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0. Introduction

Inspired by an observation of Harold S. Shapiro [17] concerning the number of
singular points on the boundary and certain “special” points in the interior of
quadrature domains for analytic functions (see §1 for definitions) we make here a
systematic investigation of such points from an algebraic geometric point of view
(the boundaries of these quadrature domains are known to be algebraic). Using
the so-called genus formula we thereby obtain an upper bound for the number of
these singular and special points in terms of the order of the quadrature identity
(Theorem 2.1). This, which is our main result, contains Shapiro’s result as a
special case. M. Sakai [15] has, using other methods, obtained complementary
results which, among other things, give lower bounds for the same quantities.

We also give some examples, one of which, as a by-product, gives rise to an
explicit solution of a certain moving boundary problem studied in [9].
This example also shows that there exist different but conformally equivalent
quadrature domains which admit the same quadrature identity (for analytic
functions).

Some notation

|E| =area of E for E C C.

[£2]: see (1.3).

D(a;r)={z€C:|z —a| <r}.

P =C U {0} : the Riemann sphere.

AL'(Q), SLY(Q2): the classes of, respectively, analytic and subharmonic func-

tions in L' (Q, area measure).

If Q C C is a bounded domain and u is a distribution of the form (1.1) or an

L=>-function concentrated on Q then

Qe Q(u, AL') means that f Sfdxdy = u(f) for all fE ALY(Q).
Q
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Provided that 4 moreover is a positive measure

Q€ Q(u, SL') means that f Jdxdy =z u(f) for all fESLY(Q).

Q

1. Preliminaries

Let Q be a bounded domain in the complex plane and denote the class of
integrable (with respect to area measure) analytic functions in Q by ALY(Q).
Further, let x4 be a functional (distribution) of the form

n—1

(1.1) ufN)=2 X ijfu)(zk)
k=1 j=0
(fEAL'(Q)) where z,, ..., 2, €Q, ¢, EC, m = 1, n, Z 1. If the identity (quadra-
ture identity)
(1.2) [ sty =)
Q

holds for all fEAL'(2) then Q is called a quadrature domain (for the class of
analytic functions) for u. Following [13] we then write Q€ Q(u, AL") (i.e.
Q(u, AL') denotes the class of (bounded) quadrature domains for #). We refer to
[1], [4], [6], [7], [13], [14] for more background on quadrature identities.

In the expression (1.1) we can clearly assume that the z, are distinct and that
Cem—1 #0(k=1,..., m). Then the integer n = n, + - - - + n,, is called the order
of u (or of the identity (1.2)). We shall now recall some known facts about
quadrature domains for analytic functions.

Assume Q€ Q(u, AL') with x as in (1.1) and of order n. It is shown in [1] that
oS is a subset of an algebraic curve. From this it easily follows that int clos Q is a
domain bounded by finitely many continua and that it coincides with

(1.3) [Q] = {z€C:3r > 0such that |D(z; r)\Q| =0},
the areal completion of Q. Since
QcC[Q] Q] = 19|

[Q] satisfies the same quadrature identity (1.2) as Q (i.e. [Q]E Q(u, AL")).

To [€2] the theory in [7] can be applied. Thus, if W is any plane domain
bounded by finitely many smooth analytic curves and conformally equivalent to
[2] and ¢: W —[Q] is any conformal map then ¢ extends to a meromorphic
function on the (Schottky) double W = W U W U W of W (i.e. the compact
Riemann surface obtained by completing W with a back-side W, provided with
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the opposite conformal structure and glued with W along dW; see e.g. [3]). On W
there is a natural anticonformal involution { — {: if { € W (resp. W) then { is the

corresponding point on W (resp. W), if { EdWthen { = (. If{,, ..., {, E Ware
the points mapped onto z,,..., z, €S respectively by ¢ then ¢ has poles of
orders n, at {, (k = 1, ..., m) and no other singularities.

In particular, the order of ¢ (i.e. the number of times it takes almost every value
in P) equals n, the order of the quadrature identity. Another meromorphic
function, ¢*, of order n on W can be defined by

MO=00) (CEW).

It is shown in [7] that ¢ and ¢* generate the field of meromorphic functions on #
and that they are related by a polynomial relation of the form

(1.4) P(g, ¢*)=0,

where

(1.5) P W)= 3 agwl,
k,j=0

n is the same as above, a,; = 4; and a,, # 0. Moreover P(z, w) is irreducible (in
C(z)[w] for example) and is uniquely determined after the normalization a,, = 1
(henceforth assumed).

The hermitean nature of the coefficient matrix (a,) means that P(z,z) is a
real-valued function (z €C). Set

U={z€C:P(z,2)<0},
V={z€C:P(z,2)=0},

E={z€V:3r>0suchthatD(z;r) NV ={z}}
= {isolated points in V},

9
B=lzev: 2 pz. n=0}.
{z oz [&0=0

The points in E turn out to be the same as Shapiro’s ([17]) “special points™. Also,
in the terminology of Sakai [13], E = E([Q]; u, AL'). These statements follow
from Lemma 1.1 below.

In our context it is natural to call a point (z, w)EC? real if w = 2. Thus V can be
identified with the real locus of the algebraic curve P(z, w) = 0 and B with its set
of singular points in the real. (Observe that

d L_ 90 )
P P(z,2)= 92 P(z, z).)
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Since P(z, w) is irreducible there are only finitely many singular points. In
particular, B is finite. Finally notice that E C B.

If vis a distribution with compact support in C we denote its Cauchy-transform
by ¥:

#(2)= (o) i>

whenever it is defined. Thus 39/62 = — nv and #(z)—0 as |z]| — 0. Since, as a
function of {, 1/({ — z)EALYQ) for every z €C\ Q and the linear combinations
of these functions are dense in AL'(Q2) [5] we see that Q€ Q(u, AL') is equivalent
to that

(1.6) Xa=i inC\Q

Since

X = — Tap

8|

9. _

Py Xa
Xa(2) + n2 is holomorphic in [Q] and we can define a meromorphic function .S
in [Q] by

(1.7 S@)=z+ i (ka2) — 4(2)).

By (1.6) S extends continuously to clos Q with
(1.8) S(z)=2 ondQDIQ).

Thus § is the so-called Schwarz function for 3[Q2] (or 3Q) [6].
The function S(¢({)) is meromorphic irﬂ and it coincides with ¢* on dW
since, for { €AW, H{)EI[Q] and ¢*({) = (). Therefore

(1.9) S@)=0*¢) (W)
identically, and
(1.10) P(z,S(z))=0 (zE[Q)

by (1.4). (1.10) shows that S(z) is an algebraic function and hence has analytic
extensions (possibly with branch points) across 3[Q2]. (1.10) also shows, by (1.8),
that P(z, 2) = 0 on 9[Q] (even on dQ), i.e. that J[Q] C V.

