CURVE COUNTING ON THE ENRIQUES SURFACE AND THE
KLEMM-MARINO FORMULA

GEORG OBERDIECK

ABSTRACT. We determine the Gromov-Witten invariants of the local Enriques surfaces
for all genera and curve classes and prove the Klemm-Marifio formula. In particular, we
show that the generating series of genus 1 invariants of the Enriques surface is the Fourier
expansion of a certain power of Borcherds automorphic form on the moduli space of Enriques
surfaces. We also determine all Vafa-Witten invariants of the Enriques surface.

The proof uses the correspondence between Gromov-Witten and Pandharipande-Thomas
theory. On the Gromov-Witten side we prove the relative Gromov-Witten potentials of an
elliptic Enriques surfaces are quasi-Jacobi forms and satisfy a holomorphic anomaly equa-
tion. On the sheaf side, we relate the Pandharipande-Thomas invariants of the Enriques-
Calabi-Yau threefold in fiber classes to the 2-dimensional Donaldson-Thomas invariants by
a version of Toda’s formula for local K3 surfaces. Altogether, we obtain sufficient modular
constraints to determine all invariants from basic geometric computations.

CONTENTS

[1l.__Introduction| 1
[2._Modular and Jacobi forms|

[3.  Monodromy and autoequivalences of the Enriques surface] 12
4. Gromov-Witten theory ot the Enriques surface| 18
[5. Donaldson-Thomas theory ot the Enriques Calabi-Yau threetold| 30
|6.  Putting everything together| 41
7. Vafa-Witten theory| 45
[Appendix A. Background on quasi-Jacobi forms| 48
|Appendix B. Elliptic holomorphic anomaly equation in relative geometries) 53
[Appendix C. Including the torsion| 99
[References| 56

1. INTRODUCTION

1.1. Main result. An Enriques surface is a smooth complex projective surface Y with non-
trivial canonical bundle satisfying w{@ >~ Oy and H'(Y, Oy) = 0. Equivalently, an Enriques
surface is the quotient of a K3 surface by a fixed point free involution. Let Y be an Enriques
surface and let 8 € Hy(Y,Z) be a class modulo torsz'onEl

The moduli space M 4(Y, B) of genus g degree 3 stable maps to Y has a virtual fundamental
class of dimension g — 1,

[My(Y, B)]"" € Ag-1(My(Y, 8)).

Date: December 26, 2023.
IThroughout the paper, Hx(X,Z) and H*(X,Z) will denote homology and cohomology groups of a topo-
logical space X modulo torsion. A discussion on the dependence on the torsion can be found in Appendix
1
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Let E — M,(Y, 8) be the Hodge bundle which has fiber H°(C,w¢) over a point [f : C — Y],
and let its Chern classes be denoted by

i = ¢i(B) € H*(M,(Y, B)).

The most fundamental Gromov-Witten invariant of the Enriques surface is the Hodge integral

(1.1) N, = / (=17 Ao
(Vo (,8)] v

The significance is that Ny 5 equals the Gromov-Witten invariant of the local Calabi-Yau
threefold Ky given by the total space of the canonical bundle on Y. The analogue of N g
for K3 surfaces was determined in the celebrated Katz-Klemm-Vafa formula [38] which was
proven in [63]. For abelian surfaces an analogue of Ny 3 was considered in [I3], where an
explicit formula was conjectured and partially proven. We also refer to [44] [14] 22, 43] for
other recent work on Gromov-Witten invariants of local del Pezzo surfaces.

Based on string theory, Klemm and Marino conjectured in [39] an explicit formula for
Ny g, following earlier work on the genus 1 case by Harvey and Moore [30]. In [52] Maulik
and Pandharipande gave a proof of this formula in genus 1, which relied on the conjectural
Virasoro constraints for the Enriques surface in genus 2. The Virasoro constraints are not
yet known in this instance, so their proof remains conditional at this pointE|

We recall the formula conjectured by [39], but in a slightly digested form. Define coeffi-
cients wy(n) by the product formulaﬂ

D O N | [ s A

9>0n>0 o (1= e*q™)2(1 — e=2q™)2(1 — g™)12

where the right hand side is viewed as a power series in formal variables z, q.

Conjecture A (The Klemm-Marino formula, [39]). For all g, one has

_ 32
Ngwg =2 Z kzg 3wg <2]€2 .

odd k|8

The main result of this paper is the following:
Theorem 1.1. The Klemm-Marino formula holds for all genera g and all curve classes 3.

Before explaining the strategy of the proof, we consider several reformulations of the
Klemm-Marino formula: In genus 1, our invariant simply reads

Mis = | 1
(M (Y,B)]v

Since elliptic curves on an Enriques surface are expected to be rigid, this can be seen as a
virtual count of elliptic curves on Y in class 8. The Klemm-Marifio formula specializes to:

Corollary 1.2. We have

a(8%/2)
1+¢°
(S ) -1 (222)

820 8>0
where the coefficients a(n) are defined by

1 n\8

> ame"=1] BTV ) | 16q 4 14447 + 9604° + 52640 + ...
(1—qm)8

n>0 n>1

2The proof of the Virasoro constraints for the Enriques surface is an interesting open question.
3In the notation of [29, (4.25)] we have wy(n) = 12%7%9¢4(2n).
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and q¢° is the canonical basis element in the group ring C[Hy(Y,Z)] completed along the cone
of effective curve class (B > 0 stands for (B effective).

Consider the lattice M = U & U(2) ® Eg(—2) and the associated Hermitian symmetric

domain of type IV,
Dy ={z e P(M®C)|lz-z=0,2-T >0}

The moduli space of Enriques surfaces is isomorphic to the arithmetic quotient Dy;/O(M)
with an irreducible hypersurface (corresponding to mildly singular Enriques surfaces, the
Coble surfaces) removed, see [I5]. Let ®(¢) be Borcherds weight 4 automorphic form on Djs
for the group O(M) [§]. The form ®(¢) vanishes precisely on the locus of singular Enriques,
and admits Fourier expansions around the two cusps of the moduli space of Enriques surfaces.
Corollary then precisely says that the generating series exp() 840 Ni5q°) is the Fourier
expansion of the automorphism form

1
@(t)l/S

around one of these cusps (more precisely, the "level 1 cusp’ as named in [73), Sec.7.2].)

This observation matches the main prediction of genus 1 mirror symmetry, which relates
the genus 1 Gromov-Witten invariants in the A-model to the analytic torsion in the B-model
[6, 30, 19]. Here, Enriques surfaces are mirror to itself and the analytic torsion of an Enriques
surfaces was computed by Yoshikawa in terms of ®(¢) in [72].

We can also compare Corollary [I.2] to the case when the target variety is an elliptic curve
E, for which the genus 1 Gromov-Witten invariants Nfd are given by

g exp Z — (§1/24’ Aq) =q H(l —)*

d>1 n>1

The weight 12 cusp form A(q) on the upper half plane plays here the role of ®(¢).

The automorphic form ®(¢) satisfies a natural second order differential equation (more
precisely, it lies in the kernel of the heat operator). As noted in [29] 4.4], this translates to
the following recursion which appeared first in the work of Maulik and Pandharipande [52]:

Corollary 1.3. For all 8 # 0 we have

(B,B)N15 =38 Z (B1, B2)N1,58, N1 s,

B1+p2=8
B1,62>0

In higher genus, we can state the full topological string partition function of the local
Enriques Ky: Consider the genus g Gromov-Witten potential

FfY(q) =Y "N,
B8>0
Corollary 1.4. The partition function of the local Calabi-Yau threefold Ky is

(r.8%/2)
1+67‘qu w
K 1 2 2
exp ZF Y 9 - H H( erzqﬂ

g>1 B>0T€EZ
where the coefficients w(r,n) are defined by

> wlrmpgt =] (1—pg*™)*(1—p 1q2m) (1 — g2y

n>0rez m>1 (1 —pg™)2(1 — p~Lgm)2(1 — ¢gm)12

=14+ 2" +1242p Hg+...
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It is very rare in enumerative geometry of Calabi-Yau threefolds to see completely explicit
evaluations. The invariants of the local Enriques appear as the fiber class invariants of the
(compact) Enriques Calabi-Yau threefold @ = (X x FE)/Zs, where X — Y is the covering
K3 surface and FE is an elliptic curve. Hence the partition function of the local Enriques is
the specialization of the partition function of a compact Calabi-Yau threefold. It would be
interesting to obtain an explicit evaluation of the full partition function of @, see [29] for a
conjectural computation up to genus 6.

Another equivalent reformulation of our computation of N, g concerns sheaf counting on
the local Calabi-Yau threefold Ky . Tanaka and Thomas [66, 67] gave a conjectural deﬁnitiorﬁ
of an invariant VWg(v) which counts compactly supported semi-stable sheaves F' on local
surfaces Kg with Chern character ch(p.F) = v, where p : Kg — S is the projection. The
Vafa- Witten invariant VWg(v) is a mathematical incarnation of the sheaf counting invariant
envisioned by Vafa and Witten [71] using string theory. We prove the following for the
Enriques surface:

Corollary 1.5. Conjecture 1.2 in [67] holds for the Enriques surface. In particular, the
Vafa- Witten invariant of Y is well-defined. It is given by

1 X ﬁ2—2rn—r2+l
VWy (r,8,n) =2 Y e (Hilb 2212 (y) ).
K|(rB.n)
k>1 odd

where e(Hilb™Y") is the topological Euler number of the Hilbert scheme of n points.

Concretely, by Gottsche’s formula [27] we have

= 1
> e(Hilb"y)g" = ][ e
n=0 n>1
and we set e(Hilb"Y") = 0 if n is negative or fractional.

Corollary is an analogue of the multiple cover formula for sheaf counting invariants on
local K3 surfaces conjectured by Toda [68] and proven by Maulik and Thomas [54].

At last, Theorem can also be reformulated in terms of Gopakumar-Vafa invariants
[26]. For this it is convenient to introduce the following twisted version of Gopakumar-Vafa
invariants ry g, defined by the equality of formal power series

29—2 B _ 29—2 sin du/2) 2072 aB
2D Nygu ZZwu > q".
B8 9

d>1
d odd

The only difference with the usual definition is that d runs over all odd positive integers, in-
stead of over all positive integers. We refer to [65] for a physical viewpoint. A straightforward
computation starting from Therem shows the following evaluation:

Corollary 1.6. (a) The invariants rq g only depend upon [ through 3 - .
(b) If B2 = 2h — 2, write ryp, :==ry 3. Then
1 1 1 1
Z(—l)g_lrg,h(Zﬁ_p_§)2g_2qh_1 =2 H —1,m)2 4 2 H 8
v o L=p71m)2 (1 —gm) (1 —pg™)? 2 (1 —q™)
m odd

This is parallel to the K3 case. Indeed, the Gopakumar-Vafa invariants of the local K3
surface also only depend on the square of the curve class and not on its divisibility [63].

4After this paper appeared on the arXiv, the author was made aware of the recent preprint of Liu [49] in
which the Tanaka-Thomas conjecture [67, Conjecture 1.2] is proven in general.
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1.2. Overview of the proof. Let X — Y be the covering K3 surface of the Enriques and
let 7 be the covering involution. Consider the Enriques Calabi-Yau threefold

Q=X xE)/((r,—1)).
The Calabi-Yau threefold () admits a K3 fibration
p:Q— E/(-1) =P

with 4 double Enriques fibers.
There are three different counting invariants that can be defined for Q:

(i) Gromov-Witten invariants of @ in fiber classes counting stable maps,
(ii) Pandharipande-Thomas invariants of @ in fiber classes counting stable pairs,
(iii) Generalized Donaldson-Thomas invariants of () counting 2-dimensional sheaves sup-
ported on fibers of p.

The Gromov-Witten invariants of ) in fiber classes are equal (up to factor of 4) to the
Hodge integrals N, g3 we are interested in. Moreover, the correspondence between Gromov-—
Witten theory and Pandharipande—Thomas theory conjectured in [53], [62] was proven for the
threefold @ by Pandharipande and Pixton in [61]. This yields a correspondence between (i)
and (ii). Here we prove that (ii) and (iii) determine each other by a simple formula. More
precisely, we show a version of Toda’s formula for K3 x C [68], see Theorem

In conclusion all three counting theories are equivalent.

The theories (i) and (iii) yields quite different constraints on the counting invariants. On
the Gromov-Witten side we prove that for an elliptic fibration 7 : Y — P! on the Enriques
surface the m-relative generating series of descendent Gromov-Witten invariants of Y are
I'o(2) quasi-Jacobi forms for the Eg-lattice and satisfy a holomorphic anomaly equation
(Theorem [4.3]). This opens the door to using tools from the theory of modular forms. In
particular we use that, for any a > 2, a I'g(2)-modular form is uniquely determined by those
of its n-th Fourier coefficients where n is not divisibile by a (Lemma . In other words,
the n-th Fourier coefficients, where a does not divide n, determine those where a does divide
n. This will allow us to determine invariants of higher divisibility from lower divisibility. On
the sheaf side, autoequivalences of ¥ will imply the key property that N, g only depends
upon (3 through the square 32 and the divisibility div(3). The final argument can then be
best described as Sudoku: Everything is determined from these conditions by modularity
constraints and a few geometric computations (essentially we only use Gottsche’s formula
for the Euler characteristic of the Hilbert scheme of Y).

1.3. Plan of the paper. In Section [2] we introduce the background from modular and Ja-
cobi forms that we need. Proofs for this part are deferred to Appendix [A] In Section [3] we
determine the derived monodromy group of the Enriques in terms of the Mukai lattice of the
covering K3 surface, and classify the orbits of primitive invariant Mukai vectors under its
action. In Section {4] we study the Gromov-Witten theory of an elliptic Enriques surface by
a degeneration to the rational elliptic surface. The main result is the holomorphic anomaly
equation for the relative potentials (Theorem . In Section |5| we consider the Enriques-
Calabi-Yau threefold and its three counting theories. First, by using the derived momodromy
group of the Enriques, we show that the generalized 2-dimensional Donaldson-Thomas invari-
ants only depend on the square, the divisibility and the type. Then we prove Toda’s formula

5Recently, Feyzbakhsh-Thomas [23] proved that for many Calabi-Yau threefolds, Pandharipande-Thomas
invariants and 2-dimensional generalized Donaldson-Thomas invariants determine each other by a very general
but usually quite complicated formula. We do not need their more advanced result here.
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and discuss its consequences. In Section [6] we put the constraints from Gromov-Witten and
Donaldson-Thomas theory together and finish the proof of Theorem Section [7] proves
Corollary on the Vafa-Witten invariants.

1.4. Acknowledgements. I thank Honglu Fan, Daniel Huybrechts, Jan-Willem van Itter-
sum, Giacomo Mezzedimi, Rahul Pandharipande, Maximilian Schimpf, and Richard Thomas
for discussions on the Enriques surface. I also thank the referees for careful reading and useful
comments. The author was supported by the starting grant ’Correspondences in enumerative
geometry: Hilbert schemes, K3 surfaces and modular forms’, No 101041491 of the European
Research Council.

2. MODULAR AND JACOBI FORMS

Modular forms are holomorphic functions f : H — C on the upper half plane H = {7 € C :
Im(7) > 0} which satisfy a transformation property with respect to a congruence subgroup of
SLy(Z) and are bounded at infinity. Jacobi forms are generalizations of modular forms that
also depend on elliptic parameters = (x1,...,2,). Quasi-Jacobi forms are holomorphic
parts of non-holomorphic Jacobi forms. For detailed expositions on these subjects we refer
to [12), 41]] for modular forms, [I7, [75] for Jacobi forms and [48], [60, 34] for quasi-Jacobi forms.

Here we introduce only the background we need later on. In particular, Proposition [2.2]is
used in Section and not before. Lattice quasi-Jacobi forms (Section and their Hecke
operators (Section appear only in Sections 4] and @ The vanishing results of Section
only appear in the final step of Section [6.3

2.1. Modular forms. For I' C SLy(Z) a congruence subgroup, let Mod(T') and QMody(T")
be the vector space of weight k modular and quasi-modular forms for I'. The algebra of
(quasi)-modular forms is Mod(I") = @;Mody(I") and QMod(I") = ©xQMod(I"). Throughout

we identify a quasi-modular form f(7) with its Fourier expansion in the variable g = €27,

We often write f(q) instead of f(7) by a slight abuse of notation.
In the case I' = SLy(Z), we drop the group from the notation. The basic examples here
are the weight k Eisenstein series defined for odd k£ > 0 by Gy, = 0, and for even k£ > 0 by

Gi(r) = —2% +Y > d
n>1 djn
Each Gy, is modular for k£ > 2 and G9 is quasi-modular for SLo(Z). We have
Mod = C[G4,Gg|, QMod = C[G2, G4, Gg).
Define the Dedekind function 7(7) = ¢/** [I,>1(1—¢"). We have
A(1) == 1n**(1) € Mod2.
More generally, consider the groups I'o(N) = {(& 3) € SLa(Z)|c = 0(N)}. The series

(2.1) Fo(r) = Ga(r) — 2Ga(27) = i + 3 dg,

is a modular form of weight 2 for I'¢(2) and we have [7, Sec.12]
MOd(Fo(Q)) = (C[FQ, G4], QMOd(Fo(Q)) = (C[GQ, FQ, G4]
Moreover, it is well-known [41] that, for f € Mody we have f(27) € Mody(I'g(2)), and

A(r)?
A(27)

(2.2) (n(T)n(27))° € Mods(To(2)), € Modi2(I'o(2)).
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Lemma 2.1. The function f(7) = n'%(27)/78(7) is a modular form for T'g(2) of weight 4
which vanishes at the cusp 7 = 700 and is non-vanishing at 7 = 0.

Proof. That f is modular of the given weight follows from (2.2)). Its Fourier expansion is
f = q¢+ O(¢?) so it vanishes at 7 = ico. Moreover, 7~ 4f(—1/7) = 2% + O(q) by the
transformation property of the n-function [41], which shows the non-vanishing at 7 = 0. O
2.2. Jacobi forms in one elliptic variable. Let z € C, 7 € H, and set p = e?, ¢ = 2™
Consider the renormalized odd Jacobi theta function:

O(s7) = 5 3 (~H)leg2

V€Z+§

1
n3(7)
We require the following set of identities:

Proposition 2.2. We have
O(z,27)? 77(2T W /2 H (1—pg®™)*(1 —p~'¢*™)*(1 — ¢*™)*
O(z,7) n(r) et (1—pgm)*(1 —p~'gm)?

=d"2 120+ p )PP+ 30 +p ) +

Proof. Equality (i) follows by the well-known Jacobi triple product which reads:

-~ - (1—pg™ (1 —p~'g™
@(Z’T) - (p1/2 -Pp 1/2)1nr;[1 (1 _ qm)2 .

We prove (ii). Let

F(z) = le(g)(z,T)Z i ( : 2 : 2)
e \e(.5)” oG
By a direction computation or since ©(z,7)? is a (weak) Jacobi form of index 1 we have
O(z + 2midT + 2mip, 7)? = q_’\2p_2’\@(z, )2
for all A\, 4 € Z. One finds that
F(z+4mi) = F(2), F(z+4mit) = F(z).

The theta function ©(z) has a s1mple zero at each of the lattice points 5 € Z + Z7. Hence

F can have poles only at the points 5= € {0,1,7,1+ 7} + 2Z + 2Z7. By a direct check F is

holomorphic at all of these points and the constant term at z = 0 is one. Hence F(z) = 1.
For (iii) we use the following identity of Zagier [74, Sec.3]:

O(z+w) 1

w z > . n n
W = 5 (COthE +C0th 5) — QZ Zsmh(dw + EZ) q .

n=1 \ d|n

By computing %Lﬂ:,z on both sides, one gets
1 1

2. — 9 (2 rntr?
(2:3) ©%(z,7)  (p/2—p1/2)2 +; rg’ +; r+n)(p"+p ")
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Observe that

1 1 1 1
2 <@(z D e m) ) B [@(ﬂ?L =/2.772)

272 2

Hence (iii) follows immediately from ({2.3]) by taking the odd g-exponents. O

We also note the expansion

O(z,27)° 27’ P
BT = O 43 (Gi(r) - Gi(27)

(2.4) -
k>2

which follows by the well-known Taylor expansion: ©(z) = zexp(—2) 4+, G2k /).

