S, 8,). If the dimension
constraint is violated, both sides of are zero and the claim holds. Hence

we may assume ([39)).
We argue by induction on (g,n) with respect to the ordering . If

(g,m) = (0,0), then by the Yau-Zaslow formula [6]

/’CO() = AEQ)

Hence the left hand side in vanishes, and by inspection also the right
hand side. We may therefore assume (g,n) > (0,0) and the claim holds for
any (¢’,n') < (g,n). We have four cases.

Case (i): g =0 and deg(y;) = 1 for all 4.
By the dimension constraint deg(a) = 0. Let

pn: My (P 1) — My,_1 (P 1)
be the map that forgets the last point and for any D € H?(S) let

d d
L (D FYg= +(D.W).
o) (D, >qdq+< W)
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Then we have

d
T@/’Cg(’h,---a’}’n)

d
—r@ /pn*’cg(')/la cee 77n)

d d
—Mm/lcg(%---,%ﬁ
d d d
= |-, — n— - T gty IM— Y
|:d027d’yn:|/lcg(71, Y 1)+d’7n/ 9(71 Y 1)

where we used the divisor equation in the second last and the induction
hypothesis in the last step. By a direct computation using and the
weight statement [8, Thm.9] the last term equals precisely

/pn*Tg('Ylv cee a’Yn)-

Case (ii): deg(y;) = 2 for some 1.

We may assume deg(y1) = 2. We apply the degeneration formula to the
degeneration S ~ SUg (P! x E) and specialize 71 to the P! x E component,
while choosing an arbitrary lift for the other insertions. The result is

Py(r ) = D pate (Kl (s 1) BPLE (1,75,:p) ) -

9=g1+92
{2,...@}:5’1 LISo

Since every (g1, |S1]) < (g,n) the d%‘z derivative of (the integral against any
tautological class of) the right hand side is determined by induction, Propo-
sition and . By Section it matches the output of the degeneration
formula applied to
/7 aﬂp*Tg('Ylvy’Yn)
M

g,n

which completes the step.
Case (iii): g > 0 and deg(y;) < 1 for all 1.

By the dimension constraint we must have deg(a) > g. By a strong form
of Getzler’s vanishing [I1, Prop.2] we have

/
O = LyQ

for some o, where ¢ : 9My,, — M, is the inclusion of the boundary. By
the compatibilities of Section [3.3] we are reduced to lower order.

Case (iv): g =0, det(;) <1 for all 7 and deg(y;) = 0 for at least one 1.

By the dimension constraint we have deg(«) > 0 and « is the pushforward
of a class on the boundary. The case follows again by Section [3.3] O
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3.7. An example. We use the bracket notation

o0 n
h—1 * k;
(), (g = Yo a™ [ vt (n)YE
' ,;) (Mg, (S.85)]red 1;[1 ' ’
We give an example of the holomorphic anomaly equation in genus 1. Con-
sider the series (71(W/));. By a monodromy argument and a direct evalua-
tionE| following [33, App.A] we have

a1 (54

Hence using the commutator relation (27)) we calculate

d _Ca(q) d 2
ac, MW = 40K G Al

(40)

On the other hand the holomorphic anomaly equation yields

@) e (m)), = (n(W)r(de), - Ara(D), +20(n(F)),
A direct calculation shows
d 1
<7'1(W)7'0(AIP1)>0 = 2<7'1(W)7'0(1)TO(F)>0 = QQd*qm

<7'2(1)>1 =0.

Plugging everything into we arrive exactly at .

4. THE IGUSA CUSP FORM CONJECTURE

4.1. Overview. Let S be a non-singular projective K3 surface, let F be a
non-singular elliptic curve, and let

X=SxE.

We present the proof of the Igusa cusp form conjecture (Theorem . In
Section [.2] we introduce reduced Pandharipande-Thomas invariants. In
Section [4.3] we recall properties of Jacobi forms. Sections [.4] [A-5 and [£.6]
are the heart of the proof. We first state a list of constraints on three-
variable generating series and prove they determine the series from initial
data. Then we show both Z(u,q,§) and X1_ol satisfy these constraints. In
Section [4.7] we put the pieces together and complete the proof.

15 The evaluation (11 (F)); = % follows also from the holomorphic anomaly equation.
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4.2. Pandharipande—Thomas theory. Let § € H(S,Z) be a curve class
and let d > 0. Following [43] let

Po(X, (8,d))

be the moduli space of stable pairs (F,s) on X with numerical invariants
X(F)=n€Z and chy(F)=(5,d) € Hy(X,Z).

For any non-zero § the group E acts on the moduli space by translation with
finite stabilizers. Reduced Pandharipande—Thomas invariants are defined by
integrating the Behrend function [4]

v:P,(X,(8,d)/E—1Z

with respect to the orbifold topological Euler characteristic e(-),

P8, :/ vde=Y k-e(v (k) .
D b x.8.) 8 ,2 ( )

The definition is equivalent to integrating the reduced virtual class against
insertions [34]. In particular, P, (g 4) is deformation invariant.

