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Variational inequality formulation of a moving boundary 
problem in rock mechanics by Bjorn Gustafsson. 

Abstract; We derive a variational inequality formulation 
of a moving boundary problem arising in rock mechanics. 
The problem turns out to be similar to a number of other 
problems (in porous medium flow, heat conduction etc) for 
which variational inequality formulations are already well-
known. Therefore our treatment is rather informal. Instead 
the treatment is oriented towards clarifying why the so-
called Baiocchi transformation has the effect of reducing 
this and other seemingly parabolic problems into series of 
uncoupled elliptic problems (that can be formulated as elliptic 
variational inequalities). 
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1. INTRODUCTION 

In [18][19] the propagation of a water zone through an ini

tially dry rock is studied. The problem of calculating, at an 

arbitrary instant, the wet region of the rock and the water pres

sure there is shown to be of importance, e.g. for testing a pro

posed model for the erosion of rock subject to a water jet. 

In the case of one space dimension this problem is solved ex

plicitly in [18]. In the case of two or three space dimensions 

the problem is much harder and only crude estimates are given in 

[19]. 

The primary purpose of this note is to point out the existence 

of variational inequality formulations for the above problem. 

These variational inequality formulations show existence and 

uniqueness of solutions of the problem in a certain weak sense and 

also provide methods for computing solutions numerically. 

It turns out that the problem we consider belongs to a class 

of seemingly parabolic problems which after a suitable variable 

transformation resolve into a series of uncoupled elliptic free 

boundary problems that can be formulated as elliptic variational 

inequalities. Moreover, it turns out that, apart from differences 

in boundary conditions and source terms, the mathematical formu

lation of the problem is more or less identical with that of a 

number of problems in porous medium flow [2], [3] (actually, our 

problem is a problem in porous medium flow), Hele Shaw flows [9], 

[10], [14], electrochemical machining [8] and heat conduction 

(degenerate one-phase Stefan problems) [6], [7], [1]. Since the 
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literature on these problems is now fairly extensive and easily 

available (e.g. in [ 1 0] ,[12],[16] f[24]) there is no need 

to give here an exhaustive treatment of the problem. 

Rather, we shall take the opportunity to give an informal 

(and not completely rigorous) treatment of the problem in a way 

which, we hope, clarifies why this and certain other parabolic 

problems can be reduced to elliptic problems. 
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2. DERIVATION OF THE VARIATIONAL INEQUALITIES 

We shall regard the problem as a problem of unsaturated flow 

of an incompressible fluid (water) in a porous medium (rock) go

verned by the following equations, to hold in the distribution 

sense throughout the region of rock under consideration. 

| | + div(9v) = 0 (1) 

9v = - k grad p (2) 

Here 

0 = 6(x,t) is the water weight per unit rock volume, thus 

measuring the degree of saturation.* 

p = p(x,t) is the pressure of the water 

V = v(x,t) is the velocity of the water 

k = k(x) measures the permeability of the rock, 

k(x)>0. 

(1) is the continuity equation, expressing conservation of mass 

and (2) is one form of Darcy's law. 

Usually Darcy's law is stated in the form 

gj = --jj grad p , (3) 

where K=K(X)>0 is the specific permeability of the medium, y>0 

the viscosity of the fluid and gj the so called seepage velocity 

(bulk velocity, volumetric velocity, filter velocity). See e.g. 

[23]. q) is related to V by 

* 
Actually only that water which is contained in conducting pores 
of the rock shall be taken into account. 
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q = -f v (4) 
o 

where p >0 is the constant mass density of the fluid. Thus o 
(2) is obtained from (3) and (4), with k=p K/y. Naturally, 

o 
0 varies in some range 0^9^9 , where 9 is the value of 9 

o o 
corresponding to complete saturation. In terms of the (effec
tive) porosity P of the rock, i.e. the fraction of the rock 
volume consisting of pores (able to conduct water), we have 
9 = p P . 
o o 
From (1), (2) v can be eliminated, giving 

39 
3t" div (k grad p ) . (5) 