Lemma 1.1. (a) V\E = g@W)=19[Q).
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(b) E={#): €W, ) =KD} ={zE€IQ]: S(z) = 2}
= (zE€[Q]: xalz) = (2)}
=V NIQ).

(c) [Q]= U U E. Also: for every subset F of E U U F is a quadrature domain
for u (and Q is one of them) and no domain strictly included in U or strictly
including U U E is a quadrature domain for u.

Proof. (a) was proved in [7].
(b) The third equality follows directly from the definition of S. We now prove

EC(#0):LEW, HL) =)}

(1.11)
C{zE€INQ]:S(z)=z}CVNI[Q]CE.

Suppose z EE. Since P(z, 2) = 0 there exists at least one point { € W such that
(KQ), 8*(0)) = (z, 2) (cf. §3), i.e. such that #({) = &) = z. If { €W then zis not
isolated in V since neighbouring {; €W give rise to neighbouring z; = &({;) €
#dW) C V. Thus either { or { belongs to W which proves the first inclusion in
(1.11).

The second inclusion in (1.11) follows directly from (1.9).

If z€[Q], S(z)=2 then P(z,2)=P(z,S(z))=0 by (1.10) so that z€V,
proving the third inclusion. Finally, V' N [Q] C E follows from (a). This proves
(b).

(c) E C[Q] is clear by (b). Since the singular set B is finite and [Q]\ B =
V\ B, P(z, z) always changes sign across d[Q). On the other hand P(z, ) never
changes sign in [Q] since [Q] N V = E is finite. Since finally P(z, 2) >0 for |z|
large (by the normalization a,, = 1) one concludes that {z€C: P(z,2) <0} =
[QI\E,ie. [Q=UUE.

From (1.6) and (b) we see that if F is any subset of [Q] then [Q2]\ F € Q(u, AL")
if and only if F C E. Also any domain strictly including [Q] has larger area than
[€2] and hence cannot be in Q(u, AL') (by choosing f = 1 in (1.2)). End of proof.

Finally in this section we shall introduce a convenient notation. Let Q,, Q, be
bounded domains in C. Then, by [13], [14], there exists an essentially unique
bounded open set Q D Q, U Q, such that

(1.12) [refr=[7

for all fESLY(Q), the class of all subharmonic functions in L'(Q). To make Q
uniquely determined we require £ to be minimal with the above properties. We
set
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Q+Q=Q

for £ so defined. (Q may e.g. be obtained as Q = {zE€ED: u(z)> 0} where D CC
is a sufficiently large disc and u € H3(D) (Sobolev space) minimizes [, | Vu |*dxdy
under the constraint Au + 2q, + Xo, = 1. Then Au + xq, + Xq, = Xq for the mini-
mizing ©.)

If Q NQ,=Cthen Q, +Q, simply equals Q, U, If Q, NQ,+ Jthen
Q, + Q, is connected and is the minimum domain in Q((xq, + Xa,)dxdy, SL') (see

(13}, [14]).
In both cases it is obvious that if Q, € Q(u;, AL"), i.e.

f f=u(f) forall/EALYQ) (j=1,2),

Q

then

f S= + X)) for all fEALYQ, + Q,),

0,4+ Q;

so that Q, + Q,€Q(u, + u,, AL') whenever Q, + Q, is connected.

Obviously the above construction generalizes to define §, + - .- + Q, for
arbitrary N = 2. We then have Q, + €, + Q,=(Q, + Q,) + Q,, etc. (e.g. by
{13, Proposition 3.10]). (The construction also generalizes without changes to
higher dimensions.)

2. Statement of the main result

Let Q be a bounded quadrature domain as in §1, namely Q€ Q(u, AL') with
of order n, given by (1.1). For simplicity of notation we now assume that  is
maximal, i.e. that Q = [2]. Retain the remaining assumptions and notations of
§1. In particular ¢ : W —Q is a conformal map, ¢ meromorphic on W and
P(z, w) is the polynomial (1.5) associated with . (Clearly P(z, w) depends only
on Q, i.c. is independent of the choice of W and ¢ when Q is fixed.)

Let C denote the set of cusp points and D the set of double points of Q. This
means that

C={z€9Q:z = ¢({) for some { EIW with ¢({) = 0},
D ={z€0Q:z = ¢{,) = /{,) for two different {;EIW}.
Recall that E and B were defined in §1. Set

c=cardC, d=cardD, e=cardE,
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p = (connectivity of Q) — 1
= genus of W

(card = “cardinality of ”). Our main result is the following.

Theorem 2.1. Wehave B=CUJUD UEand

(21) P+ 2 Jzé(n—l)za
ZEB
where 6, are certain integers = 1 satisfying (1)—(iii) below. Moreover, the differ-
ence between the two members in (2.1) is an even number.
(i) For z€C, 8, = } (r — 1), where r is the least odd number with c, # 0 in the
Puiseaux-series

Sz+)=z+ i ct*® (1t €C small).
k=2
(z is a branch point of S when z€C.)

(ii) For zE€D, &, is the least number r for which S{(z)+# SYX(z) (the rth
derivatives), where S, and S, denote the two branches of the Schwarz function at z.
This gives in particular 6, = 2.

(iii) Forz€E,d,=1if|S(z)} #1, 6, ;ﬂ] S(z)| = 1. In the latter case we
have more precisely: the function S*({)=S({) has an inverse T =S*"! near
{ = z and 6, is the least number r for which T")(z) + S)(z).

Corollary. p+c+2d+e=(n—1)>~
Remark 2.1. From Sakai [15] one derives the complementary inequality
c+ezp+n—1

The proof of the theorem is contained in §3 below.

3. Classification of singularities

In this section we classify the singularities of the algebraic curve P(z, w)=0
and relate them to the singularities of Q. From this we obtain Theorem 2.1
above by applying the so-called genus formula for algebraic curves.

With notations and assumptions as in §2, let (¢, z, w) be the homogenization
of P(z, w), i.e.

zZ W n o
o, z,w)=1"P (— , —) = Y aukiziw,
ot k,j=0
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loc Q = {(t: z: w)EPLC): Q(¢, z, w) = 0},
loc P = {(z, w)EC?: P(z, w) =0} = {(1: z: w)EPYC) : Q(1, z, w) = 0}.
Thus loc Q is the completion of loc P in projective space P,(C). Set
A = {{ EW: ¢* has a pole at {},
A={lEW:{€A}={L{EW:¢hasapoleat {}.

ThenA CW,AC W.
Consider the map

3.1 O: W\AUA)—locP
given by { —(#({), *({)). By regarding loc P as a subset of P,(C) and by setting
0:0:1) for{ €A,
D) = .
0:1:00 for{€d,
& extends continuously to a map
3.2) ®: W—locQ.

