
 

Katnform
Goal We want to calculate the PT invariants of Y

threefold of the farm X S P for a k 3 surface
S and show their surprising unless you are a

physicist perhaps modular behavior

Upshot We have a d action an Sx 0 and if we work
C equivariantly we can reduce to studying K 3

surfaces

Stenofstrainintheases
Fire the following for the restof the presentationLetsbe a couples projective K3 surface and ße Hals 2
a primitive effective curve dass Then X S a has a

C action byscaling the secondfactor Denote by
z SENSE the map including Sx 0 Deuteby
Pn X ß the moduli spaceof stable pain Fis
with X F n C F ß
Just like with the GW invariants of k 3 s we have
the problem that there are deformations of S moving
ß such that it init a curve dass anymore Bydeformationinvariance then the virtual fundamental class
would be trivial

Note One can show that Pu X ß EP S ß Xd



as long as ß is irreducible
We want a reduced virtual class

Pu X saß ME A Pn X n ß Q

Probleme As X is ne Compact Pu X aß will also net
be compact Dut Pu X B is

Solution Use C equivariant cohomology The point has g
cohomology generatedby t the firstChem class
of the standert representation id C G Pushing
forward to the point yields

Pu 1 E Q t

Pn X aß wir

The details of equivariant cohomology will be

explainedin the west talk

Sketch Recall from the last presentations that the
obstruction bundle of the deformationtheory on Pu X ß
has fiber over Ox F

EXE CITY OFEXILE IO KAYE EHL I

EElity 43 Ke
We have also seen that Ext II E o is the tangent
space of PulsB xd at the point
Hence the whole thug is isomorphic to Spuls xe Calling
the standetrepresentationof Ex t this yields the following

The reduced obstruction bundle is Rp sp Qt



Che I I ulSß
which is constructed from R puls p Otl GE

Puls ß L A at by removing the summend
dual Ffstandet reifra Re

Lenne Pup f 1 B e Pn S ß
TtopologicalEulercharacteristics

proof We have that the dimensionof Pu S B is N n B

Puß Spex petunia bundle

Eiji

F
Attigaloff
localisationferner c firedpointslegthe

discussion above
becauseTp Isß APIsß

F the Puls ß D

Puls ß

Steffi etagierleicharaten

Since we are calculating deformation invariant quantit
only 2g 2 4ß ß matters Yo we can take ß to be
de fer an integer d and a minizing awe dass

fer a polarization of S



This mean we love access to the following lemma

by Lemma by Yoshioka
LennyCAssume F is µ stable and a F C then

every non trivial extension O Us E F O

is µ stable
Cii Assume Eis µ stable of positive rank and

a E C Then any men zerosection
O O SIE F O JÄGYdon'thaveyields that F is µ stable aboutstability

This motivates a stability condition where a pairof
a sheaf and a section are stable if the sheaf is
stable
Definition Let Mir d e be the moduli space of

Fischern characterof F

semistable sheaves of sank z degree d and Euler nun leere
i e er F de

We will assume this to consist of µ stable sheavesonly
Let Pif die be the moduli spaceof coherent systems ie
stable sheaves sank r degree d Euler number e together
with a section

There are too interestingmaps between those

P v die Ost F is a map with fiber PHC F

I I over F

M r die F



P ru die EIS Os F
is a map with fibers

I REX Os F over IF
Mir d e

De

coker s Because there are exact
extensions O Os F O

By Serieduality we have Ext Os F H F

because of the lemma all this is again stable

Example Similar to anescample in the first talk we

get P 0,1 e parametigen

I µ
stable sheaves F of rank O degree 1 I
and Euler number e with a section

11 1

f
Torsion free rank 1 sheaf E supported I
ma curve in dass C with a seition

We get a map

P O 1 e OST F

I I
Hilb S C supp F

Hilbertschenofsubschenin
s in the dass C

Again just like in the escape of an isolated Cave

in a C4 3 fold this exhibits P 0,1 e as



in a C l 3 f d Uns eschulats 0,1 e as

relative Hilbertschen of et g 1 points i e the

fibers over C s is isomorphic to Hilfe 9 C

where g is the genus of C

Now we want to use the naps and as

relations for our calculation of the topological Euler
characteristics We first need see general theory

Def The Grothendieckring of varieties Ko ver 6 is

generatedby dessen x fer varieties XIE subject
to the relations X ZI n fer closed Z EX AXE

and X Y Xxl

By ernision Künneth formte there escists anique
sing homomorphism

e Ko Ver Z

X e X the topological Euler
characteristics

Deute the class of A A L and

PEI n

Def Let Mir d e s be the subschene of F s

s t.li F s

Then we have Mlu die E Mir d e s and

on there strata is a projective bundle



but so is because EX F hocFIELE
L F ULF is also anstatt

From
P r die E Ceti Mir d e ei

and from

Plan die X.gs J ECi fMlndieleiJK3
Eta Pln die E ei Mind e ei

e Mir die EE Ci Mind e er
e fuhr die Le Pyrn die 21

As e is increased in every such step one can see

that this strictly decrease the dimension of
P rtr d e 2 and hence at sone step produces
the empty set

Pln die

EE et 2 44 4 MK i die Zi

Ste endung



The Yoshioka Some escapeof Mukai's reflection on K 3

Surface Then 0.2 M r d e is deformation

equivalent to Hilbare 5
RenerberZg2 ßßIn particular

e Mir 1 e e Hilbäre s

Thun Göttsche Give a KI surface S i we here

the generating function generating function of the
topological Euler characteristics is given by

Hit64519 Ja genie
discriminantmodulefern

Eine Hill s 9 91ft
comes from a more general functionforHodge
potsmonials

We want to calculate the case of P 0,1 e fer a
curve dass ß with 2g Z ß ß

IIe fetzi e E d e Cali 1 exzi

Ipetzi



The Kawai Yoshioka formula

e Puls h zu gut
4 0 v1 h

E KÄSE
sone esoplicit

Jacobi modular fern
Alz 91 9411 9420 1 79

1 Z q

pooffhet We fern the power series wirt both

the genus h of the are class and the

Enter umher

Eje Ppa 0,1 n zuqh

EEEE.el.EE gIE Hellmann



One an split this triple power series into
two Then one can apply Göttsches Formula
and various functional identities of modular
form D