(5) is only one equation for the two unknowns p and 9. It 
therefore has to be complemented by a relation between p 
and 9, some kind of "constitutive equation". The assumptions 
in [18],[19] exactly amounts to this relation being 

9£a(p), (6) 

where a is the set-valued function 

a (p) = • 
0 

(9„ > 

for p<0 
for p=0 
for p>0 

(7) 

(fig 1). 
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If ft <= IR is the region of rock under consideration (6) 
says that at each instant t £IR ft consists of two parts: 

a region 

D = {x £ ft : 9(x,t)= 0 O} 

which is saturated by water and the complementary region 

!)ND t = {x £ ft : 0 (x,t) = 0 } . 

which is completely dry. Moreover, p £ 0 in D f c and p = 0 in 
ft^D^. Since the regions are unknown and depend on time 
our problem is a moving boundary problem. Infact, the hard 
part of the problem consists of finding the D t-

The relation (6) is somewhat unphysical in that the graph 
of a is disconnected. It is therefore natural to weaken 
(6) to 

0 e 6 ( P ) , 

(8: 

(9) 

where 

e(P) = [O,0 O] 
(Go) 

for p < 0 
for p = 0 
for p > 0 

(10) 

(fig 2) ([0,9 0] = {OeiR: O<0<0 O}). 

Actually, from a mathematical point of view the still 
weaker relation 

0 e Y(p), 

where 

Y(P) = 
0 
(-°°,0o] 
{e 0} 

for p < 0 
for p = 0 
for p > 0 

(11) 

(fig 3) is even more natural because y is maximally mono
tone. However, to keep as close as possible to the physics 
of the problem we shall work with $. 
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Working with the weaker relation (9) instead of (6) means 
that we allow for a "mushy region" outside D t where p=0 
and O<0<0o- It turns out, however, that if there is no 
mushy region initially, at t=0, then there will be no 
mushy region at any later time. See Remark 5 at the end 
of the paper. 

From now on we consider (5), (9) in some space-time region 
3 

ftx(0,T) with ft a bounded region in IR and T>0. In order for 
a solution of (5), (9) to be uniquely determined we must 
also have initial and boundary conditions for p and 0. 
The initial condition just consists of specifying 0(x,O) 
in a way which is consistent with the boundary conditions 
below for p(x,0). It turns out that no initial condition 
for p is needed. Infact, for any t£[0,T) p(-,t) is deter
mined by 0(-,t). See Remark 3. 

As to the boundary conditions there are several possibilities. 
In [18],[19] they work with unbounded regions ft, such as 
half-spaces, with Dirichlet conditions for p on 3ft. The 
methods of this paper, however, work better for bounded 
regions ft and this also is more natural from a physical 
point of view. The following type of boundary conditions 
seems most natural to us. Let 3ft consists of two disjoint 
parts, To and Ti, and impose inhomogeneous 
Dirichlet conditions on To and homogeneous Neumann condi
tions on Ti, say 

p(x,t)= g(x,t) for (x,t)G r 0x[0,T) (12) 

|£(x,t)= 0 for (x,t)£ rix[0,T), (13) 

where g(x,t)S 0. (13) expresses that T\ is the part of 
3ft which bounds an impermeable medium. See fig 4. 

It turns out that no boundary conditions for 0 are needed. 

/ 
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We now have set up a "formal" problem for p and 9, namely 
(5), (9) together with the initial and boundary conditions. 
By "formal" we mean that we have not said anything about 
what regularity we require of the functions involved and 
in which sense e.g. (12) and (13) shall hold. Actually we 
shall leave it almost at that because we shall anyway not 
try to make our derivation of the variational inequality 
formulation mathematically rigorous (although this task 
would be easy). More rigorous treatments of similar prob
lems are found e.g. in [16, Ch VII § 3-6 and Ch VIII]. 

However, some words are necessary about what we assume a 
2 

priori about p and 9. Assuming that 9ft is smooth (say C ) , 
that g is smooth (say g £ C 2 (T 0 * [ 0 ,T) ) and that k£C 1(ft) 
with 0<c^k(x)^c 2< 0 0 it is reasonable to require p to be 
continuous on ftx[0,T].Whenever convenient we shall also 
assume some degree of smoothness of the boundaries 
(in ftx(Q,T)) of sets like {(x,t)£ ftx(0,T): p(x,t)>0}. 
Infact, most concepts of classical solutions for problems 
of our type involve assumptions of this sort. Compare 
Remark 1. 