Since Q is irreducible and W is compact, (3.2) is surjective and it follows that also
(3.1) is surjective. Further, due to the univalence of ¢ IW, ® is “essentially
one-to-one”, i.e. ®~'({a}) consists of more than one point just for finitely many
a€loc Q. (Examples of such points a€locQ are (0:0:1) and (0:1:0) if
m>1)

We first classify the points in I with respect to their behaviour under ®. There
are three cases to distinguish for a point { € W.

(I) {&A UAand¢({)and ¢*({) are not both equal to zero. Then the branch
of loc Q which is parametrized by ® near { is nonsingular at () (which does not
exclude that ®({) is a singular point of loc Q since another branch may be
crossing at ©({)).

(II) {¢AUAand ¢({)=¢*()=0. Since ¢ lw (and hence ¢* IW) is univa-
lent, this can only occur for { EdW. Then z = ¢({) EHIW) = dQ is a cusp point
of Q (z €C). Also, ¢”({) (and ¢**({)) must be non-zero due to the univalence.

It follows that, in terms of a local parameter ¢ on W with ¢t =0 at {,

M+t)=z+at*+at’+ -,
*rC+)=z2+b2+ b+ -,

with a;, b; # 0. Since a, # 0 we can define a new parameter 7 near { by

T=t\/az+a3t+ coe
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(one of the branches chosen). Then

(3.3) H+1)=2+T1%

(3.4) P*E+)=2+ % otk

k=2
for suitable ¢, EC. Here ¢, # 0 for at least one odd value of k, for otherwise we
would have a contradiction to the fact that & is essentially one-to-one. In terms of
the Schwarz function, (3.3), (3.4) becomes, with ¢ = 12 and using (1.9),

Sz+o)=2+ f‘, c0*?  for o small.
k=2

Following [12] we shall use the following terminology for cusps. Suppose
(z, w)Eloc P and consider one irreducible branch of loc P through (z, w). After
an affine change of cordinates in C? ((z, w)-space) this branch can be para-
metrized in terms of some local variable zon Wby t = (t™, 1" + Co o 8" ' + -+ +),
where m is as small as possible and n >m. If m =1 then the branch is
non-singular (smooth) at (z, w), if m > 1 it has a cusp of multiplicity m. If
n=m+ 1 the cusp is called simple (otherwise it is of “higher order”). The
terminology “n/m-cusp” will also be used.

Thus (3.3), (3.4) parametrizes a cusp of multiplicity two and the cusp is simple
if and only if c; # 0. (Observe that the possible t-term in (3.4) disappears by
subtracting a constant multiple of (3.3) from (3.4).)

(II) (€A UA. Assume { €A for example. Then ¢({) is one of the points
Zy . . ., Zm in (1.1), say z,. Then ¢* has a pole of order n, at { and ¢ is regular and
univalent at {. This means that if { is a local variable on Wnear {, witht =0at {,
then ™ +1)=0:H{+1): 0% +1t)) behaves like (l:z, +ct:t™™)=
(t™: Zd™ + ct™*': 1) near t = 0, where ¢ = ¢/({) # 0. Thus ¥ parametrizes, in a
neighbourhood of {, a simple cusp of multiplicity n, of locQ at (0:0:1).
Similarly for { €A.

Next we classify the points in locQ =locP U {(0:0:1),(0:1:0)}. For
(z, w)Eloc P we distinguish two cases.

(A) (z, w)=D({) for only one point { € W\ (4 U 4). If (I) above holds for {,
then (z, w) is a non-singular point of loc P. If (II) holds, then (z, w) = (z, 2) (since
#*() = A{) for { EW) with z EQ a cusp point (z € C). Moreover, by (3.3),
(3.4), (z, w) is a cusp of multiplicity two on loc P and therefore (z, w) is a singular
point of multiplicity two of loc P. (The multiplicity of a singular point (z, w) of
loc P is defined as the degree of the lowest order terms actually occurring in the
Taylor expansion of P(z, w) at (z, w).)

(B) (z,w)=D,) =D, for (at least) two different points {;, {,E€
W\ (A4 U A). The conditions on {,, {, can be written
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{«cl) =¥ =2z,
3.5)

#C) =) =w.
Because of the univalence of ¢ |W, (3.5) can occur only if

(1) {,EW, {,E W or conversely
or

(2) {1, {,EIW.

In both cases it follows from the univalence of ¢ |, that we cannot have
(z, w) = d({,) for a third point {3E€ W\ (4 U A) and that (I) (not (II)) holds for
both of {; and {,. Therefore (z, w) is an intersection between exactly two smooth
branches of loc P. These branches have the same tangent directions at (z, w) if
and only if

V() _ (L)

(R ((N

Consider case (1). Since either {, or {, belongs to W we have z €. Similarly
wEQ. Let us assume that {, € W, {,€ W. We have two subcases.

(@) {;=2_,. Then (z, w)=(z, 2). Thus zE V. Since moreover z € HOW) we
have z EE by Lemma 1.1, Using (1.9) the criterion (3.6) for tangency becomes
S(z) = 1/8(z), i.e. |§(z)| = 1.

(b) ¢, # ¢,. Then w # z due to the univalence of ¢ IW. It follows that z & V' (and
w & V); for if P(z,2) =0 there would be some { € W\(4 U 4) with &({) = z,
M) =z and if say { € W (recall that z & ¢(3W)), the univalence of ¢ lw would
give { = ¢, and the contradiction z = ¢({) = () = w.

Thus in subcase (b) (z, w) is a singular point of loc P which does not show up in
the real locus V. (This is also true for the singular points (0:0: 1)and (0: 1 : 0) of
loc Q.) What can be said of the non-real singular points of loc P (or loc Q) is that
they appear in pairs because of the symmetry of loc P: corresponding to the
involution £ — { on W there is the involution (z, w) — (W, 2) on loc P (extending
to loc Q) and by definition, the real points of loc P are exactly the fixed points of
this involution. If (z, w) is a singular point, (W, 2) is clearly a singular point of the
same type (multiplicity etc.).

Consider finally case (2). It is immediate that (z, w) = (z, 2) with z a double
point of dQ (z € D). Also, it is straighforward to check that the two branches of
loc P through (z, w) always have the same tangent directions in this case.

(C) Finally we investigate the points (0:0:1) and (0: 1:0). Developing
Q(t, z, w) around (0: 0: 1) for example we get (setting w = 1)

(3.6)

n
Q(t,z,1)= Y au¥nk-izk
k.j=0

3.7

n n
=3 aqu"*z*+ 3T a4+
k=0 k=0
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TABLE 1
Type of Points in loc Q@
pre-image
in W Type in Appearance Multi-  Type of singularity
classification in the real plicity in Py(C)
(1)) (A) V\B 1 non-singular
or non-real
an (A) C 2 cusp of multiplicity 2
(48] (B) la E 2 intersection between two  tangency iff
smooth branches |S(z)| =1
(¢)) (B) 1b non-real 2 intersection between two
smooth branches
(0)) (B) 2 D 2 intersection between two  always tangency
smooth branches
(111) ©) non-real n m simple cusps of

multiplicities n,, . .., n,,
with distinct
tangent directions

which shows that (0 : 0 : 1) always is a singular point of multiplicity » (recall that
a,, = 1). (This also follows from (III) above: we had m branches through
(0:0:1), one for each z;, the kth branch had a simple cusp of multiplicity n, at
(0:0:1)and 2., n, = n. Compare below.)

