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APPLICATIONS OF VARIATIONAL INEQUALITIES TO
A MOVING BOUNDARY PROBLEM FOR HELE SHAW FLOWS*

BJORN GUSTAFSSONT

Abstract. We consider a class of two-dimensional moving boundary problems originating from a Hele
Shaw flow problem. Concepts of classical and weak solutions are introduced. We show that a classical
solution also is a weak solution and, by using variational inequalities, that given arbitrary initial (=0) data
there exists a unique weak solution defined on the time interval 0=<¢<<oco. We also prove some monotonicity

properties of weak solutions and that, under reasonable hypotheses, the moving boundaries consist of
analytic curves for 1>0.

Key words. Hele Shaw flow, moving boundary problem, variational inequalities

Introduction. The aim of the present paper is to prove a global existence and
uniqueness theorem for a kind of weak solution to a moving boundary problem arising
in two-dimensional Hele Shaw flows. The method used is that of transforming the
problem into a series of elliptic variational inequalities.

The problem we shall treat is a slight generalization of the following problem. Let,
for D any bounded region in R? containing the origin, g,, be the Green’s function for D
with respect to the origin:

_ } —log|z|+harmonic in D
£olz)={ ’
P 0 on dD

(z=x+iy, R? being identified with C).

Then, given an initial domain D= D,, we want to find a family of domains {D,}
for t=0 (¢=time) such that 0D, moves with the velocity -(VgD’)|a p,- (It is assumed
here that vg,, =the gradient of g;, has a continuous extension to 9D,.)

This problem (essentially) was introduced by S. Richardson in [12]. The physical
interpretation for it as described in [12] is, very briefly, that D, is the two-dimensional
picture of the region of flow in a Hele Shaw flow with a (time-dependent) free
boundary and a source point. This means more precisely that an incompressible viscous
Newtonian fluid occupies part of the space between two parallel, narrowly separated,
infinitely extended surfaces and that more fluid is injected at a constant and moderate
rate through a hole in one of the surfaces. The region occupied by fluid then will grow
as time increases and, since the gap between the two surfaces is very small, that region
can be very well described by its projection D, onto and R 2-plane lying parallel to the
surfaces. The origin of that R?-plane is taken to correspond to the injection point. For
more details and for a derivation of the moving boundary condition above, see [12] and
[8]. An incompressible viscous flow in the narrow space between two parallel surfaces is
called a Hele Shaw flow. See e.g. [10, p. S81ff.].

The approach in [12] is that of formulating the problem as a differential equation
for the Riemann mapping function from the unit disc onto D,, identifying R? with C
and assuming that the D, are simply connected. No proof of existence or uniqueness of
solutions of this differential equation is given in [12]. However, a local (for ¢ in a small,
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two-sided interval about zero) existence and a partial uniqueness proof for the same
differential equation have been given in [19]. See also [8].

Since 1972 Richardson’s moving boundary problem has been taken up by J. R.
Ockendon [11], C. M. Elliott-V. Janovsky [6], S. Richardson himself [13], [14], M. Sakai
[16], [17], and me [7], [8]. The present paper is, to a large extent, a summary of [7]. It
also has much in common with [17] and more detailed references to that paper will be
given at relevant places in the text.

The paper is organized as follows. In §1 we define in a precise way what is meant
by being a (local) solution of the problem stated above, by introducing a concept of
“classical solution.” In §2 we also introduce a concept of “weak solution” and prove
that a classical solution is a weak solution. In §3 and 4 we prove that being a weak
solution is equivalent to satisfying a series of variational inequalities. From this our
main result, the existence and uniqueness of weak solutions for arbitrary given initial
domains, follows immediately. Section 5 is devoted to proving that a weak solution is
equivalently characterized as the solution of what we call “the moment inequality.”
Finally, in §6, we summarize part of our results in a kind of main theorem (Theorem 8)
and also obtain some partial results on the regularity of the boundaries of the domains
of a solution.

List of some notation frequently used.

R? is identified with C whenever convenient (by (x,y) <z=x+iy).

D(a;r)={z€C :lz—a|<r}.

D(r)=D(0;r).

D =D(0; 1).

Z =the set of integers.

(a,b)={xER:a<x<b}.

[a,b]={xER :a=x=b}.

D C CQ means: DCQ (if Q is open and bounded).

|D|=area of D (if D CR?).

vu=gradu=(9u/9x,0u/dy) (if u=u(x,y)).

Au=the Laplacian of u=9%u/0x2+9%u/0y>

j;u:fDu(x,y)dxdy.

1 inD,

0 inR2\D.

C(Q2): the space of infinitely differentiable functions in £ with compact support.

H™P(Q), H™(2)=H™*(Q), H)(R): Sobolev spaces as defined in [18]. H}(2) will
always be equipped with the inner product

X p= the characteristic function of D CR?*= {

(u,o)——-fQVw V0=/;z(6u/3xav/8x+Bu/ayav/ay)dxdy

(£ will always be bounded) and norm ||u||=/(u,u) .
(u,v): the pairing between H)(2) and H™'(Q) (u€ H)(Q), vEH(Q)) when

H™Y(Q) is regarded as the dual space of H}(Q) in the usual way. This is
consistent with

(u,v)=fu-vforuEL”(Q),vEL"(Q), 1/p+1/9=1,1<p<co.
Q
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We will often use the fact that the Laplacian A is an isomorphism of H/}(2)
onto H~'(Q) with the property that [18, Thm. 23.1]

(0.1) (u,0)=—{u,Av) foru,v€H}(Q).

S, is defined in §1 (before Definition 1).
R, o is defined in §2 (before Definition 2).

1. A classical formulation of the problem. The purpose of this section is to give an
example of how to formulate the moving boundary condition for the problem described
in the introduction in a rigorous way. This is done by our concept of a classical solution
(Definition 1 below). Actually, we have generalized the problem a little by replacing the
Green’s function g, by a domain function p,, depending on a positive measure g. Our
concept of classical solution is to be thought of as just formalizing the rule according to
which the moving boundary moves, and we have not tried to make any initial value
problem out of it.

Let p#0 be a finite positive measure with compact support in R2 For domains
D CR? with supp p C D let p,, be the (superharmonic) function in D defined by

(1.1) —App=p inD,
(1.2) pp=0 onaD.

Here (1.2) should be interpreted as follows: for each ¢>0 there is a compact set K C D
such that |p,|<e outside K. For all domains D considered in this section, the problem
(1.1)-(1.2) has a unique solution. This solution, moreover, satisfies p,=0 by the
minimum principle for superharmonic functions. We are going to consider the problem
mentioned in the introduction but with the Green’s function g, there replaced by the
more general function p,,. The special case p, =g, is obtained by choosing p=28 in
(1.1)-(1.2) (where 6 =the Dirac measure at the origin).
Let w be a fixed open neighborhood of supp p and set
S, =the class of all simply connected domains D CR?* with w C C D and such that
0D is a Jordan curve of class C? (i.e. such that there exists a twice continu-
ously differentiable map from the unit circle to 9D which is bijective and
whose derivative never vanishes; such a map will be called a diffeomorphism
of class C?).
For DES,, p,, exists and is unique and moreover both p,, and Vp, have continuous
extensions to dD. Let ] CR be an open interval.

