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I . I N T R O D U C T I O N 

a . G e n e r a l i n t r o d u c t i o n 

T h e a i m o f t h e p r e s e n t p a p e r i s t o p r o v e a g l o b a l e x i s t e n c e a n d 

u n i q u e n e s s t h e o r e m f o r a k i n d o f w e a k s o l u t i o n t o a m o v i n g b o u n d a r y p r o b 

l e m ( M B P ) a r i s i n g i n t w o - d i m e n s i o n a l H e l e Shaw f l o w s . T h i s p r o b l e m was 

i n t r o d u c e d b y S . R i c h a r d s o n i n [ 1 7 ] . O u r m a i n r e s u l t s a r e s u m m a r i z e d i n 

T h e o r e m 13 ( p . 6 9 ) . We a l s o g i v e some a p p l i c a t i o n s t o q u a d r a t u r e d o m a i n s 

( p . 7 8 f ) . 

O u r MBP o c c u r s a s a s p e c i f i c e x a m p l e i n a c l a s s o f MBP:s w h i c h c a n 

be d e s c r i b e d a s f o l l o w s : 

L e t t h e r e t o e a c h r e g i o n D i n some s u i t a b l e c l a s s o f r e g i o n s i n 

] R n be a s s o c i a t e d ( b y some r u l e t o be s p e c i f i e d ) a f u n c t i o n g^ d e 

f i n e d , h a r m o n i c a n d p o s i t i v e i n a n e i g h b o u r h o o d i n D o f t h e b o u n d a r y 

3 D , t a k i n g t h e b o u n d a r y v a l u e z e r o o n 3D. T h e n , g i v e n a n i n i t i a l d o 

m a i n D = D Q t h e p r o b l e m i t t o f i n d a f a m i l y o f d o m a i n s t -> D^ f o r 

t > 0 s u c h t h a t 3 D t m o v e s w i t h t h e v e l o c i t y - ( g r a d 9 o t ) | g p 

( i t i s a s s u m e d h e r e t h a t g r a d g^ h a s a c o n t i n u o u s e x t e n s i o n 

t o 3 D t ) . 

M o r e g e n e r a l l y t h e r o l e o f t h e b o u n d a r y 3D a b o v e c a n be p l a y e d 

b y some d i s t i n g u i s h e d s u b s e t S o f i t , s o t h a t o n l y S t m o v e s w h i l e 

3 D j > S t r e m a i n s f i x e d . 

T h i s d e f i n e s t h e c l a s s o f MBP:s w h i c h we h a v e i n m i n d . I n o r d e r t o 

s p e c i f y a s i n g l e p r o b l e m i n i t o n e h a s t o s p e c i f y t h r e e t h i n g s : t h e c l a s s 

o f r e g i o n s D u n d e r c o n s i d e r a t i o n , t h e r u l e w h i c h a s s o c i a t e s g^ w i t h D a n d 

t h e s u b s e t S<=3D f o r e a c h D. 

L e t u s a t o n c e n o t i c e t h a t a f a m i l y t -* D t s o l v i n g a MBP o f t h e a b o v e 

k i n d n e c e s s a r i l y i s a n i n c r e a s i n g f a m i l y ( D ^ cz D .̂ f o r T < t ) s i n c e t h e 

v e c t o r f i e l d - g r a d g^ p o i n t s p e r p e n d i c u l a r l y o u t f r o m D^ a t 3 D t ( o r S ^ ) . 

We s h a l l g i v e t h r e e e x a m p l e s i n t h e c l a s s o f MBP:s j u s t d e s c r i b e d , 

t h e t h i r d o f w h i c h i s t h e o n e w h i c h s h a l l be t r e a t e d i n t h i s p a p e r . 
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E x . 1: L e t K be a f i x e d c o m p a c t s e t i n ]R o r ]R a n d l e t , w h e n e v e r 

D i s i n t h e c l a s s o f b o u n d e d d o m a i n s c o n t a i n i n g K, g^ be t h a t h a r m o n i c 

f u n c t i o n i n D-^K w h i c h t a k e s t h e b o u n d a r y v a l u e s 

_ M o n K 

9 ° " 10 o n 3D , 

a n d l e t S = 3D . 

T h e MBP s o a r i s i n g o c c u r s i n e l e c t r o c h e m i s t r y , i n w h i c h c a s e K i s a 

c a t h o d e , D ^ K i s a n e l e c t r o l y t e a n d R n ^ D i s a n a n o d e , t h e s u r f a c e o f 

w h i c h g r a d u a l l y d i s s o l v e s u n d e r e l e c t r o l y s i s s o t h a t D g r o w s a c c o r d i n g 

t o t h e r u l e d e s c r i b e d a b o v e . H e r e - g ^ i s t h e e l e c t r i c p o t e n t i a l a n d 

g r a d g^ i s t h e e l e c t r i c c u r r e n t ( u p t o a p o s i t i v e f a c t o r ) . S e e [ 7 ] f o r 

d e t a i l s . 

2 3 

E x . 2 : L e t L be a s u b s p a c e o f R ( o r R ) o f c o d i m e n s i o n o n e , l e t H 

be o n e o f t h e h a l f - s p a c e s i n w h i c h i t s e p a r a t e s R ( o r R J ) ( t h i n k o f 

L a s b e i n g h o r i z o n t a l a n d H a s b e i n g t h e l o w e r h a l f - s p a c e ) a n d c o n s i d e r 

t h e c l a s s o f s u b d o m a i n s D o f H s u c h t h a t 3D = L U S f o r some s u f f i c i e n t 

l y s m o o t h c u r v e ( o r s u r f a c e r e s p e c t i v e l y ) S i n H . L e t h be a f i x e d 
p o s i t i v e f u n c t i o n o n L s u f f i c i e n t l y s m a l l a t i n f i n i t y ( t y p i c a l l y h ( x ) = 

_ h x 2 

= a e , a , b > 0 i f L = R ) a n d d e f i n e t o be t h a t h a r m o n i c f u n c t i o n 

i n D w h i c h t a k e s t h e b o u n d a r y v a l u e s 

r h on L 
9 D M o o n S . 

T h i s m o d e l i s s u g g e s t e d i n [ 1 6 ] t o d e s c r i b e t h e g r o w t h o f a p r o p a g a t 

i n g w a t e r z o n e ( t h e r e g i o n D ) p e n e t r a t i n g a r o c k ( H ) w h e n t h e s u r f a c e ( L ) 

o f t h e l a t t e r i s i m p i n g e d o n b y a h e a v y w a t e r j e t . T h i s e x a m p l e i s an 

i n s t a n c e o f p o r o u s m e d i u m f l o w g o v e r n e d b y D a r c y ' s l a w . g^ i s p r o p o r 

t i o n a l t o t h e h y d r o s t a t i c p r e s s u r e o f t h e w a t e r a n d - g r a d g^ i s p r o 

p o r t i o n a l t o t h e f l o w v e l o c i t y . 

2 

E x . 3 : L e t D r a n g e o v e r a l l b o u n d e d d o m a i n s i n R c o n t a i n i n g t h e 

o r i g i n , a n d l e t , f o r s u c h D, g Q be t h e G r e e n ' s f u n c t i o n f o r D w i t h 

r e s p e c t t o 0 £ D , i . e . 
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g ^ ( z ) = - l o g |z| + h a r m o n i c i n D , 

g D ( z ) = 0 on 3D . 

H e r e we h a v e i d e n t i f i e d ]R w i t h J a n d u s e d z = x + i y a s v a r i a b l e . 

S = 3D i n t h i s e x a m p l e . 

T h i s i s t h e MBP t o w h i c h t h e p r e s e n t p a p e r i s d e v o t e d . I t o c c u r s 

i n t w o - d i m e n s i o n a l H e l e Shaw f l o w s w i t h f r e e b o u n d a r i e s a n d w i t h a 

s o u r c e a t t h e o r i g i n . 

M o r e p r e c i s e l y , t h i s means t h e f o l l o w i n g : L e t t w o l a r g e s u r f a c e s be 
2 

l y i n g p a r a l l e l t o e a c h o t h e r a n d t o t h e ]R - p l a n e a n d a t a s m a l l d i s t a n c e 

f r o m e a c h o t h e r . T h e s p a c e b e t w e e n t h e s u r f a c e s i s t o be p a r t l y o c c u p i e d 

b y a f l u i d ( c o r r e s p o n d i n g t o t h e r e g i o n D ) w h i c h m i g h t w e l l h a v e h i g h v i s 

c o s i t y b u t w h i c h i s s u p p o s e d t o be N e w t o n i a n a n d i n c o m p r e s s i b l e . A t t h e 

p o i n t c o r r e s p o n d i n g t o t h e o r i g i n i n ]R f l u i d i s i n j e c t e d a t a c o n s t a n t 

a n d m o d e r a t e r a t e . T h e n t h e r e g i o n o f f l u i d D w i l l g r o w a c c o r d i n g t o 

t h e m a t h e m a t i c a l m o d e l d e s c r i b e d . 

T h e f u n c t i o n g Q i s h e r e p r o p o r t i o n a l t o t h e h y d r o s t a t i c p r e s s u r e o f 

t h e f l u i d ( t h e p r e s s u r e t u r n s o u t t o be c o n s t a n t i n t h e d i r e c t i o n p e r p e n -
2 

d i c u l a r t o t h e ]R - p l a n e ) , a n d a c c o r d i n g t o t h e s o - c a l l e d H e l e Shaw 

e q u a t i o n - g r a d g^ i s p r o p o r t i o n a l t o t h e f l u i d v e l o c i t y , o r m o r e c o r r e c t l y 

t o t h e a v e r a g e o f i t a c r o s s t h e g a p . T h i s g i v e s t h e m o v i n g b o u n d a r y c o n 

d i t i o n ( t h a t 3D m o v e s w i t h t h e v e l o c i t y - g r a d g^ , up t o a c o n s t a n t f a c 

t o r ) . 

T h e a s s u m p t i o n t h a t t h e f l u i d i s i n c o m p r e s s i b l e i m p l i e s t h a t g^ i s a 

h a r m o n i c f u n c t i o n ( d i v ( - g r a d g Q ) = 0 ) a n d t h e i n j e c t i o n o f f l u i d g i v e s 

a l o g a r i t h m i c s i n g u l a r i t y a t t h e o r i g i n f o r g^ . F u r t h e r , g^ t a k e s a 

c o n s t a n t v a l u e o n 3D ( a c o n s t a n t w h i c h c a n be c h o s e n t o be z e r o ) b e c a u s e 

t h e p r e s s u r e o u t s i d e t h e f l u i d i s c o n s t a n t ( t h e a i r p r e s s u r e ) a n d b e c a u s e 

t h e p r e s s u r e d r o p a c r o s s 3D d u e t o t h e s u r f a c e t e n s i o n w i l l be a p p r o x i m a t e 

l y c o n s t a n t a l o n g 3D ( t h i s p r e s u p p o s e s t h a t t h e c u r v a t u r e o f 3D i s n o t t o o 

h i g h ) . T h i s m o t i v a t e s t h a t g^ e q u a l s t h e G r e e n ' s f u n c t i o n f o r D w i t h 

r e s p e c t t o t h e o r i g i n . 



- 4 -

F o r m o r e d e t a i l s a n d t e c h n i c a l b a c k g r o u n d t o t h i s e x a m p l e , s e e 

[ 1 7 ] . 

A s i d e f r o m t h i s H e l e Shaw i n t e r p r e t a t i o n t h e c h o i c e f o r g^ i n 

E x . 3 ( p o s s i b l y w i t h s e v e r a l l o g a r i t h m i c s i n g u l a r i t i e s ) h a s b e e n u s e d 

t o d e s c r i b e " m i g r a t i o n o f o i l i n h y d r o s t a t i c e n v i r o n m e n t " . See [ 1 5 ] , 

i n p a r t i c u l a r C h a p t e r X V , § 7 . 

A n o t h e r i n t e r p r e t a t i o n o f t h e m o v i n g b o u n d a r y c o n d i t i o n s i n t h e e x 

a m p l e s a b o v e i s t h a t t h e y d e s c r i b e a o n e - p h a s e S t e f a n p r o b l e m w i t h z e r o 

s p e c i f i c h e a t ( i . e . D i s a m e l t i n g s o l i d h e l d a t i t s m e l t i n g t e m 

p e r a t u r e , t a k e n t o be z e r o , D i s t h e g r o w i n g l i q u i d p h a s e w i t h t e m p e r a t u r e 

g^ a n d t h e l i q u i d i s s u p p o s e d t o h a v e z e r o s p e c i f i c h e a t ) . See e . g . [ 3 ] 

a n d p . 26 f f i n t h e p r e s e n t p a p e r . 

T h e MBP t o be t r e a t e d i n t h i s p a p e r ( E x . 3 a b o v e ) was i n t r o d u c e d b y 

S . R i c h a r d s o n i n [ 1 7 ] . I n t h a t p a p e r t h e m o v i n g b o u n d a r y c o n d i t i o n i s 

f o r m u l a t e d a s a d i f f e r e n t i a l e q u a t i o n f o r t h e R i e m a n n m a p p i n g f u n c t i o n 

f r o m t h e u n i t d i s c o n t o t h e d o m a i n ( i d e n t i f y i n g ]R w i t h t h e c o m p l e x 

p l a n e (C a n d a s s u m i n g t h a t D t i s s i m p l y c o n n e c t e d ) . T h i s d i f f e r e n t i a l 

e q u a t i o n i s o f a q u i t e uncommon t y p e a n d n o e x i s t e n c e o r u n i q u e n e s s p r o o f 

f o r s o l u t i o n s t o i t i s g i v e n i n [ 1 7 ] . ( A l o c a l e x i s t e n c e a n d a. p a r t i a l 

u n i q u e n e s s p r o o f f o r s o l u t i o n s t o t h e same d i f f e r e n t i a l e q u a t i o n s e e m s , 

h o w e v e r , t o h a v e b e e n g i v e n i n [ 2 1 ] . ) 

R i c h a r d s o n a l s o d i s c o v e r s i n [ 1 7 ] a s e q u e n c e o f s i m p l e c o n s t a n t s o f 

m o t i o n ( t h e c o m p l e x m o m e n t s , s e e p . 9 ) f o r h i s d i f f e r e n t i a l e q u a t i o n 

a n d u s e s t h e m t o o b t a i n a f u n c t i o n a l e q u a t i o n f o r t h e R i e m a n n m a p p i n g 

f u n c t i o n . 

I n t h e p r e s e n t p a p e r we r e - f o r m u l a t e R i c h a r d s o n ' s MBP i n a w a y w h i c h 

l e a d s us i n t o t h e t h e o r y o f v a r i a t i o n a l i n e q u a l i t i e s . By u s i n g t h i s 

t h e o r y we a r e a b l e t o g i v e a g l o b a l e x i s t e n c e a n d u n i q u e n e s s p r o o f f o r 

a k i n d o f w e a k s o l u t i o n t o t h e MBP. 
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T h e t h e o r y o f v a r i a t i o n a l i n e q u a l i t i e s h a s a l r e a d y p r o v e d t o be u s e 

f u l i n h a n d l i n g M B P : s o f v a r i o u s t y p e s . M o s t r e l e v a n t f o r us a r e t h e 

w o r k s b y G. D u v a u t a n d C M . E l l i o t t . I n [ 5 ] D u v a u t g i v e s a v a r i a t i o n a l 

i n e q u a l i t y f o r m u l a t i o n f o r c l a s s i c a l t w o - p h a s e S t e f a n p r o b l e m s * / a n d 

i n d i c a t e s e x i s t e n c e a n d u n i q u e n e s s p r o o f s f o r t h e i r s o l u t i o n s . I n [ 6 ] 

E l l i o t t o u t l i n e s v a r i a t i o n a l i n e q u a l i t y f o r m u l a t i o n s f o r p r o b l e m s o f o u r 

t y p e ( o u r E x . 1 i s t r e a t e d i n [ 6 ] § 4 ) . E l l i o t t a l s o a n n o u n c e s a p a p e r 

t o g e t h e r w i t h V . J a n o v s k y o n o u r H e l e Shaw p r o b l e m ( E x . 3 ) . 

D e s p i t e t h e w o r k s o f E l l i o t t a n d o t h e r s t h e r e seems s o f a r t o e x i s t 

no c o m p l e t e , d e t a i l e d a n d r e l a t i v e l y s i m p l e t r e a t m e n t o f t h e H e l e Shaw MBP 

( E x . 3 ) f r o m a p u r e l y m a t h e m a t i c a l p o i n t o f v i e w T h e p r e s e n t p a p e r i s 

i n t e n d e d t o p a r t l y f i l l t h i s g a p . P r o b a b l y o u r p a p e r a n d t h e a n n o u n c e d 

p a p e r b y E l l i o t t - J a n o v s k y w i l l c o m p l e m e n t e a c h o t h e r r a t h e r t h a n c o m p l e t e 

l y o v e r l a p s i n c e E l l i o t t seems t o w o r k a l o n g s o m e w h a t d i f f e r e n t l i n e s t h a n 

we a n d s i n c e t h e w o r k o f E l l i o t t seems t o be m o r e d i r e c t e d t o w a r d s a p p l i c a 

t i o n s a n d n u m e r i c a l q u e s t i o n s w h i l e t h e p r e s e n t w o r k i s c o m p l e t e l y t h e o 

r e t i c a l . 

A c k n o w l e d g e m e n t s : I am v e r y much i n d e b t e d t o P r o f e s s o r H a r o l d S . S h a p i r o f o r 

h a v i n g p r o p o s e d t h e p r o b l e m a n d f o r t h e many l o n g a n d v a l u a b l e d i s c u s 

s i o n s o n i t w i t h o u t w h i c h I w o u l d p e r h a p s n o t h a v e b e e n a b l e t o c a r r y 

t h e p r o j e c t t o an e n d . I a l s o w i s h t o t h a n k G u n h i l d M e l i n f o r h e r 

e x c e l l e n t a n d r a p i d t y p i n g o f t h i s m a n u s c r i p t . 

/ H e r e " c l a s s i c a l " s t a n d s f o r t h e r e q u i r e m e n t t h a t b o t h p h a s e s s h a l l h a v e 
s t r i c t l y p o s i t i v e s p e c i f i c h e a t . When o u r p r o b l e m i s i n t e r p r e t e d a s a 
S t e f a n p r o b l e m t h e s p e c i f i c h e a t i s z e r o ( c f . p . 4 a n d 26 f f ) . 

/ R e c e n t l y t h e r e h a s a p p e a r e d t h e w o r k [19] o f M. S a k a i w h i c h c o n t a i n s 
a d e t a i l e d t h e o r e t i c a l s t u d y o f t h e H e l e Shaw p r o b l e m . S e e p . 13 f f . 
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b . A s u r v e y o f t h e c o n t e n t s 

T h i s p a p e r c o n s i s t s o f f o u r s e c t i o n s o f w h i c h t h e p r e s e n t i n t r o d u c 

t i o n i s S e c t i o n I . 

I n S e c t i o n I I we f o r m u l a t e a n u m b e r o f p r o p e r t i e s , ( A ) t o ( F ) , o f o n e 
2 

p a r a m e t e r f a m i l i e s t -> o f d o m a i n s i n ]R w h i c h i n v a r i o u s w a y s a r e t o 

e x p r e s s o u r m o v i n g b o u n d a r y c o n d i t i o n . 

T h e f i r s t o f t h e s e , ( A ) , e x p r e s s e s t h a t t + D t s o l v e s o u r MBP i n a 

c l a s s i c a l s e n s e , i . e . t h a t 9D^ m o v e s w i t h t h e v e l o c i t y - g r a d g^ . 

T h i s f o r m u l a t i o n i s n o t v e r y f l e x i b l e b e c a u s e i t r e q u i r e s t h e t 

b o u n d a r y 9 D t t o be r a t h e r s m o o t h a n d a l s o i n v o l v e s a p a r a m e t r i z a t i o n 

o f i t . T h u s , t h i s f o r m u l a t i o n c a n n o t c o v e r o c c a s i o n s a t w h i c h c h a n g e s 

c o n n e c t i v i t y . 

( B ) i s a w e a k e n e d a n d s o m e w h a t m o r e f l e x i b l e w a y o f f o r m u l a t i n g t h e 

m o v i n g b o u n d a r y c o n d i t i o n . I t d o e s n o t r e q u i r e ( d i r e c t l y a t l e a s t ) a 

p a r a m e t r i z a t i o n o f 9 D ^ , a l t h o u g h i t i n v o l v e s a c o n t o u r i n t e g r a l a l o n g 

We t h e n a r r i v e a t o u r c o n c e p t o f w e a k s o l u t i o n , ( C ) . I n ( C ) we h a v e 

f r e e d o u r s e l v e s f r o m a l l r e g u l a r i t y r e q u i r e m e n t s f o r t h e b o u n d a r y . F u r 

t h e r , ( C ) m a k e s n o e x p l i c i t r e f e r e n c e t o t h e G r e e n ' s f u n c t i o n . 

L e t us i n d i c a t e m o r e c l o s e l y w h a t ( C ) i s . I t c a n r a t h e r e a s i l y be 

s e e n t h a t t h e m o v i n g b o u n d a r y c o n d i t i o n c a n b e e x p r e s s e d i n d i s t r i b u t i o n 

l a n g u a g e b y t h e e q u a t i o n 

< 1 > \ = A g D t
 + 2 ^ 6 0 

H e r e i s t h e c h a r a c t e r i s t i c f u n c t i o n o f D^, g ^ i s t h e G r e e n ' s f u n c 

t i o n f o r w i t h r e s p e c t t o t h e o r i g i n , e x t e n d e d t o a l l b y d e f i n i n g 

i t t o be z e r o o u t s i d e D t , a n d 6 Q i s t h e D i r a c m e a s u r e a t t h e o r i g i n . 

T h e s e f u n c t i o n s a r e c o n s i d e r e d as d i s t r i b u t i o n s o n ]R^. A c t u a l l y , ( 1 ) 

i s n o t h i n g e l s e t h a n t h e c o n d i t i o n ( B ) f o r m u l a t e d w i t h i n d i s t r i b u t i o n 

l a n g u a g e . A l s o ( 1 ) c a n be g i v e n a d i r e c t p h y s i c a l i n t e r p r e t a t i o n . 

S e e p . 2 6 f f . 
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* 
By i n t e g r a t i n g ( 1 ) w i t h r e s p e c t t o t a n d p u t t i n g 

t 

o n e o b t a i n s 

< 3 > X D T " \ = A u t + 2 7 T t # 6 0 

T h u s , ( 1 ) i s e q u i v a l e n t t o ( 2 ) a n d ( 3 ) t o g e t h e r . S i n c e g n > 0 a n d a s o l u -
t ~ 

t i o n t -* o f ( 2 ) , ( 3 ) m u s t be i n c r e a s i n g u t m u s t a l s o s a t i s f y 

( 4 ) u t > 0 ( f o r t > 0 ) a n d 

( 5 ) u^ = 0 o u t s i d e D T 

Now ( C ) i s e s s e n t i a l l y ( 3 ) c o m b i n e d w i t h ( 4 ) a n d ( 5 ) , i . e . we s a y t h a t 

t -> D . ( f o r t > 0 ) i s a w e a k s o l u t i o n i f f o r e a c h t > 0 t h e r e e x i s t s a d i s -
~ 7 

t r i b u t i o n u t o n ]R w h i c h s a t i s f i e s ( 3 ) - ( 5 ) . T h e c o n d i t i o n s ( 4 ) a n d ( 5 ) 

r e p l a c e t h e c o u p l i n g ( 2 ) o f u t t o t h e G r e e n ' s f u n c t i o n , a n d i t w i l l be 

s e e n t h a t t h e s e c o n d i t i o n s a r e s t r o n g e n o u g h t o g u a r a n t e e u n i q u e n e s s f o r 

s o l u t i o n s o f ( 3 ) - ( 5 ) ( g i v e n D Q ) . 

O b s e r v e t h e r e m a r k a b l e f e a t u r e o f t h e t r a n s f o r m a t i o n l e a d i n g f r o m ( 1 ) 

t o ( 3 ) - ( 5 ) o f h a v i n g l i b e r a t e d t h e p r o b l e m f r o m a n y e s s e n t i a l d e p e n d e n c e 

o n t ; t h e c o n c e p t o f w e a k s o l u t i o n i s a c o n c e p t w h i c h h a s a n i n d e p e n d e n t 

m e a n i n g f o r e a c h f i x e d t , a n d a w e a k s o l u t i o n c a n a l w a y s be f o u n d f o r a n y 

p a r t i c u l a r v a l u e o f t w i t h o u t b o t h e r i n g a b o u t t h e s o l u t i o n f o r a n y o t h e r 

v a l u e o f t . 

/ T h e s u b s c r i p t t i n u .̂ i s u s e d t o i n d i c a t e t h a t u^. i s a f u n c t i o n 
o n ] R 2 w h i c h d e p e n d s o n t ( i . e . t i s a p a r a m e t e r ) . We n e v e r u s e 
s u b s c r i p t s t o d e n o t e p a r t i a l d e r i v a t i v e s i n t h i s p a p e r . 
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I n S e c t i o n s I I a n d I I I we w a n t t o w o r k i n a S o b o l e v s p a c e (HUtt)) 
2 

o n a b o u n d e d d o m a i n Q c= IR ( a s u f f i c i e n t l y l a r g e d i s c ) . T h e r e f o r e , 

c o n d i t i o n ( C ) i s n o t f o r m u l a t e d e x a c t l y a s a b o v e b u t we h a v e b e e n f o r c e d 

t o make some m i n o r m o d i f i c a t i o n s o f i t . T h u s , t h e D i r a c m e a s u r e i n ( 3 ) 

i s r e p l a c e d b y a n a p p r o x i m a t i o n t o i t X j ) > r > 0 s m a l l ) , we h a v e 

t o r e q u i r e t h a t t h e D t : s a r e r e l a t i v e l y c o m p a c t r i n f o r a l l t u n d e r 

c o n s i d e r a t i o n a n d t h i s t - s e t h a s t o be a b o u n d e d s e t ( [ 0 , T ] , 0 < T < °°). 

I t i s a l s o r e q u i r e d t h a t u t € H g ( f i ) f o r a l l t . 