It is shown in [7] that the terms in (1.5) which are of degree nand n — 1 in w are
explicity related to the data (1.1) of u by

n
k
E Qin—12 n—1 .
- ! 1 = % ¢
= —-—-3 #‘%‘+constant
T a2t k=1 j=0 (2 —2zY
k=0

(3.8)

|
— f1(z) + constant.
n

(See also Remark 3.1 below.) Thus Z_, ay,z* =TI, (z — z,)™ so that we get, for
the lowest order terms in (3.7),

i A" Kk = ﬁ (z — zd)™.
k=0 k=1
This shows that at (0: 0: 1) we have m distinct tangent directions, one for each
2z, the kth direction having multiplicity 7,.

This finishes the classification of the points in loc Q. The results are summar-
ized in Table 1. Observe that B = C U D U E is a particular consequence of the
classification.
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In the first two columns (I), (A) etc. refer to the cases in the classification above.
In the third column, if e.g. (1:z:w)E€loc Q is the point in question then
“non-real” means that w # 2 while e.g. C means that w =2 and z€C.

In general, if loc Q is an irreducible algebraic curve of degree d in P,(C) the
genus formula says that

g+2 4, ~@-d-p
¢ 2
where g is the (geometric) genus of loc Q, ¢ is summed over all singular points of
loc Q and J, are certain integers = 1. (See below.)

In our case we have d = 2n and g = genus (W)= p. We shall now use the
classification above to say as much as possible about the J,.

In general

(3.9) S > ny(ng — 1)

=2
where n, is the multiplicity of the singularity at g. Moreover, equality in (3.9)
holds if and only if (i) all the branches of loc Q through g have different tangent
directions and (ii) each branch either is smooth or has a simple cusp at q. See [12].
From the above we immediately obtain (in our case)

nn—1)

5(o:o:|)=5(o:1:0)= 2

For zEB we write , = 4, ,,. Then d, Z 1 if zEC, 6, = 2 if z €D (by tangency)
and, if z€E, 4, = | with equality if and only if |S’(z)| # 1 (the non-tangency
condition).

The more detailed assertions about &, in Theorem 2.1 follow by applying the
technique in [12, p. 116ff]. Assume z € E for example. Then the two branches of
loc P passing through (z, Z) can be parametrized by

Sad (FP(9),

(¢ close to z) and

(5%, ©)

({ close to 2) respectively. If |S’(z)| # 1 these branches have different tangent
directions and we have J, = 1 by the previous paragraph.

If |S’(z)] = 1 (or, more generally, if $’(z) # 0) $*({) has an inverse T near
{ = z and the second parametrization can by replaced by

Sad (AW A(9))

({ close to z). Now set
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R(x,y) = — SNy — T(x)) = y* — (S(x) + T(x)y + SX)T(x)

((x, ¥)EC? close to (z, 2)). Thus R({, S({)) = R({, T({))=0 so that, close to
(z,2), R(x,y)=0 is an equation for loc P of a special form (in a translated
coordinate system, with the origin at (z, 2), it becomes a Weierstrass polynomial
in y). The meromorphic differentials

at g

6R and dR
— (£, S — & T©)
ay ay

have poles of certain orders (namely = r in the theorem) at { = z and, by [12], 4,
equals one-half times the sum of these orders. This gives (iii) in the theorem.

(ii) is treated similarly with S({), T({) above replaced by S,({), Sx({). For (i)
one can use explicit formulas [11], [12] for J for cusps or one can use the above
technique slightly modified. In the latter case one can exploit the parametrization
(3.3), (3.4) of loc P near (z, z) and define

R(x,p)=( = 9*(/x = 2)- (¢ = $*(— V/x = 2))
=y = (B*/x — 2)+ X (= /x = 2y + ¢ (/X — )M (— Vx —2).

Then R(x, y) is well-defined (for (x, y) close to (z, 2)) if \/x —zand — . /x —z
are the two square-roots of x — z, and R(¢#(1), ¢*(1)) = 0. By [12] 4, equals
one-half times the order of the pole at 7 = 0 of the differential

de(t)
dR '
- (1), 9*(7))
9y
This gives (i).
Substituting into the genus formula gives

- - 1D@2n -2
p+2—"(" 1)+2 6,+26‘,=(2" X2n — 2)
2 ZEB q 2

where ¢ is summed over all non-real singularities in C2 Since these occur in pairs
((z, w) and (W, 2)), = 4, is an even number and we obtain (2.1). By this Theorem
2.1 is proved.

Remark. It may be worth explaining why (3.8) holds. Writing P(z, w) =
=", P{(z)w’ and using that (by (1.7)) — (1/x)i(z) simply is the singular part of
the Schwarz function S$(z), (3.8) can be written

S(z)+ % = holomorphic (in £2).

n
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Let 5,(2),...,S,(z) be the branches in Q of the algebraic function w = w(z)
defined by P(z, w) = 0. Then S(z) is one of them, say S(z) = S;(z). Thus S,(z)
is in particular single-valued in Q while Sy (z),...,S,(z) may have branch-
points and get mixed up with each other. Since (w — §;(z))- - - -+ w—S,z)=
P(z, w)/P,(2),

_ Pn—l(z)
P,(z)

From this it follows that h(z) = S,(z)+ -:- + S,(z) is single-valued in Q.
Moreover, A(z) has no poles in Q because S,(z), ..., S,(z) have altogether at
most n poles in £ (since @, or ¢*, has only n poles) and already S,(z) = S(z) has n
poles. Thus A(z) is holomorphic in €2, proving (3.8).

Using

=8(z)+ Syz)+ - - - + 5,(2).

5 S@85@ =221 sy sz = (= 1y D2
P,(2)

1gk<j=n P,,(Z)

one obtains, by recursion, further relations for S(z), namely

S@)*+ QI;T‘S—) S@)+ %% — holomorphic,
S(z)? + n i(2) S(z)? + =) P,_ 2( ) P,,_3(Z)=h 1 R
(z)’+ P2) (2) P(2) Sz)+ _—P,,(z) olomorphic (in Q)

etc. If S(z) is known explicitly these relations can be used to determine
P, P,y ..., P

Finally we wish to remark that if Q, €Q(u;, AL))(j = 1,..., N)and P,(z, w)is
the polynomial associated with Q, then, provided the y; have mutually disjoint
supports, the polynomial P(z, w) associated with Q = Q, + - - - + Q, (see §1) is
of the form

(3.10) Pz, w)y=P(z,w)e+--- Py(z, w)+ R(z, w),

where R(z, w) is a polynomial of the form

G.11) R W)= "3 bytw

k,j=0

(by = bi) and n is the order of 4, + - - - + uy (= the sum of the orders of the ;).
This follows by a straightforward computation using (3.8). Actually (3.10), (3.11)
hold whenever QEQ(u, + - - + uy, AL') (not necessarily of the form
Q4+ - +Q).