Let By, € H2(S,Z) be a primitive curve class satisfying (8, B) = 2h — 2.
By deformation invariance P,, (5, ) only depends on n,h and d. We write

Pn,h,d = Pn,(ﬂh,d) .

By [35, Prop.5] every >, c7 Pnnay™ is the Laurent expansion of a rational
function and we have the Gromov—Witten/Pairs correspondence

(42) > Punay” =D Ngnau*™
nez g
under the variable change y = —e®®.

4.3. Jacobi forms. Jacobi forms are generalizations of modular forms which
depend on an elliptic parameter u € C and a modular parameter ¢, see [10]
for an introductiol We will also use the variables

p=e", y=-p
and make the convention to identify a function in u with the corresponding
function in y or p. The ¢*-coefficient in the expansion of a function f(u,q)
is denoted by [f(u,q)], and similarly for the other variables.
Consider the Jacobi theta function
O(u,q) = uexp (Z(—l)kilc’%u%)

k>1
(43)

_ (/2 —1/2 (1-pg™ (1 —p~'g™)
("% —p )};[1 0= g2

16 The variables z € C and 7 € H of [10] are related to (u,q) by u = 27z and g = e*™*".
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and the Weierstrafl elliptic function

1
plu.q) = ——5 = > (1R (2k — 1)2kCopu® 2
(44) . k>2
:12 _|_2ka —24p k)d'
d>1 k|d
Define
(45) (;5_271(11,7 Q) = @(U, Q)zv ¢071 (u7 Q) = 12@(U, Q)zp(u’ Q)

The ring of weak Jacobi forms of even weight is the free polynomial algebra

j — @[C4a 067 ¢*2,17 ¢0,1]‘

We assign the functions ¢y 1 weight £ and index 1, and the Eisenstein series
Cy, weight k£ and index 0. We let

J = @ jk,m
k,m

denote the induced bi-grading by weight k& and index m.
Recall also the ring of modular forms

Mod = €P Mod), = Q[C4, Cé]
k

graded by weight. The following fact is well-known.
Lemma 12. Let f € Mody,. If [f(q)],e =0 for all € < | 5], then f(q) =

For Jacobi forms we have the following analog.

Lemma 13. Let ¢ € Jim. If [¢]ye =0 for all € < [B£21] | then ¢ = 0.

Proof. Let ¢ € Jgm and let ¢ = 3>°, . c(n,7)g"p" be its Fourier expansion.
By [10, Thm.3.1] for every v > 0 the series

(46) D,f = Z (Zp (k= 1) (r,nm c(n,r)) q"°

n=0 \reZ

(k—1)

is a modular form of weight k + 2v; here p,, "’ is a certain explicit polyno-
mial. Moreover, by [10, Thm.9.2] the mapping

D=Dy®...0Dp: Tpm — Mody, @ ... ® Modjyom

is an isomorphism.
If [¢] e = 0 for all £ < meJ then [D,¢],e = 0 for all v and £ < | *42m |
by (46) . Applying Lemma [12[ we find D,¢ = 0 for all v < m, so ¢ = 0. D

We require the following property of the u-expansion of Jacobi forms.
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Lemma 14. Let ¢ € Jym and let ¢(u,q) = > > fe(q)ut be its u-expansion.
Then every fe(q) is a quasimodular form of weight { + k and

d
—fy = 2m - fr_o.
dCQfZ m - fo_2

Proof. Consider © and g as power series in u with quasimodular form coef-
ficients. By (43) and (44)) we have
d

- — 2 - —
(47) dC’gG) u“0, ngp 0.

Every ¢ € Jkm can be written as
¢ = 0" P(Cy,Cs, p)

for some (weighted homogeneous) polynomial P. Hence ¢ is a power series
in u with quasimodular form coefficients and

d
dCsy

This proves the quasimodularity of the f; and the second claim. The weight

= 2mu’¢.

statement follows by an inspection of the weights of the quasimodular forms
entering the definition of ©® and p. ([

Lemma 15. Let ¢ € = Ajkm Then there exist cqq € Q such that

m—+d
Slu,q) = (Z Co.aly 2)29‘2) ¢!
d>0

under the variable change y = —e"™ and in the region 0 < |q| < |y| < 1.

Proof. Let y = —p = —e™ throughout. The g-coefficients of functions in

—1 and

J are Laurent polynomials in y that are invariant under y — y
hence can be written as a linear combination of even non-negative powers

of y% + y*%. By inspection of the y-expansion of © we find

(48) du,q) =Y (Z Coaly? +y~ 2)292) g !

d>0

for some ¢, 4 € Q and Ng. We need to show Ny < m +d.

