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IDENTIFICATION OF THE CONDUCTIVITY COEFFICIENT
IN AN ELLIPTIC EQUATION*

AVNER FRIEDMANt AND BJORN GUSTAFSSONi
Abstract. Consider an elliptic equation in a two-dimensional domain () with conductivity coefficient
a=1+kyp (k#0) where D is a subdomain of (. From the measurements of a pair of Dirichlet and
Neumann data one wishes to identify D. It is proved that this problem is stable in some local sense.
Key words. elliptic equations, conductivity coefficient, identification problem, electrical prospecting

AMS(MOS) subject classifications. Primary 35R30; secondary 35J25, 35R05

Introduction. Consider an elliptic equation

(0.1) div(aVu)=0 inQ
with Dirichlet data
(0.2) u=f ondfd, f#const,

and with coefficient a =1+ kyp (—1 <k <0, k # 0), where D is an unknown subdomain
of (). We seek to determine D by measurements of the Neumann data

d
(0.3) M g onold.
v

This identification problem arises in electrical prospecting, whereby one wishes to
discover the location of metals or fluid reservoirs inside the earth.
Let D(t) be a 1-parameter monotone family of domains with D(0) = D such that

d e
(0.4) :l;XD(,) #0 in9Y N

t=0

and denote by u(t) = u(x, t) the solution of (0.1), (0.2) corresponding to a =1+ kxp)-
Our main result asserts that, in case the D(¢) are affine transformations of D, C' in
t, for all ¢ with |¢| small enough, there holds

(0.5)

, = clt|
L60)

- {u(r) ~u(0)]
v

where c is a positive constant.
If we denote by ® the mapping from a to g (when f is fixed) then (0.5) means
formally that d®/da # 0; thus, if ®(a,)=g,, ®(a,) =g, and | a,— a,| is small, then

(0.6) laz—a;||=Cllg.— g1l where | =C<ww.

1
|d®/da|
This means that the computation of D among a monotone family of domains is stable
with respect to small errors in the measurement of the Neumann data; for more details
on the significance of a result of this type see [12] and § 1 below.
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778 AVNER FRIEDMAN AND BJORN GUSTAFSSON

There are other versions of identification problems. In [2], [4]-[6], [11] one
measures the quadratic form

Q.= J a|Vul?
Q

for all f and shows that this determines a = a(x) in (2, provided that either a(x) is
piecewise analytic [4], [6] or ||a—1| is small enough [11]. For some special domains
the identification problem can be resolved by separation of variables [3], [8] or by
explicit representation of u by means of Green’s function [9].

In another version (0.1) is replaced by

div(aVu)=1 inQ (lisgiven)

and one wishes to find a, given the knowledge of u throughout all of Q; see [1], [10]
and the references given there. This problem is unstable.

References to physical models and numerical computations of identification prob-
lems are given in [1], [5].

1. The main result. Let Q be a bounded simply connected domain in R* with C*
boundary 9Q (0 < a <1) and let D be a bounded subdomain of Q with C>* boundary
oD, D<= Q. We shall designate points in R* by x = (x;, x,).

Denote by x4 the characteristic function of a set A.

We assume that D is star-shaped with respect to any point x* of some nonempty
subset D* of D.

For any x* € D* introduce the 1-parameter family of domains

(1.1) D(t)={x*+(1—-t)(x—x*),xe D} (-1<t<1).
Then D(t)< D(t) if t>t'. Also

3 .,
(1.2) —XD(1) =B®&p in%,
at 0

t=

]
il fooe]] =m0

for any ¢ € C3(Q), and B is a continuous and strictly negative function on 9D; B e C"*.
Set D,(t) = Q\D(t). We shall use the notation w® (or w') to denote the value of
a function w on 9D(t) taken as a limit from D,(t) (or D(t)).
Let k be a fixed number, —1 <k <0 or k>0, and set

that is

(1.3) a(x, t) =1+ kxp(x), a(x)=a(x,0).
Consider the elliptic equation

(1.4) div (a(x, t)Vu)=0 inQ

with the Dirichlet condition

(1.5) u=f on 90

where f=f(x) is in C"*(6Q).
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It is well known [7] that the solution u of this diffraction problem is in C*#(2) N
H'(Q) for some 0<B <1, as well as in C>*(D(t)) and in C*>*(D,.(1)\aQ), and that

a e i
k) onaD(r)
ov ov

(1.6)
where v is the outward normal to 4 D(¢).
Set

_ou(x, 1)
v’

(1.7) g(x, t) x €90Q

where v is the outward normal to 9Q2. Then ge C“.

