Annali di Matematica pura ed applicata
(IV), Vol. CLXII (1992), pp. 87-104

Homogenization of Foliated Annuli (*¥).

BJORN GUSTAFSSON - JACQUELINE MoSSINO - COLETTE PICARD

Abstract. — Let O = Q, \ Q, be a regular annulus in RY and ¢: Q — R be a regular function such
that ¢ =0 0n 8Qq, ¢ = 1 0n 3Q, and Vé # 0. Let K, be the subset of functions v e Wh7 (Q) such
that v=0 on 82y, v=1 on 3Q;, v = (unprescribed) constant on n given level surfaces of 3.
We study the convergence of sequences of minimization problems of the type

Gy o¢

Inf“ 1 Gz, (a, o $) Vo) d; v e K, |,
02

where a, € L=(0,1) and G: (z,2) € Q X RN — G(x, £) € R is convex with respect to £ and veri-
fies some standard growth conditions.

1. — Introduction.

Lgt Q =04\ where 0, and Q, are two regular open subsets of RY (N = 2_),
2050, and let ¢ € C1(Q; R) be such that ¢ =0 on 8Q,, ¢ =1 on 3Q, and Vé # 0 on Q.
Hence 0<¢<1 in Q and the level surfaces of ¢

I’t={xe!—2; $(x) =1} where 0<t<1 (Iy=20Q2y,Iy = 30)

form a nested family separating I'y from I';.

ForneN, let T, = {t, »; 0 <i<n} where (t;,); is a sequence of (n + 1) real num-
bers in the interval[0, 1] such that 0 =14, , <#; , < ... <t,_ 1, <ilp,=1

Hence the annulus 2 with the #n ~ 1 leaves I'; , = {¢ =, ,, } may represent a kind
of foliated structure.

For every n € N, let us now consider convex minimization problems in the Sobolev
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space WP (Q) (1 <p < =) of the form

@) Inf [ f . l(x) G(x, a, (x) Vo)) dae; ve K\,

where

— K,={veW"P(Q);v=00nTI,,v=1o0nIy; VteT,, v=(unprescribed) con-
stant on I},

— a,=a, o¢ Where g, € L~ (0,1) and verify
1.1) AC>0.Y¥neN, a.e. tel,l,a,®=C,

— G (x,0) e 2 xRN — G(&, {) e R is a Carathéodory function (that is measur-
able with respect to «, continuous with respect to ¢) such that

-— for almost every x e Q, G(x, ) is a strictly convex functional which admits a
gradient denoted by g(x, ),

— there exist ¢;, ¢, ¢, >0 and ¢3 € L' (Q) such that, for almost every x € Q and
for every { e RV

(1.2) o [P < G, ) s el + e (),

(1.3) lga, O <+ [P ).

In this article we study the convergence of the sequence of minimization problems
(#,) as n goes to infinity. We shall prove the convergence of the solutions u, (resp. of
the minima) of (#,) to the solution (resp. to the minimum) of a minimization problem
(®) of the same form as (?,) under suitable assumptions on the limit behavior of the
sequences (a,,) and (T,,). Actually the limit problem (&) is more simple as it reduces to
a one dimensional problem. Most of the following results were announced for the par-
ticular case p =2 and G(z, £) = |¢[* in[6]. In the more particular case where Q is an in-
terval of R, say Q =]0, 1[, (#,) becomes

1
Inf j 0, OV @Fdt; v e H (0, 1), (0) =0, w(1) = 1};
0

its convergence has been considered as an interesting example by S. SPAGNOLO
(cr.[12]).

ONE PHYSICAL INTERPRETATION OF (#,) for p=2 and G(z, ¢) = |¢[? is—follow-
ing[10], p.51-54—that the quantity Inf(®,) represents the total conductance (one
over the resistance) from I'y to Iy, when Q is considered as a resistor with (noncon-
stant) conductivity coefficients a,, in which a family {I’; ,,, i =1, ..., n — 1} of infinite-
ly thin sheets of perfect conductors are inserted (I'y and I'y should also be perfect con-
ductors). Thus Q can be regarded as a compound resistor consisting of » smaller resis-
tors coupled in series, the i-th one being the part Q; ,, of Q lying between I';_, ,, and
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I; . If an electric voltage of unit strengh is applied to Q, namely so that I'y is given
potential zero, and I potential one, then u, represents the electric potential in Q.
Moreover, the minimum of (#,) then represents not only the total conductance, but
also the total electric effect produced in Q, and the total electric current through each
surface I, (see section 3a below).