( 6 ) 

N e x t t o c o n d i t i o n ( C ) come c o n d i t i o n s ( D 1 ) a n d ( D 2 ) w h i c h e x p r e s s 

t h e m o v i n g b o u n d a r y c o n d i t i o n a s a s e r i e s o f s o - c a l l e d l i n e a r c o m p l e m e n 

t a r i t y p r o b l e m s ( L C P : s ) , o n e f o r e a c h t . I n t h e s e p r o b l e m s t h e e x p l i c i t 

o c c u r r e n c e o f t h e d o m a i n s h a s d i s a p p e a r e d . ( D 1 ) i s o b t a i n e d f r o m ( 3 ) -

( 5 ) b y r e p l a c i n g t h e o c c u r r e n c e o f D t i n ( 3 ) b y t h e i n e q u a l i t y r e s u l t i n g 

f r o m X D < 1 . T h u s ( D 1 ) i s t h e p r o b l e m o f f i n d i n g u ^ , d e f i n e d on Q, w i t h 

b o u n d a r y v a l u e z e r o o n SFI s u c h t h a t 

u t > 0 

U T • ( A u ^ + A ^ t ) = 0 

H e r e ^ i s t h e s o l u t i o n - e s s e n t i a l l y 7 . o f 

( 7 ) 
t "UQ 

* t = ° 

X D - 1 + 2 7 r f 6 0 i n Q, 

o n dQ 

( D 2 ) i s t h e same a s ( D 1 ) b u t e x p r e s s e d i n t e r m s o f t h e f u n c t i o n 

v t = u t + ^ t i n s t e a d : 

*/ 1 
6 Q i n ( 7 ) h a s t o be s m o o t h e d o u t . T h e n I ^ e H g ^ ) a n d i t i s r e q u i r e d 
t h a t u t e H ( ! ) ( f i ) , 
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( 8 ) 

A v t < 0 

( v t - * t ) . A v t = 

( 9 ) 

E a c h o f t h e L C P : s ( D 1 ) a n d ( D 2 ) i s e q u i v a l e n t t o a s e r i e s o f v a r i a 

t i o n a l i n e q u a l i t i e s , ( E 1 ) a n d ( E 2 ) r e s p e c t i v e l y . ( E 1 ) i s 

F i n d ( f o r e a c h t ) u t G H g ( f t ) s u c h t h a t A u ^ + A ^ t < 0 a n d 

/ V ( u - u t ) • V u t > 0 f o r a l l u £ H j ( f t ) w i t h Au + A ^ t < 0 , 

a n d ( E 2 ) i s 

( 1 0 ) F i n d v t G H g ( f 2 ) s u c h t h a t v t > ^ a n d / v ( v - v t ) • V v t > 0 f o r a l l 

v e HQ(Q) w i t h v > i p t 

( 1 1 ) 

One v e r y n i c e p r o p e r t y o f s o l u t i o n s t -> D t t o o u r MBP i s t h e e x i s 

t e n c e o f a n i n f i n i t e n u m b e r o f s i m p l e c o n s t a n t s o f m o t i o n f o r i t , n a m e l y 

t h e c o m p l e x m o m e n t s 

c n < D t > / z n d x d y ( z = x + i y ) 

f o r n = 1 , 2 , 3 , . . . . T h e z e r o t h o r d e r moment C g ( D t ) = |D^| = a r e a o f D^ 

i n c r e a s e s l i n e a r l y w i t h t . F o r t h e c a s e t h a t t h e D^ a r e s i m p l y c o n 

n e c t e d t h e s e t ( 1 1 ) o f c o n s t a n t s o f m o t i o n may a l s o be e x p e c t e d t o be 

c o m p l e t e , i . e . g i v e n Dp s i m p l y c o n n e c t e d , a map t -* D̂ . ( s a t i s f y i n g some 

s u i t a b l e r e g u l a r i t y r e q u i r e m e n t ) s h o u l d be c o m p l e t e l y d e t e r m i n e d b y t h e 

p r o p e r t y t h a t t h e c n ( D ^ ) r e m a i n c o n s t a n t . 

O u r f i n a l f o r m u l a t i o n ( F ) o f t h e m o v i n g b o u n d a r y c o n d i t i o n i s a 

s t r e n g t h e n e d f o r m o f t h i s moment p r o p e r t y . N a m e l y , we s a y t h a t t -»• D^ 

s a t i s f i e s ( F ) i f f o r e a c h t > 0 
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( 1 2 ) j CP > 27RT - C P ( 0 ) + / CP 

f o r e v e r y s u b h a r m o n i c f u n c t i o n TP i n D T - T o s e e w h y ( 1 2 ) s t r e n g t h e n s ( 1 1 ) 

o b s e r v e t h a t a n a t u r a l g e n e r a l i z a t i o n o f ( 1 1 ) i s t h a t 

( 1 3 ) / CP = 27Tt - C P ( 0 ) + / CP 

D t D 0 

f o r e v e r y h a r m o n i c f u n c t i o n CP i n D T (CP = z 1 1 y i e l d s ( 1 1 ) ) . 

T h e moment i n e q u a l i t y ( 1 2 ) t u r n s o u t t o be s u f f i c i e n t l y s t r o n g t o 

be e q u i v a l e n t t o ( C ) . 

S e c t i o n I I I c o n s i s t s e s s e n t i a l l y o f a n u m b e r o f t h e o r e m s g i v i n g t h e 

p r e c i s e r e l a t i o n s h i p s b e t w e e n t h e c o n d i t i o n s ( A ) t o ( F ) . T h e s e r e l a t i o n 

s h i p s ( a n d t h e f l o w o f S e c t i o n I I I i n g e n e r a l ) a r e a s s h o w n i n t h e f o l l o w 

i n g d i a g r a m m e . 

Thm 1 Thm 2 Thm 3 Thm 5 
( A ) => ( B ) (0 ==> ( D 1 ) ( E 1 ) 

Thm 1 0 

( F ) 

Thm 9 Thm 4 

( D 2 ) 

Lemma 8 

Thm 5 

hm 7 

V 

M i n i m a l 
p r o p e r t i e s 
a n d 
m o n o t o n i c i t y 
p r o p e r t i e s 
( T h m 7 

w i t h c o r s ) 

4 -

( E 2 ) l + 

H a v e u n i q u e 
s o l u t i o n s 
w i t h 
r e g u l a r i t y 
p r o p e r t i e s 
( T h m 6 ) 

Thm 3 
, s a y ( C ) = ^ > ( D 1 ) , means t h a t a s o l u t i o n t + D . H e r e a n a r r o w 

i n t h e s e n s e o f ( C ) i n a s i m p l e w a y (made p r e c i s e i n T h e o r e m 3 ) p r o 

v i d e s a s o l u t i o n t + u t o f ( D 1 ) . 
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A s t h e d i a g r a m m e s h o w s t h e c o n d i t i o n s ( C ) t o ( F ) a r e a l l e q u i v a l e n t 

w h i l e ( A ) i m p l i e s ( B ) a n d ( B ) i m p l i e s ( C ) t o ( F ) . T h e m a i n g o a l o f S e c 

t i o n I I I i s t o s h o w t h e e x i s t e n c e a n d u n i q u e n e s s o f s o l u t i o n s t o ( C ) 

( w e a k s o l u t i o n s ) . T h i s r e s u l t i s s t a t e d a s C o r o l l a r y 9 . 1 . T h e s t e p s 

( A ) => ( B ) => ( C ) , s h o w i n g t h a t a c l a s s i c a l s o l u t i o n i s a l s o a w e a k s o l u t i o n , 

t o g e t h e r w i t h t h e f a c t t h a t a w e a k s o l u t i o n i s u n i q u e , s e r v e t o m o t i v a t e t h e 

c o n c e p t o f w e a k s o l u t i o n a n d a l s o p r o v e s u n i q u e n e s s f o r c l a s s i c a l s o l u t i o n s . 

T h e h a r d e s t s t e p i n t h e d i a g r a m m e i s t o c a r r y o v e r a s o l u t i o n o f ( D 1 ) 

o r ( D 2 ) t o a s o l u t i o n o f ( C ) ( T h e o r e m 9 ) . S i n c e ( D 1 ) a n d ( D 2 ) c o n c e r n f u n c 

t i o n s o n l y ( u ^ a n d v ^ r e s p e c t i v e l y ) w h i l e ( C ) c o n c e r n s s e t s ( D t ) t h i s s t e p 

i n v o l v e s s h o w i n g t h a t a c e r t a i n f u n c t i o n ( n a m e l y - A v ^ . ) i s a c h a r a c t e r i s t i c 

f u n c t i o n o f a s e t ( n a m e l y t h e s e t w h i c h i s t o be t h e c o m p l e m e n t o f D ^ ) . 

T h i s i s t h e c o n t e n t o f Lemma 8 . I t s p r o o f r e q u i r e s r e g u l a r i t y p r o p e r t i e s 

o f t h e s o l u t i o n s o f ( D 1 ) a n d ( D 2 ) ( T h e o r e m 6 ) a n d a l s o m o n o t o n i c i t y p r o p e r 

t i e s p o s s e s s e d b y t h e m ( L e m m a 7 w i t h c o r o l l a r i e s ) . 

S e c t i o n I I I c o n c l u d e s b y s h o w i n g t h e e q u i v a l e n c e b e t w e e n ( C ) a n d ( F ) 

( T h e o r e m 1 0 ) . 

I n S e c t i o n I I I we w o r k w i t h i n a S o b o l e v s p a c e ( H Q ( ^ ) o n a f i x e d b o u n d e d 

d o m a i n ft <= ] R 2 ( a d i s c ) ) . T h i s h a s f o r c e d u s t o s m o o t h o u t t h e s i n g u l a r i t y 

o f t h e G r e e n ' s f u n c t i o n ( i n o r d e r t h a t i t s h a l l b e l o n g t o t h a t S o b o l e v 

s p a c e ) . S e c t i o n I V b e g i n s b y s h o w i n g t h a t t h e s o l u t i o n s o f ( C ) do n o t 

d e p e n d i n a n y e s s e n t i a l w a y o n t h e c h o i c e o f Q ( a s l o n g a s i t i s s u f f i c i e n t 

l y l a r g e ) a n d a r e n o t a f f e c t e d b y t h e s m o o t h i n g o f t h e G r e e n ' s f u n c t i o n 

(Lemma 1 1 ) . 

P  1 i 

We a r e t h e n a b l e t o s u m m a r i z e much o f t h e w o r k i n S e c t i o n I I I be f o r 

m u l a t i n g a k i n d o f M a i n T h e o r e m - T h e o r e m 1 3 . I t s t a t e s t h a t g i v e n an 

i n i t i a l d o m a i n Dg ( a n o p e n b o u n d e d s e t c o n t a i n i n g t h e o r i g i n ) t h e r e i s a 

u n i q u e w e a k s o l u t i o n t -* d e f i n e d f o r a l l t £ [0,«>) o f o u r MBP. I t a l s o 

s t a t e s t h a t t h i s s o l u t i o n s a t i s f i e s t h e moment i n e q u a l i t y a n d t h a t i t h a s 
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t h o s e m o n o t o n i c i t y p r o p e r t i e s w h i c h i t i s s u p p o s e d t o h a v e , n a m e l y t h a t 

D t i n c r e a s e s w i t h t a n d t h a t i n c l u s i o n s b e t w e e n i n i t i a l d o m a i n s a r e p r e 

s e r v e d f o r a l l t > 0 . 

T h e n a t u r e o f o u r MBP i s s u c h t h a t o n e e x p e c t s t o become n i c e r 

a n d n i c e r w i t h i n c r e a s i n g t . F o r e x a m p l e , f o r a l l t > 0 , 9D^. i s e x p e c t e d 

t o c o n s i s t o f a n a l y t i c c u r v e s ( e v e n i f 3DQ d o e s n o t ) a n d a s y m p t o t i c a l l y a s 

t -» oo t h e s h a p e o f s h o u l d a p p r o a c h t h a t o f a c i r c u l a r d i s c . We a r e 

n o t a b l e t o p r o v e a n y c o m p l e t e r e s u l t o f t h a t s o r t b u t we a t l e a s t make 

some s t e p s i n t h a t d i r e c t i o n . T h u s i n T h e o r e m 15 we p r o v e t h a t 9D .̂ c o n 

s i s t s o f a n a l y t i c c u r v e s f o r t > 0 u n d e r t h e a s s u m p t i o n s t h a t i s f i 

n i t e l y c o n n e c t e d a n d t h a t i t c o n t a i n s Dg c o m p a c t l y ( i . e . t h a t DQ <= D^.). 

T h e l a s t a s s u m p t i o n c a n be r e p l a c e d b y t h e a s s u m p t i o n t h a t t i s s u f f i c i e n t 

l y l a r g e o r t h e a s s u m p t i o n t h a t 3Dg i s a n a l y t i c ( R e m a r k 1 a f t e r t h e t h e o r e m ) . 

T h i s p a p e r c o n c l u d e s w i t h t w o a p p l i c a t i o n s t o s o - c a l l e d q u a d r a t u r e 

d o m a i n s ( Q D : s ) . T h e f i r s t r e s u l t s t a t e s t h a t t h e p r o p e r t y o f b e i n g a QD 

i s p r e s e r v e d b y s o l u t i o n s o f o u r MBP ( T h e o r e m 1 6 ) , a n d t h e s e c o n d r e s u l t 

a s s e r t s t h e e x i s t e n c e o f Q D : s o f c e r t a i n k i n d s ( C o r o l l a r y 1 6 . 1 ) . 

c . Some f u r t h e r b i b l i o g r a p h i c a l n o t e s 

T r e a t m e n t s o f M B P : s o f k i n d s s i m i l a r t o o u r s b y t h e m e t h o d s o f v a r i a 

t i o n a l i n e q u a l i t i e s a r e f o u n d i n [ 5 ] a n d [ 6 ] , See a l s o §3 o f t h e s u r v e y 

a r t i c l e [ 1 1 ] a n d C h a p t e r V I I I o f t h e r e c e n t b o o k [ 1 2 ] ( M B P : s i n o n e 

s p a c e d i m e n s i o n ) . 

I n t h e c o n t e x t o f S t e f a n p r o b l e m s t h e r e i s an e s t a b l i s h e d n o t i o n o f 

"weak s o l u t i o n " , d i s c u s s e d e . g . i n [ 8 ] a n d [ 3 ] . T h i s c o n c e p t o f weak s o 

l u t i o n i s n o t t h e same a s t h a t u s e d i n t h e p r e s e n t p a p e r . 

I n [ 3 ] C r o w l e y p r o v e s u n i c i t y f o r w e a k s o l u t i o n s ( i n t h e s e n s e o f 

[ 8 ] a n d [ 3 ] ) t o M B P : s o f o u r t y p e ( i n p a r t i c u l a r t h a t o f E x . 1, p . 2 ) . 
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I n t h e p r e s e n t p a p e r t w o k i n d s o f L C P : s ( ( D 1 ) a n d ( D 2 ) ) a n d t w o 

k i n d s o f v a r i a t i o n a l i n e q u a l i t i e s ( ( E 1 ) a n d ( E 2 ) ) a r e t r e a t e d s i d e b y 

s i d e . O u r c o n c e p t o f w e a k s o l u t i o n ( C ) i s m o s t n a t u r a l l y c o n n e c t e d w i t h 

t h e p r o b l e m s ( D 1 ) a n d ( E 1 ) . T h e m a i n r e a s o n f o r a l s o i n v o l v i n g ( D 2 ) a n d 

( E 2 ) i s t h a t t h e s e p r o b l e m s a r e o f m o r e c o n v e n t i o n a l t y p e t h a n ( D 1 ) a n d 

( E 1 ) . F o r e x a m p l e t h e v a r i a t i o n a l i n e q u a l i t i e s a r r i v e d a t i n [ 5 ] , [ 6 ] 

a n d [ 1 1 ] a r e o f t h e k i n d ( E 2 ) , a n d m o s t l i t e r a t u r e o n e x i s t e n c e , u n i c i t y 

a n d r e g u l a r i t y o f s o l u t i o n s o f v a r i a t i o n a l i n e q u a l i t i e s ( e . g . [ 1 2 ] , [ 1 3 ] 

a n d [ 2 ] ) c o n c e r n t h o s e o f t h e t y p e ( E 2 ) . 

R e c e n t l y t h e r e h a s a p p e a r e d t h e p a p e r ( p r e p r i n t ) [ 1 9 ] o f M. S a k a i 

i n w h i c h ( a m o n g o t h e r t h i n g s ) o u r H e l e Shaw MBP i s t r e a t e d . T h e m a i n 

s u b j e c t o f [ 1 9 ] i s t h e c o n s t r u c t i o n a n d i n v e s t i g a t i o n o f q u a d r a t u r e d o 

m a i n s o f r a t h e r g e n e r a l k i n d s , a n d t h e r e s u l t s o n t h e MBP a r e o b t a i n e d 

a s a p p l i c a t i o n s o f t h i s . T h e s e r e s u l t s a r e s i m i l a r t o ( o r s l i g h t l y s t r o n g 

e r t h a n ) t h o s e o f t h e p r e s e n t p a p e r , w h i l e t h e m e t h o d s u s e d a r e q u i t e d i f 

f e r e n t . 

L e t u s i n d i c a t e r a t h e r b r i e f l y w h a t S a k a i h a s d o n e on t h e H e l e Shaw 

p r o b l e m . 

1) S a k a i f o r m u l a t e s a c o n c e p t o f s o l u t i o n o f t h e H e l e Shaw f l o w s . * / T h i s 

c o n c e p t i s s i m i l a r t o ( b u t w e a k e r t h a n ) o u r c o n c e p t o f c l a s s i c a l s o l u t i o n 

i n t h e s e n s e t h a t t h e c o r e o f i t i s an e q u a t i o n e q u i v a l e n t ( e s s e n t i a l l y ) 

t o o u r e q u a t i o n ( i i i ) o f ( A ) ( p . 2 2 ) . S a k a i ' s c o n c e p t o f s o l u t i o n i s , 

h o w e v e r , a g l o b a l o n e ( i . e . a s o l u t i o n i s a l w a y s t o be d e f i n e d f o r a l l 

t > 0 a n d i t i s f o r m u l a t e d i n a w a y t h a t a l l o w s t h e d o m a i n t o d e v e l o p c e r 

t a i n k i n d s o f s i n g u l a r i t i e s a n d t o c h a n g e c o n n e c t i v i t y . As a c o n s e q u e n c e 

o f t h i s S a k a i ' s c o n c e p t o f s o l u t i o n i s v e r y c o m p l i c a t e d . S a k a i e x p e c t s 

t h a t a s o l u t i o n i n t h i s s e n s e a l w a y s e x i s t s b u t he i s n o t a b l e t o p r o v e 

i t . ( U n i q u e n e s s o f s o l u t i o n s i s , h o w e v e r , p r o v e d ; c f . 4 b e l o w . ) 

* / W h e n e v e r t h e t e r m " s o l u t i o n " ( o f H e l e Shaw f l o w s ) a p p e a r s on t h e f o l l o w 
i n g p a g e s , i t i s u n d e r s t o o d t o mean s o l u t i o n i n t h i s s t r i c t s e n s e o f 
S a k a i . T h e e x a c t d e f i n i t i o n o f t h i s c o n c e p t o f s o l u t i o n i s , h o w e v e r , 
t o o c o m p l i c a t e d t o be r e p r o d u c e d h e r e . 
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2 ) S a k a i f o r m u l a t e s a c o n c e p t o f w e a k s o l u t i o n w h i c h i s a s f o l l o w s 

( w i t h o u r n o t a t i o n s ) : 

G i v e n a n a r b i t r a r y b o u n d e d d o m a i n D n , {Do. } i s a weak s o l u t i o n i f 
u z t > 0 

f o r e a c h t > 0 i s a d o m a i n c o n t a i n i n g Dg s u c h t h a t 

( i ) / c p d a + t ' t p ( O ) < / cpda 
D 0 " D t 

f o r a l l f u n c t i o n cp w h i c h a r e s u b h a r m o n i c a n d i n t e g r a b l e o n D^, 

( i i ) h a s f i n i t e a r e a , 

( i i i ) i s m i n i m a l w i t h t h e p r o p e r t i e s ( i ) a n d ( i i ) . 

T h i s c o n c e p t o f w e a k s o l u t i o n i s s i m i l a r t o o u r moment i n e q u a l i t y ( F ) . 

I n f a c t , t h e e s s e n t i a l d i f f e r e n c e i s t h a t i n ( i ) S a k a i h a s a s o m e w h a t l a r g e r 

t e s t c l a s s t h a n we h a v e . A f u r t h e r d i f f e r e n c e i s t h a t S a k a i o n l y r e q u i r e s 

f i n i t e a r e a o f t h e d o m a i n s ( ( i i ) ) w h i l e we r e q u i r e b o u n d e d n e s s . H o w e v e r , 

S a k a i p r o v e s ( T h e o r e m 6 . 4 i n [ 1 9 ] ) t h a t a s a t i s f y i n g ( i ) t o ( i i i ) n e 

c e s s a r i l y i s b o u n d e d , s o i n e f f e c t t h e r e i s n o d i f f e r e n c e a t t h a t p o i n t . 

As r e g a r d s ( i i i ) i t c a n be l o o k e d u p o n a s a k i n d o f n o r m a l i s a t i o n . S a k a i 

p r o v e s ( e s s e n t i a l l y T h e o r e m 3 . 7 ) t h a t t h e r e i s a m i n i m u m ( n o t o n l y m i n i m a l ) 

d o m a i n s a t i s f y i n g ( i ) a n d ( i i ) ( i . e . t h e r e i s a d o m a i n D t s a t i s f y i n g ( i ) 

a n d ( i i ) s u c h t h a t i f G a l s o s a t i s f i e s ( i ) a n d ( i i ) t h e n D t < = G ) . 

I t f o l l o w s f r o m w h a t h a s b e e n s a i d a b o v e t h a t a w e a k s o l u t i o n i n t h e 

s e n s e o f S a k a i s a t i s f i e s o u r moment i n e q u a l i t y ( F ) a n d s o i s a w e a k s o l u 

t i o n a l s o i n o u r s e n s e ( i . e . s a t i s f i e s ( C ) o n e a c h f i n i t e i n t e r v a l [ 0 , T ] 

a n d f o r s u i t a b l e R a n d r ) . On t h e o t h e r h a n d , a w e a k s o l u t i o n i n o u r s e n s e 

i s u n i q u e u p t o n u l l - s e t s ( C o r o l l a r y 9 . 1 ) . T h e r e f o r e t h e t w o c o n c e p t s o f 

w e a k s o l u t i o n s a r e i d e n t i c a l m o d u l o n u l l - s e t s . I n c i d e n t a l l y t h i s g i v e s a 

k i n d o f a n s w e r t o a q u e s t i o n p o s e d b y S a k a i ( p . 1 1 3 i n [ 1 9 ] ) c o n c e r n i n g t h e 

r e l a t i o n b e t w e e n h i s c o n c e p t o f w e a k s o l u t i o n a n d t h a t o n e o b t a i n e d b y 

v a r i a t i o n a l i n e q u a l i t y t e c h n i q u e s . 
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3 ) S a k a i s h o w s e x i s t e n c e a n d u n i q u e n e s s f o r weak s o l u t i o n s . T h e e x i s t e n c e 

i s p r o v e d b y s i m p l y c o n s t r u c t i n g t h e d o m a i n s "by h a n d " ( m o r e o r l e s s ) . 

T h i s c o n s t r u c t i o n i s r a t h e r l e n g t h y a n d i s d o n e i n s u c h a w a y t h a t t h e 

d o m a i n o b t a i n e d c a n b e p r o v e d t o be t h e m i n i m u m o f a l l d o m a i n s h a v i n g 

t h e p r o p e r t i e s ( i ) a n d ( i i ) u n d e r 2 ) a b o v e . U n i q u e n e s s i s t h e n t r i v i a l 

d u e t o t h e r e q u i r e m e n t ( i i i ) . ( A c t u a l l y S a k a i p r o v e s e x i s t e n c e o f q u a d r a 

t u r e d o m a i n s f o r r a t h e r g e n e r a l c l a s s e s o f p o s i t i v e m e a s u r e s a n d f o r v a 

r i o u s c l a s s e s o f t e s t f u n c t i o n s ( s u b h a r m o n i c , h a r m o n i c a n d a n a l y t i c ) i n 

t h i s w a y , a n d t h e w e a k s o l u t i o n s o f H e l e Shaw f l o w s a r e j u s t a p p l i c a t i o n s 

o f t h i s . ) 

4 ) S a k a i p r o v e s t h a t a s o l u t i o n i s a l s o a weak s o l u t i o n ( P r o p o s i t i o n 13.1 

i n [ 1 9 ] ) . S i n c e S a k a i ' s c o n c e p t o f s o l u t i o n i s w e a k e r t h a n o u r c o n c e p t 

o f c l a s s i c a l s o l u t i o n a n d h i s c o n c e p t o f w e a k s o l u t i o n i s s t r o n g e r ( a p r i o r i ) 

t h a n t h a t o f o u r s , t h i s r e s u l t i s b e t t e r t h a n o u r T h e o r e m s 1 a n d 2 . 

T h e w e a k s o l u t i o n b e i n g u n i q u e , t h e a b o v e r e s u l t a l s o s h o w s u n i q u e n e s s 

f o r s o l u t i o n s . E x i s t e n c e o f s o l u t i o n s i s , h o w e v e r , n e v e r p r o v e d a l t h o u g h 

S a k a i h a s a p a r t i a l r e s u l t i n t h a t d i r e c t i o n a s s e r t i n g t h a t a w e a k s o l u t i o n 

k n o w n a p r i o r i t o f u l f i l c e r t a i n o f t h e r e q u i r e m e n t s f o r a s o l u t i o n a c t u a l l y 

i s a s o l u t i o n ( P r o p o s i t i o n 1 3 . 4 ) . 

5 ) S a k a i s h o w s t h a t a s o l u t i o n e s s e n t i a l l y i s b o u n d e d b y a n a l y t i c c u r v e s . 

M o r e p r e c i s e l y , i f { D . } i s a s o l u t i o n t h e n , f o r t > 0 , e v e r y n o n -
z t > 0 

d e g e n e r a t e c o m p o n e n t o f 3D^ i s a n a l y t i c e x c e p t a t c e r t a i n e x c e p t i o n a l 

p o i n t s ( c e r t a i n " c o r n e r s " a n d e n d s o f s l i t s ) . T h e u n i o n o v e r a l l t > 0 

o f t h e s e e x c e p t i o n a l p o i n t s i s a s e t w h i c h i s a t m o s t c o u n t a b l y i n f i n i t e 

( C o r o l l a r y 1 3 . 3 . ) 

6 ) F i n a l l y , S a k a i p r o v e s t h a t f o r l a r g e t a s o l u t i o n o f H e l e Shaw f l o w s 

i s a s i m p l y c o n n e c t e d d o m a i n b o u n d e d b y a s i m p l e a n a l y t i c c u r v e a n d t h a t 

i t a s y m p t o t i c a l l y a s t + °° c o n v e r g e s t o a d i s c i n t h e s e n s e t h a t t h e R i e -

mann m a p p i n g f u n c t i o n f r o m t h e u n i t d i s c ( s c a l e d i n t h e p r o p e r w a y ) c o n 

v e r g e s u n i f o r m l y o n t h e c l o s u r e o f t h a t d i s c t o t h e i d e n t i t y map ( P r o p o 

s i t i o n 1 3 . 5 ) . 
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F O R M U L A T I O N S OF T H E MOVING BOUNDARY C O N D I T I O N 

a . N o t a t i o n s a n d p r e l i m i n a r i e s 

2 2 F = I : we w i l l i d e n t i f y F w i t h t h e c o m p l e x p l a n e (C w h e n e v e r c o n 

v e n i e n t . O f t e n t h e o n l y c o n s e q u e n c e o f t h i s w i l l be t h e u s a g e o f 

l e t t e r s s u c h a s z a n d £ f o r v a r i a b l e s i n ]R . 

D ( a ; r ) = t h e o p e n d i s c i n F w i t h c e n t e r a a n d r a d i u s r . 