DEFINITION 1. A map IS¢- D,ES, is a classical solution of our moving boundary
problem if there exists a map {: R/ZXI—>R? of class C? (i.e. twice continuously
differentiable) such that

@) {(s,t)€0D, for all s,1¢,

(i) ¢(-,t):R/Z - 9dD,is a diffeomorphism (of class C?) for each t €1, and

(iit)

(1.3) g(—g—t’t—)=-—vpbt(§(s,t)) for all s,z.

Comment. (i) and (ii) say that for each fixed #,{(-,¢) parametrizes dD,. The
parameter s (in which { has period 1) numbers the points on dD, and (iii) says that each
such point moves with the velocity — Vpy({(s,?)). Here Vpp, is the continuous
extension of the gradient of p, to 3D,
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For simplicity we have preferred to let the domains of definition of classical
solutions be gpen time intervals. For that reason the concept of a classical solution is
not immediately well suited to formalize initial value problems of the kind stated in the
introduction. Consider e.g. the following attempt in that direction (where p and w are
given):

Given D €5, find, for some £>0, a classical solution (—¢, +00)3¢—D,ES_ such
that D,=D. This formulation has the drawback that it requires the existence of the
solution for —e<<t<<0 and, as it turns out (see below), this can only occur if 9D is
analytic.

A perhaps better attempt would therefore be:

Given D €5, find a classical solution (0, + c0) 37— D,E S, such that lim,_ ¢D,=D
in some specified sense. This formulation does away with the problem of the former
formulation, but nevertheless one cannot expect a solution to exist for arbitrary DES .
This is because we have not, in our definition of a classical solution, built in any
possibility for D, to change connectivity and it is easy to see that without such a
possibility global solutions cannot exist in general.

The above remark shows that the concept of a classical solution has to be fairly
complicated in order to be well suited for a formulation of a global initial value
problem. We have not thought it to be worth the effort to make such a formulation,
since our concept of classical solution is introduced mostly in order to motivate our
concepts of a weak solution (and for this purpose we think that Definition 1 is good
enough). A global concept of a classical solution (allowing connectivity changes) has,
however, been given by Sakai [16].

Definition 1 is, however, well suited for formulating a local problem:

(1.4) Given D€ find, for some £>0, a classical solution (—¢,¢)
: 3t-D,ES, such that Dy=D.

The task of proving existence and unicity for solutions of this problem is seemingly
hard. In fact, we will prove here (Theorem 10) that a necessary condition for a solution
of (1.4) to exist is that 9D is an analytic curve. Probably this condition is also sufficient.
In any case, in the special case that p=2=8, Vinogradov and Kufarev [19] have proved
local existence of solutions when the problem is formulated as a differential equation
for the Riemann mapping function (as in [12]), under the condition that 3D is analytic
(see also [8]). It is, however, not quite easy to prove rigorously that a solution in their
sense is also a classical solution in our sense. (The converse is easier.) Vinogradov and
Kufarev also prove uniqueness for solutions depending analytically on ¢ (of their
problem). Here we prove at least that a solution of (1.4) is unique for >0 (Theorem
10).

Let us next make a remark about the measure p; namely, as far as classical
solutions are concerned, we can always assume that p is a smooth function. The reason
is that nothing but the behaviour of p, near 0D comes into Definition 1 and that
therefore p;, can be smoothed out in a neighbourhood of supp p. To be precise, let & be
a smooth (C*), positive, radially symmetric (i.e. a function of radius only) function
(“‘mollifier”’) on R? with total mass one ( /A= 1) and with compact support in the open
unit disk D. Define

(1.5) he(z)=:—2h(i) (zER?).

€
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(Thus supph,CD(0;¢), [h,=1, h,=0.) Then we have

PROPOSITION 1. Let p,w and I be as before Definition 1 and choose ¢ >0 such that
2e<dist(supp p,dw). Then IS t— D,ES  is a classical solution for p if and only if it is a
classical solution for p x h (which is a smooth function). ( * denotes convolution.)

Proof. The proof consists of the observation that the function p, defined by
(1.1)~(1.2) only changes inside w when p is replaced by pxh, (for DES ). In fact,
define

_[pp*h in{z€D:dist(z,9D)>¢},
> pp in {z€D :dist(z,suppp) >e}.

Then g, is well defined because p;, is harmonic in a whole e-neighborhood of any point
in the overlap between the two domains above, and therefore p,* h,=p, in that
overlap by the mean-value property for harmonic functions. Since A(pp*h,)=
App*h,=—pxh, it is immediately seen that g, is the solution of (1.1)-(1.2) with
p*h_in place of p. Since ¢, =p, near 3D, the conclusion of the proposition follows
immediately.

2. The weak solution. We now introduce the concept of a weak solution and prove
that a classical solution is a weak solution.

The concept of a weak solution is much more flexible than that of a classical
solution (e.g. one does not have to bother about boundary regularity or connectivity of
the domains), it is much easier to show existence of solutions for, and it is also more apt
for numerical treatment (because it is closely related to variational inequalities). These
are the main reasons for introducing the concept of a weak solution.

Let n0 be a finite positive measure with compact support in R?, and choose
bounded open sets w and 2 in R? such that supppCw C CQ and with 9Q smooth, and
let T7>0. Set

%R, o= the class of all open sets DCR?>withwC CDCCQ.

In order for the definition below to make sense, we have to assume that u belongs to
the Sobolev space H ™ (2). This is an assumption of purely technical nature and does
not mean any restriction of the class of problems considered (in view of Proposition 1
above).

DEFINITION 2. A map of [0,T]3t—D,ER , g is a weak solution of our moving
problem if, for each 1 €[0, T'], the function u EHO(Q) defined by

(2.1) Xp,~Xp,=Autt-p
satisfies

(2.2) u, =0,

(2.3) (u,,1—xp,)=0.

Comments. 1) Notation. The subscript ¢ in u, just indicates that u, depends on z. We
never use subscripts for partial derivatives. (2.1) and (2.2), like all other equalities and
inequalities on open sets in this paper, are to be interpreted in the sense of distribu-
tions. In (2.3) 1—x p, is regarded as an element of H™ '()=the dual space of Hy(Q)
and (-, -) denotes the duality pairing between H}(2) and H (). Since, in the present
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case, 1 —x p, € L*(Q) (and u,E€ Hy(2) CLX()), the left member of (2.3) reduces to the
Lebesgue integral

<unl~XD,> =j;lu"(1—XD')=-/;2\Dut’

and since 1 —xp =0, (2.2) and (2.3) together express that #,=0 in @ and u,=0 a.e.
outside D,.

2) Smce Xp,~Xp,~t'REH™ Q) and the Laplacian A is an isomorphism from
H)(Q)onto H™ ‘(Q), (2 1) really defines u umquely

3) It is clear from the definition that given DyER , », the domains D, of a weak
solution can be unique at most up to two-dimensional Lebesgue measure zero, since
(2.1)-(2.3) are not affected if D, is replaced by another D; €R,, , such that x D =Xb,
ae.

4) In order to motivate the concept of a weak solution, we now sketch a proof that
a classical solution is a weak solution.

