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Existence and geometric properties of solutions
of a free boundary problem in potential theory

By Bjorn Gustafsson and Henrik Shahgholian at Stockholm
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Notation

a generic constant,

(Jv»'?, L?>-norm of v,

{ue L*(D):Vue L*(D)} (D<RN,N22),

the closure of C°(D) in H*(D),

s-dimensional Hausdorff measure,

N-dimensional Lebesgue measure,

{ue H*(RM): u 20},

the radially symmetric decreasing rearrangement of u,
{uel:u=u*},

the characteristic function of the set D,

RN\D, the complement of D,

the closure of D,

{yeR":|y—x|<g},

B(x, 0),

reduced boundary of Q, see before Theorem 2.13,
measure theoretic boundary of Q, see before Theorem 2.13,
area of the unit sphere in R",

Radon measures,

support of u,

the Newtonian potential of pu,

N-dimensional volume of D c R

distance function, see Corollary 2.6,

Dirac measure at x € R¥,

quadrature domain, see Definition 4.1,

j (IVul> = 2fu +82X(u>0))dx’

RN

the average of u over 0B,(x,),
the restriction of u to the set D.
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138 Gustafsson and Shahgholian, Solutions of a free boundary problem
0. Introduction

This paper deals with a free boundary problem which arises in many areas of physics
(free streamlines, jets, Hele-show flows, electromagnetic shaping, gravitational problems
etc.) but for which we take, as the title indicates, a somewhat potential theoretic point of
view. From this point of view the problem can be stated as follows.

Let two nonnegative density functions, # and g, in R¥ (N = 2) be given. For any
positive measure u with compact support in RY we ask for a bounded domain (or open
set) Q containing supp u such that, outside Q, the Newtonian potential U* of u agrees
with that of the measure

v=hPNLQ+g#¥ 1L 0Q;

here ¥V _Q denotes Lebesgue measure restricted to  and #~ ~!_3dQ denotes (N — 1)-
dimensional Hausdorff measures on 0Q.

One may view this problem as a kind of balayage problem (or search for “quadrature
domains™). In particular, if 42 = 0 then it is intimately connected with classical balayage
(Poincaré sweeping) but with one major difference: we prescribe the density g of the swept
out measure v and ask for the domain Q, whereas classically Q is given and one asks for g.

In concrete terms our problem comes down to finding a domain Q containing supp u
such that there exists a solution u of the overdetermined boundary value problem

0.1) —Au=p—h inQ,
(0.2) u=0 on 09,
0.3) |Vu| =g on 0Q.

The relation with the previous formulation is that u = U* — U" in R if u is extended by
zero outside Q.

The aim of the paper is, first, to prove existence of solutions of the problem when
natural conditions are satisfied and, second, to study the geometry, and partly regularity,
of solutions. Simple examples show that solutions cannot be expected to exist unless g is
continuous, at least one of 4 and g is bounded away from zero outside a compact set and
u is “concentrated” enough, e.g. has a sufficiently high density with respect to (N —1)-
dimensional Hausdorff measure on its support.

On the other hand, we prove, and this is our main result, that good solutions indeed
exist when such conditions are fulfilled. By “good” we mean that the free boundary 9
is reasonably regular. As to the geometry, we prove e.g. that if 4 and g are constant and
if Q is one of our constructed solutions, then for any x € 0Q the inward normal ray of 9Q
at x (if it exists) intersects the closed convex hull of u. (Thus Q cannot have “fingers” not
containing part of u.)
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Gustafsson and Shahgholian, Solutions of a free boundary problem 139

We know of at least two general methods for proving existence of solutions of our
problem. One is to first construct a kind of subsolution and then take the infimum of all
supersolutions majorizing this. This idea goes back to A. Beurling [8] (for a related problem)
and has recently been generalized and adapted to our problem by A.Henrot [25]. In this
way Henrot is able to find solutions of (0.1)—(0.3) with (0.3) holding in some weak sense.
It is not proved in [25] that 02 is regular and that (0.3) holds in the sense we require it
(e.g. that (0.5) below holds).

The other method, which is the one we use, goes back to K. Friedrichs [19], or even
to T.Carleman [11], and was considerably developed and deepened by H.W. Alt and L. A.
Caffarelli [4]. Our work relies heavily on the methods and results in [4]. The method
consists (in our case) of minimizing the functional

0.4) Jw = [ (IVul> = 2fu+ gt o) dx

RN

over all 0 <ue H'(RM). Here f= ji— h, where ji is a mollified version of u. If ¥ mini-
mizes (0.4) then Q = {u > 0} solves our problem, provided supp u = Q. In [4] they have
f = 0 but instead nonzero Dirichlet boundary conditions, working in a subdomain of R".
Using the method in this original form the second author obtained solutions of our problem
in the case that u is a finite sum of point masses [44].

Free boundary problems similar to (0.1)-(0.3) have been intensively studied for
several decades now, and there is an enormous amount of literature. If g =0 then
(0.1)—(0.3) is equivalent to a variational inequality (of the same type as what occurs for
the obstacle problem, the dam problem etc.) provided we moreover require that u 2 0.
General references here are [29], [17], [35] and special references, for our type of questions
e.g. [36], [37], [23], [33]. The emphasis of the paper is however on the case when g > 0
on at least part of RY. Here we may refer to [17] for an overview up to the year 1982
and (selection) [19], [8], [43], [45], [32], [42], [20], [27], [16] (uniqueness, sym-
metry, convexity) [28], [10], [4], [49] (existence, regularity), [25], [26], [50], [45] (qua-
drature surfaces).

In addition to the above literature there are papers treating the two-dimensional case
with complex variable methods. We mention [2], [6], [48], [22], [47].

The paper is organized as follows. In section 1 we show that the functional (0.4) is
bounded from below and that its infimum is attained for at least one u. One ingredient
in the proof (and in several later proofs) is a simple but useful rearrangement lemma
(Lemma 1.1) which makes it possible to compare solutions with explicit solutions in a
spherically symmetric case (Example 1.5) and in this way obtain estimates.

In section 2 we prove that minima (minimizers), or more generally local minima, of
J solve (0.1)—(0.3) (with u — h replaced by f') in an appropriate sense. Indeed, we show
that any local minimum u is Lipschitz continuous in all R” (assuming f € L (R")) and that

0.5) Au+fLNLQ=g#" 10Q,
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140 Gustafsson and Shahgholian, Solutions of a free boundary problem

where Q = {u > 0} (Theorem 2.13). Moreover, it is shown that dQ is regular, at least at
most points (€.8. 0,.4€2 is regular when g > 0).

Continuous functions u = 0 satisfying (0.5) are called weak solutions (for the problem
of minimizing J). In section 3 we study questions of geometry of Q = {u > 0} when u is
a weak solution. We show e.g. (Corollary 3.8) that if g is constant and if Q is convex and
contains supp f, then {v > 0} = Q for any other weak solution v. This partly generalizes
a corresponding result in [45]. We also prove (for local minima) the previously mentioned
result on inward normal rays of Q2 (Corollary 3.11).

That (0.5) holds for local minima does not automatically mean that the original
problem is solved: we also need to make sure that supp u = Q. This can be done if u is
sufficiently concentrated, and in section 4 we establish two results (Theorem 4.7 and 4.8)
in this direction. These can be regarded as our main results.

It turns out that the original formulation of our problem is quite weak, indeed so
weak that it (if g > 0) admits an abundance of “bad” solutions with irregular boundaries
(‘“non-Smirnov”’ domains when N = 2). These can easily be ruled out by imposing additional
conditions, but in principle there remains the question what is a really good formulation of
our problem. The above matters are briefly discussed in Remark 4.2 and Example 4.3.

Acknowledgements. The authors are grateful to Harold S. Shapiro and Michel Zins-
meister for stimulating discussions on non-Smirnov domains. The first author has been
partially supported by the Swedish Natural Science Research Council (NFR).

1. Existence of minimizers
Throughout this paper N = 2. Most of the paper (section 1-3) is devoted to studying
a minimization problem. The data for this problem are two functions f and g in R satis-

fying Condition A below.

Condition A.

(A1) f,.geL*(RY),
(A2) supp f, is compact,
(A3) g20,

(A4) at least one of

f=< const. <0,
g= const. >0

holds outside a compact set.
Let K = {ue H'(RY):u =0} and set
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Gustafsson and Shahgholian, Solutions of a free boundary problem 141

JW) =J )= [ (|Vul>— 2fu+ 8% xyu»o)dx.
RN

Then J is well defined on [, taking values in (— o0, + 00]. We shall consider the problem:
Minimize J(u) for uelK.

The following lemma turns out to be very useful. Similar results have previously been
used by Friedman and Philips [18].

Lemma 1.1. LetJ, = J, ,,wheref < f,, g, 2g,andk =1,2. For u,,u, € K define
v =min(u, u,) and w = max(u,,u,). Then v,we K and

Ji () + T, w) £ T, (uy) + J,(uy) .

In particular, if u; minimizes J, then J,(w) £ J, (u,) and if u, minimizes J, then
Ji () £ J,(uy). If w, minimizes J; for k = 1,2 then v minimizes J, and w minimizes J,.

Proof. In general, if @ () is a nondecreasing function of 1€ R and A, £ h, then, as
is easily seen,

j(h1 D (uy) + hy®(u,)) < [(h @)+ hyd(w)).
Applying this with &; = f;, &(¢) = ¢ we find that

j(f1“1 + fou,) §j(f1”+f2w),

and choosing h; = —gf, (1) = 0 for t <0, &(¢) = 1 for ¢ > 0 we find

j(ng{ul>0)+g§X{uz>0))gj(g%X(v>0)+g§X(w>0))'
Since also [(|Vu,|? +|Vu,|?) = [(IVv]* +|Vw|?) the proof is finished. O

In order to get comparison solutions we shall first prove the existence of solutions
(minimizers) in a special case.

Lemma 1.2. Let f= ayp g — b and g = cxgn \p(o.r,)» Where a, b, ¢, R and R, are
nonnegative constants with a>b and b+ c> 0. Then J has at least one minimum (mini-
mizer) u in K. Any minimizing u is radially symmetric, radially nonincreasing and vanishes
outside a compact set. Moreover the minima form a nested family and there is a largest

minimum as well as a smallest one.

Proof. For any uin [ let u* denote its radially symmetric decreasing rearrangement
(for background, see [34]). Then u* € K and

[IVu*? = [IVul?, [fu*z [fu, (8% xuwes>0 =18 Xu>0p

here the first inequality follows from a classical theorem of Polya and Szegé (see [34],
Theorem 4.1) and the last two inequalities use the fact that f is nonincreasing and g is
nondecreasing as functions of r = | x|. It follows that J(u*) < J(«) and hence that we only
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142 Gustafsson and Shahgholian, Solutions of a free boundary problem

need to look for minima in K* = {uelK:u* =u}. It should be observed also that
J(u*) < J(u) unless u* = u.

From now on we assume that ¢ > 0, because if ¢ = 0 then J is convex and it is

well-known that there exists a unique minimizer u in K. This # has compact support with
1/N
radius of support ¢ = (g R. (Note that b > 0 when ¢ = 0.) Cf. Example 1.5 below.