2.3. Lattice index quasi-Jacobi forms. Letﬂ x = (x1,...,o,) € C" and consider the
following real analytic functions on C™ x H:

! U T U L1C) R
. ou\r, T) = — i = o
8rlm(r)’ p—— Tm(r) .

An almost holomorphic function on C" x H is a function ® : C* x H — C of the form
- Z Z ¢i,j($7 T)ViOéj, O[j = a{l S aZLn

>0 j:(jl,...,jn)E(ZZo)n

v(r) =

such that each of the finitely many non-zero ¢; ;j(z,7) is holomorphic on C" x H.
Write R(™™ for the group of m x n-matrices with coefficients in a ring R. Consider a
congruence subgroup and a finite index subgroup

I C SLy(Z), A cz™?

such that A is preserved under the action of I' on Z(™2) by multiplication on the right.
An index is a symmetric rational n x n-matrix L such that

Tr(Lk) € Z for all symmetric x € Spang (uA’, \u*|(\, i) € A).
For example, if A = Z(™2) this says that L;; € %Z and L;; € Z for all 1, j.

Definition 2.3. An almost holomorphic weak Jacobi form of weight k& and index L for the
group I' X A is an almost-holomorphic function ®(z,7) : C* x H — C satisfying;:

(i) For all (¢ S) el and (\, p) € A we hav
xr ar+b p [ cx'Lx
P ——, —— | = d o
<c7'+d’c7'+d) (er +d) e<c7'—|—d> (z,7)
P (x4 AT+ p,7) = e (—AN'LAT — 2X\'La) ®(z, 7).

(2.5)

(ii) For all (¢ 3) € SLa(Z), the almost-holomorphic function

tLx x at +b
d)y~Fe (- )
(er +d) e( cv‘—i-d) <c7’+d’CT+d>
is of the form ZZ j o;, jo/Vj such that each ¢; ; is holomorphic on C" x H and for some

N > 1 admits a Fourier expansion of the form ., >~ .7 c(v, r)g*/Ne (% X irs)
in the region |¢| < 1. B

61f = 1, the variable x € C is related to the variable z € C of Section by z = 2mwiz.
"We write e(z) = ¢>™ for x € C.
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Definition 2.4. A quasi-Jacobi form of weight k£ and index L for the group I' x A is the
coefficient of 1%a of an almost-holomorphic Jacobi form of the same kind.

A Jacobi form is an almost-holomorphic Jacobi form which is already a holomorphic
function (i.e. does not depend on « and v)Jfj

The vector spaces of almost-holomorphic Jacobi forms, of quasi-Jacobi forms, and of Jacobi
forms of weight £ and index L for I' x A are denoted by:

AHJacy ,(I' x A), QJacg (I' x A), Jacg (I' x A).

If A = Z(™2) we write T instead of I' x A. If T' = SLy(Z) we often drop it from the notation.
The space of quasi-Jacobi forms of index L is denoted by

Qlacy, = @ QJacy, ..
k

Taking the constant term of an almost-holomorphic Jacobi form defines an isomorphism:

(2.6) ct: AHJack,L(F X A) i) QJack7L(I‘ X A), Z¢i7jaiyj — (b(),o.
2%

Definition 2.5 (60, Sec.1]). Define the holomorphic anomaly operators by{]

d d _
pTen :=cto ° ct™t: QJacy, . (I' x A) = QJacy_2,,(I' x A).

and for all A = (Ay,...,\,) € 2",

d
=ct A
& i=cto (; da,

2.4. Jacobi forms for the FEg-lattice. Let Es = (Z®, - ) be the unique even integral
unimodular lattice of signature (8,0). Let by,...,bg be an integral basis of Eg, and let

QEg = (bz’ ’ bj)?,j:l

be the intersection matrix of the lattice in this basis. For example, for a suitable basis,

) oct™h: QJacy, . (I' x A) — QJacy_1,.(I' x A).

2 1
2 -1
-1 2 -1
1 -1 2 -1
Qps = -1 2 -1
-1 2 -1
-1 2 -1
1 2

We identify © = (z1,...,28) € C® with Y, z;b;, and for a € Eg we write
(“=e(r-a)= Hg‘fi'“, where ;= 2™,
i

The theta function of the Fgs-lattice is defined by:
05 (C.q) = (g™
a€FEg

It is a Jacobi form of weight 4 and index 2@, for the group SLa(Z) x Z(®2), see [75).

8This is called a weak Jacobi form in [I7], but we drop the word ’weak’ here since we do not need the
distinction.

9As explained in [60, Sec.1.3.4] one can interprete the first holomorphic anomaly operator as the formal
derivative in the second Eisenstein series Ga(T).
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Lemma 2.6. Let ag € Eg be a vector of square 4. Let f(x,7) be a quasi-Jacobi form for
SLo(Z) x (Z8 @ ZB) of weight k and index mQ g, where m € Zxq. Then the series

Moy m(f)(x,T) := ¢@"e (m(ag g x)) <e£a0/2f) (x + apT, 27)

is a quasi-Jacobi form of weight k and index % Q g, for the group I'g(2) x (2Z8@78). Moreover,

d 1 d
—Maogm =-Mogm | 55 .
Proof. This will be proven in Appendix O

2.5. Hecke operators for I'g(2). For a Laurent series

FGa) =) elv,r)g"¢

v reLn
and an integer ¢ > 1 define the series

(2.7) FlecVe=>_> > a7 (f;, Z) q°¢

v2>0reZ™ odd al(v,r,f)

Proposition 2.7. For every {,s > 1 the mapping f — f|x,1.Ve defines a homomorphism

A(lq)sQJaCk,L(FO(Q)) — Aé])esQJack,gL(Fo@))

such that

d d
TGQ(ﬁk,LVZ) =/ <ngf> ‘k72,LVé
E(flr,LVe) = LE)k-1.L
for all f € ﬁQJac;ﬁL(I‘o@)) and A € Z"

Proof. This is proven in Appendix [A-3] O
2.6. Vanishing results.

Lemma 2.8. Let m be a positive integer with m > 2. The subgroup I" of SLy(R) generated

by —id and the matrices
(1 1/m (10
.-(0 1>, B.—<2 1>.

Proof. We first show that I' is not discrete in SLg(R). Indeed, the matrix

M:AB_lz(mm2 nlz>.

is dense in SLa(R).

-2 1

has characteristic polynomial P(t) = det(M — tI) = t> + (=2 +2/m)t + 1 and two distinct
eigenvalues A1, \o of absolute value 1. If A1 is a primitive k-th root of unity, then its minimal
polynomial over Q (a cyclotomic polynomial) divides P(t). Since %1 is not a root of P(t) we
hence must have that P(t) equals a cyclotomic polynomial, so must have integer coefficients,
hence m € {1,2}. Hence for m > 2, ); is not a root of unity, so {M, M2 M3 ...} C T has
an accumulation point. Hence I' is not discrete.

Let now G be the closure of I' in the Lie group SLa(R). We need to show that G = SLa(R).
By the Cartan’s closed-subgroup theorem, G is a Lie group, and since I' is non-discrete, G
has dimension > 1. The modular group I'g(2) is generated by —I and ((1) i) and (é (1)), see [41],
and hence I'g(2) C T'. The conjugation action of I'g(2) on the tangent space sly = T3qSLa(R)
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is irreduciblem The T'(2) action on sly preserves the tangent space to G. Hence TigG is a
non-zero subrepresentation of TigSLa(R), so by Schur’s lemma we get T3¢G = sla, and since
SL2(R) is connected, we find G = SLa(R). O

Remark 2.9. If m = 2, the group generated by A, B and —id in Lemma [2.8]is the discrete
group C~!SLy(Z)C for C = ((2) [1))

Remark 2.10. The problem to decide when a finitely generated subgroup of SLo(R) is
discrete was answered in full generality in [25].

Lemma 2.11. Let m > 2 and let f(7) be a quasi-modular form of weight k for I'g(2) with
Fourier expansion f(7) = Zézo agg™. If k # 0, then f = 0. If k = 0, then f is constant.

Proof. Let T' be the group generated by I'g(2) and ((1) 1/”;). Because (; (1)) € T'0(2) we have
that T" is define by Lemma [2.§

Assume first that f(7) is a modular form. By our assumption on the Fourier expansion
of f we have f(r+ 1/m) = f(7) and hence that

(2.8) f (Z:ig) = (er + d)* f(r)

for all v = (¢ 2) € I". Since both sides of (2.8) depends continously on v and 7, we must
have that (2.8) holds for all v in the closure of I', that is for all v € SLo(R). The group
SLa(R) acts transitively on the upper half plane H. Hence, if & = 0 we get that f is constant.
If k # 0, consider the element v = (72 ‘/() € SLa(R) for some A\, p € R with A2 + p? =1
and p # 0. Inserting into (2.8) we get f(i) = (—u7 4+ A\)*f(i), and hence f(i) = 0. By the
transitivity of the SLy(R) action, ({2.8]) implies hence f = 0.

If f is quasi-modular, let F' =}, fiy77, where y = Im(7), be the almost-holomorphic
(1) 1/1m>, observe that I'g(2m?) C
7 To(2)y NTo(2). This implies that F (7 + 1/m) and F(7) are both almost-holomorphic
modular forms for I'g(2m?). By assumption, their holomorphic parts are equal to the same
function f(7) = f(7 + 1/m). Since the constant term map ([2.6)) is an isomorphism, we get
F(t+1/m) = F(r). Hence F satisfies ([2.8) for all v € I, so by the same argument as before
it satisfies (2.8]) for all g € SLy(R). Hence F' constant if K =0, and F' =0 if k # 0. O

modular form whose constant term is fo = f. For v =

Lemma 2.12. Let f(z,7) be a quasi-Jacobi form for T'g(2) x Z(™?) of lattice index L and
weight k, and let
f(va) = Z fil:mvin (T)lel o SU;LH
ilv---ﬂ;n
be its Taylor expansion around the point x = 0. Then each f;, . ;, is a quasi-modular form

for I'g(2) of weight k+ >, 4.

Proof. The restriction to = 0 of any quasi-Jacobi form for Tg(2) x Z(?) of index L and
weight k is a quasi-modular form for I'g(2), see [60, Sec.1.3.5]. Moreover, the derivative

10Concretely, in a suitable basis of sl2(R) conjugation with (¢ 1) and (3 ) act by the matrices

1 0 1 1 -2 0
S=[-2 1 -1], 7=(0 1 o].
0 0 1 4 -4 1

The matrices S, T have a single eigenvalue of geometric multiplicity 1, but the corresponding eigenvectors are
linearly independent. Hence any subspace invariant under them is all of sly(R).
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operator % acts on the space of quasi-Jacobi forms of index L and increases the weight by

1, see [60], Sec.1]. Hence

1 d i1 d in

is a quasi-modular form of weight ), 4; increased. O

Proposition 2.13. Let m > 2 and let f(x,T) be a quasi-Jacobi form for some lattice index L
and weight k for the group T'o(2) x (Z"®Z™). Assume that f has a Fourier-Jacobi expansion
= Zn’r c(n,r)q"C" such that c(n,r) # 0 only if n = ml for some € Z. If L # 0 or k # 0,

we have that f =0, otherwise f is constant.

Proof. By Lemma each coefficient in the Taylor expansion of f is a quasi-modular form
satisfying the assumptions of Lemma [2.11] and hence is a constant. We see that f does not
depend on ¢, so it vanishes if (L, k) # 0. If (L, k) = 0, then f is a 2-periodic function of x so
a constant. O

Remark 2.14. Since we never used the boundedness at poles in the above argument, Propo-
sition holds also for quasi-Jacobi forms in the space
1

WQJaCk,L(FOQ) X (Z"®ZL")), s=0.

3. MONODROMY AND AUTOEQUIVALENCES OF THE ENRIQUES SURFACE

We study monodromy and auto-equivalences on Enriques surfaces Y by relating them to
the covering K3 surface X — Y and using the global Torelli theorem. In Section we first
compute the monodromy group of the Enriques surface. In Section[3.4 we also consider auto-
equivalences and determine in Proposition the derived monodromy group of an Enriques
surface. The classification of the orbits of vectors under the derived monodromy group is
given in Section For an introduction to Enriques surfaces we refer to [3, VIII] and [15].

3.1. Notation. Let U = ([1) (1)) be the hyperbolic lattice and let Eg be the unique unimod-
ular even lattice of signature (8,0). Given a lattice L, we write L(m) for the lattice with
intersection form multiplied by m.

3.2. Cohomology. Let Y be an Enriques surface, let 7 : X — Y be the covering K3 surface,
and let G = (1) = Zs be the group generated by the covering involution 7 : X — X. There
exists an isometry (a 'marking’)

(3.1) 0:H*(X,Z) S UaUGU o Es(—1) @ Es(—1)

1

such that 7%~ = 7, where 7(z1,z2,3,y1,%2) = (—z1,23,22,y2,y1). In particular, we

have the invariant part:
H*(X,7)% = Es(-2) @ U(2)
and the anti-invariant part:

H*(X,2)%" ={a € H}X,Z)|7*a = —a} 2 U & U(2) ® Es(-2).

Since any invariant class is Hodge and curves on K3 surfaces vary in a linear system, any
invariant class in H?(X,Z) descends to the Enriques surface, so that one has the isomorphism

™ H2(Y,Z) S H%(X,Z)°.
It satisfies 7*(a) - 7*(b) = 2a - b. In particular, H?(Y,Z) = Eg(—1) & U.
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3.3. Monodromy group. Let Y7,Y5 be Enriques surfaces. An isomorphism f : H*(Y1,Z) —
H*(Y2,Z) is a parallel transport operator, if there exists a smooth projective morphism
€ : Y — B over a smooth simply-connected curve, points bi,bo € B and isomorphisms
@i Y; = Y}, such that f is the composition

£ H*(Y1,Z) 25 H*(Y,,,Z) = H*(Yy,,Z) 22 H*(Y3,Z),

where the middle arrow is the parallel transport obtained from trivializing Re,Z. When
Y1 =Yy =Y, then f is called a monodromy operator. Let Mon(Y) C GL(H*(Y,Z)) be the
subgroup generated by all monodromy operators.

Let X; — Y; be the K3 cover for i = 1,2. A lifted parallel transport operator (of a parallel
transport operator of Enriques surfaces) is the composition

FHNX1,2) 2% H* (X, Z) — H*(Xo,,Z) 22 H*(Xs,2),

where X — ) is the double cover defined by the relative canonical bundle of €, giving
rise to a family of K3 surfaces X — B, the isomorphisms ¢; : X; — A}, are lifts of ¢;
(which always exist, since K3 surfaces are simply connected), and the middle arrow is the
parallel transport operator of the family X — B (which is automatically G-equivariant,
since it arises as an double cover). Each lifted parallel transport operator fis G-equivariant,
and its restriction to the invariant part recovers the parallel transport operator f under
the isomorphism H?(X,Z)% = H%*(Y,Z). In case Y] = Ya, so X; = X3 = X, we call
f a lifted monodromy operator. Let GL(H*(X,Z))c denote the group of automorphisms
f:H*(X,Z) — H*(X,Z) such that fog* = g*o f for all g € G. The lifts p; are unique only
up to composing with the covering involution; hence we define the lifted monodromy 1\7[a1(Y)
as the subgroup of GL(H*(X,Z))c/G generated by all lifted parallel transport operators.

Since (lifted) parallel transport operators are degree-preserving with fixed action on H°
and H*, and K3 and Enriques surfaces have no odd cohomology, we often identify them with
their restriction to H?, which are isometries. Hence we naturally write:

Mon(Y) C O(H?(Y,Z)), Mon(Y) C O(H*(X,Z))a/G.
We have a natural commutative diagram

Mon(Y) —— O(H*(X,Z))¢/G

(3.2) lrMon l,,

Mon(Y) «—— O(H?(Y,Z))

where 7 (1))

= (7*) Lo m2(x,z)¢ ©m". By construction ryin is surjective. Since the invariant
lattice H?(X,7Z)% is 2-elementary, also r is surjective by a criterion of Nikulin [56] 55].

Definition 3.1. Let L be a lattice of signature (m,n), m > 0. The unit sphere in any
positive-definite m-dimensional subspace of L ® R is a deformation retract of the positive
cone {z € Ly : (z,x) > 0}. The top cohomology of the sphere is hence a 1-dimensional
representation of O(L), corresponding to a character v : O(L) — {£1}. We write O (L) =
Ker(v) for the subgroup of O(L) of orientaton-preserving isometries.

Example 3.2. Since H?(Y,Z) is of signature (1,9), the cone {x € H*(Y,R)|z-x > 0} has two
connected components. Then OT(H?(Y,Z)) C O(H?(Y,Z)) is the subgroup of orthogonal
transformations which preserves the components.
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We will also denote by
Ot H(H*(X,Z))c € O(H*(X,Z))c

the group of G-equivariant isometries of H?(X,Z) such that their restriction to both the
invariant and anti-invariant part are orientation-preserving.

Proposition 3.3. Mon(Y) = O (H2(X,Z))¢/G.

Proof. Every lifted monodromy operator is a monodromy of a K3 surface, so it preserves the
orientation on H?(X,Z). Moreover, its restriction to the invariant part H?(X,Z)% can be
identified with the monodromy of the Enriques surface, hence is also orientation-preserving.
Since the orientation-character on H2(X,Z) is the product of the orientation characters of
the antiinvariant and invariant parts, this shows that every lifted monodromy operator lies
in O™ (H?*(X,7Z))¢.

The converse direction is a consequence of the Torelli theorem for Enriques surfaces [55], 3],
as we explain now. A marked Enriques surfaces is a triple (X, 7, ¢) where X is a K3 surface
with a fixed-point free involution 7 and ¢ : H2(X,Z) — U3® Eg(—1)? is a marking such that
or*¢~! = 7. By the Torelli theorem for K3 surfaces, the moduli space of marked Enriques
surfaces Mgnriques 1S the subspace of the moduli space of marked K3 surfaces (X, ¢) such
that ¢~ '7¢ is a Hodge isometry which sends an ample class to an ample class. Consider the
orthogonal complement of the invariant lattice in U3 @ Eg(—1)%:

M= (U(2) ® Es(-2))" 2 U o U(2) ® Es(-2).
Define the period domain
Dy={zePMaC)lz-z=0,2-T>0}
and let D}, C Dy be the complement of the locus of periods orthogonal to a (—2)-class:
Dy =Dy \H, H:={xecP(MeC)lx-d=0for somede M,d-d=—2.}.

The period map on the moduli space of marked K3 surfaces, then restricts to a surjection per :
MEnriques — Dj;. The moduli space of marked K3 surfaces has two connected components
interchanged by (X, ¢) — (X, —¢) [31]. This gives rise to two (not necessarily connected)
components MEnriques,i, ¢ € {1,2} of MEnriques- By the Torelli theorem of Enriques surfaces
the restriction per : Mgnriques,; — Dj; remains surjective and is generically 1-to-1. Since
M is of signature (2,*), Dys and hence D§; has two connected components. Since per is
generically 1-to-1, it follows that each Mgnriques,i then decomposes as the disjoint union of two
connected components. Let ¢ be a marking of (X, 7) and let x = per(X, 7, ¢) = p(H?"(X))
be its period. Let g € O™+ (H?(X,Z)). Then also (X, 7, ¢g) is a marked Enriques surface.
Since the restriction of g to the anti-invariant part is orientation-preserving, the period
per(X,7,09) = ¢ (), where ¢’ = ¢ 0 go ¢!, lies in the same connected component as
x. Moreover, since g is orientation-preserving on H?(X,Z), (X, ) and (X, ¢g) lie in the
same MEnriques,i for some i. We see that (X, 7,¢) and (X, 7, gp) lie in the same connected
component of Mgnriques and hence can be connected by a path. It follows that <p‘1 opg=g
is a lifted parallel transport operator. O

Using the diagram (3.2) we obtain the following by restriction:
Corollary 3.4. Mon(Y) = OT(H*(Y,Z)).

