CURVE COUNTING ON ELLIPTIC CALABI-YAU
THREEFOLDS VIA DERIVED CATEGORIES

GEORG OBERDIECK AND JUNLIANG SHEN

ABSTRACT. We prove the elliptic transformation law of Jacobi forms for
the generating series of Pandharipande—Thomas invariants of an elliptic
Calabi—Yau 3-fold over a reduced class in the base. This proves part of
a conjecture by Huang, Katz, and Klemm. For the proof we construct
an involution of the derived category and use wall-crossing methods.
We express the generating series of PT invariants in terms of low genus
Gromov—Witten invariants and universal Jacobi forms.

As applications we prove new formulas and recover several known
formulas for the PT invariants of K3 x E, abelian 3-folds, and the STU-
model. We prove that the generating series of curve counting invariants
for K3 x F with respect to a primitive class on the K3 is a quasi-Jacobi
form of weight -10. This provides strong evidence for the Igusa cusp
form conjecture.
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0. INTRODUCTION

0.1. Overview. Recently, considerations in topological string theory led
Huang, Katz, and Klemm [16] to conjecture a deep connection between curve
counting invariants of elliptic Calabi—Yau 3-folds and the theory of Jacobi
forms [I3]. Strong modular structure results for all genus are predicted.
On the other hand, derived categories of coherent sheaves play a crucial
role in counting curves by the work of Pandharipande and Thomas [31].
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Symmetries in derived categories are expected to affect curve counting in-
variants. More precisely, Toda asks in [36] the following question.

Question 1. How are curve counting invariants on a Calabi—Yau 3-fold
constrained due to the presence of non-trivial derived auto-equivalences?

The purpose of this paper is to study Question 1 for elliptic Calabi—Yau
3-folds and explore its connection to the modular constraints of the Huang—
Katz—Klemm conjecture. We prove that a specific auto-equivalence induces
the elliptic transformation law of Jacobi forms on generating series. By
further combining techniques from Jacobi forms, Pandharipande-Thomas
theory, and Gromov—Witten theory this yields new practical computation
methods for curve counting invariants. In particular we obtain strong evi-
dence for the Igusa cusp form conjecture [27].

0.2. Elliptic fibrations. Let X be a non-singular projective threefold sat-
isfying

wx ~Ox and HYX,0x)=0.
Let S be a non-singular projective surface and assume X admits an elliptic
fibration over S — a flat and proper morphism

T: X =S

with fibers reduced and irreducible curves of arithmetic genus 1. The fibers
of 7 are therefore one of the following types:

(i) a non-singular elliptic curve,
(ii) a nodal rational curve (a cubic in P? with a nodal singularity),
(iii) a cuspidal rational curve (a cubic in P? with a cuspidal singularity).

We further assume the fibration m has a section

t:S—=>X, mor=idg.

0.3. Stable pairs. A stable pair (F,s) on X is a coherent sheaf F sup-
ported in dimension 1 and a section s € HY(X, F) satisfying the following
stability conditions:

(i) the sheaf F is pure

(ii) the cokernel of s is O-dimensional.
To a stable pair we associate the Euler characteristic and the class of the
support C' of F,

X(F)=n€Z and [C]|=p¢€ Hy(X,Z).

Let P,(X, ) be the moduli space of stable pairs of given numerical type.
Pandharipande-Thomas invariants [31] are defined by integrating the Behrend
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function [3]
v:Py(X,8) = Z

with respect to the topological Euler characteristic e(-) over the moduli

Png = vde = Zk-e(ufl(kz)) :

Pn(X7B) kEZ

The set of invariants P,, g are intricately related to the number and type of

space:

algebraic curves in X [32].

0.4. Elliptic transformation law. Let H € Pic(.S) be an effective divisor
class of arithmetic genus

1
h:1+§(H2+KS~H).
Let F' € Ha(X,Z) be the class of a fiber of 7, and consider the curve classes
H+dF :=1.(H)+dF € Hy(X,Z), d>0,

where we have suppressed the cycle class map that takes the divisor H to its
class in homology. We define the generating series of stable pairs invariants,

PTa(q.t) =YY Punuyar "t
d=0n€ezZ

By a calculation of Toda [35, Thm 6.9] we have a complete evaluation in
case H =0,
(1) PTo(q,t) = [ (1= (=g)t™) ") T[ (1 =)=,
£m>1 m>1
We consider here the case when H is reduced, that is, if in every decom-

position H =}, H; into effective classes, all of the H; are primitive.
The following is the main result of the paper.

Theorem 1. Let H € Pic(S) be reduced of arithmetic genus h. Then the
following equality of generating series holds:

PTalg™tt) _ a1y PT(0,1)
PTo(q't,1) PTo(g,t)

Let Zg(q,t) = PTw(q,t)/PTo(q,t). Then Theorem |l can be rewritten as
Zu(q't.t) = "V IZ(g, ).

By [b,37] every series >, c7 Ppn m1+arg™ is the Laurent expansion of a rational

function in ¢ invariant under the variable change ¢ — ¢~'. Considering

Zp(q,t) as an element in Q(q)|[t]], we therefore also have

ZH(q_lv t) = ZH(Qv t) .
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Combining with Theorem [I| we obtain the following relationship of Zg to
the theory of Jacobi forms [13].

Corollary 1. Let H € Pic(S) be reduced of arithmetic genus h. Then
Zr(q,t) € Q(q)[[t]] satisfies the elliptic transformation law for Jacobi forms
of index h — 1, that is, for all N € Z

Zi(qth,t) = t~ =DV g2(=10A7 1 (g 1)

To emphasize, the equality of Corollary [I] holds only as an identity of
elements in Q(q)[[t]]. In contrast, Theorem [I| is an equality of generating
series and yields an identity on the level of coefficients.

By physical considerations and explicit calculations, Huang, Katz and
Klemm conjecture the series Zy(q,t) to be a meromorphic Jacobi form of
index h — 1 [I6]. Jacobi forms must satisfy two different equations: the
elliptic and the modular transformation law. Corollary (1| therefore proves
exactly half of the conjecture of Huang-Katz-Klemm in case H is reducedlﬂ
We will come back to this below.

0.5. Genus zero. Let Mg be the moduli space of one-dimensional stable
sheaves F with x(F) = 1 and cha(F) = . Following [I7] the genus 0
Gopakumar—Vafa invariant in class g is the Behrend function weighted Euler

ng = vde.
5 /Mﬁ

The invariant ng is a virtual count of rational curves in class (.
We define the genus 0 potential in classes H + dF' by

Fu(t) = nuyart®.
d>0

characteristic

Let also
(1+qt™)*(1+ ¢ 't™)?
(=)

p_21(q.t)=(¢+2+¢ ") []

m>1
be the (up to scaling) unique weak Jacobi form of weight —2 and index 1,
see [13, Thm 9.3]H
Theorem 2. Let H € Pic(S) be irreducible of arithmetic genus h = 0. Then
PTr(g,t) 1
DY R () —
PToe.n) "G

1 The non-reduced case of Theorem 1| will be considered in [23].
2 The variables z € C, 7 € H of [13] are related to (g,t) by ¢ = 2™ H1/2) and ¢ = 27,
Also our convention of ¢_s1 (but not ¢o,1 below) differs from [I3] by a sign.
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If H is irreducible of genus 0 then every curve in X of class H + dF
consists of a section over a line in the base together with vertical compo-
nents. Theorem then says that the series PTy is a genus 0 term (counting
sections) times a universal contribution coming from the fiber geometry.

0.6. General case. We have the following more general structure result.
Consider the Weierstraf§ elliptic function

p(q,t) = —% + ﬁ - L;mzdm((—q)m — 24 (—q) ™)t

and let
P0,1(q: 1) = 120(q,t) - d—21(q,t)
be the unique weak Jacobi form of weight 0 and index 1.

Theorem 3. Let H € Pic(S) be a reduced class of arithmetic genus h > 0,
and let n be the largest integer for which there exist a decomposition H =
o1 Hi into effective classes. Then there exist power series

fotn=1)(®), -, fu(t) € Q[[]]
such that

h
Tled = 2 i) (@) bua(e )

i=—(n—1)

By the conjecture of Huang, Katz and Klemm [16], we expect PTz/PT
to be a meromorphic Jacobi form of index h — 1 and some weight ¢. This is
equivalent to saying that every

fi®) € Q[[t]]
in Theorem [3|is a weak modular form of weight ¢ + 2¢ — 2.
Similar to before we may think of the functions f;(¢) as counting gener-
alized genus 7 sections over curves in the basdﬂ Concretely, by [16] and the

examples of Section [f] for every i there should be a natural splitting
1

fl(t) = ngl (1 _ tm)—IQ(Ks.H) ’ gi(t) .
By calculations of Bryan and Leung [9] the factor
1
(2) 7};[1 (1 _ tm)712(KS-H)

is the contribution to f;(t) of a fixed curve with no vertical components.
The remaining factor

gi(t) € Q[[¢]]

3 The genus can be negative here if the curve is disconnected.
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is expected to be a modular form related to the jumping of the Picard rank
in the fibers of the family

(L), LelH|.

We hope that an approach using Noether—Lefschetz theory [22] can provide
a pathway to the modularity of g;(¢).