Thus the lemma holds if ¢ = 0.
We first prove that J is bounded from below on K* (and hence on K). For u in K*

there is a unique ¢ in [0, 0] depending on u such that u(x) > 0 for |x| < ¢ and u(x) =0
for |x| = ¢. Set @ = {u >0} = B(0, ¢). Regarding f, g and u as functions of r = | x| we have

1 e [ 2
— J(w) = [ ('())*r"dr =2 [ fur®~'dr + < max gV — RY,0) .
Wy 0 0 N

Since J(u) = + o if ¢ = + o0 we need only to consider » with g < co. Set

1

A= (i (u'(r))zr""‘dr>1/2 = l/w—N |Vull,

o) = (})f(s)s"‘lds = %min(r,R)N— -I%rN.

If b % 0 then there is an r, > 0 such that ¢(r) =0 for 0 <r<r,, ¢(r) =0 for r > r,, and
since u' < 0 we then get

e e
1.1 | fur® " ldr=— [ pu'dr< AJ,
0 0
ro 1/2
where 4 = ( [ @?rt-¥ dr) is a constant independent of u. Thus
0

2
(1.2) d Jw 22— 244+ S max(e¥— RY0) 2 — 42.
Wy N
If b =0 then 0 < ¢(r) < const. <oo for r >0 and (1.1), (1.2) hold with

4 ]
A=A,=[¢*r' Ndr=Zconst. [ r' "Ndr.
0

Since ¢ > 0 we still see from the first inequality in (1.2) that J is bounded from below
(provided N = 2).

Thus J is always bounded from below. Let {u,} = IK* be a minimizing sequence, g,

en 1 .
the radius of support of u, and A2 = [ (u,)*r" " 'dr = [IV,|l. Then it follows from
(1.2) that 0 Von
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Gustafsson and Shahgholian, Solutions of a free boundary problem 143
(1.3) g, S const. < oc,
(14 An S const. < 0.

Now from (1.3) and (1.4) the existence of a minimum for J follows by standard arguments.
In fact, (1.3) shows that we may work in K N H{ (B) for some fixed ball B and (1.4) then
shows that the minimizing sequence {u,} is precompact in w-H;} (B) (i.e. H}(B) pro-
vided with the weak topology). As J is easily checked to be lower semicontinuous in
w-Hg (B) the existence of a minimum follows.

If ¢>0 and a is not too large there may be several solutions u (cf. Example 1.5
below). However any solution is uniquely determined by its radius of support ¢ (e.g.
because u will satisfy —Au=fin Q= {|x|<g}, u=0 on 49, as will be proved later
(Lemma 2.2) independently of the present proof), and a larger ¢ will correspond to a
larger solution u. Therefore the solutions form a nested family and it follows that there
is a largest solution (note that any family of solutions at the same time is a minimizing
sequence). O

Remark 1.3. When N =1, J(u) is not always bounded from below. Take e.g.

1
a=2,b=0,c=1,R =1 and consider u(x) = E(Q —|x|) for |x| < and u(x) =0 for
|x|> g, where ¢ >1 is a parameter. Then J(u) =2 — —3'9, which obviously goes to — o0

2
as g - +oo.

When N = 2, J(u) is not bounded from below if b = ¢ = 0 (and a > 0, R > 0), while,
as is seen from the proof, J(u) is bounded from below when N =3 even if b=c =0.
However the (unique) minimizer does not have compact support then.

It is also worth mentioning that the Condition A is not optimal. However g and f_
are not allowed to tend to zero too fast at infinity.

We now turn to the general case.

Theorem 1.4. If f and g satisfy Condition A then J is bounded from below and its
infimum is attained for at least one u in K. All minimizers have support in a fixed compact
set (which depends only on f and g) and the set of minimizers is compact in the weak topology
of H'(RM).

Proof. Let f=axpo,r— b & = cxav\po.ry With a,5,¢, R, R, 20,a>b,b+c>0
chosen so that f< f, g = g and set J = J;;. By Lemma 1.2 there is a largest minimizer &
in I of J. Clearly

1.5) Jw)=Jw) for all ue K

and also, by Lemma 1.1,

(1.6) J(min(u, @) £ J(u).
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144 Gustafsson and Shahgholian, Solutions of a free boundar); problem

Thus J(u) decreases if u is replaced by min(u, #). Choose an open ball B such that
supp i < B. (1.5) together with Lemma 1.2 shows that J is bounded from below and (1.6)
shows that if {u,} is a minimizing sequence then so is {min(u,,#)}. Thus there exists a
minimizing sequence {u,} with suppu, < B. By Poincaré’s lemma then ||u,|| < C||Vuy,]l,
so that

I (u) Z IV, [I? = 211 fxll 1| 2 1V, |I* = 2C1| Vg, || 2 —C2.

Thus J is bounded from below, || Vy,|| < C and the existence of a minimizer follows as in
Lemma 1.2.

If now u € K denotes any minimizer of J then Lemma 1.1 shows that max (u, &) < i,
since i is the largest minimizer of J, hence that u < 4. This shows that u has compact
support in a fixed compact set. If a > b + Nc/R and R, = 0 we in fact have suppu < B(0, ),
where by Example 1.5 below g can be taken to be

a\V/N
<5> R itpto,

N\1/(N-1)
(%) ifc*0.

(If a< b+ Nc/R then ¢ = R works.) It moreover follows as above that
llull +IVull = C < 0,
C independent of u, and therefore that the set of minimizers is compact in w-H*(RY). 0O

Example 1.5. Assume that f and g are radially symmetric with f nonincreasing and
g = 0 nondecreasing as functions of r = |x|. As was noticed in the proof of Lemma 1.2
any minimum u in K of J is itself radially symmetric and nonincreasing as function of
r =|x|, i.e. u € [K*. Moreover u has compact support. It will be proved later (without using
the results of this example) that a necessary condition that a function u € [K* is a minimum
(or local minimum, Definition 2.1) is that it is a weak solution, i.e. u satisfies

—Au=f in Q={u>0},
u=0, |Vu|=g, on 0Q.
We shall now discuss weak solutions belonging to K* and compare J(u) for these.

So let u € K* be a weak solution. Since f, g and u only depend on r and  is nonincreasing
there is a unique g in [0, c0) such that Q = B(0, ¢) and the equations above become

N-1

1.7 —u'———u'=f(), 0<r<e,
(1.8) u(@ =0,
1.9) —u'(@) =g(0).
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Gustafsson and Shahgholian, Solutions of a free boundary problem 145

By (1.7) we have (r" " 'u’)’ = —r¥~1£(r) and by (1.9)
(1.10) P lw () = —g¥ g (o) + [ NS (s)ds.

As r — 0 we shall have r¥ ~'u’(r) - 0 (otherwise we get a distributional contribution
to Au at the origin). Thus

(1.11) sNTf(s)ds =0 'g(o).

O

This is a condition for g. Once g is determined u is obtained by integrating (1.10) and
using (1.8). Explicitly

[ e
u(r) = It‘“”(a"“g(e) - IsN”f(S)dS) de,
r t
for 0 < » <. Set

F@=[s""f(s)ds—o" " 'g(o),
0

for ¢ 2 0 so that (1.11) becomes F(g) = 0. Thus the weak solutions in KK* are in bijective
correspondence to the zeros of F.

Let us now specialize to the case f(r) = ayo g, — b and g(r) = ¢, where a,b,¢,R2 0
are constants with a> b, b+ ¢> 0, R> 0. F becomes

a—2>b
N

o¥—co" ', 0=Zo<R,

F(o) =

b
—NR"—NQ”—CQN", Q2 R.

Note that F’(p) < const. <0 for ¢ = R. It follows from the equations for a weak
solution that [|Vu|*dx = | fudx. Therefore

6‘2

Qe
(1.12) J(“)=wN|:NQN- I(u'(r))zr"'ldr]
0
if u is the weak solution corresponding to ¢. By (1.10)

-b
(1.13) Nl () = —cg”"+9-7v—~(g"—-r”)

for0<r<gif 0 <g<R, while

b a
1149 M) = - - 5" - ™+ @ =) x0.00)
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146 Gustafsson and Shahgholian, Solutions of a free boundary problem

for 0 <r < g if 9 > R. Inserting this into (1.12) gives

(1.15) iJ(u)-———Q jq[cg a;,b(g"—-r”)]zr‘_"dr,
0 R

if 0<g< R and

2

1 ¢t N
(1.16) w—NJ(u) = ﬁg

Q

b a
_ _ N—l__ N_N -
£< ce e -ty

R/, _ 2 e 2
- j(aNbr") ri=Ngr— _f(%RN—— %r”) ri=Ndr
0 R

LS @B
=N NZ(N +2)

2
(RY— "N)X[o,k)) r'~Ndr

1 e
RN*2 ¥ [@RY—br™?rt~Ndr,
R

if ¢ > R (recall that F(g) = 0).

We shall now determine all zeros ¢ =g, of F and compare J(u,) for the corres-
ponding weak solutions u,e K* (n =0, 1,...). Observe first that ¢ = g, =0 is always a
zero of F, corresponding to u, =0 with J(#,) = 0. Next we divide into cases.

Case 1: ¢ =0. Then J is convex and there is, besides g,, exactly one more zero of
1/N
F, namely g, = (%) R > R. 1t is easily seen from (1.16) that J(u,) <O0. Thus u, is the

only minimum of J and there are no other local minima.

N
Case2: c>0and b<a<b+ Tc In this case F(g) < 0 for all ¢ > 0. Hence u, =0

is the only weak solution (in IK*) and it is the global minimum of J. In particular J(u) = 0
for all u e K.

N
Case3: c>0anda=5b+ TC . Hereg, =0and g, = R, are the zeros of F. Equation
(1.16) gives that J(u,) > 0. Thus u, is the only minimizer and J = 0.

N
Case 4: c>0and a> b+ 7; In this case F(R)>0 and it follows that F has

N
exactly three zeros: g, =0 < g, < R<g,. We have g, = cb and from (1.15) one finds

that J(u,) > 0 always. As to g, it is determined by
(1.17) aR" = boY + Nco} ™1,
and J(u,) is then obtained by inserting this into (1.16). It is clear from (1.17) that when

. N . .
a increases from b + —I; to + oo (with b, ¢ and R kept fixed), then ¢, increases from R
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Gustafsson and Shahgholian, Solutions of a free boundary problem 147

to + co. Moreover J(u,) at the same time decreases monotonically to — oo from its positive
Nc . o .. d

value when a = b+ X This can be seen e.g. by estimating the derivative d_J (uy) or
a

d
EJ (u,). It follows that there exists a critical value a, > b + —IYR—C such that we have the
1

following three subcases.

N
Subcase 4a: ¢ >0 and b+ ‘Rﬁ <a<a, Then J(up)=0, J(u) >0, J(u,)>0.

Thus u, is the only minimizer and J > 0. However u, can be shown to be a local minimizer
in this case. Indeed, it is not hard to see that u, is a local minimizer among other functions
in K*, and when moving out from K* (into K \K*) the functional J increases as was
observed in the proof of Lemma 1.2.

Subcase 4b: ¢ >0 and a = a,. Then J(uy) = J(u,) =0, J(u,) > 0. Thus we have
two minima, and J 2 0.