In a subsequent paper [7], we will replace the infinitely thin sheets of perfect con-
ductors I, by thin layers %; , .= {t;, — ¢ <¢ <{;,+¢} of a highly conducting ma-
terial, that is a, is replaced by some constant A > a,, on %; , .. We will study the limit
problem when e—0, i, n—s o,

2. — Convergence of (#,) to (9).
THEOREM 2.1. ~ Under the previous assumptions, let us suppose that
(2.1) there exists a € L”(0,1) such that é; — —é weakly* in L=(0,1), as n->x,
2.2) [T, =max{t,,~ti_1,;1<i<n}—0, as n— o,
Then the solution u, of

@) Inf{ f L 6w, a,Vv)dx; v e K}
Q

converges weakly in WP (Q) to the solution u of

L

) Inf{f %G(ac, aVv)dx; v e K}
10

where @ = @go¢ and
K={veW"?@Q);v=0o0nT,,v=1 on I}, ¥t €0, 1[, v = constant on Iy},

Moreover
1 1
f @ G(x, a, Vu,)dr — j EG(x, aVu)dx.
Q Q

2a) Some comments on the hypothesis (2.1) and (2.2).

Since 0<1/a,®) <1/C a.e. t €]0, 1[, the sequence (1/a,) is bounded in L= (0, 1)
and then a subsequence converges in w*-L*(0,1). Assumption (2.1) means that all
the sequence (1/a,) converges in w*-L~ (0, 1) to 1/a with g € L= (0, 1). We shall prove
that this convergence is equivalent to the convergence of the sequence (1/a,) in w*-
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L~ (). Notice that assumption (1.1) can be weakened to
1.1y VrneN, 3C,>0,a.e.t€10,1[, a,) = C, (ie. a¢,>0 and 1/a,€ L"(0,1)).

In fact, by the uniform boundedness theorem, (2.1) implies that the sequence (1/a,)
is bounded in L% (0,1), hence (1.1).

Assumption (2.2) is related to the convergence of the sequence of convex K, to the
convex K in the Mosco sense (cf. [9]). Actually K can be identified with a subspace of
WL (0, 1.

Those comments are the object of three following lemmas:

LEMMA 2.1. - Let (a,,) such that (1/a,) € L= (0, 1). The two following properties are
equivalent

(i) 2 — = weakly* in L= (0,1).

(i) El—_)% weakly* in L™ Q) where a,=@a,-¢ and a = go¢.

PRrOOF. — Let us first assume (i). Applying the coarea formula (cf. [5] p. 249 or[11]
p. 697), we get, for every fe L'(Q),

1
/ f
JWdYELl(O’D and o dx = fan<J’ 2 dy)dt

Q

where dy denotes the (N — 1) dimensional Hausdorff measure (sometimes denoted by
dHY-1). Tt follows

fgln—(fl—v%dy)dtef 1( Wfﬂ dy)dt—f L.

Hence we have

f%dmef%d%, for every fe L'(Q),

that is (ii).
Conversely, assume now (ii). Let fe L'(0,1) and define f by

Tew)

-1
ae. vel, f)= f(qS(x))( | ;iﬂ) .
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From the coarea formula, we get fe L'(Q) and
1 1
f(x) flg(@) dy \™ f®)
———d —=| dt=| —=dt.
f P J (P @, G@)Ve J V¢l Ja®
Consequently, (i) implies (i).

LEMMA 2.2. — Let K= {ve Wb?(0,1); v(0) = 0,v(1) = 1}. Then the linear map-
ping: v—>v=vo¢ is an isomorphism from W5HP(0,1) onto E ={ve W' ?(Q);
Vit e [0,1], v = constant on I';} mapping K onto K.

PROOF. — Clearly v, o ¢ = vy o ¢ implies v; = v,. For ve E, we define v as follows:
for all £ e [0, 1], v(¢) = the trace of v on I',. Then v € WP (0,1), v = vo 4, and v(0) =0,
v(1) =1 if and only if v € K. It remains to prove that there exists a constant C >0
such that: Yve E,

[ellwr 0,1 < Cllllwr @) »

for then it will follow from the Banach theorem that v — vo ¢ is an isomorphism from
WhP(0, 1) onto E. In order to prove this inequality, we use the coarea formula and we
obtain

f@\m—f( @Ll dy)dt—j} |p(f—§%|)dt>cf@|pdt
and '

1
[P f@(bl”( jrlvw-*dy)dtac [lwpat.
'y 0

0 0 )

Lemma 2.2 is proved.

