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Abstract. We consider the quasilinear Neumann problem with expopginta multi-domain ofR ™
made of the union of a cylinder with given height and small cross section and a cylinder
with small height and given cross section. Assuming that the volumes of the two cylinders
tend to zero with same order, we prove that the limit problem is posed in the union of the
limit domains, with respective dimensiofsand (N — 1). Moreover this limit problem is
coupled ifp > N — 1 and uncoupled otherwisel 2000 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Limite couplée ou non pour un probleme de Neumann sur un
multidomaine mince

Résumé. Nous considérons le probleme de Neumann quasi linéaire d’exppsdans un multido-
maine deR”™ constitué d’un cylindre de hauteur donnée et de petite section et d’un cylindre
de section donnée et de petite hauteur. En supposant que les volumes de ces deux cylindres
tendent vers zéro tout en restant du méme ordre, nous montrons que le probléme limite est
posé sur la réunion des domaines limites, de dimensions respecete¥ — 1), et qu'il est
couplé pourvu que > N — 1 et découplé sinortl 2000 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Version francaise abrégée

On considere le multidomaine miné¥ = Qf U S° U Q5, ot Q§ = r°w x (0,1), Q5 =w x (—h%,0),
S¢ =rfw x {0}, avecw domaine borné d&¥ —! (IV > 2), w contenant I'origine. On suppose qfeet h*
sont petits, de sorte que* est I'union d’un cylindre vertical de petite section et d’'un cylindre vertical de
petite hauteur.

Note présentée par Philippe G. CARLET .
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On s’intéresse au probleme de Neumann quasi linéaire d’exppséhi p < co) dansF, avec
coefficients et terme source dépendant (éventuellement), dg on I'écrit comme un probleme de
minimisation :

") If{J5(V) : Ve Whr(Q)},

avecss(V) =1 [, [A°|Vx/ VIP+ Be| R |+ Co[V[P]AX — [,. FFV dX, ennotanty = (X', X ) =
(Xl, R ,XNfl,XN) le point générique dRN, Vx/'V= (8V/5X1, ey 8V/8XN,1)

ClassiquementFs e L?' (Q°), ou p’ est le conjugué dp, A°, B¢, C* sont des fonctions strictement
positives deL.>(£2°) avecl/Af 1/B¢, 1/C*® dansL>(Q2¢). Nous supposons qug$ = Bjo: ne dépend
que deX'/rc et A5 = mg ne dépend que d& v /h° :

Bf = By, —B(X'/rF). X €05, et Aj— Ay —a5(Xu/h), Xeos

L'exemple le plus simple est obtenu pque=2, A°=B*=C° =1, F*=F:Q — RN, Q' 5 Q° pour
toute.

Il est clair que (P) admet une solution uniqu&c. On s'intéresse au comportement limite Ué et
Je(U*®) lorsquer eth® tendent vers zéro. Pour cela, nous nous ramenons a un domaine fixe en introduis:
la transformation :

QiUQ;—>91UQQ, lewx(O,l), ngwx(—l,O),
X=(X"Xy) — z=(2,2n),

avecy’ = X'/r¢, xy = Xy pour X € Q5 eta’ = X/, ay = Xy /h® pour X € Q5. Pour toute fonction
définie surQ® et notée par une lettre majuscule (tel€), nous notons avec un indigesa restriction a
Q5 (FF = F“;Zf) et avec une minuscule son écriture $yr(ff(x) = F7(X)). Avec ces notations, nous
montrons le :

THEOREME 1. -0n suppose que(i) ¢¢ = h¢/(r*)N =1 — ¢ € (0,00) dansR; (i) f& — f; faiblement
dansL? () (i = 1,2); (ii) les suites{1/aZ}., {1/b}., {1/c5}. sont bornées dank> () (i = 1,2)
et {a5}. est bornée dan&>(Q); (iv) b5 = b5(2'), a5 = a5(xn), b5 — by faiblementx dansL>°(w),
a§ — ay faiblement« dansL>°(—1,0); (v) ¢ — ¢; faiblement« dansL>°(€2;) (i = 1,2).

