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0. Introduction and background 

This paper is a result of the renewed interest in the uniqueness question for 
so-called quadrature domains (see below) I got by reading a paper [Z] by 
Lawrence Zalcman. That paper made me aware of the fact that this uniqueness 
question is basically the same as a long-standing open problem in potential theory 
(in the Soviet Union called "the (exterior) inverse problem of potential theory" 
according to Zalcman). 

I have not solved any of the problems, but in my efforts on the one hand to 
construct counterexamples and on the other hand to obtain positive results (the 
latter primarily by trying to understand Sakai's results on the uniqueness 
question in [Sa 2]) at least some kind of progress has been made. For example, by 
introducing a certain partial order on domains in RA', new insight into the 
structure of the classes of quadrature domains is obtained; and this gives 
interesting results for the uniqueness question. The relation to the inverse 
problem in potential theory also gives a new motivation for the study of 
quadrature domains. 

To set up the problems, let us start from the potential theoretic point of view. If 
H is a Radon measure with compact support in (fi(EMc), we denote its 
Newtonian potential by V. i.e. V = E *[i where 

( 0 . 1 ) E(x) 

- — logj.v | if/V = 2, 
2n 

i f A ' ^ 3 , 

so that — A W = n. If n — Xam r where Q. C R v and m denotes Lebesgue measure, 
we write Un instead of V. Thus Ua is the Newtonian potential produced by Q 
considered as a body with density one. 

The aforesaid inverse problem in potential theory is (see [I], [Z] for history 
and references): 

172 
JOURNAL D 'ANALYSE MATHEMATIQUE. Vol. 55 (1990) 



ON QUADRATURE DOMAINS 173 

Do there exist two different solid domains Q, and Q 2 in RN 

( ) such that Ua><= Ua> in all RN \ (Q, U fl2)? 
By a "solid" domain we mean a domain without cavities. To be precise, let us, for 
the rest of the paper, call a domain or open set Q solid if Q is bounded, 
Qe = RN\Cl is connected and dfi = dQe. 

Simple examples (e.g., Example 1.2 below) show that, without the assumption 
that both of D, and 0 2 are solid, the answer of (P) is "yes". (There are even 
examples with H, a ball and Q2 a domain for which Q 2 = \Q 2 is connected 
(but £l2 disconnected) [Sa 6]). Less trivial examples (e.g. [Sa 1]; see also [Z]) show 
that the answer would be "yes" also if the equality Ua> = Ua* were required to 
hold only in a neighbourhood of infinity or, equivalently, throughout the 
unbounded component of (£2, U Q.2Y• 

Now assume that Q, and Q2 are two bounded open sets, not necessarily solid, 
such that 

(0.2) Ua< = U°* on (Q, U Q2)c. 

Then we can define a new function U in by 

' Ua< on Q ,̂ 

U = i U°* on Q.c
2, 

"arbitrary" on Q, n Q2. 

By (0.2) this definition is consistent on Q\ n Q 2 . Under suitable additional 
assumptions, the definition of U in Q, D Q 2 can be chosen such that 
— AC/£L 0 O (R J V ) . Setting n = — AU (regarded as a measure), we have U = W 
(since £/ has the behaviour of a potential at infinity); and it follows that 

Ua> = U" on n; 
0 = 1,2) and (if dQ ; = d(Qj)) 

VUn< = VU» onQ; . 

In general, if ^EL 0 O (R A ' ) has compact support (we then write //EL" ) , a 
bounded open set Q C R" is called a quadrature domain for fi (n is regarded as a 
measure) with respect to harmonic functions, written QEQ(fi, HLl), if 

Un = U" on Qc, 

V [ / n = V f / " onH c . 

Thus we see that (at least under some additional assumptions) the relation 
(0.2) implies Q,, £l2EQ(n, HV) for a suitable yuELc°°. Conversely, Q „ Q 
<2(//, i/L 1 ) clearly implies (0.2). 

2^ 
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It follows that problem (P) is essentially equivalent to the uniqueness question 
for quadrature domains: 

(Q) Can Q({i, HL1) contain two different solid domains? 

One advantage of question (Q) over (P) is that, as it turns out, the relation 
between Qt and Q 2 defined by (0.2) is not an equivalence relation, whereas of 
course being a member in Q{n, HL1) defines an equivalence relation. Therefore, 
one natural way to try to make progress on (P) is to investigate the general 
structure of (?(//, HL') (for every n). 

We also introduce the classes Q(n,AV) and Q(n,SLl) by saying that 
CieQ(H,ALx) iff VC/n = Vt/" on Q c , and QGQ(fi,SLl) iff Un=U" on 
Ua ^ U" everywhere ( / J G L * , Q C R" open and bounded). Then Q(n, SV) C 
Q(H,HL')cQ(iu,ALl). Moreover, if Q is solid then Q.GQ(fj.,ALl) implies 
QEQ(n, HL1) so that, in (Q), Q{fi, HV) can be replaced by Q(n,AV). 

The main programme for this paper is to investigate the structure of the classes 
Q(H, AV), Q(fi, HL1), Q(n, SV) with the question (Q) in mind. To this end, we 
introduce a partial order < among bounded sets by saying that Q, < Q 2 iff 
U°> ̂  £/"i everywhere. Then it turns out (Corollary 3.5, Corollary 3.8) that any 
solid £lE:Q{n,ALl) is minimal in Q(ft,ALl) with respect to < . (Likewise for 
Q(fi,HL1).)Further,!) •< Q,wheneverDEQ(n,HL1),Qe(?(/*,SV)(Corollary 
3.4) which in particular proves the (already well-known) fact that Q(n,SLl) 
contains, up to null sets, at most one element. 

This fiG2(/i, SLl), when it exists, can be constructed by different kinds of 
balayage methods. Two such methods have been elaborated by Sakai [Sa2], 
[Sa 3] (to some extent also by myself [Gu 1], for one of the methods); and we here 
generalize Sakai's results by using a third method, related to Perron's method 
(Theorem 2.1, Theorem 2.2). 

In contrast to Qifi^L1), Q{[i,HLl) may have many members ("most" of 
which are non-solid). There are examples with Q(fi,HLl) even uncountably 
infinite and with cluster points, but still we do not expect that Q(n, HL1) can 
contain a whole continuum (in a reasonable topology) of open sets. On the other 
hand, and this is perhaps our main new result, we prove (Corollary 4.1) that 
Q{H,ALX) is always "connected", namely that any two open sets in Q(n, ALl) can 
be deformed into each other within Q(/i,ALl). In particular, if the answer to 
question (Q) turns out to be negative, so that there exist two different solid 
elements in Q{JX,ALx), then these at least can be joined through a family of 
(non-solid) elements in Qin^L1). Actually, one of the starting points for the 
present investigation was my attempt to construct counterexamples to (Q) by 
deforming a domain in Q{n,AL*) with two cavities into a solid domain in two 
different ways (cf. Example 3.2) in the hope that two different solid domains 
would arise. We still do not know if this is possible; but now at least one can 
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say that, if there are counterexamples to (Q), then they can be constructed in 
that way. 

The paper is organized as follows. Section 1 contains the necessary definitions 
and some fundamental examples and results. Some material here is new: e.g., the 
extension of Sakai's original definition of a quadrature domain for subharmonic 
functions to the case of non-positive measures, the generalization to higher 
dimensions of quadrature domains for analytic functions and part of the approxi­
mation result Lemma 1.3 (which is needed, e.g., to relate the standard definition 
of a quadrature domain to the one used in this introduction). 

In Section 2 we use a partly new approach to build up the existence theory for 
quadrature domains for subharmonic functions, and in Section 3 we start 
studying the uniqueness question (Q) via the partial order < . Some of the results 
in Sections 2 and 3 exist of have counterparts in previous work (mainly that of 
Sakai), but almost all proofs here are new, as is the idea of considering the partial 
order < . It should be pointed out also that we work in arbitrary dimension 
throughout, whereas much of the previous theory was developed just in two 
dimensions. 

Finally, Section 4 contains some further results related to the partial order < . 
This section may be considered the main contribution of the paper, as most 
results here are entirely new. We prove that the least upper bound with respect to 
< always exists in Q(fi, HV) and Q(fi, AV) (Theorem 4.1) and that whenever 
two domains in Q(n,ALl) are related by < they can be connected by a chain 
(with respect to < ) in Q(fi,AV) (Theorem 4.2). These results are quite 
interesting in their own right; combining them gives the connectedness of 
Q(fi,AL]) (which, at least to me, was a surprising result). We also obtain 
estimates (lower bounds) for the local "dimension" of Q(n, ALl) at an element Q 
in terms of the number of cavities and certain "special points" in Q. 

Lis t of notations 

B(a;r) = {xE.RN:\x-a \ <r} 
S>'(RN) the distributions in R" 
S'(RN) those with compact support 
Mc = &'(RN)+ — S'(RN)+ = the Radon measures with compact support in RN 

L? = { / G L ^ R * ) : / = 0 outside a compact set}. 

Primarily measures etc. are regarded as distributions, so that e.g. Lf CMC C 
&'(RN)- Accordingly, we usually do not distinguish notationally between an 
absolutely continuous measure and its density function (with respect to 
Lebesgue measure). For example, m (Lebesgue measure) and 1 denote the same 
thing. 
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E = the spherically symmetric fundamental solution of — A 
U" = £ * ( u ( f o r ( u e ^ ' ( R A ' ) ) 
Ua = U*» = U*°m (for Q C R A ) 
Q, < Q 2 means £/"• g £/"> (in all R" ) 
Ht < n2 means t/"> ̂  (in all R") 
m = Lebesgue measure; we also write 

= w ( £ 2 ) ( f o r Q c R " ) 
[Q] = { ^ G R " : 3 r > 0 such that \B(x\ r )\Q| = 0} (for Q c R " open) 
SLF(£l), HLP(Q), ALP(Q) etc. see beginning of Section 1 
Q(fi, A ) the set of quadrature domains for the test class A with respect to 

fiSMc; see Section 1 
w(n) denned by (2.1) (// EMC) 
Q(/i) denned by (2.2) (n £A/C) 
F'' defined in Theorem 2.1 (nEMc) 
F an operator Mc — Mc; see (2.4) 
^"•m, Hm = PF2-'", Z/0

m = Wlm etc. Sobolev spaces 

Qe = RN\Cl 
he mollifiers; see (1.6) 
a>N the volume of the unit ball in R* 

1. Definitions and preliminaries 

For Q and open subset of R" (N S 2) we set 

where 1 ^ p ^ oo and LP(Q) = LP(Q; m). The elements in SLP(Q), HLP(Q) (and 
in ALP(Q) defined below) will be regarded as functions, not merely equivalence 
classes of functions. Thus, if e.g. <p ESL\Q), then q> is an upper semicontinuous 
function in Q with values in R U { — oo} (satisfying A<p ^ 0 in the distribution 
sense and being integrable). 

When N = 2 and R 2 is identified with C in the usual way, ALP(Q) usually 
denotes the set of analytic functions in Q belonging to LP(Q). When generalizing 
to higher dimensions it is more convenient to consider the antianalytic functions 
instead, i.e. those (complex-valued) functions/which satisfy df/dz = 0. Then the 
natural generalization to N 5 3 are the harmonic vector fields. A harmonic vector 
field in Q is a (smooth) vector field/=(/j,... ,fN):Cl — RN satisfying 

SLp(£l) = {subharmonic functions in Q } n LP(Q), 

HLP(Q) = {harmonic functions in Q.} D Z/(fi), 

(1.1) 
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A' df 
(1.2) d i v / = 1 ^ = 0. 

In terms of the corresponding one-form co = /J dxx + • • • + fNdxs(\. 1) and (1.2) 
say that dco = 0 and d * a> = 0 respectively, where * is the Hodge star operator. It 
is clear that the harmonic vector fields are exactly those vector fields which locally 
are gradients of harmonic functions. This also shows that each component of a 
harmonic vector field is a harmonic function. (Conversely, each harmonic 
function is locally a component of some harmonic vector field.) Some other 
properties of harmonic vector fields can be found e.g. in [Bg]. 

We now define, for arbitrary N^2, 

ALP(Q) = {harmonic vector fields in Q} n (LF(Q))N, 

ALp(Q)j = {fj:f=(fl,-- •, fN)EALp(Q.)} 

(J = I,..., N). It is clear by the above discussion that ALp(Q)j C HLP(Q) for 
each j. 

When N = 2, ALp(Q)j is independent of j (since the map (fu f2) — ( — f2, f\) 
acts on ALP(Q)), but this is not true in general. Take e.g. Q = 
{JCER*: 0 < I* | < 1}. Then it is easy to see that the most general kind of 
singularity at the origin f o r/E^L ' (Q ) isf(x) = axl\x\N + (a E R ) if N ^ 3, 
and this readily shows that AV(Q)k ¥= AV(Q)j for k ¥= j. 

