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Abstract. We consider a quasilinear Neumann problem with exponentp ∈]1, +∞[, in a
multidomain ofRN ,N ≥ 2, consisting of two vertical cylinders, one placed upon the other:
the first one with given height and small cross section, the other one with small height and
given cross section. Assuming that the volumes of the two cylinders tend to zero with same
rate, we prove that the limit problem is well posed in the union of the limit domains, with
respective dimension1 andN − 1. Moreover, this limit problem is coupled ifp > N − 1
and uncoupled if1 < p ≤ N − 1.

0 Introduction

LetN ≥ 2, letω ⊂ RN−1 beaboundedopenconnectedsetwithasmoothboundary
such that the origin inRN−1, denoted by0′, belongs toω, and let{rn}n∈N,
{hn}n∈N be two sequences of positive numbers converging to0. For everyn ∈ N,
consider the thin multidomainΩn = Ω1

n ∪ Ω2
n, the union of two vertical cylinders

with small volumes:Ω1
n = rnω × [0, 1[ with small cross sectionrnω and constant

height,Ω2
n = ω×] − hn, 0[ with small heighthn and constant cross section (see

figure next page).
This paper arises from the desire of studying the asymptotic behaviour, as

n → +∞, of the following model problem:

min
{

Jn(V ) :=
∫

Ωn

(
|V |p + |DX′V |p +

∣∣∣∣ ∂V

∂XN

∣∣∣∣
p

+ FV

)
dX :

V ∈ W 1,p(Ωn)
}

,
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wherep ∈]1,+∞[, F ∈ L
p

p−1 (ω×] − 1, 1[), X = (X1, · · · , XN−1, XN ) =

(X ′, XN ) ∈ RN andDX′V =
(

∂V

∂X1
, · · · , ∂V

∂XN−1

)
.

It is well-known that this problem admits a unique solutionUn ∈ W 1,p(Ωn).
To study the asymptotic behaviour of{Un}n∈N, asn → +∞, we introduce the
classical transformation mappingΩn onto the fixed domainΩ = ω×] − 1, 1[
(compare, for instance, [5], [6], [7], [14] and [17]) and set, for everyn ∈ N,

un(x) =

{
u

(1)
n (x′, xN ) = Un(rnx′, xN ), (x′, xN ) a.e. inΩ1 = ω×]0, 1[;

u
(2)
n (x′, xN ) = Un(x′, hnxN ), (x′, xN ) a.e. inΩ2 = ω×] − 1, 0[.

It is easy to see that, for everyn ∈ N, un is the unique solution of the following
problem:

min

{
jn(v) =

∫
Ω1

(
|v(1)|p +

∣∣∣∣ 1
rn

Dx′v(1)
∣∣∣∣
p

+
∣∣∣∣∂v(1)

∂xN

∣∣∣∣
p

+ fnv(1)

)
dx+

+
hn

rN−1
n

∫
Ω2

(
|v(2)|p + |Dx′v(2)|p +

∣∣∣∣ 1
hn

∂v(2)

∂xN

∣∣∣∣
p

+ fnv(2)

)
dx :(0.1)

v = (v(1), v(2)) ∈ W 1,p(Ω1) × W 1,p(Ω2)

v(1)(x′, 0) = v(2)(rnx′, 0), x′ a.e. inω
}

,
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wherex = (x1, · · · , xN−1, xN ) = (x′, xN ) ∈ RN ,Dx′v =
(

∂v

∂x1
,· · · , ∂v

∂xN−1

)
and

fn(x) =
{

F (rnx′, xN ), (x′, xN ) a.e. inΩ1,
F (x′, hnxN ), (x′, xN ) a.e. inΩ2.

This paper is devoted to the study of the asymptotic behaviour, asn → +∞,
of Problem (0.1). Precisely, by assuming that the volumes of the two cylindersΩ1

n

andΩ2
n tend to zero with same rate, that is

(0.2) lim
n

hn

rN−1
n

= q ∈]0,+∞[

and by assuming also that

(0.3) fn ⇀ f weakly inL
p

p−1 (Ω),

(for instance, (0.3) holds true, up to a subsequence, ifF ∈ L∞(Ω)), it is proved in
this paper that

u(1)
n → u(1) strongly inW 1,p(Ω1), u(2)

n → u(2) strongly inW 1,p(Ω2),
1
rn

Dx′u(1)
n → 0 strongly in (Lp(Ω1))