Subcase 4c: ¢ >0 and a> a,. Then J(uy) =0, J(u;) <0, J(u,) >0 so that u, is
the only minimizer. By the same argument as in subcase 4a, u, is a local minimizer.

Finally in this example we need (for later use) an estimate of a,. We claim the
following: if

cN\ . N
(1.18) a> <b+ 3_R)3
then J(u,) <0 and
(1.19) 0,>3R.

Nc
i < — 3N
In particular g, < (b + 3 R>

That g, > 3 R when (1.18) holds follows immediately from (1.17). Observe next that
(1.17) also implies

- aR l/(N-—l)R
(1.20) e =y

(and g, £ (a/b)" R). Using (1.20) and (1.18) in (1.16) gives by a little computation that
already the two first terms make J (u,) negative when N = 3. When N = 2 one also has to
take the last term into account and the calculation becomes a little more tedious. (In the
last term (the integral) one may replace ¢ by 3 R and b by 3724 according to (1.19) and

(1.18).)
. 2¢4
Subexample. If N =2 and b =0 then g, can easily be calculated to be a, = _ﬁl/;'

As a corollary of Example 1.5 and Lemma 1.1 we have
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148 Gustafsson and Shahgholian, Solutions of a free boundary problem

Proposition 1.6. Let f, g satisfy Condition A and set a = sup f, ¢ = inf g and let R
be the radius of the smallest closed ball containing supp f,. If aR< Nc then J=J;, 20

, L . 4
and u = 0 is the only minimizer. There even exists a number a, = a,(N, R, ¢) > — such
. R
that the same conclusion holds whenever a < a,.

Proof. We have f<ayg,—b, g=c with b=0. Then combine Example 1.5 with
Lemma 1.1. O

Proposition 1.7. Let f, g satisfy Condition A and let u be a minimizer of J. Assume
that u = 0 on 0By, where By is a ball such that Rsup f, < Ninfg. Then u = 0 in By.
Br Br

Proof. Set v=u in By and v=0 outside Bg. Clearly v minimizes J = J; ; where
f= (f+)XBpr & = 8Xpe + (1nfg) Xm~\Bg- NOW apply Proposition 1.6 to J. O

Proposition 1.8. If u and v are minima of J then also min(u,v) and max(u,v) are
minima. Also, 1f{u } are minima and u; Su, < ... then u = sup u, is a minimum. Similarly,
if uy 2 u, = ... then infu, is a minimum. anally there is a largest minimizer of J, and also
a smallest one.

Proof. The first statement follows immediately from Lemma 1.1 and the second
(and the third) from the compactness assertion of Theorem 1.4.

To prove the last assertion, first note that since H*(R") is separable there is a finite
or infinite sequence {v,} of minima which is dense in the set of all minima. Define u; = v,
and, inductively for n =2, u,= sup(u,_,,v,), so that v, Su, < .... As shown above
u = sup u, is also a minimizer and it is readily verified that v < u for every minimizer v. O

2. Local minima

In this section we deduce basic properties of minima, or more generally of local
minima, of J. The data f and g will generally be assumed to satisfy Condition A. The
main result of this section is Theorem 2.13, saying that any local minimum u solves the
appropriate free boundary problem in a potential theoretically satisfactory sense, provided
g is continuous. This means that the distributional Laplacian Au can be expressed in terms
of purely geometric quantities related to the open set 2 = {u > 0}, more precisely that

Au+fLPNLQ=gH# " 1L0Q.

Continuous functions u € I satisfying this equation will be called weak solutions (Defini-
tion 3.1).

It should be told that this section is very much based on the methods and results of
the pioneering paper of Alt-Caffarelli [4] (see also [5] and [17]). Many of our proofs are
modifications of corresponding proofs in [4].
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Gustafsson and Shahgholian, Solutions of a free boundary problem 149

Definition 2.1. A function u € K is a local minimum of J if, for some & > 0, J(v) = J(u)
for every v e K with

2.1) I(IV(U‘uHZ'*‘|X(v>o)—X(u>o}Ddx<8—

Lemma 2.2. If u is a local minimum then

22 Au+f. 20 in RN,
(2.3) Au+f=0 in Q= {u>0},
(2.9 Au+f<0 in RN\suppg.

Remark. It follows from (2.2) that « has an upper semicontinuous representative,
which is the one we will refer to in the sequel, and it will be proved later that this u actually
is continuous. For the present proof of (2.3), Q should strictly speaking be defined as the
set of points x € R" such that there exists 0 < ¢ e C*(R") with ¢ (x) > 0 and u = ¢ every-
where.

Proof. Take 0 £ ¢ e C¥(R") and define, for ¢ > 0, v, = (u — @), . Then
v,elK, 0=5v,Su.

Set D, = {u<e¢} = {v,=0}. Clearly |[D,nQ2| - 0 as ¢ = 0. Since v, —u= —u in D,,
v, —u = —e&¢ outside D, it follows that v, > u in H'(R") and that

[ 81X, > 0y — Xusyldx = | g*dx = 0.
20D,

Since u is a local minimum we conclude that J(u) < J(v,) for ¢ > 0 small enough.

Next we estimate

0=J(v,) —J(u)
= _"Ivvelz - Ilvulz —2jf(vz_u)+ jgz(X(v,>O)._X(u>0))
= | IVu—ed)|>— [ |Vul*+2¢ [ fo+2 ffu— | g?
DE RN D¢ D.

2nD,

<-2e[Vu-Vo+e| Vo2 +2e | frd+2 [ fru
D¢ Dg Dg D,

_s_2,g<j'f+¢— jVu'V¢>+28 [ Vu-Vo+e*|[|Vo|*.
RN RN D¢

DN

Dividing both sides by ¢ and letting ¢ — 0 we obtain
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150 Gustafsson and Shahgholian, Solutions of a free boundary problem
for all 0 £ ¢ € CP(RY), and hence that Au + f, =0 in RV,

If supp ¢ = Q wecan take v = u + e¢ € K for ¢ > 0 small enough (and 0 £ ¢ € CF (RV))
and this readily gives that Au+ f= 0 in Q.

Finally, taking v, = u + ¢¢ where supp¢ nsuppg = 0 gives that
Au+f<0 in RN\suppg. O
Theorem 2.3. Let u be a local minimum and assume g?> € H''* (RY). Then

lim [ (Vul>—g*)n-vd#""1=0

eENO o{u>¢g)

Sor every ne C§ (RN, RY). (v denotes the outward normal vector of d{u > ¢}.)
The proof is similar to that of Theorem 2.5 in [4] and therefore omitted.

Lemma 2.4 (“Harnack”). Assume ue H*(B,), u20 on 8B, (B, = B(0,r)) and let
M=0.

(@) If Aus M in B, then

N-1
> N r—|x| _1_ _2 M
SO el e i vl

for xe B,.

(b) If Au= — M in B, then

for x€B,.

(©) If |Au| < M in B, then

o2 F—Ix] Mr?
T 0y —
cry O N
MN
<uy <2 gy M rtlx]

< —_
=" S N —lxp" 1

for x€ B,.

(d) If |Au| = M in B,, then

1 M
< - .
|Vu(0)| =N[r aiu-i— N+1r]
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Gustafsson and Shahgholian, Solutions of a free boundary problem 151

Note that, by Lemma 2.2, (b) is always applicable (with M = supp f+)if uis a local
minimum, while (a), (c) and (d) are applicable if B, < Q.

The proof consists of straightforward applications of the Poisson formula combined

M .
with super- and subharmonicity properties of functions u(x) + 2—(r —|x]?). (Details
are omitted.)

Lemma 2.5. Suppose u is a local minimizer of J. Then there is an ry> 0 such that
Sfor any B, with 0 <r <r, we have

T B,

- 3( u>2N (% sup f_ + sup g) = u >0 and is continuous in B,.
B, B,

Note. The reason that r has to be small is simply that u is assumed only to be a
local minimizer. For a global minimum the implication is true for all r > 0.

Proof. 'We may assume that B, is centered at the origin. Defineve H(RV) by v=u
on R¥\B, (in particular on dB,) and —Av = f in B,. Note that v is continuous in B,.
Then, as in [4], 3.2, one gets

2.5) J@=J©) 2 | 1V@=v)* - supg®|{u=0}nB|.
B, r

On the other hand (a) of Lemma 2.4 (applied to v) shows that

- 1 PARRY Y
> N__L~_|£l_ — — ,
T I

for x e B,. Here M = sup f_. Thus whenever
Br

1 ”M
(2.6) g fuz
aB,
we have
rN r—|x| 1 N
— 227 %r—|x|)- u.
(2.7) (%) = = T TFI)TT iru (r—| I) a:f;,

As in [4], 3.2, one derives from (2.7) the estimate

2
|{u= O}nB,I(% { u) 2% [ |V—-v)?.
Br

0B,

When (2.6) holds v> 0 in B, by (2.7) so that v€ K, and if r> 0 is small v is more-
over close to u in the metric (2.1). Thus, since # is a local minimum, J (1) £ J(v), i.e. by
(2.5)

[IV@—0)* S supg?l{u=0}nB,|.
B, "
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152 Gustafsson and Shahgholian, Solutions of a free boundary problem

Hence

1 2
(2.8) |{u=0}nB,|(; fu) <2™supg?|{u=0}nB,|,
Br

0B,

whenever (2.6) holds.

This proves the lemma, for if

1 r
S fusov(Lsupr
f u < sgrpf +s;1rpg>

T 5B,

then (2.6) does hold, and (2.8) leads to a contradiction unless |{# =0} N B,| = 0. In the

latter case we have | |V(u—v)|*> =0 and hence u =v >0 in B, as desired. O
B,

Corollary 2.6. Any local minimum u is Lipschitz continuous. Moreover near 0Q we
have the estimates

u(x) £2V9(x) (B(fggx)) g+ Ms (X)) ,

B(x,2d(x))

(2.9) |Vu(x)| £ N2V ( sup &+ M6(x)> ,

where M =sup|f|,Q={u>0} and 5(x) denotes the distance from x to Q°. Thus
u(x) < Co(x) always, and if x approaches a point of 02 where g vanishes we have a better
estimate (e.g. u(x) £ C6'**(x) if g is a-Holder continuous).

The corollary follows by combining Lemma 2.5 with (d) of Lemma 2.4 (for xe Q
close to 0Q2). The details are virtually the same as in [4], 3.3, and hence omitted.

Remark 2.7 (On homogeneity). For >0 and ¢(x) any function of x e RY, set
¢,(x) = @(x/t). Then a straightforward computation shows that for any real number a we
have

J,aﬁ_,u+1g‘(t“+2u,) = tN+2“+2Jf'g(u) .

Lemma 2.8. Let u be a local minimum. If g = const. >0 in an open set D = RY then
there is a constant C > 0 such that for any sufficiently small ball B, = D we have

(2.10) 1§ugc=>u_—.o in B, .