We would like to determine the conductivity coefficient a(x) from measurements
of g(x)=g(x,0). Since in real terms we can only measure g(x) with some error, we
would like to ensure that if the measurements give us a function g(x, t) “close” to
g(x) then the corresponding a(x, t) is also “close” to the true coefficient a(x). If that
is the case, then by compiling a catalog of various g’s corresponding to various a’s
we can have an effective way of determining the true conductivity: We simply corre-
spond to a function g that we obtained by actual measurements the coefficient a which
fits to that g in our catalog that is “nearest” to g. This point of view is quite common
in inverse problems [12].

If f=const. then u=const. for any choice of a(x, t) and thus g(x, t)=0. This
means that we cannot gain any information on the coefficient a. Thus we must henceforth
assume that

(1.8) f # const.

THEOREM 1.1. If (1.8) holds then there exists a positive constant ¢ such that

(1.9) lg(-, B) = g( ) em = el

if |h| is small enough.

Theorem 1.1 extends to more general monotone families of domains D(t); see § 3.

Theorem 1.1 means that we can effectively determine D by the procedure outlined
in the paragraph following (1.7), provided D is known to be imbedded in a monotone
family of domains.

As we shall see in § 3 (Remark 3.2), Theorem 1.1 is generally false if D(¢) is not
a monotone family (at least in one space dimension, or for ) an annulus).

The remainder of this paper is devoted to the proof of Theorem 1.1; some
generalizations are mentioned at the end of § 3.

2. Proof of Theorem 1.1. Set g(t)=g(x, t). To prove the theorem it suffices to
assume that

g(h)—g(0)

h >0 forsome sequence h—>0

L2(50)

(2.1) ,

and derive a contradiction. From now on h will be restricted to this sequence.
Consider first the case where 0<h <1, so that

(2.2) D(h)< D,



780 AVNER FRIEDMAN AND BJORN GUSTAFSSON

and set
a(t)=a(x, 1), u(t)=u(x,t),
a(h)—a(0) u(h) —u(0)
G=" s =T
From (1.4) we get
(2.3) div (a(h)Vu(h)—a(0)Vu(0)) =0,

which implies that there exists a function w" in H'(Q) such that

1
(2.4) Z[a(h)Vu(h)—a(O)Vu(O)]=curl wh;
here curl w = (w,,, —w,,). We normalize w" so that
(2.5) w"(x°)=0 at some point x°c Q.
Since
1
(2.6) Z[a(h)Vu(h) —a(0)Vu(0)]=a(0)Vu, + a,Vu(h)
we can rewrite (2.4) in the form
0 .0 u
2.7) a(O)a—Z;v,,+tggw"=—ah a(z" ).
Introduce the function
(2.8) ' =a(0)v, +iw".
Then
h 0 h
(2.9) U”_3a0) e 24:2 ing
az 9z 9z 0z
and, using (2.7),
af"  9a(0) ou(h)
2.10 —=——ty, -
(2.10) 0z oz %oz

the right-hand side is a measure.
It follows by Cauchy’s formula that

fh(é,) - __% J'JQ (aa(o) op — ay Bu(_h)) (Z) Z—l‘{ dx dy

(211) 0z 0z
' L[ f'@
+— | —2%d .
2 LQ %% fef
LEMMA 2.1. As h->0,
(2.12) Dv, >0 uniformly in compact subsets of D,, 0=|y|=1,
and

(2.13) J || ds > 0.
oD
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Proof. Take for simplicity x* =0. Define

Qh={xeﬂand£—;eﬂ}=ﬂﬂ(l—h)ﬂ,

u(x)=1u(x,0),
U"(x) =-’1;[u(1 fh) —u(x)] inQ,,

V"(x)=%[u(x,h)—~u(1fh)] inQ,.

Then
o, (x)=U"(x)+ V"(x) inQ,.
By the C** regularity of u in D,UdD,

(2.14) |U"+|VU"=C inD.NQ,.
Next,
div (a(h)V V") =l{0—divx [a(h)qu (L>]}
h 1-h
Since

X
a(h) =1+ kxpm)(x) =1+ kxa-np(x) =1+kxp (ﬁ)

setting y =x/(1—h), V,=V,/(1—-h), the expression in braces becomes

1 ) .
——W div, [1+kxp(y)V,u(y)]=0 inQ,,

i.e.,
(2.15) div(a(h)VV")=0 inQ,.
Further,

u(x, h) —f(x/(1—h))
h
_f&x)—ulx/(1-h))

Vhix)= p if x€9Q, NoQ;

Vi(x)= if x€9Q, Na((1—h)Q),

since u(x) and u(x, h) are in C"* in some neighborhood of 542, it follows that in both
cases

vh=c,
i.e., |V"|=C on 3Q,. Hence, by the maximum principle,
(2.16) |Vh=C inQ,.
Recalling (2.14) we conclude that
|o|=C in D\ B;s(8Q))
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for any 8 >0 and h small enough, where B;(A) denotes a §-neighborhood of a set A.
Since v, is harmonic in D, and v, =0 on 42, we then also have that

(2.17) |on|=C in D,.