D R = D ( 0 ; r ) 

D = D ( 0 ; 1 ) 

( a , b ) = { x £ F : a < x < b } 

[ a , b ] = { x € F : a < x < b } 

ft w i l l g e n e r a l l y d e n o t e o u r " u n i v e r s e " , a f i x e d b o u n d a r y r e g i o n i n F 

c o n t a i n i n g t h e o r i g i n . ( A c t u a l l y ft w i l l a l w a y s be a d i s c c e n t e r e d 

a t t h e o r i g i n . ) 

3D = t h e b o u n d a r y o f D i n F 2 , i f D C F 2 

3 f i D = 3Df"lft = t h e b o u n d a r y o f D i n ft , i f D <= Q 

D - D U 3D = t h e c l o s u r e o f D i n F 2 ( D <= F 2 ) 

D E C fi m e a n s : D C ft ( i f ft i s o p e n a n d b o u n d e d , D E F T ) 

2 

d a = d x d y = e l e m e n t o f a r e a m e a s u r e i n F ( w i l l o f t e n be o m i t t e d i n 

i n t e g r a l s ) 

|D| = a r e a o f D i f D <= F 2 

( a l s o I z l = y x 2 + y 2 i f z = x + i y £ £ ) 

X p = t h e c h a r a c t e r i s t i c f u n c t i o n o f D 

<D i f D C F 2 ( X n ( z ) 
1 f o r z £ D 
0 f o r z € D • 
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6 = 6Q = t h e D i r a c m e a s u r e w i t h r e s p e c t t o t h e o r i g i n i n R n ( t h e u n i t 

p o i n t mass a t 0 e R n ) 

V U . G R A D U - | ) 

g ^ ( z ^ ) i s t h e G r e e n ' s f u n c t i o n f o r t h e d o m a i n D 

( = - l o g | z - ^ | + h a r m o n i c i n D, 

= 0 o n 3D a s a f u n c t i o n o f z ) 

g D ( z ) = g D ( z , 0 ) ( i f 0 e D) 

C m ( f t ) : t h e ( l i n e a r ) s p a c e o f f u n c t i o n s ft -»• R a l l o f w h o s e d e r i v a t e s o f 

o r d e r < m e x i s t a n d a r e c o n t i n u o u s (m = 0 , 1 , 2 , . . . , o o ) . 

C a ( f t ) : t h e s p a c e o f f u n c t i o n s u : ft R w h i c h a r e l o c a l l y H o l d e r c o n t i n u o u s 

w i t h e x p o n e n t A (0 < A < 1 ) , i . e . w h i c h s a t i s f y 

S U p J J J U ) - " ( G ) | < + co 

z , ; e K | z - c | a 

z * £ 

f o r e a c h c o m p a c t K <= ft . 

C m ' a ( f t ) : t h o s e f u n c t i o n s i n C m ( f t ) w h o s e d e r i v a t e s o f o r d e r m b e l o n g t o 

C a ( f t ) ( m - 0 , 1 , . . . , 0 < A < 1 ) . 

* / 2 

S : t h e c l a s s o f s i m p l y c o n n e c t e d r e g i o n s ' D c R w i t h 0 £ D a n d 

s u c h t h a t 3D i s a J o r d a n c u r v e o f c l a s s 

( i . e . a d m i t s a t w i c e c o n t i n u o u s l y d i f f e r e n t i a t e p a r a m e t r i z a t i o n ) . 

! R „ : t h e c l a s s o f o p e n s e t s D C R 2 w i t h B C C D C C F . ( R , r > 0 ) . 
K , r r K 

o 
1 I : t h e c l a s s o f o p e n b o u n d e d s e t s D c= R w i t h 0 £ D. 

T h u s 5 1 = U ? L . 
R , r > 0 K , r 

""/region = d o m a i n = o p e n s u b s e t o f R 2 
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= C " ( f i ) : t h e (1 i n e a r ) s p a c e o f t e s t f u n c t i o n s o n ft ( i n f i n i t e l y 

d i f f e r e n t i a t e f u n c t i o n s ft -»• ]R w i t h c o m p a c t s u p p o r t ) . 

V ( f t ) : t h e s p a c e o f r e a l - v a l u e d d i s t r i b u t i o n s on ft . 

H m ' ' : ) ( f t ) : t h e B a n a c h s p a c e o f r e a l - v a l u e d d i s t r i b u t i o n s on ft , a l l o f 

w h o s e d i s t r i b u t i o n d e r i v a t i v e s o f o r d e r < m b e l o n g t o L ^ ( f t ) 

(m > 0 , 1 < p < » ) , n o r m e d b y 

_ . 11 9 n + k u 11 
m ' P n , k > 0 3 x V \ P ( f t ) 

n+k<m 

H m ' P ( f t ) : t h e s p a c e o f d i s t r i b u t i o n s o f t h e f o r m 

3 n + k u 
1 n Dk

 w i t n u n i , e l P ^ ) (m > 0 , 1 < p < o°). 

n , k * 0 3 x n 3 y K n K 

n+k<m 

H m ( f t ) = H m ' 2 ( f t ) . 

H j ( f t ) = H j ' 2 ( f t ) : t h e c l o s u r e o f c"(fl) i n H 1 ' 2 ( f t ) . 

1 -1 

We w i l l p r i m a r i l y w o r k i n t h e S o b o l e v s p a c e H g ( f t ) a n d H ( f t ) . 

H g ( f t ) w i l l a l w a y s be c o n s i d e r e d a s a r e a l H i l b e r t s p a c e , e q u i p p e d w i t h 

t h e i n n e r p r o d u c t 

< - > = / - - - = / ^ l M f • 

T h i s b i l i n e a r f o r m i s an i n n e r p r o d u c t b e c a u s e ft i s b o u n d e d ( [ 2 0 ] , 

P r o p . 2 3 . 4 ) . T h e n o r m i t i n d u c e s , ||u || = / ( u , u ) , i s e q u i v a l e n t t o t h e 

n o r m ||u ||̂  ^ d e f i n e d a b o v e . 
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F o r u e £ > ' ( f t ) , t p e $ ) ( f t ) we s e t 

( 1 ) <u,cp> = <(p,u) = u(cp) ( v a l u e o f u o n c p ) . 

T h e f o l l o w i n g f a c t s a r e w e l l - k n o w n ( a n d e a s y t o v e r i f y ) : 

( i ) v e L ( f t ) i f a n d o n l y i f t h e map £ > ( f t ) £ c p - » (cp,v> i s c o n t i n u o u s i n 
o 

t h e L ( f t ) t o p o l o g y , a n d i n t h a t c a s e t h e ( u n i q u e ) c o n t i n u o u s e x t e n s i o n o f 
2 

i t t o L ( f t ) i s g i v e n b y 

( 2 ) ( u , v ) = / u • v ( u , v £ L 2 ( f t ) ) . 
ft 

1 
( i i ) v £ H ( f t ) i f a n d o n l y i f £ > ( f t ) 9 c p - > <<p,v) i s c o n t i n u o u s i n t h e 

1 1 H f U f t ) t o p o l o g y . T h e ( u n i q u e ) c o n t i n u o u s e x t e n s i o n o f t h i s map t o H n ( f t ) 
-1 1 - 1 

( w h e n v € H ( f t ) ) d e f i n e s a b i l i n e a r p a i r i n g b e t w e e n H g ( f t ) a n d H ( f t ) 

( a l s o d e n o t e d ( . , . ) ) , b y means o f w h i c h H Vft) c a n be i d e n t i f i e d w i t h 

t h e d u a l s p a c e o f H ^ ( f t ) ( [ 2 0 ] , P r o p . 2 3 . 1 ) . 

1 -1 

T h e L a p l a c i a n o p e r a t o r A i s an i s o m o r p h i s m o f H g ( f t ) o n t o H ( f t ) 

w i t h t h e p r o p e r t y t h a t 

( 3 ) ( u , v ) = - ( u , A v ) ( u , v € H j ( f l ) ) 

( [ 2 0 ] , Thm 2 3 . 1 ) . T h u s - A i d e n t i f i e s t w o r e p r e s e n t a t i o n s o f t h e d u a l o f 

H Q ( f t ) , n a m e l y H ^ ( f t ) ( i n b e i n g a H i l b e r t s p a c e ) a n d H " 1 ( f t ) . 

1 -1 

I f u £ H g ( f t ) a n d v G H ( f t ) t h e p r o d u c t u*v h a s i n g e n e r a l n o 

m e a n i n g . D e s p i t e t h a t i t w i l l ( i n s i m i l a r i t y w i t h ( 2 ) ) s o m e t i m e s be c o n 

v e n i e n t t o u s e t h e s y m b o l i c i n t e g r a l / u * v a s an a l t e r n a t i v e n o t a t i o n 

f o r ( u , v ) ( t h e p a i r i n g d e f i n e d u n d e r ( i i ) a b o v e ) . T h u s , 

( 4 ) / u « v = < u , v ) f o r u e H j ( f t ) , v e H " 1 ( f t ) . 

I f u a n d v i n ( 4 ) h a p p e n t o be s u c h t h a t t h e i n t e g r a l / u « v e x i s t s 

i n t h e s e n s e o f m e a s u r e t h e o r y , t h e n o n e w a n t s t h e s y m b o l i c ^ i n t e g r a l 

i n ( 4 ) t o a g r e e w i t h J u « v . T h i s i s a c t u a l l y t h e c a s e , a t l e a s t i n t h e 
ft 
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f o i l o w i n g t w o s i t u a t i o n s : 

( i ) v e l _ 2 ( f t ) ( t h e n u - v G L 1 ( f t ) s i n c e u e H J ( « ) C L 2 ( f t ) ) ; 

( i i ) u i s a c o n t i n u o u s f u n c t i o n ( i n H g ( f t ) ) a n d v i s a R a d o n m e a s u r e 

( i n H " 1 ( f t ) ) . 

T h e s e t w o c a s e s w i l l c o v e r o u r n e e d s . 

U s i n g t h e a b o v e k i n d o f n o t a t i o n f o r m u l a ( 3 ) t a k e s t h e f o r m 

/ V U ' V v = - / u - A v ( u , v £ H j ( f i ) ) . 

1 -1 

P r i m a r i l y t h e e l e m e n t s o f H Q ( f t ) , H ( f t ) , . . . w i l l be c o n s i d e r e d 

a s d i s t r i b u t i o n s . T h u s s t a t e m e n t s s u c h a s 

u > 0 i n D , 

i f D c ft i s o p e n , a l w a y s h a s i t s m e a n i n g a n d s h a l l be i n t e r p r e t e d i n 

t h e s e n s e o f d i s t r i b u t i o n s . On t h e o t h e r h a n d t h e s e n t e n c e 

u > 0 i n D 

h a s n o m e a n i n g i n g e n e r a l a n d s u c h s e n t e n c e s w i l l be u s e d o n l y i f t h e 

d i s t r i b u t i o n u i s k n o w n t o h a v e a r e p r e s e n t a t i o n i n t h e f o r m o f a c o n 

t i n u o u s f u n c t i o n ( n e c e s s a r i l y u n i q u e ) a n d s h a l l t h e n h a v e i t s u s u a l m e a n 

i n g i n t e r m s o f t h a t c o n t i n u o u s f u n c t i o n . S i m i l a r l y , i n e q u a l i t i e s s u c h 

a s ( 6 ) a n d ( 7 ) w h e n D i s n o n - o p e n w i l l be u s e d o n l y w h e n we h a v e a d d i 

t i o n a l i n f o r m a t i o n a b o u t u a n d t h e i r m e a n i n g w i l l d e p e n d on t h e c o n t e x t . 

I f u e H j ( f t ) , v £ H ~ 1 ( f t ) t h e f o l l o w i n g a r e t r u e , 

u > 0 ( i n ft) i f a n d o n l y i f ( u , t p ) > 0 f o r a l l t p £ H ( f t ) w i t h tp > 0 

a n d 

1 
v > 0 i f a n d o n l y i f ( t p , v ) > 0 f o r a l l t p £ H n ( f t ) w i t h tp > 0 . 
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Some a b b r e v i a t i o n s s o m e t i m e s u s e d : 

MBP m o v i n g b o u n d a r y p r o b l e m 

L C P l i n e a r c o m p l e m e n t a r i t y p r o b l e m 

QD q u a d r a t u r e d o m a i n 

F o r m u l a s a r e n u m b e r e d s u b s e q u e n t l y w i t h i n e a c h s e c t i o n ( I t o I V ) . 

When a f o r m u l a i s r e f e r r e d t o f r o m a n o t h e r s e c t i o n i t s n u m b e r i s p r e c e d e d 

b y t h e n u m b e r o f t h e s e c t i o n t o w h i c h i t b e l o n g s ( e . g . ( I I I . 1 2 ) = f o r m u l a 

12 o f s e c t i o n I I I ) . 

b . A c l a s s i c a l f o r m u l a t i o n o f t h e m o v i n g b o u n d a r y c o n d i t i o n 

We s h a l l g i v e a n e x a m p l e o f a p r e c i s e f o r m u l a t i o n o f t h e c o n d i t i o n 

t h a t t h e b o u n d a r y 3D o f D m o v e s w i t h t h e v e l o c i t y - V g ^ i n o r d e r t o be 

a b l e t o p r o v e l a t e r t h a t a c l a s s i c a l s o l u t i o n i s a l s o a w e a k s o l u t i o n . F o r 

s i m p l i c i t y we f o r m u l a t e t h i s c o n d i t i o n o n l y f o r s i m p l y c o n n e c t e d r e g i o n s , 

b u t i t i s o b v i o u s how t o e x t e n d i t t o t h e m u l t i p l y c o n n e c t e d c a s e . 

2 
L e t S d e n o t e t h e c l a s s o f a l l s i m p l y c o n n e c t e d r e g i o n s D c ] R g* X 

2 

s u c h t h a t O G D a n d s u c h t h a t 3D i s a J o r d a n c u r v e o f c l a s s C . F o r 

D e S 1 e t d e n o t e t h e G r e e n ' s f u n c t i o n f o r D w i t h r e s p e c t t o t h e 

o r i g i n ( g ^ ( z ) = - l o g | z | + h a r m o n i c i n D, g^ = 0 o n 3 D ) . T h e a s s u m p 

t i o n s o n D i m p l y ( a s i d e f r o m t h e e x i s t e n c e o f g ^ ) t h a t g p a n d V g ^ h a v e 

c o n t i n u o u s e x t e n s i o n s t o D = D U 3 D . 

L e t ( a , b ) c= F be an o p e n i n t e r v a l c o n t a i n i n g 0 £ ]R . T h e n we s a y t h a t 

a map ( a , b ) 3 t -» D t £ S 

s a t i s f i e s c o n d i t i o n ( A ) o r i s a c l a s s i c a l s o l u t i o n o f o u r m o v i n g b o u n d a r y 
2 2 

p r o b l e m i f t h e r e e x i s t s a map z; : ]R / Z * ( a , b ) -»• ]R o f c l a s s C 

( t w i c e c o n t i n u o u s l y d i f f e r e n t i a t e ) s u c h t h a t 
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( i ) c ( s , t ) £ 3 D t f o r a l l s , t 

( i i ) c ( * , t ) : 1 R / Z -* 3D. i s a d i f f e o m o r p h i s m 
2 

( o f c l a s s C ) f o r e a c h t e ( a , b ) , 

( 1 0 ) ( i i i ) 9 c ( a V t } = - V g p ( g ( s , t ) ) f o r a l l s . t . 

C o m m e n t : ( i ) a n d ( i i ) s a y t h a t f o r e a c h f i x e d t , ? ( * , t ) p a r a m e t r i z e s 

3 D ^ . T h e p a r a m e t e r v a r i a b l e s ( i n w h i c h z; h a s p e r i o d 1) n u m b e r s t h e p a r 

t i c l e s o n 3 D t , a n d ( i i i ) s a y s t h a t e a c h s u c h p o i n t m o v e s w i t h t h e v e l o c i t y 

- V g n ( c ( s , t ) ) . H e r e V g n i s t h e c o n t i n u o u s e x t e n s i o n o f t h e g r a d i e n t o f 
u t _ u t 

g D t o D t . 

c . A s e m i - w e a k f o r m u l a t i o n o f t h e m o v i n g b o u n d a r y c o n d i t i o n 

N e x t we g i v e a f o r m u l a t i o n o f t h e m o v i n g b o u n d a r y c o n d i t i o n w h i c h 

s e r v e s a s a l i n k b e t w e e n t h e c l a s s i c a l f o r m u l a t i o n a n d t h e f i n a l weak 

f o r m u l a t i o n . L e t S be a s on p . 21 a n d l e t ( a , b ) c F be a n o p e n i n t e r v a l 

c o n t a i n i n g t h e o r i g i n . T h e n we s a y t h a t 

( B ) t h e map ( a , b ) 3 t D t £ S 

s a t i s f i e s c o n d i t i o n ( B ) o r i s a s e m i w e a k s o l u t i o n o f o u r m o v i n g b o u n d a r y 
oo 2 ~~~~~~~~~~~~~~ p r o b l e m i f , f o r e a c h tp £ C ( F ) , / t p d x d y i s a c o n t i n u o u s l y d i f f e r e n -

D t 
t i a b l e f u n c t i o n o f t w i t h 

d d \ 

D t 3 D t 

C o m m e n t : d e n o t e s t h e d e r i v a t e i n t h e d i r e c t i o n o f t h e o u t w a r d n o r m a l 
— — 3n 
o f 3D. , ds d e n o t e s t h e a r c - l e n g t h m e a s u r e o n 3D. . 
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T o s e e t h a t ( B ) e x p r e s s e s t h e same m o v i n g b o u n d a r y c o n d i t i o n a s ( A ) 

d o e s , j u s t i n t e g r a t e ( 1 1 ) w i t h r e s p e c t t o t i m e f r o m t t o ; t + fit ( 5 t > 0 

s m a l 1 ) . T h i s g i v e s 

3 g D 9 
/ cp - / cp = - / cp • - g j j t ds • fit + 0 ( 6 1 T ) 

D t + 5 t D t 9 D t 

e x p r e s s i n g t h a t t h e w i d t h o f t h e s t r i p D ^ ^ . ^ D^, t h a t i s t h e d i s t a n c e 

" D T 2 

f r o m 9 D t t o 9 D t + g t , i s - • fit + <27(6t ) . T h i s i s p r e c i s e l y w h a t 

t h e m o v i n g b o u n d a r y c o n d i t i o n ( A ) w a n t s i t t o b e . 

d . T h e w e a k f o r m u l a t i o n o f t h e m o v i n g b o u n d a r y c o n d i t i o n 

T h i s i s t h e f o r m u l a t i o n we a r e g o i n g t o w o r k w i t h a n d f o r w h i c h we 

s h a l l p r o v e e x i s t e n c e a n d u n i c i t y o f s o l u t i o n s . We g i v e t h e f o r m u l a t i o n 

f i r s t a n d d i s c u s s i t a f t e r w a r d s . L e t r , R , T > 0 , l e t Q = B D a n d l e t 
2 R 

ftD ^ d e n o t e t h e c l a s s o f a l l o p e n s e t s D C ]R w i t h D C C D C C D D . 
K , r r K 

T h e n we s a y t h a t 

t h e map [ 0 , T ] 3 t -» D t e f t R > r 

s a t i s f i e s ( C ) o r i s a w e a k s o l u t i o n ( w i t h p a r a m e t e r s r , R , T ) o f o u r m o v i n g 

b o u n d a r y p r o b l e m i f f o r a l l t £ [ 0 , T ] t h e f u n c t i o n u = U j . £ H g ( f t ) d e f i n e d b y 

X ° t " X ° 0 = + 2 7 T t ' W X ] D r 

s a t i s f i e s 

u^ > 0 a n d 
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D i s c u s s i o n : F i r s t , o b s e r v e t h a t e q u a t i o n ( 1 3 ) r e a l l y d e f i n e s u . s i n c e — — - - _^ t 

X Q - X Q " 2iTt • | X j ) e H ( f t ) a n d A i s a n i s o m o r p h i s m 

H j ( f t ) + H " 1 ( f t ) . 

T h e l e f t member o f ( 1 5 ) c a n e i t h e r be i n t e r p r e t e d a s t h e d u a l i t y 
1 -1 1 -1 p a i r i n g b e t w e e n H Q a n d H ( u ^ G H g , 1 - X ^ £ H ) o r a s an o r d i n a r y 

? t 
L e b e s g u e i n t e g r a l ( 1 - X N

 e L » c f . p . 1 9 f ) . S i n c e 1 - X N
 > 0 ( s o t h a t 

u t u t " 
t h e i n t e g r a n d i n ( 1 5 ) i s n o n - n e g a t i v e ) ( 1 4 ) a n d ( 1 5 ) t o g e t h e r e x p r e s s t h a t 

u^ > 0 i n ft a n d t h a t u^. = 0 ( a . e ) o u t s i d e D t . 

L e t u s m o t i v a t e t h e c o n c e p t o f w e a k s o l u t i o n b y s k e t c h i n g how i t 

a r i s e s f r o m c o n d i t i o n ( 8 ) a n d a l s o be g i v i n g a p h y s i c a l i n t e r p r e t a t i o n 

o f i t . 

O b s e r v e f i r s t t h a t e q u a t i o n ( 1 1 ) i n ( B ) c a n be e x p r e s s e d i n d i s t r i 

b u t i o n l a n g u a g e a s 

3 3 9 D t 

( 1 6 ) "at X Q = — 5 ^ — * ( a r c l e n g t h m e a s u r e o f 3 D t ) . 

H e r e t h e s e c o n d f a c t o r i n t h e r i g h t member i s t h e d i s t r i b u t i o n 

( 1 7 ) t? / t p d s o n F 2 . 

3 D t 

C o m b i n e t h i s w i t h t h e f a c t t h a t 

( 1 8 ) A g D = - 2TT 6g — ^ - • ( a r c l e n g t h m e a s u r e o f 3 D t ) , 

w h e r e i t i s u n d e r s t o o d t h a t t h e G r e e n ' s f u n c t i o n g^ i s e x t e n d e d t o a l l 

] R 2 b y p u t t i n g i t t o z e r o o u t s i d e D^, a n d w h e r e h e n c e 

9 n a l s o e q u a l s t h e j u m p o f t h e o u t w a r d n o r m a l d e r i v a t i v e o f g^ a c r o s s 

3 D t w h e n p a s s i n g f r o m t h e o u t s i d e o f i n t o ( b e s i d e s b e i n g j u s t t h e 

n o r m a l d e r i v a t i v e f r o m t h e i n s i d e o f D. i t s e l f ) . T h e n we g e t 
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( 1 9 ) 9 X n = A g n + 2 T T 6 

( 2 1 ) 

( 2 3 ) 

^ x D t
 = A \ + 2 7 1 6 0 

Now ( 1 3 ) i s e s s e n t i a l l y ( 1 9 ) i n t e g r a t e d w i t h r e s p e c t t o t i m e . T h a t 

i s w i t h 

t 
( 2 0 ) u t = J g D d x 

0 T 

i n t e g r a t i o n o f ( 1 9 ) g i v e s 

* D t • X D 0
 = A u t + 2 7 T t * 6 0 

w h i c h e s s e n t i a l l y i s ( 1 3 ) . ( 1 4 ) a n d ( 1 5 ) a r e c l e a r l y a l s o s a t i s f i e d f o r 

( 2 0 ) s i n c e g Q > 0 , a n d g^ = 0 o u t s i d e D t f o r x £ [ 0 , t ] ( D T i n c r e a s e s 

w i t h x ) . T 

T h e d i f f e r e n c e b e t w e e n ( 2 1 ) a n d ( 1 3 ) i s t h a t t h e D i r a c m e a s u r e § Q 

i s s m o o t h e d o u t t o - [ j j - j X p i n ( 1 3 ) . T h i s r e p l a c e m e n t i s n e c e s s i t a t e d b y 

- \ r r 1 t h e f a c t t h a t 6g € H ( Q ) ( e q u i v a l e n t l y g D ^ € H Q ( f t ) ) . T h u s , t h e f u n c t i o n 

u^ i n ( C ) i s n o t i n t e n d e d t o be e x a c t l y ( 2 0 ) b u t r a t h e r 

t 
( 2 2 ) u . - / g n d x 

0 T 

w h e r e 

\ ( Z ) ~~ W I 9 D T ( Z ' C ) ^ 

( H e r e g ^ z , ? ) i s t h e G r e e n ' s f u n c t i o n w i t h r e s p e c t t o a n a r b i t r a r y p o i n t 

f j G D . ) T h i s m o d i f i c a t i o n o f g p d o e s n o t a f f e c t t h e m o v i n g b o u n d a r y c o n 

d i t i o n s i n c e i t i s e a s i l y s e e n t h a t g^ = i n a n e i g h b o u r h o o d o f 3D. I n 

f a c t , o n e h a s 
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( 2 4 ) g D ( z ) = g D ( z ) + l o g | z [ --yyj / l o g | z - c | d a 

g D ( z ) + l o g [ zJ - - j j j - y J l o g | z - c | d a ? 

9 D ( z ) 

0 

f o r z £ ID. 

z € D N D . 

z e f l s D 

N e x t l e t us g i v e a d i r e c t p h y s i c a l m e a n i n g t o ( 1 3 ) , o r r a t h e r t o ( 1 9 ) 

i n t h e c o n t e x t o f h e a t c o n d u c t i o n p r o b l e m s a n d S t e f a n p r o b l e m s . T h u s , c o n 

s i d e r t h e o r d i n a r y h e a t e q u a t i o n 

( 2 5 ) c ( T ) | T = V ( k ( T ) V T ) + q , 

d e s c r i b i n g t h e h e a t f l o w i n some m a t t e r . H e r e T = T ( x , y , t ) i s t h e t e m p e r a 

t u r e , c = c ( T ) > 0 t h e s p e c i f i c h e a t , k = k ( T ) > 0 t h e t h e r m a l c o n d u c t i v i t y 

a n d q = q ( x , y , t ) i s a s o u r c e t e r m ( t h e h e a t p r o d u c t i o n p e r u n i t v o l u m e ) . T h e 

d e n s i t y o f t h e m a t t e r i s a s s u m e d t o be c o n s t a n t a n d i s t a k e n a s u n i t y . I t 

i s a l s o a s s u m e d t h a t c a n d k do n o t d e p e n d e x p l i c i t l y o n x , y , t . 

I f c ( T ) a n d k ( T ) a r e s m o o t h , s t r i c t l y p o s i t i v e f u n c t i o n s ( 2 5 ) d e s c r i b e s 

a n o r d i n a r y h e a t c o n d u c t i o n p r o b l e m . 

I f c ( T ) i s o f t h e f o r m 

( 2 6 ) c ( T ) = L • S ( T - T g ) + a s m o o t h , s t r i c t l y p o s i t i v e f u n c t i o n 

( 2 5 ) c a n be s e e n t o d e s c r i b e a t w o - p h a s e S t e f a n p r o b l e m o f a m e l t i n g s o l i d . 

T h e n T g i s t h e m e l t i n g t e m p e r a t u r e , L > 0 t h e l a t e n t h e a t , t h e i n e q u a l i t i e s 

T < T g a n d T > T g d e f i n e t h e s o l i d a n d l i q u i d p h a s e s r e s p e c t i v e l y a n d t h e 

e q u a t i o n T ( x , y , t ) = T g d e f i n e s t h e m o v i n g b o u n d a r y s e p a r a t i n g t h e s e t w o 

p h a s e s . 

Now I c l a i m t h a t o u r e q u a t i o n ( 1 9 ) i s o f t h e t y p e ( 2 5 ) w i t h 

( 2 7 ) c ( T ) = 6 ( T ) . 
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T h u s o u r m o v i n g b o u n d a r y p r o b l e m w i l l be a S t e f a n p r o b l e m o f g e n e r a l i z e d 

t y p e ( o f " g e n e r a l i z e d t y p e " b e c a u s e c l a s s i c a l l y o n e r e q u i r e s t h e s p e c i f i c 

h e a t t o be e v e r y w h e r e s t r i c t l y p o s i t i v e ) . O u r p r o b l e m w i l l a l s o i n p r a c t i c e 

be a o n e - p h a s e p r o b l e m s i n c e o u r b o u n d a r y c o n d i t i o n s a r e s u c h t h a t 

T = c o n s t a n t ( = 0 ) i n o n e p h a s e ( t h e s o l i d p h a s e ; t h e d e s c r i p t i o n o f t h e 

s o l i d p h a s e a s t h a t d e f i n e d b y T < T g c a n n o t be t a k e n l i t e r a l l y i n t h i s 

c a s e ) . 