So suppose t— D, is a classical solution. Condition (iii) in Definition 1 can be
written

én_ Opp,

24) T

on dD,,

where 8n/8t denotes the normal velocity of 9D, (in the direction out from D,), and
0/0n denotes outward normal derivative. (2.4) is equivalent to

&n . _ pp, 0of 1 2
(2.5) 3 pds= fma .pds for all p€ C*(R?)

(ds denotes arc-length measure).
It is not hard to see that

on _d _d
./;D,_'O‘Tq>ds_dt j'D‘(dedy—dt <XD,aq)>'
Extend p), to all R? by setting p,, =0 outside D,. Then

9pp
—App=p +—a~—-ds

where (3pp, /9n)ds denotes the distribution
aPD, ol 2
¢p—»j;D’<des ((pGCc (IR )),

a nonpositive measure supported by d.D,. Hence

aI’D

~y am 9% (App,+1.0),

and (2.5) can be written

d o
(2.6) = (x0,®)=(App+p.9) forallgeC?(R?).
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Now integrate (2.6) with respect to . With
t
(2.7) u,prDfd'r
0

this gives x p, — X p,=Au,+¢-p, to hold in the sense of distributions. Thus u, defined by
(2.7) satisfies (2.1) of Definition 2. Since p,, =0 in D,, pp, =0 outside D,, and because
D, CD,, for 7, <m, (if - D, is a classical solution) u,, defined by (2.7), also satisfies

u,20 inallR?> and
u,=0 outside D,,

that is, (2.2) and (2.3) of Definition 2.

This was a sketch of a proof that a classical solution is a weak solution. A formal
proof of this will be given later (Theorem 1).

5) A nice feature of the concept of weak solution is that the time variable only
occurs as a parameter in it: (2.1)—(2.3) is just a series of uncoupled problems (actually
free boundary problems), one for each ¢€[0,T]. The transformation (2.7) plays a
crucial role in this respect. The efficiency of transformations similar to (2.7) on certain
kinds of free and moving boundary problems is now well known and has been demon-
strated in works by Baiocchi, Duvaut, Elliott and others. (See e.g. [2], [4] and [5].)

Just as for classical solutions, there is no loss of generality in assuming that the
measure p in Definition 1 is a smooth function.

PROPOSITION 2. Let p,w, and T be as in Definition 2, choose €¢=>0 with 2e<
dist(suppp,dw) and let h, be as before Proposition 1. Then [0,T]2t—>D,ER , , is a
weak solution for p. if and only if it is a weak solution for . x h . In case they are solutions
we have

u,*h, insuppp+D(0;e),
2.8 =4 "
(2:8) O {u . elsewhere in Q,

where u, (v,) is the function occurring in Definition 2 for p (n* h,). (suppu+D(0;e) =
{z+wER?:zEsuppp and weD(0;¢)}.)

Proof (sketch). Let t— D, be a weak solution for p, let u,€ H)(2) be defined by
(2.1) and define v, by (2.8). Then u, is harmonic in w>suppp (by (2.1)) and the
mean-value property for harmonic functions, together with the properties of 4, show
that u, * h,=u, a distance ¢ away from 9(w\suppp) in w \supp p. It follows that v, is
smooth in the join between the two ranges of definition and in particular that v, € H)(2).
Now it is easy to check that v, satisfies (2.1)—(2.3) of Definition 2 with p * A in place of
. This proves the proposition in one direction.

Next, let t - D, be a weak solution for u * &, and u, € Hy() be defined by (2.1) for
p. In order to prove the proposition in the other direction, we have to prove that u, also
satisfies (2.2) and (2.3).

Define v, by (2.8). As before we have v,€ H)(Q), and v, satisfies (2.1) with p * &, in
place of p. Since the solution of (2.1) is unique and ¢— D, is a weak solution for p * i,
v, also satisfies (2.2) and (2.3). From this it follows immediately that u, satisfies (2.3).
Moreover, u,=0 clearly holds outside supp u+ D(0; ¢) (u,=v, there), and in fact also in
supp p+D(0; &) because u,=u, * h (=v,=0) there due to the fact that u, (by (2.1)) is
superharmonic in w (D supp p+2D(0; €)). Thus u, also satisfies (2.2), and the proposi-
tion is proved.



286 BJORN GUSTAFSSON

Now we shall prove that a classical solution is a weak solution. Let p70 be a finite
positive measure with compact support in R? such that p&€ H~(R?), let supp p Cw and
let a<<0<T<<b. Then

THEOREM 1. Suppose (a,b)Dt— D,ES, is a classical solution. Then [0,T]3t— D, €
R, q is a weak solution if Q is chosen such that D C CQ. Moreover, the functions p, and
u, occurring in the classical and weak solutions respectively, are related by

t
(2.9) u= fo pp,dr

(a HY(Q)-valued integral), where p p, is extended to all 2 by setting it equal to zero outside
D

Proof. Let (a,b)>t—- D,ES, be the classical solution, which we shall prove to be
weak. We shall first prove that

d _
(2.10) Efpfpdxdy— j;D:p ”

for all p € C*(R?) and that the right member of (2.10) is a continuous function of z.
Let x,y be the coordinate variables in R? and let

§=£(s,t), 11-_—7!(3,’)

denote the components of {(s,#)ER? (see Definition 1). Then (iii) of Definition 1
becomes

s app s 9pp
B0 (s, D TRy,

Thus the right member of (2.10) becomes

pp, pp, . pp, 8¢ 3
(2.11) “fwf” an ds*~fapf”'( ax ¥y d") f (at ).

Next we rewrite the left member of (2.10). Choose smooth functions, a(x,y) and
b(x,y), on R? such that 3b/3x—da/dy =g (e.g. a(x,y)=0 and b(x,y)= [Fo(u,y) du).
Let T =R /Z (the range of the variable s). Then, using Stokes’ formula at the first step,
we get

(2.12) _ltf(pdxdy—Tt./ adx+bdy

_ 3% n
f[ “asor 0 asat]d

da ¢ 8a6n)8£ (a_bg gggﬂ)_a_wl
+f,[(ax oy ) as T\ ax o Tay ar ) 35 | P
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= 9% L p.90m 9b_da)(3§3n_3dn 3_5)
.[[ 8s6t+b asat]ds ax ay)( ds

f[edeae 9bomn da 06 n, 0bm ot
0x 0t Os 8y ot 0s dy ot ds Ox Ot Os

zf(ﬁé_ﬁg)(aéan anag)d+f (084580

T\0x dy/\ 9t ds Ot Os
Y %Qﬂ_a_nﬁé) (35 3'1)
= "’(at 3y dr 9s ) BT f Yy ) -

By (2.11) and (2.12) we have proven (2.10). It is seen from (2.12) also that the right
member of (2.10) is a continuous function of # and that hence [, ¢ dxdy is continuously
differentiable with respect to ¢.

We next prove that D,ER , , for t€[0, T'] if € is chosen such that D,C CQ. Since
wC CDy(DyES,), it suffices to prove that D, C D, for <. Since Pp, =0 in D, we have
—0pp,/In=0 on 3D, Therefore (2.10) shows that Ipgpdxdy is a nondecreasmg func-
tion of ¢ for all <pEC°°(IR2) such that ¢ =0. This easﬂy implies that D_CD, for r<t.
Thus we have proved that D,€R , , for 1€[0, T.