As to 9 we can only require it to be bounded (and measurable). 
Nevertheless, we shall assume that the sets D t in (8) are 
open. This is most easily accomplished by interpreting (8) 
as 

D t= {x £ ft : there is a neighbourhood of x such that 

0(-,t)= 9o almost everywhere in that neighbourhood} 

or, perhaps better, as 

= {x£ft: there is a neighbourhood of (x,t) in ftx[0,T) 

such that 9=9o almost everywhere in that neighbourhood } . 

Large parts of out treatment work equally well without the 
1 — 

assumption k £ C (ft) (i.e. with k assumed only to be measur
able with 0<c 1^k (x) ̂ c 0< oo) . 

/ 
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The first step towards solving ( 5 ) , ( 9 ) is very natural: 
integrate ( 5 ) with respect to t so that 9 can be elimi
nated. With 

t 
u (x,t) = J p ( x,T)dx ( 1 4 ) 

o 

and 

f (x) = 9 ( x , 0 ) ( 1 5 ) 

we get 

9 = div(k grad u)+ f ( 1 6 ) 

9 e g ( | £ ) . ( 1 7 ) 
o t 

( 1 4 ) is known as the Baiocchi transformation. Now u is a 
new unknown function and if u is found, satisfying ( 1 6 ) , 

( 1 7 ) and the initial and boundary conditions stated below, 
9 is obtained from ( 1 6 ) and p f rom p = T J ~ or, perhaps better, 
from 9 as in Remark 3 . 

The initial and boundary conditions for u are 

u ( x , 0 ) = 0 ( 1 8 ) 

t 
u (x,t) = J g ( x,T)dx on I" x [ o,T) ( 1 9 ) 

o 

|£(x,t)= 0 on T,*lo,T). ( 2 0 ) 

dn i 

Observe that u ( x,t ) S 0 for t£tO,T) since pSO. Moreover, 
since we assumed that p was continuous u is continuous and 
u ( x,t ) > 0 whenever p ( x , t ) > 0 , for t £ ( o , T ) . This implies 
that 6 (u(x,t) )c e (p (x,t)) f o r t € ( 0 , T ) (and x G ft) . 

From ( 1 6 ) and ( 1 7 ) 9 can be eliminated giving the para
bolic problem 

div(k grad u)+ f e 6 ( | ~ ) ( 2 1 ) 

for u. However, at the stage ( 1 6 ) , ( 1 7 ) , a drastic simpli
fication is possible by means of the observation that 9 

always is increasing (in the non-strict sense) as a function 
/ of t when p, 9 is a solution of ( 5 ) , ( 9 ) . 
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Infact, let U= {(x,t)£ ft x(0,T): p(x,t)>0}. Then U is an 
open set and, by ( 9 ) , 9=1 in U. Therefore 39/3t=0 in U so 
that, by (5), div(k grad p)=0 in U. On the complement of 
U p attains its minimum value (p=0). From this it follows 
that div (k grad p)>0 everywhere. Hence, by (5), 39/3t SO 
everywhere in ftx(0,T). 

Now suppose that u(x,t)>0 at a certain point (x,t)£ ftx(o,T). 
Then, by (14), we must have p(x,r)>0 for some O^x^t. It 
follows that p>0 in a neighbourhood of (x,x) (by continuity), 
hence that 9=1 in a neighbourhood of (X,T) and so, by 3 0/3tSO, 
that 9=1 at least almost everywhere in a neighbourhood of 
(x,t). Thus u>0 implies 9=1, at least almost everywhere. 
But this means that 9, u not only satisfy (17) but also 

9 £ 6(u) (a.e) . (22) 

Assuming 3g/3t SO we actually have 

= 6(u) (a.e) (23) 

Infact, 3g/3t S0 implies 3p/3t S0 (see Remark 4) and 
3p/3t S 0 is readily seen to imply (23). 