The invariant part of H2(X,Z) carries a canonical orientation determined by any invariant
ample class, and the anti-invariant part has a canonical orientation given by Re([o]), S([o])
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where o is the symplectic form on X. If X; — Y; are covering K3 surfaces of Enriques surfaces
for i = 1,2, a G-equivariant isometry ¢ : H?(X1,Z) — H?(Xo,7Z) is orientation-preserving,
if its restrictions to the invariant and antiinvariant part preserve the natural orientations.
Corollary 3.5. Let X; — Y; be K3 surfaces covering an Enriques surface for i = 1,2.
Any G-equivariant orientation-preserving morphism ¢ : H*(X1,7Z) — H*(Xa,Z) is a lifted
parallel-transport operator.

Proof. Clearly, any lifted parallel transport operator is orientation-preserving. Conversely,
since the moduli space of Enriques surfaces is connected, there exists a lifted parallel trans-
port operator ¢ : H?(X1,Z) — H?(X2,7Z). The claim then follows by applying Corollary
to Lo . O

3.4. Derived monodromy group. For any smooth projective variety X, let D®(X) be the
bounded derived category of coherent sheaves on X. Let v(F) = ch(E)y/tdx € H*(X,Q)
denote the Mukai vector of an element E € D?(X). For v,+ € H>*(X,Q) let

(v,7) =— /X vVy'

be the Mukai pairing, where the dualization morphism (—)V acts by multiplication by (—1)?
on H?(X,Q). In paricular, for all E, E' € D*(X) we have
(U(E)v U(El)) = _X(Ev El)?
where x(E, E') =Y ,(—1)! dim Ext'(E, E').
Any derived equivalence ® : D®(X;) — D’(X5) is the Fourier-Mukai transform along a

kernel £ € DY(X x Y). Let pry, pry be the projections of X x Y to its factors. Then the
induced transform on cohomology is:

oM H*(X1,Q) = H*(X2,Q), 7~ pra.(pri(y) - v(€))
We have @ (v(E)) = v(®(E)) and (&1 0 ) = &1 o dI1.
Let Y be an Enriques surfaces and let Y7,Y> be smooth deformations of Y. For any
equivalencelﬂ ® : DP(Y1) — DP(Y>), consider the composition

H*(Y) = H*(Y1,Q) 25 H*(2,Q) —» H*(Y,Q),

where the outher arrows are the parallel transport operators induced by the deformations.
The derived monodromy group of Y is the group DMon(Y) C O(H*(Y,Q)) generated by all
these operators. Clearly, we have Mon(Y’) C DMon(Y).

Any auto-equivalence ® : Db(Y]) — DP(Y3) between Enriques surfaces lifts to an auto-
equivalence ® : DP(X;) — D(X3) of the covering K3 surfaces, which is equivariant with
respect to, and unique up to, the covering involutions, see [64, Sec.3.3] and [50, Prop.3.5].

We let D/1\7[-o/n(Y) C O(H*(X,Z)) then be the subgroup generated by all compositions

(3.3) H*(X,Z) — H"(X1,Z) 255 H*(X,,Z) — H"(X,Z),

where the outer arrows are the lifted parallel transport operators. Recall here that for K3
surfaces equivalences act on the integral cohomology, see [31].
Let O(H*(X,Z))g be the subgroup of G-equivariant isometries, and let

O™ (H*(X,Z))c C O(H"(X,Z))c

be the index 4 subgroup of G-equivariant automorphisms ¢ : H*(X,Z) — H*(X,Z) such
their restriction to both the invariant and anti-invariant part preserves the orientation.

Uy fact, by a result of Bridgeland-Macioca [I1], one has that Y1 2 Y> in this situation.
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Proposition 3.6. DMon(Y) = Ot (H*(X,Z))¢.

Proof. We first explain the direction ’C’. For any K3 surface X, the lattice H*(X,Z) has a
natural orientation determined by (Re(c),Im(o), 1 —w?,w) for any Kihler class w and for any
symplectic form o. Moreover, any equivalence between K3 surfaces preserves this orientation,
see [32, Sec.4.5]. If X — Y covers an Enriques, the anti-invariant part has a natural orienta-
tion determined by (Re(o),Im(o)). Moreover, any equivalence acts as a Hodge isometry on
cohomology, so preserves this orientation. Taken together, it follows that every equivalence
also preserves the orientation on the invariant given by (1 — w? w) for some G-invariant
Kahler class w. Further, any lifted parallel transport operator is orientation preserving on
the invariant and anti-invariant part of H*(X,Z), see Corollary Hence we get that any
element in DMon(Y) is orientation-preserving. Thus li\\/[_o/n(Y) C O (H*(X,Z))q-
Conversely, let v € O (H*(X,Z))g. We will show ¢ € Dfl\/\Ial(Y) by following [50),
Proof of Prop.3.5]. Since the statement is independent of the choice of the Enriques surface,

we may assume that Y is generic, so that the Hodge classes in H*(X,Z) are precisely the
invariant classes, that is:

HY(X,C)NH?*(X,Z) = H*(X, 7).

Case 1: 9(0,0,1) = £(0,0,1)

After composing v with the shift functor [1]7 = —id g+ (x,z), we may assume ¢(0,0,1) =
(0,0,1). Let v =1(1,0,0) and consider the decomposition v = (r, ¢, s) according to degree.
Since v is G-equivariant and (1,0,0) is G-invariant, v and hence ¢ is G-invariant. Since
all invariant classes on H?(X,Z) are Hodge, there exists a line bundle L € Pic(Y) with
c1(L) = ¢. This shows that v = exp(cy(L)). After composing v with tensoring with LV
we may hence assume (1,0,0) = (1,0,0). Thus ¢ = idgox zyemrt(x,z) © Y2 for some
Yy € OT(H?(X,Z))g. By Proposition [3.3[ 1 is in the image of Mon(Y') so we are done.
Case 2: ¢(0,0,1) = (r,£,s) =:v with r 0

After composing with the shift, we may again assume that r > 0. As before we have that
v is G-invariant, and hence that it is Hodge. Consider the moduli space M = Mj(v) of
stable sheaves on X of Mukai vector v with respect to a generic ample polarization h (which
by our assumption is automatically G-invariant). Then M is a K3 surface and there exists
a universal family £ on M x X inducing an equivalence ®¢ : D*(M) — Db(X).

Consider the composition

U =230, or*0®g: D'(M) — D*(M).

For any = € M, we have ¥(k(z)) = @gl(r*é’x), and since 7(&;) is again stable of Mukai
vector 7*(v) = v we have that 7%(&;) = &, for some 2/ € M and hence ¥(k(z)) = k(2').
Since U takes sykscraper sheaves to skyscraper sheaves, we have ¥ = (L® (—)) o7* for some
L € Pic(M) and automorphism 7. Since 7 is an involution, the same holds for ¥, and hence
72 = id and 7*(L) = L". Moreover, let T(X) be the transcendental lattice. Then by our
assumption that Y is generic, we have that 7'(X) is rank 12. The equivalence induces an
isomorphism ®% : T(M) = T(X), so T(M) is of rank 12 and W |p ) = —idg(py). This
shows that W : H*(M,Q) — H*(M,Q) acts as the identity on all algebraic classes. In
particular, U (¢;(L)) = 0 shows that L = O, so ¥ = 7*. Moreover, since the antiinvariant
lattice of the action of (7) on cohomology is the same as that of G, namely U(2) & Eg(—2),
by [I, Thm.0.1] 7 is fixed point free.
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Consider now the composition
Y=y todl  H*(M,Z) - H*(X,Z).
By construction we have 12(0,0, 1) = (0,0,1). Thus we get 1;(1,0,0) =7 = (I,ZE). As in
Case 1 we have that ¢ is G-invariant (since ¥ (1,0,0) = 7(1,0,0) = (1,0,0) and ¢ is G-
equivariant), hence it is algebraic and v = exp(c1(L)) for some L € Pic(X). After replacing
¥ by 1o (L ® (—)) we hence may assume that ¢(1,0,0) = (1,0,0), so that

¥(a, B,0) = (a,v2(8),b),

for some isometry 1o : H?(M,7Z) — H?(X,Z) which is G-equivariant, i.e. ¥y o 7* = 7%s.
Since @g is orientation-preserving (as explained when proving the direction ’C’), and 1~ ! is
orientation preserving by assumption, we find that v, is orientation-preserving (both on the
invariant and anti-invariant parts). Hence by Corollary o is a lifted par;alkel/ transport

operator of an Enriques surface. In conclusion, we get ¢ = <I>g ) 1;_1 lies in DMon(Y).

Case 3: ¢(0,0,1) = (0,¢,s): Reduce to case 2 as in [50, Case 3] by composing with the
spherical twist along Ox. U

We get a description of the derived monodromy group of the Enriques surface Y as follows:
Let Ay C H*(Y,Q) be the lattice generated by the Mukai vectors v(E) for all E € D*(Y).
Consider the pullback to the K3 cover which is given by@

7 H(Y,Z) - H*(X,Z), =" (r,B,n)= (r,7*3,2n).
By a direct check, with respect to the Mukai pairing we have the isomorphism of lattices
Ay (2) = 7*(Ay) = {(r, B,n) € H*(X,Z)|r +n even, 3 € H*(X,Z)%}
The invariant lattice is the index 2 overlattice:
H*(X,2)Y = {(r,8,n) € H*(X,Z)|8 € H*(X,2)°} 2 U @ U(2) ® Es(-2).

Nevertheless, by Lemma 3.9 below any isometry ¢ € O(H*(X,Z)%) preserves the sublattice
7*(Ay), so we get an inclusion

O(H*(X,Z)%) c O(Ay).

We thus have the commutative diagram:

DMon(Y) —— O(H*(X,Z))c
DMon(Y) «—— O(H*(X,Z)%) —— O(Ay),
where r is the restriction to the invariant part.

Corollary 3.7. DMon(Y) = Ot (H*(X,7)%)

Proof. By construction, DMon(Y) — DMon(Y") is surjective. Moreover, since H*(X,Z)% is
2-elementary, by a criterion of Nikulin [56) 65] the restriction map r : OV (H*(X,Z))¢ —
Ot (H*(X,Z)%) is surjective. So the claim follows from Proposition O

Remark 3.8. In the proof above we only used derived auto-equivalences ® : DV(X,) —
D’(X5) with the property:

(i) X; are covering K3 surfaces of generic Enriques surfaces,

(ii) ® maps Stab®(X;) to Stab®(X5) (sce [33]),

1201 the other hand, m.(r, 3',n) = (2r, m.8',n).
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where we let Stab®(X) denote the distinguished component of the space of Bridgeland stabil-
ity conditions of a K3 surface X constructed by Bridgeland [9]. Hence the group DMon(Y)
is generated by compositions (3.3]), where ® is an auto-equivalence satisfying (i) and (ii).

3.5. Orbit of vectors. Consider the lattice
M=UaU(2) ® Es(—2).

A primitive vector v € M is called of even type if v - w is even for all w € M, and it is odd
otherwise. If we let eq, fi and eg, fo be a symplectic basis of U and U(2) respectively (so
ei-e;,=0,fi-fi=0,and e; - fi =1 and ey - fo = 2), and write an element v € M as

v=aie; +bif1 +ases +bafo+a, «a€ Eg(—2),

then v is even if both a1, b; are even, and it is odd otherwise. Clearly, the type of a primitive
vector is preserved under any isometry of the lattice.

Lemma 3.9. Define the sublattice L = {aje1 + b1 f1 + agea + bafo + aja; + by even} C M .
Any ¢ € O(M) satisfies (L) = L.

Proof. Let v = a1e1 + by f1 + ases + bafo + « € L. If a1, by are both even, then v is of even
type, hence gv is even, hence gv € L. If v is odd, then v? = 2 modulo 4 if and only if a1, b;
are both odd, that is if and only if v € L. Hence if v is odd and in L, so is gv. O

Proposition 3.10. Any two primitive vectors in M of the same norm and the same type
lie in the same O(M) orbit.

Proposition was proven for primitive vectors of norm —2 and —4 in [55, Theorems
2.13 and 2.15] using Nikulin’s criterion. One can check that the same proof also implies the
general case. Alternatively, the general case was proven in [42] using an argument of Allcock.

Corollary 3.11. Any two primitive vectors in M of the same norm and the same type lie
in the same O" (M) orbit.

Proof. By the previous proposition a primitive vector of odd type (resp. even type) lies
in the O(M) orbit of e; + mf; (resp. of ea + mfa2) for some m. There exists orientation-
reserving isometries fixing these vectors, namely idy @ (—id(2)) @ idgy(—9) for e1 +mf1, and
—idy ®idy ()@ Eg(—2) for ea+m fz, so the O (M) and O(M) orbits of these vectors agree. [

4. GROMOV-WITTEN THEORY OF THE ENRIQUES SURFACE

In this section we study the relative generating series of descendent Gromov-Witten invari-
ants of an elliptic Enriques surface Y — P!. We prove that these series are I'g(2) quasi-Jacobi
forms for the lattice Fg and satisfy a holomorphic anomaly equation (Theorem . Exam-
ples are discussed in Section [£.4] The proof takes place in Section

4.1. Elliptic fibration. Consider an elliptic fibration on a generic Enriques surface
T:Y — P

The fibration 7 : Y — P! has 12 rational nodal fibers and two double fibers 2 f;, 2 f>, where the
half-fibers f1, fo are smooth rigid elliptic curves on Y. The generic fiber has class 2f; = 2fs
and the canonical bundle is wy = Oy (f1— f2). We will denote the image of f; (or equivalently
f2) modulo torsion by

[ e Hy (Y, Z).



CURVE COUNTING ON THE ENRIQUES SURFACE AND THE KLEMM-MARINO FORMULA 19

Since Y is generic, by [3, Thm.17.7] we may assume that m has a 2-section s which is
represented by a smooth rigid elliptic curve, which appears as a half-fiber of another elliptic
fibration of Y. We have

s-s=0, s-f=1, f-f=0.

We will use a fixed identification
(4.1) H*(Y,Z) = U @ Eg(—1)
where s, f € H?(Y,Z) are identified with the canonical basis e, f € U.

4.2. Gromov-Witten invariants. The moduli space M, (Y, ) of degree 3 € Hy(Y,Z)
stable maps to Y from connected n-marked genus g curves has a virtual fundamental class of
dimension g —1+4n. Let ¢; € H?>(M,,(Y, 3)) be the cotangent line classes. If 29 —2+n > 0,
let 7: My, (Y,B) = Mg, be the forgetful morphism to the moduli space of stable curves.
Consider the pullback of a tautological class [21]

taut := 7"(a), a € R*(M,,).

In the unstable cases 2g — 2 4+ n < 0 we always set taut := 1.
For v1,...,v7, € H*(Y) and ky,...,k, > 0 define the Gromov-Witten invariants of Y by

n

(4.2) <taut; Ty (V)5 -+ Thy (%)>;/B = / ~taut U Hev;‘(%)d,fi.

’ [M g, (Y,B)]ViT i=1
Remark 4.1. (a) If taut = 1, we often omit it from the notation in (£.2). Similarly, if
ki1 = ... =k, =0, we omit the symbols 73, from the notation.
(b) If 8 # 0 is not effective, then the Gromov-Witten invariant vanishes by definition. If
8 = ks +df + « is effective, then since s, f are half-fibers of elliptic fibrations, we mast have
k,d >0 and (k,d) # (0,0).
(c) In genus zero, the virtual class of M, (Y, 3) vanishes for dimension reasonsﬁ Hence for
29 — 2+ n > 0, the classes 1; and 7*(¢;) on My, (Y, ) differ by a term that vanishes after
intersecting with the virtual class. We find that:

<taut; Ty (V1) -+ s Ty, (”)’n)> taut H wz RATERE ’%>§7[3'

4.3. Generating series. Let ay,...,as € H*(Y,Z) be an integral basis of the summand
Eg(—1) in ([&.1). We will identify the element x = (z1,...,25) € C® with the element
>z € Eg(—1)@C C H*(Y,C). Let ¢; = e*™®i. Then for any 8 € Ha(Y,Z) we will write:

(4.3) (P = exp(2miz - B) = HCO‘Z

Definition 4.2. Assume either k > 0, or £k =0 and 29 —2+n > 0. We define the 7-relative
generating series of Gromov-Witten invariants of Y by

Fy p(6a11t; 7on, (1) -+ T () = D ¢ CP (bautts 7y (1) -+ T, (90))) 5
BEHQ(sz)
B-f=k
d, o Y
—Z Z q°¢* (taut; 7m, (1) -~ Tmn(”Yn)>g,ks+df+a'
d>0 acFEg(—1)

where for the last equality we used Remark [4.1|(b)

13The virtual class of Mo, (Y, ) is the pullback of the virtual class of Mo(Y, 3) and hence vanishes.
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Consider the negative of the pairing matrix of the basis «;,

8
Qps = (—0; - aj)'i,j:l )
which is a intersection matrix of the FEg-lattice.

Our main result about the series Fy ; is the following:

Theorem 4.3. Each series Fy j,(taut; T, (1) - - - Tm, (Yn)) s a quasi-Jacobi form for T'o(2) x
(Z® ® 7Z8) of index %kQES, with pole of order < k at cusps. More precisely, we have

8(.2\\ K
Pyt (1) 7, () € (T ) Qs (To(2)

It satisfies the holomorphic anomaly equation:

T%Fg’k(taut; Tmy (’Yl) o Tmy, (lyn))

- Z Fy_1 p(taut’s 7y (71) - -+ T, (90)70(63)70(6;))

(4.4) + Z Fg1,k1 (tautl; H Tim; ('Yz)ﬁ)(&)) ng,kg (tautg; H Tim; (71)70(51\/)>

g=g1+g2 €A i€B
k=k1+k2
{1,....,n}=AuUB
[

—2 Z Fg,k(taut; Tma (’Yl) o Tm (’Yi—l)Tmi+1(U('Yi))Tmi+1 (’Yi-i-l) Ty, (’yn))
=1
where
e > .0; XY is a Kinneth decomposition of the class
1 * * * *
U= 5(” x m)*Ap = pri(f) +pr3(f) € H*(Y xY)

where Apr € H?(P! x PY) is the diagonal class and pr; : Y? — Y are the projections,
e in the last line we let U act as a correspondence, i.e. U(y) = pry,(pri(y) UU),

e in the stable case, where taut = 7*(a), we let taut’ := 7°0* (o) where v : My_1 pq2 —

Mg, is the gluing map, in the unstable case, where taut = 1, we set taut’ := 1,
e where tauty, taute stands for summing over the Kiinneth decomposition of £*(taut)
with € the gluing map

5 : M91,|A|+1(Yv /81) Xy Mgg,|B|+1(Y7 52) — Mg,n(y7 6)

Before turning to the proof, we note some basic consequences of the theorem. Consider
the semisimple weight operator

WT =[su—,U]: H*(Y) —» H*(Y)
and let wt(y) € {—1,0, 1} be the eigenvalue of an eigenvector. Concretely, we have

if v € {s,p}
wt(y) =<0 if v € Eg(—1)
~1 ifye {1, f).
Corollary 4.4. If all v; are wt-homogeneous, then the series Fy i (taut; 7, (71) - T, (90))
is of quasi-Jacobi form of weight 29 — 2 +n + Y, wt(y;) and index %k‘QES.