Now let u,€ H)(Q) (for 1€[0, T]) be defined by (2.1) and extend pj, to all £ by
setting it equal to zero outside D,. Then it is easy to see that p D, EHNDQ). We now want
to prove that

(2.13) u= fo ‘pp.dr.

Equation (2.13) means by definition (we are using the “weak” definition of vector-val-
ued integrals as exposed e.g. in [18, p. 73]) that

(2.14) (u,,p)=j(;t(pbr,p)d'r
for all p€ H™(Q). Since A: H}(Q)— H~ () is an isomorphism, (2.14) can be written

t

(u,,A<p>=f <pD7,A<p> dr

0

for all € H)(Q), i.e., using the fact that (u, Ap)=(p,Au) for u,p € H)(Q),
t

(2.15) (9:x0,~Xp,~t4)= [P0, 89) dr.

We first prove (2.15) for ¢ € C°(£2). Green’s (second) formula gives (for o € C2(Q))

—faqu aan’df— [qv App+fA<P Po,

=fDl<p-u+fQA<p'pD,=(%ﬂ>+(pp,,mp)-
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Combining this with (2.10) gives
i)

<<P,xu,—xpo>=fD<P—fDq>=fO'(—j{;D:p. gnD"‘rdS)dT

= (tp,t'u>+f0t<pp,,Aq>)d'r~

This proves (2.15) for o € C2().
To extend (2.15) to all o€ Hj(R) it is enough to prove that the right member of
(2.15) depends continuously with respect to the H}(2)-norm on @; for C*(Q) is dense

in H)(2) and the left member of (2.15) obviously depends continuously on ¢.
We have

l/ot< pDT,A(p>d'r

where (u,0)= [Vu- Vv is the inner product in H}(2) and ||u||=y(u,u), and it is not
hard to prove that [5|| pp, ||d7<oo. (Details are found in [7, p. 40].) Thus the right-hand
side of (2.15) depends continuously on ¢ and so (2.15) is proven.

Now it only remains to prove that u, satisfies (2.2) and (2.3). (2.2) follows im-
mediately from (2.13) and p;, =0, and (2.3) follows from

dr,

t t t
[(po,@)dr<[lps - lolldr=lgl- [ Iy,
0 0 0

<u,,I—XD,>='£t<PDT,1_XD‘>dT

by choosing p=1—x p, in (2.14) and

<PD,’ 1 _XD,> Z‘/S;PD,(I _XD,)zo
for 7€[0,¢], a consequence of D,C D, (already proved) and p, =0 outside D,. This

completes the proof of Theorem 1.

3. Complementarity problems and variational equalities. By weakening still more
the concept of a solution, we arrive at a series of linear complementarity problems.
These are equivalent to a series of variational inequalities which are shown to have
unique solutions.

Let p,w,Q and T be as before Definition 2 (n€ H {(R?), u=0, p#0, w,Q open,
9% nice, suppp Cw C CQ and T>0). Let also DyER , o be given and define p,=p, 5, E
H'(Q) by
(3.1) p=1=Xp,—t"p.
Then (2.1)—(2.3) in Definition 2 can be written
Au,—p=xp—1, u,=0, <u,,1—xD’>=0

or

A“t—"pt=XD,—1’ u, =0, <ut,Aut—p,>:0.
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Since x p,— 1=0, this immediately shows
THEOREM 2. Suppose [0,T]13¢-D,€ Gjlw’ﬂ is a weak solution. Then the functions
u,€ H\(Q) defined by (2.1) also solve the linear complementarity problems

(32) Au<o,
(3.3) u,=0,
(3.4) (u,,Au,~p,)=0

(t€[0, T]), where p, are defined by (3.1).

Remark. Clearly (3.4) (in the presence of (3.2) and (3.3)) expresses that at (almost)
every point in { equality holds in at least one of the inequalities (3.2) and (3.3).

The complementarity problem (3.2)—(3.4) is equivalent to a variational inequality:

THEOREM 3. Let p,€ H () (e.g. given by (3.1)). Then u,€ HY(Q) satisfies (3.2)—
(3.4) if and only if it satisfies

(3.5) Au,=<p, and (u—u,,u,)=0 for all ue H)(Q) with Au=<p,.

Remark. Theorems 2 and 3 together are similar to [17, Prop. 2]. However, [17]
deals with the equivalent variational inequality (3.11) below in place of (3.5).

Proof. If u, satisfies (3.2)—(3.4), then (u,,Au—p,)=<0={u,,Au,—p,) for all ue
H}(Q) with Au=<p,. By subtracting (u,,p,) and using (0.1) the theorem immediately
follows in one direction.

Conversely, suppose (3.5) holds. Then (by (0.1))

(3.6) (u,,Au—p,y=<{u,,Au,~p,) forallu€HJ(Q) with Au=<p,.

Since A: Hy(2)—H () is an isomorphism, we can choose u € H/}(R) in (3.6)
such that Au=p, or such that Au=2Au,—p, (Au=p, is fulfilled in both cases). The first
choice shows that the right member of (3.6) is =0, while the second shows that it is <O0.
Thus

(3.7) (ut’Aut_pt>=0'

By (3.7), and writing ¢ =Au—p,, (3.6) becomes (u,,¢) =<0 for all p€H () with
¢=0. This shows that u,=0. Thus (3.2)—(3.4) hold for u, and so the theorem is proven
in the other direction too.

Remark. The variational inequality (3.5) differs somewhat from those variational
inequalities most often met with in the literature in that the condition Au=<p, is of an
unusual kind, but it is equivalent to a variational inequality of “obstacle-type.” To be
precise, define y, € H)(2) by

(3.8) —Ay,=p,.
Then, in terms of the function
(3.9 o, =u,ty,

the complementarity problem (3.2)—(3.4) can be written

(3.10) Av,=<0, v,=y,, (v,—y,Av,)=0.

By an argument very similar to the proof of Theorem 3 (see [7, pp. 43—45] for details),
(3.10) can be shown to be equivalent to the variational inequality

find v,€ H}(Q) such that v,=y, and (v—v,v,)=0 for all

G11) e HY(Q) with v=y,
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This variational inequality is of obstacle-type (i, describing the obstacle). See [9, Chap.
II, §6].

THEOREM 4. Let p,€ H (). Then the variational inequality (3.5) has a unique
solution u,€ H)(R). If, moreover, p,&€ L?(Q) for some 1<p<oo, then u,E H*>?(Q), in
particular u, is continuous (if p>2 even continuously differentiable).

Proof. The existence and unicity of a solution is immediate from the general theory
of variational inequalities or in fact just from ordinary Hilbert space theory since (3.5)
just expresses that u, is the unique element of minimum norm in the closed and convex
set K={uc€H)Q): Au<p,}. The regularity of the solution also follows from the
general theory of variational inequalities, e.g. by first rewriting the problem into the
form (3.11) as indicated in the Remark above, and then invoking [3, Théoréme I.1].
There is, however, also a direct and rather nice proof of the regularity. This goes as
follows.