Using (22) instead of (17) to eliminate 9 we get 

div (k grad u) +f £ 6 (u) (24) 

in place of (21). This was the crucial step. Now the time 
derivative has disappeared from the problem. (24) just is 
a series of elliptic problems with time as a parameter. 

Spelling out what (24) says yields 

ukO (25) 

div(k grad u) +f S 0 (26) 

div(k grad u) +f ̂  0 (27) 
o 

u -(div(kgrad u)+f-9 )=0 (28) 

Here the second relation, (26), is a consequence of the 
other three. Infact, in {x£ft: u(x,t)> 0} div(k grad u)+f= 
= 0 QSO by (28) and on {x£ft: u(x,t)=0} u attains its mini
mum value so that div(k grad u)S0 there. (Here we have ex-
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ploited the fact that any solution u of (25),(27),(28) 
is a continuous function. See the comments after equation (36) 
below.) Thus, since f > 0 , div(k grad u)+f >0 also on {x£Q,: u (x, t) =0 } . 

Thus (26) follows from (25), (27),(28). This can also 
be expressed by saying that (24) is equivalent to 

div(k grad u)+f £y(u), (29) 

where y is defined by (11). (29), i.e. (25), (27) , (28), 
is a linear complementarity problem (two inequalities, 
which are allowed to hold strictly only in complementary 
regions). Such problems can also be formulated as varia
tional inequalities. 

The most elegant way of deriving a variational inequality 
formulation for (29) is perhaps as follows, y being maxi
mally monotone it is the subgradient of a (proper, lower 
semicontinuous) convex function ( j ) , namely (in this case) 

+ oo for x<0 
( t > ( x ) =" (30) 

0 x o for x>0 

(The subgradient 9(() of (J) is, by definition, the set-valued 
function defined by 3(|) (x) = {£ £ 1R : ())(y)- (J)(x)^ C'(y-x) for 
all y £ ]R } . See [20} for these matters) . 

Thus (29) can be written 

div(k grad u) +f € 9<()(u) , (31) 

or 

(|)(v)- (J)(u) 5 (div(k grad u)+f) (v-u) 

for all v= v(x,t) £ TR 
(32) 

This is already a kind of variational inequality. Using 
(30) and observing that (32) is false when u<0 and trivi
ally true for v<0 when u^O (32) can be written as 

u > 0 and (-div(k grad u ) + f - e Q ) (v-u) 5 0 
for all v 5 0. (33) 

The equivalence between (25),(27),(28) and (33) can also, 
very easily, be seen directly. 
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(34) 

(33) is to hold at every (or almost every) point 
(x,t) £ft x (0,T). Regarding t as a parameter, integrating 
(33) with respect to x over ft and taking the boundary 
conditions (19), (20) into account we arrive at the varia
tional inequalities we are looking for, namely: 

Find u=u(-,t) £ K t such that 

a(u,v-u)+ / (f-0 )(v-u)dxS0 for every v E K , . 
ft ° 

Here 

a(u,v)= / k grad u • grad v dx (35) 
ft 

for u,v € H 1 (ft) = { i p € L 2 (ft) : grad tp £ ( L 2 ( f t ) ) 3 } , 

1 t 

K f c = { u G H (ft): u > 0 in ft,u(x,t)= J g(x,x)dx on rQ } 

and we have used that 

J div(k grad u) (v-u)dx = J k ~(v-u)ds - J k grad u • 
ft 3ft ft 

•grad(v-u)dx = -a(u,v-u) 

for u , v £ K t with u satisfying (20). 

Thus (29) or (33) implies (34). The converse can also be 
proved, so that (29) , (33) and (34) are actually equivalent. 

It is well-known that if merely r Q is sufficiently large, 
say non-empty and open in 3ft, then (34) has a unique solu
tion. Infact, K, is a non-empty, closed and convex set in 
i t 

H (ft) and under the above assumption on TQ a(u,v) is coer
cive on K (see [16,ChII §1]). Hence the existence of a 
unique solution of (34) follows from say [16, ChII,Thm 2.1]. 
Compare also [16, p.112 and ChlV §9]. 