Soit alorsU*¢ la solution de(P°) et soitu® son écriture dan$§); U Q». Sous les hypothéses précédentes,
u$ converge faiblement vers dansW'?(Q;) (i = 1,2), ou

— sip< N — 1, u; estla solution de

Inf{ K (v1), v € WHP(0,1)},

aveCKl(vl) [; fo 2P dzy + %fol Yi(zn) v (zn)|Pdey — fol pr(zn)vi(zy)dzy, B =
L,bi(2")da’, yi(en) = [, cr(a’ zn)da’, pi(zn) = [, fi(2’,xy)da’ etus estla solution de

Inf{ K (v2), v € WHP(w)},

avecks(v) = 22 [ |Vua|Pda/ + 1 [ va(a |UQ( ’)|pdx’—f o (oo (2') da’, an = [°) as(x)
x dzy, vg(x’):fg ca (2, xN)de, oz f fo(o;on)day;
— Sip>N —1, u= (uy,usz) estla solution de

Inf{ K1 (v1) + qKa2(v2), v1 € WHP(0,1), vo € WHP (W), v1(0) = v2(0)}.
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Dans les deux cas/® (U?) ~ (r*)N 1 (K (uy) + ¢K2(u2)), qui tend vers zéro.

Nous remarquons que la premiére hypothese est vérifiée (a une sous-suite pres) des que les volt
de Q5 et 25 sont du méme ordre de grandeur. De méme la seconde hypothése est vérifiée (& une s
suite prés) des que les suitg€); |~ fﬂi |FeP'dX}_et{|0s|~ fQS |F¢[P"dX }_ sont bornées et donc en
particulier sif** est dand.> et si la suite{ || F* ||~ (o) }- €St bornée, ce qui est vraiBF = F' € L>°(Q'),

Q' D QFf pour toute.

De plus, le probleme limite est découplé et sa solution est indépendante gec N — 1. Au contraire
il est couplé et sa solution dépenddlsi p > N — 1. Dans les deux cas '« énergie/»(U¢) tend vers zéro
etJe(U#)/(r*)N~! tend vers une limite dépendant gde

Enfin, nous notons que> N — 1 est la condition nécessaire et suffisante pourggeit continu (et
doncwv(0) défini) pour touty danswW» (w).

La démonstration détaillée de ce résultat figure dans [9] et des compléments seront présentés dans
Signalons enfin que ce travail fait suite a une étude précédente ou le probleme limite était dégénéré, r
la condition de transmission était plus simple (purement algébrigue} et ), était indépendant de
(voir [2] et [3]).

1. Statement of the problem and of the result

For w a bounded domain iRV =1, N > 2, 0 € w, let us consider the thin multidomain® = Q5 U
S€ U 05, which is the union of two vertical cylinders with small volumes: the first @je=r*w x (0,1)
has small cross sectioriw and constant height, the second &= w x (—h¢,0) has small height and
constant cross section, the interfac&is=rw x {0}.

Assuming that andh® tend to zero withe, our concern is studying the asymptotic behaviout, @nds
to 0, of the quasilinear Neumann problem(, with coefficients and source term (possibly) depending on
e, which we write as a minimization problem:

(P) Inf{J5(V), Ve WP (QF) },

with 1 < p < oo, JE(V) = 2 [o. [A|Vx V[P + B | Z- " + CE|VIP]AX — [ FEVAX, X =
(X', Xn)=(X1,...,XN_1,XN), Vx/V = (0V/0X1,...,0V/0XN_1).

Classically,F© € LP’(QE), wherep’ is the conjugate of, A°, B*, C¢ are positive functions if.>° ()
with inversesl /A%, 1/B¢, 1/C* in L>°(Q¢) as well. Here we assume thaf = Big: andA; = A\EQZ have

specific dependence upon coordinates:
Bi = fQT =b1(X'/r"), XeQf, and Aj :AlgQg =a3(Xn/h%), X €Qj.

Of course the simplest example is obtainedfee 2, A*=B*=Cc =1, FF=F: Q' - RN, ¥ > Q¢
for everye.