Therefore, it is appropriate to also introduce the space 

ALp{a\+ • • • +ALP(Q)N, 

or better its closure in HLP(Q): 

ALp(0)e = clos(^L' , (Q) 1 + • • • +ALp(£l)N) 

(c for "closure of components o f ) . Every q> EALP(C1)C satisfies 

J dn 
r 

for every closed oriented hypersurface T in Q, as a computation shows (see 
[Gu 5, p. 238]), and probably ALF(£l)c actually coincides with the set of all 
<pEHLp(Q) for which this is true. The space ALP(Q)C has some technical 
advantages over ALP{€1) because it is a subspace of HLP(Q) and therefore is 
equipped with the same norm as HLP(Q) but in order to keep the number spaces 
down we will in this paper mostly work with just ALP(Q) itself. 
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Clearly, HLP(Q), ALP(Q.)C and ALP(Q) are Banach spaces with their induced 
norms (from LP(Q.) and Z/(Q) i V ) and SLP(Q.) is a closed cone in LP(Q.). We note 
the inclusions 

(1.3) ALp(£l)j C ALP(Q)C C HLP(Q) C SLP(Q) 

(all j). In the sequel we will stick to the case p = 1. 
Following and generalizing [Sa 2] we now give the definition of a quadrature 

domain for a general measure. Let fi E Mc (i.e. a Radon measure with compact 
support). If A = AL', (AL ')<• or HL1 a quadrature domain for the test class A is an 
open bounded set O in RN satisfying 

(i) ft = 0 onQc, 
(1.4) (ii) A(Q)CL' (|/i|) and 

(iii) j t̂f/i = \n <pdm for all ^ E A(Q). 

Here (ii) means strictly speaking just that \ \<p \d\fi | < oc for all ^ E A ( Q ) ; the 
natural map A(Q)-*L\\fi\) is then not always one-to-one. Also, L'(|//1) should 
be interpreted as L'(|/x | ) ' v in the case A = AL1. Observe that we do not require a 
quadrature domain to be connected, despite the word "domain". 

For A = SL1 we replace the definition (1.4) by 

(i') n = 0 on Q c , 
(1.4') (ii') Sp+dfi+ +Jj»_<^i_ < o c f o rah>EA(Q ) , 

(iii') j <pd/i ^ j n ̂ rfm for all <p £A (Q ) . 

Actually, the latter definition can be used also for A = AL[, (AL')t. and HL1 

because (ii')-(iii ') reduce to (ii)-(iii) when A(Q) is a linear space. Observe also 
that (ii) and (ii') have the roles of making sense to the left members of (iii) and 
(iii'), with j fpdji = — x allowed in the case A = SL1. 

The set of quadrature domains for the test class A is denoted Q(fi, A) . Using 
the definition (1.4') it is immediate from (1.3) that 

(1.5) Q(fi, SV) C Q(fi, HV) C Q(fi, (AV)e) C AL1). 

The difference between Q(fi, (ALl)c) and Q(n, AL1) is minor, if any, and we will 
usually just work with Q(n,ALx). 

It is easy to see that (ii) gives a restriction on fi only near dQ (hence (ii) is 
automatically valid if supp fi C Q) and that (ii') gives a restriction on pi+ only 
near dQ (for q> subharmonic in Q implies that (p is bounded from above on 
each compact subset of £1). Thus (ii') is automatically satisfied if fi S 0 and 
supp fi C Q. On the other hand (ii') does not allow fi_ to be e.g. a point mass. In 
fact, we have 

Lemma 1.1. If (ii') holds {for A = SL1) then //_ has finite energy. 

file:///d/fi
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Proof. Take <p = — UM-. Then <p is subharmonic and, in fact, <p ESL\Q), for 
the potential of an arbitrary Radon measure with compact support is locally 
integrable [T, Prop. 30.3]. Thus, if (ii') holds { ( ( y - ) + « ! " - = | (p^dfj.. < oo which 
means that has finite energy. • 

Another useful observation is 

Lemma 1.2. Whenever (1.4)(ii) holds (for A = HL\ (ALl)c or ALl) the 
"embedding" is continuous, i.e. there exists a constant C such that 

J I <P | d \/i | ^ C j | <p | dm for all <p E A(f i ) . 

n 

Proof. This is a standard application of the closed graph theorem. (We omit 

the details.) • 

I have not been able to prove a corresponding result for (1.4')(ii')-
Since 1 EALl(Q)jwe have |Q| = j" (^whenever Q E (2 (//, A ) for any one of the 

test classes A considered. Also note (using this) the existence of maximal (with 
respect to inclusion) quadrature domains: for Q any open set, define 

[Q] = {JCGR": 3r>0\B(x;r)\Q\ = 0 ) ; 

thus [ft] is the largest open set D satisfying Q.CD, \D\Q\=0. Then fie 
Q(/i, A ) implies [il]EQ(ju, A ) and an open set D D Q is in Q(n, A ) if and only if 
D C [Q]. 

We will repeatedly in the paper have use for systems of radial mollifiers of the 
following kind. Let h EL C C (R A ' ) be a function depending only on r = |x| such 
that h ^ 0, supp h C B(0; 1), J hdm = 1. For any e > 0 we set 

(1.6) he(x) = e-Nh(e-lx). 

Then hc S 0, supp he C B(0; e) and J h^m = 1. 
Note that if (p is a harmonic (or subharmonic) function then, by the (sub-)mean-

value property, <p = <p*he (or <p ?=<p*he respectively), within the domain of 
definition of tp *he. This easily shows that if n, v E M c > supp/x C Q then, for 
A = AV, (AV)c and HL\ £lEQ(pi + v, A ) if and only if QE@(// *he + v, A ) , 
provided e > 0 is so small that supp(// * he) C Q. For this reason many results in 
this paper stated with the assumption //ELC°° also hold with this assumption 
replaced by fiEMc, supp/* C lJ (or, more generally, fiE.Mc with //EL 0 0 in a 
neighbourhood of dQ). 

For A = SL[ the above statements are only partially true. If e.g. fi contains 
negative point masses, then Q(n,SLl) = 0 by Lemma 1.1 but Q(fi*he,SV) 
may very well be non-empty. For a positive result, see Theorem 2.4(iv). 
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The reader should be warned that our definition of "quadrature domain" is far 
from being the only one in use: p. is sometimes allowed to be a more general 
distribution, often it is required that supp p C Q or even that supp p shall be a 
finite point set, Q may be allowed to be (genuinely) unbounded, the choice of test 
class A may be varied at lot, Lebesgue measure may be replaced by other 
measures, a quadrature domain is usually required to be connected, etc. For the 
previous work on (bounded) quadrature domains we refer to [Ah-Sh], [Av], [D], 
[Gu 2], [Gu 6], [Sa 2], [Sa 3], [Sa 4], [Sa 5], [Sa 6], [Sa 7], [Sa 8], [Sa 9], [Sh 1], 
[Sh2]. 

Lots of examples of quadrature domains are given in the above references. For 
the moment we shall just give two examples, the first of which is the most classical 
of all quadrature domains. The second one, which in two dimensions also was 
given in [Sa 2, Example 1.2], provides a simple but useful illustration to the 
theory to be developed in the paper. 

Example 1.1. Let p =aS where S is the Dirac measure at the origin and 
a ^ 0. Then 

Q(p, AV) = Q(p, HV) = Q(p, SV) = {5 (0 ; r)} 

where r ^ 0 is determined by |2?(0; r)\ = a. (If a < 0 the Q(p, A) are empty.) 
That 5(0; r)(EQ(p, SL1) follows directly from the submeanvalue property of 
subharmonic functions and that there are no other elements, even in Q(p, AV), 
is a by now quite classical result (at least in two dimensions) which will be proved 
in passing also in this paper (see Example 3.4). 

Example 1.2. Let p=pa = ap where a > 0 and p is the unit mass 
uniformly distributed on the unit sphere 5 = dB(0; 1). Let coN denote the volume 
of the unit ball in RN and define, for t S 0, 

Q, = { x G R " :t<a)N\x\N <t + a), 

fi = Q 0 u {0 } . 

Then | Q, | = | Q | = a = j dfia, S C Q, iffa>„ - a < / < ojn, S C Q iffa >(0N. It is 
easy to see that Q,, QEQ(na,AV) whenever 5 c f l , and 5 c Q respectively. 

Let A = en if JV = 2, A = (N/2)mN-2)coN if N g 3. Then A > coN. For each 
0<a^A there is unique t - ta with coN — a<ta<coN such that \a, Edm = 
| E dp.a, where E is the fundamental solution (0.1). (If e.g. Af 2£ 3, the equation for 
ta becomes (N/2)coh~i2IN)[(ta + a)VN — t^N] = a.) As a increases from zero to A, ta 

decreases from one to zero. 
Now, for 0 < a ^ coN we have 

Q(Ha,AV) = {Cl,:coN-a<t<coN}, 

Q(Ma,HV) = Q(p.a,SV) = {Q,J. 



ON QUADRATURE DOMAINS 181 

For all a> OJN 

Q(jua,AL') = { f t } U {ft,: 0 ̂  t < coN} 

while 

Q(Ha,HV) = {Q, ft,J, 

C2(// a ,5L ' )= { f tJ 

for u>N < a < ^4, 

Q(fiA,HLl) = Q(fiA,SV) = {n, ft J 

and 

2 ( ^ , / / L , ) = ( 2 ( ^ , 5 L 1 ) = { f t } f o r a > ^ . 

The above statements are proved in [Sa 2, Example 1.2] for N = 2. The proofs 
in higher dimensions are similar and therefore omitted. 

The Newtonian field corresponding to the potential t/" = E *n is — V { y = 
— (VE) with the pointwise expression 

(1.7) -VU"(x) = CN f x ~ y dn(y) 
J Ix-yf 

for suitable CN > 0. On open sets VW always makes good sense as the distribu­
tional gradient of U" but we will very often in the sequel need to make pointwise 
statements about (as well as about U"). Let us then make the convention 
that statements like ^VV is pointwise well-defined on S", San arbitrary subset 
of R", will mean that for each xGSthe integral in (1.7) is absolutely convergent 
(in which case VU"{x) has a definite value, given by (1.7), for each xES). 
Similarly for U" itself. 

It is immediately verified that if ft is open and bounded then, as functions of 
x G f t , 

VEOc-yjE/lLHft) forj ;Gft c , 

E(x — y)E.HL ' (ft) for y G ftc, 

— E(x — y)E.SL'(ft) also for y Gft. 

Of course, by the inclusions (1.3), also Et(x - y)eAV(Q)c C HV(Q), ± 
E(x - j>)GSL'(ft) , ± Ej(x -y)G5L'(ft) f o ryGf t c , 1 ^j^N; here and in the 
sequel 

Ej = dE/dXj. 
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Using the above functions as test functions in the definition of a quadrature 
domain gives 

Proposition 1.1. Let p E Mc and let Q. be a bounded open set in RN. 
(i) //ne Q(p, AL1) then VU" is pointwise well-defined on Qc and 

V { / n = V [ / " 0nQc. 

(ii) // ClEQ(p, HL1) then U" and VU" are pointwise well-defined on Qc 

and satisfy 

Un=U" onQf, 

V [ / n = V [ / " onQc. 

(iii) IfQ.EQ{p, SL1) then V and VV are pointwise well-defined on Q c and 

(1.8) Ua<U" inRN, 
Ua = U" on ftc, 

V ^ n = Vf/" onQ.c. 

Remark 1.1. The inequality (1.8) can be interpreted either pointwise or in 
the sense of distributions. These two interpretations actually coincide whenever 
(ii') of (1.4') is fulfilled. In fact, in this case U»- is everywhere finite so V i£ Un 

(in R") can be written Un+ V- ^ W+, and if this holds in the sense of 
distributions (i.e. a.e.) then 

(£/" + V-) *hc^ V* *hc ( e > 0 ) 

and letting here e — 0 first in the right member and then in the left member we get 
the pointwise inequality, using that Uy * he / Uy pointwise when v is a positive 
measure. The converse statement is obvious. 

Remark 1.2. If £lEQ{p,ALx) we also have U" = Ua in the unbounded 
component of Qe. In fact, it is easy to check that, more generally, if vEMc and 
VU* vanishes in a connected neighbourhood of infinity then also U" vanishes 
there (v = p — Xnm above). 

To prove a partial converse of Proposition 1.1 we need an approximation 
theorem which says that the test functions used above are dense. 

Lemma 1.3. Let CI be a bounded open subset ofRN. 
(i) The linear combinations with positive coefficients of the functions 

(of xEQ)±Ej(x-y) (1 ̂ j^N) and E(x-y) for yEST and -E(x-y) 
for yERN are dense in SL '(ft). 

(ii) The linear combinations with real coefficients of the functions Ej(x — y) 
(1 <j' ^ N) and E(x - y) for yEQc are dense in HL\Q). 
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(iii) The linear combinations with real coefficients of the functions Ej(x — y) 
(1 <j < N) for yGQc are dense in AL\Q.){ + • • • + AL\Q)N and (hence) in 
AV(Q)C. 

(iv) Every fEALl(Q) can be approximated (in the L\Q)N-norm) by linear 
combinations with N X N-matrix coefficients of the vector fields VE(x — y) for 
y E Qc. Moreover, only antisymmetric matrices and scalar multiples of the identity 
matrix are needed. 

Proof, (i) is proved in [Sa 4] and (ii) is proved in [Sa 2] (for N = 2, but the 
proof works with minor changes also for TV 2: 3). (iii) is an immediate con­
sequence of (iv), so it just remains to prove (iv). We then follow the classical paper 
[Bs] in which the complex analytic case is treated. 