LEmMa 2.3. - Assume |T,|—0 as n— o. Then, if v,e K, and v,—v in
w-WLP(Q) as n— =, we have ve K.

PROOF. ~ Let v,— v in w-W4?(Q) such that v, € K,. Let w, € K be defined by

Wy, (&, ) =v; ,, the trace of v, onT;,, 0<i<mn,
W, is an affine function on each interval [t;_, ,,%; 1.
Let w, = w, o ¢. Then w, € K and since K is weakly closed in W¥? (Q), the lemma fol-

lows if one can prove that a subsequence of w, converges to v in w-W?(Q). For this,
we will use the following assertion: there exists a C'-diffeomorphism D from Q on-
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to[0, 1] X Iy such that
D: x € Q— D(x) = (¢(x), p(@)) = (¢, ) € [0, 1] X Iy,

and the image measure D(dx) is equivalent to di X dH" ! (y) denoted dt X dy(y) (cf.
Appendix). Let V,=v,.D ' and W,=w, oD For t; ,<t<¢,, and y eIy, we
have

W, ¢ty -V, =w, @OV, y) =

T t—t,
= Wy =V (b YD) 7 + Wig1,0 = Vi, ) .
Livyn—tin tivc1,n—tin
But
ti,n
av,
vi,n~Vn(t;y)=Vn(ti,n,y)_Vn(t7y)= §(77y)dT'
t
We get
ti+1,n
oV, v,
w69 = Valt, <f (5, lrsH = (- o
(W, (&, 9) — V. (&, 9)| Y (r,| d Y ¥ L?’(O,I)‘Tnl

ti, n

by Hoélder’s inequality (1/p+1/p’ =1). It follows that
»

T, pts

LP((0,1) x Iy)

v,
ot

f W, y) — V. ¢y dy(y) < I l
Ty

< Cloullys I TulP L < CIT, P77

Consequently, |w, — v, ||+ < C|T,|"/?" and then a subsequence of w, converges to v in
L?(Q).

Let us now prove that (w,) is bounded in W*?(Q). From this, it will follow that a
subsequence of (w,) converges to v in w-WYP(Q) and thus v € K. Since
Viv1~ Vin

w () = —

on [t ., &
ti+1,n_ti,n [1,%; 1+1,n]

we have

nil Vi 4 e~ Yin P

20 prm—tinl L

1
[ bt =
0



B. GUSTAFSSON - J. MossiNe - C. PICARD: Homogenization, etc.
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But

t‘i*l, n
;’ ov,
oot

tin

(r,)dr, a.e. yely,

vi+1,n—vi,n =

and from Holder’s inequality,

ti+1,n

v, P
{vi+l,n_vi,nlp<(ti+1,n‘—ti,n>p_1f ot (T,?/), dT: a.e. yEFO'

tz‘, n

We obtain

1

~

1
bz par< [ 2L
0 Od

ot

P
(, y)' dt, a.e.yel,

which gives, by integration with respect to v,

1
, 1 v, E
f |w, [P dt < Tl f ' —at—”(t, ZI)§ At dy(y) < CIVallyis g0, 1ry) < Cllowlfiyin g -
0 10, 1{xIy X

Thanks to the boundary conditions

“@n H€V1~P(]0, 10 = C”Un ”gvlrl’(g) s
and from Lemma 2.2,

Ilwn ”ﬁf“’(ﬂ) = Can “1%7“’([)) .
Consequently, (w,) is bounded in W7 (Q). The proof is complete.

2b) Proof of Theorem 2.1.