N−1
,

1
hn

∂u
(2)
n

∂xN
→ 0 strongly inLp (Ω2) ,

asn → +∞, where,
• if 1 < p ≤ N −1,u(1) andu(2) are the unique solutions of the following problem:

min
v(1)∈W 1,p(]0,1[)

{
j1
(
v(1)

)
= measω

∫ 1

0

(
|v(1)(xN )|p +

∣∣∣∣∂v(1)

∂xN
(xN )

∣∣∣∣
p
)

dxN

+
∫ 1

0

(
v(1)(xN )

∫
ω

fdx′
)

dxN

}
,

min
v(2)∈W 1,p(ω)

{
j2
(
v(2)

)
=
∫

ω

(
|v(2)(x′)|p +

∣∣∣Dx′v(2)(x′)
∣∣∣p) dx′

+
∫

ω

(
v(2)(x′)

∫ 0

−1
fdxN

)
dx′
}

,

respectively;
• if p > N − 1,

(
u(1), u(2)

)
is the unique solution of the following problem:

min
{
j1
(
v(1)

)
+ q j2

(
v(2)

)
:

(v(1), v(2)) ∈ W 1,p(]0, 1[) × W 1,p(ω), v(1)(0) = v(2)(0′)
}

.

Moreover, in both cases the energies converge, that is

lim
n

jn(un) = j1(u(1)) + q j2(u(2)).
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Consequently, sinceJn(Un) = rN−1
n jn(un), it follows that

lim
n

Jn(Un) = 0.

We point out that the limit problem is coupled by the conditionv(1)(0) =
v(2)(0′) and its solution depends onq, if p > N − 1. Otherwise, if1 < p ≤ N − 1,
the limit problem is uncoupled and its solution does not depend onq. In particular,
for N = 3, the limit exponent isp = 2, so that the coupling is lost at the limit
for the Laplacian. Moreover we remark that the conditionp > N − 1 is necessary
and sufficient for havingv(2) continuous (and hencev(2)(0′) meaningful) for any
v(2) ∈ W 1,p(ω).

Indeed, the above-mentioned result is just a corollary of amore general theorem
(see Theorem 1.1) proved in this paper. Precisely, for everyn ∈ N, let un =(
u

(1)
n , u

(2)
n

)
be a solution of the following problem:

min
{∫

Ω1

(
A

(
x, v(1),

1
rn

Dx′v(1),
∂v(1)

∂xN

)
+ fnv(1)

)
dx+

+
hn

rN−1
n

∫
Ω2

(
A

(
x, v(2), Dx′v(2),

1
hn

∂v(2)

∂xN

)
+ fnv(2)

)
dx :

v = (v(1), v(2)) ∈ W 1,p(Ω1) × W 1,p(Ω2) : v(1)(x′, 0) = v(2)(rnx′, 0)

x′ a.e. inω
}

,

whereA : (x, s, ξ, t) ∈ Ω×R×RN−1×R → A(x, s, ξ, t) ∈ R is aCaratheodory
function satisfying usual convexity andp-growth conditions, withp ∈]1,+∞[ (see
assumptions (1.1)÷ (1.4)).

Then, if (0.2) and (0.3) hold, there exists an increasing sequence{ni}i∈N ⊂
N, (u(1), u(2)) ∈ W 1,p(]0, 1[) × W 1,p(ω), (y(1), y(2)) ∈ Lp

(
0, 1;W 1,p

m (ω)
) ×

Lp
(
ω;W 1,p

m (] − 1, 0[)
)
(see (1.13) for the definition), depending possibly on the

sequence{ni}i∈N, such that

u(1)
ni

⇀ u(1) weakly inW 1,p(Ω1), u(2)
ni

⇀ u(2) weakly inW 1,p(Ω2),

1
rni

Dx′u(1)
ni

⇀ Dx′y(1) weakly in (Lp(Ω1))
N−1

,

1
hni

∂u
(2)
ni

∂xN
⇀

∂y(2)

∂xN
weakly inLp (Ω2) ,

asi → +∞, and
(
(u(1), u(2)), (y(1), y(2))

)
is a solution of aminimization problem

which depends onq, if p > N −1. Otherwise, if1 < p ≤ N −1, the limit problem
is uncoupled and is decomposed in two minimization problems with respective
solutions

(
u(1), y(1)

)
and

(
u(2), y(2)

)
, which do not depend onq. In both cases the

limit problems are given explicitly and the convergence of the energies holds.
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We point out that, in this general setting, the weak limits of
1

rni

Dx′u(1)
ni

and

1
hni

∂u
(2)
ni

∂xN
are not necessarily equal to0 (compare [17]), as in the model case.