Let ¢ = 9/(¢—214) for some ¢ € Ji,, and consider the functions
qb,w,é:%’l as formal power series in y and ¢ expanded in the region 0 <
lg] < |y| < 1. Since 9 satisfies the elliptic transformation law [10] the power
series ¥ (y, q) satisfies

Wy 'q,q) = v g "Y(y, q).
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By the series 1/¢_21(y, q) satisfies the equality of power series

1 _ _ 1
(49) (v 'a.9) =y ¢ ——(y,9).
b—21 ¢-21
Combining both equations we obtain the identity of power series
(50) oy~ "q,q) = y* " Vg " Vg(y, q).

Let ¢ = >4, b(d,r)y"q"~". Then is equivalent to
b(d,r)=bld+r+m—1,-2m —r+2).

In particular, b(d,r) = 0if d+r+m—1 < —1 or equivalently r < —(m+d).

This shows Ng < m+d in . O

4.4. Constraints. Let F(u,q, ) be a formal power series in the variables

u, ¢, ¢ which satisfies the following properties:

Property 1. There exist ay 54 € Q such that

Flu,q.4) = > > agnau® ¢ g
hyd>0 g>0

Property 2. For every h we have
1
212

where the right side denotes Jacobi forms in the variables (u, §).

[Flpa € Jo,n

Property 3. For every g and d the series
(51) ]:g,d(Q) = [‘F]UQg—qu—l

satisfies

(a) Fya(a) € 5(;;QMody,
(b) d%zfg,d = (2d - 2)Fy_1,4-

We show Properties 1-3 determine the series F up to a single coefficient.

Proposition 5. Assume the series F(u, q,q) satisfies Properties 1,2,3 above.
If moreover ag 0,0 = 0, then F = 0.

Proof. Let F be a series which satisfies Properties 1-3 and agoo = 0. We
show by induction that [F] -1 = 0 for every h > 0.
—15-1 = 0,

Base case: By Property 2, Lemmaand a0,0,0 = 0 we have [F],-1;
hence [¢_21A - Fl,-150 = 0, and since Jp,0 = Q therefore ¢_21A[F],-1 = 0.

Induction: Let N > 0 and assume [F]n-1 = 0 for all » < N. Then for all
g and d the series F 4(q) defined in satisfies

(52) [Fya(@)]e =0 forall € < N.
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Claim: F44(q) = 0 whenever |g/6] < N.
Proof of Claim: We use a second induction over all g such that [g/6] < N.
If g = 0, then by Property 3 and QMody = Q we have Fyq = a/A(q) for
some a € Q, so the claim follows from . Assume the claim holds for
g — 1. We show it holds for g. By Property 3 and induction we have
d
dCly
We conclude Fy 4A € Mody,. By we have [F, 4A]c = 0 for all £ < N,
hence in particular for all £ < |g/6] (since g lies in the range |g/6] < N).
Using Lemma [12] we conclude Fy 4 = 0. O
We continue the proof of the Proposition. By Property 2 and Lemma

Fpd=(2d—2)Fy 14=0.

for every h,d there exist ¢, g € Q such that

h+d
1 _1li9g-
(53) [Flgpmrgas = D Conaly? +y72)*
g=0
under the variable change y = —e™. We have
1
12 =12 - _ggn (%) = — L3
Yyt +y sm<2> u+24u + ...

Hence for every h,d we have an invertible and upper-triangular relation
between the coefficients {ag s q}¢>0 and the coefficients {cypn.4}g>0. By the
Claim we have ag 4 4 = 0 whenever |g/6] < N. Therefore ¢y q = 0 for all
lg/6] < N. Since g < h+d in the sum in we thus find

h+d

(54) [ F] no1ga =0 for all h, d such that {6J < N.

q

Let ¢(u,q) = [F|,nv. We show ¢ = 0 and conclude the induction step.
By Property 2 we have ©2A¢ € Jy y+1. On the other hand specializing to
h=N+1in and shifting by ©2A yields

(55) ©2A9) =0

for all ¢ such that [$(N + ¢+ 2)] < N + 1, or equivalently, such that
{ < 5N 4 10. Since N > 0 this implies the vanishing of for all ¢ <

|(N +1)/6]. An application of Lemma [13| yields ¢ = 0. O
4.5. Proof of constraints I. Recall the Igusa cusp form y1o and let
1
56 Flu,q,q) = ———F——=
(56) (6 0) X10(p: ¢, )

be the Laurent expansion in u under the variable change p = e

Proposition 6. F(u,q,qG) satisfies Properties 1-3 of Section .
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Proof. Let V; be the /" Hecke operator on Jacobi forms defined in [I0, §4].
Definition is equivalent to

(57) X10 = —GO(u, q)*A eXP( Zq (Zo1Ve)(u C,I))

where Z = 2¢g 1(u, q) € Jo,1. By [10, §4] for every £ > 1 we have
ZoaVe € Jou

from which we obtain for all d
1
(58) ¢d = [F]qd—l € @jo’d'