The proof consists of three steps:

LEMMA 2.4. — For every v e K, there exist Uy € Ky, such that v,— v in w-WhH?(Q)

and

f%G(w,aann}dx—)f%G(x,aVv)dx.
0

Q
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PROOF. — Let ve K. By Lemma 2.2, v =v0¢ with v € K. Define v, by

1

4
~1/2, = 2,
v, @) = %f%y ds, where an-fgny ds.
0 0

Hence v, € K and, from (2.1), é,— 1 and v, () — v(¢) for each t. Let v, = v, o¢. Then
v, € K and, by Lebesgue’s convergence theorem, v,— v in L?(Q). Moreover Vv, =
= (a/(a.4,))Vv— Vo in w-LP Q) from (2.1) and Lemma 2.1, and

1 |1 a
f—anG(x,aann)dw—fE;G<x, é-;v?;)dx.
Q

Q

But G(z, (a/8,) Vv) — G(x, a Vo) in L' (Q), by (1.2), since (a/é,) Vv—a Vv in L” @Y
(see[8] p. 22). Applying Lemma 2.1, we obtain

Jal——G(x,aann)dw-»f%G(w,a%)dw.
9]

Q

LEMMA 2.5. — If v,— v in w-WP(Q), then
lim inf f L 6w, a,v0,)do > f L@ avde.
¢
Q Q

PROOF. — Since G(x,+) is convex and admits a gradient denoted g(,-), we
have

Glx, a, Vv,) = G(x, a Vo) + g(x, a Vo)a, Vv, — a Vo).

Thus
j %G(w, a, Vv,)de = f al—G(w, o V) dx + Jg(w, a Vv) (an—— %Vv) dx .
0 " Q " Q
But g(x,a Vo) € LP (@)Y by (1.3), Vo"— Vo in w-(L* @)Y and, from Lemma 2.1,

J'g(x,aVv)g—’—Vvdxe fg(ac,aVv) Vodx.

Q Q

Consequently liminf f L 6w, a,v0,) do > f L 6@, avo) de.
Q Q
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END OF THE PROOF OF THEOREM 2.1. — From Lemma 2.4, there exists v, € K, such
that v,— % in w— WH>P(Q) and

f LG(ac, a, Vv,,) de — f lG(ac, aVu)dx .
a, o
2 Q
Since (u,) is the solution of (£,), we have
f -dl—G(ac, a, Vu,)dr < f al—G(x, a, Vv,)de.
Q2 Q2

It follows, by (1.1) and (1.2), that (u,) is bounded in W¥?(Q) and so there exist a sub-
sequence of (u,,) (still denoted (u,,) for simplicity) and * € W'?(Q) such that u, — u*
in w—W"?(Q). From Lemma 2.3, u* € K. Applying Lemma 2.5, we get

f%G(m,aVu*)dx$lim inffaiG(x,anVun)dxslim supffal—G(x,anVun)dxs
Q

& aQ

<lim supf aiG(oc, a, Vv, dx = J %G(m, aVu)dx.
Q Q

Consequently «* = u, the unique solution of (), all the sequence (u, ) converges to %
in w—W5HP(Q) and

f%G(m,aVu)dx=1imf—;—G(x,anVun)dx.
Q Q

REMARK. — The previous method used in order to prove the convergence of the
minimization problems (%,) is, in fact, a method introduced by De Giorgi which con-
sists of first proving the I-convergence of the functionals one wants to minimize and
then to deduce the convergence of related minimization problems (cf.[4] and
also[2]).

3. — Some further results.

3a) Some properties of (P,).

In this paragraph, we give Euler’s equation of (#,) and some properties of the sol-
ution and the minimum of (#,) for the case where G is positively homogeneous.



96 B. GUSTAFSSON - J. MossINO - C. PICARD: Homogenization, etc.

ProPOSITION 3.1. — The solution u, of {?,) is characterized by
(div (g(x, a,Vu,)) =0 nQ;,, 1<i<mn,
#,=0on Iy, wu,=1onl,

8.1) Uy, = ¢; ,, (constant) on I, 1sisn-1,

[ 9@, 0, V) vdy is independent of i A <i<m),

g’i,n

where w(x) = V(@) /|V¢@)| is the unit normal to the hypersurface {¢ = $(x)} ot the
point = and pointing towards I'y.
Moreover

1

Cin— Ci-1,m

J 9(x, a, Vi, ) - Vu, dx

in

I;

J g(x, a, Vu, ) -vdy =

and

j o(x, a, Vu, ) -vdy is independent of t e [0, 1].

I

PROOF. — The proof is classical and we omit it.

COROLLARY 3.2. ~ Assume that G is positively homogeneous of degree p with re-
spect to ¢, that is

(3.2) ae xe, YV eRY, YaeR,, Gx,20) ="Gx,2).
Then

JaLG(x,anVun)dx= %fg(x,anVun)-vdy.
Q Iy

PROOF. — Since G is positively homogeneous, we have G(, {) = (1/p) g(x, 1)+ ¢. Ap-
plying also Proposition 3.1, we get
1 = 1
f-G(x,anVun)dac= > J =g(x, a, Vu,) Vu, dx =
a Uy, i=1 ‘ p

Oin

g(ci,n-ci_l,wfg(x,anwn)-vdy: %Jg(w,anVun)'vdy.