The proof of this theorem is performed in Sect. 4 and 5, by making use of the
basic ideas of theΓ -convergence method introduced by E. De Giorgi in [11] (see
also [2] and [10] for general references about theΓ -convergence method, [1], [15]
and [16] in the context of thin structures, and [9] in the context of domain with
oscillating boundary). In Sect. 2 some compactness properties for the sequence
{un}n∈N are obtained. These properties are based on Proposition 2.1. In Sect. 3
a density result is proved. We emphasize that the main difficulties arise in proving
Proposition 2.1 and Proposition 3.1. These difficulties originate from the junction
condition connecting the two thin subdomainsΩ1

n andΩ2
n. Otherwise the paper is

very much inspired by [17].
A preliminary version of these results, concerning the model problem, but in-

cluding oscillating coefficients, was published in [12] with sketch of proofs.
We recall that [3] and [4] deal with the case of oscillating coefficients having

measure limits, but withΩ2
n = Ω2 independent ofn and with a simpler (purely

algebraic) transmission condition. For a general reference about homogenization
of thin structures, the reader is refered to [8].

In a forthcoming paper we study a similar problem for equations involving
monotone operators, by making use of the method of oscillating test functions
introduced by L. Tartar in [18].

1 Statement of the problem and main results

Let N ≥ 2. In the sequel,x = (x1, · · · , xN−1, xN ) = (x′, xN ) denotes the
generic point ofRN . Moreover, for a real functionv defined in an open subset
of RN and with weak derivatives,Dx′v denotes the(N − 1)−vector function(

∂v

∂x1
, · · · , ∂v

∂xN−1

)
.

Letω ⊂ RN−1 be a bounded open connected set such that the origin inRN−1,
denoted by0′, belongs toω,Ω = ω×]−1, 1[,Ω1 = ω×]0, 1[andΩ2 = ω×]−1, 0[.

Letp ∈]1,+∞[ andA : (x, s, ξ, t) ∈ Ω×R×RN−1×R → A(x, s, ξ, t) ∈ R
be a function satisfying the following conditions:
(1.1)
A(·, s, ξ, t) is a measurable function onΩ, for every(s, ξ, t) ∈ R × RN−1 × R;

(1.2) A(x, ·, ·, ·) is a convex function onR × RN−1 × R, for a.e.x ∈ Ω;

|A(x, s, ξ, t)| ≤ α (|s|p + |ξ|p + |t|p) + a(x),
for a.e.x ∈ Ω, for every(s, ξ, t) ∈ R × RN−1 × R;(1.3)
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A(x, s, ξ, t) ≥ β (|s|p + |ξ|p + |t|p) + b(x),
for a.e.x ∈ Ω, for every(s, ξ, t) ∈ R × RN−1 × R;(1.4)

whereα, β ∈]0,+∞[ anda, b ∈ L1(Ω).
For everyn ∈ N, let rn, hn ∈]0,+∞[, fn ∈ L

p
p−1 (Ω) and consider the

following problem:

(1.5) min
(v(1),v(2))∈Vn

{
K(1)

n (v(1)) +
hn

rN−1
n

K(2)
n (v(2))

}
,

where

Vn =
{

(v(1), v(2)) ∈ W 1,p(Ω1) × W 1,p(Ω2) : v(1)(x′, 0)

= v(2)(rnx′, 0), x′ a.e. inω
}

(1.6)

and

K(1)
n : v(1) ∈ W 1,p(Ω1) →

∫
Ω1

A

(
x, v(1),

1
rn

Dx′v(1),
∂v(1)

∂xN

)
dx

+
∫

Ω1

fnv(1)dx,(1.7)

K(2)
n : v(2) ∈ W 1,p(Ω2) →

∫
Ω2

A

(
x, v(2), Dx′v(2),

1
hn

∂v(2)

∂xN

)
dx

+
∫

Ω2

fnv(2)dx.(1.8)

By virtue of (1.1) ÷ (1.3),K(1)
n andK(2)

n are convex and strongly continuous
and, consequently, weakly l.s.c. Moreover,Vn is convex and strongly closed and,
consequently, weakly closed. Then, by making use of the coerciveness (1.4), it is
easy to prove that Problem (1.5) admits a solution.