Let p,€ L?(R) with 1 <p<oo. To prove that u,€ H>?({), we shall consider a new
variational inequality, namely

find w,€ Hy(Q) such that
(3.12) min(0, p,) <Aw,<p, and
(3.13) (w—w,,w,) =0 for all we H,(2) with min(0, p,) <Aw =<p,.

This variational inequality has a unique solution w, € H)() for the same reason as
for (3.5). Moreover, this solution a priori belongs to H?>?(Q) since (3.12) shows that
Aw,€ L?(RQ) (and Aw,€ L?(Q) implies w,€ H*?(R)). Thus, to prove that u,€ H*?(Q),
it is enough to prove that u,=w, For that purpose we only have to show that w,
satisfies (3.2)—(3.4) (by Theorem 3).

To prove (3.2)—(3.4) for w,, first rewrite (3.13) as

<wt’Aw_pt> S<Wt’AWt“pt>

for all we Hy(Q) with min(0, p,) <Aw <p,. Setting ¢ =Aw —p, and using that the brac-
ket (-, -) in the present case reduces to a Lebesgue integral, we get

(3.14) fﬂw,-qpsjs;w,'(Aw,——p,)

for all p € H™ () with min(0, — p,) <¢ <0. First choose =0 in (3.14). This gives
(3.15) L?y(Am—pJZO.

Then choose

_ [min(0, —p,) inN,
| Aw,—p, in @\ N,

where N={z€Q:w,(z)<0}. (Since w,€ H>?(Q), w, is a continuous function and so
w,(z) <0 has a natural meaning and N is a well-defined open set.) We get

fw,~min(0, —pt)Sf wt'(Awt_pt)’
N N
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or
(3.16) /Nw,-(Aw,—p,—nﬁn(O, —p,)) =0.
Since Aw,— p,— min(0, —p,) = Aw,— min(0, p,) =0 and w,<<0 in N (3.16) shows that
Aw,—min(0,p,)=0 in N.
In particular,
(3.17) Aw,<0 in N.

But now w,=0 on dNUJQ (by the definition of N, and since w, is continuous and
belongs to HJ()). Therefore (3.17) implies w,=0 in N (minimum principle for super-
harmonic functions). Comparing with the definition of N, we conclude that N is the
empty set. Hence

w,=0 (in Q).

Thus (3.3) (for w,) is proven. (3.2) is part of (3.12), and (3.4) follows by combining
(3.15) with (3.2) and (3.3). Hence w, satisfies the complementarity conditions (3.2)—(3.4)
which characterize u,, hence w,=u, as we wanted to prove.

The statements about continuity and continuous differentiability of u, follow from
Sobolev’s inequalities. See e.g. [18, Thm. 24.2]. This completes the proof.

4. From variational inequalities to a weak solution. Up to now we have performed
a series of weakenings of the concept of solution,

. solution of solution of
cleISS{cal = Vi’ea_k = complementarity < variational
solution ~ solution problems inequalities

and we have proved existence and uniqueness of solutions at the right end point of this
series. On the way from weak solution to complementarity problems we have also lost
the domain D, from the problem.

Now we want to perform the step

solution of
complementarity — Weak

problems solution

thereby also proving existence of weak solutions with a given initial domain (unique-
ness is already proven, by uniqueness of solutions of the variational inequalities). This
step involves among other things recovering the regions D, from the functions u,
(constituting the solution of the complementarity problems). We need two lemmas.

LEMMA 1. Let p,€ H Q) and let u,€ H)(Q) be the solution of the complementarity
problem (3.2)—(3.4). Then u,<u for all u € HX(Q) which satisfy Au<p, and u=0.

Comment. Lemma 1 says that among the functions that satisfy the inequalities
(3.2) and (3.3), there is a smallest function, namely that function for which these
inequalities hold complementarily.

Lemma 1 is closely related to [9, Thm. 6.4, Chap. II]. In fact, that theorem says
that if v,€ H)(R) is the solution of the variational inequality (3.11) or, equivalently, to
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the problem (3.10), then v,<v for all v € H}(Q) which satisfy v=y, and Av=<0 (¢,E€
H)(R)). In view of the remark after Theorem 3, this gives a proof of our lemma by
setting u,=v,—y,, u=v—1y, and by defining y, € H}(Q) by (3.8).
Let us, however, give an independent proof of Lemma 1. For simplicity we restrict
ourselves to the case that p,€ L?(2) for some p >1 (which suffices for our purposes).
Proof of Lemma 1 in case p,€ L?(2), p>1. Suppose p,€ L?(§2) where 1 <p<oo.
Then u,€ H*?(Q), in particular u, is continuous, by Theorem 4. Thus

I={z€Q:u,(z)=0} and D=Q\I={z€Q:u,(z)>0}

are well-defined (relatively) closed and open sets in {2 respectively.

Put w=u—u,. Thus we want to prove that w=0. In view of (3.2) and (3.3) it
follows from (3.4), which can be interpreted as a Lebesgue integral in this case, that
Au,=p,in D. Thus

(4.1) Aw=Au—p,<0 inD.

Take an £¢>0 and define N={z€Q:u,(z)<e}. Then N is an open neighborhood of
TU9Q in Q. Now, from =0 and (4.1) we have

(4.2) w+e=0 inN and
(4.3) A(w+e)=<0 inD.

Since 9D CIU 9%, it essentially follows from (4.2), (4.3) and the minimum principle for
superharmonic functions that w+¢=0 in D and hence

w+e=0 inQ=DUN.

The only problem is that w is not (necessarily) a nice function but just an element of
H(2), so that some care is needed in applying the minimum principle.

To this end, choose r >0 with 2r <dist(dN, dD) and let &, be as before Proposition
1. Then an application of the ordinary minimum principle to (w+e)*h, in {z€
D : dist(z,dD)>r} shows that

(4.4) (w+e)xh,=0 in {z€Q:dist(z,0Q)>r}.

Letting first r -0 and then e -0, (4.4) yields w=0 in {2, as we wanted to prove.

COROLLARY 1. Let p,p’ € H Q) and let u and u’ be the solutions of (3.2)—(3.4) for
p,= p and p’ respectively. Suppose that p’ <p. Then u<u’.

Proof. This follows from the lemma with p,=p, u,=u since Au’ <p’ <p and u’' =0.

Remark. There is also an inequality in the other direction. Namely, let ¢’ € H(Q)
be defined by —Ay=p and —Ay’=p’ respectively. Then, if p’<p, we have v’ <u+
(¢ —4’). This follows by applying the lemma with u,=u’ and “u in the lemma” =u-+
(=)

COROLLARY 2. The solution u, of (3.2)~(3.4) is monotonically increasing (=non-
decreasing) as a function of each of m,D, and t (more generally, as a function of
X p, Tt 1) when p, is given by (3.1), i.e. if DyC Dy, p<p’ and t=r then u,<u; (self-ex-
planatory notations).

Proof. This is just a special case of Corollary 1.

LEMMA 2. Suppose p€ L?(Q) for some 1<p<oo and let u,& H\(Q) be the solution
of (3.2)—(3.4) with p, given by (3.1). Define

(4.5) D,=DyU{z€Q:u,(z)>0}.
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Then
(4.6) Au=xp—=Xp,~t'B=Xp,~1+p,.