1
Pi=1
Fi,n I‘t
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REMARK 3.3. — Assume that G is positively homogeneous. We can make (#,) ex-
plicit in terms of the solution v; , of

div (g(x, @, Vv; ,)) =0 in Q;,,
Vip=0o0nT; 1,0, = lonr;,
as follows:

Up=(Cin=Ci—1,u)Vint Ciz1,n O Ly,

n

1 1
f a‘;G(w, a, Vun ) dx = —-R
Q
where

Minz alzG(%', anvvi,n)dxy

'Q1, n

n p-1
Rn = <z Mi_711/(p_1)) ’
i=1

i
= p-lp-1 ~1/p-1
¢in=R, f ).Ele,"/(p )
=

3b) Euxplicit resolution of (P).

In the remark just above, we gave an explicit resolution of (#,), in the case when
(8.2) holds true. The explicit resolution of (P) is quite general and much simpler. It is
intuitively clear that (9) is effectively a one dimensional problem.

To be precise, consider the Carathéodory function G:J0,1[XR— R defined
oy
G(x,2V¢)

Vgl

t

(3.3) G(t,2) = dy.

Then, G(t,-) admits a gradient denoted by g(f,-) and
gt,2) = | g, 2V9) v dy.
I

Clearly G is strictly convex as a function of z and G has the same properties as & in
(1.2) and (1.3):

1.2 a P =G, 2) <clzP+c),

G 9, D < e+ [P D),
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with
gl=611v‘[tinJ'|V¢lp—1dY’ szczM?XI!V¢lP“ld}’J Q3(t)= -i-%dY)
Ty

I I

¢3 € L*(0,1) by the coarea theorem, ¢, = ¢,max <maX |, max [ |[Vo[P~dy).
Let us define ! L

1
@ f| [ 160,007t ve K.
Ja

The problem (£) has a unique solution u.

THEOREM 3.4. — We have
a) Inf(®) = Inf(P).
b) The solution of (P) is u=1wuo¢, where u is the solution of ().

PROOF. ~ By definition, % is solution of (#) if and only if w € K and

Vvek, f%G(w,aVu)dxsf%—G(m,aVv)dx,
0 Q

that is, by Lemma 2.2, the function u defined by «u(t) = the trace of » on I'y» belongs
to K and from the coarea formula, for every ve K, v=v0¢,

1 1
1 G(x, a Vi) 1 G(x, a Vv)
J ) (P Vel d”) @ sof o)

——dy | dt.
Vgl T)

Since Vv =v'(¢) V¢, (resp. Vu=u'($)V¢) we get the necessary and sufficient
condition

0 It

uek,
1 1

ek [Llatanas|Llewaa,
o 0o

which gives that u is the solution of (#).
REMARK 3.5. — The solution u of ($) is characterized by the Euler equation
L(gt,au)=0 10,1,

w0)=0, ul)=1.
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In general, this equation cannot be solved explicitly.
However, assume that G is homogeneous, that is verifies (3.2). Then the Euler
equation of (#) can be solved explicitly, and we get:

t
[ a0) Gz, 1He =D s
wlt) = %
[ G, 1) Yo=Y g
0

1 1-p
and Inf(®) = fQ(T)—l(_;(T, 1)~Ye-b g,
0
3¢) A particular case when the constraints do not play any role.

In general, the problems (#,) do not reduce to one-dimensional problems (see e.g.
Proposition 8.1), because the level surfaces of a,, and %, do not necessarily coineide be-
tween the I';, t e T,,. However this does occur in e.g. complete spherical symmetry,
or, more generally, in the situation described below. In this case the constraint
v = constant on I'; can be dropped from (#,) and (). In fact, we have the

ProPOSITION 3.6. — Consider the minimization problem

() Inf[f%G(x,aVv)dw; veWhP(@), v=0o0n Iy, v=1 on I{.