The statement then to be proven is intuitively reasonable in view of the 
representation formula 

(1.9) / = - ( d i v / ) * V £ - ( r o t / ) * V £ 

(interpreted as below) valid for a l l fE (S" (R N ) ) N , in particular for any/E^L ' (Q ) 
extended by zero outside £1. (1.9) is proved as follows. Using that dEj/dxk = 
dEk/dXj and that E is a fundamental solution of — A we have, for each k, 

fk = -(Afk)*E=- I -f*Ej 
j-idXj 

N d N d N d 
(1.10) = - S —(fk*Ej)+ l —(fj*Ej)- I —(fj*Ek) 

j - 1 aXj j - 1 oxk j - 1 oXj 

»df " (dfk d/}\ 

j- \ dXj j~ \ \dXj oxkl 

which is what we mean by (1.9). Changing the signs on a cancelling pair of terms 
in (1.10) we obtain an adjoint formula which will be used later in the proof: 

N d N d N d 
(1.11) = - S —ifk*Ej)~ I —(fJ*EJ)+ I —(f*Ek). dXj j-idxk j-idx, 

Choose a function Y E C X ( R ) satisfying 0 S W ̂  1, Y(T) = 0 for f < 1, IJ/(T) = 1 
for T ^ 2 and set 

coJx) = y/[ where o(x) = —. 
\loglog(l/(5(x))/ 1 + dist(x, d£l) 

Then conE:C$A(£l) and lim,^^ o)„(x) = 1 for each x E Q . A straightforward 
computation shows that 
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(1.12) |VW„(JC)|< — f o rxE f t . 

nS(x)log—— 
8(x) 

Now any linear continuous functional on AL\Q) is of the form 

Uf)=i f fkgk f =(/:,..., fs)eAL\a) for some * = gN)EL-(Q)N. 
j-i J 

n 

If we can prove that whenever L(A VE(- — y)) = 0 for every f £ f l c and every 
N XN matrix A which either is antisymmetric or is the identity matrix then 
L ( f ) = 0 for all f&AL '(ft), then (iv) will follow from the Hahn-Banach theorem. 

Thus assume that L(A V£ ( • — y)) = 0 for all y and A as above. This means 
exactly that 

(1.13) gk*Ej-gj*Ek^0 onft c , 

(1.14) lgj*Ej = 0 on OS 

for all 1 ^ ^ N. Here and in the sequel gis extended to all R"by settings = 0 
outside ft. Thus g E (L c

x ) N . If <p denotes any of the left members in (1.13) or (1.14) 
we have, by elementary estimates [Gil], 

\cp(x)-<p(y)\ ^C\x-y \ l o g -—-—- for \x-y \ small. 
\x-y\ 

Hence (1.13), (1.14) give 

1 
\<p{x)\<CS{x)\og-

8(x) 

for x E ft and some C. Thus using also (1.12) 

(1.15) \\^(gk*Ej-gj*Et) 
II DX; 

c 
< _ 

x n 

DCON » 
— I 8J*EJ 
DXJ J-i 

c 
< — 

x n 
(1-16) 

for all K. 

Let now f=(f{,..., fN)EAL\Q). Using (1.15), (1.16) and the representation 
(1.11) (applied to g) we get 
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L ( F ) = I f >*«IT = lim 2 f OJKGK 

N R \ D D D 
= lim J 0)N\FK — (GJ * E K ) - F K — (GK . E J ) - F K — (GJ *EJ) 

J L OX, OX; 0XK 

= lim S f 0) J - ^ (ft- * £*) + ^ (& * EJ) + ^ (GJ * EJ) 

N-x J L AXJ OXJ AXK 

•lim 2 f 
rt — oo */ 

^ /*( - GJ * EK + GK * E J ) + ^ FKIGJ * EJ) 
OXJ OXK 

0. 

This proves the lemma. • 

Observe that, when N = 2, the set of matrices occurring in (iv) are exactly 
those which correspond to multiplication by complex numbers. The reason that 
we did not speak of something being dense in AL' (Q) in (iv) is that the vector 
fields approximating FEAL\Q) are not, in general, themselves in AL\(Q) 

(when N ^ 3). 
A particular consequence of (iii) of the lemma is that AJL^SL),. =ALL(Q,)C, 

where AELI(Q) = {VUEAL\CL): U is (single-valued) harmonic in Q } (E for 
"exact") and the subscript C has the same meaning as before. Therefore the 
smaller test class AGL ' (Q) actually gives the same quadrature domains as A L L ( Q ) . 

It is not true, not even in two dimensions (see below), that for fixed K the linear 
combinations of EK(X —Y), YEQ,C, are dense in AL\CI)K; to approximate an 
FK E.AL\£I)K one will in general need also the EJ(X — Y) for J ¥= K (although these 
EJ(X — Y) usually do not belong to AL\Q)K). To exemplify this statement just 
takefl = { x E R 2 : 0 < |x| < 1}. Then 

/(*) = 
•x2 

|x|2 ' |x' 2 

is in AL\Q) BXMMX) 

combinations of 
• x2/|x |2 obviously cannot be approximated by linear 

ET(X - Y ) = 
\X-Y\2 

for y E Q ' . 
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In view of Lemma 1.2, (iii) in the definition (1.4) of a quadrature domain for 
A = HL1, AL1 or (AL1),. need only be checked for a dense subset of A. Thus, by 
Lemma 1.3, if fi is a bounded open set such that (i) and (ii) of (1.4) hold (e.g. if 
supp / i C f l ) then fiE Q(p. A ) if and only if UQ = U" and VUa = VU" on Q c (in 
the case A = HL') or VUn = V[/" (in the cases A = ALl and (^L' ) c ) -

This shows e.g. that if ClEQ(p,AL1) and supp/z C fi then Q.E.Q(p, (ALX)C). 
For similar reasons Q(p, AL1) = Q(p, (AL1),) if p EL?. For p ELC°° the charac­
terizations of the classes <2(,u, A ) are in fact very simple (cf. the introduction): 

Proposition 1.2. If pE Lf then, for a bounded open set QcR* 1 , 
(i) Q<=Q(p, AL1) if and only ifVUa = VU"on fic, 
(ii) nEQ(p, HL1) if and only ifUa = U" on fic, VUa = VU" on fic, 
(iii) QEQ(p, SL1) if and only ifUa ^ U" in RN, Ua = U" on fic. 

Also 
(iO [Q]EQ(p,AL1) if and only ifVUa = VU" a.e. on fic, 
(ii') [ f l ]6f i (/ i , HL1) if and only ifUa = U" a.e. on fic, 
(iii') [ f i ] E Q(p, SL1) if and only ifUa ^ U" in RN, Un = U" a.e. on fic. 

Proof. The "only if" parts are special cases of Proposition 1.1. We now 
prove the "if" part for (iii), those for (i) and (ii) being similar and easier. 

By elliptic regularity theory U°, U" E ^ " ( R * ) for all/? < oo, in particular Ua 

and U" are continuously differentiable. Therefore VUa = VU" on fic because 
U" — Ua attains its minimum there. It also follows (see [Ki-St, Lemma A4]) that 
AUa = AU" a.e. on fic, hence that p = Xa a e - on fic. This shows that p = 0 on fic 

as a measure, i.e. that (i') of (1.4') is satisfied. 
When pEL? (ii') of (1.4') is automatically satisfied and (iii') need only 

bejechecked for a dense subclass of SL\Q). Now the hypotheses (including 
VUn = VU" on fic) show that (iii') does hold for the dense subset of SL' f f i ) 
appearing in Lemma 1.3. 

As to the "if" parts of (i')-(iii') let us prove the one for (ii'), the other ones being 
similar. From Ua = U" a.e. on fic and the regularity of U° and U" we also have 
VUn = VU" a.e. on fic. Since Ua, U", VUn and VU" are continuous it now 
follows that {xERN: Un(x) # U"(x) or VUn(x) ¥= VU"(x)} is an open set whose 
intersection with fic has measure zero, hence is contained in [f i ] . Applying now 
(ii) to [fi ] the result follows. • 

Lemma 1.4. When Q. is solid AV(Ci)c = HL\£l). 

Proof. Suppose g E L x ( Q ) annihilates AL[(Q)C. Then g annihilates in par­
ticular all the Ej(x - y) for 1 < ^ N, y E fic so that VUg = 0 on fic. Thus 
Us = 0 in Qe (see Remark 1.2) and by continuity U* = 0 on all fic. This means 
that g annihilates also all the E(x — y) for y E f i c , hence by Lemma 1.3 annihi­
lates all HL\Q). This proves the proposition. • 



ON QUADRATURE DOMAINS 187 

Thus if Q is solid Qeg (// , HL') iff Q G Q(p, (AL\) and, by earlier remarks, if 
/iGZ," or supp/* C Q this occurs iff QEQ(p,AL1). Even in two dimensions it 
may happen that AL ' (Q), + • • • + AL l(Q)N is strictly smaller than HL l(Q) (with 
£2 solid) because a harmonic function can be integrable over a domain Q without 
its harmonic conjugate being integrable there. (Example: Q = {re'rEC: 
0<<p<r, 0 < r < l } , « = c o s v = sin Z(plr\ then vEHLl(£l) but y£ 
^Z,'(Q), + ^ L ' ( f i ) 2 because u = - y*and || w || = X . ) 

We finish this section by giving examples which show that Q(/i, SLl) may be 
empty even if p is a positive measure and Q(p, HL1) is non-empty, and that 
Q(p, HL1) may be empty even if Q(p,ALl) is non-empty. 

Example 1.3. With notations as in Example 1.2 take p =ap + £XBm where 
5 = 5(0; l),a = (oN= \B\ and e > 0 is small enough. Then5(0; R)EQ(p, HL1) 
where R > 1 is determined by |5(0;.R)I = | 4 i . Since Q ( > £g ( «/ ) , SLl) (see 
Example 1.2) and ap ^p an open set QGQ(/z, SZ,1) has to satisfy both Q ( > C Q 
(see Corollary 2.2 below) and B c fi (at least except for a null set) which is 
impossible if e is small enough (because |Q| =\dp. if Q.GQ(p, SL1)). Hence 
Q(p,SV) = 0. 

That 5(0; R)<£Q(p, SLl) in this example indicates that Ua > U" holds some­
where in 5(0; R). In fact, it is easy to see that {xGR^: Un(x) > U"(x)) = 5(0; r) 
for a suitable 0 < r < 1. Note that p = em 0 in 5(0; r). In Theorem 4.4 we show 
that this fact is in some sense responsible for Q(p, SLl) being empty. 

Example 1.4. Let Q = { x G R " : 1 < |x| < 2 } and let p be an absolutely 
continuous measure on Q with \dp= \ Q | and with a nowhere vanishing density 
function / G L x depending only on r = | x |. 

Then Q G (}(//, AL') for any as above. On the other hand Q(p, HL1) = 0ifp 
is chosen so that Ua(0) # U"(0\ i.e. so that | 2 E(r)rN~ldr * \\ f(r)E(r)rN~'dr, 
for DEQ(p, HL1) requires that D coincides with Q up to a nullset (due to our 
assumptions on p) and then 0£D, UD(0) = Ua(0) * U"(0) which contradicts 
Proposition 1.1. 

2. Construction of quadrature domains 

Q(p,SLl) may be empty, even if the measure p is positive, but when it is 
non-empty its essentially unique element can be constructed by various kinds of 
balayage methods. For positive p one such construction, more or less a kind of 
sweeping out by hand in an infinite number of steps, was carried out in [Sa 2]. A 
more elegant construction, using variational inequalities, was later given in [Sa 3] 
(cf. also [Gu 1]). 

Here we shall use a variant of the method of variational inequalities to 
generalize Sakai's construction. Our method is related to Perron's method for 
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solving Dirichlet's principle and it is quite flexible. It applies to completely 
arbitrary Radon measures with compact support and it will also be used in later 
sections of the paper for other (but related) purposes. 

Theorem 2.1. Let p EM'c. Then the family 

9S = { « 6 S ' ( R * ) : u = U"and -Au = 1} 

contains a (necessarily unique) largest element u = V. This V can be taken to be 
upper semicontinuous and then satisfies 

(i) V = V outside a compact set; 
(ii) the open sets 

co(p) = {xERN: there is ana> V(x) such that 
(2 1) 

V = a /« some neighbourhood ofx) 

and 

(2.2) Slip.) = RN\ supp( 1 + AV) 

are bounded and co(p) C Cl(p). 

Informally speaking co(p) is the set where V < V and Q(^ ) the set where 
— AV = 1. If p = 0 (or //_ G L " e.g.) then V is lower semicontinuous and we 
simply have xEco(p) iff V(x) < UM(x). 

Proof. We first prove that & * 0. Consider u = If* *he- V- = U"^ -
V- where hc (e > 0) are mollifiers as in (1.6). For any e > 0, V* * he = V* since 
V* is superharmonic, hence u ^ V. Moreover — Au = p+ *he — p_ £ip+ * he, 
which is = 1 if e is large enough. Thus u E & if e > 0 is large enough. 

There are even simpler examples of elements in & (e.g. — W- G & if N = 3) 
but the above has the useful additional property that it coincides with V 
far away (in particular — Au has compact support). To see this just notice that 
since p+ has compact support V* *he = V* outside a compact set by the 
mean-value property for harmonic functions. 