POINTS ON QUADRATURE DOMAINS 105

4. Examples

We shall exemplify Theorem 2.1 for certain small values of n.

For n = 1 the theorem gives that p = 0 and that B is empty. Also it is a classical
result (see [1] for references) that the only quadrature domains for n = 1 are the
circular discs.

For n =2, (2.1) becomes p + Z d, =< 1. Since the difference is to be an even
number we actually must have equality. Since moreover it is known that p =0
when n = 2 [4], [7] (this also follows by using Remark 2.1) we get 24, =1. It
follows that B = C U D U E consists of exactly one point which either is a 3-cusp
or a point in E. This result (essentially) was first obtained by Shapiro [17]. Also,
both cases can occur (examples are given in [17]). Further studies of the case
n =2 can be found in [15].

For n = 3 we shall consider quadrature domains Q€ Q(u, AL') where u = g, is
the measure

() =nr? kil Az,

r>0, z; = 0¥, ® = e*’". Observe that g, has certain symmetry properties: it is
invariant under rotations z — w*z and under reflexions in the lines e*/"R (k € Z).
We shall only consider domains Q which also are invariant under these transfor-
mations. Also, for simplicity of notation we shall assume that Q = [(2).

The principal example of an Q€ Q(u,, AL') as above is, if r > sin(zn/n),

Q=D(z;r)+--- +D(z,;r)

(+ defined in §1). If r < sin(x/n) this Q is disconnected.

In the sequel we consider a fixed domain QEQ(u,, AL'). Let P(z,w)=
= aiz*w be its associated polynomial (as in (1.4), (1.5)). Then P(wz, wz)=
P(z, 2) by the assumed symmetry of {2 and it follows that g,; can be non-zero only
when w*~/ =1, i.e. when k — j EnZ. Since u has order n this shows that P is of
the form

Pz, w)=a,+aizw+ - -+ +a,_y(zw)" 2
+a,_(zw)" 1+ (2w)" + @,02" + apW"
(a; = a; ER). Here a, _,, a0, ay, can be determined using (3.8). This gives
Pz, wy=ay+azw+ -+ +a,_,(zw)"?
4.1)

— nrizw)* '+ (zw)" — z" — w",

Let u be — 1/2x times the logarithmic potential of o — u, so that
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Au = Xa — W,
du |
az - 4 (XD ﬂr)

in C. Thus, at each point in C, yq = j, if and only if du/3z = 0. Hence, by (1.6), u
is constant in each component of C \ Q. In the exterior component this constant is
zero because ¥ — 0 at infinity. Further, by Lemma 1.1

E ={z€Q:0u/dz =0},

i.e. E simply consists of the stationary points of u in Q. Since £ = V' N Q (Lemma
1.1) this shows that, for z €Q,

P(z,2)=0 if and only if du =0.
dz
The last relation enables us to obtain some information about the coefficients
dg, . ..,Qa,_,in (4.1) (for n = 3 we will obtain complete information).
Suppose first that 0E Q. Then it follows from the symmetry that u is stationary
at z = 0 (hence 0E F) with the development

u(z) =u0)+ 1z’ + 01z )

(z —0). (Observe that Au = 1 near the origin.) In particular, u is strictly increas-
ing on each radius emanating from the origin (in some neighbourhood of the
origin).

Consider now u on the radii

N, ={zEC\{O} rargz=—+k 2—"}
n n

k=1,...,n. Since 0€Q there is a (unique) point {; €9 N N, such that the
segment [0, {,) belongs to 2. There are two cases to distinguish: either {, is a cusp
point of dQ ({,€C), or {, is a smooth point or a double point of 3Q
({« E(V\ B) U D). In the latter case the tangent of Q2 at {; is perpendicular to N,
and therefore, since u solves a Cauchy problem Vu =0ondQ,Au=1inQina
neighbourhood of {,, ¥ must be strictly decreasing (as a function of | z|) on [0, {;)
in some neighbourhood of {;. (In fact one obtains

u@)=u)+4z— 1P+ 0z =) forz€[0, )

close to {;.)

Combining this with the information about u near the origin it follows that if {,
is not a cusp point of dQ then u | ~, must have an interior local maximum on
[0, {i). Since, by symmetry, the derivate of 4 in the direction perpendicular to N,
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always is zero (on N,) this local maximum is a stationary point of u. Thus (0, {;)
contains at least one point in E (if {, € C).

To summarize the case 0 € we have at least n + 1 points in B, namely 0EE
and either n points ({;) in C or another z points in E.

Consider now the case 0. Then Q N N, contains a segment ({;, n,) with
L, M E6Q. An analysis similar to the above shows that either at least one of {;
and 7, is a cusp point of dQ2 or the segment ({,, 7,) contains a point in E. Thus we
have at least n points in C or at least n points in E. Moreover p = 1 in this case.

Let us now stick to the case n = 3. By Theorem 2.1, p + Z J, =< 4 and by the
above analysis, p + Z J, = 4. Hence we have equality and it follows (using the
above analysis) that we have the following four possibilities.

(. p=0, c=3
@ e=1, d=0,
.. p=90, c=0,
W s a=o,
4.2) < 3
p=1, c=J,
iii
(111) e=0, d=0,
. p=1, c=0,
iv
f) e=3, d=0

In particular D = & in all cases. Also J, = 1 when it is non-zero, and, except for
the three possible cusps (necessarily 3-cusps), Q2 is smooth. We shall see later that
all four cases above can occur.

For n = 3, (4.1) becomes

(4.3) P(z, w)=ay+ a;zw = 3r’z*w? + z3w3 — 23 — w3,

To use the obtained information about special points on N, we study P(z, Z) on
N,. Thus set

p(s)=P(sexp[i<§+k 2%)], SCXD[—i<§+k %)])

4.4
=s5—3rs*+2s+as*+a, (SER).

The following should be observed. Set

Wi 2n
z=sexp[z(§+k ?H (sER).

Then, by Lemma 1.1, p(s) <O if and only if zEQ\E, p(s) =0 if and only if
z€IQ U E. When z €3Q\ C the tangent direction of 42 at z is perpendicular to
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N, by the assumed symmetry of Q (recall also that D = &), hence p’(s) # 0 (note
that z € B). When z €C the cusp has the direction of N, (by symmetry) and it
follows that p’(s) = 0 and that p changes sign at 5. In particular p”(s) = 0. Finally,
when z €E, p’(s) = 0 and p(t) < 0 for ¢ # sin a neighbourhood of 5. In particular
p"(s)=0.