The goal is to study the asymptotic behaviour, asn → +∞, of Problem (1.5)
under the following assumptions:

(1.9) lim
n

rn = 0 = lim
n

hn,

(1.10) lim
n

hn

rN−1
n

= q ∈]0,+∞[,

and

(1.11) fn ⇀ f weakly inL
p

p−1 (Ω) .
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Precisely, let
(1.12)

V =




{
(v(1), v(2)) ∈ W 1,p(Ω1) × W 1,p(Ω2) : v(1) is independent ofx′,

v(2) is independent ofxN

}
if p ≤ N − 1,{

(v(1), v(2)) ∈ W 1,p(Ω1) × W 1,p(Ω2) : v(1) is independent ofx′,
v(2) is independent ofxN , v(1)(0) = v(2)(0′)

}
if p > N − 1,

and

(1.13) Z = Lp
(
0, 1;W 1,p

m (ω)
)× Lp

(
ω;W 1,p

m (] − 1, 0[)
)
,

where

W 1,p
m (ω) =

{
v ∈ W 1,p (ω) :

∫
ω

vdx′ = 0
}

,

W 1,p
m (] − 1, 0[) =

{
v ∈ W 1,p (] − 1, 0[) :

∫ 0

−1
vdxN = 0

}
.

The following is our main result:

Theorem 1.1.Let, for everyn ∈ N, (u(1)
n , u

(2)
n ) ∈ Vn be a solution of Problem

(1.5) under assumptions(1.1)÷(1.4) and(1.9)÷(1.11). Moreover, letV andZ be
definedby (1.12) and (1.13) respectively. Then, there exist an increasing sequenceof
positive integer numbers{ni}i∈N,

(
(u(1), u(2)), (y(1), y(2))

) ∈ V ×Z, depending
possibly on the selected subsequence{ni}i∈N, such that, asi → +∞,

(1.14) u(1)
ni

⇀ u(1) weakly inW 1,p(Ω1), u(2)
ni

⇀ u(2) weakly inW 1,p(Ω2);

(1.15)
1

rni

Dx′u(1)
ni

⇀ Dx′y(1) weakly in (Lp(Ω1))
N−1 ;

(1.16)
1

hni

∂u
(2)
ni

∂xN
⇀

∂y(2)

∂xN
weakly inLp (Ω2)

and
(
(u(1), u(2)), (y(1), y(2))

)
is a solution of the following problem:

(1.17) min
((v(1),v(2)),(z(1),z(2)))∈V ×Z

{
K(1)(v(1), z(1)) + qK(2)(v(2), z(2))

}
,

where

K(1) : (v(1), z(1)) ∈ W 1,p(Ω1) × Lp
(
0, 1;W 1,p(ω)

) −→∫
Ω1

A

(
x, v(1), Dx′z(1),

∂v(1)

∂xN

)
dx +

∫
Ω1

fv(1)dx,(1.18)

K(2) : (v(2), z(2)) ∈ W 1,p(Ω2) × Lp
(
ω;W 1,p((−1, 0))

) −→∫
Ω2

A

(
x, v(2), Dx′v(2),

∂z(2)

∂xN

)
dx +

∫
Ω2

fv(2)dx.(1.19)
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Moreover the energies converge in the sense that
(1.20)

lim
(

K(1)
n (u(1)

n ) +
hn

rN−1
n

K(2)
n (u(2)

n )
)

= K(1)(u(1), y(1)) + qK(2)(u(2), y(2)).

Remark 1.2.The convergence (1.20) holds true for thewhole sequence, because the
limit is the minimum of Problem (1.17) and it is independent of the subsequence.
Moreover, if one assumes that

A(x, ·, ·, ·) is a strictly convex function onR × RN−1 × R, for a.e.x ∈ Ω,

then Problem (1.17) admits a unique solution
(
(u(1), u(2)), (y(1), y(2))

) ∈ V × Z
and, consequently, the convergences (1.14)÷(1.16) hold true for the whole se-
quence.
Of course in this case, also problem (1.5) admits a unique solution.