After addition of the smooth term y/(x) = (l/2N)\x\2 the members of 3F 
become subharmonic. Therefore standard facts [He] for subharmonic distribu­
tions become available and we deduce e.g. that & C L\x (R*) , that every 
(pE3F has a unique representative in form of an upper semicontinuous function 
(with values in R U { — oo}) and that <pu <p2E^ implies sup(^,, <p2)E^ (3F is 
"upward directed"). Also note that the members of & are locally uniformly 
bounded from above. 

Set w = sup{#>: tp (the pointwise supremum of the upper semicontinuous 
representatives) and V = inf{$?: <p is upper semicontinuous and <p = u). Then 
V is upper semicontinuous and it is easy to check that V s£ UM (in the 
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distribution sense) and that V + yi is subharmonic (see [He, Theorem 4.16]). 
Hence VE.W and, by construction, q> ^ V for all y>E.¥. 

To prove that V = V outside a compact set it is enough to prove that there 
exists a function « E . f with this property, and this was done already in the 
beginning of the proof. 

If xEco(p) then — A V = 1 in a neighbourhood of x, for otherwise one could 
get a larger element in & by changing V in some small ball B centered at 
x to P — yi, where P is the Poisson integral of V + y/ with respect to B 
(see [He, Lemma 4.17]). This shows that co(p) C £l(p) and completes the proof of 
the theorem. • 

Theorem 2.2. Let pEMc and define (o(p) and Cl(p) as in Theorem 1.1. 
Then every D €= Q(p, SL1) satisfies 

to(p)cD C % ) , 

( 2 ' 3 ) \Q(p)\D\=0. 

In particular, either £l(p)EQ(p, SL1) (and is the maximum open set in 
Q(p,SL1)) orQ(p,SV) = 0. 

Proof. Suppose DEQ(p,SL1). Then by Proposition 1.1, UD ^ V in R", 
UD = U" on Dc. Thus UDE.^ with J5" as in Theorem 2.1, showing that 
UD < U". From this it is clear that co(p) C Z>. To prove that D C Q(p), 
| Q(/*)\Z) | = 0, i.e. that [D] = Q(p), it is enough (and necessary) to prove that 
UD S V for then UD = V and the definition of Cl(p) will show that Cl(p) is the 
largest open set in which XD = ~ equals one a.e. 

Set w = V — UD. Then Aw = AV + XD = ~ 1 shows that w has an upper 
semicontinuous representative. On Dc, w = V — V ^ 0. In D, Aw = 
A V + 1 is 0, i.e. w is subharmonic in Z). By the maximum principle and the 
upper semicontinuity of w it now follows that w ^ 0 also in D. This proves that 
V < UD in R" as desired. • 

When Cl(p)&Q(p, SL1), then typically (but not always) also co(p)E:Q(p, SL1). 
Clearly co(p) then is the minimum open set in Q(p, SL1) and Q(p, SL1) consists 
of all open sets D in the interval co(p) C D C Q(p). Cf. Remarks 2.4 and 2.6. 

Theorem 2.1 shows that one can define a (non-linear) operator F: Mc —• Mc by 

(2.4) F{p)--AV (p<EMc). 

This operator will turn out to be useful in the sequel. Clearly F(p) 2| 1 for all 
pEMC and F(p) = p when p s 1 (since then U"E2F so that V = U"). Hence 
F(F(p)) = F(p) (p EMC) which shows that F is some kind of projection operator 
onto the set (pEMc:p ^ 1}. It is useful to think of F as a balayage operator. 

Some further properties of F are 
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Theorem 2.3. (a) Ifp2 = 0 then F(F(/ii) + p2) = F{pt + p2). 
(b) Ifp- has finite energy then so has F(p). In this case 

(2.5) J ( U " - V ) ( l + A V ) = 0 

which shows that F(p) is the orthogonal projection, with respect to the energy inner 
product, of p onto {v E M C : v ^ 1}. 

(c) Ifp- has finite energy then 

(2.6) m i n ( l ^ ) ^F(p). 

More generally, ifp = V and p_ has finite energy then F(p) ^ F(v). 

Remark 2.1. (2.5) can be looked upon as a refined version of co(p) C Cl(p) 
in Theorem 2.1. The operator F has earlier been used in [Gu4], [Gu 5] to 
construct weak solutions to certain ill-posed moving boundary problems. 
Theorem 2.3 (and some subsequent results below) generalize some results in 
[Gu 4]. 

In (c) above (as well as in Corollary 2.2 below) the assumption that shall 
have finite energy is probably artificial. 

Proof, (a) We have to show that 

(2.7) yF(i>,)+ih= yf,+fi 

if Pi 0. Using that for a general v, V = UF(v) is the largest function 5 Uv 

satisfying — A V 5 1, we get 

and hence, since - AVF{»>)+^ < 1, yw+>h < y,+* On the other hand 
yn,+>H _ < jj"> and (when p2 ^ 0 ) - A(F"<+"> - = 1 which shows that 

- ^ V\ hence that 

Since - A K ^ ^ < 1 this yields =- yrw+fh, which completes the proof of 
(2.7). 

(b) Assume has finite energy and set 

ut = U"* *he- V-

for e > 0. Then M4 < t/'1. If moreover e is large enough, say e = e,,, then — A « e ^ 1 
so that utE.& and hence we = V. Choose an open ball B such that suppp C B 
and such that u^ = in a neighbourhood of 2?c and let q> be the solution of the 
Dirichlet problem 
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-Atp = 1 in 5, 

<p = U» on SB. 
Also set 

we = <p-ut 

in B. Then v — if/ = = 0 on 35 and i>, ̂  and coincide and are smooth near 
BB. Since u^V <V,H/ ^v^w^. Moreover - Av ̂  0 and - Aw^ > 0. Thus 
also 0 ̂  v ̂  w^. 

To prove that -F(/z) has finite energy we shall take e = SQ while in proving (2.5) 
we shall let e -* 0. 

Observe that supp F(fi)cB by the choice of B. Therefore F(fi) = — AV 
having finite energy is equivalent to — Av having finite Green energy in B, which 
also is the same as saying that v is in the Sobolev space H&(B). Set v = — Av, 
X = —Aw^. Then X has finite energy, since has, and using the above 
inequalities we obtain 

where G(x, y) is the Green's function in B (so that v(x) = \B G(x, y)dv(y) etc.). 
Thus v has finite energy and VEHQ(B). 

Next let 

which is a closed convex cone in the Sobolev space HQ(B). Moreover K is 
non-empty, for w^, vEK. Therefore the minimum norm problem 

vdX 

(2.8) 

K = {u&m(B):u^V), 

Minimize for u EK 

B 

or, equivalently, the variational inequality 
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uEK and 
(2.9) 

Jv(w-u)Vu^0 for all w E # 

has a (unique) solution, which we denote u. 
In (2.9) w — u is allowed to be any non-negative function in Ho(B). This shows 

that 
- Au > 0. 

We can also choose w = v in (2.9), giving 

(2.10) J V ( V - M ) V M S 0 . 

B 

On the other hand v^u, for otherwise the function U defined by U = tp — 
inf (M, V) = sup(^) — w, 9> — v) in 5,1/ = U" outside B, would be an element in & 
larger than V. Therefore 

(2.11) J V(y - u)Vv = ( - Av, v - M ) ^ 0, 

where ( , > denotes the dual pairing between H \B) and HQ(B). (2.10) and 
(2.11) now show that 

\\v-u\\2
Hi(B)= j V(v-uWv-u)£0, 

B 

hence that 

(2.12) u = v. 

Next we choose w = we in (2.9) and let e \ 0. Note that w£ E/iT if e > 0 is so 
small that supp(/i+ *he) C B (to guarantee that we = 0 on 35). This gives 

0 = J V(w e — M)VM = < — AM, WE — M) = J (W £ — u)dv where v = — Au ^ 0, 

for it is known [Bz-Bw] that when vEH~l(B) is a measure any £EH£(B) is 
integrable with respect to v and (v, <̂> = J £dv. As e \ 0, wt \ ^. It follows that 
^ — M is integrable with respect to v and that J (i// — u)dv^ 0. Since u^y/v/e 
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conclude that f (u — y/)dv = 0. By means of (2.12) and the definitions of v and yi 
this yields (2.5). 

(c) In terms of the notations above for the "obstacle problem" (2.9) and using 
(2.12) the inequality (2.6) reads 

(2.13) - A K < ( - A y ) + . 

This inequality is known to be true if — Ay/ has finite energy. See [Sa 4], 
[R, Ch. 5]. However the proof in e.g. [Sa 4] works also if merely ( — Ay/)+ has 
finite energy, which is the same as saying that n_ has finite energy. For 
convenience let us give the details. 

Let £E:H£(B) be the unique solution of - A£ = ( - Ay/)+ and let w GHQ(B) be 
the unique solution of the minimum norm problem ("obstacle problem") 

Minimize J | Vw |2 for WEHQ(B) satisfying w ^ £ — u. 

B 

WEHQ(B) is also characterized as the unique solution of the complementarity 
problem 

(2.14) w^Z-u, 

(2.15) - A w > 0 , 

(2.16) (-Aw, w-Z + u)=0. 

Observe that the present obstacle problem is slightly nicer than the former one 
(2.9) in that the obstacle function £ — u belongs to HQ(B). 

We are now going to prove that w = £ — u. By (2.15) this will imply the desired 
inequality (2.13). (2.16) can be written (Aw, E, — w) = (Aw, u) and by (2.14) we 
have < — A£, f — M>) ^ < — A£,u) (observe that — A^ = 0). Using this we obtain 

IK - w ||2 = J \V(£-w)f = (-A(Z-w),Z-w)<(-A(Z-w),u) = 

J V(£ - wyVu < |K - w || || u || 

and thus 

(2.17) IK - w || = |1 ^ || . 

Next £ - yi > £ - u and - A(4 - y/) = (- Ay/)_ = 0. Also £ - yi = 0 on dB 
so £, — yi = 0 (but £ — y/$Ho(B) in general). This shows that <̂  — yi = w (w is 
the smallest superharmonic function passing the obstacle). In fact, 0 = 
min(w, £ — y/) is superharmonic and satisfies £, — u = <p ^ w. Moreover — A<p 
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has finite energy by the same argument (2.8) as for — Av, hence <f>EiHl(B). It is 
now clear that w also solves the obstacle problem with obstacle function 0. On the 
other hand, it is easily seen that this problem is also solved by 0 itself. Hence, by 
uniquencess, w = 0, i.e. £ — yi = w as claimed. 

Thus <̂  — vv = y/, i.e. <!; — w is a competing function in the first obstacle problem 
(2.9) and, together with (2.17) and the fact that u is unique, this shows that 
£ — w = u as desired. Thus (2.13) is now proved. 

The last statement of (c) follows by combining (a) and (2.6). In fact, if p ^ v and 
/i_ has finite energy then, by (b), F(p) has finite energy so that, using (a) and (2.6), 

F(p) ^ min(F(p) + v - p, 1) < F(F(p) + v - p) = F(p + v - p) = F(v). 

This completes the proof of the theorem. • 

Corollary 2.1. Ifp. EL'iR"), 1 < /? < oo, then V E W&(RN). In particu­
lar V is continuous ifp > N/2, continuously differentiable ifp > N. 

Corollary 2.2. Ifp = v and //_ has finite energy then Cl(p) C Q(v). 

Remark 2.2. A related, but simpler, result is: if p ^ v then co(p) C co(v). To 
prove this just notice that U" - Uv + V < U" and - A(U* - Uv + V)< 
p-v+\^l so that V - Uv + V < V by the definition of V. Hence 
Iff - V" < C/v - F" and so w(/i) C <u(v). 

Proposition 2.1. If pEL? then 

(2.18) ^"00 = Zoo.) + WOOD*. 

Moreover, the following are equivalent (when p ELC°°): 
(i) Q(ii,SV)*0\ 
(ii) p = 0on Q(p)c; 
(iii) F(/z) = ^ n w ; 
(iv) F(/i) = some ope?? Z>. 

Proof. By Theorem 2.3, F(p)EL*. That F(p) = 1 on £l(p) is obvious from 
the definition (2.2) of Cl(p). Since VeW& (all p < oo) by Corollary 2.1 it 
follows that F(p)= - AV = -AU" =p a.e. on {jc£R": V(x)= U"(x)} = 
(o(p)c D £l(p)c (observe also that V and V are both continuous). This 
proves (2.18). 

Now the implications (i)=>(ii )=*(ii i )=»(iv) are obvious (using Theorem 2.2 
and (2.18)). Suppose (iv) holds. Then UD = UFW = V < U". Moreover 
|([/"- UD)(l - X D ) = 0, i.e. UD = U" a.e. on D c , by (b) of Theorem 2.3. 
Proposition 1.2 now shows that [D] E Q(p, SV), hence (i) holds. • 

Remark 2.3. If (iv) holds it does not follow that DEQ(p, SV), just that 
[D] = Cl(p)EQ(p, SV). In fact, (iv) is not affected if a single point is removed 
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from D while Theorem 2.1 shows that D can never be in Q(fi, SL1) if some point 
from co(p) is missing. 

Corollary 2.3. If pELf and, for some bounded open set D, p^l on D, 
p = 0 outside D then D C Cl(p), F(p) = Xmix) and Q(p, SL1) ¥= 0. Moreover, 
Q(p) is connected ifD is. (More generally: every component of £l(p) meets D.) 