T 5B,

More precisely, C depends only on inf g, r sup f, and N and is positive whenever inf g >0
and r sup f, is sufficiently small. B B B
Br

Remark. The lemma holds with B,, in place of B, , for any 0 < x <1; C then also
depends on «.
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Gustafsson and Shahgholian, Solutions of a free boundary problem 153

Proof. For u a local minimizer of J, (b) of Lemma 2.4 always applies and gives,
for some constants C, and C, only depending on N, that

(2.11) usC § u+C2r2sgpf+

0B,

in B, ,,. For notational convenience we assume that B, = B, (0).

Set m = ilr;lf g M = sup f, and define
r B"

Jr(v) = j (IVU|2 - 2fU+gZX(v>o))dX,

Br/2
Jw)= [ (IVo|*>—2Mv + m? 5 o)) dx .
Br/2
As in Lemma 1.1 we have
(2.12) J,(min(ul, uz)) + -Z(max (uy, uz)) SJ(uy)+ jr(uz) s

for any u,,u, € H'(B,,).
Given a constant > 0 consider the problem of minimizing J.(v) over
K, ={veH'(B,,):v20,v=BondB,,}.

We claim that the largest (in fact unique) minimizer v, of J. vanishes on B, , provided r
and B are small enough. For r we choose the interval 0 <r/2 < Nm/M so that Propo-
sitions 1.6 and 1.7 can be applied.

To prove the claim we shall argue by contradiction. Suppose that, for arbitrarily
small >0, v;% 0 on B, ,. Since v, necessarily is radially symmetric, either v; does not
vanish at all in B, , or v, vanishes on a whole sphere |x| = const. In the latter case it
follows from Proposition 1.7 that, for some 0 < ¢ <r/4,v, = 0inall B,, v; > 0in B,;,\B,.

As B\ 0 we have y; — v, weakly in H'(B,,,) for some v, € Hy (B,,), at least for
running through a suitable sequence. Hence

li_m -Z(Uﬁ) 2 jr(vo) .
-0

Since v, > 0 in B,,\B,, we have —Ay; = M there (by (2.3)). If M >0 it follows that
v, % 0 and hence, using Proposition 1.6, that J,(v,) > 0. If M =0, then

J,(vg) 2 m*| B, 2 \B, 4| > 0.
Thus in any case
infJ, = .7,(0,,) = const. >0

Kp

for some sequence f 0.
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154 Gustafsson and Shahgholian, Solutions of a free boundary problem

This is our desired contradiction because it is easy to construct w, € [, such that
J(w,,) — 0 as B\ 0. Indeed, just take wy(x) =0 for 0 < |x|<r/2— B/m and

wg(x) =m(|x| —r/2+ B/m)
for r/2 — B/m <|x| <r/2 and we get J,(W,) < 2m?| B, ,\B, 5 _ p/ml-
Conclusion: the largest minimizer v, of J, over K p does vanish on B, , if
0<r/2<Nm/M
and if f> 0 is small enough, say 0 < f < f,.

Now B, depends on r, m and M. Indeed, it ~is easily seen (cf. Remark 2.7) that if r
is scaled to tr (¢ > 0) then the minimizer v(x) of J, will be scaled to tv(x/t) provided m,
M and B, are scaled to, respectively, m, M/t and ¢f. In other words,

Bo(tramaM/t) = tﬁo(r3m’M)

fort>0 or, with t =1/r,
(2.13) Bo(rom, M) =rB,(1,m,rM).

For M = 0 estimates for , were computed in [4], 2.6. One has that g,(1,m,0) > 0
for m > 0 and is an increasing function of m. Moreover, f,(1, m, M) is decreasing as a
function of M and can be taken to depend continuously on (m, M) in a neighbourhood
of M =0.

It follows from (2.11) and (2.13) that we can achieve
(2.14) u<pBo(r,m, M)

on 0B,, by letting

1
Ci= § u+CyrM < By(1,m,rM).

r 5B,

Since f,(1, m,0) > 0 this shows that (2.14) holds if an estimate of the form (2.10) holds
(and rM is sufficiently small).

Now it only remains to show that (2.14) implies that » = 0 in B, ,. Let v = v; be the
largest minimizer of J, for f = B, and let w denote the function Wthh equals min(u, v) in
B,,, and equals u outside B, ,. When (2.14) holds then w € K, and if r > 0 is small enough
then w will be so close to u in the metric (2.1) that J,(¥) < J,(w), u being a local mini-
mizer of J. We also have J,(v) < J.(max (u, v)). But these two inequalities contradict (2.12)
unless we have equality everywhere. Since v was the largest minimizer of J, it follows that
v = max(u,v), i.e. that u < v. Hence u vanishes in B, ,. O

Corollary 2.9. If g = const. >0 in a neighbourhood of a point x, € 0X2 then
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Gustafsson and Shahgholian, Solutions of a free boundary problem 155

u(x) 2 Co(x)
near x,(d(x) = dist(x, Q°)).

Proof.  With C, the constant in (2.10) we have by (a) of Lemma 2.4 and (2.10) (for
x € Q close to xq, r = d(x), B, = B,(x,r)),

u@)2 f u—C,r22Cir—Cyr*zCr. o
3B,

Lemma 2.10. Let u be a local minimum, Q = {u > 0} and assume that g = const. > 0
in a neighbourhood of a point x, € 0. Then there are constants ¢, and c, such that

0<c¢, = B

Sc, <1
Sfor small r > 0 (B, = B(x,, r)).

The proof is similar to that of Lemma 3.7 in [4] and therefore omitted (Lemma 2.5
and 2.8 have to be used).

Remark 2.11. In addition to Lemma 2.8 the following lemma, due to Caffarelli, is
useful:

Assume 0 <ue H'(B(O,R)), Auzc>0 in Q@={u>0}, 0eQ. Then, for any
0<r<R
r2

sup u 2 —.
3B, (0) 2N

(See [9] for the simple proof.) If u is a local minimum (or weak solution) for our pro-
blem, then this lemma shows that

2
(2.15) sup u 2 T inf f-

9Br(x) N B

for any x e Q.
Proposition 2.12.  Any local minimizer u of J has compact support.

Proof. By (2.2) u is subharmonic outside supp f,. Therefore

R S P < { uz)wz < i
S1B™ s 1B, \Bw ~ V1B,
for x a distance r away from suppf,. Thus
(2.16) u(x) £ Clx|™"?
for | x| large.
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156 Gustafsson and Shahgholian, Solutions of a free boundary problem

By Condition A either g= ¢ >0 or f_ = ¢ > 0 (or both) far away. In the first case
we conclude that u(x) = 0 for large | x| by combining (2.16) with Lemma 2.8. In the second
case the same conclusion follows from (2.16) combined with (2.15). O

In order to prepare for the main result in this section we need to recall a few facts
about functions of bounded variation and sets of finite perimeter. [21], [15], ch. 5, are
good references for this.

Let E = R" be a Lebesgue measurable set. The measure theoretic boundary o_ E of
E is defined to be the set of points x € RY such that both E and E* have positive (upper)
Lebesgue density at x. Thus 0, F < 0 F (the topological boundary). E is said to have
locally finite perimeter if Vy; is a vector-valued Radon measure. This means that there
exists a positive Radon measure u = p; in RY and a y-measurable function

ve: RN - S¥10 {0}
(the direction factor) such that —Vy; = ulL v, i.e.

fdivgdx =[¢ - vgdu for all g€ Cj (RN, RY)
E

(the left member being equal to { —Vyg, ¢#>). The measure u will occasionally be denoted
|Vxgl. It can be shown ([15], 5.11) that a measurable set E has locally finite perimeter if
and only if #¥ 1(Knéd,,. E) < oo, for each compact set K< R".

mes

Assuming that E has locally finite perimeter, the reduced boundary 0,.4 E of E can

be defined as the set of points x € R for which the density lim _ | vpdpexists
r-0 .u(B(xv r)) B(x,r)
and has modulus one. It is convenient to work with that representative of vy which equals
this limit on J,.4 E and is zero elsewhere, and v then is the measure theoretic outward unit
normal vector of E on 0,4 E. Clearly 0,4 E <0, E and it is not hard to show that
HN (0 s E\O,eq E) = 0 ([15], ch. 5.8). A basic structure theorem says that p = |Vy,|
actually agrees with (N — 1)-dimensional Hausdorff measure restricted to

Ored E:|Vygl = #N 1O E.
Thus also Vyz = —vg # VN 10,4 E.

All the above definitions and results carry over to the case with an open subset
G = RY in place of R". One then speaks of sets having locally finite perimeter in G etc.

Theorem 2.13. Assume that f, g satisfy Condition A, that g is continuous and set
G={xeR":g(x)>0}. If 3G * 0 assume moreover that for some 0 < o =1 g is a-Holder
continuous near 0G and that #N~1**(0G) = 0. Then, if u is a local minimizer of J = J,,,
then Q = {u > 0} has locally finite perimeter in G,

(2.17) HY1((00Q\0,42)G) =0
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and
(2.18) Au+f$”|_9=g.%"”'ll_69=g9f”‘11_6,ed9.
Here the right members shall be interpreted as zero outside G.

Remark 2.14.  Q need not have locally finite perimeter outside G. To see this, take
e.g. g=0, f=ayp,—1 where D is a bounded domain such that éD has positive N-

dimensional Lebesgue measure |0D|, and 1<a<1+ I—I%D—l-l is a parameter. By (2.4),

Au<1—ay,<0in D showing that D = Q. Also, D = Q. Next (2.18) yields
Au=A—ayp)io=2a—aip,
by which |Q| = a|D|. Thus
|QI<|D|+|6D|=|D|<12|=1Q|+10Q],
i.e. 0Q even has positive N-dimensional Lebesgue measure.
Corollary 2.15 (to Lemma 2.10). With assumptions as in Theorem 2.13,
09NnG =0p,,2nG.

Remark. 0,2 may be strictly smaller than 0 outside G. Indeed, in the case g = 0
there are examples with dQ having singular points (e.g. inward cusps and double points,
when N = 2) at which Q has density one.

For the proof of Theorem 2.13 we need the following observation.

Lemma 2.16. Assume u =0 is a continuous function such that Au is a signed Radon
measure. Then Au 20 on {u=0}.

The proof of Lemma 2.16 is quite straightforward and therefore omitted (cf. [4], 4.2).

Proof of Theorem 2.13. (2.2) shows that Au is a Radon measure and (2.3) and
Lemma 2.16 then show that Au + fx, = 4, where A is a positive Radon measure on 0.

For any x € R", |Vu| is integrable on 0 B,(x) for almost every r > 0 and for these r

(2.19) | | Auls [ |Vuld#" 1< Cr¥"1 sup |Vul.

B (x) 0By (x) By (x)

But |Vu| < C by (2.9), hence (2.19) shows that Au, and also 4, is absolutely continuous
with respect to #V 1.

If xedQ\G then (2.9), (2.19) even yield that | | Au|< Cr¥~'** for r >0 small,

Br(x) "
hence that Az and A are absolutely continuous with respect to #"~!** on Q\G. From

11 Journal fir Mathematik. Band 473
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158 Gustafsson and Shahgholian, Solutions of a free boundary problem

this it follows that A = 0 on 02\ G. Indeed, on 02N dG we have A = 0 since by assumption
HN"1*2(0G) = 0. Outside G we have Aue L® by Lemma 2.2, and then standard argu-
ments ([28], II, Lemma A.4) show that A= Au=0 a.e. on 0Q\G.