The solution of (34) is also the unique solution of the 
minimum problem 

Minimize y a(u,u)+ /(f-6 )udx for u £ K. (36) 
Z ft 

Infact, (34) is just the variational formulation of (36) . 
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1 — 

(«,t)= -
0 in D. o t 
0(•,0 ) in ft^Dt. 

(39) 

In fact, D <= d, since D. increases with t and U , <= D, by ' o t t t t 1 

(22). In ft--Ut u=0 and because u£H 2 , p(ft) it follows that 
div(k grad u) =0 a.e. in ftNU^. (cf. the end of Remark 5 ) . 
Thus by (16), 0(-,t)=f = 0 (•,()) a.e. in ft\Ut and now both 
(38) and (39) follow easily. 

Assuming that k is smooth (k £C (ft)) the solution u of 
(34) satisfies additional regularity properties, namely 
u(-,t) £H 2 , p(ft) (i.e. all derivatives of order < 2 of 
u(-,t) belong to all Lp(ft)) for all p<°°. In particular, 
by the Sobolev inequalities, u is continuously differenti-
able in the space variables. If k only is assumed measur
able one can only draw the conclusion that u is (Holder) 
continuous [16, Ch IV, Thm 9.2]. 

Suppose now the solution u of (34) (or (36)) has been found. 
Then the functions p and 0 and the domains can, at least 
in principle, be obtained from (14) (i.e. p=9u/9t), (16) 
and (3) respectively. There are however alternative, and 
perhaps better, ways to compute p, 0 and D t from u. 
For example, if we assume that 9g/9t 5 0 so that 9p/9t 5 0 
(see Remark 4) then 6 (u) = 6 (|^-) = 3 (p) . Therefore the set 

U t= {x£ft: p(x,t)> 0} can be obtained as 

U t = {x £ ft: u(x,t)> 0} (37) 

When has been found p(-,t) can be obtained by solving 
a Dirichlet/Neumann problem in as in Remark 3. 

Finally D f c and 0(-,t) are given (up to null-sets) by 

D t = D Q U U t (38) 

and 
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Numerically there seems to exist effective programmes 
for computing the solution u of (34). See [13],[10]. 
When it comes to determining p, 0 and D f c the situation 
is perhaps less satisfactory because (e.g.) even if 
u is known to a high accuracy the set U t in (37) may 
be subject to arbitrarily large errors. 

There are on the other hand indications that in practice 
U t may nevertheless be approximated fairly well. See 
[10, Ch IV §5]. Generally speaking the numerical experi
ence with variational inequality formulations for moving 
boundary problems of our kind seems still to be limited. 
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3. REMARKS 

Remark 1: Various precise concepts of classical solutions 
for moving boundary problems (similar to ours) are given 
in e.g. [16, Ch VII §3-6 and Ch VIII],[10],[11],[14],[21]. 

Roughly speaking, for one-phase problems and with our 
notations, such formulations are stated in terms of p 
and (or 3D̂ .) with one equation to hold for p in 
(in our case div(k grad u) = 0 ) and one equation for 
the motion of 3D̂ _ (in our case this would be that 3D̂ _ 
moves with the velocity v = -k/0 Q(grad p) I g D ) 

together with suitable regularity assumptions and initial 
and boundary conditions*, Almost always the regularity 
assumptions involve that p shall be continuous on ft x [0,T] 
and that 3D̂ . shall have some degree of smoothness. 

In [18],[19] the problem is formulated along classical 
lines as above. 