Proof. Since Q(p) by definition is the largest open set on which F(p) = 1, the 
first assertions follow directly from the proposition. 

To prove the last statement, suppose on the contrary that Q(/0 has a com­
ponent G which does not meet D. Then V - U" = 0 on dG C Q(p)c C o)(p)c 

while in G, - A(V - U") = 1 -p = 1 which, since V - U" ^ 0 , contradicts 
the minimum principle for superharmonic functions. • 

Remark 2.4. The conclusion of Corollary 2.3 can be slightly refined as 
follows. Assume for simplicity that D is connected. Then there are two cases: 
(i) p = l (a.e.) in D. In this case V = U" hence co(p) = 0, Q(p) = [D]. 
Thus Q(p,SL1) consists of all open sets G C Q(p) with \Q(p)\G\=0. 
In particular Q(p,SLx) does not contain any minimum set. (ii) \dp> \D\. 
Since - A(U" - V) =p - 1 S 0 (and # 0 ) in D and U"-V^0, this 
implies that U" — V > 0 in D by the minimum principle for superharmonic 
functions. Hence D C <o(p). Therefore also 0 — p = — AV = — AV = 1 a.e. in 
Q(p)\(jt)(p), i.e. \£l(p)\a)(p)\ = 0. Using Proposition 1.2 it now follows that 
co(p)EQ(p, SL1). Obviously co(p) then is the minimum open set in Q(p, SL1) 
and Q(p, SL1) consists of all open sets G in the interval co(p) cG C Cl(p). 

This result, that under the above assumptions co(p) is the minimum open set in 
Q{p, SL1), was the original existence theorem of Sakai, proved in [Sa2] and 
[Sa 3]. 

After all the above preparations we can now prove a more general existence 
result, stating that Q(p, SL1) is non-empty under various assumptions on p. 

Theorem 2.4. Let p,pup2,... ,vSMc. 
(i) IfQ(pj,SL1) * 0 (j = 1, 2) then Q(p{+p2,SV)*0. 
(ii) IfQ(p, SLX)¥= 0 and a 1 then Q(ap, SLx)*0. 
(iii) If p„ S 0, p„ s pas n — x (in the sense that p„(E) s p(E)for every Borel 

set E) and Q(pn, SLl)¥-0 then Q(p, SV)*0 (in fact U „x_, Cl(p„)(= 
Q(M,SL% 

( iv) //>, v ^ 0 and Q(p * he + v, SL1) =t 0 for some he ELX as in (1.6) then 
Q(p+v,SL1)*0 and Q(p + v) = Q(p * he + v). 

(v) Ifp ^ 0 and, for some ball B(a; r),p=0 outside B(a; r) and p(B(a; r)) ^ 
6Nm(B(a; r)) then Q(p, SL1)^ 0. Moreover Q(p) is connected. 

(vi) If p ^ 0 and p is singular with respect to Lebesgue measure then 
Q(p,SV)*0. 
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(vii) // there is an open set D such that p^l on D, p = 0 outside D then 
Q(p, SV)¥= 0. Moreover D c Slip) andQ(p) is connectedifD is. (More 
generally, every component ofCl(p) meets D.) 

Proof, (i) Set Q, = £l(Pj), 7 = 1,2. By Corollary 2.3 there exists fi£ 
Q((Xa, + Xa>)m,SV). We claim that SlEQ(p{+p2,SV). 

First of all Q, U fi2 C Q by Corollary 2.3, which shows that (i') and (ii') in 
the definition (1.4') of the class Q(p\ + p2,SV) are fulfilled. But also (iii') is 
fulfilled, for 

J <pd(pt + f 9 + J 9 = J <P(Xn, + Xa2)dm = j <p 

for all <p ESL ' (Q ) by assumption and Corollary 2.3. 
(ii) is proved similarly. 
As to (iii) set Q = U , Q(p„). Observe that Sl(pt) C Sl(p2) C • • • by Corollary 

2.2. It is immediate that p = 0 on Slc since this is true for each pn. If <p ESV(Q) 
then q>+ ESV(Q) C SV(Sl(pn)) for each n and 

J <p+dp„ = J <p+dm = J <p+dm < oo. 

Since <p+ can be approximated (e.g. in the V(p)-norm) by finite linear combi­
nations of characteristic functions of Borel sets it follows, passing to the limit, 
that J <p+dp ^ J n <p+dm < oo. 

Also,} cpdpn — | <pdp and tp — J n 9) as n —• 00. Therefore, passing to the limit 
in \<f>dpn ^IsHpjpdm we see that the final requirement for SlEQ(p, SV) is 
fulfilled. 

(iv) Set Q = Sl(p *hc + v) and ^ = { x E Q : dist(x, Q f ) > e } . Then p = 0 out­
side for, in the contrary case, p*hc could not vanish outside Q, which it does 
since QEQ(p *hE + v, SV). 

Now take ^ E 5 L ' ( Q ) . Then also tp+ ESV(Q). By the submean-value property 
we have <p ^q> *hc and <p+ ti<p+ * ht in Ke. Therefore 

J <pdp = J " <pdp < j (<p*he)dp= J (<p* hc)dp = j <pd(p *he) (< 00) 

and similarly for <p+. From this it follows that SlEQ(p + v, SV) and in fact 
(since Q = [Q]) that Q = Q(p + v). 

(v) Let 
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k~\B{l,2r)\ X m 2 r y 

We claim that Q(p*h, SV) ¥= 0 , which by (iv) will prove that Q(p, SV) ¥= 0. 
We have p * h ^ 0, 

p*h^ = 3 A on B(a;r), 
15(0; 2r)| 

p*h=0 outsideB(a; 3r). 

Set v = 3NXm*;y- Then B(a; 3r)<EQ(v, SV), hence F(v) = X B W Writingp *h = 
v + (̂ i */z — v) and observing that */z — v IS 0, (a) of Theorem 2.3 therefore 
gives F(p*h) = F(xB(a.ir) +p*h — v). But now Corollary 2.3 applies (to the 
measure XB^M) + P*h —v and with D = B{a; 3r)) and shows that F(p *h) = Xn 
for some connected open set Q. Thus Q(p *h, SV) ^ 0 (by Proposition 2.1) 
and Q(^ */?) = [Q]. 

(vi) Suppose pz^0,p singular with respect to Lebesgue measure and let 

p = sup{r > 0: p(B(a; r)) ^ 6Nm(B(a; r)) for some ball B(a; r)}. 

Choose a ball B(a; r) = 5(a,; r,) as above with r, IS />/2 (actually the supremum is 
attained so we could take r, = p, but this does not matter) and set 

v l = /*|fl(«,;i-,)-

Now repeat the same procedure with p — v, in place of p, let B{a2, r2) be a 
corresponding new ball and set v2 = (p — v,) U ^ ) - Continuing in this way we 
obtain a sequence v,, v2, v 3 , . . . : in the rcth step the procedure is applied to 
p — V[ — ••• — v„_i and v„ is defined by 

v„ = (P ~ v, v„_,)| f i ( a n , r > ) . 

Set = v, + v2 + • • • + v„. 
By the definition of v„ and (v) of the theorem Q(vn, SV) ¥= 0, hence by 

repeated use of (i) Q(p„, SV) 0 . We claim that pn / p (setwise) which by 
(iii) will prove that Q(p, SV) * 0. 

Let E be a Borel set. Clearly p„(E) increases with n. Set v(E) = sup„ p„{E). The 
set function v so defined is easily seen to be a measure and by definition pn s v 
setwise. Therefore it remains to prove just that X = p — v is the zero measure. 

Clearly 0 ^ X ^ p, in particular X is singular with respect to Lebesgue measure. 
On the other hand 

(2.19) - ^ - ^ 6 " 
m(B) 
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for every ball B =B(a;r) (with r > 0). In fact, since p is a finite measure the radii 
r„ in the definition of v„ tend to zero as n —• oo and if (2.19) did not hold for some 
ball B = B(a; r) (r > 0) we would have, for all « , 

which says that the successive suprema p = pn above all satisfy p„^r, a con­
tradiction. 

Now (2.19) implies that X is absolutely continuous with density function ^ 6*. 
Since X also is singular we conclude that X = 0. 

(vii) Let A , = {x ED: dist(x, Dc)> \ln) (n = 1, 2 , . . . ) . By (iii) it is enough to 

prove that Q(pn, SV)¥=0 where //„ = v„ + ;&,, v„ = (// - 1) \Dm. By Corollary 

2.3, C?(v„ *K + XD) * 0 if 0 < e ^ \ln and by (iv) this implies Q{vn + X D ) * 0 -
Since il(p) = [U , Q(p„)] by (iii) the last assertions of (vii) follow easily from 

the corresponding assertion in Corollary 2.3. • 

Remark 2.5. In (v) 6* is not the best constant. The smallest constant for 
which our idea of proof works is (3 + l^/lf (obtained by replacing the radii 2r 
and 3r in the proof by (1 + ^fl)r and (2 + Jtyr respectively). 

Remark 2.6. Using Remark 2.2 and Remark 2.4 we also obtain the follow­
ing, for to(p). In (iii): if to(p„)EQ(p„, SV) for all n then co(p)EQ(p, SV). In 
(iv): if co(p *he + v)EQ(p + v, SV) then w(p + v)EQ(p + v, SV). In (v) and 
(vi): co(p)EQ(p,SV). In (vii): if D is connected and \dp>\D \ then (o(p)E 
Q(p,SV). 

3. A partial order and some simple results related to it 

We define a partial order < among bounded open sets in RN by saying that 

Strictly speaking < is a partial order only on equivalence classes of sets since 
clearly D < Q and < D hold simultaneously if (and only i f ) D and Q differ by a 
null set. 

It is actually natural to regard < as a partial order among measures (identify­
ing Q with Xnm) a n d then it extends to all Radon measures with compact support 
(p < v iff U" S Uv). With respect to the pairing (p, v) = f Wdv < then is the 
order which is dual to the usual partial order ^ . Also note that in terms of the 
partial order < the definition of the operator F (see (2.4)) can be written 

where the infimum is taken with respect to < . Then notice (obvious) that 

{p -p„)(B(a; r)) > X(B(a; r)) ^ 6Nm(B(a; r)) 

D < Q iff UD > Un in all R". 

F(p) = inf{vEMc:p < V , V | M ) 

(3.1) p < v implies F(p) < F(v). 
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Cf. (c) of Theorem 2.3. 
We will use < only between sets of equal volume (e.g. on Q(p, AL1) for a fixed 

p) and then the usual partial order C (inclusion) can be regarded as a refinement 
of < : an inclusion D c f l can hold only if D and fi are equivalent with respect to 
< (i.e. D < fi and fi < D). 

This section of the paper is largely self-contained and most results are quite 
simple. Nevertheless I think that they demonstrate the usefulness of considering 
the partial order < on our classes of quadrature domains. In particular they give 
new proofs of many of Sakai's results in [Sa 2]. 

We first give a couple of examples which show that within each class Q(p, AL[) 
an order relationship D < fi means that D is in some sense "more solid" than fi. 

Example 3.1. Let p=ap ( a > 0 ) , fi, = {xERN: t <coN\x\N<t + a} 
(t = 0) as in Example 1.2. Then a simple computation shows that fi(| < fi(j iff 
U ^ t2. Taking a in the interval u>N•<a<A (e.g.) we see from Example 1.2 that 
the solid domain fi = fi0U {0 } is minimal in Q(p,ALl) and Q(p,HLl) with 
respect to < , that the unique domain fi,_ in Q{p, SL{) is the maximum domain 
in Q(p,HLl) with respect to < but that Q{p,ALl) does not contain any 
maximum (or even maximal) domain. 

With Example 3.1 as a starting point one can build up more complicated 
examples. To do this we first introduce a convenient notation. If fi, and fi2

 a r e 

two bounded open sets we set 

with Clip) defined by (2.2). Thus, by Corollary 2.3, fti+fijE 

QdXa, + Xa)m, SV). In terms of F 

(3.2) FiXn.+XnJ^Xn.+ii; 

and together with fi, + Q2 being "complete" (fi, -I- fi2 = [^i + ^ 2 ] ) this charac­
terizes fl, + £l2. 

If Q, D Q 2 = 0 then simply + Q 2 = [f i , U fl2], otherwise Qt + fl2 is an 
open set strictly including [fi, U Q2]. It is immediately verified that if J2, G 
Q(pJt A) (J = 1, 2, A = AL1, HL1 or SLl) then fi, + fi2e Q(px + p2, A ) . Also it is 
immediate from (3.1), (3.2) that fi, < fi(, fi2 < fi2 implies fi, + fi2 < fi{ + fi^. 

Example 3.2. Let x, = ( - 1,0,..., 0), x2 = (1, 0 , . . . , 0), letp ;be the unit 
mass uniformly distributed on 5} = { x 6 R " : \x - Xj | = 1} (y = 1,2) and let 
p = a{pi + p2) for some a with coN < a < A (see Example 1.2). Then we have a 
two-parameter family of (connected) domains Q(p,ALl), namely 

fii>r = fi<'> + fiP 
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where ftP = {xGR": / <coN|.v -x ) - , \ N < t + a) and 0 ^ s , t <coN. This follows 
from the above discussion and Example 1.2. 