Q

Then the solution of (Q) is constant on the level surfaces of ¢, that is (Q) has the same
solution and minimum as (9), if and only if there exists k € LP 0,1) such that

1
© f%—dt= 1 and divg(e, (ko-¢)Ve) =0 in Q.
Je

Actually k= au’ where v is the solution of @.
The solution and minimum are explicit:

4
— Uu=uo¢ where %(t)=j%d7,
R

1
— f%G(m,aVu)dx=f%Q(t,@dt.
0 0

PROOF. — The solution % of () is constant on the level surfaces of ¢ if and only if u
is the solution of (%), which is equivalent (from Theorem 3.4) to u = %o $ where ¥ is
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the solution of (#). In this case, from the Euler equation of (), we have
div gx,aVu) =0 in Q, that is divg(x, (@o¢)(m' <) Vg) =0.
Hence (C) is verified with k=gu’. Conversely, assume (C). Let % be defined

by

u' =

in 10, 1

SHIE

u(0)=0.
1

We have w(l)=[(k/@)dt=1 and divg(z,(@o¢)m’ o¢)V$)=0 in Q, that is

. . 0 - . - .
divg(z, @ Vu) = 0 in Q where u = ©o¢. Hence u is the solution of (Q). Notice that in
this case the Euler equation of () can be solved explicitly.

COROLLARY 3.7. ~ Assume G is homogeneous, that is verifies (3.2), and assume
div g(x, V¢) = 0 in Q. Then the solutions u, of (P,) are

and the minima of (P,) are
1
fiG(x a, Vs )dx—flG(t k,)dt
a, s Wp n - ay, = y Zn .
0 0

The proof is quite easy.

REMARK 38.8. — The problems (#,) and () do not depend on the particular choices
of a,,, @ and ¢ such that a, = @, o $, @ = g0 ¢. That is (£,) and (¥) do not change if ¢ is
replaced by ¢=fo¢, a by b=aof"', a, by by,=a,of ', T, by f(T,), where
£:10,11—1[0,1] is a C? strictly increasing function such that f(0)=0, f(1)=1. On the
contrary, (9) depends on the particular choices of @ and ¢: with the previous changes,
($) becomes (Q) corresponding to b and ¢, () has the same minimum as ($) (and (£))
and its solution is w = vof 1. A convenient choice of ¢ and ¢ may simplify the resolu-
tion of (#), as well is the verification of the assumption (2.1). This will be illustrated in
section 4.

3d) Generalization to a, «asymptotically constant» on the level surfaces of ¢.

Our main result of Theorem 2.1 is still valid if the a, are only assumed to be
«asymptotically constant» (instead of being constant) on the level surfaces of ¢, that is
if we assume that

3.4 lan— 2 0 dll=@y—0 when n— o,
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where

Ay
J vl
%, () = ———.
_dr
a, V3|
(Note that, by the coarea theorem, for almost every ¢, 1/a,eL'(}) and
z, € L™ (0, 1)).
The assumption (2.1) is then replaced by

weakly* in L*(Q), with ae L*(Q).

Q=

1
—
an
We note that this implies (with (8.4))
3.5) 4=aod

(where o is defined as «, with a, replaced by a) that is ¢ is constant on the level sur-
faces of ¢. In fact

1 1

O, %y 0@

2 0@ — 0y
L™ ()

Uy, (a0 $)

1
= = —a s«
L”({))\ C? “%’L°¢ n”L @

which tends to zero when n tends to infinity. It is easy to prove (as in Lemma 2.1)
that

1R |

1
- —
&

weakly * in L"(0,1),

which, by Lemma 2.1, is equivalent to

1
ﬁ
%y 0@ %o0g

weakly * in L*(Q).

Since 1/a,— 1/a weakly * in L™ (2), the previous inequality implies (3.5).
With these new assumptions, we can adapt the proof of Lemma 2.4 as follows, ev-
erything else being unchanged. We define v, by

i 1

_i i ! J\ S _ﬁ_ ’
v, () = 5 J % 2 ds, where cn—f 2 ds.

0
As previously, 6,— 1 and v, = v, 06— v in LP(Q). Moreover

°¢
0O @

IR

Vv, = Vv— Vv  weakly in L?(Q)V.

so’I’—‘
IR
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On the contrary, a,Vv,— a Vv strongly in L¥(Q)", as previously, since

1 @ a ) .
a, Vv, = — ——aVv, &,—1, “— 1 in L”(Q) since
O & o &n ©
O, %y 0% Oy 1
- =||=—— < Zlawop—tul-—0, as n— .
%y 0 ¢ L) 0% |lpew C " i@ ’

4. — An example.