Proof. This can be proven by the same argument as in [60, Sec.3.1]. O
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For any A € Eg(—1) C H?(Y,Z) consider the operatorﬁ
ty: H'(Y.Z) = H*(Y.Z), ta(x) = (f-2)A— (A-2)f.
Corollary 4.5. For any A € Eg(—1) C H*(Y,Z) we have the elliptic anomaly equation:
n
(45)  EFyk(Tmy (1) T () = Y Fok (- Ty (Vi) T (0 (30)) T 0 (1) - )
i=1
Proof. This is proved as in [60, Sec.3.3]. O
4.4. Examples of Theorem
4.4.1. Genus 0. Consider the genus 0 series

FO,O(TO(’Yl)TO(’VQ)TO(’YS)):/Y'Yl’YQ’YS~

A direct check shows that the right hand side vanishes unless ) . wt(v;) = —1, which is in
agreement with Theorem [4.3] and Corollary

4.4.2. Degree 0. The virtual class in degree 8 = 0 is as follows:

(Mo, x Y] ifg=0,n>3
[Mgn(Y, 0] = § [M1, x Y]ea(Y) ifg=1n>1
0 if g > 2.

Using the string equation for d > 0 and the constant evaluation we hence obtain:

Fro(n(D) = 57 [ ea¥) =3

which is as predicted of weight 0.

4.4.3. Fiber classes. Maulik and Pandharipande [52] proved that for d > 0 we have
ledf = 20——1(6{) - J—1<d/2)7 Ng,df = 07 g > 17

where

B 0 otherwise .

For the series Fi o(79(s)) which is of weight 2 according to Corollary [4.4] we obtain:

1

Fio(to(s)) = 2Ga(q) — 2G2(¢*) = Ga(q) + 51 F2(0)

where the modular form F5(q) was defined in (2.1). The holomorphic anomaly equation of
Theorem [4£.3] gives correctly:

%Fm(m(s)) = 2Fyo(t0(s)m0(f)10(1)) — 2F10(T1(1)) =2 -1 =1.
2

14Under the well-known identification so(H?(Y,Q)) = A2H?(Y,Q), we have ty = AA f.
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4.4.4. Hodge integrals. For g > 2 or k > 0 define the series
Fyg, = Fyr((=1)9" Ag-1).

By Corollary F, 1 is a quasi-Jacobi form of weight 2g — 2 and index %sz Eg-
By the splitting formulas for the Chern classes ¢(E) proved in [20, Proof of Prop.2], the
holomorphic anomaly equation (Theorem says

e Fys = 2y B S W) 42 Y Foua (B 10(1) Fp (B i ol )

91,92,k1,k2
Because of the 7((1) insertion, the first term on the right vanishes. Similarly, the only term
that contributes in the second term is g1 = 1 and k; = 0. We have

Fiol®)n) = [ con= [ -x @) =5
[M1,1(Y,0)]vir My Y

Combined with the elliptic anomaly equation we conclude

d
7ng = —kFg_l ks fAng = 0 for all )\GEg(—l).
dG2 ) ) )
4.5. Proof of Theorem The elliptic Enriques Y — P! admits a degeneration

Y ~ RUg X1,

where R is the rational elliptic surface and X7 is an elliptic surface with two double fibers,
glued along a common smooth fiber E [52]. The degeneration respects the elliptic fibrations
and Theorem follows by applying the degeneration formula [45] [46]. Concretely, below
we first introduce the elliptic surfaces R and X;, and state their holomorphic anomaly
equations in the relative case (R, E) and (X, E) following [60]. In Section we then
construct the degeneration and determine how the cohomology classes of Y specialize to the
central fiber. In Section we apply the degeneration formula. There is a small extra
step: the degeneration formula does not give us all of the modular behaviour we want. The
remaining bit is proven by using the monodromy in Section

4.5.1. Rational elliptic surface. Let R be a rational elliptic surface, which is obtained by
blowing up P? along the base locus of a (sufficiently generic) pencil of cubic curves. Let
7 : R — P! be the elliptic fibration induced from the pencil, let B C R be a fixed section,
let F' € Pic(R) be the class of a fiber and set

1
W=B+F¢ H*(R,Q).
There is a natural orthogonal decomposition
(4.6) H*(R,7) = Spany(B, F) ® Es(—1).

We identify Eg(—1) with its image in H?(R, Z) under this decomposition. Following a parallel
convention as in (4.3), we pick a basis of Fg(—1) and use the symbols ¢?, 8 € Hy(R,Z).
Let E C R be a fixed smooth fiber of 7 : R — P! over a point pt € P!, and let

n= ((771751)""7(77l(77)a5€(n)))3 with  n; > 1, 9 EH*(EaQ)
be an ordered cohomology weighted partition underlying the partition n = (n;) of k. Let
M;’n(R/E,ﬁ;n) be the moduli space of relative stable maps f : C' — R[{] from possibly
disconnected genus ¢ curves in class § to R with ordered ramification profile 1 over the
relative divisor F, with the requirement that every connected component C’ of the domain
C satisfies that (i) m o f|¢v is non-constant, or (ii) C’ has genus ¢’ and carries n’ markings
with 2¢" — 24+ n’ > 0, see also [60, Sec.3.2] for the condition on the domain. Let ev; and
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evzr»el be the interior and relative evaluation maps of the moduli space and define the relative
Gromov-Witten invariants:

R/E,e
<taut; Ty (1) T, (M) Q>g7g = /[ ) taut H evy (v w H evrel*
an Bin vir

The generating series of relative invariants is defined by

R/E,e . R/E,e
Fy P (tant; 7o, (1) -+ i, ()i ) = % @27 (b0t 7, (12) -+ o, ()i ),
BEH2(R,Z)

Ty B=k

Theorem 4.6. We have

R (a0t 7y (1) -+~ Ton ()i 1) € A0) 2 QUacs g, (SLa(Z) (28 © 7%)).

We have the Go holomorphic anomaly equation

d R/E.e
dGo ng{ (taut; 7m, (71) * -+ T, (’VN)vﬂ) =
FYE * (taut’s 7, (1) - - Al ).
g—1,k 5 Tm\ 71 Tmy, ('771)7—07-0( [P’l/pt)aﬂ)

+2 Z Z H R/E (taUth H 7'ml ’Vz ((b7 1)7 (bivAE,fz‘)?ll))

{1,. 71’L} SﬂJSQ bbl ..... brn 1651
m>0 Z;EL...,Em
g=g1+g2+m

Pl x E/EylUE~ ,e,rubber
% ng’; /Eo ubbe (tautg; H T, (Vi) ((b,l),(bi,AE’gi)gil),nﬂ
1€S2

R/E. e *
-2)° Fg,zi (taut; 7o, (71) *+* Tog—y (Vi) Tyt (T (90)) Timg o (i) =+ = T ()5 1)
=1

-2 Z FR/E * ¢|',e| - taut; 7y, (71) Ty, (’Yn)? ((7717 51)7 SR (771'7 71'>|F]_U/‘7TE>(<('51')7 oy (M 577,)))
—_——
i-th
and the elliptic anomaly equation

NP (bt Ty (1) Ty, ()3 1) =

n

R/E.e
ST ENER (bauts T, (1) -+ Ty (31 T (830 Tons s (i) - T ()3 1)
=1

for all A € Eg(—1) C H*(R,Z), where ty(x) = (F-2)A\ — (A - 2)F

Proof. In the statement of the Ga-holomorphic anomaly equation we used additional nota-
tion: For the relative diagonal A{Pﬁ'/x and for Tom(---) see [B8, Sec.2.4] and [58, Sec.3.2,4.3]
respectively. The supscript rubber’ stands for integrating over the moduli space of rubber
relative stable maps to P! x E/FEy L Ey, see [58, Sec.4.5]. We let 9™ be the relative t-class
on the moduli space of stable maps to (R, E), and let 7 : E — pt be the projection.

The proof of the first two parts of the theorem follows by translating Proposition 26 and
Theorems 23 and 24 in [60] into the notation that we use here. The descendent insertions
¢f ‘ on M;ﬂn(R,B;n) can always be traded for tautological classes pulled back from the

moduli space of curves. The series Fg}? ,f E"(taut; Y1,---,Vn; 1) in our notation is then precisely

[ p*( taut)Cﬂ/E (71,-+-»7;1n) in the notation of [60]. A more subtle detail concerns the
formula for the holomorphic anomaly equation. In [60] the holomorphic anomaly equation
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uses the descendent classes 1), € H 2(M;n(B /pt, k)) in the third term (see [60, Sec.3.2] for
the bullet convention here), while we use 1; € H? (M;n(R/ E,3)). This difference does not
make a difference when integrating. Indeed, if ¢ : M;,H(R, B) — M;n(B , k) is the projection
map, the contribution from the difference ¢*(v;) — 1); consists of genus 0 invariants in fiber
classes, which vanish for dimension reasons (Remark [4.1]c)). Finally, the elliptic anomaly
equation follows from Proposition in the Appendix. (]

We will require a modification of the generating series. Let oy € Eg(—1) be a class with
a2 = —4. Recall from Section [2.4] the operator on quasi-Jacobi formﬁ

Mao,m(f) = q2m6 (—m(ao "Eg(—1) m)) (65a0/2f> (.%' + ooT, 27—)7
which defines a morphism

Alq) " QJacmq, (SLa(Z) x (28 @ 78)) — A(q2)_mQJac%mQ (To(2) x (2Z8 @ Z8)).

Eg
Define the modified series

=R/E.e R/E,e
Fy 5 (60t Ty (92) < o, ()i 1) = Moo e (P (608 Tmy (32) -+ o, (30)i 1))

Using the elliptic anomaly equation of Theorem we can write explicitly

~R/E.e
EFP (taut; 7, (11) -+~ T, (30)37)
=qe (~k(a0 py(—1) 7)) Frge " (6aut; Ty (€807 291) - 7y, (€80 %)) ( + apr, 27)

R/E,e

9.8

1
- Z q(2W+a0+F)"Be ((I‘ o 7<a0 "Es(—1) x)F) ' /8> <taut; Tm, (eta0/271) Ty, (eta0/2’7n)§ 77>

2
BEH2(R,Z)

T 3=2k
tap /2 ) R/E.e
S S S (del2a) ) s ) )
BeHs(R/Z) 9
T =2k

As a corollary of Theorem [4.6] and Lemma, [2.6] we have:

Corollary 4.7. We have

ﬁg%E"(taut; Tong (V1) = Ty (Yn)5 1) € A(qQ)_kQJac§QE8 (To(2) x (278 @ Z8)).

It satisfies the Go-holomorphic anomaly equation of Theorem[{.6 but with the right hand side
multiplied by %

4.5.2. The elliptic surface X1. Let I be a smooth elliptic curve. Let tg be translation
on E by a 2-torsion point, and let invp: denote an involution of P'. The involution 7 =
(tg,invp1) € Aut(E x P') is fixed-point free. Define the quotient

X, = (E xPY/(r).
By projecting to the second factor the surface X; admits an isotrivial elliptic fibration
7 X; = PY/(invp:) = P!

with general fiber E and with two double fibers (the half-fibers are both isomorphic to
E':= E/{tg).) Write fx, € H?(X;) for the class of the half-fiber, and let sx, € H*(X1) be
the class of the image of {e} x P! for any e € F under the quotient map £ x P! — X;. In
particular, sy, is the class of a 2-section isomorphic to P'. We have

5%(1 =0, SX, - le =1, f)2(1 =0.

15Here the intersection product is on Eg(—1); we have oo gy £ = —Q0 *gg(—1) -
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Define the generating series

X X
Fg,kl (taut; 7my (71) T, (Y0)) = Z qd (taut; 7m, (71) -~ T, (7”)>g,lirsxl+dfxl

d>0

Theorem 4.8. Fach Fngl (taut; 7o, (Y1)« * T, (7)) 48 @ quasi-modular form for SLa(Z) (i.e.
an element of QMod = C[G2, G4, Gg]), which satisfies the holomorphic anomaly equation
(4.4) with U replaced by

1 N .
U= i(ﬂ x )" Ap1 = pri(fx,) +pra(fx,) € H* (X1 x X1).

For the proof consider the projection to the first factor
p: X1 — E =E/{tg),
which is a P'-bundle.

Lemma 4.9. We have X1 2 P(Op @ L) for a 2-torsion line bundle £ € Pic(E’). Moreover,
under this isomorphism p is the morphism to the base F’.

Proof. The P'-bundle p : X; — E’ has two disjoint sections corresponding to the two fixed
points of the involution invpi. Hence it is the projectivization of the direct sum of two line
bundles. Let us say X1 = P(Op @ L) for some L € Pic(E’). A local neighbourhood of one of
the sections is given by (E x C)/((tg,—1)) which shows that the section has normal bundle
which is the descent of the line bundle O along E — E’, where O carries the negative of
the canonical linearization. Hence it is 2-torsion. Since the normal bundle is isomorphic to
L or LV, this shows that £ is 2-torsion. O

Proof of Theorem [{.8 Gromov-Witten invariants are invariant under deformations of the
complex structure. The relative projective bundle P(Lyniy ® Op/) — E' x Pic?(E"), where
Lniv is the Poincare bundle on E’ x PicO(E' ), defines a deformation of X; — P! to the
trivial elliptic fibration E’ x P! — P!, The fiber class fx, deforms to the class [E’ x pt], and
the section class sx, deforms to [pt x P!]. The result hence follows immediately from the
holomorphic anomaly equation proven for the trivial elliptic fibration in [59, Cor.2]. O

Remark 4.10. Let E C X; be a generic fiber of the elliptic fibraton X; — P'. By the
degeneration formula applied to the normal cone degeneration X; ~~ X Ug (IP>1 x E) the
relative Gromov-Witten invariants of (X1, E) can be expressed in terms of the absolute
invariants of X; and the relative invariants of (P! x E, Ey), see the arguments of [60, Sec.5]
in a parallel situation. The quasi-modularity property and holomorphic anomaly equation is
known for both the absolute invariants of X; (by Theorem and the relative invariants
of (P! x E/E) (by [60, Sec.5]). The same arguments as in [60, Sec.5] then imply thaﬂ

X1/E,e . . _ d . . Xi/E,e
Fg,k (taut? Tmy (’Yl) Tmp (777«)7 ﬂ) - Z q <taUt7 Tmy (’yl) T, (’yn)v Q>9,k5X1 +de1

d>0

L6Note that the natural fiber class of P! x E corresponds to the twice the half-fiber of Xi, so needs to
be measured by the variable ¢°. In other words, we have to apply the operator Ry of Lemma to the
natural generating series of Gromov-Witten invariants of (P* x FE, E). The compatibility of ﬁ with Ry in
Lemma shows that in this variable convention the holomorphic anomaly equation for (P' x E, E) has
to be stated for the class U = £ Ap = 3 (pri([pt x E]) 4 prj([pt x E])) which matches precisely the desired
formula for X;. The operator Ry is also the source of the I'g(2)-modularity for the relative invariants.
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is an element in QMod(I'y(2)) and satisfies the relative Gio-holomorphic anomaly equation:

d X1/E,e
F 1 ’
dGy~ 9k

X1/E,e 1 T
ng1/,k (taut'; Tong (V1) T, ('Yn)ToTO(iA]Pgl/pt)5 ﬂ)

IS ZH

(tant; 7y (Y1) + Ty, ()3 ) =

1
;f}/E (taut1, H T (71); ((b, 5),(bi,AE¢i)§’;1)>

{1,. ,TL} S1USs bib1,....bm €S
m>0 bl lm
g=g1+g2+m
Pl x E/EoUEs,e,rubber Vi
X Fg%k taut?; H Tmy; (71)7 ((b7 1)7 (b’bv AE,&)Ql)vQ
1€So

1

n
X1/E,e
=23 FR B (bt o, (11) Ty (e Tong 1 (5

5 ™ (V)i a (Virt) -+ Tin (0)570)

_ QZF;’%/E-(Wd taut; 7im, (Y1) - - - Ty, (Y ); ((171,61), ooy (i %wEwE*&), - (nn,én))).
i=1 T
4.5.3. Degeneration. As discussed in [52] there exists a degeneration
Y ~ RUg X3
which respects the elliptic fibrations. More precisely, there exists a morphism

e: )Y = A

over an open disk A C C satisfying the following condition:

(i) Y is smooth and ¢ is flat projective, smooth away from 0,

(ii) eH(1) =Y
(iii) ¢ 1(0) = RUg X3 is a normal crossing divisor
(iv) There exists a flat morphism ¢ : B — A satisfying (i-iii) such that € 1(1) = P! and

e1(0) = P Uy P,
(v) There is an elliptic fibration )) — B which restricts over Y, R, X to the given elliptic
fibrations.

The degeneration can be constructed by degenerating the Horikawa model (see [3, Sec.
VIIL.18]) of the Enriques surface which we recall now: Consider the involution

L=11 X l9: ]P)l X Pl — Pl X Pl, ([80,81], [to,tl]) — ([S(), —81], [to, —tl]).

Let D be a (4,4)-divisor on P! x P! defined by a generic element of the vector space of -
invariant sections of H?(P! x P!, O(4,4)). Then D is smooth. Let X — P! xP! be the double
cover branched along D. The involution lifts naturally to an involution v : X — X which
commutes with the covering involution cov. The composition 7 := cov o7 is a fixed-point
free involution, whose quotient Y := X/(7) is a generic Enriques surface.

Let z,y € P! be distinct points interchanged by the involution ¢1 : [sg, s1] — [s0, —51].
Consider the degeneration Bl o) (,.0) (P' x A') — A!. The central fiber is the chain P! U,
P! U, P. The involution ¢ lifts to a fiberwise involution 77 of the degeneration which on the
central fiber acts by ¢1 on the middle copy of P!, and interchanges the two outer components.
Taking the product with P!, we obtain a degeneration

P = B1($70)7(y’0) (Pl X Al) X Pl — Al
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such that the involution I := 7; x 2 acts on the central fiber (P! U, P' U, P!) x P! by ¢
on the middle component P! x P! and by swapping the two outher components. Choose a
lift of D to a I[-invariant divisor D on P which restricts to a smooth divisor of type (2,4),
(0,4), (2,4) over the components of the central fiber. Let X — Al be the double cover of P
branched along D, let I: X — X be the lift of I , and let Cov be the covering involution.
The (2,4)-double cover of P! x P! is a rational elliptic surface, and the (0,4)-double cover
is P! x E. The involution 7 = Cov o I then swaps the two rational elliptic surfaces, and
acts as 17 x tg on the P! x E components. Let ) := X /(T). Then after possible shrinking
A' to an open disk A, in order to make X smooth and T fixed-point free, we obtain the
desired degeneration ) — A. Note that the elliptic fibration on ) is precisely the lift of the
projection to the first factor of Bl ) (.0) (P! x A') x P1. On the other hand, the quotient
by (T') of the double cover of

Bl(2,0),(y.0)(P" x A') x {0}

defines a natural divisor sy € H?())) which restricts to s € H?(Y,Z) on Y. On the central
fiber it restricts to sy, on X1, and to a divisor sg which is the preimage of P! x 0 under the
(2,4)-branched cover R — P! xP!. Since s is rationally equivalent to the preimage of P! x {t}
for any ¢t € P! and this becomes reducible for some ¢, we see that sp = By + By € Pic(R)
for two sections By, By of 7 : R — P! meeting in a point. We can choose the distinguished
section of the rational elliptic surface to be B := By. This implies that B, is the section
associated to a (—4)-class ag € Es(—1) C H?(R,Z), that is By = By, := B+2F +ay. Hence

SR:B+Ba0 =2B+2F 4+ ap =2W 4+ F + «y.
This proves the first part of the following:

Lemma 4.11. (i) There exists a class 5 € H*(Y, Q) such that
Sly =s, S|lx, =sxy, S|lg= B+ By, =2B+2F + .