T o p r o v e t h e c l a i m we i n t r o d u c e t h e e n t h a l p y ( h e a t f u n c t i o n ) H a n d 

t h e t e m p e r a t u r e f u n c t i o n <J> d e f i n e d b y 

T 
( 2 8 ) H ( T ) = / c ( T ' ) d T 1 a n d 

T 
( 2 9 ) (J>(T) = / k ( T ' ) d T ' r e s p e c t i v e l y . 

( T h e l o w e r l i m i t s o f t h e i n t e g r a l s a r e i m m a t e r i a l . ) I n t e r m s o f 

t h e s e ( 2 5 ) b e c o m e s 

( 3 0 ) | £ = A * + q . 

Now t h e c h o i c e s 

( 3 1 ) c ( T ) = 6 ( T ) 

( 3 2 ) k ( T ) = 1 

y i e l d 

( 3 3 ) <j>(T) = T 

( 3 4 ) H ( T ) = t h e H e a v i s i d e f u n c t i o n o f T 

0 f o r T < 0 

1 T > 0 

T h u s b y o b s e r v i n g t h a t x D i s e s s e n t i a l l y t h e H e a v i s i d e f u n c t i o n o f g p 
t t 

( t h e r e a r i s e s a t i n y p r o b l e m o f how t o d e f i n e t h e H e a v i s i d e f u n c t i o n a t t h e 
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j u m p p o i n t , b u t t h i s p r o b l e m i s i n a n y c a s e u n i m p o r t a n t s i n c e t h e f u n c t i o n s 

g n , X n i n ( 1 9 ) a n d <(>, H i n ( 3 Q ) c a n be c h a n g e d b y a d d i t i v e c o n s t a n t s 

w i t h o u t a n y t h i n g h a p p e n i n g ) we s e e t h a t ( 3 0 ) g o e s o v e r i n t o ( 1 9 ) w i t h 

( 3 5 ) (j, = T = g D 

( 3 6 ) H = X n a n d 
u t 

( 3 7 ) q = 2TT6 q 

T h i s p r o v e s t h e c l a i m . 

I t i s c l e a r f r o m t h e f o r m u l a t i o n o f ( C ) t h a t ( g i v e n D g ) a weak s o l u 

t i o n t D t c a n be u n i q u e a t m o s t up t o s e t s o f t w o - d i m e n s i o n a l L e b e s g u e 

m e a s u r e z e r o ; f o r ( 1 3 ) - ( 1 5 ) i s n o t a f f e c t e d i f i s r e p l a c e d b y a n o t h e r 

s e t D j e f i D s u c h t h a t Xn> = X n i n t h e s e n s e o f d i s t r i b u t i o n s , i . e . 
t t 

a l m o s t e v e r y w h e r e . T h u s p h r a s e s s u c h a s " u n i q u e up t o n u l l - s e t s " w i l l 

a p p e a r i n some t h e o r e m l a t e r o n . 

I f we h a d w a n t e d t o we c o u l d h a v e r e m e d i e d t h i s s i t u a t i o n b y c h o o s i n g 

r e p r e s e n t a t i v e s i n e a c h e q u i v a l e n c e c l a s s o f D : s ( c a l l i n g D a n d D' eRD 

K , r 

e q u i v a l e n t i f x n = X n ' a . e . ) . T h e r e i s a t l e a s t o n e n a t u r a l c h o i c e 

f o r s u c h r e p r e s e n t a t i v e s : i n e a c h e q u i v a l e n c e c l a s s t h e r e i s a u n i q u e 

m a x i m a l e l e m e n t , t h e u n i o n o f a l l i t s m e m b e r s , o r , w h a t a m o u n t s t o t h e 
s a m e , l e t D e J L be r e p r e s e n t e d b y 

K , r 

( 3 8 ) D 1 = ] R 2 ^ s u p p ( 1 - x D ) , 

w h e r e s u p p m e a n s s u p p o r t i n t h e s e n s e o f d i s t r i b u t i o n s . I n o t h e r w o r d s , 

t h e r e p r e s e n t a t i v e D' o f D c o n s i s t s o f t h o s e p o i n t s z w h i c h h a v e a n e i g h -

b o o r h o o d U w i t h t h e p r o p e r t y |U n D| = I U I . 

One r e a s o n w h y we h a v e c h o s e n n o t t o f o r m u l a t e ( C ) i n t e r m s o f t h e s e 

c a n o n i c a l r e p r e s e n t a t i v e d o m a i n s i s t h a t we l a t e r s h a l l w o r k w i t h o t h e r 

c h o i c e s o f D , n a m e l y 
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( 3 9 ) D. = D n U { z e ft : u . ( z ) > 0 } 

a n d i t i s n o t q u i t e c l e a r w h e t h e r t h e s e t w o c h o i c e s a l w a y s a r e t h e s a m e . 

A n i c e f e a t u r e o f ( C ) i s t h a t t h e t i m e v a r i a b l e a p p e a r s o n l y a s a 

p a r a m e t e r i n i t : ( C ) j u s t c o n s i s t s o f a n u m b e r o f u n c o u p l e d p r o b l e m s , 

o n e f o r e a c h t e [ 0 , T ] . E a c h o f t h e s e p r o b l e m s c a n be v i e w e d a s a f r e e 

b o u n d a r y p r o b l e m f o r 3 D t . I n f a c t , i f D t a n d u^ s a t i s f y ( C ) t h e n 

u t m u s t be c o n t i n u o u s l y d i f f e r e n t i a t e s i n c e ( 1 3 ) i m p l i e s t h a t Au £ L 

( c f . p . 45 f ) , a n d i t f o l l o w s t h a t u t a n d s o l v e t h e f o l l o w i n g f r e e 

b o u n d a r y p r o b l e m ( a t l e a s t i f i t i s a s s u m e d t h a t 3 D t = 3 ( f t ^ D t ) . 

F i n d a r e g i o n D. ( i n R D ) a n d a c o n t i n u o u s l y d i f f e r e n t i a t e f u n c t i o n x K , r 
u . o n D. s u c h t h a t t t 

( 4 0 ) i n D 

( 4 1 ) u + = 0 a n d 

( 4 2 ) g r a d u . = 0 o n 3D. 

S a k a i , i n [ 1 9 ] , w o r k s w i t h a n o t h e r r e p r e s e n t a t i v e , n a m e l y t h a t d o m a i n 
d e f i n e d b y ( i ) - ( i i i ) o n p . 14 ( w h i c h he s h o w s t o be u n i q u e ) . 
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e . T w o l i n e a r c o m p l e m e n t a r i t y p r o b l e m s 

T h e s e t w o p r o b l e m s c o n s t i t u t e a n i n t e r m e d i a t e s t e p b e t w e e n t h e weak 

f o r m u l a t i o n o f t h e m o v i n g b o u n d a r y p r o b l e m a n d v a r i a t i o n a l i n e q u a l i t i e s . 

T h e e x p r e s s i o n " l i n e a r c o m p l e m e n t a r i t y p r o b l e m " h a s b e e n u s e d b y E l l i o t t 

( [ 6 ] ) a n d h a s b e e n a d o p t e d h e r e . 

L e t r , R , T > 0 , p u t Q - a n d l e t D Q C p be a g i v e n d o m a i n w i t h 

D D ( i . e . Dg e f i p r ) . F o r e a c h t e [ 0 , T ] i n t r o d u c e t h e 

f u n c t i o n G H Q ( Q ) d e f i n e d b y 

( 4 3 ) 

, - 1 ( S i n c e t h e r i g h t member a b o v e b e l o n g s t o H ( f i ) ( 4 3 ) d e f i n e s a u n i q u e 

f u n c t i o n i n H g ( f t ) . ) 

E x p r e s s e d w i t h t h e a i d o f c o n d i t i o n ( C ) b e c o m e s 

( 4 4 ) 

( 4 5 ) 

( 4 6 ) 

( D 1 ) 

( 4 7 ) 

( 4 8 ) 

( 4 9 ) 

A u t + A ^ t 

u t > 0 

/ u t • ( A u t + Aijjj.) = 0 . 

N o w , t h e f i r s t o f o u r l i n e a r c o m p l e m e n t a r i t y p r o b l e m s i s j u s t ( 4 4 ) - ( 4 6 ) , 

b u t w i t h ( 4 4 ) w e a k e n e d t o t h e i n e q u a l i t y A u t + A ^ t < 0 , a n d t h e s e c o n d 

o n e i s t h e same t h i n g e x p r e s s e d i n t h e f u n c t i o n v t = u t + T h u s we 

s a y t h a t 

t h e map [ 0 , T ] 3 t - » u t e H J ( G ) s a t i s f i e s ( D 1 ) i f f o r a l l t e [ 0 , T ] 

u t > 0 

A u t + Ai|; t < 0 

/ u t • ( A u t + A ^ t ) = 0 , 

a n d we s a y t h a t 
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( D 2 ) t h e map [ 0 , T ] 3 t v t £ H g ( f t ) s a t i s f i e s ( D 2 ) i f f o r a l l t £ [ 0 , T ] 

( 5 0 ) 

( 5 1 ) Av^ < 0 

( 5 2 ) J ( v t - * t ) - A v t = 0 

C o m m e n t s : A d i f f e r e n c e as c o m p a r e d w i t h t h e e a r l i e r v e r s i o n s ( A ) , ( B ) , ( C ) 

i s t h a t t h e r e g i o n s D T h a v e d i s a p p e a r e d f r o m t h e f o r m u l a t i o n , e x c e p t f o r 

t h e i n i t i a l d o m a i n DQ w h i c h i s now g i v e n b e f o r e h a n d a n d i s i m p l i c i t l y c o n 

t a i n e d i n t h e f u n c t i o n ^ . 

I t i s c l e a r t h a t t h e c o n d i t i o n s ( D 1 ) a n d ( D 2 ) a r e m e a n i n g f u l f o r a r -

b i t r a r y g i v e n f u n c t i o n s i J ^ C H ( f t ) ( n o t n e c e s s a r i l y o f t h e f o r m g i v e n b y 

( 4 3 ) ) a n d we w i l l s o m e t i m e s t a k e t h e l i b e r t y t o r e f e r t o ( D 1 ) a n d ( D 2 ) 

f o r i J J t £ H j ( f t ) n o t o f t h e f o r m ( 4 3 ) . We w i l l a l s o r e f e r t o ( D 1 ) a n d ( D 2 ) 

f o r i s o l a t e d v a l u e s o f t w i t h o u t i n v o l v i n g a l l t h e c o r r e s p o n d e n c e s 

[ 0 , T ] 3 t -» U^ J V J . . T h a t i s , we w i l l u s e f o r m u l a t i o n s s u c h a s " l e t 

u t £ H g ( f t ) s a t i s f y ( D 1 ) f o r t = t g " ( g i v e n t g ) . S i m i l a r r e m a r k s h o l d f o r 

t h e p r o b l e m s ( C ) a n d ( E 1 ) a n d ( E 2 ) . 

F o r f i x e d t £ [ 0 , T ] ( D 1 ) a n d ( D 2 ) c a n be c o n s i d e r e d a s f r e e b o u n d a r y 

c o n d i t i o n s . C o n s i d e r ( D 2 ) f o r e x a m p l e . I n t r o d u c i n g t h e c o i n c i d e n c e s e t 

o n e c a n s e e t h a t ( D 2 ) i m p l i e s t h a t o u t s i d e 1^., v^. s a t i s f i e s t h e o v e r -

d e t e r m i n e d p r o b l e m 

( 5 3 ) I . = { z £ f t : v . ( z ) = i M z ) } 

( 5 4 ) A v + = 0 i n ft \ I 

( 5 5 ) a n d 

( 5 6 ) g r a d v g r a d \p. o n 91 
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T h u s we h a v e a f r e e b o u n d a r y c o n d i t i o n f o r 91^. . T h i s f r e e b o u n d a r y p r o b 

l e m i s k n o w n a s " t h e o b s t a c l e p r o b l e m " ( t h e f u n c t i o n d e s c r i b e s t h e 

o b s t a c l e ) . S e e [ 1 1 ] o r [ 1 2 ] f o r e x a m p l e . 

f . T w o v a r i a t i o n a l i n e q u a l i t i e s 

We s h a l l f o r m u l a t e t w o v a r i a t i o n a l i n e q u a l i t i e s w h i c h a r e t o be e q u i 

v a l e n t , r e s p e c t i v e l y , t o t h e l i n e a r c o m p l e m e n t a r i t y p r o b l e m s ( D 1 ) a n d ( D 2 ) . 

L e t r , R , T , ft , D n a n d \pf be a s o n p . 3 0 . T h e n we s a y t h a t 

( E 1 ) t h e map [ 0 , T ] 9 t u t e H g ( f t ) s a t i s f i e s ( E 1 ) i f , f o r a l l t e [ 0 , T ] , 

A u . + < 0 ( 5 7 ) 

a n d 

• 

( 5 8 ) / V ( u - u t ) • V u . > 0 f o r a l l 
ft Z Z ~ 

i 
u e H Q ( Q ) w i t h A u + A ^ t < 0 . 

We s a y t h a t 

( E 2 ) t h e map [ 0 , T ] 3 t -> v , € H ' ( f t ) s a t i s f i e s ( E 2 ) i f , f o r a l l t e [ 0 , T ] , 

( 5 9 ) 

a n d 
•i 

( 6 0 ) / V ( v - v . ) • V v . > 0 f o r a l l 
ft z z " 

1 
v £ O f t ) w i t h v > ii. . 
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( F ) 

( 6 1 ) 

g . T h e moment i n e q u a l i t y 

L e t ft d e n o t e t h e c l a s s o f a l l b o u n d e d o p e n s e t s D <= K w i t h O e D 

t h e map [ 0 , T ] 3t -* D^G % s a t i s f i e s ( F ) , o r s a t i s f i e s t h e moment 

i n e q u a l i t y , i f , f o r e a c h t £ [0 , T ] , 

/ cp - / c p > 2-rrt • i p ( 0 ) 
D t D 0 

2 2 
f o r e v e r y f u n c t i o n cp £ H ( ] R ) w h i c h i s s u b h a r m o n i c i n . 

R e m a r k s : By d e f i n i t i o n ( s e e e . g . [ 2 0 ] , S e c t . 3 0 ) a s u b h a r m o n i c f u n c t i o n 

i s r e q u i r e d t o b e u p p e r s e m i c o n t i n u o u s a n d t o h a v e t h e s u b - m e a n v a l u e p r o 

p e r t y w i t h r e s p e c t t o s m a l l d i s c s . 

2 2 

T h e c h o i c e o f t h e t e s t c l a s s i n ( F ) , H ( ] R ) , i s p e r h a p s n o t t h e m o s t 

n a t u r a l o n e , b u t i t i s a c h o i c e f o r w h i c h t h e p r o o f o f o u r o n l y t h e o r e m 

i n v o l v i n g ( F ) ( T h e o r e m 1 0 , ( F ) ( C ) ) w o r k s f a i r l y w e l l . 

By c h o o s i n g cp = ± Re z n a n d ± Im z n ( n > 0 ) i n a n e i g h b o u r h o o d o f 

Dg U DJ . we s e e t h a t ( F ) i m p l i e s t h e moment p r o p e r t y : 

I D . I = I D n I + 2 i r t ( n = 0 ) a n d 

( t h u s 3 1 = U ft 
r , R > 0 

s a y t h a t 

R , r w i t h IR R , r a s o n p . 23 ) , a n d l e t T > 0 . T h e n we 

n f o r n > 1 
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R E L A T I O N S BETWEEN T H E MOVING BOUNDARY C O N D I T I O N S , AND 

E X I S T E N C E AND U N I C I T Y R E S U L T S 

We s h a l l now s e t up t h e r e l a t i o n s b e t w e e n t h e m o v i n g b o u n d a r y c o n 

d i t i o n s ( A ) - ( F ) i n S e c t i o n I I a n d t h e r e b y a l s o p r o v e e x i s t e n c e a n d 

u n i c i t y o f s o l u t i o n s o f ( C ) - ( F ) ( f o r ( A ) a n d ( B ) o n l y u n i c i t y ) . We w i l 

a l s o p r o v e some m o n o t o n i c i t y a n d c o m p a r i s o n t h e o r e m s . 

T h e d i a g r a m m e b e l o w i l l u s t r a t e s t h e c o n t e n t s o f t h i s s e c t i o n s . 

Thm 1 T h m 2 T h m 3 Thm 5 
( A ) => ( B ) =^> ( C ) ( D 1 ) ( E 1 ) 

T h m 10 Thm 4 

Thm 5 
( D 2 ) <^> 

M i n i m a l 
p r o p e r t i e s 
a n d 
m o n o t o n i c i t y 
p r o p e r t i e s 
( T h m 7 

w i t h c o r s ) 

( E 2 ) 

r 
H a v e u n i q u e 
s o l u t i o n s 
w i t h 
r e g u l a r i t y 
p r o p e r t i e s 
( T h m 6 ) 

T h u s t h e c o n d i t i o n s ( C ) - ( F ) a r e a l l e q u i v a l e n t , b u t we a r e n o t a b l e t o 

i n f e r ( A ) o r ( B ) f r o m t h e m . T h e e x i s t e n c e a n d u n i c i t y o f s o l u t i o n s t o 

( C ) f o l l o w s f r o m t h e e l e m e n t a r y f a c t t h a t ( E 1 ) a n d ( E 2 ) h a v e u n i q u e 

s o l u t i o n s . 
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a . ( A ) ( B ) 

T h e o r e m 1: S u p p o s e t h e map ( a , b ) 3 t - » D t e S s a t i s f i e s ( A ) . T h e n i t 

a l s o s a t i s f i e s ( B ) . 

( 1 ) 

P r o o f : A l l we h a v e t o p r o v e i s t h a t t h e f o r m u l a 

8g 
J cp d x d y = - / cp 

3D, an 
ds 

oo 7 
h o l d s f o r a l l cp e C ( F ) a n d t h a t t h e r i g h t member o f i t i s a c o n t i n u o u s 

2 
f u n c t i o n o f t . L e t x , y be t h e c o o r d i n a t e v a r i a b l e s i n TR a n d l e t 

( 2 ) 

( 3 ) 

S = 5 ( s , t ) 

n = n ( s , t ) 

d e n o t e t h e c o m p o n e n t s o f e ( s , t ) £ | R ( p . 2 1 - 2 2 ) . T h e n ( A ) ( i i i ) b e c o m e s 

( C ( s , t ) ) 

( C ( s , t ) ) 

9 5 ( s , t ) _ 
9 g D 

9 5 ( s , t ) _ u t 
at ax 

9 n ( s , t ) _ u t 
at a y 

T h u s t h e r i g h t member o f ( 1 ) i s 

9 9 D 3 g D 

- / * ^ ~ d s = - / v f - i i r d y 

3D, 

ag 

9y 
' t t 

a n d we o n l y h a v e t o p r o v e t h e f o r m u l a 

( 4 ) w / ^ x d y = ^ ( f d y - | n d x ) 

T o p r o v e ( 4 ) we c o n s i d e r t h e e x p r e s s i o n c p d x d y a s a C°° 2 - f o r m on 
7 7 

TR . S i n c e a 2 - f o r m o n 1R i s a u t o m a t i c a l l y c l o s e d ( i . e . d ( c p d x d y ) = 0 ) 
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a n d h e n c e e x a c t ( I R b e i n g s i m p l y c o n n e c t e d ) , t h e r e i s a C°° 1 - f o r m 

CO = a d x + b d y ( a = a ( x , y ) , b = b ( x , y ) ) on ]R s u c h t h a t da) = c p d x d y , i . e . 

s u c h t h a t = ip . 

N o w , l e t T = ] R / Z ( t h e r a n g e o f t h e v a r i a b l e s ) . T h e n , u s i n g 

S t o k e s ' f o r m u l a a t t h e f i r s t s t e p , we g e t 

4r / cp d x d y = 4r / a d x + b d y 
D , 3 D t 

d t i ( d s , t ) ) % ^ + b ( C ( s , t ) ) % ^ ds 

/ 
T 

2 2 
9 ? + b - 3 n 

3 s 3 t 3 s 3 t ds + / 
¥ ^3x * 3 t 3y * 3 t ; 3 s { 3x * 3 t 3y ' 3 t ; 3 s . ds 

/ 
T 

2 2 

3 s 3 t 3 s 3 t f 9x 3 y M 3 t 3s 3 t 8 s ' a s 

j [dx 3 t 3S 3y 3 t 3s 3y 3 t 3s 3x 3 t 3s. ds 

¥ 3 s v 9 t 9 t J 

t 13? 3n 3n 9 ^ J r /95 J.. 3n . > 
I ^ * ( "9T "3? ' "3t L ? ) D S = J ^ * ^ " W d x ) * 
¥ 9 U t 

T h e a b o v e c o m p u t a t i o n i s v a l i d u n d e r t h e g i v e n r e g u l a r i t y a s s u m p t i o n s 

( t h e map <; = ( £ , n ) i s o f c l a s s C a n d c ( « , t ) i s a d i f f e o m o r p h i s m ¥ ->- 3 D t ) . 

I t a l s o f o l l o w s f r o m t h e a b o v e c o m p u t a t i o n s t h a t t h e r i g h t member o f 

( 1 ) i s a c o n t i n u o u s f u n c t i o n o f t a n d t h a t h e n c e / c p d x d y i s c o n t i n u o u s l y 

d i f f e r e n t i a t e w i t h r e s p e c t t o t . ^ 

T h i s p r o v e s T h e o r e m 1. 
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b . (B) •» (C) 

T h e o r e m 2 : S u p p o s e ( a , b ) 3 T - > N
T E S s a t i s f i e s (B) a n d c h o o s e r , R , T > 0 s o t h a t 

[ 0 , T ] c ( a , b ) , D p c:c= DQ a n d DT<=<=BR , a n d l e t ft = B R . T h e n N
T E F T R 

f o r a l l T E [ 0 , T ] a n d [ 0 , T ] 3 t -» D. E R D „ s a t i s f i e s (C) . 
T, K , r 
i 

F u r t h e r , t h e f u n c t i o n u^EHGCFT) o c c u r r i n g i n (C) i s 

t 
u = / g n d t 

0 T 

( a v e c t o r - v a l u e d i n t e g r a l ) , w h e r e g n i s t h e " s m o o t h e d o u t G r e e n ' s f u n c t i o n " 

d e f i n e d b y 

9 D ( z ) = H ^ T ] / 9 D ( Z » C ) D A ? = 

r 

g D ( z ) + l o g l z l - -^p—y- / l o g I z - c I d a ^ f o r z £ B p 

g D ( z ) z E D ^ B r 

Z E ft v D 

P r o o f : We f i r s t h a v e t o p r o v e t h a t D. E J L ^ f o r T E [ 0 , T ] , i . e . t h a t 
— — — t K , r 

D r c=<= D tc=cz B R f o r t £ [ 0 , T ] . S i n c e B r <=<= D Q a n d D j c c z B R i t s u f f i c e s 

t o p r o v e t h a t D <= f o r X < t . 

Now 9 n < 0 o n 3 D t s o t h a t f o r m u l a ( 1 1 . 1 1 ) s h o w s t h a t 

^ / cp d x d y > 0 
D t 

f o r a l l cpGC'TQR ) s u c h t h a t c p > 0 . T h u s / c p d x d y i s a n o n - d e c r e a s i n g 
D 

f u n c t i o n o f t , i . e . t 

/ cp d x d y < / cp d x d y f o r X < t , 
D D . 

X t 
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oo 2 

f o r a l l c p £ C c ( ] R ) w i t h i p > 0 . I t i s e a s y t o s e e ( i n v i e w o f t h e r e g u 

l a r i t y r e q u i r e m e n t s o n 3 D t ) t h a t t h i s i m p l i e s t h a t D T c = D t f o r x < t . T h u s 

D T E F I R r f o r t £ [ 0 , T ] i s p r o v e d . 

i 
N e x t we h a v e g n E H G ( f t ) . I n f a c t g n i s c o n t i n u o u s i n a l l ft , 

i s c o n t i n u o u s l y d i f f e r e n t i a b l e i n ft ^ 3 D + , a n d a t 3D. V g n i s b o u n d e d 
t 1 

d u e t o t h e r e g u l a r i t y a s s u m p t i o n f o r 3 D t ( D T E S ) . T h u s , g n £ H ( f t ) , 

a n d s o D ^ c c ft , g ^ = 0 o n ft^D^ i m p l i e s g N ^ £ H ^ ( f t ) . 

Now l e t u t G H j ( f i ) be d e f i n e d b y ( 1 1 . 1 3 ) , i . e . 

A u t = \ -\- 2^'l^j\ ( T E T O . T ] ) . 

T h e n i n o r d e r t o c o m p l e t e t h e p r o o f o f T h e o r e m 2 , t h e r e a r e t h r e e t h i n g s 

t o p r o v e . F i r s t t h a t 

t 
u t = / g n d x , 

0 T 

a n d t h e n t h a t ( 1 1 . 1 4 ) a n d ( 1 1 . 1 5 ) h o l d . 

( 1 0 ) means b y d e f i n i t i o n t h a t 

t 
< u T , P ) = / < g n , P > d x 

0 x 

-1 1 

f o r a l l P £ H ( f t ) = H G ( f t ) 1 . I t w i l l f o l l o w f r o m t h e c o m p u t a t i o n s t o come 

t h a t t h e f u n c t i o n [ 0 , T ] 3 x -+ ( g n , P ) E ]R i s c o n t i n u o u s f o r e a c h P E H ^ ( f t ) 

( s e e t h e l a s t p i e c e o f t h e R e m a r k T o n p . 40 f ) , s o t h e i n t e g r a l i n ( 1 1 ) c e r -
1 -1 

t a i n l y e x i s t s . S i n c e A : H G ( f t ) -> H ( f t ) i s a n i s o m o r p h i s m , ( 1 1 ) c a n be 

w r i t t e n 

t 
( u t , A c p ) = ^ < g D ,Acp) d x f o r a l l t p £ H Q ( f t ) 

i . e . u s i n g ( 9 ) 
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1 Z 1 
( x D t " X D 0 " 2 T r t ' " n r T T x D ' t p > = s A t p ) d T ( f o r a 1 1 v e H ^ n ) ) . 