We conclude from the above that p(s)=p’(s)=0ifand only if zEF U C,
and that then p”(s) = 0 with p negative on at least one side of 5. By the earlier
analysis (E U C) N N, contains exactly one point. Therefore there exists exactly
one 7 > 0 with

(4.5) p(r)=p(r)=0.
Moreover
(4.6) pr(r)=0

and p is negative on at least one side of 7.
We shall use this 7 as a parameter in the sequel. From (4.4)

p'(s) = 2s(3s* — 6r¥:s* + 3s + a)).
Hence (4.5) shows that
4.7) a, = —3t(x*—2r*t + 1).
Substituting this into (4.4), (4.5) gives
4.8) =103 - 3r}t + 1).
Taking one more derivate gives

P7(8) =2(3s*— 6r’%s*+ 3s + a,) + 65(4s* — 4r’s + 1).

Thus
p*(t)=6t(41t> —4rit + 1).
Define
pt) =473 —4r’t + 1,
g(t)=2t3-3r*t +1,
glty="1>—-2r'r + 1.
Thus, by (4.6),

p(t)=0.
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It also follows that r > ./3/2, for when 0 < r <./3/2, p,(r) >0 for all >0, and
when r = \/3/2, Po(7) = 0 only for 7 =} and then p(s) turns out to be positive on
both sides of s = 7.

Finally, since 0EE or 0 Q we have a, = 0, i.e.

q(r) = 0.
Now set

I, ={1>0:py1) 20, qo(7r) = 0},
Q= {(r, r)ERz:r>3§, TEI,},

and, for (r, 7)EQ,
Qr,1)=[{zE€C: 232> — 2* — 23 — 3r2222% — 31q,(1)22 + T7q(1) < 0}]

(4.9)
=[{z€C: P(z,2)<0}]

with Pasin (4.3), (4.7), (4.8). Up to now we have shown that every Q€ Q(,, AL")
which is invariant under the same rigid transformations as u, and satisfies
Q = [Q] necessarily is of the form Q(r, 1) for some 7 €1, and that r > ﬁ/Z. We
shall next establish the converse.

Proposition 4.1. Q(r, 1)EQ(u,, AL) for all (r, T)EQ.

Before going to the proof we shall try to get a picture of the set Q. Straightfor-
ward analysis shows that the set of 7 > 0 satisfying py(t) = 0 is (for r > \/3/2) an
interval [z,, 7,], where 0 < 7, < } < 7,. 7; = 7;(r) are monotone functions of r with
1.,—~4as r—/3/2, 1,—0, 1,—~ 0 as r—~ 0. For r =2-"6> V32, =277
(this to be used later).

For ﬁ/2<r =<2V q(t)=0 for all 7>0. For r>2~"6 the set of >0
satisfying ¢o(t) = 0 consists of two intervals, (0, 73] and [z, «0). Here 0 <17, <
2-¥ < 1,, 1; are monotone functions of r with 7;,—~2"% as r»27, 1;—0,
7,— o as r — o0. Observe that in the limiting case r =2, 1, = 1, =7, =273,

Next we observe that for r > 2 =", g4(t,) > 0 and g¢(t,) <O. In fact, for T = 1,
or 1,,

a(t) = go(t) —3po(7) = — (=P =— (1 = 27N ? + 271 + 274)

and 1, <}<27% and (for r > 27" 7,> 2723 It follows that 7, <7, <71, <7,
for r > 2 "6, Hence we have

IL=[t(r), )] for/312<r=2"1,

L =[t@),15(r)] forr>2-
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In particular 7, is a closed interval of positive length for every r > ﬁ/2.

Thus @ is bounded by the arcs T=71(r) (r> ﬁ/Z), T =17y(r)
(/3/2<r<2-Y) t=1yr) (r >2"6) (belonging to Q) and the two special
points (,/3/2, §) and (2-6,2-23), of which just the last one belongs to Q.
Assuming for a moment that the proposition is already proven we can interpret
the different parts of Q as follows. For (r, 7) in the interior of Q, py(7) <0,
gi(1) >0, hence p”(1) <0 and a, = p(0) > 0. This means that Q(r, 1) is doubly-
connected (0 €& Q(r, 7)) and that the double zero p(t) = p‘(t) = 0 corresponds to
(three) points in E. This is the case (iv) in (4.2).

On the arc T = 1,(r), po(t) =0 and gy(z) > 0. Thus p(t) = p(r) = p”(t)=0.
Moreover p”(t) # 0 (p”(r) = p"”(t) = 0 holds only for (r, 1) = (\/5/2, DEQ),
hence p changes sign at 7 and it follows that 7 corresponds to (three) cusps on 6.
Also, Q(r, 1) is doubly-connected. Thus we are in the case (iii) in (4.2). The same
applies to the arc T = 1(r) (for \/?;/2 <r<2Y), In this case the cusps are
located on the exterior component of 3Q(r, t), whereas for 7 = 1,(r) the cusps are
on the interior component.

For (r, 1) = (278, 2=%3), ps(t) = go(t) = 0. p(t) = O still means that we have
three cusps on the exterior component of Q(r, ) while g,(7) = 0 means that the
interior component of d(r, 7) now has degenerated to become a point in E
(namely z = 0). Thus we are in the case (i) in (4.2).

On the arc 1 = 74(r) finally py(t) <0, go(7) = 0, which means that we have four
points in £ (z = 0 and one point on each N, ). Hence we are in the case (ii) in (4.2).

Proof of Proposition 4.1. Set
J,={t€L:Q(r, 1)EQ,, AL")}

and we shall prove that J, = I, for all r > ﬁ/Z. For this it is enough to prove that,
for each r > ./3/2,

(i) J, is closed,

(i) J, Nint I, is open,

(iii) J, N int J, is non-empty.

To prove (i), suppose 1, €J,, 7, = T (n — ). Thus xo., = ft, in C\Q(r, 7,) by
(1.6). Using that Q(r, t) = int clos Q(r, ) it easily follows that yqo, ., =, in
C\Q(r, 7). Thus we have Q(r, T)E Q(u,, AL"), i.e. T €J,, if we merely can prove
that Q(r, 1) is connected.

So suppose that {(r, 1) is not connected. Then it still follows (e.g. by consider-
ing the function S(z)=2z + (1/n) (jm,, () — i4,(2)), which is meromorphic in
Q(r, ) and equals 2 on dSr, 7)) that each component of Q(r, t) is a quadrature
domain. Using also the symmetry properties of Q(r, t) it more precisely follows
that Q(r, 7) has exactly three components, these being quadrature domains for
the measures f— nrif(z,), k = 1, 2, 3 respectively. Hence (compare the beginning
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of this §4) Q(r, ) is the disjoint union of the discs D(z,, r), k = 1, 2, 3. This
however is a contradiction, since r > ./3/2.