(ii) For every a € Eg(—1) C H*(Y,Z) there exists a class @ € H?(),Q) such that
- ~ ~ : 1
aly =a, a|lx;, =0, alg=jla)=a-— 5(04 o) F.
(iii) There exists a class fe H?(Y,Q) and p € H*(Y,Q) such that
1

ﬂY:fv ﬂXlzoj ﬂR:iF

B|Y =p, 5‘X1 = Oa 5|R =p,

where p denotes the point class on Y and R.

Proof. We prove (ii). The degeneration X — A is a Type II degeneration of a K3 surface.
The associated Clemens-Schmid exact sequence is well-understood and can be found for
example in [28]. By taking the invariant part, we obtain the following Clemens-Schmid
exact sequence for the degeneration ) — A:

0— H(Y,Q) — Hy(Vo,Q) — H*(Vo,Q) — H*(Y,Q) — 0.

In particular, there is no vanishing cohomology and every class in H2(Y, Q) can be lifted. If
a € Eg(—1) € H*(Y,7Z), the class so = s +a — (a?/2)f is a 2-section of 7 : Y — P! which is
the half-fiber of another elliptic fibration on Y. By considering the Horikawa model for the
pair (f,sq) we see that there is in fact an integral class 3, € H?(),Z) such that 5,|y = sa,
and hence an integral class @ € H%(),Z) such that aly = « (like s, the class f can be easily
lifted to an integral class). Alternatively, the existence of an integral lift of a also follows
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since the Clemens-Schmid exact sequence for X — A is exact over Z, see [24]. Now, by the
Clemens-Schmid sequence, the pair of restrictions

(@lx,,alr) € H*(X1,Z) x H*(R,Z)
is unique up to adding an integral multiple of (2fx,, —F). We can lift 2f to classes P\, e
H?(Y,7) such that
(F1|X17F1|R):(2fX170)7 (F2’X1,F2|R):(O,F).

From fY a - f =0 we hence obtain that

Y Y R X1

Inserting ¢ = 1,2 we get that
dlx, € Zf, a|r € ZF ® Fs(—1) C H*(R, 7).

Replace now a with the unique half-integral class a + %(—Fl + F) for some £ € Z such that
~ - 1
Glx, =0, Glr=bF+g(a) € JLF & By(-1)

where g(a)) € Eg(—1). Since s-a =0, we get a|gr - s|gr = 0, and therefore b = —(g(a) - ) /2.
The map
1
a = alr = g(a) = (9(a) - ap) /2F *— Eg(~1)

is then given by a — g(a) and an integral isometry of the Eg-lattice. After changing our
identification of H?(R,Z) = U ® Fg(—1) we hence can assume g = id. Thus we get as desired

~ 1

oz]R:oz—§(a'ao)F. O
The case (iii) is immediate.

4.5.4. Degeneration formula. We now apply the degeneration formula of [45], [46] to the de-
generation Y ~~ RUg X discussed in the last section. Given cohomology classes v1,...,7, €
H*(Y,Z) we lift the classes in H2(Y,Z) ® H*(Y,Z) to the total space of the degeneration as
constructed in Lemma [4.11] The unit is lifted to the unit. This yields the following:
Define the isometry ¢ : H*(Y,Q) — H*(R,Q) by
1
p()=1, @) =p, ¢(s)=2W, @(f)=5F ¢(a)=aforacB(-1)C H,Z)

For every v € H*(Y,7Z) with lift 7 we then have

1 ~
e2'0(p(7)) = Alr.
Similarly, define ¢ : H*(Y,Z) — H*(X1,Q) by

B(1) =1, () =sx,. w(e) =0 fora € {f,p} L Es(~1).

Consider the series of disconnectedm Gromov-Witten invariants of Y,

Y,e . Y,e
Fy3e (tant; 7oy (11) - T, () = Y, ¢¥P¢7 (taut; 7, (01) -+ Ton (1))

BEH(Y,Z)
5. =

The quasi-Jacobi form property and holomorphic anomaly equations are equivalent for dis-
connected and connected series, so we may consider the disconnected case, see [60, Sec.3.2].

17xg before, we require that the every connected component C’ of the domain curve of the stable map f :
C — Y either satisfies (i) 7o f|cr is non-constant, or (ii) C’ has genus ¢’ and n’ markings with 2¢' —2+n’ > 0.
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The degeneration formula yields:

(4.7) Fy 3 (taut; 7o, (1) - - T, (1)

X1/E,e R/Ee
= > > Fglfk/ tanty; [ [ 7im, (40(7;)) 57 FQQ(k tantty; [ [ 7, (0(73)) 51
91,92, {1,....n}=AUB jeA jEB
By Corollary [£.7 we have
R/E.e ) Y 2\—k 8 8
Fio0® | tauty; E[Brmj (vi)5n” | € Ale®) *Qlacyyg, (To(2) x (2Z° & Z°)).
j
By Remark [4.10] we have

Fo B | tauty; [T 7, (47) 57 | € QMod (o (2)).
JEA

Hence together we obtain that:
(4.8) F3e (taut; 7, (1) - T, (V) € A(qQ)*’fQJac% ks, (T0(2) (2Z° @ 78)).

Moreover, the proof of [60, Prop.21] shows the compatibility of the holomorphic anomaly
equation for Y, (X1, F) and (R, E') with the degeneration formula. Hence the holomorphic
anomaly equation for (X1, F) and (R, F) given in Remark and Corollary imply the
holomorphic anomaly equation for Y given in Theorem

4.5.5. Use of the monodromy. In the last section we have seen that
(49)  Fyltauts v, (1) -+ 7m, (1)) € Alg) FQUacyyg, (To(2) x (22° @ Z5)).

and satisfies the holomorphic anomaly equation . We prove here that the series is a
quasi-Jacobi form for the larger group I'g(2) x (Z® @ Z8).

To do so, observe first that each F y(taut; 7, (71) - - - T, (Yn)) satisfies the elliptic holo-
morphic anomaly equation stated in Corollary Indeed, the proof of Corollary which
is given in [60, Sec.3.3], does not require the larger group, because it is only uses relations
coming from the Lie algebra of the Jacobi group.

Next we use the monodromy group of the Enriques surface. For any A € Eg(—1) C
H?(Y,7Z) recall the operator:

tax) = (f-2)A = (A-2)f.
Exponentiating we obtain an element in the monodromy group:
et € OT(H?(Y,7Z)) = Mon(Y).

By using deformation invariance of Gromov-Witten invariants we get

Y Y
<tam3 HTk (%‘)> = <taUt; HTki(etA’Yi)>

g,ks+df o { goks+(d—a-A—1kA2) f+a+kA
Thus we have
_1p)2
Fg,k(taUt§ Tmy (71) Tmy, (’Yn)) =q 2k Ck)\Fg,k(taut; Tmy (et/\’Yl) Ty, (6t>"’)/n))($ + AT, T)
_1p)2
= q 2N (PN F g (taut; T, (11) -+ T, () (2 + AT, 7),

where in the last line we used the elliptic anomaly equation. This precisely says that the non-
holomorphic Jacobi form corresponding to (4.9)) satisfies the transformation law of Jacobi
forms under the action of (z,7) — (x + A7, 7).
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4.5.6. Prefactor. In the last section we have seen that
Fg,k(taut; Tmy (71) Tmy (Vn)) € A(q2)7kQJaC%kQEg (F0(2) X (ZS @ ZS))

It remains to show that

8¢ 2\\ k
Fyatanti, (n) -7, 00)) € (5T ) Quacyig, (To(2) ¢ (25 0 29).

Let us denote F' = F i(taut; 7, (1) - - - Tm, (7)) and write

1
F:Z@mﬂ,WMmAHEMx%%JM@Mqﬁ®Z%.
By Remark F has no terms with negative g-exponents. We find that H(p,q) = O(¢?*).
Let f(q) = 1n'%(¢%)/n%(¢). By Lemma [2.1]it follows that
7= cquac, (To(2) x (Z8 @ Z8))
T f2k 5kQEg 0 :

We conclude that

2% 8,23\ F _
o @7 5 (77 (qw) I3
n(a)
This completes the proof of Theorem O

5. DONALDSON-THOMAS THEORY OF THE ENRIQUES CALABI-YAU THREEFOLD

5.1. Definition. Let X be a K3 surface and let 7 : X — X be a fixed-point free involution.
Let E be an elliptic curve and consider the involution

(r,—1): X xXE—=XxE, (xe(1(x),—e).
The Enriques Calabi-Yau threefold is the quotient:
Q=(XxE)/G, G=((,-1)).

By projecting to the second factor @) has an isotrivial K3 fibration with 4 double Enriques
fibers:

p: Q=P =E/(-1).
By projecting to the first factor we have an isotrivial elliptic fibration
Ty 1 Q — X/(1) =Y.
The fibration 7y has 4 sections index by the 2-torsion points a € F[2],
lo Ye — Q, Y,:=(X xa)/Zs.
Since we work modulo torsion, the pushforward of classes
tax : H(Y,Z) — H*(Q,7Z)

is independent of a and we often drop a from the notation.
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5.2. Overview. In this section we study the invariants of the Enriques Calabi-Yau threefold,
in particular, the Gromov-Witten and Pandharipande-Thomas invariants and the correspon-
dence between them (Section, and the generalized Donaldson-Thomas invariants of Joyce
and Song (Section . We consider only fiber curve classes and fiber sheaves with respect
to the fibration p : Q — P'. For the Donaldson-Thomas invariants we follow closely the work
of Toda [68] on the local K3 surface K3 x C. First, in Theorem [5.4| we establish that the DT
invariants are unchanged under the derived monodromy group and hence only depend on
the square, divisibility and type of the class. Then in Theorem we prove Toda’s formula
relating Pandharipande-Thomas invariants and 2-dimensional DT invariants. Applications
are discussed in Section of which the most important is that the Gromov-Witten invariant
depend on the curve class only through the square and the divisibility (Proposition .

A key observation throughout the section is that Toda’s methods from [68] carry over
here almost literally by applying them to K3 x E instead and then taking every step G-
equivariantly. This is based on the priciple:

Geometry of ) = G-equivariant Geometry of X x E.

For example, one has the equivalence of the (derived) category of coherent sheaves on @ with
the (derived) category of G-equivariant sheaves on X x F,

Coh(Q) = Cohg(X x E), D’(Coh(Q)) = DL (Coh(X x E)).

Under this equivalence, Gieseker stability of sheaves on @) correspond to Giesker stability of
sheaves on X x FE with respect to the pullback of the polarization. Moreover, G-invariant
Bridgeland stability conditions (on subcategories of) D?(X x E) induce stability conditions
on (corresponding subcategories of) D*(Q) [50]. G-equvariant autoequivalences on X induce
G-equivariant auto-equivalences of X x E, which then induce auto-equivalences of @ [64].
A G-invariant semi-orthogonal decomposition induces a semi-orthogonal decomposition on
the equivariant category [18]. Moduli stacks of semi-stable sheaves on @) are the fixed loci
of the induced G-action on moduli stacks of semistable sheaves on X x E [4], etc. Hence at
several steps below we will just refer to Toda’s work, instead of rewriting every detail. For
an introduction to equivariant categories and further references we refer to [5].

5.3. Gromov-Witten theory. For § € Hs(Y,Z) consider the Gromov-Witten invariant

N9 = / 1.
9 My (@uapyve

By [52] one has the following relationship between the Gromov-Witten invariants of @ and
the invariants (1.1)) of the Enriques Y, which we denote here for clarity by N;jﬁ.

Proposition 5.1 ([52, Lemma 2]). NgQﬁ = 4Ng’jﬁ.
Proof. We give a sketch. Let invp: be an involution on P! and consider the threefold

T = (X xPYY/{(r,invp1)).
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The projection T'— Y is isomorphic to the P'-bundle P(Oy @ wy) — Y. There existﬁ a
degeneration @ ~» T Ux T, which gives (with the obvious notation)
Q _onT/X _onT _ ynY
Ng,/ﬂ’ - 2Ng76 =2Ng3=4Nypg
where the second equality follows by the degeneration formula for the normal cone degener-
ation T~ T Uy (X x P') and since the Gromov-Witten invariants of X x P! vanish by a

cosection argument, and the third equality follows by a localization argument with respect
to the fiber C*-action of T'— Y. O

Let also NgQ/}J,’ denote the Gromov-Witten invariants of () with disconnected domain, but
with no collapsed connected components [61]. The connected and disconnected Gromov-
Witten invariants can be related by the transformation

exp Z Z Ngﬂqu_Zqﬁ = Z Nfgu%_zqﬁ.
9.8

9>0 >0

5.4. GW /PT correspondence. Consider the Pandharipande-Thomas invariant [62]

PT,.s ::/ 1,
[Pn,L*B(Q)]Vir

where we let P, g(Q) denote the moduli space of stable pairs (F, s) on @ with x(F') = n and
che(F) = . In [61), Sec.7.6] the GW/PT correspondence [62] was proven for the Enriques
Calabi-Yau threefold. In particular, in the special case of fiber classes we obtain:

Theorem 5.2 (Pandharipande-Pixton, [61]). For any 8 € Ho(Y,Z) the seriesy ., PT, g(—p)"
1s the expansion of a rational function, and under the variable change p = e* we have

> PTus(-p) ZNQ’ 1)9712%072,
n

5.5. Donaldson-Thomas invariants of fiber sheaves. Consider a fixed class
v=(r,8,n) € H(Y) = H'(Y,Z) & H*(Y,Z) ® H'(Y, Z).
For any v = (r, 8,n) and v' = (+/, 8/, n’) we define the Euler pairinglﬂ
v-v = / BB —rr’ —rn’ —r'n.
Y
For any objects E, F € D*(Y) we have
ch(F) - ch(G) = —x(F,G).
Consider the cone of effective classes?)
C(CohY) :=1Im(ch : Coh(Y) — H*(Y,Z)).

Definition 5.3. Let w € Pic(Q) be ample and let v € H*(Y,Z). Define the invariant
DT, (v) € Q as follows:

18The quotient map E — E/(—1) = P! has 4 branch points. Degenerate P* to the union of two P'’s
meeting at a point, where two of the branch points specialize to each component. By taking the double cover
of the total space of this degeneration branched along this locus and the corresponding covering involution
we obtain a degeneration of the pair (E, —1) to (P' U, , P',inv), where inv acts by invp1 on each component
and interchanges the two gluing points z,y. The degeneration @ ~ T'Ux T is constructed from this by taking
the product with X and taking the quotient with respect to the diagonal action.

19previously we defined the Mukai pairing (v,v') = 88’ —rn’ —r'n. Here we work with the Chern character
of a sheaf and use therefore a different pairing. The both pairings are related by (v,v'tdy) = v -v'.

20The class ch(F) lies in H*(Y,Z) since the intersection form on H?(Y,Z) is even.
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o If v € C(CohY), then let DT, (v) be the generalized Donaldson-Thomas invariant of
@ defined by Joyce and Song [37], which counts w-Gieseker semi-stable sheaves F on
@ with Chern character ch(F) = w.v € H*(Q, Q) for the ample class w.

e If —v € C(CohY), then set DT, (v) := DT, (—v).

o If +v ¢ C(CohY'), then set DT, (v) := 0.

For a non-zero vector v in a lattice L, we write div(v) (or divy(v) if we want to emphasize
the lattice) for the largest positive integer such that v/div(v) € L. If v = 0 we also set
div(v) = 0. We analyse the dependence of DT, (v) on the polarization w and the Chern
character v:

Theorem 5.4. Let v = (r,8,n) € H*(Y,Z).
(i) The invariant DT, (v) does not depend on the choice of w. We write DT (v) = DT,,(v).
(ii) The invariant DT (v) depends upon v only through:
o the square d :=v-v = 3% — 1% —2rn,
e the divisibilitﬂ m = m(v) = divg«(x zye (7*0) = ged(r, div(B), 2n).
o the type t := t(v) € {odd, even} of /tdx - 7*(v)/div(r*v) in H*(X,Z)%, given
by

L) even if -, zfni are both even
| odd otherwise .

We write DTZ’m :=DT(v).

Proof. (i) This is parallel to [68, Proof of Thm. 4.21]. For any two choices w,w’ the invariants
DTu(v), DTu(v) are related by Joyce’s wall-crossing formula [36]. Let x(v, w) = [, vVw-tdg
be the Euler pairing on H*(Q, Q). Then because of the vanishing y(t4v, t,v") = 0, the wall-
crossing terms do not contribute, and we have DT, (v) = DT, (v).

(ii) We use the notation of Section Let Ay C H*(Y,Q) be the lattice generated by
all Mukai vectors of objects in D®(Y). Consider the isomorphism

o HY(Y,Z) 2% Ay ™5 7 Ay ¢ HY(X,Z)C.

Precisely, for v = (r, 8,n) € H*(Y,Z) we have
o(v) = T (v/tdy) = T (v)Vidx = (r,7*8,2n + 1) € T Ay C H*(X, 7).
For w € m* Ay define J(w) := DT (¢~ 1 (w)).
Any derived autoequivalence ® : D*(Y) — D®(Y) of the Enriques surface lifts to a G-

equivariant derived autoequivalence ® : DP(X) — DP(X) which induces a G-equivariant
action ® : H*(X,7) — H*(X,Z). By restriction we obtain

O x pye + H (X, 2)% — H*(X,2)°

which sends 7*(Ay) to itself. Assume that ® preserves the distinguished component of the
stability manifold Stab(X) constructed by Bridgeland in [9] and that Y is generic. Then by
Proposition [5.5] below we have

J(@w) = J(w).

Any deformation between two Enriques surfaces induces a deformation of the covering
K3 surfaces, and hence a deformation of the associated Enriques Calabi-Yau threefolds.
By the deformation invariance of generalized Donaldson-Thomas invariants, it follows that
DT(v) = DT(gv) and J(w) = J(gw) for any parallel-transport operator g and lifted parallel
transport operator § between two Enriques surfaces respectively.

21please note that we multiply n by 2.



CURVE COUNTING ON THE ENRIQUES SURFACE AND THE KLEMM-MARINO FORMULA 34

By Remark we conclude the basic invariance
VgeDMon(Y): J(w) = J(gw).
With respect to the Mukai lattice we have
H*(X,2)¢ 2U o U(2) ® Es(—2),

and by Corollary the image of m(Y) under the restriction to the invariant part
is OT(H*(X,7)%). By Corollary we hence conclude that J(w) only depends on the
divisibility of w in the lattice H*(X,Z)%, the square (w,w) with respect to the Mukai lattice,
and the type of w/div(w). With w = p(v) = (r,7*3,2n + r) for v = (r, 3,n) we have (see
the beginning of Section for the type):
div(w) = ged(r, div(B), 2n + 1) = ged(r, div(B),2n) = divy«(x zyo (7"v) = m
(w,w) = (7*)* = 2r(2n + 1) = 2(6 -B—r(2n+ 7’)) =2v-v,

e T 2n4r
w even if .- ST both even

div(w)

The following result was used in the proof above:

Type of in H(X,72)% = {

odd otherwise .

Proposition 5.5. Let X — Y be the covering K3 surface of a generic Enriques surface Y,
and let ® : D*(X) — D®(X) be a G-equivariant Fourier-Mukai transform which preserves
the distinguished component Stab®(X). Then for any w € 7*Ay we have

J(@"Tw) = J(w).
Proof. We sketch the argument following [68]: Let
Coh(X x E)o C Coh(X x E)
be the subcategory of coherent sheaves supported on fibers of X x F — E, and let
Dy = D*(Coh(X x E)y).

As explained in [68, Thm.4.20] there is a distinguished connected component Stab®(Dy) C
Stab(Dy) satisfying

Stab®(Dy) = Stab®(X).
Let Coh(Q)p be the subcategory of Coh(Q) consisting of sheaves supported on fibers of
p:@Q — P! and let Dé’? be its derived category. There is then an equivalence of categories:

DY = (Dy)q.