0.7. Gromov—Witten theory. We now assume that X satisfies the GW/PT
correspondence which relates Pandharipande-Thomas invariants to Gromov—
Witten invariants of X, see [31, Conj 3.3]. By [29, B0] the correspondence
holds when X is a complete intersection in a product of projective spaces.
The genus g Gromov—Witten invariant of X is defined by the integral

GW, 5 = / 1
S AR

where M (X, ) is the moduli space of genus g stable maps to X with
connected domain, and [-]"* is its virtual class. Define the generating series
of genus g Gromov—Witten invariants
GWY(t) = > GW, rrart®.
d>0
Proposition 1. Assume the GW/PT correspondence holds for X, and let
H € Pic(S) be irreducible of arithmetic genus h.

Then the series fi(t) of Theorem @ are effectively determined from the
series GW;L(t),i =0,...,h via the equality

h h
(3) D filt)p—21(q.t) "doa(g, )" =D GWY(t)u*"? mod u*"
i=0 g=0

under the variable change ¢ = —e™.

By inverting the system we find PTy is an universal linear combina-
tion of the first h + 1 Gromov—Witten series. In particular the Gromov—
Witten invariants up to genus h determine the Gromov—Witten invariants
of arbitrary genus. As examples we consider the first few cases.

Under the assumptions of Theorem [3] the genus 0 Gopakumar—Vafa in-
variants agree with the genus 0 Gromov—Witten invariants:

ngydar = GWo giar -

Hence in genus h = 0 we recover Theorem [2 In genus h = 1 Theorem
yields
(4) BT 7

PTO(q, t) = GW(;{(t) ’ p(qv t) + GWlltI(t) :
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To state the genus 2 case, let
2k 4>1m|d

be the Eisenstein series with By, the Bernoulli numbers. Then, for h = 2,

()
PTa

1 11
pT, = SWn(®): (@ O-21+ 12E2W 21+(288E 1440 Er)o- 21)

1
+ GW(t) - <@¢—2,1 + 12E2¢—2,1>
+ GW(¢) - $_21.

where we omitted the dependence on ¢, t.
0.8. An example: K3 x E. Let S be a non-singular projective K3 surface,

and let ¥ be an elliptic curve. Consider the product Calabi-Yau X = S x FE
elliptically fibered along the projection to the first factor,

T: X — 5.
Let O € E be the zero and fix the section
t:S =X, s—(s,0p).

For a non-zero class H € Pic(S) the group E acts on the moduli space
P, (X, H+dF') by translation with finite stabilizers. Reduced Pandharipande—
Thomas invariants of X are defined by integrating the Behrend function v
over the quotient space

d
P Hdr = vde
Po(X,H+dF)/E
where the Euler characteristic is taken in the orbifold sense. We define the

generating series of reduced invariants

Tred (g, Z Z Pn H+qu

d>0n€ezZ

If H is primitive, the series PT%%(¢,t) depends by deformation invariance
only on the arithmetic genus h of H and we write

PTE(q,t) = PTiY(q,1) .

The ring QMod of holomorphic quasi-modular forms is the free polynomial
algebra in the Eisenstein series Fs(t), E4(t) and Eg(t),

QMod = Q[E», E4, Eg) .
Recall the Jacobi forms ¢_51(q,t) and ¢o,1(g,t). The ring
Jac = QMod[¢_2,1, $o,1]
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carries a natural bigrading by index and weight,
o=@ @ Jacim.
m>0k>—2m
where Fo, has weight 2k and index 0, and ¢y ; has weight £ and index 1.
Define the modular descriminant
A(t) = H (1-— tm)24.
m>1
Theorem 4. We have
Vn(g,t)
PTK3><E q, 1) = )
v 0D = g a,0

for a series Wy (q,t) € jérco,h of index h and weight 0.

Hence in the language of [24] we find PT}ngE (g,t) is a quasi-Jacobi form
of index h — 1 and weight —10. In particular the full series PTESXE is
determined from finitely many coefficients.

By basic Gromov-Witten calculations we recover a result of Bryan [7].

Theorem 5.

1
PTK3><E q, t) =
o (@h) A(t)p-2.1(q,1)
240(q,t
PTK3><E t) = )
red

A complete evaluation of the invariants P;*%, ,» was conjectured in [27],
motivated by physical predictions [I8] and the calculations [24]. For primi-
tive H the conjecture takes the form

oo
1
6 PTE*E (g tyuh = ———
( ) hz:% h ( ) X10 (q7 tv ’LL)
where 19 is the Igusa cusp form — a Siegel modular form of weight 10.
Theorem [5] verifies this conjecture in cases h = 0 and h = 1, and Theorem [4]
gives strong evidence for every genus h.

0.9. Euler characteristics. The proof of Theorem [I] is based on wall-
crossing techniques and applies also for the (unweighted) Euler characteristic
of the moduli spaces. We state parallel results for the unweighted case.

Define naive Pandharipande-Thomas invariants as the Euler characteris-
tic of the moduli space of stable pairs,

Png = e(Pu(X, ).

4 We modify here the usual definition of A by a shift of ¢t to avoid making a similar
shift in the definition of PT .
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We form the generating series

o0
PTu(p,t) =Y. Puurarp"t?
d=0nc€Z

where we use the variable p instead of q. By the same argument as in Toda’s
calculation [35] we have

ISTO(pvt) = H (1 —pétm)_g’e(x) . H (1— tm)—e(S) _

m>1 m>1

Theorem 6. Let H € Pic(S) be reduced of arithmetic genus h. Then we
have the equality of generating series

PTu(p~'t,t) 2(h—1) 4~ (h—1) E)V/IH (p,t)

PTolp't,t) PTo(p. 1)
Moreover, let n be the largest integer for which there exist an effective de-
composition H =31 | H;. Then there exist f;(t) € Q[[t]] such that

M = - £ - VS| b
PTo(p,t) i_%;_l)fz(t) b—21(—p,t) o1 (—p,t)" "

In case of (honest) PT invariants we expected PTx(q,t) to be a Jacobi
form and the functions fi(t) to be modular forms. As we will see in Section 5]
in the example of abelian threefolds, the same does not hold for fk(t)

Theorem [6]implies that the naive and the honest Pandharipande-Thomas
invariants of X are closely related under the variable change ¢ = —p. The
only difference arises from counting the section terms differently and the
Behrend function does not seem to play any larger role. Our results are
therefore in non-trivial agreement with previous observations and conjec-
tures on the Behrend function in elliptic geometries [7, [8, [10].

0.10. Idea of the proof of Theorem [1} The identity of Theorem [T arises
from two separate steps: applying a derived equivalence ® g to the moduli
space of stable pairs, followed by a wall-crossing in the motivic hall algebra.

The derived equivalence @y sends a stable pair Ox — F to a mw-stable
pair, which is a modification of the usual definition of stable pairs adapted to
the elliptic geometry. If the stable pair has numerical invariants (H + dF,n)
then the transformed m-stable pair has invariants

(H+dF,7) = (H+ (h+d+n—1)F,—n—2h+2).

The definition of w-stable pairs is similar in philosophy to the modification
of stable pairs by Bryan-Steinberg [11] for a crepant resolution X — Y that
contracts an exceptional curve. While for BS-pairs we allow a pair Ox — F
to have 1-dimensional cokernel along the exceptional curve, here we allow a
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m-stable pair to have 1-dimensional cokernel supported on arbitrary fibers
of the fibration. A wall-crossing argument following Toda [37] relates 7-
stable pairs invariants to usual Pandharipande—-Thomas invariants with a
correction term involving the count of semistable sheaves supported on fibers
of 7. This yields naturally the term PTg in the equation of Theorem

The derived auto-equivalence ® also arises naturally from the elliptic
fibration 7. Consider the fibered product

XXSX

over the base S, and let ZX be the dual of the ideal sheaf of the diagonal
in X xg X. Up to a normalization Z7 is the Poincaré sheaf of the elliptic
fibration. Let also

XL Xxg X B X

be the natural projections to the first and second factor. The Fourier—-Mukai
transform ¢IZ with kernel 7} is

¢1: (€) = Rau(p* () © T), € € D°Coh(X).
For a line bundle £ € Pic(X) let
Te(E)=L®E
be the twist by £ and let D : D*(X) — D’(X) be the dual functor,
D(E) = R#omx(E,0x) .
The auto-equivalence ®f; is then defined as the composition
®y =D o Troy s © b1,

The strategy of the proof is summarized in the following diagram, where
P (X, ) denotes the moduli space of 7-stable pairs.

Po(X,H + dF)

| w\’aleme By
Elliptic

transformationi P;LT(X, H + ciF)

aw
Wing

0.11. Plan of the paper. In Section [I| we recall several basic facts on

Pi(X,H + dF)

elliptic fibrations and study sheaves supported on fibers of 7. In Section
we introduce m-stable pairs and prove the wall-crossing. In Section [3| we
study the derived equivalence. In particular, if H is reduced, we prove a
complex I® is a stable pair if and only if ®x(I®) is a m-stable pair. This
completes the proof of Theorem[I} In Section [d] we prove Theorems [2]and 3]
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and the corresponding Euler characteristic case. In Section [5| we apply our
methods to several examples including K3 x F and abelian threefolds.

0.12. Conventions. We always work over C. For a variety X, the canonical
bundle (or sheaf) is denoted wx, and the canonical divisor is Kx = ¢1(wx)-
The skyscraper sheaf at a point z € X is C,. The dual of a sheaf F is
F* = Homx(F,Ox), and the derived dual of a complex & € Db(X) is
EY = R#tomx(E,0x). If i : X — Y is a closed embedding and F is a sheaf
on X, then we write F also for the pushforward i, on Y. For a sheaf F
and a divisor D on X, we let F(D) = F ® Ox (D).