Moreover ft0i0, ftI<ri0, fto,/. and ft^ are in Q(p, HL1) and ftt4i £ Q(p, SL1). Also, 
Q M < ft,v< ifs^s',t^ t'. The map (s, t) —• QSt, is not always one-to-one but it is 
easy to see that, at least if a is close enough to coN, the four domains in Q(p, HL') 
above are distinct. In fact, this follows from ft<° U ft(,2) C ft,>r combined with 
| ft^ | + | ft{2) | = | ft,,, I, which shows that, for suitable a, ft00 has no holes at xt 

and x2, ft,„0 has a hole at xx but not at x2, ft0,n, has a hole at x2 but not at xt and £\>4< 

has holes at both xx and x2. 

Now we turn to the general theory. In all results below ft, D etc. denote 
arbitrary bounded open sets in R* and p (etc.) arbitrary Radon measures with 
compact support. 

Proposition 3.1. SupposeZ> < ft. Then UQ<UD onD\Cl. 

Proof. Set u = Ua—UD. Then Au = XD ~Xa and, by assumption, u ^ 0 . 
Suppose, to derive a contradiction, that u(x) = 0 for some xED\Cl = D r\Cle. 
Let B be an open ball in ft' with center x. Since u is subharmonic in B we have 

and it follows that u 0 in B. But this is a contradiction, for x €EZ) n ft" implies 

Remark 3.1. In addition to the conclusion of Proposition 3.1 we have: for 
each component Z), of Z) either U°< UD in Z), or |Z) ;\ft| = 0 . In fact, with 
notations from the proof we have (u being subharmonic in Dj) either u < 0 in Z), 
or M 0 in Dn and in the latter case Xn = XD ~ Au = I (a.e.) in Dj. 

Corollary 3.1. Suppose D < ft awe? £7° = UD on (ft U D)c (or even just on 
(ft U D)c). Then 3D C ft. 

Proof. This is immediate from the proposition since dD \ft C (ft U D)c n 

Proposition 3.2. Suppose D i- ft arca", /« cose N = 2, \ D | si | ft |. 77ze« 
r/zm> w a point xECl\D satisfying UD(x) < Un(x), VU°(x) = VC/"(x). 

Proof. Set u — Un — UD, M = sup u, S = fx GR": u(x) = M). By the as­
sumptions M > 0 and lim sup u(x) ^ 0 as | x \ —• oo. Hence 5 is non-empty and 
bounded. 

Suppose S C ( f t\D) C = Qe U D. Since w is subharmonic in ft" U Z) this would 
imply that S is an open subset of R* and since S obviously also is a closed set this 

B 

that Au^O in B. 

(Z5\ft). 
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leads to a contradiction to the first part of the proof. Hence S(£(Cl\D)c, i.e. 
S n (Cl\D) ^ 0. Since Vu = 0 and u > 0 on 5 this proves the proposition. • 

Corollary 3.2. Suppose D + Cl and U° = U° o « (fi U D)c. Then there exists 
a point xEQ\D satisfying UD(x) < Ua(x), VUD(x) = V[/ n (x )-

Proof. Since dQ\D C(Qu D)c the point x obtained in Proposition 3.2 
must be in fi\D. • 

Corollary 3.3. Suppose fi, DEQ(p, HV). Then 
(i) ifD < fi then dD C fi; 
(ii) if D-£Q then there exists a point xEQ.\D satisfying Un(x)> Lfix), 

VUa(x) = VU"(x). 

Proof. This is immediate from Corollary 3.1 and Corollary 3.2, just observ­
ing, for (ii), that UD = U",VUD - V t/" outside D (Proposition 1.1). • 

Example 3.3. Using the notations of Example 1.2 and Example 3.1 we 
have, if coN <a<A, fi, fi,oGQ(p, HV) and 

(i) n<£ltm,d£icCltm; 
(ii) fi^/fi and 0e f i\ f i , „ , Ua(0)> U"(0), VUn(0) = V[/"(0). 

This illustrates Corollary 3.3. 

Despite it being extremely simple Corollary 3.3 is quite useful. If, e.g., given 
QEQ(p, HL*), one finds that there is no point x G f i at all satisfying Ua(x)> 
UM(x) and VUa(x) = VUM(x) then Corollary 3.3 shows that fi is the maximum 
domain (with respect to < ) in Q(p,HLl) and that dD c fi for all DE 
Q(p, HL1). This applies e.g. when p is a (positive) point mass and QEQ(p, HL1) 
the appropriate ball and then easily gives that Q(p, HL1) = { f i } . This result was 
first proved in [E-Sc] and [Ku]. In Example 3.4 below we obtain a stronger result. 

The above remarks also apply when fi£(?(/*, SLl): 

Corollary 3.4. SupposeDEQ(p,HLl), QEQ(p,SLl). Then D < fi. 

Proof. By Proposition 1.1, V everywhere. • 

Thus if Q(p, SL') is non-empty, its elements are the maximum domains, with 
respect to < , in Q(p,HLl). Note that this in particular gives (again) the 
uniqueness up to null-sets of elements in Q(p, SL*). 

If inclusion c is regarded as a refinement of < as indicated in the beginning 
of this section it seems most natural to consider it going in the opposite direction. 
Thus the real "top" element in Q(p,HL[) (and Q(p,SL*)) would be the 
minimum (with respect to C ) open set in Q(p,SLl) when this exists. Cf. 
Remarks 2.4 and 2.6. 

Clearly dD C fi implies D C (the unbounded component of Q,e)e. Hence 
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Lemma 3.1. Suppose ft is solid and DD C ft. Then D C ft. 

Corollary 3.5. Any solid QEQ(p, HL1) is minimal in Q(p,HLl) with 
respect to < . More precisely, D C ft, |ft\Z>| = 0 whenever DEQ(p,HLl), 
D < ft (ifQEQ(p, HL1) is solid). 

This is immediate from Corollary 3.3 and Lemma 3.1. Using Corollary 3.4 we 
also obtain 

Corollary 3.6. Suppose £lEQ{p,SL{) is solid. Then Z) C ft, |ft\Z>|=0 
for every D E Q(p, HL'). 

Thus the answer of the uniqueness question (Q) in the introduction is negative 
whenever Q(p,SLl) contains a solid open set. Probably Corollary 3.6 can be 
sharpened to say that Q(p,HL1) = Q(p,SLi) when ft(^,5L') contains a 
solid element. (This is at least true if pEL?.) Corollary 3.6 is similar to 
[Sa 2, Proposition 9.1]. 

Next we come to another group of results. 

Propositon 3.3. SupposeD < QandVUD = VUa faraway. ThenD C (the 
unbounded component ofCle)e. 

Corollary 3.7. Suppose ft is solid, D < ft and V UD = V Uafar away. Then 
DcQ(and \ Q\D \ = 0 ) . 

Corollary 3.8. Any solid QEQ(p,ALl) is minimal in Q(p,AL[) with 
respect to < . 

Proof. The corollaries are immediate consequences of the proposition so 
we need only prove the latter. Set u = Ua—UD. Thus u ^ 0 in R^. More­
over VM = 0 far away which implies (Remark 1.2) u =0 far away and, by 
harmonic continuation, u = 0 on G where G is the unbounded component 
of ft' PI De. On the other hand u < 0 on ftf N D by Proposition 3.1. Thus 
ne N D N G = 0 . 

Let H be the unbounded component of fte and we wish to prove that 
D N H = 0 . Supposing that this is not true there must be a point xED C\H. Let 
y be a curve in H from x to infinity and let y be the last point of y which belongs 
to D. Then yEG, for the part of y coming after y is in fte NDE. Thus 
yEH n D n G, which however contradicts the first part of the proof. Hence 
DNH = 0. U 

Proposition 3.3 and its corollaries are a kind of parallel to Proposition 3.1 and 
its corollaries. We now wish to prove a corresponding parallel to Proposition 3.2. 

file:///
file://Q/D
file:///
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Proposition 3.4. Suppose fi is solid, 3fi is regular for Hopf's maximum 
principle inQf,D-f;£l (or even £> <£ fi) and that V U° = V UD far away. Then there 
is a point xEQ\D with U°(x) > UD(x), VUn{x) = VUD(x). 

Proof. First observe that D<£fi implies Z>^fi by Corollary 3.7. Now 
Proposition 3.2 can be applied and we only have to show that the x there can 
be chosen not on <9fi. Referrring to the notations of the proof of Proposition 
3.2 it is enough to prove that S n d f i = 0 . But x G S n d f i means that 
xEdiY, « ( x ) = M = sup M, Vw(x) = 0 and since u is subharmonic in the 
connected open set fi*" this implies, by the Hopf maximum principle 
[Ho], [Ba-Cp], that u=M in fif. Since M > 0 and u = 0 far away this is a 
contradiction. • 

Corollary 3.9. Suppose Q,DEQ(p,ALl),D # fi, fi is solid and that 3fi is 
regular for Hopf's maximum principle in fie. Then there is a point xEQ\D 
satisfying VUn(x) = VV(x) (with VV pointwise well-defined at x). 

Proof. If £>(£fi then Proposition 3.4 combined with the fact that VUD = 
VV outside D (Proposition 1.1) gives the desired conclusion. If D C fi then 
\Q\D | = 0 hence UDs=Un, which shows (by Proposition 1.1) that VUn(x) = 
VUD(x) = V V(x) for any xEQ\D. • 

Corollary 3.9 is similar to [Sa 2, Corollary 9.5]. It shows that the "special 
points" (in the terminology of [Sh 2]) x G f i for which VU°(x) = VV(x) (with 
VV pointwise well-defined at x) play an important role in the uniqueness 
question. It follows directly from the definition of a quadrature domain that these 
special points are exactly those points which can be deleted from £lEQ(p,ALl) 
without destroying it being a quadrature domain. If N = 2 and p has support in a 
finite number of points the number of special points can be estimated [Sa 7], 
[Gu 6]. 

Example 3.4. Let p = oS ( a > 0), fi = B(0; r) as in Example 1.1 (15(0; r) | = a). 
Then QEQ(p, AV) satisfies the hypotheses in Corollary 3.9 and a computation 
shows that VUa(x) # VV(x) for all x G f i for which VV(x) is point-wise 
well-defined, namely for all x E f i \ { 0 } . Hence Corollary 3.9 shows that 
Q(p, AL') just consists of fi = 5(0; r). 

Remark 3.2. Proposition 3.4 and Corollary 3.9 remain true if the hypothe­
sis " f i is solid" is replaced by "dfi = 3fi e, D is connected and D meets every 
component of fie". For the proof we just have to notice that D U fi* is connected 
and u is subharmonic there; if S D dfi ¥= 0 this implies the contradiction uz=M 
in D U fi'. Cf. [Sa 2, Proposition 9.4]. 

The above results, e.g. Corollary 3.3, can also be formulated directly in terms of 
inverse problems in potential theory: 
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Corollary 3.10. Let ft be a solid open set with dft analytic. By the Cauchy-
Kovalevska theorem the Cauchy problem 

Au = 1 in a neighbourhood ofdQl 

u = 0, Vw = 0 on dft 

has a (unique) solution u in some neighbourhood ofdQ. Let Kbea compact subset 
of ft such that 

(i) ft \ K is connected, 
(ii) u is defined in 0\K. 
(iii) for each xEQ\K either u(x) >0or Vu(x) ¥= 0 (or both). 

Then D = ft whenever D is a solid open set containing K and satisfying VUD = 
VUn in a neighbourhood of infinity. 

Proof. By the hypotheses one can construct a function v £ C'l(RN) satisfying 
v= 0 in ftf and v= u in Q\co, where co is a small neighbourhood of K. Define 
p = Xn — Av. Then pELx, suppp C co and v = U" — Ua. Since v = 0 on ftc and 
ft = [ft] it follows from Proposition 1.2 that QEQ(p, HL1). 

Next we observe that (for D as in the statement) D £ Q(p, HL1), provided co 
was chosen so small so that co C D. In fact UD = Ua = V in a neighbourhood of 
infinity and by harmonic continuation the relation UD = V persists to hold in all 
D". Since Dc = closD f it follows from Proposition 1.2 that DEQ(p, HL1) and 
now (ii) of Corollary 3.3 shows that D < ft which (both D and ft being solid) 
implies D = ft. • 

In analogy with Example 3.4, Corollary 3.10 implies that the only solid open set 
having the Newtonian field cxl\x \N far away is the appropriate ball ft = B(0; r) 
(K = {0 } ) . Cf. [Ah-Sc-Z], [Sa 6]. 

We finish this section with a result whih generalizes [Sa 2, Theorem 6.4]. 

Proposition 3.5. The elements in Q(p,ALx) (and hence those in 
Q(p, HL1) and Q(p, SLX)) are uniformly bounded for fixed p. 

Proof. Choose an open ball B such that supp/z C B and numbers p =S 1, 
e > 0 such that supp(^ *he) C B and p *he ^ (p — \)XB- We claim that every 
Q.EQ(p, AL1) satisfies ft C Bu where 5, is the open ball with the same center as 
B and with volume a = p \ B |. 

Suppose QEQ(p,ALx). The function v = Xa+ PXB ~M*hc satisfies v = 0 on 
(QUB)C, v > l in ftU5. Thus by Corollary 2.3, Q(v, SL1) ¥= 0, namely 
ft(v)E<2(v,SL'). 