We f i r s t p r o v e ( 1 3 ) f o r t p £ C ~ ( f t ) . G r e e n ' s ( s e c o n d ) f o r m u l a g i v e s 

( f o r t p £ C " ( n ) ) 

8 \ % 
a u ; ' ^ d s = - 3 ^ - ^ d s = " i ; , A \ V / k p , \ = 

t t t t 

D t 

C o m b i n i n g t h i s w i t h ( 1 1 . 1 1 ) we g e t 

t 3 9 D 

T 
P ~ 3 l < X D - X D M = h ~ J < P = / ( - / c p - g ? r d s ) d T 

u t 0 Do. D n 0 3D 

1 * 
= ( 2 7 T t * T F T x ] D ' c p > + i C % ' A c p ) d x 

r r 0 T 

A 

T h u s ( 1 3 ) i s p r o v e d f o r t p £ C ~ ( f t ) . T o e x t e n d i t t o a l l t p £ H 0 ( f t ) 

we n e e d o n l y t o p r o v e t h a t t h e r i g h t member j(q~ , A t p } d x o f ( 1 3 ) d e p e n d 
1 0 T 

c o n t i n u o u s l y w i t h r e s p e c t t o t h e H g - n o r m o n tp ; f o r C c ( ^ ) i s d e n s e i n 

H J ( Q ) a n d T H I 

r e s p e c t t o tp 

1 1 
H Q ( Q ) a n d t h e l e f t member o f ( 1 3 ) o b v i o u s l y i s H Q - c o n t i n u o u s w i t h 

We h a v e 

t t t t 
/ < g D , A t p ) d x | •= | / ( g D , , t p ) d T | < J | ( g Q , t p ) [ d x < / || G Q || 1 • IM|- 1 dx 
O x O x O x O X H Q H Q 

N|| • / | | G D II d x 
0 x 
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a n d t h u s i t i s e n o u g h t o p r o v e t h a t 

t 
/ II 9 N II dx < » . 
0 u x 

*/ 
T o p r o v e t h i s we e s t i m a t e ||gn - g n || . f o r x < t ' . 

u t T H Q ( f t ) 

I I 3 D " 3 D 1 , 2 ^ > V ( § D " 9 D } L 2 = " /  {\-% } ' A ( 9 D " 3 D ] 

t x ft t x ft t x t x 

9 3 D 3 3 D 

t X 

9 g D 9 g D 9 g D 

- / g"n • ^ T ds = - / g n '—7r=^- ds < max g n • ( - / — ^ d s ) 

3D ° t 3 n 3D D t 3 n ' 3D D t 3D 3 n 

X X X X 

= 2TT • max 
G D 3D u t x 

S i n c e g n < g n f o r t e [ 0 , T ] t h i s s h o w s t h a t 
t " T 

I I g n - g n || < 2Tr«max g n < 0 0 f o r a l l t e [ 0 , T ] . I n p a r t i c u l a r ||gn || i s 
u t u 0 " 3 D Q

 U T t 

b o u n d e d f o r t e [ 0 , T ] a n d s o ( 1 5 ) i s t r u e . 

t 
R e m a r k : I f we k n e w a p r i o r i t h a t t h e v e c t o r - v a l u e d i n t e g r a l / g n d x d i d 

0 x 
e x i s t , t h e n i t w o u l d be t r i v i a l l y t r u e t h a t t h e r i g h t member o f ( 1 3 ) d e -

t 
p e n d s c o n t i n u o u s l y o n c p . A s u f f i c i e n t c o n d i t i o n f o r / g n d x t o e x i s t 

1 0 T 

i s t h a t t h e map [ 0 , T ] 3 t - > g n e H g ( f t ) be c o n t i n u o u s ( s e e [ 1 8 ] , p . 73 f ) . 

'We a r e t h e n u s i n g t h e f a c t , a l r e a d y p r o v e n ( p . 3 7 - 3 8 ) t h a t 
D c D , f o r x < t . 

x t 
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I t s e e m s v e r y r e a s o n a b l e t h a t t h i s i s t h e c a s e b u t I h a v e n o p r o o f f o r i t . 

I t m a y , h o w e v e r , be s e e n f r o m t h e c o m p u t a t i o n o n p . 40 a t l e a s t t h a t 

t + cjp i s c o n t i n u o u s f r o m t h e l e f t , i . e . t h a t CJQ -> g^ a s i ^ t . 
t x t 

M o r e o v e r , i t f o l l o w s f r o m p . 39 t h a t t + i i s w e a k l y c o n t i n u o u s , 
u t 

i . e . t h a t t -* ( g n , p ) i s c o n t i n u o u s f o r e a c h p e h H ( f t ) . I n f a c t , f r o m 
u t 

{ \ M = ~1 D S " ( N O x i D ' l p > 

we s e e t h a t t < g n , p ) i s c o n t i n u o u s f o r a d e n s e s e t o f p : s 
u t 

( p = Atp, t p e c T ( f i ) ) , s i n c e t h e f i r s t t e r m i n t h e r i g h t member o f ( 1 6 ) i s 
-1 

c o n t i n u o u s b y a s s u m p t i o n ( p . 22 ) , a n d t h e c o n t i n u i t y f o r a l l p € H ( f t ) 

t h e n f o l l o w s a u t o m a t i c a l l y f r o m t h e b o u n d e d n e s s o f ||gD || ( t £ [ 0 , T ] ) . 

( E n d o f R e m a r k . ) Z 

I t r e m a i n s t o p r o v e ( 1 1 . 1 4 ) a n d ( 1 1 . 1 5 ) . ( 1 1 . 1 4 ) f o l l o w s i m m e d i a t e l y 

f r o m ( 1 0 ) ( n o w p r o v e n ) , s i n c e g^ > 0 . 
T 

T o p r o v e ( 1 1 . 1 5 ) f i r s t o b s e r v e t h a t 

t 
/ u t . ( 1 - x D ) = < u t , 1 - x D > = / ( 9 D . 1 - X D > D T 

t t 0 T t 

b y c h o o s i n g p = 1 - x D i n ( 1 1 ) . 

B u t now 

{ % > 1 " V = I § D • ( 1 " X D +
) = / n % - 0 f ° r T e C 0 » t ] • 

T t FTT t ft^-D^.T 

s i n c e D T C ( p . 3 7 - 3 8 ) a n d g D = 0 o u t s i d e . T h u s 
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/ ( g D , i - x D > d r = o 

O x t 

a n d ( 1 1 . 1 5 ) i s p r o v e n . 

T h i s f i n i s h e s t h e p r o o f o f T h e o r e m 2 . 

c - ( C ) => ( D ) 

L e t r , R , T , f t , D Q be a s o n p . 3 0 . 

T h e o r e m 3 : S u p p o s e t h e map [ 0 , T ] 3 t -* D t e f L R r s a t i s f i e s ( C ) a n d l e t 

u t , ^ t , v t e H j ( f l ) be t h e f u n c t i o n s d e f i n e d b y ( 1 1 . 1 3 ) , ( 1 1 . 4 3 ) a n d 

v t = u t + ^ t • 

T h e n [ 0 , T ] 3 t - u T G H J ( A ) s a t i s f i e s ( D 1 ) a n d [ 0 , T ] 3 t -* v t e H j ( f t ) 

s a t i s f i e s ( D 2 ) . 

P r o o f : T h i s w a s p r o v e d a l r e a d y o n p . 30 ( t h e s t e p ( C ) => ( D 1 ) j u s t c o n 

s i s t e d o f r e p l a c i n g t h e e q u a l i t y i n ( 1 1 . 1 3 ) b y an i n e q u a l i t y b a s e d on 

X n - 1 < 0 , a n d ( D 1 ) «* ( D 2 ) i s o b v i o u s ) . 
u t 

A l t h o u g h o b v i o u s we f o r m u l a t e t h e e q u i v a l e n c e b e t w e e n ( D 1 ) a n d ( D 2 ) 

a s a s e p a r a t e t h e o r e m . 

•i 

T h e o r e m 4 : L e t u ^ v ^ ^ e H ^ f ! ) be r e l a t e d b y v t = u t + if>t ( ^ t n o t n e 

c e s s a r i l y d e f i n e d b y ( 1 1 . 4 3 ) ) . T h e n [ 0 , T ] 3 t - » u t e H j ( n ) s a t i s f i e s 

( D 1 ) i f a n d o n l y i f [ 0 , T ] 3 t -* v . e H ^ ( f i ) s a t i s f i e s ( D 2 ) . 
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d - ( D ) * ( E ) 

L e t r , R , T , f t , D g a n d be a s o n p . 3 0 . 

T h e o r e m 5 : 

( i ) t h e map [ 0 , T ] 3 t - » u t € H J ( « ) s a t i s f i e s ( E 1 ) i f a n d o n l y i f i t 

s a t i s f i e s ( D 1 ) . 

( i i ) t h e map [ 0 , T ] 3 t - > v t e H J ( f t ) s a t i s f i e s ( E 2 ) i f a n d o n l y i f i t 

s a t i s f i e s ( D 2 ) . 

P r o o f : 

( i ) «- : S u p p o s e t -> u t s a t i s f i e s ( D 1 ) . T h e n , b y (11.47) a n d (11.49) , 

/ u t - ( A u + to\>t) < 0 = J u t - ( A u t + A ^ t ) 

•1 

f o r a l l u e H Q ( f t ) w i t h Au + < 0 . T h u s ( b y s u b t r a c t i n g / u t « A ^ t ) 

/ u t » A ( u - u t ) < 0 , 

o r 

/ V u t « V ( u - u t ) > 0 , 

f o r a l l u e H j ( f t ) w i t h Au + A i p t < 0 . S i n c e (11.57) i s (11.48) t h i s 

s h o w s t h a t t -* u t s a t i s f i e s ( E 1 ) . 

( i ) => : S u p p o s e t -* u^ s a t i s f i e s ( E 1 ) . T h e n 

/ u t « ( A u + A ^ t ) < / u t « ( A u t + A ^ t ) 

f o r a l l u e H g ( f t ) w i t h Au + A i ^ < 0 . ( ( 1 7 ) i s j u s t a r e f o r m u l a t i o n o f 

( 1 1 . 5 8 ) ) . H e r e t h e c h o i c e u = s h o w s t h a t t h e r i g h t member o f ( 1 7 ) 

i s > 0 , w h i l e t h e c h o i c e u = 2 ( u ^ + 4^) - i j ^ s h o w s t h a t i t i s < 0 . 

H e n c e 
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/ U t « ( A u t + A ^ t ) = 0 . 

W r i t i n g p = Au + A ^ t a n d u s i n g ( 1 8 ) , ( 1 7 ) b e c o m e s 

/ u t - p < 0 

f o r a l l p e H _ 1 ( f t ) w i t h p < 0 . 

T h i s s h o w s t h a t 

u t > 0 . 

Now ( 2 0 ) , ( 1 1 . 5 7 ) a n d ( 1 8 ) c o n s t i t u t e t h e c o n d i t i o n s i n ( D 1 ) a n d s o we 

h a v e p r o v e n t h a t t -» u s a t i s f i e s ( D 1 ) . 

( i i ) <= : S u p p o s e t -> v t s a t i s f i e s ( D 2 ) . T h e n , b y ( 1 1 . 5 1 ) a n d ( 1 1 . 5 2 ) 

/ ( v - i | » t ) « A v t < 0 = / ( v t - ^ t ) - A v t 

1 

f o r a l l v £ H g ( f t ) w i t h v > 4>T . T h u s / ( v - v t ) « A v t < 0 , o r 

/ V ( v - v t ) - W t > 0 , 

f o r a l l v e H g ( f t ) w i t h v > i p t . S i n c e ( 1 1 . 5 9 ) i s ( 1 1 . 5 0 ) t h i s s h o w s 

t h a t t -» v ^ s a t i s f i e s ( E 2 ) . 

( i i ) => : S u p p o s e t -* v t s a t i s f i e s ( E 2 ) . T h e n 

/ ( v - ^ t ) « A v t < / ( v t - ^ t ) » A v t 

f o r a l l v G H ^ ( f t ) w i t h v > ^ . ( ( 2 1 ) i s ( 1 1 . 6 0 ) ) . T h e c h o i c e v = 4>T 

s h o w s t h a t t h e r i g h t member o f ( 2 1 ) i s > 0 , w h i l e t h e c h o i c e 

v = 2 ( v . - X/J.) + ipf s h o w s t h a t i t i s < 0 . T h u s 

/ ( v t - * t ) . A v t = 0 
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( 2 3 ) 

T h u s , w i t h tp = v - i p t ( 2 1 ) b e c o m e s 

/ t p » A v t < 0 

f o r a l l i p £ H ( f t ) w i t h cp > 0 . T h i s s h o w s t h a t 

( 2 4 ) A v + < 0 . 

S i n c e ( 1 1 . 5 9 ) , ( 2 4 ) a n d ( 2 2 ) c o n s t i t u t e t h e c o n d i t i o n s i n ( D 2 ) 

we h a v e p r o v e n t h a t t -» v t s a t i s f i e s ( D 2 ) . 

T h i s f i n i s h e s t h e p r o o f o f T h e o r e m 5 . 

e . E x i s t e n c e , u n i q u e n e s s a n d r e g u l a r i t y o f s o l u t i o n s t o ( E ) 

L e t r , R , T , f t , D g a n d ^ t be a s o n p . 3 0 . B e f o r e f o r m u l a t i n g t h e n e x t 

t h e o r e m we s h a l l r e c a l l some g e n e r a l r e g u l a r i t y r e s u l t s . 

i 
L e t 2 < p < ° ° a n d l e t c p £ H g ( f t ) . T h e n t h e f o l l o w i n g i m p l i c a t i o n s 

a r e t r u e : 

H e r e c p £ C ' a ( f t ) means t h a t cp i s c o n t i n u o u s l y d i f f e r e n t i a t e i n ft a n d 

t h a t i t s f i r s t o r d e r p a r t i a l d e r i v a t i v e s a r e l o c a l l y H o l d e r c o n t i n u o u s 

w i t h e x p o n e n t a ( 0 < a < 1 ) , i . e . 

( 2 5 ) A cp e L p ( f t ) => cp e H 2 > P ( f t ) 

s u p 
z , c e K 

< + oo 
z - ? a 

f o r e a c h c o m p a c t K c ft , a n d s i m i l a r l y f o r t h e y - d e r i v a t i v e Sep 
3y 
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T h e f i r s t i m p l i c a t i o n i n ( 2 5 ) i s a c o n s e q u e n c e o f t h e f a c t t h a t t h e 

o p e r a t o r A i s u n i f o r m l y e l l i p t i c . ( [ 1 2 ] , T h e o r e m 4 . 1 0 , p . 3 4 ) . 

T h e s e c o n d i m p l i c a t i o n f o l l o w s f r o m a w e l l - k n o w n lemma b y S o b o l e v 

( [ 1 2 ] , Lemma A 9 , p . 5 6 ) . 

Now f r o m t h e d e f i n i t i o n ( 1 1 . 4 3 ) o f ^ we s e e t h a t A ^ t e L ° ° ( f t ) . 

T h u s Aip t £ L p ( f t ) f o r a l l p < ~ a n d s o , b y ( 2 5 ) , ye H 2 » P ( f t ) f o r a l l p < °° 

a n d i/jt e C 1 ' a ( f t ) f o r a l l a < 1 . 

T h e o r e m 6 b e l o w i s e s s e n t i a l l y a s p e c i a l c a s e o f a s t a n d a r d e x i s t e n c e , 

u n i q u e n e s s a n d r e g u l a r i t y t h e o r e m f o r s o l u t i o n s o f v a r i a t i o n a l i n e q u a l i t i e s , 

e . g . T h e o r e m e 1.1 i n [ 2 ] . M o r e p r e c i s e l y , t h e p a r t o f T h e o r e m 6 w h i c h 

c o n c e r n s t h e f u n c t i o n v ^ i s a d i r e c t c o n s e q u e n c e o f T h e o r e m e 1.1 i n [ 2 ] 

w h i l e t h o s e p a r t s c o n c e r n i n g u .̂ f o l l o w b y t h e n a p p l y i n g T h e o r e m s 4 a n d 5 . 

D e s p i t e o f t h i s we w i l l i n c l u d e a p r o o f o f T h e o r e m 6 h e r e . We p r o v e 

e x i s t e n c e a n d u n i q u e n e s s o f s o l u t i o n s b e c a u s e t h i s i s v e r y e a s y t o p r o v e 

a n d i t i s n i c e t o b e s e l f - c o n t a i n e d t o s u c h a l o w p r i c e ; a n d we p r o v e 

r e g u l a r i t y o f s o l u t i o n s b e c a u s e we h a v e a p r o o f o f t h a t p a r t w h i c h i s s i m p 

l e r a n d m o r e e l e m e n t a r y t h a n t h e s t a n d a r d p r o o f s a n d w h i c h p e r h a p s i s n e w . 

T h e o r e m 6 : 

( i ) T h e v a r i a t i o n a l i n e q u a l i t i e s ( E 1 ) a n d ( E 2 ) h a v e u n i q u e s o l u t i o n s 

u t , v t e H j ( f i ) ( t e [ 0 , T ] ) . 

( T h i s d e p e n d s o n l y o n t h e f a c t t h a t ^ £ H g ( f t ) . ) 

( i i ) u t a n d v^. a r e r e l a t e d b y v^. = u^ + i j ^ . 

( i i i ) u t , v t £ H 2 ' p ( f l ) f o r a l l p < <» . I n p a r t i c u l a r u t , v t £ C 1 ' a ( f t ) 

f o r a l l a < 1 . 

( T h i s p a r t d e p e n d s o n i>. e H 2 ' p ( f t ) , a l l p < °° . ) 
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P r o o f : ( i ) f o l l o w s f r o m s t a n d a r d H i l b e r t s p a c e t h e o r y . C o n s i d e r ( E 1 ) 

f o r e x a m p l e . F i x t e [ 0 , T ] a n d l e t 

K = { u £ H j ( n ) : Au + A i p t < 0 } . 

i 
T h e n K i s a c l o s e d c o n v e x s e t i n H g ( f t ) . T h a t i t i s c o n v e x i s o b v i o u s 

a n d t h a t i t i s c l o s e d f o l l o w s f r o m t h e f a c t t h a t t h e c o n d i t i o n Au + AiJ>t < 0 

c a n be f o r m u l a t e d 

<Au + Aif^.cp) < 0 f o r a l l t p € H g ( f t ) w i t h cp > 0 , o r 

i 
( u , c p ) > - ( ^ t , c p ) f o r a l l c p £ H g ( f t ) w i t h cp > 0 . 

( 2 8 ) s h o w s t h a t K i s t h e i n t e r s e c t i o n o f a s e t o f ( w e a k l y a n d s t r o n g l y ) 

c l o s e d h a l f s p a c e s a n d s o i s c l o s e d ( w e a k l y a n d s t r o n g l y ) . 

T h e c o n d i t i o n i n ( E 1 ) now b e c o m e s ( f o r f i x e d t £ [ 0 , T ] ) 

u t € K a n d 

( u - u t , U j . ) > 0 f o r a l l u £ K , 

a n d ( K b e i n g c l o s e d a n d c o n v e x ) t h i s c o n d i t i o n i s s a t i s f i e d b y a u n i q u e 
•i 

u t £ H g ( f t ) , n a m e l y t h a t u t w h i c h s o l v e s t h e m i n i m u m n o r m p r o b l e m 

F i n d u . e K s u c h t h a t ||u.|| = i n f ||u|| . 
z z ueK 

T h u s ( i ) i s p r o v e d ( w i t h a s i m i l a r a r g u m e n t f o r ( E 2 ) ) . 

( i i ) f o l l o w s b y c o m b i n i n g T h e o r e m 5 a n d T h e o r e m 4 . 

( i i i ) : I n v i e w o f ( i i ) i t i s s u f f i c i e n t t o p r o v e t h a t o n e o f t h e 

f u n c t i o n s u t a n d v^ b e l o n g s t o H 2 ' p ( f t ) . We g i v e t w o a l t e r n a t i v e s . 

A l t e r n a t i v e 1: F o r t h e f a c t t h a t v t £ H 2 ' p ( f t ) ( w h e n e v e r ^ e H 2 ' p ( f t ) , 

2 < p < ° ° ) we may r e f e r t o t h e e x i s t i n g l i t e r a t u r e on v a r i a t i o n a l i n 

e q u a l i t i e s o f t h e k i n d ( E 2 ) , f o r e x a m p l e [ 2 ] , T h e o r e m e 1 . 1 . 
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A l t e r n a t i v e 2 : We c a n p r o v e t h a t u ^ £ H ' p ( f t ) b y a r a t h e r s i m p l e a n d 

e l e m e n t a r y a r g u m e n t w h i c h a l s o m i g h t be o f i n d e p e n d e n t i n t e r e s t . I t 

g o e s a s f o l l o w s : 

We w a n t t o s h o w t h a t i f l f i e H j ( f i ) n H 2 ' p ( f i ) f o r some 2 < p < ° o , 

t h e n t h e s o l u t i o n u G H g ( f t ) o f 

Au + Ai/; < 0 , 

- / v ( u ' - u ) « V u > 0 f o r a l l U ' G H J M 

w i t h A u ' + Aip < 0 

a l s o b e l o n g s t o H 2 ' p ( f t ) . ( ( 3 1 ) i s ( E 1 ) f o r a f i x e d t e [ 0 , T ] . ) T o t h i s 

e n d , c o n s i d e r t h e f o l l o w i n g a u x i l i a r y v a r i a t i o n a l i n e q u a l i t y , i n w h i c h 

t h e c o n d i t i o n s o n u a r e m o r e r e s t r i c t i v e : 

i 
F i n d u e H g ( f t ) w h i c h s a t i s f i e s 

r m i n ( 0 , A i p ) < A u + A^ < 0 , 

- / v ( u ' - u ) « V u > 0 f o r a l l u ' e H j ( f l ) 

w i t h m i n ( 0 , A i J j ) < A u ' + Aip < 0 . 

S i n c e , j u s t a s f o r ( E 1 ) , t h e c o n s t r a i n t s o n u ( a n d u ' ) a b o v e d e l i m i t 
A 

a c l o s e d c o n v e x s u b s e t o f H g ( f t ) , ( 3 2 ) h a s a u n i q u e s o l u t i o n u e H g ( f t ) . 

Now t h i s s o l u t i o n a p r i o r i b e l o n g s t o H 2 ' p ( f t ) s i n c e t h e c o n d i t i o n s on 

u a r e o f t h e f o r m f^ < Au < f 2 w i t h f ,j ^ € L p ( f t ) . T h e r e f o r e i f we 

c a n s h o w t h a t t h e s o l u t i o n o f u o f ( 3 2 ) i s t h e same as t h e s o l u t i o n o f 

( 3 1 ) we a r e d o n e . A n d t o s h o w t h i s we n e e d o n l y s h o w t h a t u s a t i s f i e s 

( D 1 ) , i . e . 

'u > 0 

- Au + tup < 0 

/ u « ( A u + A ^ ) = 0 

s i n c e t h e s e c o n d i t i o n s c h a r a c t e r i z e t h e s o l u t i o n o f ( 3 1 ) ( T h e o r e m 5 ( i ) ) . 



- 4 9 -

T h u s l e t U£HQ(Q.) be t h e s o l u t i o n o f ( 3 2 ) a n d we s h a l l p r o v e t h a t 

u s a t i s f i e s ( 3 3 ) - ( 3 5 ) a b o v e . F i r s t we g e t f r o m ( 3 2 ) t h a t 

/ u « ( A u ' + A I /J) < / U » ( A U + A I J J ) 

f o r a l l u ' G H Q ( ^ ) w i t h m i n ( 0 , A I ( J ) < A u ' + AI(J < 0 , o r 

/ u « p < / u « ( A u + A I P ) 

f o r a l l p e H ~ 1 ( f t ) w i t h m i n ( 0 , A I P ) < p < 0 . 

F i r s t c h o o s e p = 0 i n ( 3 7 ) . T h i s g i v e s 

/ u « ( A u + A I P ) > 0 . 

T h e n c h o o s e 

m i n ( 0 , A \ P ) o n N 

P = 

A u + A I P o n ft ^ N 

w h e r e 

N = { z e f t : u ( z ) < 0 } 

( O b s e r v e t h a t s i n c e u £ H 2 ' p ( f t ) , u i s a c o n t i n u o u s f u n c t i o n , s o t h a t N 

i s a w e l l - d e f i n e d o p e n s e t i n ft . ) We g e t 

/ u * m i n ( 0 , A I J ; ) < / u * ( A u + A I P ) , o r 
N N 

/ U » ( A U + A ^ - m i n ( 0 , A ^ ) ) > 0 
N 

S i n c e A U + M> - m i n ( 0 , A I P ) > 0 a n d U < 0 o n N ( 4 2 ) f o r c e s 

A U + A I P - m i n ( 0 , A I P ) = 0 o n N . T h i s s h o w s t h a t 

A U < 0 o n N. 
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B u t now u = 0 o n 3N U 3ft ( b y t h e d e f i n i t i o n o f N , a n d s i n c e u 
I 

i s c o n t i n u o u s a n d b e l o n g s t o H g ( f t ) ) . T h e r e f o r e Au < 0 o n N i m p l i e s 

u > 0 o n N . C o m p a r i n g w i t h t h e d e f i n i t i o n o f N we m u s t c o n c l u d e 

t h a t N i s t h e e m p t y s e t . T h u s 

u > 0 . 

T h u s ( 3 3 ) i s p r o v e n . ( 3 4 ) we know f r o m t h e b e g i n n i n g ( i t i s p a r t 

o f ( 3 2 ) ) , a n d c o m b i n i n g ( 3 3 ) a n d ( 3 4 ) w i t h ( 3 8 ) y i e l d s ( 3 5 ) . 

2 D 

T h i s e n d s t h e p r o o f t h a t t h e s o l u t i o n o f ( 3 1 ) b e l o n g s t o H ' p ( f t ) , 

a n d c o m p l e t e s t h e A l t e r n a t i v e 2 p r o g r a m . 

T h i s a l s o f i n i s h e s t h e p r o o f o f T h e o r e m 6 . 

R e m a r k : O b s e r v e t h a t , a l t h o u g h i t i s t r i v i a l t h a t ( D 1 ) a n d ( D 2 ) a r e 

e q u i v a l e n t v i a t h e r e l a t i o n v ^ = u^ + I J ^ ( a s s t a t e d i n T h e o r e m 4 ) , i t 

i s n o t a c o m p l e t e t r i v i a l i t y t h a t ( E 1 ) a n d ( E 2 ) a r e e q u i v a l e n t u n d e r t h e 

same r e l a t i o n , i . e . s t a t e m e n t ( i i ) o f T h e o r e m 6 i s n o t c o m p l e t e l y o b v i o u s . 

I n t e r m s o f t h e m i n i m u m n o r m p r o b l e m s a s s o c i a t e d w i t h t h e v a r i a t i o n a l 

e q u a l i t i e s ( E 1 ) a n d ( E 2 ) i t s a y s f o r e x a m p l e t h a t t h e f o l l o w i n g t w o 

p r o b l e m s h a v e t h e same s o l u t i o n ( = v t = u ^ + I ^ ) : 

•i 
M i n i m i z e | | v - ^ t | | w h e n A v < 0 ( v e H Q ( f t ) ) 

1 
M i n i m i z e ||v|| w h e n v > ty. ( v € H n ( f t ) ) . 
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f - ( D ) => ( C ) . 

By t h e T h e o r e m s 4 , 5 a n d 6 we k n o w t h a t ( D 1 ) a n d ( D 2 ) h a v e u n i q u e 

s o l u t i o n s u^ a n d v t ( t £ [ 0 , T ] ) , t h a t t h e s e a r e c o n t i n u o u s l y d i f 

f e r e n t i a t e f u n c t i o n s a n d a r e r e l a t e d b y v^ = u t + ^ . O u r g o a l now 

i s t o p r o v e t h a t t h e s e s o l u t i o n s g i v e r i s e t o a s o l u t i o n o f ( C ) . A s a 

p r e p a r a t i o n f o r t h i s r e s u l t ( T h e o r e m 9 ) we n e e d t w o l e m m a s , Lemma 7 

a n d Lemma 8 . 

Lemma 7: 

i 
( i ) L e t u t £ H g ( f t ) be t h e s o l u t i o n o f ( D 1 ) . T h e n u t < u f o r a l l 

1 
u e H g ( f t ) w h i c h s a t i s f y Au + A i p t < 0 a n d u > 0 . 

( i i ) L e t v t e H Q
1 ( f t ) be t h e s o l u t i o n o f ( D 2 ) . T h e n v t < v f o r a l l 

i 
v t H g ( f t ) w h i c h s a t i s f y v > ^ a n d A v < 0 . 