0.13. Acknowledgements. The paper was started when both authors were
attending the workshop Curves on surfaces and threefolds at the Bernoulli
center at EPFL Lausanne in June 2016. Discussions with J. Bryan on elliptic
geometries and the paper [I1] were extremely helpful. We would also like
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R. Pandharipande, Y. Toda, and Q. Yin for useful discussions.

J. S. was supported by grant ERC-2012-AdG-320368-MCSK in the group
of R. Pandharipande at ETH Ziirich.

1. ErLLipTiC CALABI-YAU THREEFOLDS

1.1. Definition. Let X be a Calabi—Yau 3-fold — a non-singular projective
threefold with trivial canonical bundle wx ~ Ox and H! (X,0x)=0. Let
S be a non-singular projective surface and let

m: X =S
be an elliptic fibration with reduced and irreducible fibers. Hence fibers
X, =71s), seS

are either non-singular elliptic curves or rational curves with a single node
or cusp. Let further

t:S—= X, mor=idg

be a section of 7w. Necessarily, the section meets every fiber X in a non-
singular point. We let

0s = u(s) € Xs
denote the distinguished point of the fiber X over s € S and
S() = L*S

the divisor on X defined by the section.
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1.2. Compactified Jacobian. Let X be the relative compactified Jacobian
of X parametrizing torsion free, rank 1 and degree 0 sheaves on a fiber of
7: X — 5. Since X is a fine moduli space, there exists a universal Poincaré
sheaf on

X x S X
uniquely defined up to tensoring by a line bundle pulled back from X. We
let P be the unique Poincaré sheaf satisfying the normalization
7)|50X5X = OX

The sheaves P and P* are flat over both X and X, and PY = P* [6], 8.4].
Since m admits a section and has integral fibers, we will identify X with
its compactified Jacobian X via the natural isomorphism

X =5 X, 05, (mf @ Ox, (—05))

where 75 : X < X is the inclusion of the fiber over s = 7w(x) and m, is the
ideal sheaf of  in X,. Let

XL Xxg XL X
denote the natural projections. The normalized Poincaré sheaf is then
P=TIA@p"Ox(—50) ® ¢*Ox(—S)) ® ¢"1m*wg
where Zx is the ideal sheaf of the diagonal A : X — X xg X.
1.3. Fourier—Mukai transforms. Let
éx : DCoh(X) = DPCoh(X), & = Rq.(pE & K).

denote the Fourier-Mukai transform with kernel X € D*Coh(X xg X).
We are mostly interested in the Fourier-Mukai transform ¢p with kernel
the Poincaré sheaf P. We have the following facts.

Lemma 1. (1) The transform ¢p is an auto-equivalence with inverse
o where Q := PV @ p*r*w[1].
(2) Let inv : X — X be the involution which, under the identification
X = X, sends a torsion free sheaf to its dual. Then
¢pogp = inv* o Tﬂ'*ws[_l] .
(3) Let D be the dual functor. Then
Do ¢p :qﬁQoD:(ﬁ;loD.

Proof. For (1) see [6] or [2, Prop 2.5]. Then use ¢p+ = inv* o ¢p to prove the
second. The third follows by relative Grothendieck—Verdier duality applied
to the morphism ¢ : X xp X — X, and using wxxgx = p*mwy. ([

Lemma 2.
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(1) ¢p(Ox) = taws[—1]

(2) For every line bundle M on S, we have ¢pp (L. M) = 7" M.

(3) ¢p(Ox(S0)) = ws(—=S0)

(4) If n > 0 then ¢p(Ox(—nSy))[1] is a locally free sheaf of rank n.

Proof. (1) We have Ox = ¢p(Os,). Hence, by Lemma [1] (ii)
op(Ox) = ¢p(¢p(Os,)) = m'ws ® Og[—1] = tuwg[-1].

(2) Since tensoring with a line bundle pulled back from S commutes with
¢p, this follows from (1) by tensoring with 7* M.
(3) The vanishing H'(X;, Ox,(05)) = 0 for all s € S implies ¢p(Ox(S))) is
concentrated in degree 0. Applying ¢p to the short exact sequence
0—0x — OX(SO) — OSO(SO) = tywg — 0
and using (1) and (2) we obtain the exact sequence
0— d)p(OX(So)) — T'wg — tuws — 0.

(4) This follows either directly using the base change formula, or alterna-
tively by induction over n using the sequence

0 — Ox(~nSp) = Ox(—(n —1)8p) = t.wg ™V = 0. 0
1.4. Sheaves supported on fibers. Let
a € Pic(S)
be a ample divisor on S such that a + Kg is ample. The induced divisor
A=71"a+ Sy € Pic(X)
is ample by an application of the Nakai-Moishezon criterion.
Consider the full subcategory of sheaves supported in dimension < 1,
Coh=!(X) c Coh(X).
The slope of a sheaf A € Coh=!(X) is defined by
uA) = chj((j))- y
with the convention that 0-dimensional sheaves have slope +o0o0. A sheaf B
is stable (semistable) if p(A) <(<) u(B) for every proper subsheaf A C B.

We say a sheaf A € Coh=!(X) is supported on fibers of = if the reduced
support of A is contained in the union of finitely many fibers X, s € S. Let

C C Coh='(X)

€ (—o00, 00|

be the full subcategory of sheaves supported on fibers of m. The existence
and uniqueness of Harder—Narasimhan filtrations in C with respect to u is
induced by the corresponding properties in Coh=!(X).
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For an interval I C (—o0, 00| we let C; denote the extension closure of all
semistable sheaves in C with slope in I, together with the zero object,
- A is p-semistable
(1) CI_<AEC’ ) >u{0}.
The following proposition connects the notion of semi-stability to the
Fourier—-Mukai transform ¢p.

Proposition 2. Let A € C be a semistable sheaf of slope o = p(A). With
the convention —1/oo =0 and —1/0 = 0o we have:
(1) If po € (0,00], then ¢pp(A) is a semistable sheaf in C of slope —1/ .
(2) If po € (—00,0], then ¢pp(A) = T[—1] for a semistable sheaf T € C
of slope —1/ .

Proof. By taking a Jordan—Holder filtration we may assume A is stable and
hence the pushforward of a stable sheaf from a fiber X;. The claim then
follows from [12, Thm 2.21] or along the lines of [2, Thm 3.2]. O

2. m-STABLE PAIRS AND WALL-CROSSING

2.1. Stable and w-stable pairs. A stable pair is the datum (F,s) of a
pure 1-dimensional sheaf F and a section s € H°(X, F) with 0-dimensional
cokernel. Following [31] we identify a stable pair (F,s) with the complex

I*=[0x 5 F]
in D*Coh(X) where Oy sits in degree 0. A stable pair has class chy(F) = 3
and Euler characteristic n precisely if ch(I®) = (1,0, -3, —n).

Recall the following characterization of stable pairs in [21], see also [37,
Defn. 3.1].

Lemma 3. An object I* € D’Coh(X) with ch(I®) = (1,0,—8,—n) is a
stable pair if and only if

(1) RY(I®) = 0 whenever i # 0, 1.

(2) hO(I®) is torsion free and h'(I*®) is 0-dimensional.

(3) Hom(Q[—1],I*) = 0 for every 0-dimensional sheaf Q.

The definition of 7-stable pairs is parallel to the characterization above
but with O-dimensional sheaves replaced by w-torsion sheaves which are
defined as follows.

Definition 1. A sheaf A € Coh=!(X) is 7-torsion if the following conditions
are satisfied:

(1) A is supported on fibers of 7 : X — S,
(2) ¢p(A(So)) is a sheaf.
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We define w-stable pairs with respect to the elliptic fibration 7 : X — S.

Definition 2. An object I®* € D’Coh(X) with ch(I®) = (1,0,—f3,—n) is a
m-stable pair if

(1) hi(I®) = 0 whenever i # 0, 1.

(2) hO(I*) is torsion free and h!(I®) is 7-torsion.

(3) Hom(Q[—1],I*) = 0 for every m-torsion sheaf Q.

In [37, 4.2] Toda considered objects in the derived category which are
characterized by the conditions of Lemma [3] but with 0-dimensional sheaves
replaced by certain sheaves supported in dimension < 1. The associated
invariants were termed L-invariants and play a central role in the proof of
rationality of Pandharipande—Thomas invariants. Hence we may consider 7-
stable pairs to be a variant of the objects defining L-invariants. In particular,
the definition of m-stable pair invariants and the proof of the wall-crossing
formulas discussed below are parallel to the discussion in [37] and we will
be brief.

2.2. Slope stability. Let £ be a polarization on the 3-fold X. The L-slope
of a coherent sheaf £ € Coh(X) is

ne(€) = AL € Quisc).

A sheaf G € Coh(X) is ug-stable (resp. po-semistable) if us(€) < (<) pue(9)
for every proper subsheaf £ C G of strictly smaller rank. For an interval
I c RU{oo} let

A is p,-semistable
Coh(X) = <A € Coh(X) Wit‘ﬁ‘ﬂﬁ(A) e > U {0}

be the extension closure of semistable sheaves of slope in I, together with
the zero object. Let

A= <COh§0(X), C0h>0[—1}> .
be the tilt of Coh(X) along the torsion pair (Cohso(X), Coh<o(X)). As in
[37, 3.3] we will work inside the full abelian subcategory
B = (Cohy(X), Coh=!(X)[-1]) C A.