Remark 2; Following [5](cf. also [10] and [11] e.g.) a 
precise concept of a weak solution for (5) , (9) together 
with the initial and boundary conditions stated at (12), 
(13) can be defined as follows. The pair (p,6) is a weak 
solution of the above problem if p and 0 are bounded 
measurable functions on ft x ( o,T), if (9) holds almost 
everywhere and if 

T 
J J (B + p div (k grad cp)) dxdt = 
o ft 

T 
= - J f (x)cp(x,0)dx + J J g P• ds dt (40) 

i. J i, J an ft ° 
o 

holds for every smooth function cp on ft x [0,T] satisfying 

cp (x,T) = 0 (x e ft) and 

<p| r = 0. 
o 

1 _ 
It is assumed that k £ C (ft). 
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If k is just measurable (40) does not make classical 
sense and it is then better to replace (40) by 

T 3 

/ / (9 ~ k 9 r a d P * grad cp)dx dt + Jf (x) cp (x,o) dx = 0, 

o Q  Z ft 
to hold for the same class of test functions cp. The boundary 
conditions (12) for p then has to be stated separately and 
also require some additional apriori assumptions on p, 
e.g. that p(•,t) £H 1(ft). 
Some authors impose stronger apriori assumptions on 
weak solutions, e.g. (in our context) 

p € L°°( (0,T) x{J) n L°°(0,T;H1 (ft) )0 H 1 (0,T;L 2 (ft) ) 

9 GL°°( ( 0,T ) x f t)nH 1 (0,T;H1 (ft)*) 

(H1(ft)* denotes the dual space of H (ft)). See [15]. 

For numerical treatment of problems stated in weak form 
as above, see e.g. [15] and [10]. 

Remark 3: We shall sketch a proof that if p, 9 is a 
solution of (5),(9) then, for any t G[0,T), p(>,t) can 
be computed from 9(«,t) (actually from D t ) . 

Set 

U ={xGft: p(x,t)> 0} (41) 

D f c ={x G ft: 9(x,t)=9 Q} (42) 

By ( 9 ) U t c D t . In U t 39/St =0 (because 0=1 in the open 
set U ={(x,t)Gft x (0,T): p(x,t)>0}).Hence div (k grad p)=0 
in U t- Therefore, since p=0 on 3U t n ft and Dirichlet/Neumann 
conditions for p are given on 3Û .D3ft p(.,t) may be computed 
in all ft by solving a Dirichlet/Neumann problem in U t if 
merely is known. 



Now assuming some regularity of 9U t, div (k grad p)>0 
on 9U tnn since p>0 in U t- Therefore 30/3t>O on 3U t n f t . 

(div (k grad p) and 98/9t will be positive measures singular 
with respect to Lebesgue measure and supported by 3Utflft.) 
But this means that 3UtDft cannot intersect D f c because necess
arily 39/3t< 0 in D f c (actually 36/9t =0). Hence 3U t nft c 3D t n f t , 

and it follows that for each component w of D t we have either 
a) cz u t or a) fl U t= 0 . Thus U t is the union of some of the 
components of D f c, and these must be those components 
whose boundaries contain some part of {x E r Q : g(x,t)>0}. 
Thus U t is known if D f c is known and in particular if 9(',t) 
is known. 

Remark 4; We have seen that 9 0/9t SO whenever p,9 is a 
solution of (5),(9). It is however not generally true that 
9p/9t SO, namely if the boundary function g is decreasing 
with respect to time. We shall here sketch a proof that, 
conversely, if 3g/9t S 0 then indeed 3p/3t S 0. 

So suppose 9g/9tSO. 

Let U t and be as in Remark 3. We saw there that U t is the 
union of those components of whose boundaries contain 
some part of {x £TqZ g(x,t)>0}. Now increases with t 
(since 0(x,t) does) and it follows from Remark 3 that also 
U. increases with t. In other words, we have U. c u for t<x. t t X 
But if we now look at the function v(x)=p(x,x)-p(x,t) we see 
that in ft ̂  Û . it is trivially non-negative and in U t it 
satisfies div(k grad v) =0 with boundary data consisting of 
homogeneous Neumann data (i.e. 3v/9n=0) (on 3 U t n r ^ ) and non-
negative Dirichlet data (on 3U t n ( r QUft)). It follows from the 
minimum principle that vSO also in U t . Thus vSO everywhere, 
proving that p increases with t. 