R e m a r k : ( i ) s a y s t h a t i n t h e c l a s s o f f u n c t i o n s t h a t s a t i s f y t h e t w o 

f i r s t c o n d i t i o n s , ( 1 1 . 4 7 ) a n d ( I I . 4 8 ) , i n ( D 1 ) t h e r e i s a s m a l l e s t f u n c t i o n , 

n a m e l y t h a t f u n c t i o n w h i c h a l s o s a t i s f i e s t h e t h i r d c o n d i t i o n , ( 1 1 . 4 9 ) . 

- S i m i l a r l y f o r ( i i ) . 

( i i ) o f Lemma 7 i s ( m o r e o r l e s s ) a s p e c i a l c a s e o f Lemma 1.1 i n 

[ 1 3 ] , a n d ( i ) i s a c o n s e q u e n c e o f ( i i ) . Due t o t h e i m p o r t a n c e o f Lemma 7 

f o r us we w i l l , h o w e v e r , i n c l u d e a p r o o f h e r e . I n t h i s p r o o f t h e f u n c t i o n 

\p. w i l l be a s s u m e d t o be t h a t f u n c t i o n d e f i n e d b y ( 1 1 . 4 3 ) , o r a t l e a s t 

be some f u n c t i o n i n H ' ^ ( f t ) ( f o r some p < <=°), a l t h o u g h Lemma 7 i s t r u e 
1 

f o r a r b i t r a r y ^ e H g ( f t ) . 

P r o o f o f Lemma 7: S i n c e we know t h a t t h e f u n c t i o n s u^ a n d v t i n ( i ) a n d 

( i i ) r e s p e c t i v e l y a r e r e l a t e d b y v ^ = u^ + y ( T h e o r e m 4 ) , a n d s i n c e 

t h e r e l a t i o n v = u + ^ o b v i o u s l y s e t s up a o n e - t o - o n e c o r r e s p o n d e n c e b e 

t w e e n t h e f u n c t i o n s u s a t i s f y i n g t h e c o n d i t i o n s i n ( i ) a n d t h o s e f u n c t i o n s 

s a t i s f y i n g t h e c o n d i t i o n s i n ( i i ) , i t s u f f i c e s t o p r o v e o n e o f ( i ) a n d ( i i ) . 

We p r o v e ( i i ) . 
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W i t h v t a n d v a s i n t h e s t a t e m e n t o f t h e l e m m a , p u t w = v - v ^ , 

a n d we s h a l l p r o v e t h a t w > 0 . L e t 

I ( v t ) = { z e f t : v t ( z ) = ^ t ( z ) } . 

T h i s i s a w e l l - d e f i n e d c l o s e d s e t i n ft s i n c e , b y a s s u m p t i o n , ^ t
G H - ' P ( f t ) 

a n d s o ( T h e o r e m 6 ) a n d v ^ a r e c o n t i n u o u s f u n c t i o n s . 

D e n o t e b y s u p p A v ^ t h e s u p p o r t o f A v t a s a d i s t r i b u t i o n on ft ( s o , 

b y d e f i n i t i o n , s u p p A v ^ i s a r e l a t i v e l y c l o s e d s e t i n ft ) . T h e n , v ^ - i p t 

b e i n g a n o n - n e g a t i v e c o n t i n u o u s f u n c t i o n w h i c h i s > 0 i n ft v I ( v t ) , i t 

f o l l o w s f r o m ( 1 1 . 5 1 ) a n d ( 1 1 . 5 2 ) t h a t 

SUppAV^ c= I ( v t ) . 

( 4 4 ) s h o w s t h a t 

Aw = A v < 0 i n ft ^ I ( v t ) . 

E v e r y w h e r e i n ft we h a v e 

w = ( v - 4>t) - ( v t - ^ t ) > - ( v t - i p t ) . 

S i n c e - ( v t - ip^.) i s a c o n t i n u o u s f u n c t i o n w h i c h v a n i s h e s o n I ( v ^ ) a n d on 

3ft ( 4 6 ) s h o w s t h a t ( i n some s e n s e ) 

w > 0 o n 3( f t x K v t ) ) c: 3ft u I ( v t ) . 

T h e a r g u m e n t w i l l now be t h a t ( 4 5 ) t o g e t h e r w i t h ( 4 7 ) i m p l y w > 0 i n 

ft ^ * ( v t ) ( b y t n e m i n i m u m p r i n c i p l e f o r s u p e r h a r m o n i c f u n c t i o n s ) a n d t h i s 

t h e n g i v e s t h e d e s i r e d c o n c l u s i o n , w > 0 i n a l l ft . 

H o w e v e r , some c a r e i s n e e d e d i n a p p l y i n g t h e m i n i m u m p r i n c i p l e s i n c e 

w n o t n e e d be a n i c e f u n c t i o n b u t i s j u s t an e l e m e n t o f H Q ( f t ) . We c a n 

p r o c e e d f o r e x a m p l e a s f o l l o w s . 
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C h o o s e a n a r b i t r a r y E > 0 . T h e n t h e r e i s a n e i g h b o u r h o o d N o f 

I ( v t ) u 8ft i n ft s u c h t h a t 

e - ( v t - I P T ) > 0 i n N . 

S i n c e w + E > e - ( v ^ - I P ^ . ) e v e r y w h e r e ( b y ( 4 6 ) ) we h a v e 

w + E > 0 i n N 

( i n t h e s e n s e o f d i s t r i b u t i o n s ) . By ( 4 5 ) 

A ( w + e) < 0 i n ft \ I ( v t ) , 

a n d i n p a r t i c u l a r i n a n e i g h b o u r h o o d o f t h e c o m p a c t s e t ft V N ( C ft \ I ( v 

( 4 9 ) a n d ( 5 9 ) now s h o w t h a t 

w + E > 0 

i n ( a n e i g h b o u r h o o d o f ft ^ N ) U N = ft , f o r e x a m p l e b y a p p l y i n g t h e o r -
2 

d i n a r y m i n i m u m p r i n c i p l e f o r C s u p e r h a r m o n i c f u n c t i o n s t o some s u i t a b l e 

f a m i l y o f r e g u l a r i z a t i o n s o f w + E ( s a y t o ( w + E ) * h , a n d l e t t i n g 
O O P 

P N O , w h e r e h ( z ) = P h ( Z / P ) , w h e r e h £ C™( F ) , h > 0 a n d / h = 1) . 

S i n c e E > 0 i n ( 5 1 ) was a r b i t r a r y , we c o n c l u d e t h a t w > 0 i n ft, 

a n d Lemma 7 i s p r o v e n . 

C o r o l l a r y 7 . 1 : L e t I P , I J / e H j ( f t ) n H 2 ' p ( f t ) ( f o r some p < O O ) , a n d l e t 

u , u ' a n d v , v ' be t h e s o l u t i o n s o f ( D 1 ) a n d ( D 2 ) c o r r e s p o n d i n g t o t h e 

c h o i c e s = I P , Y 1 . 

( i ) I f A I P < A I P ' t h e n u < u ' . 

( i i ) I f IP > I P ' ( o r i f A I P < A I P ' ) t h e n v > v ' . 

( i i i ) ( = ( i ) a n d ( i i ) c o m b i n e d ) 

I f A I P < A I P ' t h e n 

u ' - ( I P - I P ' ) < u < u 1 a n d v 1 + ( I P - I P ' ) > v > v ' . 
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P r o o f : 

( i ) We h a v e A u ' + Aip < A u 1 + Aip1 < 0 a n d u ' > 0. T h u s ( i ) o f t h e 

lemma g i v e s ( w i t h i p t = ip, u^ = u ) u < u ' . 

( i i ) We h a v e v > ip > ip1 a n d A v < 0. T h u s ( i i ) o f t h e lemma g i v e s 

( w i t h i|>t = i p ' , v t = v 1 ) v 1 < v . (Aip < Aip' i m p l i e s ip > y' a s 
1 

ip, ip' e H g ( f i ) b y a w e a k maximum p r i n c i p l e . See [ 2 0 ] , C o r o l l a r y 

28.10 f o r e x a m p l e . ) 

( i i i ) ( i ) g i v e s u + ip < u ' + ip, i . e . v < v ' + (ip - i p 1 ) , w h i c h t o g e t h e r 

w i t h ( i i ) i s t h e s e c o n d p a i r o f i n e q u a l i t i e s i n ( i i i ) . T h e f i r s t 

p a i r i s t h e n o b t a i n e d b y s u b t r a c t i n g ip . 

C o r o l l a r y 7 . 2 : L e t r , R, T , ft, D Q a n d i p t be a s on p . 3 0 , l e t 

[ 0 , T ] 3 t -* u t £ H g ( f t ) be t h e s o l u t i o n o f (D1) a n d 

[ 0 , T ] 3 t - » v t £ H j ( n ) t h e s o l u t i o n o f ( D 2 ) . F u r t h e r l e t e e H j ( f t ) be t h e 
1 

f u n c t i o n d e f i n e d b y A8 = - ,J , Xin 
r r 

T h e n , f o r T < t , 

u t - 2 7 r ( t -T ) * 6 < u T < u t a n d 

v t + 2 i r ( t - T ) ' 9 > V t > v t 

P r o o f : F r o m 

A ^ t = X D , 1 + 2irt--n D 7 r x D r
 = 

0 

1 - 2TTt'A0 
0 

we g e t 

f o r x < t 

a n d 

ip T - i p t = 2 i r ( t - x ) 9 . 

Now C o r o l l a r y 7.2 f o l l o w s f r o m ( i i i ) o f C o r o l l a r y 7.1 . 
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C o r o l l a r y 7 . 3 : L e t r , R , T , ft be a s o n p . 3 0 , l e t D Q , D Q s a t i s f y 

D r c c D 0 c c c D R a n d l e t i|» , 4>'t be d e f i n e d b y ( I I . 4 3 ) w i t h 

r e s p e c t t o Dg a n d Dg' r e s p e c t i v e l y . L e t u^, u|. a n d v ^ , v j . be t h e 

c o r r e s p o n d i n g s o l u t i o n s o f ( D 1 ) a n d ( D 2 ) . T h e n 

u t < u j . a n d v t > v j . 

f o r a l l t € [ 0 , T ] . 

P r o o f : S i n c e Aip^ < Ai|^ f o r a l l t e [ 0 , T ] t h e c o r o l l a r y f o l l o w s 

i m m e d i a t e l y f r o m ( i ) a n d ( i i ) o f C o r o l l a r y 7 . 1 . 

Lemma 8 : W i t h r , R, T , ft, Dg a n d ^ a s on p . 3 0 , l e t 

[ 0 , T ] 3 t -* v t e H J ( A ) 

be t h e s o l u t i o n o f ( D 2 ) a n d p u t 

I ( v t ) = { z e f t : v t ( z ) = i p t ( z ) } , 

D t = Dg U (ft x l ( v t ) ) . 

T h e n 

s u p p A v ^ c (ft ^ D g ) n I ( v ^ ) a n d 

D^ c ft ^ s u p p A v ^ , 

w h e r e i n b o t h i n c l u s i o n s t h e d i f f e r e n c e - s e t s h a v e m e a s u r e z e r o . 

M o r e o v e r , 

A v t = " X ( f t - D 0 ) n l ( v t ) = x D t " 1 • 

P r o o f : R e c a l l ( p . 4 5 - 4 6 a n d T h e o r e m 6 ) t h a t ^ t , v t £ H 2 ' p ( f t ) f o r 

a l l p < ° ° . T h u s i p t , v t a r e c o n t i n u o u s f u n c t i o n s , I ( v t ) i s a w e l l -

d e f i n e d c l o s e d s e t i n ft a n d D t i s a n o p e n s e t . 
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O b s e r v e n e x t t h a t t h e d e f i n i t i o n ( 5 4 ) o f i s c o n s i s t e n t f o r t = 0 

s i n c e t h e s o l u t i o n o f (D2) f o r t = 0 i s V Q = ^ Q ( i n v i e w o f A i p g < 0 ) , 

a n d s o I ( v n ) = ft . 

( 5 8 ) i s a c o n s e q u e n c e o f t h e f o l l o w i n g l e m m a , w h i c h i s n o n - t r i v i a l 

a n d w h i c h w i l l n o t be p r o v e n h e r e . 

Lemma: S u p p o s e u G H 2 ' P ( f t ) ( 1 < p < ° ° ) a n d t h a t u = 0 on a c l o s e d s e t 

l e f t . T h e n a l l p a r t i a l d e r i v a t e s o f o r d e r < 2 v a n i s h a l m o s t e v e r y 

w h e r e o n I , i n p a r t i c u l a r A u = 0 a . e . o n I . 

( B y " d e r i v a t i v e " we a l w a y s mean d i s t r i b u t i o n d e r i v a t i v e . F o r a f u n c t i o n 

i n H ^ ' P e v e r y s u c h d e r i v a t i v e o f o r d e r < 2 h a v e a r e p r e s e n t a t i v e i n 

f o r m o f a n L p - f u n c t i o n , a n d t o s a y t h a t i t v a n i s h e s a . e . on a s e t means 

t o s a y t h a t a n y o n e , a n d t h e n a l l , o f i t s r e p r e s e n t a t i v e s v a n i s h e s a . e . 

o n t h a t s e t . ) 

F o r a p r o o f o f t h e a b o v e lemma we may r e f e r t o [ 1 2 ] , Lemma A . 4 , 

p . 53 . T w o a p p l i c a t i o n s o f t h a t lemma y i e l d o u r l e m m a . 

A p p l i c a t i o n s o f t h e lemma t o u = v t - ^ s e t t l e s ( 5 8 ) . Now 

Lemma 8 w i l l f o l l o w b y c o m b i n i n g ( 5 8 ) w i t h t h e f o l l o w i n g f a c t s : 

s u p p A v t <= l ( v t ) , 

Now ip^, v t G H ' ^ ( f t ) i m p l i e s t h a t 

We c l a i m t h a t v^=ty^ on I ( v ^ ) i m p l i e s 

A v . = Ai|>. a . e . on I ( v . ) 

' P ( f t ) i m p l i e s t h a t Aip. a n d A v t a r e L p - f u n c t i o n s . 

A v . < 0 

27Tt • - r 
i i D ~ r x D r 

> 0 on D, 

0 

- 1 ft v D, 0 
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( 5 9 ) w a s p r o v e n o n p . 52 , ( 6 0 ) i s ( 1 1 . 5 1 ) a n d ( 6 1 ) i s ( 1 1 . 4 3 ) 

( t o g e t h e r w i t h Dr cz D g ) . 

( 5 8 ) a n d ( 6 0 ) i m p l y t h a t a l m o s t e v e r y w h e r e on I ( v t ) w e n a v e 

( 6 2 ) Aip t = A v t < 0 , 

h e n c e b y ( 6 1 ) 

( 6 3 ) Aip t = - x ^ ^ D ( a . e . on I ( v t ) ) 

h e n c e 

^  A \ = - ^ D Q ( a . e . on I ( v t ) ) 

I n v i e w o f ( 5 9 ) , ( 6 4 ) s h o w s t h a t i n a l l ft 

( 6 5 ) A v t = " X f t - D Q * x I ( v t ) = " X ( f t - D Q ) n I ( v t ) * 

S i n c e ( f t ^ D g ) fl I ( v t ) i s r e l a t i v e l y c l o s e d i n ft , ( 6 5 ) s h o w s t h a t 

( 6 6 ) s u p p A v t cz ( f t ^ D Q ) n I ( v t ) . 

I t a l s o f o l l o w s t h a t t h e d i f f e r e n c e - s e t i n ( 6 6 ) h a s m e a s u r e z e r o . ( G e n e 

r a l l y , i f E i s a c l o s e d s e t i n ] R n t h e n s u p p x E <= E a n d E ^ s u p p x E h a s 

n - d i m e n s i o n a l L e b e s g u e m e a s u r e z e r o . ) 

T h u s ( 5 5 ) i s p r o v e n . ( 5 6 ) i s o b t a i n e d f r o m ( 5 5 ) b y t a k i n g c o m p l e m e n t s 

( a n d u s i n g t h e d e f i n i t i o n o f D t ) , a n d ( 5 7 ) i s ( 6 5 ) a b o v e t o g e t h e r w i t h 

t h e d e f i n i t i o n o f D . . 

T h i s p r o v e s Lemma 8 . 

T h e o r e m 9 : W i t h r , R, T , ft, Dg a n d i p t a s o n p . 3 0 , l e t 

( 6 7 ) [ 0 , T ] 3 t -* u t e H ^ f t ) a n d 

( 6 8 ) [ 0 , T ] 3 t - v t e H j ( f t ) 
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be t h e s o l u t i o n s o f ( D 1 ) a n d ( D 2 ) r e s p e c t i v e l y ( s o t h a t v ^ = u^ + i ^ ) . 

D e f i n e 

D t = D Q U ( n ^ I ( v t ) ) = D Q U { Z £ ft : u t ( z ) > 0 } 

f o r t £ ( 0 , T ] . T h e n , i f R i s l a r g e e n o u g h o r T s m a l l e n o u g h ( i t 

s u f f i c e s t h a t R > 2T + p , i f D Q c B p ) , t h e map 

[ 0 , T ] 3 t -» D t a R ) r 

i s w e l l - d e f i n e d a n d s a t i s f i e s ( C ) . F u r t h e r , t h e f u n c t i o n "u^." a p p e a r i n g 

i n ( C ) i s i d e n t i c a l w i t h t h e u^. ( = v ^ - i f ^ ) a b o v e . 

P r o o f : F i r s t we m u s t p r o v e t h a t D. £ I L ^ f o r a l l t £ [ 0 , T ] , i . e . 
— — — t K , r 

t h a t B f c c D t c c B R ( t £ [ 0 , T ] ) . 

B r<=c= D^ f o l l o w s f r o m D r c c DQ a n d Dg C D^ . 

T o p r o v e D j . c = c : B R we s h a l l a p p l y C o r o l l a r y 7 . 3 . C h o o s e p s u c h 
t h a t D n c = B <=<=BD a n d l e t DA = B . T h e n D c c D n c D A c c B D , a n d ( J p R U p r U U R 
w i t h ip'^, u | , v £ d e f i n e d a s i n C o r o l l a r y 7 . 3 we h a v e b y C o r o l l a r y 7 . 3 

u^ < u | ( t £ [ 0 , T J ) , o r v^. - ip^ < v.j. - if^ . T h i s s h o w s t h a t 
I ' ( v j . ) c I ( v t ) , 

w h e r e I ' ( v j J = { z £ ft: v j . ( z ) = i j ^ ( z ) } . 

Now we c l a i m t h a t 

ft^T ( v ! ) = B f o r t £ ( 0 , T ] , t p t 

w h e r e > 0 i s d e f i n e d b y 

IB I = 2i r t + I E I , i . e . 
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O n c e ( 7 2 ) i s p r o v e n D t < = c : ] D P w i l l f o l l o w ( f o r T E ( 0 , T ] a n d a s s u m i n g t h a t 

P Y = 2 T + P < R ) s i n c e ( 7 1 ) a n d ( 7 2 ) t h e n g i v e 

D t = D Q U ( J ) N L ( v t ) ) c D Q U ( n M ' ( v j . ) ) = D Q U B P ^ = B < = D « = < = B R . 

T o p r o v e ( 7 2 ) i s e q u i v a l e n t t o p r o v i n g t h a t 

{ z £ f t : u ! ( z ) > 0 } = B 
z P T 

a n d t h i s c a n be p r o v e d s i m p l y b y c o m p u t i n g t h e f u n c t i o n u { e x p l i c i t l y . 
1 

I n f a c t i t i s f o u n d t h a t u£ i s t h e f u n c t i o n i n H G ( f t ) f o r w h i c h 

A u t = X B ~ X D A ~ 2 U T * ~ I L T T X D ' 
P ^ u r r 

a n d ( 7 6 ) f o l l o w s f r o m ( 7 7 ) . ( ( 7 7 ) i s s u g g e s t e d b y t h e f a c t t h a t t h e map 

t - » B P i s a s o l u t i o n t o ( A ) a n d ( B ) , a n d h e n c e t o ( C ) , w i t h B P = B P = D Q 

x t 0 

a s i n i t i a l d o m a i n a n d t h a t t h e r e f o r e b y T h e o r e m 3 u | = / 9 R d x . 
0 P 

1 T 

I t i s a l s o e a s y t o c h e c k d i r e c t l y t h a t u | E H G ( f t ) d e f i n e d b y ( 7 7 ) s o l v e s 

( D 1 ) w i t h I P ' G H J ( Q ) d e f i n e d b y A ^ t = X D - " 1 + 2 I R T ' XB a n d D Q = B P . ) 

T h u s ( 7 2 ) i s p r o v e n , a n d s o we h a v e p r o v e n t h a t E & R r f o r 

t € [ 0 , T ] i f 2T + P 2 < R 2 , D G < = B P . 

I t r e m a i n s t o p r o v e ( 1 1 . 1 3 ) - ( 1 1 . 1 5 ) o f ( C ) . * / Lemma 8 ( 5 7 ) s h o w s t h a t 

A u t + A I P T = A v t = X D t " 1 

w h i c h i n v i e w o f ( 1 1 . 4 3 ) i s ( 1 1 . 1 3 ) . ( 1 1 . 1 4 ) i s ( 1 1 . 4 7 ) , a n d ( 1 1 . 1 5 ) 

i s ( 1 1 . 4 9 ) c o m b i n e d w i t h ( 7 7 ) a b o v e . 

T h i s c o m p l e t e s t h e p r o o f o f T h e o r e m 9 . 

*/ 
W i t h u^ g i v e n b y ( 6 7 ) . 
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C o r o l l a r y 9 . 1 : L e t r , R, T , ft a n d D n be a s o n p . 3 0 w i t h R l a r g e 
_ _ _ _ _ _ u 

e n o u g h ( R > 2T + p s u f f i c e s , i f D g C ] D p ) . T h e n t h e r e e x i s t s a s o l u 

t i o n 

[ 0 , T ] 3 t -> D t e ^ R j r 

o f ( C ) . T h i s s o l u t i o n i s u n i q u e up t o n u l l - s e t s , i . e . Xn. 1 S u n i q u e a s 

a d i s t r i b u t i o n f o r e a c h t £ [ o , T ] . M o r e o v e r , l e t 

u^ € H g ( f t ) be t h e f u n c t i o n a p p e a r i n g i n ( C ) . T h e n u^ i s u n i q u e 

a s a n e l e m e n t o f H ^ f t ) , a n d i n ( 7 8 ) a b o v e c a n be c h o s e n t o be 

D t = D Q U { Z e ft : u t ( z ) > 0 } 

f o r a l l t € [ 0 , T ] . ( I n ( 7 9 ) u^ r e f e r s t o t h e c o n t i n u o u s r e p r e s e n t a t i v e 

o f u t . ) 

P r o o f : T h e e x i s t e n c e o f t h e s o l u t i o n ( 7 8 ) f o l l o w s i m m e d i a t e l y f r o m 

T h e o r e m 9 ( c o m b i n e d w i t h t h e f a c t t h a t t h e r e e x i s t s a s o l u t i o n o f ( D 1 ) ) . 

T h e o r e m 9 a l s o s h o w s t h a t c a n be c h o s e n a s i n ( 7 9 ) f o r t e ( 0 , T ] . 

F o r t = 0 ( 7 9 ) i s t r u e s i n c e u t = 0 i n t h a t c a s e ( t h i s f o l l o w s f r o m ( 1 1 . 1 3 ) 

f o r e x a m p l e ) . A s t o t h e u n i c i t y , s u p p o s e we h a v e t w o s o l u t i o n s o f ( 7 8 ) , 

s a y t -» D T a n d t -*• D | ( w h e r e D Q = D q ) , a n d l e t u t a n d u^. £ H Q ( f t ) be 

t h e c o r r e s p o n d i n g s o l u t i o n s o f ( 1 1 . 1 3 ) . T h e n u t a n d uj . b o t h s o l v e 

( D 1 ) ( f o r t h e same \|>t) b y T h e o r e m 3 . T h u s u t = u | s i n c e t h e s o l u t i o n o f 

( D 1 ) i s u n i q u e ( T h e o r e m s 5 a n d 6 ) . T h u s , a l s o b y ( 1 1 . 1 3 ) , X p = X p i a s 

d i s t r i b u t i o n s , o r a l m o s t e v e r y w h e r e . T h i s s h o w s t h e u n i c i t y p a r t 

o f t h e c o r o l l a r y . 

C o r o l l a r y 9 . 2 : L e t 

[ 0 , T ] 3 t - D t e X R j r 

s a t i s f y ( C ) . T h e n , f o r x < t , D T <= D T e x c e p t f o r a n u l l - s e t 

( i . e . D T ^ D . h a s m e a s u r e z e r o , o r X n 5 X n i n t h e d i s t r i b u t i o n s e n s e ) , 
x t 
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P r o o f : L e t u^ a n d v ^ be t h e s o l u t i o n s o f ( D 1 ) a n d ( D 2 ) p r o d u c e d 

b y t h e s o l u t i o n ( 8 0 ) o f ( C ) ( a s i n T h e o r e m 3 ) . T h e n t h e u n i q u e n e s s 

p a r t o f T h e o r e m 9 s h o w s t h a t , b y c h a n g i n g D̂ . w i t h a s e t o f m e a s u r e z e r o 

i f n e c e s s a r y , we c a n a s s u m e t h a t i s 

D t = D Q U ( n ^ I ( v t ) ) = 

= D Q U { Z e 9. : u t ( z ) > 0 } . 

N o w , b y C o r o l l a r y 7 . 2 u < u t f o r T < t , s h o w i n g t h a t D^ c= D^ f o r 

T < t a s w a s t o be p r o v e d . 

C o r o l l a r y 9 . 3 : L e t 

[ 0 , T ] 3 t -» D , „ a n d 
L K 9 i 

[ 0 , T ] 3 t -* Dj. e f t R > r 

be t w o s o l u t i o n s o f ( C ) , a n d s u p p o s e t h a t D Q <= D Q . T h e n D^ c Dj. 

( e x c e p t f o r n u l l - s e t s ) f o r a l l t £ [ 0 , T ] . 

P r o o f : T h e p r o o f i s s i m i l a r t o t h a t o f C o r o l l a r y 9 . 2 , b u t w i t h C o r o l l a r y 

7 . 3 u s e d i n t h e l a s t a r g u m e n t i n s t e a d o f C o r o l l a r y 7 . 2 . 

C o r o l l a r y 9 . 4 : ( U n i c i t y o f c l a s s i c a l s o l u t i o n s ) : S u p p o s e 

( a , b ) 3 t -> D T , Dj. € S 

a r e t w o s o l u t i o n s o f ( A ) o r ( B ) , a n d s u p p o s e t h a t f o r some t p £ ( a , b ) 

D t = Dj. . T h e n D t = Dj. f o r a l l t > t Q ( t £ ( a , b ) ) . 

P r o o f : We may a s s u m e t h a t t ^ = 0 . By a p p l y i n g T h e o r e m 2 ( a n d T h e o r e m 1 

i n c a s e o f ( A ) ) we o b t a i n f o r s u i t a b l e c h o i c e s o f r , R, T > 0 ( T c a n be 

c h o s e n a r b i t r a r i l y c l o s e t o b ) t w o s o l u t i o n s 

[ 0 , T ] 3 t -> D t , Dj. £ f t R > r 

o f ( C ) . T h e u n i c i t y p a r t o f C o r o l l a r y 9.1 c o m b i n e d w i t h t h e r e g u l a r i t y 

a s s u m p t i o n s o n D .̂ a n d Dj. t h e n g i v e s t h a t = Dj. f o r t £ [ 0 , T ] . 