2.3. m-stable pair invariants. Let M be the moduli stack of objects in A
with fixed Chern character (1,0, —f3, —n) and let

(8) Pp(X,8) c M

be the substack of m-stable pairs with ch(I®) = (1,0, -8, —n).
Completely parallel to the case of L-invariants in [37, 4.2] we have the
following Lemma.
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Lemma 4. The C-valued points of PI (X, 5) form a constructible subset of
M, and Aut(I®) = C* for every mw-stable pair I°.

We define the m-stable pair invariant
P EZ

by taking the motive defined by the inclusion , multiplying by the motive
[C*] and applying the integration map of the motivic hall algebra of A,
compare [37, 4.2]. By Lemma {4 the invariant P}, ; is well-defined.

2.4. Wall-crossing. We follow closely the discussion in [37], 3.7]. Let
Coh,(X) € D’Coh(X) and Cohp(X) C D’Coh(X)

be the full categories of m-stable pairs and stable pairs respectively, and recall
from (|7)) the category Cr of fiber sheaves defined by the interval I C RU{oco}.
By Proposition [2]a sheaf A is w-torsion precisely if it is an element of C and
all its Harder-Narasimhan factors have slope 4 > —1. Hence an argument
identical to the proof of [37, Lem. 3.16] shows the following Lemma.

Lemma 5. We have the following identity in B:
<COhP (X)v C(—l,oo) [_1]> = <C(—1,oo) [_1]7 Cohy (X)> :
Define the generating series of w-stable pair invariants

PT%(q,t) = Z Z PZ,HHFC]ntd
d>0nez
and let

flat) =TI 0= (=g)tm) =",

m>1
The main result of this section is the following PT/7-PT correspondence.

Proposition 3. For every effective H € Pic(S), we have
PTy(q,t) = f(ta™", )" f(g,) - PT(q,1) -
Proof. Consider the generalized Donaldson—Thomas invariant

Nn,ﬁ € Q

counting semistable sheaves of Chern character (0,0, 3, n), see [37, 3.6].
By applying the integration map of the motivic Hall algebra of A to the
identity in Lemma [5| (see [37, Thm 3.17] for details) we obtain

(9) PTH<q,t>=exp( 3 <—1>"—1nNn,qu”td)-PT@(q,w.
d>0,n€e’Z
n/de(—1,00)
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The first factor on the right-hand side is the contribution of C(_; ,)[—1]. By
[35] we have for all d > 0

—e(X
Np.ar = Z I<E2 ).
k|(n,d)
We find
exp (X U aNarg't?) = T (-0 = g0
d>0,n€eZ lm>1
n/de(0,00)
and
v X O Nt = S
d>0,n€Z
n/de(—1,0)
Plugging into @ the proof is complete. (]

3. THE DERIVED EQUIVALENCE ® 5

3.1. Overview. In this Section we use the derived equivalence ® g to prove
the following Theorem.

Theorem 7. Let H € Pic(S) be effective and reduced. Then
Pr Hyar = P7—rn—2h+2,H+(d+n+h—1)F
We immediately deduce Theorem [I] as a corollary.

Proof of Theorem[1l Rewriting Theorem [7] in generating series we find
PTy(q,t) = t"~1q 2h=VPTT (¢ ¢, 1).

By applying Proposition [3] to the last term yields

—oh—1y_Sf(a,t)

h—1 -1
PTyH(q,t)=t"""¢q W-PTH(q t,t).
By we have
f(Q7 t) _ PTO(Qv t)
flg7't,t)  PTo(qg't,1)
which completes the proof. O

3.2. Basic properties of ®y. Let H € Pic(S) be an effective class.
Definition 3. Define the autoequivalence

(I)H =Do TW*OS(H—KS) o Tox(so) o gbp o TO}((SO)‘
For an element € € D’Coh(X) we write
E=dy(&).
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Definition [3| agrees with the definition of @z in Section but is more
convenient for computations since we work with the normalized Poincaré
sheaf P. We have several basic Lemmas.

Lemma 6. For all £, F € D’Coh(X)

(1) &[] = £[-l. o
(2) Hom(&, F) = Hom(F,¢E).

We show @y acts on D’Coh(X) as an involution.
Lemma 7. (DH o (PH = idDbCOh(X)'

Proof. By Lemma [1| we have D o ¢pp = gb;l oD. Hence, with
L= OX(S() +7n*H — W*Ks)

and since tensoring with a line bundle pulled back from S commutes with
¢p we have

0% = (Do Toy(sy)©¢poTr)o(DoTrodpoToy(sy) = idpsconx) O

Lemma 8.
(1) Ox = Ox(—7*H)
(2) Let x € X be a point, let 15 : Xy — X be the inclusion, and let m,
be the ideal sheaf of x in Xs. Then
(Ea/c = Zs*mz[_2] .
(3) For alln > 1 we have
1 (Ox(—nSo)) = Vall]
for a locally free sheaf Vy, of rank n — 1.

Proof. (1) and (3) follow directly from Lemma [2[and the definition. For (2)
we have

TOx(w*(Hst)JrSo) o ¢'P © TO}((S@) ((Cx) = Zs*m;; .

Hence using relative duality and since m, is reflexive on X, we get
Ca = D(1am?) = 15 (M) [—2] = 144 (my)[—2] . 0

xT

We prove @5 acts as expected on the level of cohomology.

Lemma 9. Assume & € D’Coh(X) has Chern character
ch(&) = (1,0,—(H + dF),—n),
in H*(X,Q) = Y, H*(X,Q), then
ch(®n (€)= (1,0,—(H+ (n+d+h—1)F),n+2h —2).
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Proof. By a direct calculation as in [I}, 5.2], or by calculating (f’);, (5;5,@;,

—_—

and O,p) with B € |H| directly as in Lemma E O

We consider the action of @ on the category C of 1-dimensional sheaves
supported on fibers of 7.

Lemma 10. Let A € C be a semistable sheaf and let g = p(A) be its slope.
With the conventions 1/0 = oo and co/oo = 1 we have:
o If g € [—1,00], then A = G[=2] for a semistable sheaf G € C of

slope —pio /(1 + po) = —1.
o If up € (—oo,—1), then A = G[—1] for a semistable sheaf G € C of

slope —po/(1+ po) < —1.
In particular, for an interval [a,b] C [—1, 00] we have
1 (Clap) = Clob/(146),—a/(1+a))[—2]
and likewise for open or half-open intervals in [—1, cc].
Proof. This follows from Proposition [2] and and the following: If A € C is

semistable of slope a < 0o, then D(A) = T[—2] for a semistable sheaf 7' € C
of slope —a. O

Lemma 11. Let Z¢ be the ideal sheaf of a Cohen—-Macaulay curve C C X
with no components supported on fibers of m. Then Lo is a sheaf.

Proof. For all x € X and ¢ > 1 we claim the vanishing of
Hom(Z¢, C,[—i]) = Hom(1g,my, Zo[2 — i])

with s = 7(x) and 75 : Xg — X. The case i > 3 is immediate. The case
1 = 2 follows since Z¢ is torsion free. For ¢ = 1 we have

Ext! (154m,, Zc) = Hom (15.m,, O¢) = Home (j*15.my, O¢)

where j : C' — X is the inclusion. Since C has no components supported on
fibers, j*154m, is zero-dimensional. Since C is Cohen—Macaulay, O¢ is pure
and we conclude Home (j*15.mz, Oc) = 0. We conclude fE is concentreated
in degrees < 0.

We prove the lower bound. By applying @ to the exact sequence

0—>Zc —-0x ->0c—0

and taking the long exact sequence in cohomology it suffices to prove @; is
concentrated in degrees > 1.
For all £ € Pic(S), n > 1 and i < 0 we have by Lemma [g]
Hom(7* LY (—n.Sp), O¢li]) = Hom(O¢, 7L @ V,[i + 1]) = 0,

since O¢ is supported on a curve and V), is locally free. Since 7*L£(nSp) can
be taken arbitrarily positive here, O¢ is concentrated in degrees > 1. (|
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3.3. Two term complexes: the reduced case. Consider the following
conditions on complexes I* € D’Coh(X):

(a) ch(I®) = (1,0, —(H + dF),—n) for some d > 0,n € Z.
(b) I* is two-term: h*(I*) = 0 whenever i # 0, 1.
(c) hO(I*®) is torsion free.
(d) hi(I*) € Cl-1,00]-
The aim of this subsection is to prove the following proposition.

Proposition 4. Let H € Pic(S) be a reduced effective class. Then a complex
I* € D*Coh(X) satisfies Properties (a-d) above if and only if I*® does.

First we prove a lemma.
Lemma 12. Let D be an effective divisor on S, consider the surface
W =n"YD)

and let oy be the ideal sheaf of a curve C in W. Assume the projection
C — D is an isomorphism over a dense open subset U C D. Then

Ioyw = E[-1]

for a 1-dimensional sheaf &.
Proof. The proof proceeds in three steps.

Step 1. Since Zgw(So) is a sheaf and ¢ : X xg X — X has relative
dimension 1, the complex

A= ¢p(Zoyw(S0))
is concentrated in degrees 0 and 1. We show both h°(A) and h'(A) are of
dimension < 1. Since C' — D is an isomorphism away from a 0-dimensional
subset of D we have
ch(Zeyw) = (0,7°D, —1.D + aF,b)
for some a,b € Z. By a direct calculation this yields
ch(A4) = (0,0, —t.D + d'F, V)

for some a’,b’. Hence it suffices to show h'(A) is supported on curves.