Remark 5: Let u be the solution of (34). Then u also is the 
solution of (29) and even, as we have seen, of (24). For the 
last point it was essential that f S 0 (see the arguments 
following (25)-(28)). We shall now see that if f only takes 
the two values 0 and 0 then (24) can be strengthened to 

div(k grad u)+f £a(u) (43) 
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(so that, in particular, 6= div(k grad u)+f only takes 
the values 0 and 9 ) . An interpretation of this is that 
if there is no "mushy region" (region where 0<9<9 Q) initi
ally then there will be no mushy region at any later time 
(for a solution of (5), (9)). 

Now, (43) follows from (28) since (by (28))div(k grad u) +f = 9 q 

where u*0 and, if u and k are smooth enough, div(k grad u)+f 
=f where u=0. By the comments following equation (36) 

2 D 

u £ H (ft) for all p<°° and this really is smooth enough for 
the last conclusion above to hold (almost everywhere). 
See [16, Chll, App.A], where Lemma A4 can be applied twice. 
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Remark 6: Certain kinds of outer force field, e.g. gravitation, 
can under suitable assumptions be incorporated in our model. 
In the case of gravitation equation (2) has to be replaced by 

9 v = -k(grad p-6f), 

where f is the constant gravitational field (i.e. f is directed 
vertically downwards and | f | « 9.81 ms ). Then (5) becomes 

I I - + div(k6f)= div(k grad p) (44) 
d t 

Assuming that k is constant (44) can be written 

+ k f-grad 9 = div(k grad p) (45) 
a t 

Instead of defining u by (14) we now define u by 

t 
u(x,t)= J p(x+kf(x-t),x)dx 

where t Q=t (x,t) is defined so that (x+kf(x-t),x) belongs to 
fix ( 0,T) for t < x ̂  t and belongs to 9ftx [ 0,T) Uftx {o } for T=t Q. 

Integrating (45) in the direction of kf-grad+ from 
q t 

(x+kf(t Q-t),t ) to (x,t) gives 
9(x,t)- 0(x+kf(t Q-t),t )= div (k grad u(x,t)) 

Assuming that the boundary and initial conditions are such 
that the function 

f(x,t)= 9(x+kf(t Q(x,t)-t), t Q(x,t)) (46) 

and the boundary values of u( ,t) can be regarded as 
known the solution now proceeds as before, with (46) 
in place of the f defined by (15). 

The above procedure of integrating the relevant equation 
((45) in our case) in a suitable direction to obtain a 
variational inequality formulation has been proposed by 
Baiocci [2],[3]. See also [10, Ch VI] and [24,Ch 13]. 
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Remark 7: We have regarded the permeability function k as 
a function of the space variables. The frequently considered 
case that k is a function on the pressure p instead is hand
led by the well-known Kirchhoff transformation. 

To be precise, assume k=k(p)>0. The Kirchhoff transformation 
consists of replacing the dependent variable p=p(x,t) by 

p(x,t) 
q(x,t) = / k(s)ds . 

o 

Then grad q= k(p)grad p so that (5) reduces to 

||- A, (47) 

The relation (9) between 6 and p yields the same relation 

0 £ B(q) (48) 

between 0 and q. Thus we obtain a problem (47) , (48) which 
is even simpler than ( 5 ) , (9) (since div(k grad) is replaced 
by A) . 

Remark 8: The variational inequality (34) may of course be 
rewritten in several different ways. It may e.g. be conven
ient to have homogeneous boundary conditions instead of the 
inhomogeneous ones in K, . This is achieved by choosing a 
function ty= I(J (-,t)£ H (ft) satisfying 

, t ty(x,t)= - J g(x,x)dx on r Q (49) 
o 

and introducing 

v=u+4^ 

as a new unknown function (in place of u ) . 

Then the variational inequality for v becomes 

find v=v(-,t)€ L t such that 

a(v,w-v)+ / (f-0 + div(k grad ip))(w-v)dx 
ft ° 

- fk- l^ ' (w-v)ds 5 0 for every w £ L, , 
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where L t= {w £ H (ft): w S ij> in ft, w=0 on r Q} . In particular, 
if i> is chosen so that it, besides ( 4 9 ) , also satisfies 

div(k grad ip)= 0 o
- f in ft 

! r 0 o n r i 

the variational inequality for v becomes very simple. 
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