For xe 02 NG one also gets, using Lemma 2.8 and Lipshitz continuity of u, an
estimate
[ AuzCr¥!

Br(x)

for small r > 0 and with C > 0 depending on inf g. Details for this are given in [4], p.117.
By(x)

Since the Radon measure Au has finite total mass it follows by covering compact subsets
of 02 G with small balls that Q has locally finite perimeter in G. Hence (2.17) follows
from Corollary 2.15 together with general properties of 0,4 2.

By the above we see that Au + fyg = h#'N 10,42 for some Borel function 4 = 0
on 0,.42NG. It just remains to identify 4 with g, i.e. to prove that

(2.20) h(x) =g(x) for #V l-ae. x€0,,4R9NnG.

We shall merely give an outline of the proof of (2.20). The details are virtually the same
as in [4], 4.7-5.5.

It is enough to prove (2.20) for those x € 0,4 2 N G which satisfy

N-1
@2.21) fim (B(x’NrZTaQ) <t,

r— o Wy 1T

(2.22) im § [|h—h)|d# " 1=0

r=0 3QnB(x,r)

since the remaining set has " ~! measure zero (see [15], Theorem 2, 2.3 for (2.21)). So
fix such an x € Q2N G. For simplicity of notation we assume that x = 0 and that

vo(0) =ey = (0,...,0,1).

Define the blow-up sequences

u,(x)=nu(§), f,,(x)=%f(§>, g,(x)=g(§), hn(x)=h<—j§), 2, = {4,>0}.

Note that u, f and g are scaled in the right way according to Remark 2.7 (with a = —1).
Let B= B(0,1), B,= B(0,r), H= {xy <0}.

By general properties of the reduced boundary ([15], 5.7.2)

(2.23) I(Q,AH)NB| >0, asn— o
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where A means the symmetric difference between the sets. From fe L*®, continuity of g
and (2.22) we see that f, — 0 uniformly,

£|g<§-> —g0)dx -0, | |h(§) —h(0)|d#N "1 50

2,nB

as n — 0.

As to u, we know (Corollary 2.6 and 2.9) that |Vu| < C and u(x) = Cé(x). Thus
|Vu,| = C, u,(x) 2 Cé,(x) where ,(x) = dist(x, ) = nd(x/n). It follows that there exists
a Lipschitz continuous limit function u, 2 0 such that, for a subsequence,

U, = Ug uniformly in B,
Vu, - Vu, w*—L*(B).
Setting Q, = {u, > 0} it also follows, using nondegeneracy (u, = Cé,) and that
|Au,| =1£,1=C/n
in Q,, that u, is harmonic in Q,, that Q,n B — Q, B in Hausdorff distance and in
measure. By the last property combined with (2.23) |2, A H| =0 and hence (since £, is

open) Q,< H, | H\Q,| =0.

Next one proves, and this is more technical [4], 4.8, that actually Q, = H (for this
(2.21) has to be used) and that, due to (2.22),

(2.24) ug(x) = h(0)(—xy). -
The final step consists of proving that u, is (global) minimum of

Jo@) = [(1Vo]* + 8(0)* ¥ >0))

among all 0 < ve H!(B) with v =u, on 0B ([4], 5.4). This is intuitively reasonable since
by scaling (Remark 2.7) u, is seen to be a minimum of

J@) = [(IVo]* = 2f,0 + &7 2w> )
B

(among 0 < ve H'(B) with v = u, on dB) if n is large.

Now it follows from Theorem 2.3 (adapted to the unit ball B) that the function (2.24)
can be a minimizer of J,, only if #(0) = g(0). This was the desired conclusion and the proof

is finished. O
As to regularity of the free boundary 02 we have

Theorem 2.17 ([4], [9]). Assume that f and g satisfy Condition A and that u is a
local minimum of J. Let B, = B,(x,) be a small ball.
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160 Gustafsson and Shahgholian, Solutions of a free boundary problem

(a) If g is Holder continuous and satisfies g = const. >0 in B, then for some o> 0
0,caf is a CV* surface locally in B,. If N = 2 then this even holds for 0Q (i.e. 0,42 = 0Q
in B,).

(b) If g =0, f is Holder continuous and <0 in B, and if moreover Q¢ satisfies the mini-
mal thickness condition of Caffarelli at x (see [9], [17]) then dQ is a C* surface near x,,.
This thickness condition is satisfied e.g. if Q° contains a nondegenerate cone in B, with vertex
at x,.

©) Ifg=0andf=0in B, then 0QNB, = 0.

Proof. (a) is proved in [4], 6-8, in the case f=0. When f=+ 0 basically the same
proof works. The modifications needed are listed in Appendix, section S.

(b) is proved in [9].
As to (c), (2.4) shows that Au <0 in B,, hence either u>0in B,oru=01in B,. O

Note. This theorem covers all cases except some limiting ones. However, in these
limiting cases not much can be said in general. See e.g. Remark 2.14, where g = 0 and for
any x, € 0D N0 f takes both positive and negative values in every neighbourhood of x,.
We may even redefine g to be any positive function outside Q (e.g. g(x) = dist(x, ), which
is Lipschitz continuous) and we will still have the same irregular solution. See Remark 3.6.

As to higher regularity we just mention that if f and g are real analytic in B, then,
in Theorem 2.17, the conclusions C!'* (in (a)) and C! (in (b)) can both be replaced by
“real analytic” (see again [4], [9]). If f and g are real analytic and moreover N =2 the
regularity theory seems in fact to be almost complete: If g > 0 in B, then 0 is real ana-
lytic by the above and if g =0 and f< 0 in B, then it is shown in Sakai [38], [39], that
0Q is analytic in B, except possibly for a few types of singular points which really may
occur [41], [17]. These are certain types of inwards cusps, double points (including the
case of a real analytic arc with Q on both sides) and isolated points of 0Q.

3. Geometry of local minima and weak solutions

In this section we derive some results on the geometry of Q = {u >0} when u is a
local minimum. In some cases we really do not need the full strenght of u being a local
minimum, just that u satisfies equation (2.18) in Theorem 2.13. We call such a function a
weak solution. Our notion of weak solution is weaker than that of [4].

Definition 3.1. Assume that f and g satisfy Condition A and that g moreover is
continuous. Then by a weak solution for J;,, we mean a continuous function u 2 0 with
compact support satisfying

3.1 Au+fPN Q=g# " 1L0Q
where Q = {u > 0}.
Remark 3.2. (a) u =0 is always a weak solution.
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(b) A priori, g#" ! 0Q is a (positive) Borel measure whereas the left member of
(3.1) is a distribution. The equation (3.1) is to be interpreted as saying, first of all, that
g#N~11.0Q also is a distribution, hence a Radon measure, and, secondly, that equality
holds in the sense of distributions. Thus it is a consequence of (3.1) that Au is a (signed)
Radon measure and also that Q has locally finite perimeter in G = {g > 0}.

(o) It follows, as in L4], 4.2, that any weak solution u is in K. Indeed, this readily
follows from the estimate

[ IVul> = [Vu-Vu—e), = - [Au(u—c¢),

=[fw-e. S [fiu<o,

Also, by Theorem 2.13, if g satisfies the Holder condition there (or g > 0 everywhere), any
local minimum is a weak solution.

(d) If some portion I'< G of dQ bounds Q from two sides (which is impossible for
local minima by Lemma 2.10) then (3.1) is perhaps not the most natural definition: either
u should be forced to have the normal derivative g in both directions from I' (which would
give 2g#¥"10Q on I' in (3.1)) or I should be neglected, which is accomplished by
replacing the right member of (3.1) by g™ ~! L0, 2 or g# Y 11 0,.49. However, for
simplicity we shall stick to (3.1).

We begin with some miscellaneous comparison results for minima and local minima.

Proposition 3.3 (Cf. [18]). Assume f, <f,, g, 28, let u;e K be a minimizer of
Jy=Jy,,, and let Q; = {u;> 0} (j=1,2).

(a) In each component D, of Q, one of the following holds:
(1) u;<u, inDy;
2) uy=uy and f, = f, in Dy;
B)u,>uyand fy=f,in D,.
®) If f,<0in Q,NQ, then J; 20 and Q,nQ2, = 0.
() If f, £ 0 in a component D, of Q, then D, Q, = §.
(d) If f, £ 0 in a component D, of Q, then @, ND, = 0.

Proof. Letv =min(u,,u,) and w = max(u,, u,). Then, by Lemma 1.1, v minimizes
J, and w minimizes J,.

Next, to prove (a), Aw = —f, in {w> 0} = Q, U, by Lemma 2.2. Thus
Aw—u)=—f,+£,S0 inQ and Aw—u)=—f,+/,=0 inQ,.
Moreover w —u; 20 (j=1,2).

Brought to you by | Kungliga Tekniska Hogskola (Kungliga Tekniska Hogskola)
Authenticated | 172.16.1.226
Download Date | 3/1/12 3:39 PM



162 Gustafsson and Shahgholian, Solutions of a free boundary problem

Let D, be a connected component of Q,. By the maximum principle, either w —u, =0
in Dy, in which case f; = f, there, or w — u,; > 0 in D,. In the latter case u, < u, in D,,
which is case (1) in the proposition. In the first case u, = u, in D,, and it just remains to
prove that either u, > u, or u;, = u, holds in all D,.

Since u, — u, = w — u, 2 0 is harmonic in Q, we have, in each component of D; " Q,,
either u, > u, or u, = u,. Assume that u, = u, holds in one component D of D,nQ,.
Then u, = u, also on éD. It follows that DN D, =@ (because if xedDN D, then
Uy (x) = u, (x) > 0 so that x e D; " Q,, contradicting x € D). Since D = D, and D, is con-
nected this shows that D = D, i.e. u; = u, in all D, (case (2)).

If u, = u, on no component of D, " Q, then u; > u, in each component, and since
trivially u, > u, in D, \Q, we get u, > u, in all D, (case (3)). This completes the proof of (a).

Since v minimizes J, we have Av + (f;), = 0 in R by (2.2). Thus if D is an open
set such that f;, < 0in D and v =0 on 0D then v = 0 in D by the maximum principle.

In (b) the above is assumed to hold for D=Q, N Q, = {v>0}. Thus v=0 in D,
hence v = 0 everywhere, Q, " Q, =0 and J, 2 J, (v) = 0.

In (c) we choose D =D, (v=0on 0D, since u; =0 on D, = dR,) and we conclude
that v=01in D,, i.e. D, Q, = 0. (d) is proved similarly. O

Corollary 3.4. Let ue K be a minimizer of J;, and let f; = (1 — xo) f+ — f_ where
Q={u>0}. Then J;, ;20 and Q, Q=0 where Q, = {u, >0} for any minimizer u, of

fo.y‘

Proof. Apply (b) of Proposition 3.3 with f, = f and f] as in the statement. Note
that ,<0inQ (Q=Q,). O

Corollary 3.5. Let u € K be a minimizer of J; ,, let Q, be a component of Q2 = {u> 0}
and set f = yo, f+ —f-, uy =uxq,, 2, = Q\Q,. Then u, minimizes J, = J;, , and for any
minimizer v of J; we have {v>0}nQ,=0.