To prove (ii), let (r, T)EJ, Nintl,. Then Q(r, 1)EQ(,, AL') is doubly-
connected with dQ(r, ) smooth algebraic by the earlier analysis. It is enough to
prove that there exists a one-parameter family Q(¢) (— ¢ <t <¢, say) of domains
in Q(y,, AL") depending smoothly on ¢, having the symmetry properties of i, and
satisfying Q(z) = [Q(¢)] and Q(0) = Q(r, ). For then we must have Q(¢) =
Q(r, 1(¢)) for some function 7(¢) with 7(0) = 7. If the map ¢ — Q(¢) is smooth and
one-to-one then 7(¢) must be smooth and invertible (hence also monotone) and
therefore produces a neighbourhood of 7 in J,.

Such a family €(¢) may be obtained by solving the moving boundary problem
in [9]. Unfortunately, the conclusions in {9] are not strong enough to ensure that
the (weak) solution constructed in [9] really is in Q(u,, AL') (although the
construction easily can be modified to ensure this property). However, in the
present case a family Q(¢z) with the desired properties (and being a classical
solution of the problem in [9]) can be constructed in a rather elementary way by
variation of the mapping function ¢ : W —Q(r, 7) in §1.

By §1 this ¢ : W — Q(r, 1) is a meromorphic function on W, which is a torus in
the present case. W is conformally equivalent to C/6Z + 2iZ for some g > 0 and
¢ can hence be represented by a doubly periodic (elliptic) function (which we also
call ¢) with periods o and 2i. We may assume that the half fundamental domain
spanned by 0, o and i corresponds to W and hence is mapped onto (r, 7) by ¢.
The “back-side” W of W may then be represented by the half fundamental
domain spanned by 0, ¢ and —i.

¢ shall have three simple poles in each half fundamental domain corresponding
to W and elsewhere be regular. It follows that ¢ is of the form

3
Hw) = kZl AlL(w—w0)+ A,

with w, in the half fundamental domain in C corresponding to W, 4, €C,
=} 4, = 0 and where {(w; o) denotes minus the anti-derivate of the Weierstrass
g-function with periods o and 2i (d{(w; 0)/dw = — p(w)). {(w; o) may be
normalized to be odd and is then uniquely determined. (See ¢.g8. [2] for the above
material.) {(w; ) is not elliptic itself, but ¢ becomes elliptic when =3 4, = 0.
Since W admits a one-parameter group of conformal isomorphisms ¢ should also
be normalized in some way, let us say by requiring that Re w; = 0.

The family €(¢) is now obtained as conformal images of the half fundamental
domains spanned by 0, o(¢) and i under

3
(4.10) ow, 1) = kZI A () (w — wi(2); 0 (1)) + Ao(1)
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for suitable functions () >0, w,(?), 4.(t) subject to =} 4,(1)=0 and the
normalization Re w,(¢) = 0. To see how these should be chosen let F be a (test)
function holomorphic in a neighbourhood of clos £2(0) (so that F € AL'((¢)) for
all ¢ small enough). Then, as in [8], one obtains

d dz
E fF(z)dxdy-— f F(z2)Im [E dz]

2 0] 1)
(4.11)

= F(g(w; O)Im[g(w, t)p'(w, t)dw],
oW ()
where W (t) denotes that part of the boundary of the half fundamental domain
spanned by 0, o(¢) and i for which Im w =0 or 1. (A dot denotes derivative with

respect to £.)
We want to have

d
4.12) z f F(z)dxdy =0
1)

for F as above, for then Q(0) = Q(r, )€ Q(u,, AL') implies Q(¢) € Q(u,, AL"), at
least for ¢ small enough. By (4.11), (4.12) holds if

(4.13) Im[d(w, t)p'(w, )] =1

for Imw =0 and 1. ((4.13) is a classical formulation of the moving boundary
problem in [9] expressed in terms of conformal mapping functions.) Thus, if we
have a solution ¢(w, ¢) of (4.13) with ¢(w, 0) = &(w) (mapping onto Q(r, 7)) and
with ¢(w, t) elliptic of the form (4.10), then ¢(w, ¢) will be univalent (in w) for ¢
small enough and map onto doubly connected domains (¢) depending smoothly
on ¢ (if this is true for ¢(w, ¢)) and satisfying €(0) = Q(r, 7) and, by (4.12),
Q()EQ(u,, AL"). Also ¢ * 0 by (4.13) so Q(¢) really changes with ¢.

The treatment of (4.13) essentially parallels that of a similar equation in [8] and
we will not give the details here. The result is that the “Ansatz” (4.10) in (4.13)
gives a system of ordinary differential equations for a(z), w,(t), A.(¢) in normal
form (i.e. solved for &, w;, A, as smooth functions of &, w;, 4,). By standard
theory this system has a unique local solution. Hence (4.13) has a unique local
solution of the form (4.10) and we obtain a smooth (and non-constant) family of
domains Q(t)EQ(u,, AL'). By the uniqueness €(z) must have the required
symmetry properties and it is also rather immediate that Q(¢) = [€(¢)]. This
proves (ii).
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From (i) and (ii) it follows that for each r > \/3/2 eitherJ, =l orJ, NintI, =
& . Now J, is certainly non-empty for all r > \/3/2 because

D(r):=D(z); r) + D(25; r) + D(z5; 1) EQ(u,, SL') C Q(u,, AL").
Clearly D(r) has the required symmetry properties so that
[D(r)] = Q(r, ©(r))

for a certain function 1(r).

Thus t(r)€J, for all r> ﬁ/Z. Moreover t(r)> 1,(r) and, for r <2°,
7(r) < 7(r). In fact, in the contrary case dD(r) would have (three) 3-cusps, which
is impossible because inside a 3-cusp the logarithmic potential of u, — xp(,
becomes negative (cf. [16]) and this contradicts D(r)€ Q(x,, SL!) by [13], [14].
However 1(r)=13(r) from some r on (at least from r=1 on, since
0ED(z;; r) U Dz, r) U D(z5; r) C D(r) for r > 1) so 1(r)é&int I, for large r.

To produce points in J, N int I, for larger r (r > 2 ~%) we therefore have to
modify the construction of D(r) a little. Starting from any (r,, 7,) €int Q such that
Q(ro, ) EQ(1,, AL') (i.e. € J, N int I,)) we set

3
D(r; ro, 7o) = Q(ro, ) + kZ D(zi; /r*—13)
=1

for r > ry. Then D(r; ry, T0) € Q(,, AL') and is symmetric. It follows that
[D(r; ro, )] = Q(r, T(r; ro, To))

for some function 1(r; r,, 1,). Hence t(r; ry, 1,)EJ, for all r >r,. Moreover
1(r; ro, 7)) > 1,(r) and, if r <2718, 1(r; ry, 7o) < 7(r) because dD(r; ry, 7o) cannot
have 3-cusps, by an argument similar to the earlier one

(D(r; 1o, )€ QU /77 + XexrorydXdy, SL')).