Using the (u, q)-expansions of ©, A and the generators of J we conclude
Property 1. By the series F is invariant under interchanging ¢ and ¢,

‘F(u’ q7 Q) = ‘F(u7 q” q)'

Hence implies also Property 2.
By an argument similar to the proof of Lemma the u?9~2-coefficient of
A(q)pa(u,q) is a quasimodular form of weight 2¢g and

= (2d — 2)u?
ng ——¢a = ( Ju”Pa-
This shows Property 3. (]

4.6. Proof of constraints II. Recall from (2)) the three-variable generating

series of Gromov—Witten invariants
o o0 oo

Z(u,q,§ ZZZNghdUQg 24101,

h=0d=0 g=0

Proposition 7. Z(u,q, ) satisfies Properties 1-3 of Section .

We begin the proof with two Lemmas.

L satisfies

Lemma 16. For all g and h the series fgn(q) = > 450 Ny p.aq®™
(a) fgd,h(CI> € ﬁQMOngy
(b) @fg,h = (2h - Q)fg—l,h'
Proof. Let B}, € Pic(S) be a primitive curve class satisfying (5, 5r) = 2h—2.
With the same notation as in let

Ny = | evi (v} (8) U3 p)
[Mg 1( (B}”d))]red

be the connected reduced Gromov—Witten invariant in class (8, d). Define

fonl@)=> N, 4q”

d>0
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By [35] Prop.1] the connected and disconnected invariants are related by

1 !
fg,h(Q) = m : fg,h(Q)~
An application of Behrend’s product formulaﬂ [3] yields

fonle) = [ ol U (T (S, B evi ()

9,1

where 7 : My, (S, Br) — M, is the forgetful map. By Corollarytherefore

f;,h(Q) € QMOng-
By Theorem [3] we have further

d X
T@Cg(P) = 1:p"Cy—1(p)

where p: My_13 — M,_11 is the map forgetting the last two points. Hence

d / * T re *
69 ggfan= [ Cra®)Upatm (g (S A evi(5))).

By the compatibility of the reduced virtual class under gluing and by the
divisor equation we have

peime (M (S, B evi(8)))
= pums ([Mg1.5(S, Ba)* Vi (8 ) (ev2 x ov3)*(As) )

= (B, Buyme (M g-1.0(S, B evi(BY))

where Ag € H*(S x ) is the class of the diagonal. Plugging into and
using the product formula again we conclude that
d
iy oh = (Bns Bu) fa—1.0(q)- U

1

Lemma 17. For all g and d the series Zg4(q) =Y >0 Ngn,aq" ™" satisfies

(a) Zg.alq) € ﬁQMOng;
(b) 7&-Zga=(2d—2)Z, 14

Proof. Let S — P! be an elliptic surface with section B and fiber class F,
let By, = B + hF' and define

Ko(yis--osm) = > "' <[Mg,n(S, 5h)]redH€Vf(%)> :
h>0 i
where 7 : M, (S, By) = Mg, is the forgetful map.

1"The arguments of [3] carry over to the reduced virtual class. Alternatively, we may
use a degeneration argument similar to [35], Prop.5] to reduce to the standard case.
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Consider the generating series of connected invariants

oo
0) =Y Nypad"
h=0

and recall the classes Cg q4(...) from . By the product formula we have

)= [ Ro(F)UCu(p).

By a result of Faber and Pandharipande [I1] and a degeneration argument,
Cq.4(p) is a tautological class. Hence [30}, Prop.29] resp. [8, Sec.4.6] yields

, 1
g,d(Q) € Fq)QMOng-

If Conjecture |D| would hold we have
4
dCs

where Ap:1 is the pullback of the diagonal under $? — P'. By Theorem
equation holds after integration against any tautological class. Hence

(60) Ky(F) = 1Ky 1(F, Ap1) +2-24 - j. (Ky_1(F, F) x [My1])

d _
T@Zé,d = /M Kg—1(F, Ap1) UCy-1,a(p, AR)
g—1,3

+ 48 Z /7 Izgfl(Fa F) U Cg—l,dl(pa 1) X /7 Cl,d2(p)‘
Mg_l,g Ml,l

d=d1+d2

Rewriting in terms of the Gromov—Witten theory of X, using the divisor
equation and

L Cra® = (Cal@)g
M1
we find

(61) =2dZ, 14 +48 ) Zi 4 - [Ca(q)] e

dC d=di1+d2

Consider the generating series
Z(q,q Z ZL (07 Z9(0,0) = Zgal@)q™ .
d
By [35, Prop.1] we have

Z4(0,9) = Z4(q.9) - A7H(9).
Rewriting yields

d

Z—2DZ’ +48Z . C!
dCQ() —1 12()
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where Dg = q~d%. Using the identity

1 d
= —q—log(A™!
CQ 24qdq Og( )7
we conclude that
d
—Z,=2D;Z,_1. O
ng(q) g Gg<g—1

Proof of Proposition[7. Property 1 holds by definition, and Property 3 holds
by Lemma By [36, Thm.4] and the Gromov—Witten/Pairs correspon-

dence we have

~ O(u,q 2h—2 h o )
) Zawd) = e = 2 S @i,
AlQ) =
for some f; € QMody;. By Lemma [16] we have
4z — oh -2z
a0, 2" = h-

Applying d/dC5 to and using the last equation and we find
@2h-2

d h—i _
A 2 (dC’Qfl) o =0.