Moreover ft U B C ft(v). But now U" = U1"*; U'x> - Vs and VUa = VU" 
outside B U ft so that VUaM = VUV = VUn + VUPX> - V[/"**• = VU"6 outside 
ft(v). This shows that ft(v)E Q(ad, AL') and Example 3.4 now gives that ft(v) is 
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the ball Bt above. Since Q C Q(v) this completes the proof. • 

4. New quadrature domains from old 

In Section 3 we introduced an operation fi, + Q 2 between quadrature domains 
such that if Q.jEQ(pj,A) (y = 1,2, A = AL\ HV or SV) then Qt+Q2E 
Q(fi\ + p2, A ) . The first result in this section concerns another operation on 
quadrature domains: the least upper bound with respect to < exists in Q(p, A ) . 
The technique used is a variant of that introduced in the beginning of Section 2. 
By these methods we then also prove that if Q,, Q 2 £Q(/i, AV), Q.t < Q 2 then fi, 
and Q 2 can be joined by a curve in Q(fi,AV) and combining these two results 
shows that Q(p,AV) is arc-wise connected. 

Theorem 4.1. Suppose pEL?, Qu Cl2EQ(p, AV). Then the least upper 
bound ft, v Q 2 exists in Q(p,AV), i.e. there exists a QEQ(p,AV) satisfying 
£lj < Q = 1, 2) andQ<D for every DEQ(p,AV) with Q.j <D(j=l, 2). If 
Qu Q2EQ(p, HV) then this Q = Q, v Q 2 also is in Q(p, HV). 

Proof. Consider the family 

& = [u E Q'(RN): u = min(I/Q-, C/°>), - AM < 1}. 

The function w = min(£/n', Uai) is superharmonic (since Ua' are) and satisfies 
w = Un> = U®2 far away. Thus vv = Uv where v = — Aw is a positive Radon 
measure with compact support. This shows that & is the same type as in 
Theorem 2.1 (with p replaced by v), hence there is a largest element V — V in !F. 

Define 

<o = to(v) = {xERN: V(x)<w(x)) = {xERN: V(x)<Uv(x)}, 

Q = Q(v) = R"\supp(l + AV), 

Dl = {xERN: Ua<(x) < U°ix)}, 

D2 = { ^ E R " : Unix)> Uaix)}, 

S = {xERN: Uaix) = Uaix)}. 

Observe that all functions above are continuous (recall Corollary 2.1). Thus co, Q, 
D I , D2 are open and bounded while 5 is closed. Moreover to C Q (Theorem 2.1) 
and £>, U D2 U S = RN. 

Clearly w = Ua> on D},U 5 (J = 1, 2) and V = w on ftc C coc. Therefore, using 
that V, UQ> E for all p < oo it follows that 

(4.1) 

(4.2) 

V=UAJ on & n (Dj U S), 

W= VC/n/ a.e. on Qc n (Dj u S), 
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(4.3) - AV = - AUa> = Xn, a.e. on ftc n ( A U S). 
In ft, n ft2, - AUa< = 1, hence v = — Aw = — A min(£/n>, S 1 there. By 

(c) of Theorem 2.3 this shows that - AV = 1 in ft, N ft2 ( - AV = F(v)). In other 
words 

(4.4) ft, N ft2 C ft. 

Similarly, since v = l in ft, n A and in ft2nZ)2 we have — AV=l in 
(ft, N A ) U (ft 2 FL A ) , or 

(4.5) (ft, N A ) U ( ft 2 N A ) C ft. 

Using that ftc N A N fty = 0 by (4.5) and that ftc N S N ft, N ft2 = 0 by (4.4) 
we can write 

ft' = (ftc N A ) U (ftc N A ) U (ftc N S) 
( 4 ' 6 ) = (ft c N A N FTD U ( f t f N A N FTD U ( f t c N 5 N (ft$ U ft$)). 

Now, since VUai = VU" on ft; (Proposition 1.1) and, if ft,E<2(/z,HL1), 
Ua, = U" on ft; (4.1), (4.2), (4.3) and (4.6) show that 

(4.7) V=U" on ftc, 

(4.8) V F = VC7" a.e. onf t f , 

(4.9) ~AV = 0 a.e. onft c , 

(4.7) only in case QjEiQ(p, HL1). As — A K = 1 in ft by the definition of ft and 
KG Wl£ (4.9) shows that — AV = Xa, i.e. that F = £/n. Since moreover ft = [ft] 
(also by definition) (4,7), (4.8) combined with Proposition 1.2 now show that 
£l<EQ(p, AL'), or Q(p, HL') if ft,eQ(p, HL'). 

That ft = ft, V ft2, V taken in Q(p, AL1), is obvious from the construction of 
ft. In fact, identifying a (bounded open) set D with the distribution XD, Xa is 
simply constructed as Xn,vXn2, v taken in {p G ^ ' (R* ) : p S 1}. • 

Note the simple formula for ft = ft, V ft2 obtained from the proof: 

ft, V ft2 = ft( - A min(C/Q', C/°0), or 

Xn^ = F{-Amm(U\ U^)). 
One can construct examples which show that Q(p,ALl) can contain two 

different (non-solid) minimal domains. (One can e.g. modify Example 3.2 so that 
(the modifications of ) £ \ 0 and ft0,,. become minimal in Q(p,ALl), namely by 
giving p a little extra mass in such a way that supp p N T,n0 N T 0 > t ¥= 0 where Ts>l 

is the outer component of DFTJ> (. This prevents ft(a0 and ft0(- becoming "more 
solid".) This shows that the greatest lower bound with respect to < does not 
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always exist in Q(p,AL1). If it did this would by the way immediately solve the 
uniqueness problem. 

Theorem 4.2. Suppose pEL", Q 0 . SllEQ(p,ALi), Q0 < Q,. Then there 
exists a chain (with respect to < ) in Q(p, AL1) connecting Q 0 and fib i.e. there 
exists a one-parameter family Q(t)EQ(p, AL1), 0 5= / = 1, satisfying Q(0) = fl0> 
£2(1) = Q.I andQ(ti) < £l(t2)fort{ = t2- The sets Q.(t) depend continuously on t with 
e.g. the energy of XOKU) ~ Xab2) taken as the distance between Q(t{) and £l(t2). 

Notational remark. In Theorem 4.2 and its proof the notations £l(p), 
(o(p) introduced in Theorem 2.1 will not be used; Q(0 and a>(t) will denote just 
one-parameter families of sets. 

Proof. For each 0 = t = 1 consider 

f , = {wG @'(RN): u ^ min(C/"o, Ua> + c(l - t)), - Aw < 1}, 

where c = sup([/n» - U°>) = 0. The function w, = min(t/n°, C/n' + c( l - t)) 
equals U°« for / = 0, 17"' for t = 1 and, for any 0 = t = 1, equals far away 
(since U°* = [/"'far away). As usual (Theorem 2.1, Theorem 4.1) it follows that 
& t contains a largest element Vt. Moreover Vt = Un« = Ua> outside a compact set 
and V0 = Ua°, Vx = (/".. 

The rest of the proof is similar to that of Theorem 4.1. We set 

&>(0 = { * E R " : Vl(x)<wl(x)}, 

n(0 = R"\supp(l +AV,), 

D0(t) = {xERN: Uaix)<Ua>(x) + c(l-t)), 

D{(t) = {xERN: Uaix)>Ua<(x) + c(l - t)}, 

S(t) = f x E R " : U°ix) = Ua'(x) + c(l - t)). 

Then co(t), Cl(t), L>0(0, A ( 0 are open, S is closed, co(t) C £l(t) and D0(t) U 
Z>x(0 U 5 ( 0 = R". Also, Q(0) = [Q 0 ] and « ( 1 ) = [Q,]. 

Clearly vv, = U°» on D0(t) U 5 (0 , vv, = Ua> + c(\ - 0 on L>,(0 U 5 ( 0 and 
V, = w, on £l(t)c C w ( 0 c . Therefore 

o n Q ( 0 c n ( D 0 ( 0 u 5 ( 0 ) , 

F, = C/n' + c ( l - 0 on Q (0 C n (.0,(0 U 5 (0 ) , 

(4.10) VJ/, = VC/n/ a.e. on Q (0 C n (Dj(t) U 5 (0 ) , 

(4.11) a.e. on Q.(t)c n (.0,0 U 5 (0 ) . 
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In Q 0 n f l „ - A C / " » = - A ( t / n . + c(l -t))= 1, hence - A w , > 1 there. 
Hence, since — AV, = F( — Aw,), (c) of Theorem 2.3 shows that — AV, = 1 in 
fi0 n Q,, or 

fi0 n ft, c fi(/). 

Similarly, since — Aw, = 1 in fi0 n D 0 (0 and in fi, n A (0> — AF, = 1 in 

(Q 0 n A ( 0 ) u (fi, n A ( 0 ) , i.e. 

( f i 0 n D 0 (0 ) u (fi, n A ( 0 ) c fi(0-

Thus fi(/)c n A ( 0 n ft, = 0 and ft(Oc n 5 n fi0 n fi, = 0 so that 

Q(t)c = ( f i (O c n D0{t) n fi§) u ( f t ( f ) ' n A C ) n fiO 

( 4 " 1 2 ) u ( f i ( f ) e n 5 (0 n (fig u fiD). 

Since Vt/"> = VC/" on fi/ (4.10)-(4.12) show that 

(4.13) V V, = V U" a.e. on Q(t)c, 

— AV, = 0 a.e.onfi (O c . 

Thus, since - AK, = 1 in ft(f), - AV, =Xatt), hence = U^0. By Proposition 
1.2 and Q(t) = [ft(/)L (4.13) now shows that Q(t)GQ(fi,ALl). 

That fi(?,) < Q(t2) for ^ t2 is immediate from the construction (w t| 2j w ( !, 
hence Vh ^ F ( J). We note that in terms of F ((2.4)), 

X m = F( — A mia(U\ C/°> + c(l - t))). 

From this, the last assertion of the theorem easily follows, for since F is an 
orthogonal projection operator with respect to the energy inner product 
(Theorem 2.3) F is Lipschitz continuous with respect to the energy norm and it 
therefore is enough to prove that the map t — min(t/"», Ua> + c( l — t)) is conti­
nuous in the energy norm on the potential side (namely || u ||2 = j" | Vu | 2 ) . That 
the latter is true follows readily from well-known facts [An], [Ba-Cp] about 
normal contractions on Sobolev spaces H0

l(G). • 

Corollary 4.1. When p.E.L?, Q(p., AL1) is arc-wise connected in the metric 
d i s t ( f i „ f i 2 ) = || XQ, - Xn, II where || • || is the energy norm. 

Proof. By Theorem 4.1 and Theorem 4.2 any two ft,, ft2 £(?(/*, A L 1 ) can be 
joined via fi, v fi2. • 

In the context of Corollary 4.1 it seems natural to ask for the dimensionality of 
Q(H,ALX). Corollary 4.1 shows that Q(fi,ALl) is at least one-dimensional (in 
some sense) whenever Q(ft, ALX) contains at least two elements. Below we obtain 
(usually) better lower bounds for the dimension of Q(/i,ALx). Probably these 
results give essentially the correct picture of Q(p.,ALl) as far as dimension is 
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concerned. E.g. the embedding in Corollary 4.2 should in the generic case be a 
local isomorphism (provided sets which differ by a null set are identified). 

Theorem 4.3. Suppose pEMc, ClEQ(p,AL1). Let K be either (a) an 
isolated component of ftc with K n supp p = 0 and with dK = 8QnK a real 
analytic hyper-surface (without singularities) or(b) K = {x} where x Eft \ supp p 
is a "special point" (VUa(x) = VUM(x)) which is a strict local minimum for 
V — Ua. If in case (a) K is the unbounded component ofQc we assume moreover 
that \ QC\K \ > 0 . 

Then to K there corresponds a one-parameter family QtEQ(p, AL1), defined in 
some interval 0^t<e, with ft0 = ft and satisfying 

(i) ft, is a strict chain: ft, < ft,, with ft, Slt,for x < t ( < reversed ifK is the 
unbounded component ofQc); 

(ii) ft, is monotone also in the following (related) sense: ifL is a neighbourhood 
of K with L \ft = K, L n suppp = 0 then, for x <t, ft, n L C ftt n L 
and£l,\L DClr\L; 

(iii) in the energy norm Xa, is a Lipschitz continuous function oft. 
Also: 

(iv) for any number of different choices of K with K compact the corresponding 
chains are "linearly independent". 

Proof. The construction of ft, in case (a) has been carried out in [Gu 5] with 
a different application in mind. Since it was not proved in [Gu 5] that the ft, 
really are in Q(p, AL1) and since anyway case (b) has to be proven, we given here 
the full proof. 

The idea is to replace p or XQW by another measure v with suitable extra 
properties and such that £lEQ(v,SLl). The family ft, is then obtained as 
ft, = il(v,)EQ(v,, SLl) for certain modifications v, of v. v will be constructed by 
constructing the function u = If — Un. 

Let G be a connected neighbourhood of Kwith G fi suppp = 0, G\ft = K, 
dG C ft and with dG a real analytic hyper-surface. Define u = 0 on Gc and extend 
u to a neighbourhood of Gc by solving the Cauchy problem Au = 1 in G (close to 
dG), u = 0, VM = 0 on dG. This is possible by the Cauchy-Kovalevska theorem 
and the resulting function u satisfies Au = ^ G in a neighbourhood of Gc. Also, 
M > 0 in G close to dG. 