Let U C D be the open subset over which C' — D is an isomorphism. In
particular O¢ |1y is flat over Op|y. For every y € X with s = 7(y) € U
we have by base change

h'(A)® Cy = H (X, Zoyw (So)|x, @ Py)

where P, = ¢p(C,) is the sheaf corresponding to the point y. Applying
flatness we obtain

h' (A) ® (Cy = HI(XSaIC’ﬂXS/XS (SO) ® Py)
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which is non-zero only if y = C' N Xs. We conclude
Supp(h!(A))na~'(U) =Cna ' (U),
and therefore that h'(A) is 1-dimensional.

Step 2. We prove IC/\/;V is concentrated in degrees > 1.
Let £ = Ox(Sy + 7*(H — Kg)) and let G; := h*(A) ® L for i = 0, 1.
Applying D o T, to the canonical exact triangle

hO(A) — A — hY(A)[-1]
yields the exact triangle
D(Gl)[l] — IC/W — D(Go)
By Step 1 the sheaves G; are of dimension < 1. Hence the D(G;) are

concentrated in degrees > 2, and so Zg y is concentrated in degrees > 1.

Step 3. We show Z¢yy is concentrated in degrees < 1.
By Lemma [§ we have for all z € X
Hom(Z¢/w, Ci[—i]) = Hom(2sxmy, Zoyw (2 — i),
which we claim vanishes for all 4 > 2. The case 7 > 3 is immediate. For the
vanishing in case i = 2, we apply Hom(z5.m,, -) to the exact sequence
0— Ox(~=7"D) = Zc — Zgyw — 0

and use that 15,m; is supported in dimension 1 and Z¢ is torsion free. [J

3.4. Proof of Proposition [4. Assume a complex I* satisfies (a-d). Since
®y is an involution it is enough to prove I* satisfies (a-d).

By Lemma |§| the complex I* satisfies (a), so we need to show (b,c,d). We
will make several reduction steps.

—_~—

Step 1. Since h'(I*) € C|_j ) we have hl(I*) = G[-2] for some G €
Cl-1,0c]- Applying @5 to the canonical exact triangle

RO(I%) — I° — KM (I*)[-1]

and taking the long exact sequence in cohomology we therefore find

0 = WO(I®) — RO(RO(I*)) — G — RY(I*) — KY(RO(I*)) — 0
and hi(I%) = hi(hfo(\F)) for i # 0,1. Hence I* satisfies (b-d) if hfo(\j:/‘) does.
We may therefore assume that I'® is the ideal sheaf Z¢ for some curve C C X.
Step 2. Let C' C C be the unique maximal Cohen-Macaulay subcurve.
We have the sequence

0—>Zc —Zor —Q —0
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where Q is O-dimensional. Since Q = G[—2] for some G € C_; we have the
exact sequence

0— h'(Zer) = hM(Ze) = G — 0.
and hi(Z¢r) = hi(Ze) for all i # 1. Hence I satisfies (b-d) if Z¢v does, and
so we may assume C' is Cohen—-Macaulay.

Step 3. Let D C S be the divisor on S defined by the image 7(C) C S.
(In particular, D remembers only the codimension 1 locus of 7(C') and not
isolated points or thickening at points.) We consider the curve

C'=Ccnr YD)ca D).
Since C’ C C, we have the exact sequence
(10) 0K —0c— Oc —0.
with K € C.
Claim: K is in Cjg o).
Proof of Claim. By construction K is supported on fibers of . Moreover
since C' is Cohen—Macaulay (which is equivalent to O¢ is pure) K is pure
of dimension 1.

For our convenience let us assume K is supported over a point s € S.

If s ¢ D then K is the structure sheaf of the connected component of C
that lies over s € S. It follows that K admits a surjection Ox — K. Hence,
if K’ is the the Harder-Narasimhan factor of K with smallest slope g, then
the natural composition Ox — K — K’ is non-zero. Therefore ug > 0 by
semistability, and so K € Cjg o), see also the proof of [35, Prop 6.8].

If s € D then K is supported over F,, = Spec Ox /m*m? for some n > 0

where my is the ideal sheaf of s € S. Let f € Ox be the local equation of D
near s, and let f be its image in Og/m”. Consider the exact sequence

(11) 0— (f) = Os/my — Og/(my, f) = 0.
By flatness of 7, remains exact under pullback:
(12) 0— 7"(f) = Ox/m*ml = Ox/7*(mZ, f) = 0.

Tensoring with O¢ we obtain

™(f) ®ox Oc - K — Ocnr, = Ocnr, — 0.

For every zero-dimensional sheaf 7" on S a surjection O% — T — 0 for some
k > 1 induces a surjection O% — Of — 7T ®0, Oc¢ (by pullback via m*

and tensoring with O¢). Applying this to T' = (f) we obtain a composition
of surjections

(13) O% - 1(f) ®0, Oc - K .
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Let again K’ be the Harder-Narasimhan factor of K with smallest slope.

Then composing with K — K’ yields a non-zero section of K’. We find

K' € Cjg o0y and hence K € Cg o)- O
We return to Step 3 of the reduction. From we obtain

0—>Zc -2 - K —0.

Since K € Cp o) We have K = A[—2] for some A € C(_; ). Hence argueing
as in Step 2 we find Z¢ satisfies (b-d) if Zev does. Hence we may assume C
is contained inside the surface 7=1(D).

Step 4. We prove Properties (b) and (d).
Let C’ be the union of all irreducible component of C' which are not
supported on fibers of w. The canonical exact sequence

0—>Zc -Zcr - K —0
with K € C yields the exact triangle
(14) K—TIo —1Ic.

By Lemma [11] the Agomplex f(/vv is a sheaf. Hence taking long exact sequence
of yields h'(Z¢) = 0 for i # 0,1 (Property (b)), and the isomorphism
W (Ze) = 1P(K).

Let 0 - Ky — K — K_ — 0 be the unique filtration of K with K, €

Cl-1,00) and K_ € C_oo —1)- Then applying @y, using the long exact se-
quence in cohomology and Lemma [10] yields

W(K) = WKL) € Clopog) -
Step 5. We prove that h°(I¢) is an ideal sheaf, which implies Property (c).
Let D be the divisor on S as in Step 3 and recall that we may assume
(15) CcW=r1D).

Since the class H € Pic(S) is reduced we have D € |H|. Hence the inclusion
gives the exact sequence

0— Ox(—7"H) = Ic — Zow — 0
where Zgyy is the ideal sheaf of C'in W. Applying 5 and taking coho-
mology yields
(16) 0= h'(Zeyw) = hO(Ze) = Ox — h'(Toyw) = b (Ze) = 0.

Since C' has class H + dF and H is reduced, the projection C — D is
generically of degree 1 on every component of C. By Lemma [I2] the complex
Zcyw1] is a sheaf. Hence h?(Z¢) is an ideal sheaf. O
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The proof of Proposition 4 requires H to be reduced only in Step 5. Hence
we obtain the following corollary in case H is not necessarily reduced.

Corollary 2. Let H € Pic(S) be effective. If I°® € DCoh(X) satisfies
properties (a-d) above, then I® satisfies (a), (b) and (d).

3.5. Purity. Let I* € D’Coh(X) be a complex which satisfies conditions
(a-d) of Section
Lemma 13. Let a € [—1,00]. Then the following are equivalent:

e Hom(Q[~1],1*) =0 for all Q € C(4 o), and

o WH(I*) € Cla/(1+a),00]-
The same holds when the intervals are replaced by [a, 0] and (—1/(1+a), o0]
respectively.

Proof. By Lemma [10] we have
Hom(Q[~1], 1*) = 0
for all @ € C(q,0) if and only if
Hom(I*, G[-1]) = Hom(h!(I*),G) = 0

for all G € C|_1 _q/(1+a))- Since by Corollary 2| we have hl(F) € Cl-1,00)»
this is equivalent to

hY(I*) € Cloa/(14a),00] -

The last claim of the Lemma follows by a parallel argument. O
We obtain the following corollary which implies Theorem [7]

Corollary 3. Let H € Pic(S) be reduced. Then a complex I® is a stable
pair if and only if I® is a w-stable pair.

Proof. Let I®* € DPCoh(X). By Proposition 4| and by Lemma with
a = —1 and a = oo respectively we obtain:

(1) The complex I* satisfies (a-d) (in Section 3.3) if and only if I* does.
(2) Suppose I*® satisfies (a-d), then h!(I®) is 0-dimensional if and only if

Hom(Q[—1],1°) =0

for all w-torsion sheaves Q).
(3) Suppose I* satisfies (a-d), then h!(I®) is m-torsion if and only if

Hom(Q[~1), 7*) = 0
for all O-dimensional sheaves Q.

Hence I°® is a stable pair if and only I* is a m-stable pair. O
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3.6. Non-reduced case. We show by example that if the class H is non-

reduced on S, then there exist a stable pair I® such that h°(I®) is not an
ideal sheaf. In particular the proof of Theorem [I] breaks down and new
methods are required, see [2§].

Example. Let S be an elliptic K3 surface with a section B C S, and let
E be an elliptic curve. The Calabi—Yau 3-fold X = S x E admits a trivial
elliptic fibration over S

m: X =S

by projection. Let F C S be a fixed fiber on the elliptic K3 surface S.
Assume x1, x5 are two distinct points on E, and let F; = F x {z;}, i =1, 2.
We consider the curve

C=uB)UFLUF, C X

in the curve class 1, H where H = B + 2F. The class H is a primitive, but
non-reduced.