This implies d%‘z fi =0, hence that f; € Mods,_9;, and therefore Property 2
holds. U

4.7. Proof of Theorem [I} By Propositions [6] and [7] respectively the series
Z(u,q,q) and F(u,q,q) both satisfy Properties 1-3 of Section so their
difference does as well. Moreover the Gromov-Witten invariant Nooo =
1 matches the u=2¢~ !¢ '-coefficient in F. We conclude that Z = F by
Proposition O

APPENDIX A. ELLIPTIC FUNCTIONS AND QUASIMODULAR FORMS

A.1. Overview. We prove that for certain multivariate elliptic functions
F, the constant term of the Fourier expansion of F' (in the elliptic param-
eter) is a quasimodular form. We also calculate the Cs-derivative of these
quasimodular forms. In Section [A.3] we treat the single variable case as a
warm-up for the general case which appears in Section The main result
of this appendix is Theorem [7]
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A.2. Preliminaries. Let z € C and 7 € H, where H = {z € C|Im(z) > 0}
is the upper half plane. We will use the auxiliary variables

w = 2m’z, p= 6271'127 q= 627”7—.

The operator of differentiation with respect to z is denoted

1 d d d
9, =— > -2 _ @
2midz  dw dp

and for the k-th derivative of a function f(z) we write
£ (z) = 9 £(2).

For any meromorphic function f(z) we let [f(2)](,_q)¢ denote the coefficient
of (z — a)? in the Laurent expansion around a. The residue at a is

Res,— f(2) = [f(z)](z_a),l.
If f(2) = g(2)h(2) where h(z) is regular at a we have
V-1 (=1) (g
(63) Res.—af(2) = Z [g(z)](z_a)—k 2 >(k‘ _hl)! @)

k>1

A.3. Elliptic functions. Consider the Eisenstein series Co(7) defined in
(5) as functions on H under the change of variables ¢ = ™. Consider also
the Weierstra3 function p(z) which has Laurent expansion

1 p k —ky d
64 z)=—+ + E(pF —2+
(64) p(2) = 5 e d§>l kEd (p p ")

in the region 0 < |¢| < |p| < 1, and has Laurent expansion
1
p(z) = — + Z(Qk - 1)2/€Cgk(7)w2k_2
k>2
at w = 0.

Let E be the ring generated by quasimodular forms and derivatives of the
Weierstrafl function,

E=Q|Cs(r), Calr), Co(r), o) ()| k> 0] .

The ring is graded by weight:

E=E:,

k>0
where C}, has weight k and p(¥)(2) has weight 2 + k. We also let
d

—E—E
dCy
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be the formal differentiation with respect to the generator CQE
Every F(z) € E admits a Fourier expansion in the region 0 < |¢| < |p| < 1,

F(z) = Z an(7)p".

nezZ
The constant term in the expansion is denoted by

[F(2)],0 = ao(7).

As a warm-up for the general case we prove the following proposition.

Proposition 8. For every F' € Ej, the series [F]po is a quasimodular form
of weight k and we have

d d
7], (i), e

Consider the function

1 pm
Alz) = —= —

1 _
= — =3 2Cy(q)u* !,
wo=

where the expansion in p, ¢ is taken in the region 0 < |g| < |p| < 1. For the
proof of the Proposition we require the following Lemma.

Lemma 18. A(z + A7+ p) = A(z) — A for every A\, u € Z.
Proof. We have A(z) = 0,log ©(z) where © is the Jacobi theta function

_ - (1—pg™)(1—p~'g™)
@(Z) - (p1/2 -p 1/2) n;!;ll (1 _ qm)Z .

A direct check using this definition shows

Oz + AT+ p) = (1M 20(2)
for all A, € Z which implies the claim. (]
Proof of Proposition[8 We have

@)= | F)ae
where C, is the line segment from a to a 4+ 1 for some a € C with 0 <
Im(a) < Im(7). Since F(z) is periodic, i.e.

F(z+ M+ p) =F(2)

for every A, u € Z, we may instead assume —Im(7) < Im(a) < 0.