Remark1.3.The limit problem(1.17) is coupledby theconditionv(1)(0) = v(2)(0′)
and its solutions depend onq, if p > N − 1. Otherwise, that is ifp ≤ N − 1, the
limit problem is uncoupled and its solutions do not depend onq, i.e. (u1, y1) and
(u2, y2) are solutions of

min
(v(1),z(1))∈W 1,p((0,1))×Lp(0,1;W 1,p

m (ω))
K(1)(v(1), z(1))

and
min

(v(2),z(2))∈W 1,p(ω)×Lp(ω;W 1,p
m ((−1,0)))

K(2)(v(2), z(2))

respectively.

Remark 1.4.If A(x, s, ξ, t) = |s|p + |ξ|p + |t|p, Problem (1.5) admits a unique
solution(u(1)

n , u
(2)
n ). By applying Theorem 1.1, it follows easily that

u(1)
n ⇀ u(1) weakly inW 1,p(Ω1), u(2)

n ⇀ u(2) weakly inW 1,p(Ω2);
1
rn

Dx′u(1)
n ⇀ 0 weakly in (Lp(Ω1))

N−1
,

1
hn

∂u
(2)
n

∂xN
⇀ 0 weakly inLp (Ω2) ,

asn → +∞, where
(
u(1), u(2)

)
is the unique solution of the following problem:

min
(v(1),v(2))∈V

{
measω

∫ 1

0

(
|v(1)(xN )|p +

∣∣∣∣∂v(1)

∂xN
(xN )

∣∣∣∣
p
)

dxN

+
∫ 1

0

(
v(1)(xN )

∫
ω

fdx′
)

dxN +

+q

∫
ω

(
|v(2)(x′)|p +

∣∣∣Dx′v(2)(x′)
∣∣∣p) dx′ + q

∫
ω

(
v(2)(x′)

∫ 0

−1
fdxN

)
dx′
}

.
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Moreover, by using the convergence of the energies (1.20) with (1.10) and
(1.11), the Rellich-Kondrachov compact embedding Theorem and the uniform
convexity of the spaceLp for 1 < p < +∞, it is easy to prove that the above
convergences occur in the strong sense, that is

u(1)
n → u(1) strongly inW 1,p(Ω1), u(2)

n → u(2) strongly inW 1,p(Ω2),

1
rn

Dx′u(1)
n → 0 strongly in (Lp(Ω1))

N−1
,

1
hn

∂u
(2)
n

∂xN
→ 0 strongly inLp (Ω2) ,

asn → +∞.
We point out that in this case, since the limit problem admits a unique solution,

the convergences hold true for the whole sequence.

2 Compactness properties

In this section some compactness properties for sequences of solutions of Problem
(1.5) are obtained. These properties are based on the following result:

Proposition 2.1.Let{hn}n∈N satisfy (1.9) and
{
v
(2)
n

}
n∈N

⊂ W 1,p (Ω2). Assume

that there existsc ∈]0,+∞[ such that

(2.1)
∥∥∥v(2)

n

∥∥∥
W 1,p(Ω2)

≤ c, ∀n ∈ N;

(2.2)

∥∥∥∥∥∂v
(2)
n

∂xN

∥∥∥∥∥
Lp(Ω2)

≤ c hn, ∀n ∈ N.

Then, there exists an increasing sequence of positive integer numbers{ni}i∈N,

v(2) ∈ W 1,p (Ω2), depending possibly on the selected sequence{ni}i∈N, such
thatv(2) is independent ofxN and

(2.3) v(2)
ni

⇀ v(2) weakly inW 1,p(Ω2),

asi → +∞. Moreover, if{rn}n∈N satisfies (1.9), if

{
hn

rN−1
n

}
n∈N

satisfies (1.10)

and ifp > N − 1, then

(2.4) lim
i

∫
ω

v(2)
ni

(rnix
′, 0)dx′ = |ω|v(2)(0′).

Proof. By virtue of (2.1), there exist an increasing sequence of positive integer
numbers{ni}i∈N andv(2) ∈ W 1,p (Ω2) such that (2.3) holds. Moreover (1.9),
(2.2), (2.3) and a l.s.c. argument providev(2) independent ofxN .
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Assume nowp > N − 1. To prove (2.4), for everyn ∈ N set

ρ(2)
n (xN ) =

∫
ω

(∣∣∣Dx′v(2)
n (x′, xN )

∣∣∣p +
∣∣∣v(2)

n (x′, xN )
∣∣∣p) dx′, xN a.e. in] − 1, 0[.