Hence, for a subsequence,

(2.18) v, ~> v uniformly on compact subsets of D, U Q)

where v is harmonic in D, and

(2.19) v 0 ono;
v

here (2.1) was used. It follows that the zero function is a harmonic extension of v into
R*\Q and therefore v=0 in D,. Clearly (2.12) now follows from (2.18) and Harnack’s
theorem.

To prove (2.13) we multiply (2.15) by V" and integrate over Q' = Q\ B, (3Q), where
0< n <dist (D, Q). We obtain, for small h,

” a(h)|V V”|2§I a(h)|[VV*||V".
Q' '

Since V" is harmonic and bounded in B;,(0)') (8, is independent of h) the right-hand
side is uniformly bounded; hence

j VV**=cC.
o
Recalling (2.14) we deduce that
(2.20) j Vo’ =C.
@nb,
Now, for any small 6 >0,

j' |v;,|§C j IVU;."‘"C J |VUhI+C J |Uhl.
oD D.NBs(aD) (Q'ND)\Bs(eD) '

The last two integrals on the right-hand side converge to zero as h -0, whereas the
first integral is bounded by C8"2 (by (2.20)). It follows that

limsup | |vu|=C8Y3
h->0 aD

and, since & is arbitrary, (2.13) follows.
From (2.12), (2.5), (2.7) we conclude that
(2.21) f"-0, Vf* >0 uniformly in closed subsets of D, U Q.

Taking h—> 0 in (2.11) we see that if

T 0a(0) v,

(2.22) I ——Ll_t)%( 77_) IJ-O 37 -t 7 dx dy,
e (1 ou(h) 1

(2.23) 1—1‘1_{13( 7_’_) J.J'Q a, Py _Z—Z dx dy

exist for any { € DU D,, then f"({)~ f°(¢), where
(2.24) ) =I-J ifzeDUD,;
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from (2.21) we also have

(2.25) %) =0 if¢eD,.
Now clearly
290 _ 96,5 ina’
9z

where y is a C"* function on 4 D. Therefore

limjj aa(O) e dxdy—llmj ——-v,,(z)ds—
Q

h->0
by (2.13), i.e.,
(2.26) I1=0.

Next, by (1.6) and the fact that u(t) is in C'(D(?)) and in C'(D,(¢)) with moduli
of continuity independent of ¢, it follows that

. ou(h) 1 _ ou(0) 1 )
L‘RJL“" oz z—{dxdy_L kB( )z %

here we used (1.2) and (2.2). We conclude that J exists and, by (2.24), (2.26),
k ou\°®

(2.27) A== J B (—.)
T JoD

0z

! ds if{eDUD,;
z=¢

here u = u(x, 0).
Let T(z) be the positively oriented tangent vector to 9D at z. Then
dz=T(z)ds alongaD.
Using this in (2.27) we get

‘d
(2.28) f (§)~—ID sz)(j:) i ((e DUD,).

In view of (2.25) and the standard jump relation of the integral in (2.28) across
dD, we then have

(2.29) %z)=2 kgi?( ) on D
where f°(z) = (f(z))" is the limit of f° from D. Observe also from (2.28) that
(2.30) f%z) is holomorphicin D.
LEMMA 2.2. There holds
(2.31) B (Z—:)e =0 ondD.

The proof is given in § 3. Assuming its validity, we shall now proceed to complete
the proof of Theorem 1.1. Since B # 0 along oD,

a e
(—?) =0 ondD.
0z
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Recalling the jump relation (1.6) we deduce that for some constant ¢, the function
U = u — ¢ vanishes on 9D together with its first derivatives. By the argument following
(2.19) it then follows that U =0 in Bs;(dD) and, by analytic continuation, = ¢ in D,
which contradicts (1.8).

So far we have assumed that (2.2) holds. If —1<h <0, so that

(2.32) D(h)> D,
then we replace (2.6) by

%[a(h)Vu(h) —a(0)Vu(0)]=a(h)Vuv,+a,Vu(0)

and proceed as above (with minor changes) to establish (2.24) with the corresponding
I vanishing and with J being the same as before.

3. Proof of Lemma 2.2. Set

U =Uu|p,, U= ulp.
Then
3.1) u;=u, ondD,
d 0
(3.2) o (k+1)Z2 onaD.
v ov

Notice that the function du,/dz is homomorphic in D. Multiplication of both sides of
(2.29) by du,/az gives

(3.3) F'(2) T(z) = 2ikB(z )h‘lzz (zeaD)

where F is a holomorphic function in D, namely, the primitive of f°(z)du,/dz.