Clearly, (P) admits a unique solutiob’* and we want to predict the limit behaviour GF andJ©(U¢)
ase tends to zero. This question combines the double character of homogenization [15] and bound
layers, since both the coefficients and the thin multidomain deperdfeor solving the second difficulty,
and following a classical methodde for example [4-6,11,14]), we consider the transform which maps
Q5 U Q5 onto the fixed domaif; U Qg, Q1 =w x (0,1), Qs =w x (—1,0):

X:(X/,XN)’_)xz(xlva)a
¥=X"/ran=Xy forXeQi, 2/=X' an=Xy/h® forXes.
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In connection with this transform, we introduce the following notations: for a general funGtian
Q° — R, we writeGS = GIQE and defingy5 : Q; — R by g5 () = G5(X). This allows us to write (P as
a minimization problem on the fixed domdih U Q9, with coefficients:$, b5, ¢; and source termg’ and

1

with a constraint depending an derived from the transmission condition Sf:
(P?) Inf{ K{(v1) + ¢°K5(v2), v=(v1,v2) € V°},
whereq® = he /(r5)N -1,

Ve = {v = (v1,v2) € Wl’p(Ql) X Wl’p(Qg) vy (a:' O) =y (7‘%’,0)},

1 1 dvy 1
Ke(v :—/ a$ |V |Pdoe + - / b;|— dx—i——/ v pdx—/ fivpda,
i) p(re)? Jo, e dey P Jo, il o
1 1 dvs 1
K5 (v :—/aV o|P da + ——— / b3 dx+—/ c’gvpdx—/ frvadz.
5(v2) » o, 5| Varval? 2 Jo, 2| v o, 5|l o, 1202

(Note thatJe (V) = (r*)N =1 (K5 (v1) + ¢° K5 (va)) = (r°)N "1 K% (v1) + h K5 (v2).) Of course it is clear
thatU¢ solves (P) if and only if its transcription:® in the fixed domain solves).

In our study of the limit behaviour of (f and (P), the essential assumptions are that=
he /(r¥)N =1 =|Q5]/|95] is bounded away from zero and infinity and that the sequefieEs —* [,,. |F*|*’

x dX}. are bounded (that i§f¢}. is bounded inL? (£2;)) for i = 1,2, which occurs for example if
F* belongs toL.>* and if {|| F* ||y, (q-)}- is bounded, and even more particularlyfif = I € L>(Q'),
Q' D Qe for all e. Then up to extraction of a subsequence, we may suppose that:
¢ =h/(r )Nt = g €(0,00), (1)
fi— fi weakly ian/(Qi) (1=1,2). 2
As for the coefficients we assume for simplicity:
{1/a5}_, {1/67}_,{1/¢;}_ boundedirL>*(2;), {af}_boundedinL> (), 3)
b; =bi(2), a5 =a5(zN), 4)
b — b1, a5 — az, ¢ — ¢; weakly* respectively i.>°(w), L>(—1,0),L>°(£;) fori=1,2. (5)
Our result is the following one.

THEOREM 1. —LetU*® be the solution ofP°) and letu® = u5 in Q1, u§ in Q5 be both its transcription in
1 UQ, and the solution of 7). Under the above conditior{&) to (5), u$ converges weakly iW 7 (;)
tou,; (i =1,2), defined as follows

— ifp< N —1, u; solves

Inf{Kl(vl), V1 € Wl”’(O, 1)},

with Kl(vl) %fol éi;’; ‘pda:N + %folfyl(xNﬂvl(a:NﬂPda:N — fol p1(zn)vi(zy)dey, 01 =
[,b1(@)da!, vi(an) = [, (2!, zn)da’, i (xn) = [ f1(2,2n) dz” anduy solves

Inf{Kg(Ug), Vg € lep(w)}’

With Ko (v2) = 22 [ [Vua[Pda’ + L [ ya () va(a)|P da’ — [, pa(aYoa(a’) da’, az = [°) az(xw)
x dzy, Yo(z ):fo co(a, xN)de, pa(’) —fglfg(x’,xN)de,
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—ifp>N—1,u=(u1,us) solves
Inf{K1(v1) 4+ qK2(v2), vi € WHP(0,1), va € WHP(w), v1(0) =v2(0)}.

In any caseJs(U?) = (r)N1K§(u5) + he K5 (u5) ~ (r)N 1 (K1 (u1) + ¢Ka(uz2)), which tends to
zero.

This theorem says that the limit problem is uncoupled, with solution independeiift pf< N — 1. On
the contrary it is coupled with solution depending@if p > N — 1. In both cases the “energy=(U¢)
tends to zero and®(U¢)/(r*)N~! tends to a limit depending af. Remark that fotNV = 3, p = 2 is the
limit exponent, so that the coupling is lost at the limit for the linear Neumann problem.