T h i s i m p l i e s t h e c o r o l l a r y . 
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9 - ( C ) «* ( H 

T h e o r e m 1 0 : A map 

[ 0 , T ] 3 t -> D t E R R > R 

s a t i s f i e s ( C ) i f a n d o n l y i f i t s a t i s f i e s ( F ) . 

P r o o f : 

=* : S u p p o s e ( 8 1 ) s a t i s f i e s ( C ) . S i n c e D. c c ft = D D f o r a l l t £ [ 0 , T ] 
1 ? ? 

i t i s e n o u g h t o p r o v e ( 1 1 . 6 1 ) f o r a l l cp £ H g ( f i ) fl H ( F ) w h i c h a r e 

s u b h a r m o n i c i n D^. 

L e t u t £ WQ{Q) be t h e f u n c t i o n d e f i n e d b y ( 1 1 . 1 3 ) . T h e n u t > 0 , 

a n d u t = 0 a . e . a n ft ^ D t ( b y ( 1 1 . 1 4 ) a n d ( 1 1 . 1 5 ) ) . M o r e o v e r , u t i s 

c o n t i n u o u s ( s i n c e A u ^ £ L ° ° ( f t ) ) , i n p a r t i c u l a r b o u n d e d ( a s u^ = 0 on 3f t ) , 

1 2 2 
N o w , l e t cp £ H ' ( f t ) n H ( F ) be s u b h a r m o n i c i n D . . t h e n Acp > 0 

o 2 ~ 
i n D t i n t h e s e n s e o f d i s t r i b u t i o n s . M o r e o v e r , s i n c e Atp £ L ( f t ) , t h e 

2 
a b o v e p r o p e r t i e s o f u^ s h o w t h a t u t « A c p £ L ( f t ) , u^« Acp = 0 a . e . o n 
ft v. D. a n d h e n c e / u . • Acp = 0 . U s i n g t h e s e f a c t s a n d a l s o ( 1 1 . 1 3 ) 

Z ftvDt
 z 

a n d t h e s u b m e a n v a l u e p r o p e r t y o f cp i n D r we g e t 

/cp - /cp = ( x n - X n » <P> = 

D t D Q
 D t D 0 

= < A u t + 2 i r t . - j ^ j x , , ^ . «P> = 

1 

= (Uj., Acp) + 27Tt - -jjj—p ( x D » V > = 

= / u . • Acp + 2lTt • - — - y / cp = 

ft  Z ' V D r 

1 

= / U . • Acp + 2fTt • - i - r - P / CP > 

D t
 Z | J V D r 

> 2 r t . -JPLJ / cp > 2 i r t • cp(0) . 
T h u s ( 8 1 ) s a t i s f i e s ( F ) . 
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*= : S u p p o s e ( 8 1 ) s a t i s f i e s ( F ) . 

T h u s 

/tp - /tp > 2-nt ' t p ( O ) 
D t D 0 

2 2 

f o r e v e r y tp e H ( F ) w h i c h i s s u b h a r m o n i c i n . As we s h a l l p r e s e n t l y 

s e e t h i s i m p l i e s t h a t 

/tp - /tp > 2 Tit '-r^-j / tp 

D t D Q
 I D r ' D r 

1 2 
f o r a l l tp G H ( f t ) n H ( f t ) w h i c h a r e s u b h a r m o n i c i n D t . 

L e t u s a s s u m e ( 8 3 ) f o r a moment a n d d e f i n e U j . G H g ( f t ) b y ( 1 1 . 1 3 ) . 

T h e n ( 8 3 ) c a n be w r i t t e n 

( A u t , tp) > 0 

1 2 
f o r a l l tp G H n ( f t ) n H ( f t ) w i t h Atp > 0 i n D . . S i n c e A maps 

1 9 7 ~ 

H g ( f t ) n H ( f t ) ( b i j e c t i v e l y ) o n t o L ( f t ) , ( 8 4 ) i s t h e same a s ( w i t h p = Atp) 

( u t , p ) > 0 
f o r a l l p G L 2 ( f t ) w i t h p > 0 i n D t . 

S i n c e a l l n o n - n e g a t i v e p G L ( f t ) a r e a l l o w e d i n ( 8 5 ) we h a v e 

u t > 0 ( i n ft) . 

T h e c h o i c e p = X Q - 1 i s a l s o a l l o w e d i n ( 8 5 ) . T h i s g i v e s 

K * ( x D t " 1 ) =
 ( u t ' X D t - 1 > " ° ' 

a n d s o , s i n c e t h e i n t e g r a n d i n ( 8 7 ) i s n o n - p o s i t i v e , 

J u t • ( x D t - D = 0 • 
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T h i s p r o v e s t h a t t h e f u n c t i o n u t £ H g ( f t ) d e f i n e d b y ( 1 1 . 1 3 ) s a t i s 

f i e s ( 1 1 . 1 4 ) a n d ( 1 1 . 1 5 ) ( = ( 8 6 ) a n d ( 8 8 ) ) . T h u s t h e map ( 8 1 ) s a t i s 

f i e s ( C ) , a n d t h e p r o o f i s c o m p l e t e as s o o n a s we h a v e d e d u c e d ( 8 3 ) 

f r o m ( 8 2 ) . 

2 2 
F o r t h a t p u r p o s e o b s e r v e f i r s t t h a t t h e t e s t c l a s s H ( ] R ) f o r ( 8 2 ) 

2 2 2 2 c a n be r e p l a c e d b y H ( f t ) s i n c e t h e r e s t r i c t i o n m a p p i n g H (TR ) -* H ( f t ) 

i s o n t o ( [ 2 0 ] , T h e o r e m 2 6 . 7 ) . Now l e t cp £ H ^ ( f t ) n H 2 ( f t ) be g i v e n w i t h 

Atp > 0 i n D. a n d we s h a l l p r o v e ( 8 3 ) . S i n c e tp i s c o n t i n u o u s ( a s 

tp £ H ( f t ) ) t h e r e i s a c o n t i n u o u s f u n c t i o n tp i n ft w h i c h c o i n c i d e s w i t h tp 

o u t s i d e I D r a n d w h i c h i s h a r m o n i c i n |Dp . T h i s f u n c t i o n i s a l s o s u b h a r m o n i c 

i n D^ b u t u n f o r t u n a t e l y i t d o e s n o t b e l o n g t o H 2 ( f t ) s i n c e Atp w i l l be a meas 

u r e h a v i n g a s i n g u l a r p a r t o n 3|D^ , h e n c e A t p € L 2 ( f t ) ) . S u p p o s e n e v e r t h e l e s s 

t h a t ( 8 2 ) w e r e a p p l i c a b l e t o t p . T h e n we w o u l d o b t a i n , u s i n g t h e m e a n - v a l u e 

p r o p e r t y f o r h a r m o n i c f u n c t i o n s a n d t h e f a c t t h a t tp > tp i n |D r ( a n d e v e r y 

w h e r e ) , 

/tp - / I P = / $ - / t p > 2 7 T t - t p ( 0 ) = 27Tt ' - J - j - / tp > 277t - - J - , - /tp . 

D t D Q D t D Q " ' V l ) r " 1 1 D r l D r 

T h u s ( 8 3 ) w o u l d be p r o v e n . 

T o a c t u a l l y p r o v e ( 8 3 ) i t i s e n o u g h t o p r o v e t h a t t h e f u n c t i o n cp a b o v e 

c a n be a p p r o x i m a t e d u n i f o r m l y b y f u n c t i o n s cp£ ( e \ > 0 ) t o w h i c h ( 8 2 ) i s 

a p p l i c a b l e . F o r w i t h cp£ i n p l a c e o f cp i n ( 8 9 ) t h e f i r s t i n e q u a l i t y 

t h e r e w i l l be v a l i d ( b y ( 8 2 ) ) a n d i n t h e r e m a i n i n g e q u a l i t i e s a n d i n 

e q u a l i t y ( w h i c h a r e v a l i d f o r cp) t h e r e w i l l be e r r o r s w h i c h t e n d t o z e r o 

a s e -» 0 . T h u s ( 8 3 ) w i l l f o l l o w . 

I t r e m a i n s t o c o n s t r u c t cp . C o n s i d e r Acp . I t c a n be d e c o m p o s e d 

a s Acp = p + y , w h e r e y i s t h e s i n g u l a r p a r t o f Acp , s u p p o r t e d b y 3 D r , 

a n d p = Acp - y . W h a t we h a v e t o do i s t o s m o o t h o u t y . T h u s l e t 

{ h £ } ^ be a f a m i l y o f p o s i t i v e m o l l i f i e r s , s a y o f t h e k i n d 

h £ ( z ) = e " 2 h ( z / e ) , w h e r e h £ C ~ ( ] R 2 ) h > 0 a n d /h = 1 , l e t 

$ 1 £ H J ( J 2 ) be d e f i n e d b y 

Acp,. = p 
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( h e n c e tp^ G H ( f t ) , a s p e l . ( f t ) ) , a n d l e t 

t p 2 = cp - $ 1 . 

2 

E x t e n d b o t h $^ a n d cp 2 t o a l l ]R b y p u t t i n g t h e m z e r o o u t s i d e ft . T h e n 

$1 w i l l be c o n t i n u o u s ( o n ] R 2 ) , h e n c e a l s o $ 2 w i l l be s o . 

Now d e f i n e 

cp = cp, + cp 0 * h 1 ^ 2 e 

S i n c e cp 2 i s c o n t i n u o u s cp2 * h £ -»• cp2 u n i f o r m l y a s e -» 0 , a n d s o 

cp -* cp u n i f o r m l y . F u r t h e r cp £ H 2 ( f t ) s i n c e cp. € H 2 ( f t ) a n d 
£ co 2 e 

cp 0 * h £ C ( R ) . F i n a l l y we h a v e Acp = p + y * h > 0 i n D. 
c. £ £ £ - L 

s i n c e p > 0 i n D .̂ a n d \i > 0 . 

T h u s c p £ / £ > 0 , h a v e t h e r e q u i r e d p r o p e r t i e s : t h e y a p p r o x i m a t e 

u n i f o r m l y a s £ -»• 0 a n d ( 8 2 ) a p p l i e s t o t h e m . 

T h u s ( 8 3 ) i s p r o v e d a n d t h e p r o o f o f T h e o r e m 10 i s c o m p l e t e . 
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S U M M A R I Z I N G R E S U L T S AND A P P L I C A T I O N S 

a . M a i n t h e o r e m s 

We now w a n t t o s u m m a r i z e t h e e s s e n t i a l r e s u l t o f S e c t i o n I I I i n 

a w a y w h i c h i s f r e e f r o m some o f t h e t e c h n i c a l i t i e s o f S e c t i o n I I I ( e . g . 

o c c u r r e n c e o f t h e p a r a m e t e r s r , R , T ) . O u r m a i n t h e o r e m i s T h e o r e m 1 3 . 

T h e o r e m 12 i s a p r e l i m i n a r y t h e o r e m . We b e g i n w i t h a l e m m a . 

Lemma 1 1 : L e t 

[ 0 , T ] 3 t -* D t e \ r a n d 

[ O . T 1 ] £ t -* Dj. e \ , > r , 

be t w o s o l u t i o n s o f ( C ) ( w i t h p a r a m e t e r v a l u e s r , R , T a n d r ' , R ' , T ' r e 

s p e c t i v e l y ) , a n d s u p p o s e t h a t D Q = D Q . T h e n , m o d u l o n u l l - s e t s , D t = Dj. f o r 

t e [ 0 , m i n ( T . T ' ) ] . M o r e o v e r , u t = u j . i n \ M R ^ ^ \ a x { r ^ ) 

f o r t e [ 0 , m i n ( T J ' ) ] . 

( u
t > u t a r e t h e f u n c t i o n s d e f i n e d b y ( 1 1 . 1 3 ) i n ( C ) . ) 

P r o o f : We may s u p p o s e t h a t t h e t r i p l e t s ( r , R , T ) a n d ( r ' , R ' , T ' ) d i f f e r 

o n l y i n o n e c o m p o n e n t , s i n c e t h e g e n e r a l c a s e t h e n i s o b t a i n e d a s a 

c o m b i n a t i o n o f t h e s e p u r e c a s e s . 

*/ 

C a s e 1: r * r ' , R = R ' , T = T ' . We may a s s u m e t h a t r < r ' . P u t 

ft = B R a n d l e t w £ H g ( f t ) be t h e s o l u t i o n o f 

T h e n i t i s n o t h a r d t o s e e t h a t w > 0 i n ft a n d w = 0 o u t s i d e E) , . 

T o mean " n o t n e c e s s a r i l y r = r ' ". 
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DEFINE FOR TE [0,T] 

UV = U! + T • W 

WE WANT TO SHOW THAT T -» DJ (TOGETHER WITH UJ) SATISFIES (C) FOR 

THE PARAMETER TRIPLE (R,R,T). WHENEVER THIS IS DONE IT FOLLOWS FROM 

THE UNICITY PART OF COROLLARY 9.1 THAT DJ = DT ' (EXCEPT FOR A NULL-

SET) AND UJ = Û  WHICH, IN VIEW OF THE PROPERTIES OF W, PROVES 

THE LEMMA IN CASE 1. 

i 

USING THE PROPERTIES OF W WE GET (FOR T E [ 0 , T ] ) UJ £ HQ(R^) , 

UV > U| > 0 , 

( 6 ) , (7) AND (8) SHOW THAT T - * DJ, UJ SATISFIES (C) FOR R,R,T 

AS WE WANTED TO PROVE. 

CASE 2: R = R', R * R', T = T1 . WE MAY SUPPOSE THAT R' < R . 

DEFINE, FOR TE [0,T] , 

U" = 
U T 

0 IN B N ^ I ) N L 

(SINCE W = 0 OUTSIDE DJ 3 ID , ) AND 

A U j + 2lTt • -JJY-j X j , • 
R R 

*/ 
OBSERVE THAT D« = D, 

'0 
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T h e n U J £ H Q ( B r ) ( s i n c e U J . £ H Q ( B r i ) ) a n d i t i s i m m e d i a t e l y v e r i f i e d 

t h a t t ~» D J , u j s a t i s f i e s ( C ) f o r r , R , T . T h e u n i c i t y s t a t e m e n t o f 

C o r o l l a r y 9.1 s h o w s t h a t D J = D t ( a . e . ) a n d u j = u^ w h i c h i s t h e 

r e q u i r e d c o n c l u s i o n i n t h i s c a s e . 

C a s e 3 : r = r ' , R = R ' , T * T ' . 

T h e r e q u i r e d c o n c l u s i o n f o l l o w s t r i v i a l l y f r o m C o r o l l a r y 9 . 1 i n t h i s 

c a s e . 

T h e p r o o f o f Lemma 11 i s c o m p l e t e . 

p 

T h e o r e m 1 2 : G i v e n a n o p e n b o u n d e d s e t D Q C I R w i t h 0 € D Q ( i . e . g i v e n 

a DQ £ % ( p . 3 3 ) ) t h e r e i s a map 

[ 0 , o o ) 3 t -» D t € 31 

s u c h t h a t f o r e a c h T > 0 , f o r e a c h r > 0 w i t h B r <=<= DQ a n d f o r e a c h 

R > 0 s u f f i c i e n t l y l a r g e ( R > p s u f f i c e s , i f D Q c B p ) t h e r e 

s t r i c t i o n o f ( 9 ) t o [ 0 , T ] s a t i s f i e s ( C ) f o r t h e p a r a m e t e r v a l u e s r , R , T . 

T h e map ( 9 ) i s u n i q u e w i t h t h e s e p r o p e r t i e s , w h e r e " u n i q u e " means t h a t 

e a c h D t i s u n i q u e up t o a s e t o f m e a s u r e z e r o . 

M o r e o v e r , ( 9 ) h a s t h e f o l l o w i n g p r o p e r t i e s : 

( i ) I t s a t i s f i e s t h e moment i n e q u a l i t y , ( F ) . ( S t r i c t l y s p e a k i n g , 

a s ( F ) i s f o r m u l a t e d , t h e r e s t r i c t i o n o f ( 9 ) t o [ 0 , T ] s a t i s f i e s 

( F ) f o r e a c h T > 0 . ) 

( i i ) M o d u l o n u l l - s e t s D c= D. f o r T < t . 
i t 

( i i i ) I f [0,OO) 3 t -» Dj. 6 31 h a s t h e p r o p e r t i e s o f ( 9 ) w i t h r e s p e c t t o 

a n o t h e r i n i t i a l d o m a i n DQ £ 51, a n d D Q <= DQ t h e n D^ c Dj. 

m o d u l o n u l l - s e t s f o r a l l t £ [ 0 , « > ) . 
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P r o o f : C o r o l l a r y 9.1 g i v e s a l o t o f s o l u t i o n s o f ( C ) ( f o r t h e g i v e n D Q 

a n d c o r r e s p o n d i n g t o t h e v a r i o u s a l l o w a b l e c h o i c e s o f r , R a n d T ) a n d 

Lemma 11 s h o w s t h a t t h e s e m e l t t o g e t h e r i n t o a g l o b a l s o l u t i o n ( 9 ) w i t h 

t h e a s s e r t e d p r o p e r t y . T h e u n i c i t y o f ( 9 ) f o l l o w s a l s o i m m e d i a t e l y f r o m 

C o r o l l a r y 9 . 1 , a n d t h e t h r e e a d d i t i o n a l p r o p e r t i e s ( i ) , ( i i ) a n d ( i i i ) 

f o l l o w f r o m T h e o r e m 10, C o r o l l a r y 9 . 2 a n d C o r o l l a r y 9 . 3 r e s p e c t i v e l y . 

T h i s p r o v e s t h e t h e o r e m . 

L e t u s f i n a l l y g i v e a f o r m u l a t i o n o f T h e o r e m 12 w h i c h i s s e l f -
i 

c o n t a i n e d ( i . e . d o e s n o t r e f e r t o ( C ) e t c . ) , i n w h i c h t h e f u n c t i o n r - j p j X 

i s r e p l a c e d b y w h a t i t a p p r o x i m a t e s , t h e D i r a c m e a s u r e 6 a t t h e r 

o r i g i n , a n d w h i c h i s f o r m u l a t e d i n s u c h a w a y t h a t t h e d o m a i n s 

r e a l l y b e c o m e u n i q u e . 

T h e o r e m 13: G i v e n an o p e n b o u n d e d s e t D Q <= R w i t h 0 6 Dq ( i . e . g i v e n 

a Dp £ E ) t h e r e e x i s t s a u n i q u e map 

( 1 0 ) [ 0 , ~ ) 3 t -* D t e & 

w i t h t h e f o l l o w i n g p r o p e r t y : 

F o r e a c h t e [0,«>) t h e r e i s a d i s t r i b u t i o n u . w i t h c o m p a c t 
2 

s u p p o r t i n ]R s u c h t h a t 

( 1 1 ) X n " X n = A u . + 2 T r t . f i , 
L>t U Q I 

( 1 2 ) u t > 0 a n d 

( 1 3 ) D t = D Q U { z £ F 2 : u t ( z ) > 0 } , 

w h e r e ( 1 1 ) s h o w s t h a t u^ h a s a r e p r e s e n t a t i o n i n f o r m o f a f u n c t i o n , 

c o n t i n u o u s o u t s i d e 0 , a n d ( 1 3 ) r e f e r s t o a n y s u c h r e p r e s e n t a t i v e . 

T h e map ( 1 0 ) h a s t h e f o l l o w i n g a d d i t i o n a l p r o p e r t i e s : 

( i ) /cp - /cp > 2lTt'Cp(0) 
D t D 0 " 

2 2 
f o r e v e r y cp £ H ( R ) w h i c h i s s u b h a r m o n i c i n D. . 

http://2Trt.fi
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( i i ) D <= D. f o r T < t . 
T t 

( i i i ) I f [ 0,oo) 3 t -» Dj. £ K i s a n o t h e r map w i t h t h e p r o p e r t i e s 

o f ( 1 0 ) f o r a n o t h e r D ^ e H a n d i f 

DQ C= DQ t h e n 

D t c Dj. f o r a l l t e [ 0 , » ) . 

P r o o f : E s s e n t i a l l y , t h e m a i n p a r t o f t h e t h e o r e m f o l l o w s b y c o m b i n i n g 

C o r o l l a r y 9 . 1 w i t h Lemma 11 j u s t a s i n t h e p r o o f o f T h e o r e m 1 2 . We 

n e e d o n l y m o d i f y t h e f u n c t i o n s u^ i n C o r o l l a r y 9 . 1 a l i t t l e . T h u s , 

i n t h e s i t u a t i o n o f C o r o l l a r y 9 . 1 , a d d t o u^. t h e f u n c t i o n w^ d e f i n e d b y 

1 
w t ( z ) = - t - ( l o g l z | - -pBs—I / l o g I z - d a ) . 

t 1 r 1 D p
 c 

T h i s m e a n s t h a t 

A w t = - 2 T r t . ( 6 - E ) , 
r r 

o 

w t > 0 e v e r y w h e r e ( i n ]R ) a n d 

w t = 0 o u t s i d e D p . 

T h e n i t i s e a s i l y s e e n t h a t t h e s o l u t i o n s o f ( C ) p r o v i d e d b y C o r o l l a r y 9 . 1 

f i t t o g e t h e r i n t o a s o l u t i o n ( 1 0 ) s a t i s f y i n g ( 1 1 ) - ( 1 3 ) f o r t h e new u^ . 

T h e u n i c i t y a n d t h e t h r e e a d d i t i o n a l p r o p e r t i e s o f ( 1 0 ) a l s o f o l l o w 

e a s i l y ( c f . T h e o r e m 1 2 ) . 

C o r o l l a r y 1 3 . 1 : L e t M Q J M ^ . M ^ , . . . a n d c be g i v e n c o m p l e x n u m b e r s w i t h 

MQ a n d c r e a l a n d p o s i t i v e a n d s u p p o s e t h a t t h e r e i s a b o u n d e d d o m a i n 

D e l c o n t a i n i n g t h e o r i g i n s u c h t h a t 

/ z n d x d y = M N f o r a l l n > 0 . 
D n 
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T h e n t h e r e e x i s t s a d o m a i n D' ( b o u n d e d a n d c o n t a i n i n g D) s u c h t h a t 

/ d x d y = M n + c a n d 
D' U 

/ z n d x d y = M f o r a l l n > 1 . 
D' 

P r o o f : A p p l y t h e t h e o r e m w i t h D Q = D. T h e n D' = D t f o r t = 

h a s t h e r e q u i r e d p r o p e r t y a s i s s e e n b y c h o o s i n g cp = ± Re z n a n d 

± Im z n i n D 1 ( a n d d e f i n i n g cp o u t s i d e D 1 i n s u c h a w a y t h a t 

cp e H (1R ) ) i n t h e moment i n e q u a l i t y ( i ) . 

b . A d d i t i o n a l p r o p e r t i e s 

We s h a l l g i v e a f e w f u r t h e r p r o p e r t i e s o f t h e map ( 1 0 ) i n T h e o r e m 

1 3 . T h u s t h e b a c k g r o u n d s i t u a t i o n w i l l now be t h a t i n T h e o r e m 1 3 : 

Dg e & i s a g i v e n d o m a i n a n d 

( 1 4 ) [ 0 , - ) 3 t -* D t e ft 

i s t h e map u n i q u e l y d e t e r m i n e d b y t h e f o l l o w i n g p r o p e r t y : t h e r e e x i s t 
* / 

d i s t r i b u t i o n s u^ ( t £ [ 0 , « > ) ) w i t h c o m p a c t s u p p o r t i n t h e IE ' s u c h t h a t 

( 1 5 ) X „ T " X D q = A u t + Z i r t . f i 

( 1 6 ) u t > 0 

( 1 7 ) D t = D Q U { z e I : u t ( z ) > 0 } . 

T h e d i s t r i b u t i o n u^ w i l l a l w a y s be r e p r e s e n t e d b y t h e p o i n t w i s e 

f u n c t i o n ( a l s o c a l l e d u . ) c o m p l e t e l y d e t e r m i n e d b y 

( 1 8 ) u t ( z ) = 0 f o r t = 0 a n d 

( 1 9 ) u t ( z ) i s c o n t i n u o u s o u t s i d e z = 0 

( 2 0 ) u t ( 0 ) = + oo 

*/ We a r e g o i n g t o u s e some c o m p l e x v a r i a b l e t h e o r y i n t h i s s e c t i o n , 
s o we now r e p l a c e |R2 b y (C . 
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f o r t > 0 . ( 1 8 ) i s p o s s i b l e s i n c e Uj. = 0 f o r t = 0 , ( 1 9 ) i s 

p o s s i b l e s i n c e A U j . £ L°° o u t s i d e 0 b y ( 1 5 ) , a n d ( 2 0 ) i s n a t u r a l s i n c e 

u ^ ( z ) ^ - t ' l o g l z l n e a r t h e o r i g i n . I n p a r t i c u l a r ( 1 7 ) r e f e r s t o 

t h i s r e p r e s e n t a t i v e o f Uj. . 

W i t h t h i s p o i n t w i s e d e f i n i t i o n Uj. i s a s u b h a r m o n i c f u n c t i o n 

o u t s i d e 0 a n d i s a s u p e r h a r m o n i c f u n c t i o n i n DQ . 

Now T h e o r e m 13 g i v e s u s t h r e e p r o p e r t i e s o f t h e map ( 1 4 ) : 

( i ) I t s a t i s f i e s t h e moment i n e q u a l i t y , 

( i i ) D t i s a n i n c r e a s i n g f u n c t i o n o f t , 

( i i i ) D t i s i n c r e a s i n g a s a f u n c t i o n o f DQ f o r f i x e d t . 

One e x p e c t e d p r o p e r t y o f ( 1 4 ) w h i c h w o u l d be n i c e t o p r o v e c a n be 

v a g u e l y s t a t e d a s f o l l o w s : 

( i v ) Dj. b e c o m e s n i c e r w i t h i n c r e a s i n g t . 

( i v ) c o u l d be made p r e c i s e f o r e x a m p l e i n t h e f o l l o w i n g w a y : 

S u p p o s e DQ i s c o n n e c t e d b u t o t h e r w i s e a l l o w e d t o be v e r y i r r e g u l a r 

( t o h a v e i n f i n i t e c o n n e c t i v i t y e . g . ) . t h e n o n e e x p e c t s t h a t 

( a ) DQC=CZ D t f o r a l l t > 0 . 

( b ) Dj. h a s f i n i t e c o n n e c t i v i t y f o r a l l t > 0 . 

( c ) Dj. i s s i m p l y c o n n e c t e d f o r a l l s u f f i c i e n t l y l a r g e t . 

( d ) A s y m p t o t i c a l l y a s t -» «> t h e s h a p e o f Dj. a p p r o a c h e s t h a t o f 

a c i r c u l a r d i s c . 

( e ) 3D. c o n s i s t s o f a n a l y t i c c u r v e s f o r a l l t > 0 . 
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0 

We h a v e n o t b e e n a b l e t o p r o v e a n y c o m p l e t e f o r m o f ( i v ) . W h a t 

we s h a l l p r o v e i s o n l y t h a t a s s u m i n g ( a ) a n d I b l a r e t r u e , t h e n e ) 

h o l d s ( T h e o r e m 15 b e l o w ) ' . We b e g i n w i t h a lemma w h i c h among o t h e r 

t h i n g s s h o w s t o w h a t e x t e n t t h e t e r m D Q i n ( 1 7 ) r e a l l y i s n e c e s s a r y . 