Proof. Apply (d) of Proposition 3.3 with f, = f and f; as in the statement (of the
corollary). Note that ©, is a union of components of Q and that f; <0 in Q,. It follows
that {v > 0} nQ, = @ for any minimizer v of J,, and hence also that »; minimizes J, (for
otherwise J, could be made smaller by changing u in 2, to a minimizer of J;). O

Note that if > 0 then Corollary 3.4 roughly says that if minimization of J does not
produce a domain  covering f then another minimization, for the uncovered part, does
not help. Similarly, Corollary 3.5 says (when f = 0) that if Q turns out to be disconnected,
then separate minimizations for the parts of f in each component of € always produces
domains which do not meet each other.

Remark 3.6. Assume that ue K is a (local) minimizer of J=J;, and~let f=f6<g
inQ={u>0}, f< f, ¢ 2 g outside Q. Then u is a (local) minimum also for J = J;;. Indeed,
one immediately finds that J(u) — J(u) £ J(v) — J(v), and hence J(u) < J(v), for every
ve K (close to u).
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Gustafsson and Shahgholian, Solutions of a free boundary problem 163
One conclusion from this observation is that if g is not continuous then a local mini-

mizer u cannot be expected to satisfy the equation (3.1) for a weak solution (because g

can be replaced by any larger function on 4Q (or on R¥\Q) and u will still be a local
minimizer). Cf. [4], 5.9.

Theorem 3.7.  Assume that u; 2 0 (j = 1,2) are weak solutions for Jp g0 Q5= {u;> 0}

and that f <0 outside Q, (or simply that | f<0). Then
2\,

[ gd# < [ gdav-t.

(2,0 N3) 0,

Proof. We have
0(R2,0Q,) =(02,\Q,)U(02,\Q)), Q,=(02,nQ)uU(B2,\2,),
where the unions are disjoint. Thus it is enough (and necessary) to prove that

[ gd# ™ '< [ gdw" !

00\, N0y

Set u=inf(u,,u,). Then u=0, u is continuous and Q,NQ, ={u>0}. Since
u;€ H'(R") (Remark 3.2) also ue H'(R"). Since —Au;=f in ; we have

3.2 —Auzf inQ,nQ,.
In particular, Au is a Radon measure in 2, N 8,.

Now we claim that Au actually is a Radon measure in all R¥. It is not hard to show
(cf. [4], 4.2) that this is the case if and only if Au has finite total mass in 2, N Q,, i.e.

(3.3) - [ AusC<w,

u>e

for all £ > 0. Here the left member can also be written

— [ Au—e,= | A—e),.

u>e use

Since A(u — ¢), is a Radon measure with compact support in 2,1, Lemma 2.16 can
be applied to (u — ¢), and (u; — ), — (4 — €), showing that

0sAm—¢),<Aj—¢), in{y=s &} .
From this (3.3) easily follows using the fact that Au; have finite total masses.
Next we apply Lemma 2.16 to u, u; —u and u, — u. This gives

0<Au<Au, ond®Q,, and 0SAusAu, ondQ,.
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164 Gustafsson and Shahgholian, Solutions of a free boundary problem
Combining with (3.2) we obtain

[ f£= | Au= | Au= | Au

1102,y 12> (211 023)¢ (211 022)
< [ Au+ | Aus | Au+ | Auw
091(\92 agzhﬁl 391!‘\92 692(\9‘1
and hence
| gd#" 1= [ Au,z2 [ f— [ Ay
aﬂzﬁﬁl aﬂzﬁﬁ‘ Q](\Qz 6.0,(\92
= | f+ | Auy+ [Auy= [ f+ [ gd# " '—(f
21122 002\, 24 210023 0021\022 (o2}
=— | f+ | gd#" 'z [ gdw# !
21\22 021\ 22 0021\ 22

as required. 0O

Corollary 3.8. Assume u; =20 (j =1, 2) are weak solutions with g = const. >0, that
S=0 outside Q, and that Q, is convex. Then Q, < Q, (Q; = {u; > 0}).

Proof. Let P:R¥ - Q, be the projection, taking x € RY onto the closest point
P(x) on the compact convex set Q,. Then

(34 [P() =PI =|x =y,
(3.5 P(0(2,09,) = 09,,

as is easily seen. But (3.4) implies [15], Theorem 1, p. 75, that P shrinks Hausdorff measure,
in particular

AN PO(Q,0 ) S A0, 00,)).
Thus, by (3.5)

(3.6) AN, S AV (0(R,VQ,)).

If Q, ¢ Q, then Q,\Q, + 0 (since 2, is convex), and it is easy to see that the inequa-
lity (3.6) must be strict in this case. But this contradicts Theorem 3.7. Thus Q, < 2,. O

Corollary 3.8 partly generalizes [44], Theorem 2.6, where the same conclusion was
obtained assuming some regularity of dQ but without any positivity assumption on u.
Other results related to convexity can be found in [8], [1] and [27].

Next we shall use some reflection methods to obtain a result on monotonicity or
convexity along lines. The method is related to the “moving plane method” which has
previously been used in similar problems in [42], [20], [7], [24], [45]. Important points
in our approach are that we do not require any regularity of the solutions « and that we
are able to work with local minima (not only global minima).

For a fixed unit vector ae R" and for Ae R set
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Gustafsson and Shahgholian, Solutions of a free boundary problem 165
L=T,={xa=2}, T ={x-a<l), T'={xa>i.

For x e RY let x* denote the reflected point with respect to T, and for ¢ a function
set p*(x) = @ (x*). If Q = R" we define

Q;, =QnT," = the cap cut off by 7,
Q,={x*:xeQ,} = the reflection of Q, in T,.

Theorem 3.9. Assume that f and g satisfy Condition A and moreover that for some
unit vector a€ RY and some 1., e RN we have

(3.7) fsfh gzgt nT
for all A = A,. Then for any local minimum u of J the following hold:
u<u* inQ, foral > l,,
3.8) Q. cQ forall Az 4y,
3.9) aVu<0 inQ, .
Note. (3.7) holding for all 1 = 4, is equivalent to that

fEf*, aVfs0,
gzgh, a'Vgz0
hold on 77 (in the sense of distributions).

Proof. Define
A _ {min(u,u‘) in T,*,

max (u,u*) inT,",
I@) = [ (Vo> —2f0+8%X4>0)dx,
T}

L@ = [ (Vo> —2f*¢0 + (") Xp>0) dx.
T;

Then Lemma 1.1 (with R" replaced by T;*) shows that
J(v*) = I(min (u, u*)) + I, (max (u, u*))
< I+ L") =Jw)
for all 1 2 4,.

On the other hand J(v*) = J(u) whenever v* is close enough to « in the metric (2.1),
since u is a local minimum. Thus
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166 Gustafsson and Shahgholian, Solutions of a free boundary problem
(3.10) J*) = J(w)
for all values of 4 = 4, such that v* is close to u.
Now for 4 2 4, so large that Q < 7,~ we have
(3.11) v'=u,
i.e. u<u* in T;*. Note that (3.11) implies
(3.12) d,cQ.

We shall prove that (3.11) holds for all 1 = 4,. For this it is enough to prove that if for
some 4, > 4,, (3.11) holds for all 4 = 4, then it also holds for all A in a full neighbourhood
of 1,. Note that the set of values of A for which (3.11) holds is a closed set.

By Lemma 1.1
J (min (u, v*)) + J (max (4, v*)) < J () + J (v*)

and if v* is close to u then also min(u, v*) and max (u, v*) are close to u. Thus by (3.10)
also min(u, v*) and max(u, v*) are local minima when v* is close to u. In particular, by
Lemma 2.2

(3.13) —Amax(u,vY)=f inQ
(note that max (4, v*) > 0 in Q).

Set

0 in T,YuUT,
= N — ! i
¢ =max (u,v*) —u { W =), inT .

Then (3.11) is equivalent to ¢ = 0 in R". Clearly we have
(3.14) =0 in R"\@,
and, when (3.13) holds,
(3.15) Ap=0 inQ.
Thus by the maximum principle (3.12) implies ¢ = 0, i.e. (3.11) (when (3.13) holds).

If Q is connected then the above readily shows what we want, namely that (3.11)
holds for all A = 4,. Indeed assume that (3.11), and hence (3.12), holds for all 1 = 4, > 4,.
Then, for any A in some small neighbourhood of 4; we have (3.13) and hence (3.15). If
Q < T, (for such A) then obviously (3.12), and hence (3.11), holds. If 2" T, +  then (3.14)
implies that ¢ = 0 in an open subset of Q. Therefore, by (3.15), ¢ = 0 in all 2 and hence
(3.11), (3.12) hold. Finally note that, by (3.12), |2, | < |Q|. Therefore, the remaining
case, namely that Q < T;* cannot occur for A close to 4,.
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Thus (3.11), (3.12) hold for all 1 > Ao provided Q is connected. If Q is not connected

a similar reasoning can be applied to each component (we omit the details) and the same
conclusion is obtained.

We have now proved (3.8) and that ¥ < u* in T,* for all 4 2 4,. This readily implies
that a- Vu <0 in Q; (note that ue C!(Q)).

NextA(u —u)=f—f*<0inQ,. On(?Q,lr\]]1 ,ut—u=u*20and on dQ,NT, we
have u* — u = 0. Moreover, when A > Ao then u* must be strictly positive somewhere on
0Q,NT," (or even on dDNT,* for any component D of Q,) because A can be decreased
further with (3.12) still holdmg Therefore it follows from the minimum principle for
superharmonic functions that u* — u >0 in Q,NT;* when A > A,. It also readily follows
that a-Vu <0 in &, . The proof is finished. O

Corollary 3.10. Let u, f and g be as in Theorem 3.9 and assume moreover f and g
are symmetric in T, . Then u is symmetric in T, .

Corollary 3.11. Assume that f and g satisfy Condition A and that moreover both f
and g are constant outside some compact convex set K (then necessarily suppf, < K). Let
Q = {u > 0} where u is a local minimum for J. Then for any x € d,.,2 \K the inward normal
ray N, = {—tvg(x):t> 0} of 0Q at x intersects K. Moreover, 0Q\K is Lipschitz.

Proof of Corollary 3.11. If for x€ d,,4Q2\K we have N, K = § then one can find
aeR" and A, e R such that xeT, , , K< T,,,, N, < T,7, . The first inclusion implies that
the assumption of Theorem 3.9 are satisfied while the second inclusion implies that the
conclusions do not hold (e.g. (3.9) is violated). This contradiction proves the first state-
ment of the corollary. The second statement follows easily by varying a and 4, such that
KT, O

Theorem 3.12. Assume that f, g satisfy Condition A and that u is a local minimizer
of J;.,. Assume moreover that

fx/)Stf(x) and g(x/1) 2 g(x)
for all 0<t<1 (and all xe R"). Then
tu(x/t) S u(x)
for all 0 <t <1. In particular Q = {u> 0} is starshaped with respect to the origin.

More generally the same conclusion holds with the above inequalities replaced by,
respectively

BRI S, FHg(/nZg( and 1 iulx/D S u(x)

for any ( fixed) real number o.