Notice also that, by construction, €(r,, ;) C D(r; o, 7). This implies that
T(r; ro, 7o) < 15(r) for r in some interval 7o <r <ry+ ¢ where & = &(ry, 7)) >0
can be estimated. In fact, if the area of the bounded component of Q(r,, 7o) is
denoted A = A(ry, 1) then 7(r;r, 1) <1;(r) whenever 3n(r’—rd) <A (ie.
r <./A(ry, 15)/37 + r) because then the D(z;; \/r* — r?) do not enough area to
fill in the hole in Q(r,, 7,). The important thing about &(r,, 7o) is that it is bounded
from below (away from zero) on every compact subset of int Q.

Now we can conclude that J, Nint I, # & forall r > \/3/2. For in the contrary
case set

p=sup{r>./3/2:J,Nintl, # &).
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Then 2-" < p <, J, =1, for r <p and we can choose a point (r,, 7,) Eint Q
with 7, <p so close to p so that p — ry <é&(ry, 7). Since, by the definition of
&(ry, 1), T(r; ro, 1) EJ, Nint I, for all ry < r < r, + &(r,, 7,) we get a contradiction
to the definition of p. This proves (iit) and finishes the proof of the proposition.

Remark 4.1. It is worth emphasizing that, with a different parametriza-
tion, the family {Q(r, 7) : T €int I,} for any fixed ¢ > ﬁ/z is a classical solution
of the moving boundary problem studied in [9]. In fact, for T €int I,, Q(r, 7) is
doubly connected, 3€X(r, 7) is smooth algebraic and depends smoothly on ¢ (by
the explicit representation (4.9)) and, since Q(r, 7)€ Q(y,, AL"),

d
4.13) = f fdxdy =0

Yr, 1)

for all fholomorphic in a neighbourhood of clos €(r, ). From (4.13) it follows
that

4.14) dii-fudxdy——— f log | z|dxdy - f ds
T

Xr, 1) r, 1)

for every u harmonic in a neighbourhood of clos Q(r, 7). Here I is any closed
oriented curve in £(r, ) surrounding, with index + 1, the hole in Q(r, 7).

(4.14) shows, by [9, Prop. 1.1], that expressed in terms of a parameter ¢ = t(7)
satisfying

4.15 - =T fl dXd9
(4.15) 2 27”1 og |z |dxdy

Nr, 1)

the family {€(r, ) : T €Eint ], } is a classical solution as stated. The right member
of (4.15) turns out to be negative so ¢(7) is monotone decreasing. From [9] it also
follows that the family {€(r,7):7€intl,} is monotone in the sense that if
Q(r, 1)’ and Q(r, )¢ denote the bounded and unbounded components of
C\Q(r, ) respectively then Q(r,7)'2Q(r, 1)’ and Q(r, 1)* €EQ(r, t")¢ for
<71

Remark 4.2. The fact that, for \/5/2 <r<2-Y, the domains (r, 1)
develop cusps on the inner boundary component as t — 1,(r) (I, = [7,(r), 7(r)]
now) and on the outer boundary as T — 1,(r) has the interesting consequence that
within the family {Q(r, T)EQ(u,, AL') : T €1,} there must be pairs of (different)
domains which are conformally equivalent. Thus there exists different but
conformally equivalent quadrature domains (for analytic functions) which admit
the same quadrature identity.



POINTS ON QUADRATURE DOMAINS 115

To see this let, for any doubly connected domain Q (with sufficiently regular
boundary), ¥ = uqg be the harmonic function in Q with boundary values

1 ony,
Ug =
0 on o,
where y,, 7, denote the inner and outer components of dQ respectively, oriented

as 0€2. Set
0
c=c(Q)=J. |Vu|2=f—u-ds,
on
Q

1

the capacity of Q (6/dn the outward normal derivative).

We first notice that the quantity ¢(2) is a measure of the “modulus” of Q,
namely that c(Q,) = c(,) if and only if Q, and Q, are conformally equivalent. In
fact, if v is the (multiple-valued) harmonic conjungate of u then the function
exp 2n(u + iv)/c is univalent on Q and maps it conformally onto the annulus
{1 <|z| <exp 2r/c}, proving the assertion.

Now the idea is that a cusp on dQ (pointing inwards) has the effect of creating a
peak (top) value for the capacity c(2), so that, within the family {Q(r, 7): 7€},
¢(8(r, 7)) has local maxima at the endpoints of /,. Therefore c(€(r, 7)) cannot be
a monotone function of 7 and the assertion follows.

To make the above idea more precise it is convenient to reparametrize (r, 1)
as in Remark 4.1. Thus set (¢) = Q(r, t) with ¢ related to 7 as in (4.15). Then
T €1, =[1,(r), r)] corresponds to say t €{t,, &,], {, <1, (¢, (resp. ;) will corres-
pond to 1, (resp. 7,); that I, corresponds to a bounded interval follows from (4.15)
or from [10]). By Remark 4.1, {Q(¢) : t €(¢,, 1,)} now is a classical solution of the
problem in [9]. This means that 3Q(¢) moves with the velocity — dug,/dn,
measured in the direction of the outward normal of Q(¢). From this one easily
gets that

(4.16) u _ (a“

2
— aQ(¢).
at 6n> on 4X(1)

Consider now
d d
— c(Q()=— Vugn
i (1)) 7 | Vgl
Q)

for t €(¢t,, t;). The derivate in the right member is the sum of two terms, one in
which d/dt acts on the domain of integration and one in which d/dt acts on the
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integrand. The first term becomes (using that d€(f) moves with the velocity

— O0u/dn)
3
—IQIVuIst=—f<%)ds.
on on

HAr) HnU1)

For the second term we get, using (4.16),

3
[ 2ivupez [y By [ BBy, [ (oY
ot ot on ot on

1) Q) Y1) AHA1)

Thus we arrive at the formula

d du\3
acoo= [ (e
Y1)

for t €(¢,, t;) (then we certainly have enough regularity for the derivation to be
valid). When ¢—1¢, (corresponding to 7T — 7,(r)) the outer component yy(¢)
develops cusps while the inner component y,(¢) remains smooth. If s denotes an
arc-length parameter along y,(¢,) such that s = 0 corresponds to a cusp point then,
in the limiting case ¢ = ¢,, du/dn will have a singularity at s = 0 at least as bad as
1/\/5. See [13, Lemma 2.4]. Since du/dn is negative on y, this shows that

Using e.g. Fatou’s lemma (and the monotonicity properties of () mentioned in
Remark 4.1) one concludes that

J (e

yoltr)

as ¢ — ¢, while {,,,(3u/dn)’ds remains bounded.

Hence dc(€(t))/dt becomes negative for ¢ close enough to f,. Similarly, it
becomes positive for ¢ close enough to t,. This shows that c(€2(¢)) is not monotone
on [t t;] as claimed.
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