Lemma 1 4 : L e t 

U t = { z € (E : u t ( z ) > 0 } 

T h e n , f o r t > 0 , 

( i ) i s c o n n e c t e d . 

( i i ) I f N i s a c o m p o n e n t o f D Q t h e n e i t h e r N <= U t o r N n = 0 . 

( i i i ) D ^ i s t h e u n i o n o f a n d t h o s e c o m p o n e n t s o f D Q w h i c h do n o t 

m e e t U^.. 

( i v ) I f D Q i s c o n n e c t e d t h e n D ^ = a n d D ^ i s c o n n e c t e d . 

P r o o f : ( i ) I t i s e n o u g h t o p r o v e t h a t e a c h c o m p o n e n t o f c o n t a i n s 0. 

T h u s l e t V be a c o m p o n e n t o f U t . T h e n 9V <= 3u" t <= (E ^ U^., s o u^ 

o n 3 V . S i n c e u t > 0 i n V t h i s s h o w s t h a t u^ c a n n o t be a s u b 

h a r m o n i c f u n c t i o n i n V . B u t i s a s u b h a r m o n i c f u n c t i o n o u t s i d e 0 . 

T h u s 0 £ V a s we w a n t e d t o s h o w . 

( i i ) I n D Q , a n d i n p a r t i c u l a r i n N , u t i s a s u p e r h a r m o n i c f u n c t i o n . 

T h e r e f o r e , s i n c e N i s c o n n e c t e d a n d u t > 0 , i f u t a t t a i n s t h e v a l u e 0 

i n N i t m u s t be c o n s t a n t l y e q u a l t o 0 i n N. T h u s e i t h e r u^ > 0 

i n N o r u^ = 0 i n N , p r o v i n g ( i i ) . 

( i i i ) i s an i m m e d i a t e c o n s e q u e n c e o f ( i i ) a n d t h e d e f i n t i o n o f D T , 

D T = D Q U U t . 

( i v ) S i n c e 0 e DQ n U t ( i ) a n d ( i i ) s h o w t h a t D Q <= U t ( D Q b e i n g 

c o n n e c t e d ) . T h i s g i v e s i m m e d i a t e l y ( i v ) . 

•k I 
1 S a k a i h a r p r o v e d t h a t a ) I s t r u e , u n d e r t h e h y p o t h e s i s t h a t D Q i s a 

" d o m a i n w i t h q u a s i - s m o o t h b o u n d a r y " , m e a n i n g e s s e n t i a l l y t h a t 3Dg 
i s o f c l a s s C1 b u t w i t h c e r t a i n t y p e s o f c o r n e r s a l l o w e d ( f i n i t e l y 
m a n y ) . See [ 1 9 ] , T h e o r e m 3 . 7 . S a k a i a l s o h a s r e s u l t s on b ) t o e ) 
f o r s o l u t i o n s ( i n h i s s e n s e ) o f t h e H e l e Shaw f l o w p r o b l e m . C f . p . 15 
i n t h e i n t r o d u c t i o n ( o f t h e p r e s e n t p a p e r ) . 
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T h e o r e m 1 5 : S u p p o s e t h a t , f o r some f i x e d t > 0 , D . i s f i n i t e l y c o n n e c t e d 
*/ 

a n d D Q C C Z D J . . T h e n 3Dj. i s a f i n i t e d i s j o i n t u n i o n o f a n a l y t i c c u r v e s 

a n d i s o l a t e d p o i n t s . 

P r o o f : L e t U"t = { z € C : u t ( z ) > 0 } . T h e n D Q C C D T = D Q u U"T s h o w s 

t h a t 3DQ <= U T . T h i s i m p l i e s t h a t e a c h c o m p o n e n t o f DQ i n t e r s e c t s U^., 

a n d s o , b y ( i i ) o f Lemma 1 4 , DQ C= . T h u s 

D , = U T . 

I n p a r t i c u l a r D ^ i s c o n n e c t e d . 

Now l e t y be a c o m p o n e n t o f 9 D t = 3 U t a n d we s h a l l s h o w t h a t y 

i s a n a n a l y t i c c u r v e o r a p o i n t . L e t I = (C u {«>} d e n o t e t h e R i e m a n n 

s p h e r e . S i n c e u"t i s c o n n e c t e d t h e r e i s e x a c t l y o n e c o m p o n e n t o f ( t ^ y 

w h i c h c o n t a i n s U T ( n a m e l y t h a t c o m p o n e n t w h i c h c o n t a i n s 0 ) . 

L e t V d e n o t e t h a t c o m p o n e n t . T h e n i t i s e a s y t o s e e t h a t 3V = y . 

S i n c e y i s c o n n e c t e d t h i s a l s o s h o w s t h a t V i s s i m p l y c o n n e c t e d . 

P u t 

( 2 1 ) W = D t v DQ = U T - D 0 CZ V 

a n d d e f i n e 

( 2 2 ) S ( z ) = z - 4 ^ 

f o r z £ W U y . Due t o t h e a s s u m p t i o n t h a t D t i s f i n i t e l y c o n n e c t e d 

D t i s a n e i g h b o u r h o o d o f y i n V ( t h e o t h e r c o m p o n e n t s o f 9 D t c a n n o t 

c l u s t e r a t y ) . S i n c e DQ i s a c o m p a c t s u b s e t o f D t ( a l s o b y a s s u m p 

t i o n ) i t f o l l o w s t h a t a l s o W i s a f u l l n e i g h b o u r h o o d o f y i n V . 

By " a n a l y t i c c u r v e " we mean t h e f o l l o w i n g : a s u b s e t o f (C i s an a n a l y t i c 
c u r v e i f i t i s t h e i m a g e o f ( s a y ) 3 D u n d e r some n o n - c o n s t a n t f u n c t i o n 
h o l o m o r p h i c i n a n e i g h b o u r h o o d o f 3 D . T h u s a n a n a l y t i c c u r v e i s a l l o w e d 
t o i n t e r s e c t i t s e l f a n d t o h a v e c u s p s a n d o t h e r s i n g u l a r i t i e s . We s a y 
t h a t t h e a n a l y t i c c u r v e i s n o n - s i n g u l a r i f t h e f u n c t i o n a b o v e c a n be 
c h o s e n t o be u n i v a l e n t i n a n e i g h b o u r h o o d o f 3 D . 
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As i s c o n t i n u o u s l y d i f f e r e n t i a t e o u t s i d e t h e o r i g i n S ( z ) i s 

a c o n t i n u o u s f u n c t i o n o n W U y. On y c t v u^ a t t a i n s i t s m i 
nimum ( u . = 0 ) . T h e r e f o r e 
3 u t 

= 0 o n y > s o 

S ( z ) = z" o n y • 

I n W S ( z ) i s h o l o m o r p h i c s i n c e , b y ( 1 5 ) , 

— = 1 - A u . = 1 - x n + X n
 + 2 7 T t < s = 0 i n W . 

3z z
 u t u 0 

Now i t i s k n o w n t h a t t h e e x i s t e n c e o f a f u n c t i o n w i t h t h e p r o p e r t i e s 

o f S ( z ) a b o v e g i v e s t h e d e s i r e d c o n c l u s i o n f o r y . T o be p r e c i s e , i f y 

j u s t c o n s i s t s o f o n e p o i n t we a r e d o n e . O t h e r w i s e ( s i n c e V i s s i m p l y 

c o n n e c t e d a n d 3V = y) V c a n be mapped c o n f o r m a l l y o n t o D . L e t 

f : D ->- V be t h e i n v e r s e map . 

T h e n S ( f ( ^ ) ) i s h o l o m o r p h i c i n t h e n e i g h b o u r h o o d f ( W ) o f 3lD i n 

D a n d ( 2 3 ) s h o w s t h a t 

S ( f ( ? ) ) - TJxJ -» 0 a s c- - > 3 E 

U € D ) 

I t c a n be s e e n t h a t ( 2 5 ) i m p l i e s t h a t f ( c ) e x t e n d s a n a l y t i c a l l y 

a c r o s s 3 D b y d e f i n i n g 

f ( ? ) = S ( f ( 1 / ? ) ) 

f o r z, i n a n e i g h b o u r h o o d o f 3 D i n I \ D . 

M o r e o v e r i t i s s e e n t h a t 

f ( 3 D ) = y • 

T h i s s h o w s t h a t y i s an a n a l y t i c c u r v e ( a s d e f i n e d o n p . 7 4 ) a n d t h e 

t h e o r e m i s p r o v e n . 
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R e m a r k s : 

( T ) I t m i g h t s e e m t h a t T h e o r e m 15 i s n o t o f much v a l u e s i n c e i t p r e 

s u p p o s e s k n o w l e d g e a p r i o r i a b o u t t h e u n k n o w n d o m a i n Dj. b e f o r e d r a w i n g 

c o n c l u s i o n s a b o u t i t . I t w o u l d be d e s i r a b l e t o h a v e a t h e o r e m w i t h 

h y p o t h e s e s o n l y on DQ a n d w i t h t h e c o n c l u s i o n t h a t 3Dj. i s a n a l y t i c . 

T h e n i t s h o u l d be e n o u g h t o a s s u m e a b o u t DQ t h a t i t i s c o n n e c t e d ( s o 

t h a t D t = U t f o r t > 0 ; Lemma 1 4 ( i v ) ) . H o w e v e r , s i n c e t h e h y p o t h e s e s 

o n D t i n T h e o r e m 15 s e e m v e r y p l a u s i b l e ( e x c e p t p e r h a p s i n v e r y p a t h o l o g i 

c a l s i t u a t i o n s ) , T h e o r e m 15 a t l e a s t makes t h e a s s e r t i o n t h a t 3 D t i s 

a n a l y t i c v e r y p r o b a b l e . 

L e t u s m e n t i o n t w o s i t u a t i o n s i n w h i c h t h e h y p o t h e s i s D Q C C DJ. 

c a n be d i s p e n s e d w i t h . F i r s t l y , w h e n e v e r t i s l a r g e e n o u g h DQCZC DJ. 

i s a u t o m a t i c a l l y f u l f i l l e d s i n c e b y a p p l y i n g T h e o r e m 13 ( i i i ) t o t h e 

s i t u a t i o n DQ <= DQ, w h e r e DQ1 i s some d i s c c e n t e r e d a t t h e o r i g i n , we 

h a v e Dj. <= Dj. f o r a l l t , a n d c l e a r l y f o r t l a r g e e n o u g h DQ<=<= D J . • 

( I f D^ = D p t h e n Dj. = B p ^ w i t h p 2 = p 2 + 2 t . ) 

S e c o n d l y , s u p p o s e ( i n p l a c e o f DQCC DJ.) t h a t DQ i s c o n n e c t e d a n d 

t h a t 3DQ i s a f i n i t e d i s j o i n t u n i o n o f n o n - s i n g u l a r a n a l y t i c c u r v e s . 

T h e f i r s t h y p o t h e s i s i m p U e s t h a t Dj. = Uj. a n d t h e s e c o n d o n e i m p l i e s 

( a n d c a n be r e p l a c e d b y ) t h e f o l l o w i n g : t h e r e i s a f u n c t i o n S Q ( z ) d e 

f i n e d a n d c o n t i n u o u s o n (DQ ^ K ) U 3 D Q w h e r e K i s a c o m p a c t s u b s e t 

o f DQ, h o l o m o r p h i c i n DQ ^ K a n d w i t h 

( 2 8 ) S n ( z ) = 7 o n 3 D n . 

T h e n , i n t h e p r o o f o f T h e o r e m 15 we c h a n g e t h e d e f i n i t i o n s ( 2 1 ) 

a n d ( 2 2 ) o f W a n d S ( z ) t o 

( 2 9 ) W = Dj. ^ ( K U { 0 } ) c V a n d 

3 u . _ 
( 3 0 ) S ( z ) = z - 4 g - i + X D Q ( Z ) • ( S 0 ( z ) - z ) ( z e W U y ) . 
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I n ( 3 0 ) i t i s a s s u m e d t h a t S Q ( z ) i s e x t e n d e d t o W U Y i n some w a y , 

s a y b y S Q ( z ) = z" f o r z e ( W U Y ) ^ D g • T h e n S ( z ) i s c o n t i n u o u s 

o n W U Y » h o l o m o r p h i c i n W ( s i n c e ( 1 5 ) s h o w s t h a t — = 0 i n 
— 9 Z 

W ^ 9 D Q a n d 9 D Q i s a n i c e c u r v e ) a n d S ( z ) = z o n y . 

T h e r e s t o f t h e p r o o f o f T h e o r e m 15 w o r k s a s b e f o r e , a n d s o t h e 

c o n c l u s i o n o f t h e t h e o r e m h o l d s w i t h t h e c h a n g e d h y p o t h e s e s . 

( T ) I f Y "is a n y n o n - s i n g u l a r a n a l y t i c a r c t h e r e i s a f u n c t i o n S ( z ) , 

t h e S c h w a r z f u n c t i o n f o r Y , d e f i n e d a n d h o l o m o r p h i c i n a n e i g h b o u r h o o d 

o f Y s u c h t h a t S ( z ) =1 on Y . S e e [ 4 ] , T h e i n t e r p r e t a t i o n o f S ( z ) 

i s t h a t t h e a n t i c o n f o r m a l map z -> z * = S ( z ) i s t h e r e f l e c t i o n i n Y . 

I t i s c l e a r t h a t t h e f u n c t i o n S ( z ) i n t h e p r o o f o f T h e o r e m 15 i s 

t h e S c h w a r z f u n c t i o n f o r 9D^ a t t h e p i e c e s o f 9D^ w h e r e i t i s n o n -

s i n g u l a r . T h i s g i v e s an i n t e r p r e t a t i o n o f u t n e a r t h e b o u n d a r y . 

N a m e l y , b y ( 2 2 ) , i f z € D^, z n e a r t o 9 n
t , t h e r e f l e c t i o n o f z i n 

3D. i s 
Z 9 u . 

z * = z - 4 - — M z ) . 
9z 

T h u s , 
3 u t 1 1 - g r a d u . ( z ) = - 2 - ^ - ( z ) = - ^ ( z * - z ) =•*• . ( t h e v e c t o r f r o m z t o i t s t 9 z _ -

r e f l e c t e d p o i n t z * ) . 

( D T h e o r e m 15 i s s i m i l a r t o t h e o r e m s o n t h e r e g u l a r i t y o f t h e c o i n c i 

d e n c e s e t f o r v a r i a t i o n a l i n e q u a l i t i e s o f t h e k i n d ( E 2 ) . T h e r e a r e s u c h 

t h e o r e m s h a v i n g a s c o n c l u s i o n t h a t t h e b o u n d a r y o f t h e c o i n c i d e n c e s e t 

i s an a n a l y t i c c u r v e , e . g . T h e o r e m 4 . 3 i n [ 1 3 ] ( s e e a l s o §4 i n [ 1 1 ] ) . 

T h e s e t h e o r e m s c a n n o t , h o w e v e r , be i m m e d i a t e l y a p p l i e d t o o u r p r o b l e m 

s i n c e t h e y a l w a y s r e q u i r e t h e o b s t a c l e f u n c t i o n ( o u r ty^) t o be r e a l 

a n a l y t i c , a h y p o t h e s i s w h i c h i s n o t s a t i s f i e d f o r u s ( a l o n g w i t h o t h e r 

h y p o t h e s e s o n t h e o b s t a c l e f u n c t i o n w h i c h a r e n o t s a t i s f i e d ) . 
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T h e l a s t l i n e s a b o v e s h e d some l i g h t on t h e h y p o t h e s i s D g c c D^ 

i n T h e o r e m 1 5 . N a m e l y , a l t h o u g h i p t i s n o t r e a l a n a l y t i c i n a l l Q, 

i t i s s o o u t s i d e D Q a n d t h e h y p o t h e s i s D Q < = < = D ^ c a n be v i e w e d a s a w a y 

t o g u a r a n t e e a p r i o r i t h a t 3 D t a v o i d s t h e s e t w h e r e i p t i s n o t r e a l 

a n a l y t i c . 

c . A p p l i c a t i o n s t o q u a d r a t u r e d o m a i n s 

T h e n e x t t h e o r e m c o n c e r n s a c l a s s o f d o m a i n s c a l l e d q u a d r a t u r e d o 

m a i n s . We s a y t h a t D<=([ i s a q u a d r a t u r e d o m a i n i f t h e r e e x i s t p o i n t s 

z . , . . . , z i n D a n d c o m p l e x n u m b e r s a . . , w h e r e 1 < j < n , 0 < k < r . - 1, i n J , K - - - - j 

r . > 1, s u c h t h a t 

r . - 1 
fda = I I a . v f u ; ( z . ) 

D j = l k=0 J , K J 

f o r e v e r y f u n c t i o n f w h i c h i s a n a l y t i c a n d i n t e g r a b l e i n D . 

Q u a d r a t u r e d o m a i n s a n d q u a d r a t u r e i d e n t i t i e s ( i . e . i d e n t i t i e s o f 

t h e k i n d ( 3 1 ) a b o v e ) a r e t r e a t e d i n [ 1 ] a n d [ 9 ] , f r o m w h i c h we s h a l l 

c i t e some r e s u l t s . L e t D be a b o u n d e d d o m a i n i n (D. T h e n 

( i ) D i s a q u a d r a t u r e d o m a i n i f a n d o n l y i f t h e r e i s a f u n c t i o n S ( z ) 

m e r o m o r p h i c i n D a n d c o n t i n u o u s l y e x t e n d i b l e t o D s u c h t h a t 

S ( z ) = z f o r z £ 3D 

( [ 1 ] , Lemma 2 . 3 ) . 

( i i ) I f D i s s i m p l y c o n n e c t e d t h e n D i s a q u a d r a t u r e d o m a i n i f a n d 

o n l y i f some ( a n d t h e n e v e r y ) c o n f o r m a l map o f t h e u n i t d i s c I D 

o n t o D i s a r a t i o n a l f u n c t i o n ( [ 1 ] , T h e o r e m 1 ) . 

( i i i ) I f D i s a q u a d r a t u r e d o m a i n t h e n 3D i s a c o m p l e t e a l g e b r a i c 

c u r v e ( i . e . t h e r e e x i s t s a r e a l p o l y n o m i a l P ( x , y ) s u c h t h a t 
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3D = { z = x + i y : P ( x , y ) = 0 } 

e x c e p t f o r a f i n i t e s e t ( t h e s e t i n t h e r i g h t member o f ( 3 3 ) may 

c o n t a i n i s o l a t e d p o i n t s n o t i n 3 D ) ) ( [ 1 ] , T h e o r e m 3 a n d [ 9 ] , 

T h e o r e m 3 . 4 ) . 

I t f o l l o w s f r o m ( i i ) t h a t t h e q u a d r a t u r e d o m a i n s make up a d e n s e 

s u b c l a s s ( i n a n y r e a s o n a b l e t o p o l o g y ) o f a l l b o u n d e d s i m p l y c o n n e c t e d 

d o m a i n s . T h i s i s a l s o t r u e f o r d o m a i n s o f h i g h e r c o n n e c t i v i t y ( t o some 

e x t e n t ) ( [ 9 ] , T h e o r e m 3 . 3 ) . 

Now r e t u r n t o t h e s i t u a t i o n o n p . 71 a n d s u p p o s e t h a t D Q t h e r e 

i s a q u a d r a t u r e d o m a i n , s a y s a t i s f i e s ( 3 1 ) . T h e n , f o r t > 0 , t h e moment 

i n e q u a l i t y ( T h e o r e m 1 3 ) s h o w s t h a t 

/ f d a = J f d a + 2-rrt • f ( 0 ) 
D t D 0 

n " J " 1 ( k ) = I X a . . f [ K } ( z . ) + 2 i r t • f ( 0 ) 
j = 1 k=0 J ' K J 

2 2 * / ' 

f o r a l l f £ H ( K ) ' w h i c h a r e a n a l y t i c i n D T . ( A p p l y t h e moment i n 

e q u a l i t y t o ± Re f a n d ± I m f . ) T h i s n e a r l y s h o w s t h a t D^ i s a q u a d r a 
t u r e d o m a i n . We m u s t o n l y e x t e n d t h e v a l i d i t y o f ( 3 4 ) t o a l l f G L ( D ^ ) 

w h i c h a r e a n a l y t i c i n D ^ . I n s t e a d o f d o i n g s o , h o w e v e r , we s h a l l b a s e 

o u r p r o o f t h a t D ^ i s a q u a d r a t u r e d o m a i n on t h e c h a r a c t e r i z a t i o n ( i ) 

( p . 7 8 ) . 

T h e o r e m 1 6 : S u p p o s e D Q i s a q u a d r a t u r e d o m a i n . T h e n , f o r e a c h t > 0 , 

D T i s a q u a d r a t u r e d o m a i n . I n p a r t i c u l a r 3 D t i s a n a l g e b r a i c c u r v e . 

* I 2 2 'We t e m p o r a r i l y a d m i t c o m p l e x - v a l u e d f u n c t i o n s i n H ( F ) 
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P r o o f : L e t S Q ( Z ) b e t h e f u n c t i o n g i v e n b y ( i ) on p . 7 8 f o r D = D Q . 

T h e t h e o r e m i s p r o v e n a s s o o n a s we h a v e e s t a b l i s h e d t h e e x i s t e n c e 

o f a s i m i l a r f u n c t i o n S j . ( z ) f o r D = D t . 

D e f i n e , f o r z e D t , 

3 u t _ 

S t ( z ) = Z " 4 1 ^ + X D n ( Z > - ( S 0 ( z ) - z ) ' 

w h e r e we h a v e e x t e n d e d S Q ( Z ) ( c o n t i n u o u s l y ) t o a l l (C b y 

S g ( z ) =z f o r a l l z £ (C \ D Q . 

T h e n S j . ( z ) i s c o n t i n u o u s , e x c e p t a t t h e o r i g i n a n d a t t h e p o l e s o f S Q ( Z ) 

On 3 D t t h e l a s t t h r e e t e r m s i n ( 3 5 ) v a n i s h , s o 

S t ( z ) = z o n S D t . 

I n D T \ D Q a n d i n D Q , e x c e p t a t t h e o r i g i n a n d a t t h e p o l e s o f S Q ( Z ) , 

3S. 
— — = 0 ( b y u s i n g ( 1 5 ) ) . T h u s , S j . ( z ) i s m e r o m o r p h i c i n ( D ^ D Q ) U D Q . 

3z 

S i n c e S j . ( z ) i s c o n t i n u o u s i n a n e i g h b o u r h o o d o f 3 D Q ( w h i c h i s a n a l g e b r a i c 

c u r v e ) a n d ( D T ^ D Q ) U D Q U 3 D Q => D t i t f o l l o w s t h a t S t ( z ) a c t u a l l y i s 

m e r o m o r p h i c i n a l l Dj. . T h u s S j . ( z ) h a s a l l t h e r e q u i r e d p r o p e r t i e s a n d 

t h e t h e o r e m i s p r o v e n . 

I t i s c l e a r t h a t t h e q u a d r a t u r e i d e n t i t i e s f o r D Q a n d i n 

T h e o r e m 16 a r e r e l a t e d a s f o l l o w s . 

I f t h a t o f D Q i s 

r . - 1 J f d a = I I a . . f[K)
 ( z . ) 

D Q j = 1 k=0 J ' K J 

t h e n t h a t o f i s 

r . - 1 

J f d a = I I a , v f[K> ( z . ) + b 1 f ( z l ) , 
D t j = 1 k=0 J ' K J 1 1 

w h e r e b^ = 2-RRT a n d z | = 0 . 
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L e t u s now c o m b i n e T h e o r e m 16 w i t h t h e e x i s t e n c e p a r t o f T h e o r e m 1 3 . 

T h i s y i e l d s t h a t i f DQ i s a b o u n d e d q u a d r a t u r e d o m a i n c o n t a i n i n g t h e 

o r i g i n w i t h t h e q u a d r a t u r e i d e n t i t y ( 3 7 ) , t h e n g i v e n a n y b^ > 0 t h e r e 

e x i s t s a q u a d r a t u r e d o m a i n D ^ w i t h t h e q u a d r a t u r e i d e n t i t y ( 3 8 ) , 

w h e r e z x. = 0 . S i n c e t h e o r i g i n i s n o t i n a n y w a y a d i s t i n g u i s h e d p o i n t 

i n t h e c o n t e x t o f q u a d r a t u r e i d e n t i t i e s i t i s c l e a r t h a t t h e t w o h y p o 

t h e s e s 0 € DQ a n d ZQ 1 = 0 c a n be r e p l a c e d b y t h e s i n g l e h y p o t h e s i s 

ZQ 1 £ DQ . A c t u a l l y t h i s h y p o t h e s i s c a n be r e l a x e d t o z j £ 3DQ s i n c e 

i f zJj £ DQ we may a p p l y t h e p r e v i o u s r e a s o n i n g w i t h DQ r e p l a c e d b y 

DQ U D ( z J j ; e ) f o r e > 0 s o s m a l l t h a t D 0 n B ( z j ; e ) = 0 a n d T r e 2 < b 1 ; 

D Q U _ D ( Z ^ ; E ) i s t h e n a q u a d r a t u r e d o m a i n w i t h z | e DQ U D ( z | ; e ) a n d 

t h e q u a d r a t u r e i d e n t i t y 

n r j ~ 1 

/ f d a = 1 1 a . , f ( k ) ( z . ) + T r e 2 . f ( z i ) . 
D Q U B ( Z J ; £ ) j = 1 k=0 J ' K J 1 

T h e a b o v e r e a s o n i n g may be r e p e a t e d f i n i t e l y many t i m e s f o r f i n i t e l y 

many p o i n t s z'.,...,z^ w i t h z j £ 3DQ i f we j u s t t a k e c a r e t o make t h e 

m o d i f i c a t i o n o f DQ i n d i c a t e d i n t h e l a s t l i n e s a b o v e a t o n c e a n d s i m u l 

t a n e o u s l y f o r a l l t h o s e z j f o r w h i c h z j £ DQ ( t o a v o i d t h a t a t some 

s t e p some z ' l i e s on t h e b o u n d a r y o f t h e c u r r e n t d o m a i n a t t h a t s t e p ) . 

T h u s we h a v e p r o v e d t h e f o l l o w i n g c o r o l l a r y o f T h e o r e m 1 6 . * / 

C o r o l l a r y 1 6 . 1 : L e t D be b o u n d e d d o m a i n i n (L a d m i t t i n g t h e q u a d 

r a t u r e i d e n t i t y 

n r j " 1 

/ f d a = 1 I a . . f ( k ) ( z . ) ( f € L ^ D ) ) * * 7 . 
D j = 1 k=0 J ' K J d 

T h e n g i v e n f i n i t e l y many p o i n t s z J j , . . . e C , z j £ 3D a n d a r b i t r a r y 

p o s i t i v e n u m b e r s b^ b m t h e r e e x i s t s a b o u n d e d d o m a i n D 1 w i t h 

M o r e g e n e r a l r e s u l t s , a l o n g t h e same l i n e s a s t h i s c o r o l l a r y , a r e 
o b t a i n e d i n [ 1 9 ] . 

L ( D ) d e n o t e s t h e s p a c e o f i n t e g r a b l e a n a l y t i c f u n c t i o n s i n D. 
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f o r a l l f € L ' ( D ' ) . 
a 

I n p a r t i c u l a r ( c h o o s i n g D = 0 a b o v e ) , g i v e n z j , . . . , z ^ e (C, b ^ , . . . , b m > 0 

t h e r e e x i s t s a b o u n d e d d o m a i n D 1 w i t h 

m 
/ f d a = I b . f ( z ' . ) 
D' j = 1 J J 

f o r a l l f e L ] ( D ' ) . a 
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