Proof. By Theorems 3 and 4 u,€ H*”(Q), in particular u, is continuous. Thus D, is
a well-defined open set. Observe also that the definition (4.5) is consistent for r=0
since u,= 0 is the solution of (3.2)—(3.4) for =0 (in view of p,=0).

Define I,={z€Q:u,(z)=0}. Because u,€ H>”(Q), all partial derivatives of u, of
order <2 vanish almost everywhere on I,. (This follows e.g. from [9, Lemma A.4,
p. 53].) In particular

(4.7) Au,=0 a..onl,.

Hence (3.2) shows that p,=0 a.e. on I,. By (3.1), using that suppu C D, and p=0, this
gives p,=1—x p_a.e.on I, or, using (4.7),

(4.8) Au,~—p,=xp,—1 ae.onl,.

Now, since Au,—p,EL?(Q) and u, is continuous, the left member of (3.4) can be
interpreted as a Lebesgue integral, and it follows from (3.2)-(3.4) and the fact that
u,>0in @\ I, that

(4.9) Au,~—p,=0 inQ\I,.
Equation (4.8) together with (4.9) gives
Au,—p,= (XDO_ 1) *X1,=X@\Dp)nI,

(a.e. or in the sense of distributions). Since (2\D,)NI,=Q\D,, this shows that
Au,=x p —1+p,, which is the desired result.

THEOREM 5. Let n,w, 2 and T be as before Definition 2 with p.€ L™ ( for simplicity),
let DyER , o and let p, be defined by (3.1). Suppose u,€ Hy(Q) and solve (3.2)—(3.4) for
t€[0,T). Then, if Q is large enough and D, is defined by D,=D,U {z EQ :u,(z)>0}, the
map

(4.10) [0,T]2:>D,ER, g

is well defined and is a weak solution. Further, the function “u,” appearing in the
definition of a weak solution is identical with the u, above.

Remark. This theorem, showing that solutions of the complementarity problems
give rise to weak solutions, is similar to [17, Prop. 3].

Proof. We first show that the map (4.10) is well defined. , i.e. that @ C CD,C CQ
for all z€[0, T'].

wC CD, is evident since w C CD, and D,C D,. Next, choose M >0 and 0 <r<R
such that p<M-x g,  and D, CD(R), and define R,>0 for [0, T'] by

ID(R,)|=tM|D(r) |+ |D(R)].

Then I claim that D,CD(R,) for all ¢z, and hence that it suffices to choose @ such that
D(R;)C CQ.

To see this, put p;=1~xp gy~ tMxp, and define u EHO(Q) by Au;=Xxp(r,)~
Xp(R) " !MXp(r- Then it can be checked that u;>0 in D(R,), u;=0 outside D(R,).
This shows that u/ is the solution of (3.2)-(3.4) correspondmg to p;.

But now p; s p;- Therefore u,<u; by Corollary 1 of Lemma 1. Hence u,=0 outside
D(R,), showing that D,CD(R,).
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It remains to prove that u, and D, satisfy (2.1)—(2.3) of Definition 2. (2.1) follows
from Lemma 2, (2.2) is (3.3) and (2.3) is (3.4) combined with (4.6). This completes the
proof of Theorem 5.

THEOREM 6. (corollary of Theorem 5). Let p,w, and T be as before Definition 2
andlet DER , , be given. Then, if merely Q is large enough, there exists a weak solution

(4.11) [0,T]2:->D,ER, g

with Dy= D. This solution is unique up to sets of two-dimensional Lebesgue measure zero.
Moreover, let u,E H)(Q) be the function appearing in the definition of a weak solution.
Then u, is unique (as an element of H)(Q)) and D, above can be chosen to be

(4.12) D,=D,U{z€Q:u,(z)>0}.

( Equation (2.1) shows that u, is continuous outside supp p, in particular outside Dy, so that
the right-hand side of (4.12) is a well-defined open set.) Further, the weak solution (4.11) is
monotonically increasing (=nondecreasing) as a function of each of p, Dy and t (more
generally, as a function of x p +t-p) i.e. if p=<p’, DyC Dg and t <t then D,C D] up to null
sets.

Proof. Suppose first that u € L*(). Since the problem (3.2)-(3.4) has a unique
solution (Theorems 3 and 4), it follows immediately from Theorem 5 that there exists a
weak solution (4.11) such that (4.12) holds. Since u,=0 for the solution u, of (3.2)—(3.4),
we also have D,=D. As to the unicity, suppose we have two solutions, t » D, and 1 - D/,
with D,=Dj=D. Then we get, by Theorem 2, two solutions, u, and u,, of (3.2)-(3.4)
for the same p,. Thus u,=u; and (2.1) shows that x , =x p,. This is what the unicity
statement of the theorem amounts to. The last sentence of the theorem follows im-
mediately from Corollary 2 of Lemma 1. Thus the theorem is proved in case p € L*(Q).

If p& L>(2), we merely apply Proposition 2. Then we are back in the previous
case and the theorem follows as before, noting only that the function u, and v, in
Proposition 2 differ only inside w, in particular inside D,, so that (4.12) is not affected
by the smoothing process. Note also that the application of Proposition 2 does not
destroy the validity of the last sentence in the theorem since the smoothing process is
order-preserving (we used positive mollifiers in Proposition 2). This proves the theorem.

5. The moment inequality. We have hitherto shown the equivalence between three
concepts of solution for our moving boundary problem, namely the concept of a weak
solution, the solution of the linear complementarity problems and the solution of the
variational inequalities. There is another equivalent concept of solution which we now
want to discuss.

With u#0 a finite positive measure with compact support, with »,$ and T as
before Definition 2, and with DyER , g given, let us say thatamap [0, T]2¢~>D,ER ,
satisfies the moment inequality if for each t €[0, T']

(.1) fD<p—fDOq>?-t~ pdp

for every function ¢ € H?(R?) which is subharmonic in D,.

The reason for calling this property the moment inequality is that with p=24§ (the
Dirac measure at the origin) and by choosing ¢=*Rez"” and =Imz" (n=0) in a
neighborhood of DyU D,, (5.1) yields

IDJ= 1D+ (1=0) and [ z"=[ 2 (n=1).
D, D,
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The quantities [,z" are called the complex (or analytic) moments of the region D.
Thus, if (5.1) holds for ¢ — D,, all complex moments of order =1 of D, are preserved
under the map ¢— D,, while the zeroth order moment (=the area of the domain)
increases linearly.

The fact that solutions of the Hele Shaw problem have this moment preserving
property was discovered by Richardson ([12]). The idea to consider relations such as
(5.1) for subharmonic functions ¢ is due to Sakai ([16] and [17]).

We shall now prove that satisfying the moment inequality is equivalent to being a
weak solution. More complete results in the same direction are given in [17] (our
Theorem 7 corresponds to [17, Props. 1 and 4}).

THEOREM 7. Let p,w,Q and T be as above with p€ L*(Q) ( for simplicity). Then a
map [0,T12t—->D,ER g is a weak solution if and only if it satisfies the moment
inequality.