A typical situation (see e.g.[2],[3]) which the theory of homogenization is sup-
posed to handle is that of having an object (the resistor in our case) composed of two
different materials alternating with each other in thin layers. In our case, this could
correspond to having the functions g, of the form

« onft,, b ] for even 1,
(41) _n_{ Ty i+1,n

18 on [t tisra] for odd i,

where a, >0, a #8.

The condition (2.2) is simple enough to understand, so let us try to interprete (2.1)
when the g, are given by (4.1) and, for simplicity, when a is a constant. Set, for every
interval I included in[0,1], I, , = {tel,a,®) =a}, I, ={tel,a,(O) = 8}. It is easy
to check that condition (i) in Lemma 2.1 is equivalent to

at - f dt: for every interval I.
Oy, a
I I

It follows that, setting n=(1/a—1/81/x—1/@™, 2.1) holds if and only if
L, 4|/ |15, | = 7 for every interval I included in[0, 1]. (Note that this is true indepen-
dently of whether (2.2) is satisfied or not).

Ift, , = i/n, then clearly |I, ,|/|I5 »| — 1, so that we get the weak™*-convergence of
1/a, to

-4t

More generally, if t; , = i/n for even values of ¢ and ¢; , = (1 /m)GE+m—1/(n+1))
(for some » > 0) for odd values of i <n, then |I, ,|/|Is»|— n, so that 1 / &, converges
weakly* to

4.3)

S
i

=

+ =

—t

T
Q|
+

W | =t

N
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APPLICATION. — We give below the limit problems, for three simple given configu-
rations of {I,}. By convenient choices of ¢, they all correspond to ¢; ., = i/n.

@) The volume of Q; , is independent of i. Assume that the I'; , are level surfaces
of some smooth function ¢ satisfying the usual assumption on ¢ and assume that the
volume of Q; ,, is independent of i. Then the distribution function of ¢, u(t) =[¢>1]|
is smooth, and the I’; ,, have equation $(x) = 7/n for the choice ¢(x) = (vy — (%)) [(vo —
— ;) where v = [Qq |, v, = |24, v(x) = v; + u(Y(x)). For the limit problem, g is given by
(4.2) and

K={veW"@Q);,v=0 on I,
v=1 on I';, v is constant on the level surfaces of ¢}.

b) The width of Q, , is independent of i. Assume that I'; and I', are parallel, at
distance d from each other, and that the I'; , are parallel and equidistant. By choosing
#() = (1/d)d(z, IT'y) where d(x, ') is the distance from x to Iy, we get, for the limit
problem, a given by (4.2) and

K={veW'?(@Q); v=0 on I,
v=1 on I'}, v is constant on all hypersurfaces parallel to Iy and I';}.

¢) Iii1 4 18 homothetic from I'; ,, with ratio independent of i. Assume that Iy, I'y
and I}, are homothetic and such that

Iy =l O<e<l), Fi+1,n=Pl/nFi’n=p(i+1)/n['0.

Let us denote by o(x) the ratio of the homothecy which transforms Iy into the hyper-
surface containing x. By choosing ¢(x) = Log ¢(x)/Log ¢, we easily obtain that a is
again given by (4.2) and

K={veW"?(@);v=0o0nI,,v=1 on Iy,

v is constant on all hypersurfaces homothetic to I'y and I, }.

Appendix.
LEMMA. — Q is C'-diffeomorphic to [0,1] X I,.

PROOF. ~ Let D: Q— [0,1] X I'y, D(x) = (¢(x), 4(x)), where ¢: Q — I’ is defined as
follows. Consider the smooth vector field V¢ in Q. For each # € Q, there exists a
unique integral curve to V¢ which passes through x and this integral curve hits I at
the point y = (x).

If one wants to do the above more explicitly, one gets simpler formulas by using
the vector field V¢/|V4[® (instead of V¢). Then the integral curve through « € Q is
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given by the solution 2(t) = z(¢, x) of the differential equation:

Ve(2(1))
W= ——0
T NeanP
2x)) = .

The solution z(f) reaches I'y for f={; such that ¢(z(,)) = 0. We have

L s(et) = Vae®) 2O =1,
¢(a(t)) = t.

Thus =0, y = 2(0, %) = (x). It is clear that z: [0,1] X Q— 0 is of class C'. Hence
¢: Q— Iy defined by ¢(x) = 2(0, x) belongs to C*(Q). It is easy to prove that D is one to
one and D71(t, y) = z(t, ).
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