Finally let us emphasize that the conditipn- NV — 1 is necessary and sufficient for havingontinuous
(and hence(0) meaningful) for any in W17 (w).

2. ldea of the proof

Our result is established by usind 'aconvergence methodéein general [1,7,8] and in the context of
thin structures [12,13]). It can be easily deduced via the following steps.

LEMMA 1 (a priori estimates). For i = 1,2, the sequencéus }. is bounded inW!?(Q;). Moreover,

the sequences
1 o1 1 P
{—(r’f)l’ /91 |V1/u1| da:})3 and {—(h’f)P /Q2 da:})3

are bounded irR.

LEMMA 2 (compactness and limit constraint)Up to extraction of a subsequeneg, — u; weakly in
WLP(Q;) (i = 1,2), for somew; in WHP(Q;) such thatu; = u; (x,,), U2 = uz(z’). Moreover,z; (0) =
u2(0)if p> N — 1.

The fact thati; = (z,,) (respaiz = Uz (z')) follows from the boundedness 6f ) =1V, u$ in LP(Q4)
(resp.(h®) ' 52-us5 in LP(2,)). Itis more difficult to prove thaiti; (0) = 7,(0) if p > N — 1. This is done
by passing to the limit in

/ui(w’,O) dx’:/ug(rsx’,O) dx’:/ (us(r2’,0) —Eg(rsx’))dx’—i—/ﬂg(rsx’) dz’,

w

0

8xN

us

using the continuity ofi, for p > N — 1 and proving that the first integral tends to zero for a convenient
new subsequence, which follows from Fatou lemma and from the boundedrigssof BN u§ in LP(Qs).

ox

LeEMMA 3 (first I-convergence property).For anyi = 1,2 and for anyv$, v; in W1P(Q;) such that

ve — v; weakly inWhP(Q;),
liminf K7 (vf) > K;(v;).

The proof of Lemma 3 is quite classicalefg e.g., [15]): one uses the special dependence (4j ahd
a§ upon coordinates.

LEMMA 4 (second’-convergence property).For anyv = (v, vg) in W1°(0,1) x WH°(w) such that
v1(0) =v2(0), there exists a sequen¢e® }. of elements® = (v§,v5) in V< such thatk’s (vF) — K;(v;).

This lemma can be proved with§ = vo = v2(2) In Q2, v5(2',2n) = v1(zN) fOr af <z, <1, for
some suitable® (a© tends to zero witlw® > Cr® for some positive constaidt),

— TN

vf(x’,xN) = (of) Z—JZ—F’UQ(TEI/) @ for0 <z, < af.
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LEMMA 5 (density property). et
W= {v=(v1,v2) € WH>(0,1) x W">*(w), v1(0)=12(0)},
VP ={v=(v1,v2) € W"P(0,1) x WP(w)} ifp<N -1,
VP = {v=(v1,v2) € W"P(0,1) x WP (w), v1(0) =v2(0)} ifp>N—1.
The subspac®V is dense in?.

)
)

This density result is classical for> N — 1. If p < N — 1, it is enough to prove that for any in
C'0,1] x C'(), there exists a sequence of elemeritsin W (in particularv} (0) = v (0)) with v™ — v
for the norm ofW17(0,1) x WP(w). One can take? = vy,

vy =vy  inw~B(R"), vy =v1(0) inB(r"),
1 =} (&) = 8" ()n(0) + (1= " (@))e3 () in € =B(R") B(:").

where B(r") and B(R") are small balls inRV~! with respective radir® and R™ tending to zero
(0 <r™ < R"™) and wherep™ =0 on9B(R"), ¢" =10n9dB(r"),0 < ¢™ < 1in C™ and

/ V¢ | dz — 0.
C'n.

If p< N —1, itis enough to take™ =1/n, R"™ = 2/n, ¢"(2') = nd™(x’), whered™ is the distance to
OB(R™). If p= N — 1, one can take fop™ the solution of thep-capacity problem irC™ with R™/r"
tending to infinity.

The detailed proofs are in [9] and some complements can be found in [10]. Finally, let us mention that
arecent workgee[2] and [3]), M. Boutkrida and J. Mossino have considered the £3se ), independent
of e, with a simpler (purely algebraic) transmission condition, but with a degenerate limit problem.
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