Proof. Suppose [0,T]2t—>D,ER , , is a weak solution. Since D,C CQ, it is
enough to check (5.1) for all ¢ € H*(R?) which are subharmonic in D, and vanish on
0Q. Thus we assume ¢ € H3(R?) N HY(Q).

Let u,€ Hy(R) be the function defined by (2.1). Then u,=0 and u,=0 a.e. on
@\ D, (by (2.2) and (2.3)). Moreover, u, is continuous and bounded.

Now let o € H}(2) N H*(R?) be subharmonic in D,. Then Ap =0 in D, in the sense
of distributions. Moreover, since Ap € L%(), the above properties of u, show that
u,ApeL*(Q), u,-Ap=0 a.e. on 2\ D, and hence [, p,u,-Ap=0. Using these facts
and (2.1), we get

[ o= 0=(x0,xpy®)=(Bu,+tp,0)=(u,, 89 ) +1 {1, 0)
o ’n,

Thus the moment inequality holds.
Conversely, suppose that the moment inequality is satisfied for [0,T]2¢—D,€
R ,.q- Again define u, € Hy(2) by (2.1). In terms of u (5.1) takes the form

(5.2) (@,Au,)=0

for all o € H*(R?) subharmonic in D,. Since the restriction mapping H*(R?) > H*(Q)
is onto [18, Thm. 26.7] the test class, H*(R?) for ¢ in (5.2) can be replaced by H*(Q).
In particular (5.2) holds for all p € H*(2)N H}(2) which are subharmonic in D,. For
e EH*(Q)NHYKQ) we have (@,Au,)=(u,,Ap). Therefore, and since A maps H*(Q)
N H)(Q) onto L%(R), (5.2) can be written

(5.3) (u,p)=0
for all p € L%(Q) with p=0 in D,. (5.3) shows that
(5.4) u=0 (inQ)

(because all nonnegative p € L%(Q) are allowed in (5.3)). The choice p=x p,— 1 is also
allowed in (5.3). This gives (u,,x b~ 1) =0 and therefore, since u,=0, x b, 1=0,

(5.5) (u;,xp,—1)=0.

The fact that (5.4) and (5.5) hold for u, defined by (2.1) shows that our map 71— D, is a
weak solution. Thus the proof of Theorem 7 is completed.
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6. Summarizing results and further properties of weak solutions. In this final
section we shall first reformulate the main result, Theorem 6, so that it becomes more
self-contained and simple, and then we shall prove some modest results on properties of
weak solutions.

Theorem 6 and the definition of a weak solution suffer from being a bit com-
plicated because of our desire to work in the Sobolev spaces H}(2) and H~'(Q). The
following theorem is just Theorem 6 liberated from these complications, and it defines
implicitly a more simple concept of a weak solution.

THEOREM 8. Given a finite positive measure p with compact support in R? and a
bounded open set D, in R? with supp pC D, there exist, for each t>0, a unique open
bounded set D, containing supp p and a unique distribution u, in R? such that

(6.1) Xp,~Xp,=Autt-p,
(6.2) u,=0 and
(6.3) D,=D,U {z€R?*:u,(z)>0},

where (6.1) shows that u, has a representation in form of a function continuous outside
supp u (in particular outside D) and (6.3) refers to any such representative.

Further, D, is monotonically increasing as a function of each of p, Dy and t (more
generally, as a function of X p +t-p), i.e. if p=p’, DyC Dj and t <t then D,C D,. Finally

(6.4) /;)tp—fDoqaZt-fq)du

holds for every function p € HX(R?) which is subharmonic in D,.

Proof (sketch). If p is not sufficiently smooth (u & H ™ '(R?)), we first smooth it out
by convolving it with some radially symmetric mollifier (as in Proposition 2) so that
suppp is still contained in D,. Then by choosing appropriate w,Q2 and T and by
applying Theorem 6, we obtain functions u#, and domains D,, related by (4.12) for
arbitrary large z. It is easily seen that if we extend the u, by putting them equal to zero
outside 2, both the u, and the D, become independent of the choices of w, 2 and T, and
they satisfy (6.1)—(6.3) (for the smoothed out p).

Now the D, will actually provide a solution also for the original u and the u, will
satisfy (6.1)—(6.3) after a change inside D,. The details of this are completely similar to
the application of Proposition 2 at the end of the proof of Theorem 6 and are therefore
omitted. (The details in the case that p=2#4 are given in [7, §IVa].)

The unicity and monotonicity properties of D, also follow easily from Theorem 6.
As to the moment inequality (6.4) it follows from Theorem 7 that

flep— D0<p2t~fq?d(u*hg)

for all ¢ € H*(R?) subharmonic in D,, where 4, is that mollifier, defined by (1.5) for
some suitable >0, used in the beginning of this proof. But, since p=¢=*h_ in a
neighborhood of suppp by the sub-mean value property of subharmonic functions, we
have

fwd(u*he)=f(¢*he)duzf¢du
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and so

&w*fbotht'f(pdn

for p € H%(R?) subharmonic in D,. This ends the proof of Theorem 8.

Now consider a weak solution ¢— D, in the sense of Theorem 8. There are strong
reasons to believe that D, in some sense becomes nicer as ¢ increases. One for example
expects that for any >0, D, is bounded by analytic curves even if D, is not. This we
cannot prove (and it is not true for completely arbitary initial domains D,,, as we shall
see in a moment). What we can prove is the following.

THEOREM 9. Let t - D, be as in Theorem 8 and suppose that, for some fixed t,D, is
connected and finitely connected, and DyC CD,. Then 0D, is a finite disjoint union of
analytic curves and isolated points.

By an “analytic curve” we mean precisely the following: a subset of C is an
analytic curve if it is the image of 9D under some nonconstant function holomorphic in
a neighbourhood of 9D. Thus an analytic curve is allowed to have singular points. For
the proof of Theorem 9 we need the following lemma which shows to what extent the
term D, in (6.3) is necessary.

LEMMA 3. Let, in the situation of Theorem 8,

U={z€C:u,(z)>0}

where u,, being superharmonic in Dy by (6.1), is normalized to be lower semicontinuous in
D, (and continuous outside supp p.). Then, for t >0,
(1) If N is a component of D, then either N C U, or NN\ U,= &, and the latter case
can occur only if NNsuppp= 2.
(ii) D, is the union of U, and those components of Dy which do not meet U,.

(iii) If D, is connected, then D,= U, and D, is connected.

Proof of the lemma.

(i) In D,, and in particular in N, u, is a superharmonic function. Therefore, since N
is connected and u,=0, if u, attains the value 0 in N, it must be constantly equal to 0 in
N. Thus either u,>0 in N or #,=0 in N. Moreover, it is obvious (from (6.1)) that the
latter case can occur only if N does not meet supp p. This proves (i).

(ii) is an immediate consequence of (i) and the definition (6.3) of D,.

(iii) Since supp p.C Dy, it follows from (i) (with N=D,) that D,C U,. Thus, D,=U,.
It remains to show that U, is connected. But, since D, is connected and D,C U, if U,
were not connected, there would be some component V of U, such that VNDy=J.
And this is impossible because u, is subharmonic outside supp p, in particular outside
Dy, u,>0in ¥V and =0 on d¥. This completes the proof.