18There exist relations among the generators of E but they do not involve Cs. The ring
E is free over Q[C4, Cs, 9 (2)|k > 0] and the derivative with respect to Cs is well-defined.
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Im(z)

A

a-+T 7a—|—1—|—7‘
7 > Re(z)
a a+1

Ca

FiGURE 2. The closed path B,.

By Lemma (18| the function f(z) = F(z) - A(z) satisfies
fe+1) =f(2), [flz+7)=[(2)-F(2)

Hence we may replace the integral of F' over C, by the integral of F'- A over
the boundary of the fundamental domain B, depicted in Figure [2]

[F()],0= §, F)-Al) d

Since both F' and A have poles inside B, only at 0, an application of the
residue theorem gives

[F(2)] 0 = [F(2) - A(Z)] s

= [Fly0 — Z 20Co(T)[F(2)] -2t
>1

An inspection of the Laurent series of F'(z) yields now both claims. O
A.4. Multiple variables. Let n > 2 and z = (z1,..., 2z,) € C", and denote
We = 2Mizq, pa =€, ac{l,...,n}.

Every permutation o € S, determines a region U, C C” by requiring

(65) Im(7) > Im(zq — 2) >0

whenever o(a) > o(b), or equivalently by

(66) Im(z,-1(n)) > ... > Im(25-1(1)) > Im(z5-1() — 7).
Consider the ring of multivariate elliptic functions

ME = Q[ Ca(7), Ca(r), Co(7), 9® (20 — ) \ k>0,1<a<b<n].
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We assign p*) and Cj, the weights 2 4+ k and k respectively and let
ME = P ME,,
k>0
be the induced grading by weight k. Let

: ME — ME
dCy
be the formal differentiation with respect to the generator Cs.
Every F' € ME has a well-defined Fourier expansion in the region Uy,
F = Z akln_kn(T)plfl P (21, z) € Us.
K1, kin €7

The constant coefficient in this expansion, i.e. the coefficient of [], p?, is
denoted

[Flyp., = a0.0(7).
Define the constant coeflicient of F' averaged over all permutation o,

pO ' Z Zl,... )]po,a.

n: oESy

(67) [F(Zl,..., n

The following is the main result of this appendixm
Theorem 7. Let ' € MEy. Then the following holds.

(1) [ (z )} 0y € QMod<y, for every permutation o.

(2) [F()],, erModk

(3) We hav

T e —
ab

A.5. Preparations for the proof. We prove a series of results leading up
to the proof of Theorem [7]in Section

Lemma 19. Let F € ME and o € S,,. Then
[Flpo.o = [F]

0,0 pY,0

for every cyclic permutation ¢ of o.

Proof. Let (a1, ...,a,) € Uy and let C,, be the line segment from a; to a; +1
in the z;-plane. Then

:/ / F(z1,...,2n)dzy - -dz.
Ca1 Can

19 The first part of Theorem |7 can also be found in work of Goujard and Méller [13].
Our argument gives a new proof of their result. We thank M. Raum for pointing out this
connection.
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Since F' is periodic, i.e. F(z + A7 4+ pu) = F(z) for every \,u € Z"™, we
may replace the integral over Cad_l(n) by the integral over C%—l(n)—T‘ But
comparing with this corresponds to taking the constant coefficient of

F with respect to a cyclic permutation of o. ([l

For every a # b let R, denote the operation of taking the residue in
zZq = zp written as a right operator,

f(z1, o, 2n)Rap := 270 - Res, =z, [ (21, - -+, 2n)-
We also write
Aab = A(Za — Zb).

Lemma 20. Let F(z) € MEg, and let i1,...,im € {1,...,n} be pairwise
distinct. Then for any r > 0 we have

(F(2)A]

i ) Rinin Rigis -+ Ry € MEjsr_ (1)
Proof. Let F(z) € MEy be a monomial in the generators and consider the
splitting
F(2) = Fap(2a — %) - Fap(2),
where F, is the product of all factors in F of the form p(®) (zq — ap) for
some s. In particular, ﬁab(z) is regular at z, = zp.
Consider the action of Ry, on F(2)AL.. If b # ¢ we have

r 1 (=1 (17 AT
(68) <FAac)Rab = ; [Fab](zhfwb)—‘Z (6 — 1)!az¢1 (FabAac)

where we have used . Since
0,A(z) = —p(z) — 2Cs(T)
the right hand side of can be written as a sum of terms
F'(2) - A,
where F' € MEy, with k&' + 1/ = k +r — 1. Similarly, if b = ¢ we have
(F(2)AL.)Rac € MEj4p—1.
The claim follows from the steps above and an induction argument. ([

Let o € S, be a permutation, let
1 ifo(a) > o(b),
Jab = .
0 otherwise,

and for all x € C and non-negative integers a define

(1‘) :x'(ac—l)'-‘(x—a—f—l)

a al
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Proposition 9. Let F(z) € ME. Then
[F(2)] 0
A 0—2—Giig— oo — Giy_qi
— Z Z F. in + Givia Gig_qig Ri1i2 L. Rig,lig ’
, -1 0.0

0>11412,...0

)

where the inner sum is over all non—recurrinﬂ sequencesiy, ... ig € {1,...,n}
with endpoints 11 = 1 and iy = n.