Let Z¢ be the ideal sheaf of C' considered as the stable pair [Ox — Oc¢].
By Lemmas |11 and |§|7 the complex Z¢ is a sheaf with
(17) c1(Zo) =0 € H*(X,Q).

We show that I; is not an ideal sheaf.

Let D = B+ F and let W = 7~ 1(D). Since C lies on the surface W we
have the exact sequence

0= Ox(—7"D) = Zc — Zoyw — 0.
Since @y (Ox(—7*D)) = Ox(—7*F') we obtain
0= 1°(Tepw) = To % Ox (=" F) = b (Toyw) — 0.

By definition, the sheaf h° (Izv\/;v) is supported on the surface W and hence

is torsion in X. If Z¢ is an ideal sheaf, then hO(I?;\/;V) = 0 and thus g is
injective. This is a contradiction to since ideal sheaves are stable.

4. APPLICATIONS
4.1. Overview. Here we prove Theorems and [0} and Proposition

4.2. Proof of Theorem Let N, g € Q be the generalized Donaldson—
Thomas invariant counting semistable sheaves of class (0,0, 5,n). In [3], B7]
the following structure result was proven:

(18)  YoPus"’ =ep (X (-1 'aNugg"t?) - 3 Lo ag"t?
n, n>0,4>0 n,B
where for every 3 the invariants L, g € Z satisfy

o L,3=L_,p for all n,
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o L,3=0forall n>0.
For every H we define the series
fr =Y ()" "Ny grarg™t® and Ly =Y Lypiarqd"t".
d>0n>0 Sonez

Let H € Pic(S) be a reduced class. Picking out all t/-terms in yields

Z > (le fHk+Z<HfH> )
e e

PTu(q
PTO

(19)

Since every summand H; in the above sum is non-zero and reduced we have
by [34] 2.9]

(20) fu, = (@ + a2 Ny vart?.
d>0

Moreover by [35] we have Ly = Hle(l — tm)_e(s),
Plugging both into we find that for every d the t? coefficient of
PTr/PTo can be written in the following form:

I IH(Qvt) :| - 1/2 —1/2\2k
—_— = E a +
|: FT()( ,t) y . d,k(q q )

for some r > 0 (dependent on d) and where n is the largest integer for which

=—n

there exist a decomposition H = >_1* ;| H; into effective classes.
On the Jacobi form side we have for every i

1 811 _ 12h z( 1/2 +q 1/2 2i— +Za 1/2+q71/2)2j —I-O(t)

for some a; € Q and some N > 0. Also every t?-coefficient is of the form

,’,,/

[ 0500001 |, = 22 dlala? +a7*
k=i—1
Therefore by an induction argument there exist power series
fom—ny (), fr(t) € Q[[]]

such that every t?-coefficient of the series

PTy " i—1  _h—i
R(g,t) = T, Y. il Shesn
Z' —

takes the form

(21) Ralg,;t) = [ R(q,t) |pa = i bae(qH/? + g 1/2)2
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Equivalently, every coefficient of Rg(q,t) vanishes to order u?* when ex-
panded in the variables ¢ = —e'*. We prove R(q,t) = 0.
By and since h > 0 by assumption we have the equality of power

series
(22) R(g™t) = R(g,1)
Using the definition of ¢_2 1 as a product one verifies

¢—2,1 (q_lt7 t) ¢—2,1 (C.I7 t)
as power series. By the Jacobi form property of ¢g 1 [13] we also have

bo1(q M, t) = ¢*t L o1(g, 1) .

Hence we obtain for every ¢ < h the equality of power series
i—1 h—iy(, —1 2(h—1) y—(h—=1) ( 4i—1 sh—i
(000001 )@ 1) =¢q (h=1)g=(h=1)( 21901)(a:1) -

Applying Theorem [I] we thus find the equality of power series:

(23) Rg't,t) = " Vi ""DR(q,1).
Combining and we conclude
(24) R(gth, 1) =t~ "DV g 2R (g, 1)

for all A € Z as power series. Let ¢, 4 be the coefficient of ¢"t% in R(q,1).
Then is equivalent to

(25) Cnd = Cng2(h—1)Ad+-Ant(h—1)A2
for all n,d, A € Z.

Assume R(q,t) is non-zero and let d be the smallest integer such that
Ra(g,t) is non-zero. Since the sum in starts at k = h we have

Cn,d 7& 0
for some n > h > 0. But then by with A = —1 we obtain

Cnd = Cn—2ht2,d—nt(h-1) 7 0.
Since d — n + (h — 1) < d this contradicts the choice of d. ]

4.3. Proof of Theorem [2l By Theorem [3| we have
PTH(q, t) 1
e = fol) ———
PTo(q, 1) $-2.1(q,1)
for some power series fy(t). Hence we need to prove fo(t) = Fg(t).
By and , and since the genus 0 Gopakumar—Vafa invariant is
ng = Ni g we have
PTr(g,t)
PTo(g,t)

q Ly

“POTTE L,
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Similarly,
1 q /
= + ¢'(q,1)
¢-21(q:t) (1+4q)?
where ¢/(q,t) is regular at ¢ = —1. Comparing both sides we obtain

fo(t) =Fu(t). O

4.4. Proof of Proposition For every i we have under the variable
U

change ¢ = —e
Doador = 12+ O(u).
Hence the u?-coefficients of PTy/PTq for i < h uniquely determine the

functions fx(¢) in Theorem
If H is irreducible the coefficient of u?

o (3 P cartiad)

Ln,d
is exactly PTy/PTo. Therefore Proposition (1| follows from the GW/PT
correspondence:

PTH Q7

g 2g—2 0
PTO Q? Z GW .

4.5. Proof of Theorem [6} By the same argument as for Theorem [3| but
using the Euler characteristics case [33] of the structure result (18). |

5. EXAMPLES

5.1. Overview. We give examples of our results for the Schoen Calabi—Yau
(Section 5.2)), the STU-model (Section [5.3), the local case (Section[5.4), and
the product case S x E (Section [5.5). For K3 x E we give the proof of
Theorems 4] and |5 For A x E we reprove several of the results of [10] and
connect a conjecture of [I0] to the modularity of the series fi(t). We end
in Section with an example that the Noether-Lefschetz terms fj(¢) for
unweighted Euler characteristics may not be modular.

5.2. The Schoen Calabi—Yau. A rational elliptic surface R is the blowup
of P? along the 9 intersection points of two distinct integral cubics. The
associated pencil of cubics defines an elliptic fibration

R — P,

Let R1, Ro be two generic rational elliptic surfaces. The Schoen Calabi—Yau
is the fiber product
X = Rl Xp1l R2 )

We consider X to be elliptically fibered via the projection
m: X > Ry
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to the first factor.

Let B be the class of a section of Ry — P!. By a calculation of Bryan
and Leung [9, Thm 6.2] the genus 0 Gromov—Witten invariants of X in
classes B + dF" are

o.9]
GWS(t) =Y GW{% pt? = T (1 —t™) "2
d>0 m=1

Since e(X) = 0 and e(R;) = 12 we also have
PTo(g,t) = [T (1 — ™).

m>1

Using Theorem [2] we conclude

1 1
PTa(g,t) = :
B(q,1t) (Q+2+q_1)n1:>[1 (1 + gt™)2(1 — m)20(1 + ¢~ 1¢m)2

Let E be the class of an elliptic fiber of Ry — P'. We have
GWY%(t) = GWop =0, GWL(t) = GW; g = 12.
Hence in agreement with a stable pair calculation by J. Bryan we obtain:

PTe(g,t)=12 [[ (1 —t™)~".

m2>1

5.3. The STU model. The STU model is a particular non-singular Calabi—
Yau threefold X which admits an elliptic fibration

m: X =P xP!

with a section. An explicit description of X as a hypersurface in a toric
variety can be found in [20]. The composition of = with the projection of
P! x P! to the i-th factor
(26) i X =P x Pt —» P!
is a family of K3 surfaces with 528 singular fibers. We identify

Pic(P! xP)=Z o Z.

Recall the genus 0 potential Fg = Fg(t). By [19, 20] we have
—2E4(t)Es(t)

[l (1 —7)%
The term —2Fy(t)Egs(t) is the Noether—Lefschetz contribution of the fibra-

tion and counts the jumping of the Picard rank of the fibers of m;. The
term

I:(1,0) (t) = F(O,l)(t) =

1
I =i

m>1
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is the generating series of (primitive) genus 0 invariants of K3 surfaces, and
counts rational curves in the fibers of m;. The series F(; ¢)(t) splits naturally
as a product of both contributions. Applying Theorem [2] we obtain

PT1,0)(¢,t)  —2E4(t)Es(t)
PTo(a;t) — A(t)p—21(q,1)
in perfect agreement with the higher genus GW /NL correspondence [22] and
the Katz—Klemm-—Vafa formula [I8] 23].
The formula for the class H = (1,1) is new and more interesting, since
curves in the base may degenerate to the union of two lines. By Theorem [3]

we have

PT1)(g,t) p(a.t) 1
PTO(qv t) ¢—2,1 (Q7 t) * fO (t) ¢—2,1(Q7 t) ‘

Studying the polar terms in ([19) yields
fo1(t) = Fa o Fo1) = 4E4(t)*Ee(t)* [ (1 —¢™)~*®

m>1

= fou(t)-

and
fot) =Fau+ E2( )Fa0F ) -
By the calculations of [19, 6.10.5] we haveﬂ

67 65

Fan(®) = —EaBs <36E4 36

—F EsELF, 1—¢m)~18
6+3246>H( )

m>1

Hence we find

fo(t) = —E4Eg <67 05

36E4 + 36E6) [Ta—-em—*
m>1
In particular, both fo(t) and f_;(¢) are modular formsﬂ We conclude that
PT(1,1)/PTo is a meromorphic Jacobi form.
The elliptic surface over a non-singular line L C P! x P! of class (1,1) has
48 nodal fibers. Hence by [9] we may interpret the term

1

H _ +m)\48
o1 (1 —1tm)
as counting rational curves in the surfaces m7=!(L). The factor
2 2
AE4(t)"Ee(t)
5 Since X is a hypersurface in a toric variety, mirror symmetry for X in genus 0 is
proven. Hence there is no difficulty in making the genus 0 calculations of [19] rigorous.