Proof of Theorem 9. Let U={z€C :u,(z)>0}. Then D,C CD,=DyU U, shows
that 9D, C U,. This implies that each component of D, intersects U,, and so, by (ii) of
Lemma 3, D,=U..

Now let v be a component of dD,=0U, and we shall show that y is an analytic
curve or a point. Let € =C U {00} denote the Riemann sphere. Since U, is connected,
there is exactly one component of C\y which contains U, Let ¥ denote that compo-
nent. Then it is easy to see that 3¥=+. Since v is connected, this also shows that V is
simply connected. _

Put W=D\ Dy=UND,CV, and define

6.5) S(z)=z'—4%
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for zEe WUy (3/3z=%(3/9x—id/dy)). Due to the assumption that D, is finitely
connected, D, is a neighbourhood of y in V' (the other components of 9D, cannot cluster
at v). Since D, is a compact subset of D, (also by assumption), it follows that also W is
a full neighborhood of y in V.

It follows from (6.1) that u, is continuously differentiable outside u. Hence S(2) is
a continuous function on WUvy. On y CC\U,, u, attains its minimum (u,=0). There-
fore du,/9z=0o0n vy, so

(6.6) S(z)=z ony.
In W S(z) is holomorphic since, by (6.5) and (6.1),

g—‘;: 1=Au,=1=xptxp,+t-p=0 inW.

Now it is known (cf. [1, Lemma 6.1] or [9, p. 152]) that the existence of a function
with the properties of S(z) above gives the desired conclusion for y. To be precise, if y
just consists of one point, we are done. Otherwise (since V' is simply connected and
dV=1v) V can be mapped conformally onto D. Let f: D — V be the inverse map.

Then S(f({)) is holomorphic in the neighborhood f~ (W) of 9D in D and (6.6)
shows that

S(f(§))—f(¥)-0 as¢—~dD ({€D).

It can be seen that this implies that f({) extends analytically across 0D by defining
f($)=S(f(1/¢)) for { in a neighborhood of 9D in C\D.

Moreover, it is seen that f(dD)=+vy. This shows that y is an analytic curve and the
theorem is proven.

Remark. Theorem 9 is not quite satisfactory because of its three assumptions a
priori on D,. The first of these, that D, is connected, is however harmless and is
automatically fulfilled if D, is connected (by (iii) of Lemma 3).

The second of the assumptions, that D, is finitely connected, I do not know how to
get rid of although I suspect that it is also automatically fulfilled (possibly some weak
assumption on D, is needed).

The third assumption, that D,C C D,, can be replaced by either one of the follow-
ing two assumptions.

(i) ¢ is sufficiently large.

(ii) D, is connected and is bounded by finitely many disjoint analytic curves.

As to (i), we actually have D,C CD, for ¢ sufficiently large. This is seen by
comparing our solution ¢ - D, (corresponding to the measure p and initial domain D)
with some suitable known solution ¢— D, defined by some measure p’ and initial
domain Dj. As indicated by Proposition 2 we can assume that p is a continuous
function. Since p0, p must be strictly positive somewhere, say at the origin. Then we
can choose p’ to be a radially symmetric function such that p’<p and Dg to be a disc,
centered at the origin, such that DjC D,,. Then, by the monotonicity properties of D, as
a function of u and D,,, we have D; C D, for all 1>0. On the other hand D is a disc (this
follows from radial symmetry and uniqueness of solutions of (6.1)-(6.3)) which grows
beyond all bounds as ¢ increases (it follows e.g. by integrating both sides of (6.1) over
R? that |D;|=|Dg|+¢- [ dp'). Therefore D,C C D}, in particular D,C CD,, for all suffi-
ciently large ¢, as we wanted to prove.

To prove that (ii) can replace D, C C D, we first note that, in the proof of Theorem
9, we still have D,= U, by (iii) of Lemma 3. The assumption that 9D, is analytic implies
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that there exists a function Sy(z), defined and continuous in (Dy\ K ) U 8D, where K is
some compact subset of D, and holomorphic in Dy\ K such that

So(z)=Z ondD,.

Now in the proof of Theorem 8 we change the definitions of W and S(z) to W=D,\(K
Usuppp) and

d
—u£+xD0(z)-(S0(z)—z“) forze Wuy.

S(z)=z—4 %

Here it is assumed that So(z) is extended to WUy in some way, e.g. by Sy(z)=z for
zE€(WUY)\D,. Then S(z) is continuous on WUy, holomorphic in W (since (6.1)
shows that 95 /0z=0 in W\dD, and 9D, is a nice curve) and S(z)=7 on y. The rest of
the proof of Theorem 8 works as before and so (ii) is proved.

I am sure that the assumption D,C CD, in Theorem 9 can be replaced by some
much weaker assumption on D, than (ii). However some assumption is needed as the
following example shows. Choose D, such that 9D, has positive two-dimensional
Lebesgue measure. D, could e.g. be a square with a lot of slits (of constant length)
along one side, spaced as a Cantor set of positive length. Then it will take a positive
time for D, to move through 9D, (since |D|—|Dy|=t- fdp) and therefore D,C CD,
cannot hold for small 1>0. Moreover 0D, cannot be analytic for these ¢. This shows
that the conclusion of Theorem 9 is not valid if the hypothesis D, C C D, is completely
omitted.

Despite its weaknesses Theorem 9 is strong enough to ensure that classical solu-
tions always are bounded by analytic curves.

THEOREM 10. Let p,w and I be as before Definition 1 and let ISt—D,ES, be a
classical solution. Then

() If ISt—D;ES, is another classical solution and D= D, for some €I then

D/=D, for all t € I with t>1.

(ii) 9D, is an analytic curve for every t 1.

Proof. We can assume that p is a nice function, by Proposition 1. To prove (i)
assume, without loss of generality since the concept of a classical solution is invariant
with respect to time translations, that r=0€& I and then apply Theorem 1 with T=¢.
Combined with the unicity statement of Theorem 6 this gives that D/ =D, up to null
sets. But it is easy to see that, in view of the regularity assumptions on 9D, and 9D;, this
implies that D] = D, everywhere. This proves (i).

To prove (ii) take 7 €I, 7<<t. We may assume that r=0. Now we apply Theorem 1
with T=¢. This shows that t— D, is a weak solution in the sense of Definition 2.
According to Theorem 6 (uniqueness part)

(6.7) D,=D,U{z€Q:u,(z)>0}

up to null sets, where u, is the function defined by (2.9).

Now using the regularity of 3D, it is not very hard to see that (6.7) actually holds
everywhere. In fact we have D,={z€Q:p,(z)>0} for all 0<s=T, and the function
Pp[z) increases with ¢’, and from this it follows that D,={z€Q:u/(z)>0} (for 0<t=<
T) Moreover, the regularity of 0D, also implies that —dp,, /9n>0 on 9D, for all ¢. In
view of the continuity of 3§/dt= — vp,, (Definition 1) this easﬂy implies that D, CccD,
for ¢, <t,, in particular that D,C CD, for 1>0. Now it follows from Theorem 9 that oD,
is an analytic curve.
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