Let o € Stab®(X) be a stability condition and write o’ € Stab®(Dy) for the corresponding
stability condition on Dy. Since Y is generic, by [50, Prop.3.12] ¢ is G-invariant and hence
so is ¢’. Therefore, by the main result of [50] the stability condition ¢’ induces a stability
condition oy on (Dy)g = D((;? . We let J,(w) € Q be the generalized Donaldson-Thomas
invariant counting o(,-semistable objects £ in (Dy)g = D(? satisfying v(€) = j«(w) € H*(X x
E) where j : X — X x E is the inclusion of a fiber. (The existence of moduli stacks of semi-
stable objects in (Dp)g and their boundedness can be seen as follows: First the discussion
in [68, p.33] implies the existence/boundedness for the o’-semistable sheaves in Dy, and the
G-equivariant case follows then by [4, Sec.3.6]). By an argument as in Theorem [5.4{i) J,(w)
does not depend on ¢ (compare [68, Thm.4.21]), and hence as in [68, Thm.4.24] we have

Jo(w) = J(w).
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The G-equivariant Fourier-Mukai transform ® : D?(X) — D?(X) induces a G-equivariant
Fourier-Mukai transform @ : DY(X x E) — DY(X x E). Indeed, if ® has G-equivariant
kernel F € D*(X x X)g, we have the G-equivariant kernel FKOa, € D((X x E)?)g which
defines @’. Since ® preserves Stab®(X), @ preserves Stab®(Dp). Hence as in [68, Sec.4.10]
we get

J(w) = Jy(w) = J3_(®70) = J(@"0).

Example 5.6. Let 3 € H?(Y,Z) be primitive with 3-8 = 0. Then
Ulz(oaovl)a U2:(07670)

are primitive classes H*(Y,Z) of square zero, which lie in different orbits of the derived
monodromy group. Indeed, we have div(n*v1) = 2, t(v1) odd, and div(7*ve) = 1, t(ve) even.

Remark 5.7. Assume that v = (r, 8,n) € H*(Y,Z) has divisibility div(7*v) = ged(r, 5,2n) =
1. If v is odd, then r is odd, and then v-v = %2 — 2rn — 2 is odd. If v is even, then r is

. dd .
even, and v? is even. Hence DTZ 1 /eVeN is non-zero only for d odd/even.

Remark 5.8. We will give representatives of the m(Y) orbits on H*(Y,Z) and H*(X,Z)¢
which will be useful later on; we write v ~ v if two vectors lie in the same orbit, or equiv-
alently, have the same square, divisibility, and type. For any d € Z, let ag € H?(Y,Z) be
a primitive class of square 2d. We first consider representatives of the orbits of primitive
vectors w € H*(X,Z)¢ which are given as follows:
(i) w even, primitive, then w ~ (0, 7*cy, 0) for some d
(ii) w odd, primitive, then w ~ (1,0,n) for some n € Z.
However, instead of (ii) one can also consider the following:
(ii’-a) w odd, primitive, 4|(w,w), then w ~ (0, 7*ag4, 1) for some d,
(ii’-b) w odd, primitive, 4 { (w,w), then w ~ (1, ag, 1) where d is odd.
Vectors w as in (ii>-a) do not lie in 7* Ay, only their even multiplies do. Hence if v € H*(Y,Z)
has (t(v),m(v),v - v) = (odd,m,d) and d/m? is even, then m must be even. We get the
following orbits for v € H*(Y,Z) and the corresponding vector w = ¢(v) € H*(X,Z):
(i) v even, divisibility m, then v ~ (0, mag,0) for some d
(ii-a) v odd, divisibility m, v2/m? odd, then v ~ (m, mag,0) and w ~ (m, m7*ag, m).
(ii-b) v odd, divisibility m, v?/m? even, then m = 2m/ even and v ~ (0,2m’/ay,m’) and
w ~ (0,2m/m*ag, 2m’).

The last remark gives the following Corollary:

Corollary 5.9. Let ag € H*(Y,Z) be a primitive class of square 2d. The invariants DT (v)
for all v € H*(Y,7Z) of divisibility div(n*v) < mg are determined by the following set of
invariants (where d runs over all integers):
(i) DT(0, mayg,0) for 1 <m < my,
(i) DT(0,2m ag,m’) for m’ > 1 with 2m’ < my,
(iii) DT (m, mag,0) for 1 <m < myg

Proposition 5.10. The primitive DT invariants are determined as follows:

1
i Vd € Z odd: DT = 8e(HilbW@*tD/2(v)) =8 | ——
(1) SV//NY d,1 6( I ( )) 77(7)12 Ji2

(i) Vd € Z even: DTgT" = 0.
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Equivalently, for allv € H*(Y,Z) of divisibility div(m*v) = 1,

1
DT(v) =8 | —— .
=8| .,
Proof. (i) For DT?ﬁd to be non-zero, we must have d odd (see Remark , let us say
d = 2n — 1. It hence suffices to prove that

1
DT(1,0,-n) =8 | ——— =
( ) [77(7)12](1”1/2

H 1
or (=) n
= q
Any semi-stable sheaf in class v = (1,0, —n) is the pushforward by ¢, : Y, — @ of a semi-
stable sheaf F on Y with ch(E) = (1,0, —n), where a € E[2] is a 2-torsion point. Hence
E is stable torsion free sheaf on Y with ¢;(E) = 0 € H%(Y,Z). There are two possibilities:
Either £ = Iy for some length n subscheme Z C Y, or F = Iz ® wy. We see that the
moduli space of semi-stable sheaves on @ in class t4(1,0, —n) is isomorphic to 8 copies of the
Hilbert schemes Hilb"(Y). If semi-stability equals stability, the generalized DT invariant is
by definition just given by the Behrend-function weighted Euler characteristic of the scheme.
Moreover, since the Hilb"(Y') is even-dimensional and smooth, the Behrend function is +1
everywhere [37]. Hence we obtain DT, (v) = 8e(Hilb™(Y)). The desired equality follows
therefore by Gottsche’s formula [27].

(ii) Let us denote DT,, 3 = DT(0, 5, n). By Bridgeland [10] and Toda [69, 70] the generating
series of PT invariants can be expanded as

(5.1) > PTus(-p)"¢® =exp|— > nDT.pp"¢” | Y Lus(—p)"d’
n,B€H2(Y,Z)>q n>0,6>0 n,B3

where for every 8 the invariants L, g € Z satisfy L,, 3 = L_, g for all n, and L,, g = 0 for all
n > 0. Moreover, for each > 0 we have DT, 5 = DT, qiy(5),8 and DT, g = DT_,, 3.
Assume f is primitive. Then from this conditions we get

Z nDT, gp" = DTy a1 _p )2
n>0,8>0 p
Hence the ¢°-coefficient of the logarithm of (5.1]) reads
p
(5.2) DTy 5+ Y Lus(-p)"
(1-p3 4

All genus zero Gromov-Witten invariants of the Enriques Y vanish for dimension reasons.
Hence the same holds by Proposition [5.1] for the Enriques threefold Q. By the Gromov-
Witten correspondence (Theorem [5.2)) we conclude that (5.2]) does not have a z=2 under the

variable change p = e*, and hence no pole at p = 1. So DT; g = 0. U
Lemma 5.11. For all even d, we have DTEg’dQ = -DTy5-

Proof. Let d even and let § = 2s + df € Hs(Y,Z) which is of divisibility 2. We then have
DT§3 = DT(0,5.0), DT§ =DT(0,5,1).

We argue similarly as in the proof of Proposition [5.10(ii). By DT(0,8,n) = DT(0, 3,n + 2)

we find
2

p(1+p?) 2p
nDT(0,8,n)p" = DT(0,5,1)——= —_—
,;0 ( ) (051 (1-p) (1-p?)?
By the GW/PT correspondence this series does not have any pole at p = 1, which implies
the claim. Indeed, if DT(0, 3,0) = —DT(0, 3, 1) the series becomes DT(0, 8,1)p/(1+p)2. O

+ DT(0, 5,0)
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Remark 5.12. The Gopakumar-Vafa finiteness conjecture implies that if all positive de-
gree genus 0 Gromov-Witten invariants of a Calabi-Yau threefold vanish, then also the 1-
dimensional generalized Donaldson-Thomas invariants vanish for all curve classes and Euler

characteristics. The finiteness conjecture was recently proven in [16], so we would get the

even
d,m

etry, so we prefer here to give a direct algebraic argument. The vanishing of DT
d,m follows later from Corollary [6.2

vanishing of DT for free. However the proof in [16] uses methods from symplectic geom-

even

dm for all

Lemma 5.13. Let 5 € H2(Y,Z) be non-zero. The invariant DT(r, 3,n) is non-zero only if
B2 +4(8-w)? > 2rn + 12
Proof. If F' € Coh(Y) is w-Gieseker semi-stable with ch(F) = w.(r,8,n), then m(,(F) is

m5(w)-semistable with class ch(n,F) = t.(r,3,2n), see e.g. [4, Lemma 2.8]; Here 7 :
X X E — @ denotes the projection. Hence by [68, Lemma 2.5] we have

(5.3) (7*B)% + 2(7*(B) - m*w)? > 2r(2n + r).
We see that if the inequality (5.3]) is violated, then the moduli space of semi-stable sheaves
of Chern character t.(r, ,n) is empty, and so DT(r, 3,n) = 0. O

5.6. Toda’s formula. Define the generating series in fiber classes

PTQ = Y > PT.s(-p)"d".

BEH,(Y,Z) neZ

Theorem 5.14 (Toda’s formula).
PT(Q) = [T exp (n+1)DT(r, 8.m)a"") x [ exp (0 + DT, B,m)a"p ™)

r>0 r>0
£>0 £>0
n>0 n>0

Proof. We first remark that the formula is well-defined by Lemmal[5.13] To prove the formula,
one argues exactly as in [68] with the only difference that one works on X x E, but performs
every step G-equivariantly. For example, given a semi-orthogonal decomposition, one consid-
ers the induced semi-orthongal decomposition on the G-equivariant category, etc. We refer
to Section for references for the results that are needed. This is mostly straightforward,
and hence we only highlight the main differences here:
(1) The geometry X x P! in [68] is replaced by the G-equivariant geometry of X x E.
(2) The pairing x : I' x 'y — Z in [68, 2.7] has to be replaced by the G-equivariant
pairing, which gives
X(ch(Fy),ch(Fp)) = > (—1) dim Ext’, p(Fy, F)%,
7
or equivalently, which computes the Euler pairing on the quotient Q = (X x E)/Zs.
In particular, the wall-crossing factor x(Ox p1, t«(r, 3,n)) = (n+ 2r) which appears
in the main formula in [68, Thm.1.1] is replaced in our case by the pairing

XQ(Ch(OQ)v L*(T, 67”)) = /Y(’l”, ﬁ,n)tdy =n-4+r.

(3) The sheaf p*Op:1(r) in [68, Defn.2.12] has to be replaced by the set of G-equivariant
sheaves on X x F which are pullbacks of degree r line bundles of E, or in our words,
by the set (p* Pic"(E))q.

Note that there are precisely 8 of them: Indeed, for any a € FE, the line bundle
p*Op(a) = Oxxg(X X a) is G-invariant if and only if a is 2-torsion. Moreover,
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O(X X a) is simple, so for any 2-torsion point a € E[2] the line bundle O(X X a)
admits precisely 2 different G-linearizations, by [64, Lemma 1]. Hence there are 4 - 2
elements in (p* Pic!(E))g which shows the claim for r = lﬁ The case of general r
follows since (p* Pic”(E))q is non-canonically isomorphic to (p* Pic!(FE))g.

As a consequence, ]/W\w,g( 1,7, ) in [68, Prop.3.17] consists now of 8 isolated reduced
points if 8 = 0, and is empty for 8 # 0.

(4) Right after [68, Defn.4.2], the moduli space of stable pairs (F,s) in class (n, /) is
identified with the moduli space of certain 2-term complexes £ — F' in the derived
category of Chern character (1,0, —/53,—n). In [68] the condition on the Chern char-
acter implies ¢1(£) = 0, so £ = O. In the G-equivariant case, we work modulo
torsion, and there are precisely 8 torsion line bundles, so the stable pair invariant is
% times the invariant counting stable objects in the derived category. This cancels
the factor of 8 which appears in point (3), so overall there is no change in the final
formula.

(5) The paper [68] uses DT invariants, which are defined by unweighted (virtual) Euler
numbers, that is, which do not carry any weight by the Behrend function. This
simplification was made for technical reasons and the technical gaps were later filled
in [70]. Hence the Behrend weight can be added in [68] and we do the same here. [

5.7. Consequences of Toda’s formula. Define the invariants dt(v) € Q for v € H*(Y,Z)
inductively by the equation

(5.4) DTw) = 3 %dt (3)

kv
k>1 odd

Note here ’odd k|v” means k is an odd integer > 1 such that v/k € H*(Y,Z) or equivalently,
k| ged(r, B,n). Since k is odd, this is equivalent to k|m(v) = ged(r, 5,2n). By Theorem
the invariant dt(v) again only depends upon v through the square d = v - v, the divisibility
m = ged(r, 8,2n) and the type ¢t(v). Hence we again write

dt}, 4 := dt(v).

By taking the log in Toda’s formula and inserting (5.4)), and interchanging sums, we obtain:

log PT(Q) = Z Z %qkﬁ Z Z(n + 7)dt(r, B, n)p™ + Z Z(n + 7)dt(r, B, n)p "

>0 k>1 r>0n>0 r>0n>0
k odd

Define the series:

fET(p) = Z Z(n + r)dt(r, B,n)p" + Z Z(n + r)dt(r, B,n)p™"

r>0n>0 r>0n>0
(5.5) => ) (n+r)dt(r,B,n)(p" +p ") + Y ndt(0,8,n)p" + > rdt(r, 3,0)
n>0r>0 n>0 r>0
We find that
1
1 _ 2 kB PT (kY
ogPT(Q) =D > +d"f5T (")
£>0 kkzdld

22The 8 elements in (p* Pic’(E))q correspond to the 8 line bundles on Q given by Og, Og(Ya — Y3) for
a,b € E[2] with a # b, and Og(Ya, — Ya, + Ya, — Ya,) for E[2] = {a1, a2,a3,a4}.
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On the Gromov-Witten side, define invariants ng inductively by

Q _ 29—3 Q
Ngﬁ - Z k Ng.8/k
k|

k>1 odd

g 1 29 2
Z ng (=
By the Gromov-Witten/Pairs correspondence we have under the variable change p = €*

log PT(Q ZNQ )971,29724f

ryl DA

B>0 k>1
k odd

= Z Z %qkﬁfé;w(kz).

B>0 k>1
k odd

Define also

We hence find that under the variable change p = e* we have:

18 (=) = 15T ().

Proposition 5.15. The Gromov-Witten invariant Nfﬁ depends on B only through B? and

the divisibility of 3.

39

Proof. It suffices to show that n% 5 only depends on p% and div(p). For v = (r,3,n) €

H*(Y,Z), the square of v, the d1V1Slb1hty of 7*(v), and the type of v only depends on

r,n,div(8), 8 - 8. Hence by Theorem |5.4} the series fBT(p) only depends upon 3 through 2

and div(53). The claim hence follows from fﬁGW(z) = fET (p).

Recall the coefficients wy(n) defined for all g, n by

O(z,27)% n(27)8

(2, 1)2 N(r)® | a2y

() = (-1 |

Proposition 5.16. The following two statements are equivalent:

(i) For allv e H*(Y,Z) of divisibility div(m*v) < m we have

dt(v) = 8l 2()] e
(ii) For all effective 5 € Ho(Y,Z) of divisibility div(8) < m we have
/32
Qﬁ = 8wy < 5 |-
We start with the following basic computation:

Lemma 5.17. For any § € Hy(Y,Z) we have

O(z,27)? 77(27)8}
O(z,7)% n(7)10 | s2/2

= ) (n+ D2 (0] g2 22 (0 +077) + > ()] 212022

n>0 r>0
r>0 odd r odd

O
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Proof. By Proposition [2.2 we have:

Z, 4T 2 T 8 2 2
77_12(7)6(;(;275225?7)) =n (1) > <Z(” +r) " +p )T R g 2)

r>0 n>0
r odd

D DR o e G | P e A

d>0,n>0
r>0 odd

+ Z Z dir2/2qdfr2/2q7“2/2.

r>0
r odd

The claim follows by taking the q52/ 2 coefficient. O

Proof of Proposition[5.16. Assume (i) first. Since the g-expansion of 7712(7) has only half-
integral exponents, it follows that dt(v) = 0 for all v of divisibility < m with v - v even. Let
B € Ho(Y,Z) be of divisibility < m. Since on the right hand side of there are only DT
invariants of classes v = (r, 3, n) of divisibility < m, we get

e A I S R | e (o A (S S B WA U Co ) LYy
n>0 r>0
r>0 odd r odd

o [O(z, 27)2 n(27)8
-° [ CIERE nmeﬁzp

where the second line is Lemma |5.17, Taking the 229~ 2-coefficient yields: ng 5= 8wy (,82 / 2).
Hence (i) implies (ii). Conversely, we need to argue that the condition

O(z,7)*n'(7)

=Y ) (n+r)dt(r,B,n)(p" +p ")+ Y _ndt(0,B,n)p" + »_rdt(r, 3,0)

n>0r>0 n>0 r>0

(5.6) VB e Ho(Y,Z) with div(5) < m : [8@(2, 27’)277(27')8] N

has at most one solution for the dt(v) where div(7*v) < m.
By Proposition the g-coefficients of ©(z,27)%n(27)8/O(2,7)?1n'0(1) are Laurent poly-
nomials in p invariant under p — 1/p. Hence condition (5.6) and Lemma imply

dt(0, 3,n) = 0 for all div(8) < m and n > 0.
Since dt(0, 5,n) = dt(0, 8,n + div(S)) we get that
() dt(0,8,n) =0 for all div(8) <m, n€Z.

Let v = (r,8,n) € H*(Y,Z) of divisibility m’ < m. Let ag € H?(Y,Z) denote any
primitive class of square 2d. We check the possible cases of v according to Corollary

e If v is of even type, then dt(v) = dt(0,m’ oy, 0) for some d. By (] this gives dt(v) =0
which is as claimed by (i).

e If v is odd and v2/(m/)? is even, then m’ = 2m” is even and dt(v) = dt(0, 2m" ag, m")
for some d. Hence dt(v) = 0 as claimed by (i).

o If v is odd and v?/(m')? odd, then dt = dt(m/,m’aqy,0) for some d. Assume that
dt(v') is already determined inductively if v’ is of divisibility m(v') < m/, or if v’ has
divisibility m(v’) = m’ but (v')? < v2. Then consider the p’-coefficient of fELTad (p):

[ Tl;'/l'ad (p)]po = Z rdt(r, m/adv 0).
r>0
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The left hand side is determined from (ii). If r < m/ then (r,m’ay,0) has divisibility
< m/, so dt(r,m'aq,0) is known. If r > m/, then (r,m'ag4,0)? = (m/)%a2 — r? < v?,

so is also known. Hence dt(m/, m'ay,0) is the only undetermined term in the above
equation, hence is a posteriori also determined.

We conclude that given (ii) for divisibility < m, there is a unique way to fix dt(v) for
divisibility < m, and in the first part we have seen that this must be dt(v) = [77*12(7)](]”2/2.
(]

6. PUTTING EVERYTHING TOGETHER

In this section we conclude the Klemm-Marino formula from what we have done before.