Along 9D we have
d 9 .9 iw(é .8)
2—=——i—=e"“\——i—|,
9z 9x dy v 9§

d a9 .9 w9 .0
2—=—+i—=¢ (—+1—)
9z dx dy v 9s

where v is the outward normal, 3/ds is in the tangential direction obtained from 3/9v
by rotation counterclockwise by #/2 and w is a real valued function. Therefore by
(3.1), (3.2) we easily obtain

(34) 422 (g 1)(8"2) (auz)z—ik% ]
0z 9z as ov 9ds
Hence, if k>0,
4| 1m 2 2| _ |92 32 g[(&)ﬁ(i@)z]é%[m?_’t}%}
3z 9z v as| 2L \av as 0z 9z

Similarly, if —1<k <0,

=l 0 (5e) +(5) |- re e 5]
=5+ kY as) | T k+1L%%z oz )

Since B is real valued it follows that in both cases, for any z€ 4D,
(3.5) F(2)T(z) € G={z = x,+ix3; | x| = Clx,[}

0Z 0z

4 |Im
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where

L
" min {1, k+1}

Writing the holomorphic function F in the form F = V+iW we have

dF
—Zv_= Vi,+iW,=V,+iV, alongdD.
Since also
dF dF dz
=— Z_F()T
- d d (2)T(z2),
we conclude from (3.4) that
(3.6) |V,|=C|V,| alongaD.

Suppose V # const. in D. Then V must attain its maximum in D at a point x’€ oD
and V,(x°>0. Since also V,(x®)=0, we get a contradiction to (3.6). We have thus
proved that V= const. and therefore also F = const. From (3.3) it then follows that

B =0 ondD

0z 9z
which, in view of (3.4) and (3.2), implies (2.31).

Remark 3.1. Theorem 1.1 extends (with minor changes in the proof) to the case
where the domains D(t) are conformal affine transformations of D varying in C?
manner and monotonically in ¢, provided B8 #0 on dD. The theorem also extends to
the case where f depends on t, say f= f(x, t), provided

%[f(-, h)—f(-,0)]>0 in C**(3D)-norm

as h 0. If the D(¢) do not vary monotonically in ¢, then Lemma 2.1 is still valid with
(2.13) replaced by

J |vn| ds - 0.
3(DUD(h))

But this is not sufficient for proving (2.26); see also next remark.
Remark 3.2. Consider the case where () is one-dimensional, say Q ={0<x <1}.
The solution of (1.1) with u(0)=a, u(1)=p8, u’'(0)=a’, u'(1) =’ is given by

3.7) u(x)=a+u(0)a’Jx%
where

NP lﬂ_ ,_a(0)a’
(3.8) u(0)a'=(B a)/J‘0 a(y) B'= a(l)
For any other conductivity d(x) with
(3.9) a(0)=a(0), a(1)=a(1), j %fj i
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the Neumann data g corresponding to the Dirchlet data f are the same as for a. Clearly
(3.9) is satisfied if a(t) =1+ kxp(), a = a(0) whenever D(t) is a translation of D. In
this example the mapping a - g is thus nonunique; furthermore, the assertion of
Theorem 1.1 is not valid if D(¢) is a translation of D. If however D(t) is monotone
in t then the assertion of Theorem 1.1 is valid, as can be verified directly by means of
(3.9). Similarly, if Q is an annulus Q = {r, <|x| < r,} and f = ¢; on {|x| = r;}, ¢; constants,
then the assertion of Theorem 1.1 is valid for a family of annuli D(t)=
{d(t) <|x| < dy(t)} provided the family is monotone in ¢, but it is generally false if the
D(t) do not vary monotonically in ¢ (note however that ) is not simply connected,
as required in Theorem 1.1).

Remark 3.3. Let Z=¢(z) be a conformal mapping of Q) onto the closure of a
domain O and set D(t)=¢(D(1)), a=dod, f=fod, u=tiop, §=|¢'|g°¢. Then
(1.4), (1.5) and (1.7) are equivalent to

div (aVi)=0 inQ, i=f onaQ,

u ~ ~
—=g ondd.
v

Since

_IE) -0
0= ()= ()]

Theorem 1.1 extends to the family D(t) of subdomains of 3.
Remark 3.4. Theorem 1.1 extends to inhomogeneous equations

div(aVu)=1(x) inQ

provided Ie C"* and S=supp I satisfies: S< D, and D,\S is connected; if 30 and
1> 0, then the condition (1.8) is not needed. The function ! may also be taken to
depend on t.

Remark 3.5. The results of this paper extend with minor changes to the case where
the Neumann data (1.7) are prescribed, whereas the Dirichlet data f=f(¢, x) are
measured; here it is assumed that | .0 & =0 and u is normalized, say, by Iaﬂ u=0. The
assertion (1.9) is replaced by

=C<o,

/¢, B) =)l 2y = | bl

where ¢ is a positive constant.
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