6we ignore here the non-modularity arising from the missing ¢t~ 2 factor in the Euler
product.
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in f_1(t) is the product of the Noether-Lefschetz series of the family (26,
and arises here naturally from the Noether—Lefschetz data of the 2-dimensional
family of surfaces 7= (L) over broken lines L = L;ULs. We expect the factor

67 65 11
—E4FEs (3613;1’ + 36E§> = -5+ 1448¢ - 3623764 + 85977632¢° + . . .

to arise from the Noether—Lefschetz theory of the full family of elliptic sur-
faces over curves in the base.

5.4. The local case. Let X be a non-singular projective threefold with
wx ~ Ox. In particular, we allow H!(X,Ox) to be non-zero. Assume that
X admits an elliptic fibration

T: X =S

with integral fibers over a non-singular surface S, and let + : S — X be a
section. We also fix a Cohen—Macaulay curve

(27) CcX

which satisfies the following conditions:

e The curve C has no components supported on fibers of .
e The curve C' is reduced.
e The restriction

mlc: C — D :=7(C)

is an isomorphism away from a zero-dimensional subset T' C D.

In particular, the image D = 7(C) is a reduced divisor in S.
Consider the closed subset

P.(X,C,d) C Py(X,[C] + dF)

of stable pairs Ox — F such that the support of F contains C. We define
C-local pairs invariants by

Pncd= / vde.
P, (X,C,d)

where v is the restriction of the Behrend function of P, (X, [C] + dF). Let

o
PTe(q,t) =D > Pucag"t?,
d=0n€ezZ

be the generating series of C-local pairs invariants.
Recall also the generating series PT(g,t) from .
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Theorem 8. Let h be the arithmetic genus of the divisor D C S. Then in
the situation above,

PTo(g't,t) 2(h—1)—(h—1) PTc(g,t)

PTo(q 1t,t) 1 PTo(q, )

Assume h > 0, and let n be the number of rational components of C'. Then
there exist power series f;(t) € Q[[t]] such that

PTc(gt) _

h
PTo(g,t) Z fi(t) - p—2.1(q, t)l_l¢0,1(q, t)h—z .

i=—(n—1)

Proof. We apply the same argument as in the proof of Theorem The
wall-crossing argument follows exactly the discussion of Section [2] but using
the moduli space of (7-)stable pairs I*® such that the curve defined by h°(I*®)
contains C'. Also the argument using the derived equivalence ® 7 is parallel.
We only need to check that the support of a stable pair I* contains C' if and
only if so does the curve defined by hO(F). This reduces to showing that
Z¢ = I¢. But this follows from , the proof of Lemma [12{ and since C' is
reduced. Hence we conclude the first claim.

The second claim follows exactly parallel to the proof of Theorem [3] with
replaced by the C-local case [25, Thm 4] and using [34, Lem 2.12]. O

5.5. The product case. Let S be a non-singular projective surface with
wg =~ Og. Hence S is a K3 surface or an abelian surface. Let E be an elliptic
curve and consider the Calabi—Yau threefold

X=SxF

elliptically fibered over S by the projection to the first factor. Let O € E
denote the zero, and fix the section

1:8S=8%x0— X.
Let H € Pic(S) be a divisor in the base, and let
(28) P,(X,(H,d)) C P,(X,H +dF)

be the moduli space of stable pairs (F,s) of class H + dF such that the
pushforward 7, [C] of the cycle of the support C' of F lies in |H]|.

The group (F,0g) acts on the moduli space by translation with finite
stabilizers. We define reduced stable pair invariants of X by the Behrend
function weighted Euler characteristic

red

PTL,(H,d) - Vd@,

/Pn(X,(H,d))/E
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where the Euler characteristic is taken in the orbifold sense. For S an abelian
surface the definition first appeared in [15], for S a K3 surface it can be found
in [7]. Define the generating series of reduced invariants
Tred q, Z Z Pre(H d)q
d>0nez
Theorem 9. Let H € Pic(S) be irreducible of arithmetic genus h. There
exist power series f;(t) € Q[[t]] such that

P-l-red(q7

h
PTola,) — 2102000 d0a(a )"

=

Proof. This follows directly from Theorem [§by integration over the quotient
of the Chow variety of curves by the translation action, compare [25, 4.11].
O

5.6. The case K3 x E. Let S be a projective K3 surface and let
H € Pic(S)

be a primitive class of arithmetic genus h. By deformation invariance [25],
the series PT%Y only depends on h. Hence we can assume H is irreducible.
We write

PTi>F(q,t) = PTi (¢, ).

Proof of Theorem[J]. Since e(S) = 24 and e(X) = 0 we have by (1)),

1
PTo(q,t) = —.
Hence by Theorem [9] it suffices to show that f;(t) are quasi-modular forms
of weight 2i. By [25, Thm.1] the invariant Pff,(}q +qr 18 equal to the stable
pair invariant of S x F defined via the reduced virtual class and insertions.

Hence by [27, Prop. 5] we have the GW/PT correspondence
PT "% (¢.1)

(29) = Z Z GWg7H+dFu29_2td
PTO(Qa t) d>0g>0
under the variable change ¢ = —e®™; here GW, gyqp is the reduced (con-

nected) genus g Gromov—Witten invariant of S x E in class H + dF defined
via the insertion 7o(H" X pt) see [27]. Define

GWY(t) = GWy g yart? .
d>0
By the series f;(t) are determined by the identity

h

h
Zfz‘(t)¢—2,1(q7t)i71¢0,1(q7t)hfi = Z GW%(t)uzg*Q mod 12"

i=0 g=0
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under the variable change ¢ = —e®. Hence it is enough to show that
GWY(t) € Q[[t]]

are quasi-modular forms of weight 2g.

By a degeneration argument [23] 5.3] the series GWY,(t) can be expressed
in terms of the Gromov—Witten invariants of R x E, where R is an ratio-
nal elliptic surface. Since R is deformation equivalent to a toric surface,
the Gromov-Witten classes of R are tautological on M, [14]. Hence the
modularity of GWY,(t) follows from the modularity of the Gromov-Witten
invariants of an elliptic curve E [23], Section 7] by an application of Behrend’s
product formula [4]. O

Proof of Theorem[J. Let Hy € Pic(S) be irreducible of genus 0. Then
GWY, (t) = GWo g, = 1

so by Theorem [2/ and PTo = A~! we obtain
1 1

Alt) ¢-21(q.t)
Let Hy € Pic(S) be an irreducible class of genus 1. Then
GWY, (t) = GWo g, = 24
GWo 1y +ar = 240(d) - (\)T g, = 0(d) - (HP) - (1)§ 17, = 0

where we used the Gromov—Witten bracket notation, the product formula,
and H; - H; = 0 in the second line. Hence by Theorem |§| and we find

PTHO(q,t) =1-

1
PT t)y=24 - —— - t). O
5.7. Abelian threefolds. Let A be an abelian surface and let
H € Pic(A)

be an irreducible class of arithmetic genus h > 2. By the same argument as
in [25] the series PT%d is invariant under deformations which preserve the
product structure A x E and keep H of Hodge type (1,1) on A. Hence the
series only depends on the arithmetic genus h and we write

PT; "% (g,1) = PTig (¢, ).
In [I0] the Euler characteristic version of the series PTQXE was computed
in cases h € {2,3} via cut-and-paste methods, and a full formula was con-
jectured for any h. Using calculations on the Gromov—Witten side the case

h = 2 was proven in [26] also for the weighted case. Here we reprove the
result for h = 2, and for h = 3 when assuming the GW /PT correspondence.

Proposition 5. PT2*F(q,1) = ¢_21(q, 1)
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Proof of Proposition[5. By Theorem 9] we have
#a
b—2.1
By a degeneration argumentﬂ the GW/PT correspondence holds for h = 2.

Hence we may compute f;(t) by Gromov—Witten theory. Let Hy € Pic(A)
be irreducible of genus 2, and let

AxE d
GW!I]% (1) = Z GWQ,EB-&-dFt
d>0

PT5*F(q.t) = fo(t) + filt)po1 + fa(t)p—21 -

denote the generating series of reduced genus g Gromov—Witten invariants
of A x E following [10, 7.2]. Since a generic abelian surface does not ad-
mit nontrivial maps from rational or elliptic curves we have GW%2 (t) =
GW}{2 (t) = 0. The genus 2 invariants are

GWH, (1) =1

since there is exactly one genus 2 curve in the linear system |Hz| on A.
Applying we conclude the result. O

Consider the theta function of the D4 lattice

Opa(t) =1+24> Y kt?.

d>1 k|d
k odd

Proposition 6. Let H € Pic(A) be irreducible of arithmetic genus 3, and
assume the GW/PT correspondence in the sense of [10, Conj. B] holds for
the classes H + dF. Then

PT:?XE(QJ) =12 p(q,t)¢-2.1(q,t)* — Ipa(t) - 9—2.1(q, 1)°.