6.1. Statement of result. Consider the generating series of Gromov-Witten invariants:

v :Z(— )91 2 FEN ¢ q Z Z ges+df+a< q’

g=>1 d>0 acFEg(—1)
where for £ = 0 we assume g > 1 or df + o > 0. In the language of the last section, we have
1
GW _ d GW
(6.1) FRN =) D0 a3 i (62)

d>0 acEs(—1) k| (¢,d,c0)
k odd

Consider also the analogues expected from the Klemm-Marino formula:

2
EM =N (ot et = Y Y 8k <ed2a> g’

g>1 d>0  k|(¢d,a)
a€Bs(—1) k odd

 [O(z,27)2 n(27)8
"= (=1)971 ’ .
2 lma” = EE e
For the cases £ > 0 we have equivalently:

FAM(C.q) = 805,(¢,0) Y wy(n)q"

KM _
Fg,f

where

M

1 |2g—2,%QE8V€

where the Hecke operator was defined in (2.7)). If we also let

v [9(27 2r)? 77(27)8]
qf%/2

(6.2) 1%

then the analogue of (6.1)) is:

=Y X Y

d>0 acEg(—1) k| (¢,d,c0)
k odd

O(z,7)? n()'°

Our goal in this section is to prove that all of these above are equal:
Theorem 6.1. The difference
Fyoi=F' (¢ ) — Fyi' (¢ q)-
vanishes for all g,£. In particular,
FeKM _ Fera Fge _ F : ng _ fﬂGW _ fET'
Using Proposition we obtain the following corollary (which implies Theorem due
to Proposition :
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Corollary 6.2. For any 8 € Ho(Y,Z), g > 0 and v € H*(Y,Z) we have

2
Q _ 29-3 p Q _ 2
Nyg= D 8k, <2k:2) ) ng. = 8wy (57/2)
k

61 oda

1

=E 2 3 () s 0= 53
q’L)"U

61

6.2. Similarities between F®W and FXM. Before starting the proof of Theorem we
recall some basic properties of our generating series from earlier sections:

Proposition 6.3. For ¢ > 0, Fgﬂ\" (¢,q) and FQG}N({, q) are elements of weight 2g — 2 in the
space of quasi-Jacobi forms ﬁq)gQJac%éQEs(Fo(Q)) satisfying
d *
WF* —lFy_ 14 &F =0 for all X € Eg(—1), for x € {GW,KM}.
Proof. For F ﬁ}’v this follows from the example discussed in Section and the comparision
of GW invariants of @ and Y in Proposition
On the KM-side, we consider first

e e Lo

O(z,7)* n(r)'°

The right side is the weight 4 Jacobi form ©g,((, ¢) multiplied by a quasi-modular form in
ﬁQMod(Fo@)) of weight 2g — 2 — 4, see ([2.2)) and (2.4). Hence we have

1
KM
Fg,l S mQJaC%QES (FO(Q)),

Moreover, F ngV' is of weight 2¢g — 2 and satisfies ) F’ g'ﬂv' = 0. Since by ([2.4)) we have

O(z,27)?
O(z,7)?
we further find

= exp (GQ(T)Z2 + terms involving only modular forms) ,

d kM _ KM
Gy —— Iy =—F0 .
The general case follows by applying the Hecke operators |V, and Proposition O
Proposition 6.4. For x € {KM, GW}, the coefficient of ¢°C* of F, only depends on g, the

square 20d + o? and the divisibility ged (¢, d, div(a)). In other words, there exists a function
a*(g,D,m) such that that [ ] gica = a*(g,20d + o2, ged(¢, d, div(a))) for all g,¢,d, .

Proof. For the Gromov-Witten invariants, this was proven in Proposition [5.15 The KM-side
follows by inspection. O

Consider the difference of the invariant dt(r, 8, d) and the expected answer:

dt(r, 5,d) := dt(r, ,d) = 8[1~"* (M) g2 /2-12/2-m
Set also
f3= V(=) = F5M(2) = 15T (0) — £ ()
where we identify here a rational function in p again with the Taylor expansion at z = 0
under the variable change p = €.
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Lemma 6.5. For any 8 we have
fgzZZ(n%—?‘)a}(r,B, n)(p"+p" —I—ant ,B,m)p" —i—Zrdt ,3,0)
n>07>0 n>0 >0
Proof. Recall the description from :
= Z Z(n +r)dt(r, 8,n)(p" +p") + Z ndt(0, 8, n)p" + Z rdt(r, 5,0)

n>0r>0 n>0 r>0

By the definition (6.2]) and Lemma we also have
M = Z (n+r) [77_12(7)](1[32/2—rn—r2/2(Pn +p")+ Z 7"[77_12<T)]qﬁ2/27r2/2~

n>0 r>0
r>0 odd r odd

Subtracting both terms yields the result (observe that again, n7'2(7) is a power series with
half-integer exponents only). O

6.3. Proof of Theorem We argue by induction on /.
Case { = 0. By Maulik and Pandharipande’s computation of N, 4 in [52] which was recalled

in Section .4.3] we have ]
GW d
T U S
d>0 odd k|d
This equals F, g'f(')v' by observing that

O(z,27)2 n(27)®
O(z,7) (7)o

wy(0) = (-1)*~" = (—1)" U202 = Gg=1.

q=0] ,29-2

Case ¢ = 1. By Proposition [5.10| we know all fiber DT invariants of @) for primitive classes,
and by Proposition this implies that for all primitive curve classes 8 we have

,82
Nﬁ—n 5—8w9<2 .

In particular, this applies to S = s + df + a and immediately gives ﬁ_%l =0.
Case ¢ = 2. By Proposition [6.4] and the cases ¢ € {0,1} we have for all g:

e The ¢%¢*-coefficient of ﬁgg vanishes whenever 2s + df + « is primitive,
e The coefficient ¢° of Fy 2 vanish.

Hence 1/7\952 is a linear combination of the monodmials ¢?¢¢2“ for some d > 1 and o € Eg(—1).
Since ged (4, 2d, 2a) is always equal to 2, by Proposition the coefficient of this monomial
depends only on

1
§(25 +2df +20)* =d + a?/2.
Therefore we may write
= 2
[Fgg] agan = (A 07/2)
for some cofficients a4(n). Summing over d, o we get:

Fyo =Y ay(d+a?/2)g*¢*
d,«

— Zag d+a2/2) (d+a2/2) <2a( ) —a?/2
d,a

= <Z ag(n)q2n> GES (CZ’ q2)'

(6.3)
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Hence:

e [t suffices to prove the vanishing of F\gg for its ¢>¢¢O-coefficients.

We can conclude one more vanishing from (6.3]): Recall that

~ 1
Fya € WQJ&‘CQES (To(2)).

By standard facts on Jacobi forms (e.g. [57, Lemma 2.20] or the Appendix) we also have
Ok, (¢, ¢%) € Qlacg,, a(To(2)).

We conclude that .

H,(q) := ag(n)g®™ e
9( ) zn: 9( ) A(q)g
The holomorphic anomaly equation for ﬁgg (Proposition shows that
d
—H =—-2H,_ .
dGQ Q(Q) g 1(Q)
Since F\QQ is of weight 2g — 2 and ©p,((?, ¢?) is of weight 4, the weight of Hy is 2¢ — 6.

QMod(I'o(2)).

(6.4)

Lemma 6.6. H,(q) =0 for g <8.

Proof. We argue by induction on g, with Hy = 0 the base. By induction and (6.4) we may

assume that Hy lies in @Mod (T'9(2)). Since Hy(q) has only even g-exponents, the quasi-

modular form H,(q) satisfies Hy(7 4+ 3) = Hy(7) in the variable 7 where ¢ = ™", that is it
satisfies the modular transformation property also for the matrix (é 1{2> . By Remark

it follows that Hy(7) is hy(27) for a function hy(7) that satisfies the modular transformation
properties for SLy(Z). Since hy has only a single cusp, and hy(27) = Hy(7) is bounded for
q — 0, we get that hy(7) € Mod = C[G4, Gg]. Since the ¢" coefficient of H, vanishes, also
the ¢%-coefficient of h, vanishes. Hence h, = 0 if its weight 29 — 6 < 10, or g < 8. O
By the lemma we conclude:
° F\g,gzOforgg&

In particular, the series Fy = 3 (—1)9_1,229_2?9,2 satisfies:

g
- d2Fy

. Fyl,—o = —
(6.5) 2l:=0 =0, d?z lz=0

We want to apply Lemma to the coefficient

[ﬁQL2d<0 = fg,, where [y:=2s+ 2df.
For all odd r we have that (r, 84,n) € H*(Y,Z) has divisibility m(r, B4,n) = 1. Hence by
the case £ = 1 above, and Theorem and we have for all odd r,
a:c(r, Ba,n) = 0.

Moreover, Lemma, and using the definition of dt observe also that

dt§i = DTS = —DT§S = —dts'  forallevent € Z

=0.

and hence
~odd ~ even

dty o = —dty o forallevent € Z.

2

~t ~
where we write dt, ,,, for dt(v) if v is of type ¢, square v* = s and divisibility div(7*(v)) = m.

Define
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For even r, lets say r = 27, we then have ged(r, 84,2n) = 2 and so:

~odd
dt53_4f2_45n’2 if 7 odd or n odd

dt(27, B4, n) =

-~ even ep o~
dtgz_s72_47n2 if 7,n even

5 )
— (—1)-D(n-1) _m_r
(—1) a <d 5 5 ) .

Inserting this into Lemma we get that

N r—1)(n— ™ r ~ n -n
fau= Y (-0 (d—Q—) (n+27) (" + ")
n,7>0

- _ p
+§ —r2/2)+a(d)m.

We argue now by induction on d that a(d) = 0 for all d. The base of the induction is
d < 0, where clearly a(d) = 0 (since all Gromov-Witten invariants vanish for curve classes
of negative square, and then use the argument in the proof of Proposition [5.16)). Assume we

have a(d') = 0 for all d’ < d. Then by (6.5 we have
1
=—a(d)+ald—=)+(...)

0=f
fﬁd p=1 4 2

0= <<pdi>2 fﬂd> ‘pzl _ —éa(d) ()

where (...) stands for terms a(s) where s < d — 1, so for terms which vanish by induction.
We conclude that both a(d) =0 and a(d — 1/2) = 0.
In summary, the vanishing of a(d) implies fg, = 0 for all d, and hence the vanishing of the

1

(O-coefficient of B However, we have already seen that this implies the vanishing of F\g, SO
we are done with this step.

Case ¢ > 2. Assume that we have F\g,g/ = 0 for all ¢ < £. By Proposition and induction
it follows that the ¢?¢®-coefficient of ﬁg’g vanishes unless the class £s + df + « is divisible by
£. Moreover, by Proposition m ﬁ%g is a quasi-Jacobi form of a certain weight and index.
We conclude that 13974 is a quasi-Jacobi form with Fourier expansion of the form

gfcq Z Z adcﬁaﬂd

d>0 acFEg(—1)
By Proposition and Remark we get that ﬁ_%g = 0. U

Remark 6.7. In the proof above, we could have argued the case £ > 2 parallel to the £ = 2
case, but we instead chose the more general and simpler approach.

7. VAFA-WITTEN THEORY

Let Y be an Enriques surface equipped with a generic polarization Oy (1). Let p: Ky — Y
be the projection and let Ok, (1) = p*Oy (1) be the induced polarization.

Definition 7.1 ([67, 3.1]). Let v € H*(Y,Q) and n > 0. A Joyce-Song pair (F, s) consists
of a compactly supported coherent sheaf £ on Ky with ch(m.£) = v, and a non-zero section
s € H(Ky,&(n)) such that

o & is Gieseker semi-stable with respect to Ok, (1), and

e for any proper subsheave F C £ which destabilizes £, the section s does not factor
through F(n) C £(n).



CURVE COUNTING ON THE ENRIQUES SURFACE AND THE KLEMM-MARINO FORMULA 46

The moduli space of Joyce-Song pairs P, (n) is fine, carries a symmetric perfect obstruction
theory, and has proper fixed locus with respect to the induced C*-action coming from scaling
the fibers of Ky, see [60, [67]. Using equivariant localization we hence can define invariants

1
P,(n) = / —.
( ) ['Pu(n)(c* ]vir €(NVH)

Since HY(Y) = H?%(Y) = 0 one has the following special case of a conjecture of Tanaka
and Thomas:

Conjecture B ([67, Conj.1.2]). There exist VW(v;) € Q such that for all n. > 0:
¢

—1)¢ .
P,(n) = Z ( E') H(_l)x(m( ))X(Ui(n)) VW(v;)
>1, (vi=sv)_: =1
6;>0, 25:1 ;=1

where v(n) := veOY () and y(v) == [, tdyv.

We prove here the following:

Theorem 7.2. Conjecture[B| holds and the invariants VW (v) are given by

VW(r,B,n) =2 Y ;b<W> b(n) = [%L

k|(r,B,n)
k>1 odd

Vafa and Witten predicted that for fixed rank the generating series of Vafa-Witten invari-

ants has modular behaviour [67, Sec.1.4]. We obtain here the following corollary:

Corollary 7.3. For each r > 0 the series
2y () = ) VW(r,0,n)g """
n

is a (weakly-holomorphic) modular form for To(4r) of weight —6.

Proof. Let ¢(n) = 2b(n/2) where b(n) is defined in Theorem Then we find
1 nry o, _
2W@D=3 > e(m)d=2enav
n odd k|(r,n)

where V; is the Hecke operator in weight —1 for group I'g(4), see Section[A.3] By [41, Exercise
111 §3.17] the function n'?(27) is a modular form of weight 6 for T'g(4), so the result follows
from the discussion of ”wrong-weight” Hecke operators in [2, Prop.13] or [57, Sec.2.8]. O

Remark 7.4. In order to generalize Corollary [7.3] to non-vanishing first Chern class, it is
tempting to consider the formal series

ZyW = > N VW(r, B,n)¢Pg e
BEH,(Y,Z) nEL
Since H?(Y,Z) = U @ Eg(—1) is indefinite, the theta-like series
_lpge
Vr2v,z) = Z ¢Fg2r".
BeH?(Y,Z)

does not converge. Nevertheless we may view Jp2(yz) as a formal Jacobi form of weight 5
and index $H?(Y,Z). Then Theorem says that

1 2/2
zV=3 > a¢ Y] /#b<m+k26/>:(219H2<Y,Z>77_12(T>)|IVT

B mn—r/2€Z k|(r,8,2n)
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o ZYW may be viewed as a formal Jacobi form of weight —1 and index 5H?(Y,Z). To

actually obtain a convergent function for ZYW which satisfies (Mock-)Jacobi form behaviour,
one needs to instead regularize the theta series. We refer to [51] for a discussion in the case
of Hirzebruch surfaces and further references. g

The proof of Theorem follows from our computation of the generalized Donaldson-
Thomas invariants DT(r, 3,n) and a degeneration argument as we now explain.

Let Q = (R x E)/Z3 be the Enriques Calabi-Yau threefolds, where X — Y is the K3 cover,
andlet p: Q — Y and ¢ : Y — @ denote the projection and one of the sections respectively.
Let Og(1) = p*Oy(1). For n > 0, let P?(n) be the moduli space of Joyce-Song pairs (&, s)
on @ with respect to Og(1) satisfying ch(£) = t4(v), or equivalently, that £ is supported on
the fibers of Q — E/Zy = P! and ch(p.£) = v The moduli space Pq,Q(n) is proper and
carries a symmetric perfect obstruction theory. Define the pairs invariants

P%(n) = / 1.
[P (n)]vir

By the wall-crossing formula of Joyce-Song [37, Thm.5.27] (compare [67, Eqn. (3.4)]) we
have

VAN (n
(7.1) ) = Y EL ey um) DT ().
€21, (v;=8;v)%_,: =1
51>0, Zi:l =1

Consider the generating series:
fE) =1+ > P2t +0(t'")
0<6<1

tl-i—e

where O(t'1) stands for considering the series modulo for all € > 0, that is as an element

in the ring
Q[t°16 € Qs0)/ () es0
Similarly, we can put the invariants of Ky in a generating series:

=1+ > Ppu(n)t’ +O(t').
0<6<1

Lemma 7.5 (Degeneration formula). f&,(t) = £y ()4

v,N

Proof. We use the same degeneration as in Proposition By the degeneration formula for
pairs [47] and with the obvious notation we have

£ = fR 07 = £l = Sy (0%

where the second and third equality can be argued like in the proof of Proposition the
modifications to the pairs space are explained in detail in [54, Sec.4, Sec.7]. O

Proof of Theorem [7.2. Note that we can rewrite (7.1)) in generating form as:

f = exp <Z 10 (—1)x@v(m) (5v(n))DT(5v)) + O(t').

6>0

23The pairs space is formed here with respect to Og(1) which is not ample, but only relative ample with
respect to Q@ — P!, but this suffices since the sheaves we consider are supported in the fibers.
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Hence by Lemma [7.5] we obtain

FEY(t) = exp (Z 19 (=1)X0 M)y (S (n)) - iDT(év)) + Ot ).

>0

By taking the t!-coefficient we obtain that VW(v) are well-defined and satisfy VW(v) =
1DT(v). The precise value of VW(v) now follows from Corollary

O

APPENDIX A. BACKGROUND ON QUASI-JACOBI FORMS

In Section [A T we first introduce slash operators for quasi-Jacobi forms following partially
work of Ziegler [75]. Subsequently we give two basic ways to modify quasi-Jacobi forms. Then
we discuss Hecke operators for quasi-Jacobi forms. This proves claims made in Section

A.1. Definition. Write R for the group of m x n-matrices with coefficients in a ring
R. The Heisenberg group on n variables is given by

Hl({n) = {[(\ p), K|\, e R™Y ke R™™ (1 + pXt) symmetric}.

The group structure is defined by

[ ), 6] - [V 1), 8T = [N+ N+ 1), 5+ K At = ).
The group SLy(R) acts on Hﬂ({l) from the right by

(A, ) 6] -y =[N p) 7.6l v € SLa(R).
The associated semidirect product is called the Jacobi group:
G = SLy(R) x H.

Explicitly the product in this group is written by

(v, [X, ) - (S [XK]) = (0, [ Xy + X'k + 1+ XA T X))
where X = (A, 1), X' = (XN, ¢/) and J = ( 0 1).

10
Let H = {7 € C|(7) > 0} be the upper half plane. The group G]%n) acts on C" x H by

_(x+AT+p at+b _[ab B ;
(v,[u,u)m])-(xm)—( tors ,md), wherefy—(cd> and 7 = (21, .., 22"

Consider the following real analytic functions on C™ x H:

1 x; —%; Im(z;)
_ ) = = =1,...,n.
= Srlm(r)’ a;(x,T) i=1,....n

r—7  Im(r)’
An almost holomorphic function on C" x H is a function

v(7)

O(z,7) = Z Z bij(z, TV, o =alt - adr

120 j=(j1,..-Jn)E(Z>0)"

such that each of the finitely many non-zero ¢; ;(z,7) is holomorphic on C" x H. We write
AH(C™ x H) for the vector space of almost-holomorphic function.

Definition A.1. Let L be a symmetric rational n X n matrix. Let £k € Z. For any v =
(¢ S) € SLa(R), [(A\, ), k] € HH(%”) and ®(z,7) € AH(C™ x H) we define the slash operator:

tLx r  ar+b
) — —k _Cl‘ o — —
(@lk,L7)(@, 7) = (e7 + d) 6( c7'+d) <c7'+d’c7'+d)

(®|L[(\, p), K]) = e (N'LAT 4+ 2X"La + N' Ly + Tr(Lk)) ®(z + A7 + p1, 7)

where e(z) := e(2mix) for every x € C.
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The functions v and a = (v, . .., ) satisfy the transformations:
ar +b 1 9 cler +d)
= d aagTa
v <CT + d> det(y) [(CT +dyv(n) + 4mi
det(y)r at+b\
« ( o d ’c7'+d) = (et +d)-az,7) —cx

alx+ AT+ pu,7) = alz,7) + A

for all v = (¢ 3) € GLj (R) and A,z € R. This shows that the slash operator sends (almost)
holomorphic functions to themselves. A further direct calculation shows:

Lemma A.2 ([75, Lemma 1.2]). For v,~" € SLy(R), ¢, ¢’ € ng&n) we have
Ol rylery = @ler(Y), @l = 2L(CC),  @lrllery = Pl (V)
Corollary A.3. The group G]g{n) acts on AH(C" x H) by ® — @[5, 1(7,¢) := ®|x,17|L¢.