On A: we have U" - Un + c = 0 and V(U» - Ua + c) = 0 for some constant c 
(Proposition 1.1). Define u = U" — Ua + c in a neighbourhood of K. Then 
AM = ^ Q in a neighbourhood of K and u > 0 in ft (close to K). The assumed 
regularity of dK in case (a) was needed only for this last conclusion. 

It is possible to find connected open sets Du D2, D3, _D4 with smooth boundaries 
such that, setting!) = Z ) 4 \5„ the following hold: KcDx <£D2<£D}mD4mG; u is 
defined by the above in Dc and satisfies M > 0 i n Z > c n f t n ( ? ; H can be redefined 
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in D and extended to all D in such a way that u G Cl-l(RN), u > 0 in D and, for 
some 8 > 0, — Au ^ S in A (Only this last point requires some thought; some 
details on this are given in [Gu 4 ] . ) 

Now B E C ' W , U = 0 on ( Q N G ) C , « > 0 in QFL G, - Au = PXD~Xnnc 

where p€ELx, p^l+d. Define v = X N - A w . Then v E l " , v = 1 in Q\G, 
v ^ 1 + 5 in D and v = 0 (a.e.) elsewhere. Note that u = Uv - Un. Since u ^ 0 
with M = 0 on Q c it follows that QG£)(v, 5 L 1 ) . Also notice that by construction, 
and since ClEQ(p,AV), 

ir = U» + c on A , 

( 4 1 4 ) vuv = VU" onQ c , 

with c as earlier. 
Next choose a function y/GC00(RAr) with 0 ^ ^ ^ 1 such that y/ = 1 in A> 

^ = 0 on At- Thus supp Ay/ CD and it follows that for j /1 small enough (namely 
| /1 <S/ \\Ay/ . the measure v, = v + tAy/EL? satisfies v, = 0 outside 
D U ( Q \ G ) and v, g; 1 in D U ( Q \ 6 ) . Thus by Corollary 2.3, <2(v„ SV) + 0. 
Define Q, = fi(v,)E<2(v„ SL 1 ) . Then Q 0 = Q(v) = [Q] (Theorem 2 .2 ) and 
D U (Cl\G) C CI, for all / (Corollary 2.3) . We claim that { f i , } has the required 
properties. 

First assume that K is not the unbounded component of fic. Then K is compact 
and y/ = 0 far away so that 

( 4 . 1 5 ) U"- = Uv-ty/. 

Thus £/"' - Uv- = (R - T ) ^ SO that, for x<t, Uv< - (t - x) ^ C/V- ^ Uv<. These 
inequalities, together with Un- 5 £/"•, show that in the construction of Qs = fi(vj 
in Theorem 2.1 , Theorem 2.2, UQ- is a competing function (i.e. is in 2F in 
Theorem 2 . 1 ) when s = T and U N < — (/ — T ) is a competing function when 5 = t. 

Theorefore 

( 4 . 1 6 ) Un- - (t - T) S U°> < £7°. 

for T The second inequality says that {Q, } is a chain with respect to < 
( Q t < Q, for T < /) . This could also have been seen directly from (3 .1 ) , since 
F(vs) = Xn, (Proposition 2.1) . The last remark by the way also shows that, in the 
energy norm, Xn, is a Lipschitz continuous function of 5 (since F is an orthogonal 
projection for the energy inner product). Also ( 4 . 16 ) can be regarded as some kind 
of continuity statement. 

In A \ ^ r we have Ua< = Uv< = £/v- + (t - T ) ̂  Un< + (t- T ) , hence Un< = 
Ua- + (t — T ) by (4 .16 ) . Therefore taking the Laplacian, Xa, = Xa, a.e. in D2\Sll, 
i.e. \a, N ( A \ ^ r ) l = 0. Thus Q t U (Q, N A ) C [ A ] , and since Q t = [Q t ] this 
implies 
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(4.17) n,nD2caxr\ D2 

(for T < / ) . 

Similarly, in Of\Z>3, = Uv< = Uv< ^ which by (4.15) implies Un- = 
[/".. Hence as above |(ftt\£3)\n,| = 0 and by O, = [SI,], 0 T n (Of n Z5f) = 0 , 

or 

(4.18) Q , \ A = ) " R \ ^ 3 

(for r < / ). 

(4.17) and (4.18) prove (ii). Choosing x = 0, / > 0 in (4.17) and (4.18) gives 
AT C Of and Of N Z5| C O f N Z53

c = O c \ K respectively. Using the latter relation, 
(4.14), (4.15) and that U°> = Ur; VUn- = VUV- in Of, we find that 

(4.19) Un- = U" + c - t inOfn/5,, 

(4.20) Ua' = Uv inOf\Z53, 

(4.21) vt/ n '==VC/" in Of. 

(4.21) shows that £ltEQ(n,ALl). In fact using (4.17), (4.18) for T = 0, 
suppnC\Di = 0 and the fact that O 0 = [O]££(//, AV) it follows that (i) and 
(ii) in (1.4) hold and (4.21) shows that (iii) in (1.4) holds for a dense subset of 
AL\Cl). Thus Q.,EQ(n,AV). Moreover, (4.19) combined with 0 # K C Of n 
Z), shows that O, really depends on t. (In fact it shows that O, -f. O t when x < t.) 
(4.20) shows that Un' is independent of t on Of \Z) 3 and together with (4.19) it 
therefore proves (iv). 

When K is the unbounded component of O c , the constant c is zero, (4.15) gets 
replaced by 

W° = Uv - t(y/ - 1) 

and (4.16) accordingly becomes 

Ua- - (/ - T ) = Ua- = Un-. 

Thus we now have O, < O t for x < t. (4.17) and (4.18) remain the same and one 
ends up with 

Un- = V in Of n Du 

(4.22) Ua> = Uv + t inOf\Z53, 

in place of (4.19), (4.20) ((4.21) remains the same). 
Now Of \Z>3 is shrinking for increasing / by (4.18) and (4.22) shows that O, 

really changes with t as long as O f \ J 5 3 ? T 0 . Since initially |Og\i53| = 
|Q f\Z53| = |Oc\A"| > 0 it follows from the continuity of r— Xa, that | Of \Z53| 
remains positive for t in some interval 0 g K £ . This finishes the proof. • 
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It should be remarked that the assumed regularity of dK in case (a) really is 
supposed to be the generic regularity of dK when K n supp p = 0 . E.g. in two 
dimensions an application of the Riemann mapping theorem combined with a 
reflexion principle shows that every isolated component of dQ is an analytic 
curve, with a few types of singularities allowed. (A complete solution of the 
regularity problem in two dimensions has in fact recently been given in [Sa 9].) In 
higher dimensions there are similar results although they are less complete. See 
[K i -N ] , [Ca], [F]. 

On the other hand the said singularities on dK, when they appear, really may 
prevent the variation {Q, } of Q, namely more or less when they make V — Un 

decrease as dQ is crossed from A"(cf. the proof). See [Gu 6] for an example in two 
dimensions. Also, it is obvious that supp p reaching K also prevents {Q, } since 
dQ, is withdrawn at K. Therefore the assumptions on K in case (a) are really 
necessary. The same is true for case (b) as there are plenty of examples of special 
points which are saddle points for U" — UQ and for which a corresponding 
variation {Q , } does not exist [Sh 2], [Sa 7], [Gu 6]. 

It may be noticed however that the special point x £ f i \ Z ) appearing in e.g. 
Corollary 3.9 is constructed as a global minimum point for UD — Ua. Hence if 
this x is not on 3D then it is at least a local minimum point for V — UQ (although 
perhaps not a strict local minimum). In [Sa 7] an "index theorem" for special 
points is proved (in two dimensions). 

Clearly Theorem 4.3 says something about the "dimension" of Q(p,ALl) near 
CiBQ(p,ALl). E.g. it gives 

Corollary 4.2. Suppose ClEQ(p,ALl), suppp cCl, that dQ is the disjoint 
union of m + 1 real analytic hypersurfaces and that U" — Ua has n (local) strict 
minima in Q\supp/z. Then there is an order preserving embedding of a neigh­
bourhood of the origin in R m X (R+ ) n (R+ = { / 6 R : / > 0} ) into a "neighbour­
hood" of CI in Q(p,ALl). The (partial) order used in R m X ( R + ) n is x ^ t iff 
x, ^ tjfor each i (x = (T,, . . . , xm+„) etc.) and the one used in Q(p, AV) is < . 

The case when K is the unbounded component of Q f is not the least interesting 
part of Theorem 4.3. It says that, under the stated assumptions on the outer 
component of dQ, if QE Q(p, AV) is not already solid it can be made "more 
solid", or: 

Corollary 4.3. Assume ClEQ(p, AV). If the outer component of dCl is 
isolated, real analytic and does not meet supp/i, then Q is not minimal (with 
respect to < ) in Q(p, AV), unless [CI] is solid. Similarly, Q is not maximal in 
Q(p, AL') if there exists an isolated, real analytic interior component ofdQ which 
does not meet supp// or if U" — Ua has at least one local strict minimum in 
Q\supp/i. 
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Our final result relates to Example 1.3: 

Theorem 4.4. Suppose p EL C
X , DEQ{n,HV) and that p vanishes on the 

closure of the set where UD > U". Then Q(p, SLl)*0. 

Proof. The proof is (partly) similar to that of Theorem 4.1. Set 

= {uE@'(RN): u^min(UD, If), - Au < 1}. 

Then there exists a largest element V in & and setting w = mm{UD, If) we 
define 

co = {xERN: V(x)<w(x)}, 

ft = R"\supp(l +AV), 

A = {xERN: UD(x)<U"(x)}, 

A = {xERN: UD(x)> U"(x)}, 

S = {xERN: UD(x)=lf(x)}. 

We are going to prove that QE Q(p, SLl). 
We have w = UD on A U S, w = If on D2 U S and V = w on ftc C a>c. It 

follows that 

(4.23) V = UD on ftc n (Z), U S), 

(4.24) V — If on ftc n (A U 5) , 

and hence that 

(4.25) - A F = - A t / f l =,&> a.e. on ftc n (A U S), 

(4.26) — A F = —Alf = p a.e. on ftf n (A U 5) . 

In R" \ A C A U 5, w = UD, hence - Aw = 1 in D \ D2. By (c) of Theorem 
2.3 this shows that —AV = F( — Aw) = 1 in D\D2. Hence 

D \ f l 2 C f l . 

It follows that 

(4.27) ftc = (ftc n A) u (ftc \ A) = (O c n A) u (QC\(D u A))-

Observe that A C A U 5. Thus V = £/* on ftc n A by (4.24) and - A F = 0 
a.e. on ftc n A by (4.26) and the assumption that / i = 0 on D2. On ftc\ 
(Z> U A) CCIC nDc D (A U 5 ) , F = ( / D = If by (4.23) and the assumption that 
DEQ(p, HL1). By (4.25) we also have - AV = 0 a.e. on ftc \(D U A)- Thus, by 
(4.27), F = [/" on ftc, - AV = 0 a.e. on ftc. As — AV = 1 in ft (by definition of 
ft) we get — AV = ^ n hence K = Ua. Since F ^ If by construction, Proposition 
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1.2 now shows that QEQ(n, SL[). 

Some open questions 

(1) The inverse problem in potential theory mentioned in the introduction, or 
in terms of quadrature domains: can Q(n,HV) (or Q(p,AL1)) contain more 
than one solid open set? 

(2) Is it true that 

(See Section 1.) 
(3) Another technical question of relevance in Section 1: suppose fiEMc, 

QEQ(fi,HLl) and Ua^ U" everywhere. Does it follow that QEQ(n,SV)7 
(True if e.g. fi EL?.) 

(4) Regularity of dQ: Suppose QE Q(fi, AL1) and supp fi C Q. To what extent 
does it follow that dQ is real analytic? In two dimensions this problem has been 
completely solved [Sa 9] but in higher dimensions the theory is still incomplete. It 
is known [K i -N ] , [Ca], [F] that dQ is a real analytic hypersurface close to any 
point xEdQ at which Qc is not too thin in a certain sense, at least provided 
QEQ(fi,SLl). 

(5) In two dimensions the following is known [Ah-Sh], [Gu 2], [Gu 6]: if 
supp ft is a finite set and Q E Q(fi, AL') then dQ is an algebraic curve, (fi need not 
be a measure in this result; it is enough that ft E <2>'{RN).) Is there a corresponding 
result in higher dimensions? 

(6) How large can Q(fi, HL1) be? There are examples with Q(fi, HL1) even 
uncountably infinite and with cluster points but can Q(fi,HLl) contain e.g. a 
whole continuum (in a reasonable topology) of open sets? 

(7) Does Q(n, HL') always contain a largest element with respect to < ? (True 
whenever Q{fi, SL') ¥= 0, by Corollary 3.4, and also true whenever Q(fi, HL1) is 
finite, by Theorem 4.1.) 

I am grateful to Lawrence Zalcman whose paper [Z] has inspired me a lot, to 
Makoto Sakai to whose papers I have devoted years of study and to Harold 
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enlightening lecture of Shapiro on quadrature domains. I also want to acknow-
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