Proof. Fix o€ R¥andseto,(x)=¢ (x/t) for any function ¢. It follows from Remark
2.7 that 1** 2y, is a local minimizer of J, = Jiay 1a+ 14,
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168 Gustafsson and Shahgholian, Solutions of a free boundary problem

Since t*f, < f, t**'g, 2 g, Lemma 1.1 therefore shows that w, = max (¢** 2u,,u) is a
local minimizer of J and that J(w,) = J (), provided ¢ <1 is close enough to 1. Clearly
w, = u for t = 1. Now similar arguments as those in the proof of Theorem 3.9 show that
actually w, = u for all 0 < ¢ £ 1. Thus ** %4, < u (0 < ¢t £ 1), and this readily shows that Q
is starshaped. O

Theorem 3.13. Assume that [°, f, g%, g satisfy Condition A. Let u*, u be the largest
minimizers of J* = Jp. .. and J = J;  respectively, and let Q° = {u* > 0}, Q = {u > 0}. Assume
also that

(3.16) f.+g = const. >0

outside Q. Then if
fENf and gt rg a.e.

(or in the sense of distributions) as ¢ \ 0 we have
3.17) u* Nu  uniformly and in w-H*(RY),
(3.18) QN Q  with respect to Hausdorff distance .
Note. Condition (3.16) is needed only for (3.18).

Proof. By Lemma 1.1, u® decreases (pointwise) with ¢. Thus v = lim %* = inf
=0 >0

exists. As in the proof of Lemma 1.2 one has ||Vu®|| £ C < 0. Hence u* — v weakly in
H'(R") (and strongly in L?(R")). It is now easy to check that J(v) < limJ*(u®). Since
JE®) £ J5(u) < J(u) (also, lim J*(u) = J (u)) it follows that v e K minimizes J. But v = u
since u < uf for ¢ > 0. Thus v = u since u was the largest minimizer. Thus #* \ u, and the
convergence is uniform since «° and u are continuous. This proves (3.17).

Clearly Q° decreases with ¢ and Q = () ©°. In order to prove (3.18) it is enough to
e>0
prove the following: for any ball B, = B,(x) with B,,nQ =0 we have B,nQ*=0 for
¢ > 0 small enough.

So assume B,,n 2 = Q. Then #° X 0 uniformly in B,,. Assume now that B,nQ° =
for some ¢ > 0. By combining Corollary 2.9 and Remark 2.11 we have, if (3.16) holds in B, ,,

suput> sup u2Cir+C,r?
Ba, B, ()~ Q2°

for y € B,n Q¢ where C,,C, 20, C, + C, > 0. This contradicts the uniform convergence
of u* if ¢ is small enough, proving (3.18). O

Theorem 3.14. Assume that f°, f, g%, g satisfy Condition A. Let u®, u be the smallest
minimizers of J* = Jys .. and J = J;  respectively, and let Q° = {u® > 0}, Q = {u > O}. Then if

fe2Af and gt~g ae.
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(or in the sense of distributions) as & \ 0 we have

u* 7 u  uniformly and in w-H'(R"),

QF 2 Q  with respect to Hausdorff distance .

The proof is similar to (and somewhat simpler than) that of Theorem 3.13 and
therefore omitted.

Example 3.15. Take f=f =ayz . —b, g= c as in Example 1.5, where now
R>0,b20, c>0 are kept fixed and a > 0 is regarded as a parameter. Then, as we saw
in Example 1.5, there is a critical value a, with b+ Nc¢/R<a, £(b+ Nc/3R)3" such
that, for a < a,, u = u, =0 is the unique minimizer of J, = J;,.q» for a = a, there are two
minimizers, u, = 0 and u, £ 0, say, while for a > a, there is again a unique minimizer
u, = 0 (depending on a).

Fora = a, the set Q, = {u, > 0} is a ball whose radius ¢ = g(a) > R (given by equation
(1.17)) increases with a.

Thus we see that the largest solution is continuous from the left with respect to a
(i.e. it depends continuously on a, on the intervals 0 < a < g, and a, < a < o) while the
smallest solution is continuous from the right. This is in accordance with Theorem 3.13
and 3.14, and it also shows that one cannot expect to have more than the semicontinuities
stated. See also Example 4.4.

4. Quadrature domains and balayage

Let 0 < g, he L*(R") be given density functions. In this section we shall study the
following type of balayage problem. Given a positive Radon measure y with compact
support, find a bounded open set 2 containing supp u such that u is “graviequivalent” to
the measure

4.1 v=hFN Q+gH""1L0Q,

in the sense that U¥ = U* in R¥\Q. Here, if ¢ is any (positive) Borel measure, U” denotes
its Newtonian potential, i.e.

U(x) = [E(x—y)da(y) (xeRY)

1
where E(x) = (1/(N—2wy)|x|>™" (N23), and E(x) = >—log|x| (N=2) so that
—AU° =o.

When a measure y is graviequivalent to a measure v associated with a domain Q,. as
in (4.1), and Q contains supp  (or at least () = 0) then the word “quadrature domain”
for Q is sometimes used [36], [47]. The reason for this termmolpgy is indicated after
Remark 4.2 below. In this paper we shall use the following definition of a quadrature

domain.

Brought to you by | Kungliga Tekniska Hogskola (Kungliga Tekniska Hogskola)
Authenticated | 172.16.1.226
Download Date | 3/1/12 3:39 PM



170 Gustafsson and Shahgholian, Solutions of a free boundary problem

Definition 4.1. Let g, 4 and u be given as above. Then Q is a quadrature domain for
u (and for the given densities g and 4) if Q is a bounded open set in R" such that

4.2) supppu < Q,

4.3) U’=U*" onRM\Q,
where

4.4 v=hLN L Q+gH#VL0Q.

We then write

QeQ(p) or QeQ(u;hg).

Remark 4.2. (a) As in Remark 3.2 (b) it follows that if Qe Q(u; h, g) then Q has
finite perimeter in any open set in which g = const. > 0.

(b) Suppose that (4.2) holds. Then, by definition, Q € Q(u; A, g) if and only if the
‘“quadrature identity”

4.5) | odu= (@hdx+ | ogd#™"!
2 2 o

holds for a certain class of harmonic functions ¢ in Q, namely for all linear combinations
of the functions ¢ (x) = E(x — y), with y € Q°. By an approximation argument, (4.5) then
also holds for every harmonic ¢ in Q which can be extended to a smooth function in a
neighbourhood of Q.

(c) Our definition of quadrature domain is quite weak e.g. in the sense that the
identity (4.5) is required to hold only for a rather small class of harmonic functions ¢.
Indeed, as is explained in Example 4.3 below, our definition allows for a large class of
nonsmooth members in Q(u; 4, g) when g > 0. (When g = 0 the situation is much better.)

Therefore we wish to point out conceivable ways of strengthening the requirements.
In addition to (4.2), (4.3) one could ask e.g. to have

4.6) vrsu* in RV,
4.7) |[VU| < const. < 0.

Since these inequalities look a little ad hoc we have preferred not to put them into the
definitions, but they do have some good properties: (4.7) rules out the type of nonsmooth
domains occurring in Example 4.3 (relevant when g > 0) and (4.6) implies uniqueness (up
to nullsets) of quadrature domains when g = 0 [36], [23]. Moreover, both (4.6) and (4.7)
hold for the quadrature domains we construct in Theorem 4.7, 4.8.

Quadrature domains have been extensively sudied in the case h =1, g = 0, [12], [2],
[36], [23], [47] and also (to a smaller extent) when A =0, g =1, [6], [48], [22], [31],
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Gustafsson and Shahgholian, Solutions of a free boundary problem 1

[32],[{5], [25]. If e.g. h=1,g=0and p is a finite sum of point masses then the identity
(4.5) gives a very simple way of computing the integral _[ ¢@dx for ¢ harmonic in Q. This
2

explains the terminology. Let us now give a couple of examples, primarily for the case
h=0,g=1.

Example 4.3. Let u = §, be the point mass at the origin and let h=5, g=c be
constant. Then the ball Q = B(0, R) with R > 0 chosen so that

boyRY+ cNwyR¥ ' =1

is in Q(do; b, ¢). If 5> 0, ¢ = 0 this Q is the unique element in Q(,; b, 0) (see [30], [3],
[23D).

If b =0, c> 0, Qis still unique among domains with smooth boundary [43]. Indeed,
it is even shown in [32] that Q is unique among domains in Q(d,; 0, ¢) satisfying in addi-
tion (4.7) and #V "1 (0Q\0,,., 2) = 0 ((4.6) is automatically satisfied). However, without
these additional assumptions there turns out to exist also a quite large family of domains
in Q(dy;0, ¢) with rather “pathological” boundaries. In two dimensions these are the
famous non-Smirnov domains first found by Keldysh and Lavrentiev and later (in a more
constructive way) by Duren, Shapiro and Shields [14], [46] (see also [13]). In higher
dimension such domains were recently constructed by Lewis and Vogel [31].

It should be told that these non-smooth domains €2 are not extremely pathological.
E.g. they are images of the unit ball under Holder class homeomorphisms R¥ — R (which
when N =2 even can be taken to be quasiconformal). They satisfy

4.8) ¢ | @d#" "' =0(0)
0

for every ¢ harmonic in  and continuous on €. Also, it follows from our Corollary 3.8
that Q = B(0, R) e Q(9,; 0, ¢).

Finally we mention that, when N =2, we do have uniqueness of finitely connected
domains satisfying (4.8) if the test class of functions ¢ is enlarged to the appropriate Hardy
(or “Smirnov’’) space. See [6], Theorem 2.1, [22], Remark 3.4.

Example 4.4. We cite the following interesting example due to Henrot [25]. Let
N=2,g=1,h=0,pu=a(8-,.0+9%,0) Where a>0.

(i) If0<a < 2n then Q, = B((—1,0), a/2m) U B((1,0), a/2) is a disconnected ele-
ment in Q (u).

(ii) If 4.60...<a < 2n then there moreover exist two connected domains, 2, and
Q,,in Q(n). We have Q, < 2, < 2,, and fora=4.60..., 2, =Q,.

(iii) As a increases towards 27, £, expands and Q, shrinks. For a=2n, Q,=Q,.
For a>2n, Q, and 2, do not exist.
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172 Gustafsson and Shahgholian, Solutions of a free boundary problem

(iv) As a>4.60... increases towards + oo, 2, expands all the time, and from
a=>5.65... on it is convex.

The above is proved by conformal mapping. For more details, see [25]. This example
illustrates in a beautiful way several of our (and also Henrot’s) results, e.g. Corollary 3.8
and Theorems 3.13 and 3.14. As to the different behaviour (shrinking, expanding etc.) of
Q,, 2, 2, as functions of the parameter a > 0, there is a classification of weak solutions

into “hyperbolic”, “elliptic” and “parabolic” based on such properties due to Beurling
L_8]. Cf. also L_16].

The existence of two different simply connected and smoothly bounded quadrature
domains for a measure as simple as the above p is particularly interesting. In the case
g =0, h =1 there is no such example known for any u.