Let I' € SLa(Z) be a congruence subgroup, and let A C Z("2) be a finite index subgroup
which is preserved under the action of I' on Z(™2) by multiplication on the right. Define the
subgroup of Hén) given by

Hy = {[()\,,u), K] € Hé") (A, 1) € A,k € Spang (X!, Mt |(\, i) € A), & + p! symmetric} .
We obtain the subgroup I' x Hp C G](Rn).

Definition A.4. An almost holomorphic Jacobi form for I' x A of weight k& and index L is
an almost-holomorphic function ®(z,7) = 3,50, ¢i,(2, T)viad satisfying

(i) ®(x,7)|k,Lg = P(x,7) for all g € I' x Hy,

(ii) for all g € SL(Z), the almost-holomorphic function @[y, g is of the form }, ; ¢ jatvd
such that each of the finitely many non-zero holomorphic functions ¢;; admits a
Fourier expansion of the form ) > czn c(v,7)q?/N¢/N in the region |¢| < 1 for
some N > 1, and we used here the notation (" = e(z - ).

Any element [(0,0),x] € Hp acts trivially on H x C™; hence for an almost-holomorphic
Jacobi form for group I X A to be non-zero we must have that the index L satisfies:

(1) Tr(Lk) € Z for all [(0,0),k] € Hp

In Section [2.3| we assumed that L satisfies (1), hence Definition recovers and generalizes
the previous Definition

We will use the definitions of quasi-Jacobi forms, the vector spaces AHJacy 1, (I' x A) and
QJac, (I x A), and the holomorphic anomaly operators d%l:g’ &\ as in Section

A.2. Modifications. We describe two basic ways to modify quasi-Jacobi forms.

We start with two technical lemmata. Extend the slash operators to the group GLo(R)™
of 2 x 2-matrices with positive determinant as follows. For any v = (& 3) € GLy(R)™ let
5 :=v/+y/det v where we take the positive squareroot. Then set

_cxth> o <\/det’y-x a7'+b>

ct +d cr+d Ter+d

flv=flv= det(’y)k/Q(CT + d)_ke <

If we let GLy(R)™ act on HI({") by ¢ -7 := (-7, then the slash operator for GLy(R)" satisfies

the relations in Lemma IE and we obtain an action of GLg(R)™ x ngl).
For ¢ € R+ define also

(f‘UK)(va) = f(fx’T)'
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Lemma A.5. For any v € GL3 (R) and ¢ = [(\, p), k] € Hﬂ(gn) we have

A K
FslO = Ulanr, S0, = f10der | (3.5) 3

Proof. Straightforward computation. O

Lemma A.6. Let @ be an almost-holomorphic Jacobi form for I'x A of weight k and index L.
Then for any v = (¢ s) € GLj (Q) we have that ‘I’\k,L’ﬂU\/m is of the form }, ; ¢ jolvd
such that each of the finitely many non-zero holomorphic functions ¢; ; admits a Fourier
expansion of the form 3> o > . ¢(v,7)¢*/N¢"/Y in the region |g| < 1 for some N > 1,

Proof. Any v € GLJ (Q) can be written as 1 - 72 where v, € SL2(Z) and o = (8 2), compare
[41} TI1.3, Lemma 2]. By definition of an almost-holomorphic Jacobi form we have that

o uT rT
Pan=3 3 WY asne(F)e(y)
J20i=(i1,...,in)E(Z>0)™ v>0rezn
for some N > 1. Hence we get that

d O\ TR viaT + b Vadrz
Ol ry1|v2 = Z <\/@> a'v? Z Z cij(v,r)e <(Nd)> el v |-

1,5 v>0rezn

Appling U, /5 we hence get the desired form. O
Let L be a fixed index and consider the subgroup
Vi = {[(0,0), 5] € HY” | Tr(Lx) € Z}.

Let (x = [X,kx] € H("), X = (A, u), and let (x be its image in the coset (Hp - V) \ Hé").
Let I'x C T be the stabilizer of (x with respect to the induced action of I' on the coset
With J = ( 0 1) as before, consider also the subgroup

~10
Ay ={X"eA|2 Tr(LXJ(X")) € Z}.
Lemma A.7. Let ¢(z,7) be a quasi-Jacobi form for I' x A of weight k£ and index L. Then
oI\, p) == e (N'LAT + 2\ L) (eé*d)) (x + AT+, 7)

is a quasi-Jacobi form for I'xy x Ax of weight & and index L. Moreover,

d d
Al — A =|—-—= A ).
(A1) a6, 0 = (50 ) v
Proof. Let ® = ct™!(¢) be the non-holomorphic completion of ¢. Observe that

OllL(As p) = ct(P[lx)-

To prove the first claim it hence suffices to prove that ®|1(x is an almost-holomorphic Jacobi
form of weight k and index L for I'x x Ax. This is a straightforward application of the slash
operator: First, for v € I'y we can write (xy = ( 0 [0, k] o [X, kx| for some ( € Hp and
[0, ] € VL. Then we get (with omitting the index L from the notation):

P¢x|y = PY[(¢x 0 v) = ®|(Cx o) = [¢][0, K][¢Cx = PICx-

241"X is independent of the choice of kx.
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Second, for any (x» = [X', k'] € Hp, we have
D|Cx |y = D¢ [0, —X'TXT + X TX"]|Cx
=e(Tr(L(-X'JX" + XJX")))®|(x
=e(2Tr(LXJX")®|Cx
= P[Cx.

This shows that & satisfies part (i) of Definition The part (ii) of the definition is
immediate by using ®|(x|g = ®|g|({xg) for any ¢g € SL2(Z) and condition (ii) for ®.
The equality (A.1) follows immediately by observing

o (AL O k) = Zeet(Bl1Gx) = Coeflys0(Bl1Cx). 0
For an integer N > 1 define an operator Ry on functions f(z,7) by
(fIBN)(z, 7) = f(x, NT).
Lemma A.8. The operator Ry restricts to a homomorphism
QJack,.(SL2(Z) x Z"?) — QJacy, /v (To(N) x (NZ" & Z")), f— f|Ry

satisfying ;& (f|Ry) = 5 (58 /)| By and &(f|RN) = (&f)| R
Proof. Let vy = (N O) Then we have

fIRN = _k/Q'f|k,L’YN’U1/\/N'

Let f € AHJacy 1(SL2(Z) x Z(™?)). We check that f|Ry satisfies the conditions of Defini-
tion For v € Tg(N) by Lemma we have

(fIBN)|i,n/nY = N_k/2f|k,L’YN’U1/\/N’k,L/N’Y
= N2 fle 1w Uy

= N_k/2f|k,LVN77Xfl|k,L7N|U1/\/ﬁ
= fIRN,

since YnTo(N)vy' C SLa(Z). Similarly, for ¢ = [(\, i), k] € Hyznagzn, we have

(f‘RN)|L/N<:N7k/2'f|k,L’7N| [ Wik \//L> ,;] Uy, vw

— vl (e ) e ot

— Nk/2. flL [( >,;] |7N|U1/\/N
= f|Rn.
Finally, for any v € SLy(Z) we have
Flie Uy ywle, vy = flievay|U
hence property (ii) of Definition follows from Lemma We hence have an operator
AHJacy, 1.(SLa(Z) x Z™?) — AHJacy /v (Do(N) x (NZ" & Z")).

The first claim follows from this and by noting that ct(f[Rn) = ct(f)|Bn. If f =3, ; fijalvd
then f|[Ry = >, ; fiyN7I=Xriraii | hence the v' and o} coefficient of f|Ry are both
multiplied by 1/N, which shows the second claim. O
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Proof of Lemma in Section[3. Let f(x,7) be a quasi-Jacobi form for SLa(Z) x (Z® & Z8)
of weight k and index mQ) g, where m € Z>o. By using the commutation between Ry with
&ap stated in Lemma we have

Magm(f) = (f1R2)l|2qp, (@0, 0).

By Lemmal A 8| f| Ry is a quasi-Jacobi form of weight & and index 2 Q g, for ['g(2)x (2Z8®Z8).
2 8

Hence by Lemma Moy m(f) is a quasi-Jacobi form of the same weight and index, for

the group I'(4,.0) = T'o(2) (use that for (¢ 3) € I'p(2) we must have a odd), and lattice

Aago) = {(N, 1) € 2Z° ® Z°|m(a - ') € Z} = 22° © 7.
The compatibility with the Ga-derivative follows likewise by Lemmata and [A7] O

A.3. Hecke operators. Let N > 1 be fixed. For £ > 1 consider the set

S, = {( Z) c 722)

The set Sy is preserved under multiplication by I'o(N) from the left and right.
For f € AHJacy, 1,(I'o(IV)) define the Hecke operator

_ _ clat Lx fr  ar+b
R T )
ETa NS, cT + cT+d et +

¢c=0(N),ged(a, N) = 1,ad—bc:€}.

By observing that this can be rewritten as

flecVe =71 " flelUy
YELo(N)\Se

one observes that this is well-defined, i.e. independent of the representative of ~.
By using Lemma, the properties of the slash operation, and Lemma one checks
that the Hecke operator gives a map

AHJacg .(To(N)) — AHJack ¢, (To(N)), f = fle,LVe-
We obtain a Hecke operator on quasi-Jacobi forms:
(AQ) QJaC]@L(Fo(N)) — QJaCkIL(F()(N)), f— f’k’LVg =ct (Ctil(f)‘;mLW) .

A system of representatives of I'o(N) \ Sy is given by the collection of matrices [35, A.24]
(g 2) ad =1, a,d >0, ged(a,N) =1, 0 <b<d—1.

Then arguing precisely as in [57, Proposition 2.18] proves that if f € QJacy (I'o(N)) has

flo, )= c(v,r)g’¢

Fourier expansion

v rezn
then
_ bv r
(A.3) PV =3 S ¢ S bl ()
v resn al(v,r,0)
ged(a,N)=1

Moreover, as in [57, Proposition 2.18] for all A € Z™ we get

d d
TGQ(f\k,LVz) =1 <ch2 ) ‘kilLVe
E(flr,LVe) = LE) k-1,
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Proof of Proposition[2.7. The above arguments about the transformation properties of f|V;,
its Fourier expansion and the holomorphic anomaly equation work identifically if we start
with f € ﬁQJac;@L(FO(N)). We hence only have to show that for N = 2, the function
A(T)*(f|k.LV2) is a quasi-Jacobi form.

Let F' = ct™1(f) be the non-holomorphic completion of f. We hence have to show that

F' = A(r)*(F,LV2)

satisfies the cusp condition given by Definition (ii). We only need to check the conditions

for representatives of the coset I'g(2) \ SL2(Z). Since I'g(2) has two cusps, at 7 € {0,ioc0},

. . . . 1
these representatives can be chosen to be the identity matrix and S = _01 0/ The case of

the identity matrix is clear by the Fourier-expansion ({A.3)). For S, a system of representatives
of I'g(2) \ S¢ can be chosen by an elementary argument (see [35, App.C]) to be

d

if £ is odd, and the set Iy LI I if £ is even, where

(A.4) 11:{<(Z O) ‘ ad =", a,d >0, ged(a,N) =1, c:Nco,OSCOSa—l}.

I2:{<(CI —()b) ‘ bc=1{, bc >0, ged(a, N) =1, ¢=0(N), Ogagc—l}.

We obtain that:
F|VilkerS = 270 (FlenS) ks (879U 4

yeli

§ St Y (Pl S)IU
el

By observing that S~1vS = (g _a’y) for v € I, and vS = ( 0 3) for v € I, one checks

immediately that the v'a’-coefficients of F|V;|S have a Fourier expansion with lowest term
at most ¢~*¢. Hence (A(7)%(F|V}))|S is bounded as ¢ — 0. O

APPENDIX B. ELLIPTIC HOLOMORPHIC ANOMALY EQUATION IN RELATIVE GEOMETRIES

Let m : X — B be an elliptic fibration with section ¢ : B — X and integral fibers such
that H?>%(X) = 0. Let D C X be a smooth divisor and assume that 7 restricts to an
elliptic fibration 7p : D — A for a smooth divisor A C B. In [60] the m-relative Gromov-
Witten classes of (X, D) were studied and conjecturally linked to quasi-Jacobi forms. A main
conjecture is the holomorphic anomaly equation with respect to Ga stated in [60, Conj D].
By the Lie algebra relations for quasi-Jacobi forms [60, Sec.1] the conjecture immediately
implies an elliptic holomorphic anomaly equation. The purpose of this subsection is to state
this elliptic equation. This is used in Theorem in the main text.

We use the notation of [60] for Gromov-Witten classes. In particular, let N, be the
normal bundle of the section and set W = 1,[B] — 37*c1(N,) € H?(X,Q). Consider the
natural splitting given in [60, Sec.2.1.2],

H*(X,7) = 7Z[Bl® n*H*(B,Z) ® A,

let b1,...,b, be a basis of the lattice A, and identify z = (x1,...,2,) € C" with ), ;b;.
Let vy1,...,v € H*(X) and consider an ordered cohomology weighted partition

n=((m,01), -, (neys i()))s 6 € H*(D).
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Let k € Hao(B,Z). The m-relative disconnected Gromov-Witten series of X is then

D — vir 4 L)
S CTREY) ) N ) i Mg,n(X/D,ﬁ;n)} [Tevitv) [Tevic™(s:)

T B=k i=1 =1
Conjecture C ([60, Sec.4]). We have
D,. L
ot (e s m) € Ho(My,(B/A, Kim)) @ A(q) 2% (N *QUacy o,

Moreover, the cycle-valued quasi-Jacobi form C / (v, ,YniM) satisfies a holomorphic
anomaly equation of the form
d . -
iGa CW/D (Y1, -+ msn) = (4 explicit terms),

where we refer to [60, Conj D] for the precise form of the terms.
Here we are interested in the following consequence of this conjecture:

Proposition B.1. If Conjecture[Q holds for X — B, then for any A € A we have the elliptic
holomorphic anomaly equation

7/D,e 7/D,e
PRl CTRRIESY) ZC/ (71, -5 Yim 1, (%), Yit 1, - - Vi 1)

w/D,e .
+ch,k (717---777177 f (51.))
i=1

where ty(y) = AUT T (7) — 7 1 (AU7), and n‘(SHtM 6:) stands for the cohomology weighted
- K3 D K3

&Cyk

partition n but with the i-th weighting replaced by ty, (0;)-

Moreover, if Conjecture[( only holds numerically, i.e. after integrating against any tauto-
logical class pulled back from the moduli space of curves (see [60]), then the elliptic anomaly
equation above also holds numerically.

Proof. This is argued precisely as in [60 Lemma 16]. If X =), Asb; is the decomposition of

A in our chosen basis, and Dy = >, A; then one has the commutation relation:

12772 dz )
d
D, | = —2¢,.
[dG ,\] Ex

Let p : M;:LH(B, k) — M;’H(B, k) be the morphism forgetting the (n + 1)-th component,
where the supscript 1’ stands for the union of all connected components of M;,n +1(B, k)
where p is defined. Then by the divisor equation one has

w/D,e CTr/D,o

D)\C (’yl,...,’yn;ﬂ) = D« ( g,k (’71,-”’77“)‘ 77)| gn+1(B k)>

Hence we obtain:

_ 7r/D e — i m/D,e

d 7T/Do
—D,\ﬁc (

In this difference four terms contribute, corresponding to the four terms of the G5 holomor-

Y1y Yni 1)

phic anomaly equation on M;?n 11(B,E).
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The first term arises when there is a contracted genus 0 component with 3 markings labeld
by some i < n, by n+ 1 and either n + 2 or n + 3 (these correspond to the relative diagonal
insertion). By using the relative diagonal splitting (e.g. [58, Sec.4.6]) it evaluates to

D,
2ZC7T/ * /717 s )’Yi—hﬂ-*ﬂ-*(A ' ’Yi)77i+17 s )’Y’ﬂ?ﬂ)

The second term arises from the second term in the holomorphic anomaly equation when
the marking (n + 1) lies on the bubble, and the bubble is contracted after forgetting the
marking. Since the (n + 1)-th insertion can lie on a connected component with relative
markings either (b, A% ;) and (1;,0;), or (b;, A}, , and (n;,d;) we get the contribution:

2ZCW/D.(71,...,%, (,\|D5))+2ZH;CW/D.<’YI7-~»%577} Oirr A0 )

i,j=1 5j’_>7TE)7TD*(6j)
i#]

The third term arises from comparing p*(v;) with 1);, corresponding to contributions when
the i-th marking lies on a rational tail together with the (n + 1)-th markings. There are
again two choices corresponding to the distributions of the relative markings, giving the
contribution

D,e
_22(]17"/ ’Yl?’ .. 7’71’—17A : ﬂ-*ﬂ-*(fyi%’)/i-f-l?’ .. 7’Yn7ﬂ)

Finally, the last term comes from comparing the relative -classes p* (w;e') and wz-re' which
yields contributions from bubbles which are contracted when forgetting the (n+1)-th marking
(Which lies in the rubber necessarily). This yields:

_QZCn/Do (71’”_7%777‘6HMD S ) -9 Z 771C7T/D' (’)’1;...,’771377‘ SiA-6; ) .

Q= 1 5j’_>7rB7FD*(6j)

i#]
Adding up then yields the claim. The second claim follows by cupping the above computa-
tions by an arbitrary tautological class. O

APPENDIX C. INCLUDING THE TORSION
Let Y be an Enriques surface. Let ﬁQ(K 7Z) denote the integral second homology of Y,
and let Ho(Y,Z) = Hy(Y,Z)/torsion. There is a natural exact sequence

0= Zs — Hao(Y,Z) =5 Hy(Y,7) — 0

where the first map sends the generator to c;(wy) N [Y], and the second map is written as
v+ [7]. The sequence splits but not canonically.

For 3 € H(Y,Z) the moduli space of stable maps M (Y, [3) is a disjoint union of two
components M 4(Y,v) corresponding to maps of degree v € Hy(Y,Z) with [y] = 8. We define
the Gromov-Witten invariants of degree v to be

Nyy = / , (—1)9_1)‘971'
[Mg(Y,y)]V"

If v1 and v = 1 + ¢1(wy) are the two lifts of 3, then
Ngg = Ngny + Ngpp.

An interesting question is to compute these refined invariants N,.. We give two basic
results in this direction:
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Proposition C.1. If 8 € Hy(Y,Z) is not 2-divisibile (that is 5/2 ¢ Ho(Y,Z)), then Ny, =
Ny, where 1,72 € Ho(Y,Z) are the two lifts of B.

Proof. By a recent result of Knutsen [40] the pairs (Y,+1) and (Y, y2) are deformation equiv-
alent if and only if S is not 2-divisible. The claim hence follows from the deformation
invariance of Gromov-Witten invariants. O

If B is 2-divisible, then the lifts 1,2 are not deformation-equivalent: one of them is 2«
for a class a € ﬁg(Y,Z), while the other is not. Hence the invariants N, ., and N, ., may
be different in this case. We give an example that they are in fact different:

Let f1, f2 be the half-fibers of an elliptic fibration, and let f = [f;]. The two lifts of df are
dfi and (d — 1) f1 + fo. Consider their difference

A@l#:: 9,df1 _’A@&dfhfrtﬁ'
Proposition C.2.

- o if d is odd
g.df Ngar if d is even

Proof. The case d odd follows from Proposition so let us assume that d is even. Stable
maps h : C — Y in class df must map to a single fiber: Hence h,[C] as a divisor is either
dfi, dfs or d/2 - F, where F} is a fiber which is not a half-fiber. Thus the refined degree of h
is always dfi and we get Ny (4-1)f,+f, = 0. This shows that N, 4 = Ngar, = Ng.r- O

The last proposition shows that N, contains non-trivial information. It is plausible that
the methods of this paper can be extended to also determine N, .. However it would require
to lift all steps in the proof to include torsion, which would take us too far here.
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