Proof of Proposition[6l By assumption we again only need to determine the
Gromov—Witten invariants GWY,(¢) for genus up to 3. The invariants vanish
in g = 0,1. By counting genus 2 curves in A we obtain GW%(t) = 12. For
genus 3, by using lattice counting and the multiple cover formula [I0] we
obtain
GW¥(t) =Y (80(2d) + 640(d/2)geven) t”
d>1
where o(d) = > k|d k- The result follows as before by Proposition O

For general h applying Theorem [J yields the expansion
h
PT (g, t) = > filt)p-2.1(q, ) o (q,t)"
i=2

7 The reduced virtual class splits naturally under degenerating the elliptic factor to a
nodal rational curve and resolving, compare [26, 2.5] and [23] Section 4].
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for power series f;(t). By (and in agreement with) Conjecture C of [10] we
have the following.

Conjecture [10]. Every series f;(t), i = 2,..., his a modular form of weight
2i — 4 for the congruence subgroup I'g(h — 1).

5.8. Naive Euler characteristic. Consider as above X = A x E for an
abelian surface with an irreducible class H € Pic(A) of arithmetic genus 3.
Let

lfj\-]/—H(pJ/) = Z Z e(Pn(Xv (H7 d))/E)qntd
d>0n€eZ

be the generating series of Euler characteristics of (the quotient of) the stable
pair moduli space defined in (28). By [10, Thm. 5] we have

PTa(p,t) = 120(—p, t)p_01(—p, )% + f3(t)d_a1(—p, t)*

where

() = 14123 S(@2ktt 4+ ki) = 2~ By(t) - LEy2).
d>1 kld 2 2

In particular, f3(t) is not modular.

REFERENCES

[1] B. Andreas and D. Herndndez Ruipérez, Fourier Mukai transforms and applications
to string theory, Rev. R. Acad. Cien. Serie A. Mat. 99(1) (2005), no. 3, 29-77.

[2] C. Bartocci, U. Bruzzo, D. Herndndez Ruipérez, J. Mufioz Porras, Relatively stable
bundles over elliptic fibrations, Math. Nachr. 238 (2002), 23-36. Revised version
available from larXiv:0109123.

[3] K. Behrend, Donaldson—Thomas type invariants via microlocal geometry, Ann. of
Math. (2) 170 (2009), no. 3, 1307-1338.

[4] K. Behrend, The product formula for Gromov—Witten invariants, J. Algebraic Geom.
8 (1999), no. 3, 529-541.

[5] T. Bridgeland, Hall algebras and curve-counting invariants, J. Amer. Math. Soc. 24
(2011), no. 4, 969-998.

[6] T. Bridgeland and A. Maciocia, Fourier-Mukai transforms for K3 and elliptic fibra-
tions, J. Algebraic Geom. 11 (2002), no. 4, 629-657.

[7] J. Bryan, The Donaldson—Thomas theory of K3 X E wvia the topological vertex,
arXiv:1504.02920.

[8] J. Bryan and M. Kool, Donaldson-Thomas invariants of local elliptic surfaces via the
topological vertex, arXiv:1608.07369.

[9] J. Bryan and N. C. Leung, The enumerative geometry of K3 surfaces and modular
forms, J. Amer. Math. Soc. 13 (2000), no. 2, 371-410.

[10] J. Bryan, G. Oberdieck, R. Pandharipande, and Q. Yin, Curve counting on abelian
surfaces and threefolds, arXiv:1506.00841.

[11] J. Bryan and D. Steinberg, Curve counting invariants for crepant resolutions, Trans.
Amer. Math. Soc. 368 (2016), no. 3, 1583-1619.

[12] 1. Burban and B. Kreussler, Fourier—-Mukai transforms and semi-stable sheaves on
nodal Weierstraf$ cubics, J. Reine Angew. Math. 584 (2005), 45-82.


http://arxiv.org/abs/math/0109123
http://arxiv.org/abs/1504.02920
https://arxiv.org/abs/1608.07369
https://arxiv.org/abs/1506.00841

(13]
(14]
(15]
[16]
(17]
18]

(19]

20]
(21]

22]

23]
24]

[25]
[26]

27]

28]
[29]
[30]
31]

32]

(33]

34]

(35]

(36]

CURVE COUNTING ON ELLIPTIC CALABI-YAU THREEFOLDS 37

M. Eichler and D. Zagier, The theory of Jacobi forms, volume 55 of Progress in
Mathematics, Birkhduser Boston Inc., Boston, MA, 1985.

C. Faber and R. Pandharipande, Relative maps and tautological classes, J. Eur. Math.
Soc. 7 (2005), no. 1, 13-49.

M. G. Gulbrandsen, Donaldson-Thomas invariants for complexes on abelian three-
folds, Math. Z. 273 (2013), no. 1-2, 219-236.

M. Huang, S. Katz, A. Klemm, Topological string on elliptic CY 3-folds and the ring
of Jacobi forms, J. High Energy Phys. 2015, no. 10, 125.

S. Katz, Genus zero Gopakumar—Vafa invariants of contractible curves, J. Differential
Geom. 79 (2008), no. 2, 185-195.

S. Katz, A. Klemm, and C. Vafa, M-theory, topological strings, and spinning black
holes, Adv. Theor. Math. Phys. 3 (1999), 1445-1537.

A. Klemm, M. Kreuzer, E. Riegler, E. Scheidegger, Topological string amplitudes,
complete intersection Calabi—Yau spaces and threshold corrections, J. High Energy
Phys. 2005, no. 5, 023, 116 pp.

A. Klemm, D. Maulik, R. Pandharipande, E. Scheidegger, Noether—Lefschetz theory
and the Yau—Zaslow conjecture, J. Amer. Math. Soc. 23 (2010), no. 4, 1013-1040.

J. Lo, Polynomial Bridgeland Stable Objects and Reflerive Sheaves, Math. Res. Lett.
19 (2012), 873-885.

D. Maulik and R. Pandharipande, Gromov—Witten theory and Noether—Lefschetz the-
ory, in A celebration of algebraic geometry, Clay Mathematics Proceedings 18, 469—
507, AMS (2010).

D. Maulik, R. Pandharipande, and R. Thomas, Curves on K3 surfaces and modular
forms, J. of Topology 3 (2010), 937-996.

G. Oberdieck, Gromov-Witten invariants of the Hilbert scheme of points of a K3
surface, arXiv:1406.1139.

G. Oberdieck, On reduced stable pair invariants, arXiv:1605.04631.

G. Oberdieck, Gromov-Witten theory of K8 x P' and Quasi-Jacobi forms,
arXiv:1605.05238

G. Oberdieck and R. Pandharipande, Curve counting on K3 x E, the Igusa cusp form
X10, and descendent integration, in K3 surfaces and their moduli, C. Faber, G. Farkas,
and G. van der Geer, eds., Birkhauser Prog. in Math. 315 (2016), 245-278.

G. Oberdieck and J. Shen, Curve counting on elliptic Calabi—Yau threefolds via de-
rived categories II, in preparation.

R. Pandharipande and A. Pixton, Gromov—-Witten/pairs descendent correspondence
for toric 3-folds, Geom. Topol. 18 (2014), no. 5, 2747-2821.

R. Pandharipande and A. Pixton, Gromov—Witten/Pairs correspondence for the quin-
tic 8-fold, arXiv:1206.5490.

R. Pandharipande and R. P. Thomas, Curve counting via stable pairs in the derived
category, Invent. Math. 178 (2009), no. 2, 407-447.

R. Pandharipande and R. P. Thomas, 13/2 ways of counting curves, in Moduli spaces,
282-333, London Math. Soc. Lecture Note Ser., 411, Cambridge Univ. Press, Cam-
bridge, 2014.

Y. Toda, Generating functions of stable pair invariants via wall-crossings in derived
categories, New developments in algebraic geometry, integrable systems and mirror
symmetry (RIMS, Kyoto, 2008), 389-434, Adv. Stud. Pure Math., 59, Math. Soc.
Japan, Tokyo, 2010.

Y. Toda Multiple cover formula of generalized DT invariants II: Jacobian localiza-
tions, arXiv:1108.4993.

Y. Toda, Stability conditions and curve counting invariants on Calabi—Yau 3-folds,
Kyoto J. Math. 52 (2012), no. 1, 1-50.

Y. Toda, Stable pair invariants on Calabi- Yau threefolds containing P?, Geom. Topol.
20 (2016), no. 1, 555—611.


http://arxiv.org/abs/1406.1139
http://arxiv.org/abs/1605.04631
http://arxiv.org/abs/1605.05238
http://arxiv.org/abs/1108.4993

38 GEORG OBERDIECK AND JUNLIANG SHEN

[37] Y. Toda, Hall algebras in the derived category and higher rank DT invariants,
arXiv:1601.07519.

MIT, DEPARTMENT OF MATHEMATICS
E-mail address: georgo@mit.edu

ETH ZURICH, DEPARTMENT OF MATHEMATICS
E-mail address: junliang.shen@math.ethz.ch


http://arxiv.org/abs/1601.07519

	0. Introduction
	1. Elliptic Calabi–Yau threefolds
	2. -stable pairs and wall-crossing
	3. The derived equivalence H
	4. Applications
	5. Examples
	References