Example 4.5. Let N=2,g=1, h=0and let u=as#'_I where a> 0 and I is the
closed line segment from (—1,0) to (1,0). If Qe Q(u;0,1) then I = Q by (4.2), which
implies that s#'(0Q)>4. On the other hand (4.3) implies [dv = [du and hence
H1(09Q) = [du = 2a. Thus we see that a necessary condition for the existence of a qua-
drature domain for u is that a > 2.

Now to relate quadrature domains with our minimization problem, assume
pe L*(RY) (i.e. u is absolutely continuous with a bounded density function, also denoted
u) and set f=p— h. Let u 20 be a weak solution for J;, so that

Au+fLN L Q=g 1L0Q,
where Q = {u > 0}. This identity can also be written

u+Au=v,

where
v=hP¥ Q+gH#"N 1L0Q+uLQ".

Clearly, u = U* — U"®. Thus we see that

4.9) QeQ(u;h,g) < suppucQ.

When u is a more general measure (not in L®), e.g. a sum of point masses, then our
minimization problem does not make sense, but one can still pass between quadrature
domains and the minimization problem by mollifying.

Lemma 4.6. Let 0 <y e L®(RY) be radially symmetric, non-increasing as a function
of | x|, have compact support and satisfy [wdx =1. Then, for u a positive measure with
compact support,

QeQ(u*ryp;h,g) = QeQ(u;h,8).

Moreover, if (4.6) holds for u vy it holds also for u.
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Gustafsson and Shahgholian, Solutions of a free boundary problem 173
Proof. By the supermeanvalue property for superharmonic functions
U**Y < U* everywhere
and by the ordinary meanvalue property (for harmonic functions)
U**Y = U* outside supp (u*y).

Note that supp u < supp (u * p). Thus the assertions of the lemma follow directly from
Definition 4.1. O

From (4.9) and Lemma 4.6 it is clear that in order to construct quadrature domains
for general positive measures p using the minimization problem one just has to make sure
that supp (4 * p) < Q = {u> 0} for a suitable mollifier y, where u is a (local) minimizer.
This is the way two of our main results, Theorem 4.7 and 4.8 below, are proved. Since
u 20 and u is Lipschitz continuous (Corollary 2.6) the quadrature domains constructed
will automatically satisfy (4.6) and (4.7).

In these theorems b, ¢ = 0 are constants with b+ ¢ >0, g, he L®(R") are density
functions satisfying

A
I\

b

L}
C.

0
0

A

h
g

lIA

Moreover, at least one of 4 and g is assumed to be = const. >0 outside a compact set,
and g is assumed to be continuous and to satisfy the Holder condition in Theorem 2.13.

Theorem 4.7. Let y be a positive measure which is concentrated to a ball By = B(x,, R)
to the extent that

(4.10) u(Bg) =0,
N
(4.11) y(BR)>(b+ 3—12)6"|BR|.

Then, for any h, g as above there exists Q€ Q (i; h, g), which moreover satisfies (4.6), (4.7)
and By < Q.

Proof. For ¢ >0 set

1
“4.12) Y, = m XBy(0) -

Then (4.10), (4.11) imply that
Nc _
u*w2R><b+3—]—e)3N in By,
prpr =0 outside B .

12 Journal fir Mathematik. Band 473
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174 Gustafsson and Shahgholian, Solutions of a free boundary problem

Nc
Setting f= %, — he L*(R") we may choose a > (b + 3—) 3N so that = ays, — b.
Note that a satisfies (1.18) of Example 1.5.

Let w denote the largest and unique minimizer of J;,, _, . and i the largest mini-

mizer of J = J;,- Then0 < w < iiby Lemma 1.1 and B3¢ = {w > 0} by Example 1.5 (subcase
4(c)). Now denote 2 = {& > 0}. Then supp(u * w,g) = Byg = {w >0} = Q and it follows
that Qe Q(u * Y, z; h,g). Thus Qe Q(u; h,g) by Lemma 4.6. O

Theorem 4.8. With b, c, h, g as in Theorem 4.7 there exists a constant C = C(N, b, ¢)
such that if

/t( ())

4.13) = C for every xesuppu

r>0

(for p a positive measure with compact support) then there exists Qe Q(u; h, g), which
moreover satisfies (4.6), (4.7). If ¢ = 0 the condition (4.13) can even be replaced by

u( ())

4.14) = C  for every x € supp u

r>0

(for another C = C(N, b)).

Proof. Take (if ¢ > () any
C> sup R'™VN b+N 6| Bg| .
3R R

O<R<1

Then, if (4.13) holds with this C there exists for each x € supp u a radius R, > 0 such that

Nc¢
(4.15) u(B(x,R))> (b +3%

)6”IB(x, R)I|.
Since supp u is compact we can select finitely many x,, ..., X, € supp ¢ such that
supp u < B(xy, Ry) U - UB(xp, Rpy)

where R; = R, . Now we can choose ¢ > 0 small enough so that

Nc N
#(B(x;, R)) > <b + m—s—)) 67| B, +.l

forj=1,...,m. With y, as in (4.12) this means that

Nc

——— |6"|B .
3(RJ+8)) | Rj+5]

(p*v,)(B(x;, R;+ ¢)) > (b +

Now minimize J; , with f= p*y, —handset Q = {u > O} where u is the largest minimizer.
Then, as in Theorem 4.7, B(x;, 3(R; + ¢)) = Q,j =1, ..., m. In particular supp (u * y,) = Q
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Gustafsson and Shahgholian, Solutions of a free boundary problem 175

and it follows that Qe Q(u*y,; h,g) and Qe Q(u; h, g). This proves the theorem if ¢ > 0.
If ¢ =0 then one also gets (4.15) if (4.14) holds with C > 6"b|B,|, and the rest of the
proof is unchanged. O

Comments. Clearly (4.13) is satisfied if u is a finite sum of point masses or if u is
supported by a finite system of manifolds of dimension <N — 1 and has a sufficiently high

density on them (for dimension s < N—1 it is enough that the H* density is bounded
away from zero).

Moreover it is clear from Example 4.5 that an assumption of the sort (4.13) really
is necessary for the existence of a quadrature domain. However, the constant C obtained
in the proof is probably far from the best possible. Indeed, Example 4.5 indicates that if
N=2,h=0,g=1then any C > 4 should work in (4.13), whereas our proof needs C > 24n
in this case. If ¢ =0 then, according to [40], [33], Theorem 4.7 holds with 6" in (4.11)
replaced by 2V, which is the best constant. This also gives the best constant in (4.14),
namely C(N, b) > 2"|B,|b.

Aside from interesting cases of nonuniqueness of quadrature domains, as in Example
4.4, there is sometimes, for nonconstant g, a kind of trivial nonuniqueness: if 4 = 0 is any
measure, take A =0, g = |VU*| (outside suppu at least). Then Q, = {xe R": U*(x) > t}
is in Q(u; h, g) for any ¢t € R such that Q, contains supp u and is bounded. Cf. discussions
in [8]. The function u = U* — U" in this case simply is (U* —1),.

Finally note that when Q is a quadrature domain obtained from a local minimizer
of J then the regularity results of section 2 and the geometric results of section 3 apply.

5. Appendix

In order to prove (a) of Theorem 2.17 we need to generalize (modify) some of the
lemmas and theorems in [4].

In [4] the weak solution u is harmonic in {u >0} whereas in our case —Au =f.
However, as in the proof of Theorem 2.13, the term f disappears in the blow-up limit, i.e.
we get a blow-up sequence u,(x) = u(gx)/e (¢ — 0) converging to a harmonic function.

In most cases the changes are just a remark. It is our objective here to provide the
reader with a step-to-step programme on necessary changes in the proofs of the results of

[4], 6-8.

We will adopt notations from [4] and we only give changes in the proofs and not
the statements of the results.

Lemmas and theorems that need changes are as follows: 6.1-6.3, 7.2, 7.5, 7.6, 7.10.
The remaining results in [4], 6-8, go through without changes.

6.1. The function v in the proof is v = u + xy and in our case
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176 Gustafsson and Shahgholian, Solutions of a free boundary problem

r

<
|Vo| < Cyd+ <2x

2
)fuwgua&

provided r <4k Cy/M. Here M =sup|f|. Hence we need to adjust r and the choice of
r depends on Cy, 6, x, and M.

6.2. Here we get an additional term

[ |Vuld#¥1<C [ dA#¥ 4+ MY SOV,

B.n{u=¢} 0B,
for r small. Here again C = C(N, M) and M = sup| f|.

6.3. Step 1,2,3 and 5 need no changes. In step 4 let A, be defined as —Ah, =f in
B\A4, and h, =0 on 0B,u 4,. Then at the end of step 4 we will have

u,—h,<u=<cr=crw, onoB,

and we get u, — h, < crw, in B,. Hence we arrive at

lim sup 4,, (B,,) 2 2 lim Sup A, - ny (By/2)
£N0 rexo

¢ ¢ C N-1_C¢ N N-2
g;/lu(B,/z)—;lh(B,,z)g;r 1——;r =cr¥2,

for r small enough.

7.2. vshould be such that —~Av = M = fin D. Then the estimate 0 _,v(z) £ 1+ Cyo
still holds and we also have ¥ < v. Hence we get 1 —6 </<1+ Co as in [4] and their
proof works all along. However, since our v is not harmonic but superharmonic we need
to take a much smaller ball B,(£) (r =1/10 in [4]) where r depends on M and should be
smaller for larger M. We need this in particular for the use of Harnack inequality. Indeed
we have

0—w() £ C(w-uwxp)+r?) £ C(co+r?) £ Cyo,
if r is small (r*> < g).

7.5. The inequality at the end of page 135 in [4] involves an additional term in our
case, namely

M
1—1

(5.1) [{w,>0}nZ"|

where Z* = Z* (g, g). Observe that g here is not the same as our g.

We have to take into consideration that while “blowing-up” our solution M will
change and we get |Ay, | =|g, f| < 0, M. Hence in 5.1 we should replace M by Mpg,. We
will thus arrive, as in [4], at
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Gustafsson and Shahgholian, Solutions of a free boundary problem 177
Cogf S 1, " HZ°0 {1, > 0) + 0, C(N, M) | {u, > 0} Z ..
If we assume 7, g, = 0(o,) then this is a contradiction, as in [4].
We should be careful here, since our f and g are different from those of [4].
7.6. Again our solution will give an additional term and we obtain

QGr < — [ Vu, VGt +o, | MGE,

k
By/5 Nérea{ux > 0} B:‘,z B:‘:‘z

}Vhere we assume |Aw| < M in B,,. Now the “blow-up” solutions u, (g, x)/ g, (Which again
is called u, in [4]) give | Ay, | < g, M. This justifies the above inequality.

Now proceeding as in the proof of [4] we only have to prove that

oM

_— Gk-0,
Gk(1—rk) BI "

k‘
12

which is true if g, = 0(g}).

7.10.  Since in our case U =max (|Vu,| — sup Q, 0) is, in general, not subharmonic

Bsry
but involves a defect of magnitude ¢? M under the ‘action of A, we have to take a super-
harmonic function ¥, with ¥,=1 on dB,,, ¥,=0 on dB and —A¥,=¢*M in B,,\B.
This gives for ¢ small ¥ < (1 — C(N, ¢))t in B, . This is the only point that needs attention.
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