Proof. We argue by induction on L that for every L > 1 we have
(69) [F()],0, =

L
Aty + 0 =2 = Giyiy — - — Giy_yi
> 5 AR U] RS
4

0=1141,i2,...,i 0o

where the inner sum runs over all non-recurring sequences (i1, ...,%) such
that i; = 1 and the following holds:

e if / < L then iy =n,

o if { =L and i, = n then r = /.

If L = 1 equality holds by definition. Hence we may assume the
claim holds for L > 1 and we show the case L + 1. Every summand on the
right hand side of with iy # n is equal to the pY-coefficient (in U,) of

A =2 — Giio — o — iy i
(70) /C F. ( 1in + é]?izzl gzene) Ri1i2 . Rig,lig dz’i[
for some a € C such that
(21, cee s Zig—1y Gy Zipt 1 - - -y Zn) e U,

and C, is the line segment from a to a + 1 in the z;,-plane. Define the
function

Atn +0—1—Giyiy — - — Gip_yi
H(z) = F - ( 22 e Rijiy -+ Riy i,
Using Lemma |18 and Res,—,+sf(2) = Res,—, f(z + s) repeatedly we find

H(z1,...,2i, + 7,...,2zn) = H(21,...,2)

A =2 — Giio — o — iy i
_F. < in + gziml g””Z)Rilig . "Rieflir

20 A sequence i, T2, xs,... is non-recurring if z; # x; for all i # j.
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Hence arguing as in the proof of Proposition |8| we may replace by an
integral of H(z) over the box B, depicted in Figure 2l The function H has
possible poles inside B, only at the pointﬂ
Zig = Zigpy + Gigipn T
for some ipyq1 & {i1,...,9¢}. By the residue theorem is therefore
2mi Z R‘eszig:zi4+1+gi[i4+17'H(Z)7
top1E{i1,e 00}

which after moving the shift by g;,;,,, 7 inside simplifies to

A —+ E —1-— K— bata
Z F. ( " Ea_l " +1> Ri1i2 T Riz—lilRiéiHl'
¢}

l
ipp1@{in,.. i
Plugging back into we obtain the case L+1. The induction is complete.
O
Averaging Proposition [9 over all permutations o yields the following.
Proposition 10. Let F(z) € ME. Then
m
1
[F(Z)]po = Z Z l:(F ) m7'1> Ri1i2Ri2i3 T Rimim+1 )
m>1i1=1,ia,... imy1=n : p°
where the inner sum runs over all non-recurring sequences i1, ...,ip41 €
{1,...,n} with endpoints i =1 and igy1 = n.
Proof. Setting £ = m + 1 in Proposition [9] yields
[F(Z)]po,o = Z Z
M>1 1402, yim1
Ap+m—1—6ii — - — Girnim
[F . < n 1112 Imim+1 Rili2 .. Rimierl ,
m oo
where the non-recurring sequence (i1, ..., 4,11) satisfies iy = 1, ip41 = n.

We sum the previous equation over all permutations o € S,,. By Lem-
mas and it is enough to sum over all o with o(n) = n. It follows
Gimims1 = 0 above. We then split the sum over all such o into a sum
over orderings p of the variables z;,i ¢ {i1,...,im,n}, a sum over order-
ings 7 € Sy, of the variables z;,,...,2;, and the ("n;l) refinements of both
orderings. Since

F. (A1"+m_1_gi1i2 _-“_gimlim)RiliZ...R

m imim+l

2lgince F and A are both 1-periodic we may assume there is no shift by an integer.
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depends only on the variables z; with i ¢ {i1,..., iy} we find

Np=> X X <ni1>!‘<nn_11>

m>1 Z‘177:27---7%77,«1»1 Pesnfmfl

A 1= Giyig — e — Gir i
Z F - ( 1n+m 92112 glmlzm>Ri1i2 --.Rimim-!—l]

TESm m

P°.p
where p is any fixed refinement of the ordering p. The proposition follows
now by an application of Worpitzky’s identity

Z (a:—km—l—aT) e
m

TESm
where a, is the number of ascents of 7, i.e. the number of i € {1,...,¢—1}
with 7(i + 1) > 7(7). O

Lemma 21. The action of the residue operators Rq, on meromorphic func-
tions of variables z1,...,z, with poles only along z; — z; = 0 for i < j
satisfy

RabRcb = Rchab + RcaRab; RabRbc = _RbaRac

for all pairwise distinct a, b, c.

Proof. We may assume that
o= I E-z)m
1<i<j<n
for some m;; € Z. The claim follows then from a direct calculation. O

A.6. Proof of Theorem (7. We prove the quasimodularity of [F] the

0,09
homogeneity of [F],0, and the formula

d d
dic'z [F(Z):|p0 |:dc'2F:| i -2 ; wb FRab]
(71) a<b=n
-2 Z — Wq FRba] 0
a<b<n

which implies the formula in the Theorem by symmetrization over S,. We
argue by induction on n, the number of variables z; on which F' depends.

If n =1, then F' is a quasimodular form and all three statements hold by
inspection. Assume the statement is known for all functions which depend
on a smaller number of variables. By Proposition [I0} we have

{ } Z Z {(Fi;f;:l) RilizRi2i3 T Rimim+1

m>141=1,i2,....im+1=N p

Fach summand on the right side depends on fewer variables than F' and
is therefore a quasi-modular form of weight k by Lemma [20] and induction.



64 GEORG OBERDIECK AND AARON PIXTON

To obtain we apply the ﬁ operator, use induction on the right side,
and use Lemma |Z1'| to commute the resulting Ry, operators past the R ;, .,

operators. This yields also for F'. The quasimodularity of [F], , (and
the weight bound) follows similarly from Lemma 20| and Proposition @ O

APPENDIX B. ELLIPTIC FIBRATIONS

B.1. Overview. We present a refinement of Conjecture [B| by weight, and
give evidence in the case of elliptic Calabi-Yau threefolds in fiber classes.

B.2. Weight refinement. Let 7 : X — B be an elliptic fibration with a
section and integral fibers. The holomorphic anomaly equation of Conjec-
ture [Bland the argument used in the proof of Corollary [I]yield a refinement
of Conjecture [A] by weight as follows.

Recall the divisor class W defined in Section The endomorphisms of
H*(X) defined by

Ti(a) = (r"ma) UW, T_(a) =7 "m(aUW)

satisfy TJQr =T, and T?> = T_ as well as T, T_ = T_T, = 0. Hence the
cohomology of X splits as

H*(X) =Im(T}) ® Im(T-) & (Ker(T) NKer(1T-)).
Define a modified degree function deg(v) by the assignment
2 ifyeIm(T})

deg(y) =41 if v € Ker(T})NKer(T-)
0 ify e Im(T0).

If X is an elliptic curve and B is a point then deg specializes to the real
cohomological degree degp.

Corollary* 3. Assume Conjectures and @ hold.  Then for any deg-
homogeneous classes 1, ...,y € H*(X) we have

C;r,k(’Yla <. 7’7”) € H*(MQM(B: k)) ® A(q)m

where m = —%cl(NL) -k and { =29 —2412m + 21@(%)

B.3. An example. Let X be a Calabi—Yau threefold and let 7 : X — B
be an elliptic fibration with section and integral fibers over a Fano surface
B. We consider the genus g Gromov—Witten potentials in fiber classes

Z / Mg o(X, dF)]"‘r
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with the convention that the summation starts at d = 1 if g € {0,1}. By
Toda’s calculation [46, Thm 6.9], the Pandharipande-Thomas invariants
P,.3 of X in fiber classes form the generating series

i Z Pn,dFynqd = H (1 — (—y)éqm)*e‘e(X) . H (1 _ qm)fe(B) .

d=0n€eZ m>1 m>1

Assuming X satisfies the Gromov—Witten /Pairs correspondence [41], 42], we
therefore obtain

Fiolg) = —e(X) Y ™
m,a>1
Filg) = (e(B) - 15e(0) ¥ 2o

If g > 2 the series
[ €500 = Fyta)
is quasimodular of weight 2g — 2 in agreement with Corollary*
In genus g < 1 the series Fjy and F} are not quasimodular forms. However,
this does not contradict Corollary* [3|since the moduli spaces M, (P!, 0) are

unstable here and C7() is not defined. Instead, we need to add additional

insertions to stabilize the moduli space. In genus 0 we obtain
d 3
Jesomeww) = [ Wit (a) Fula) = ~126(X)Cata)

/Cgo(w*D,W,W):/ T*DUW? =0,
’ X

/C&O(W*D,W*D’,W) :/

X
for any D, D' € H?(B), where in the first equality we used

e(X) = —60/3[(%.

All three evaluations are in perfect agreement with Corollary*

W*DUW*D/UW:/ D-D,
B

In genus 1 we obtain agreement with Corollary* |3| by

Jerwy= [ eitn+ (a5 ) il
— (e(B) - 35¢(0)) Ca(a).

where we used

co(X) = m¥ca(B) 4 117%¢1(B)? 4 121.¢1(B).
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A direct check shows that all evaluations above are also compatible with

the conjectured holomorphic anomaly equation. For example, in genus 1

Conjecture [B| predicts correctly
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& [ ey = [ oW am —2 [ erotyin
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