By virtue of (2.1),∫ 0

−1
ρ(2)

n (xN )dxN =
∫

Ω2

(∣∣∣Dx′v(2)
n (x)

∣∣∣p +
∣∣∣v(2)

n (x)
∣∣∣p) dx ≤

∥∥∥v(2)
n

∥∥∥
W 1,p(Ω2)

≤ c, ∀n ∈ N.

Consequently, by applying Fatou Lemma, it follows that∫ 0

−1
lim inf

n
ρ(2)

n (xN )dxN ≤ lim inf
n

∫ 0

−1
ρ(2)

n (xN )dxN ≤ c,

from which it follows that

(2.5) 0 ≤ lim inf
n

ρ(2)
n (xN ) < +∞, xN a.e. in] − 1, 0[.

Fix xN ∈] − 1, 0[ satisfying (2.5). Then, passing possibly to a subsequence of
{ni}i∈N (depending only onxN ),

{
ρ
(2)
ni (xN )

}
i∈N

is bounded in[0,+∞[, i.e.

(2.6)
{
v(2)

ni
(·, xN )

}
i∈N

is bounded inW 1,p(ω), up to a subsequence.

Since (2.3)and thecompactnessof the tracemappingprovide thatv
(2)
ni (·, xN ) →

v(2) strongly inLp(ω) asi → +∞ and sinceW 1,p(ω) is compactly embedded into
C0(ω) for p > N − 1, it follows from (2.6) that

(2.7) v(2)
ni

(·, xN ) → v(2) strongly inC0(ω), asi → +∞.

Now, observe that∫
ω

v(2)
ni

(rni
x′, 0)dx′ =

∫
ω

(
v(2)

ni
(rni

x′, 0) − v(2)(rni
x′)
)

dx′ +

+
∫

ω

v(2)(rni
x′)dx′ =

∫
ω

(
v(2)

ni
(rni

x′, 0) − v(2)
ni

(rni
x′, xN )

)
dx′ +

+
∫

ω

(
v(2)

ni
(rnix

′, xN ) − v(2)(rnix
′)
)

dx′ +(2.8)

+
∫

ω

v(2)(rnix
′)dx′, ∀i ∈ N.

As regards the first term in the right hand side of (2.8), Hölder’s inequality and
assumptions (2.2), (1.9) and (1.10) give

lim
i

∣∣∣∣
∫

ω

(
v(2)

ni
(rnix

′, 0) − v(2)
ni

(rnix
′, xN )

)
dx′
∣∣∣∣ ≤
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= lim
i

∣∣∣∣∣
∫

ω

∫ 0

xN

∂v
(2)
ni

∂xN
(rnix

′, xN )dxNdx′
∣∣∣∣∣ ≤

≤ (measω)
p−1

p lim
i

(∫
ω

∫ 0

−1

∣∣∣∣∣∂v
(2)
ni

∂xN
(rnix

′, xN )

∣∣∣∣∣
p

dxNdx′
) 1

p

=(2.9)

= (measω)
p−1

p lim
i

(
1

rN−1
ni

∫
rni

ω

∫ 0

−1

∣∣∣∣∣∂v
(2)
ni

∂xN
(x′, xN )

∣∣∣∣∣
p

dxNdx′
) 1

p

≤

≤ (measω)
p−1

p lim
i

(
1

rN−1
ni

∫
Ω2

∣∣∣∣∣∂v
(2)
ni

∂xN

∣∣∣∣∣
p

dx

) 1
p

≤

≤ (measω)
p−1

p lim
i

chni

r
N−1

p
ni

= c (measω)
p−1

p lim
i

(
hni

rN−1
ni

r
(N−1)(p−1)

p
ni

)
= 0.

As regards the second term in the right hand side of (2.8), convergence (2.7) gives

lim
i

∣∣∣∣
∫

ω

(
v(2)

ni
(rnix

′, xN ) − v(2)(rnix
′)
)

dx′
∣∣∣∣ ≤

≤ lim
i

(
1

rN−1
ni

∫
rni

ω

∣∣∣v(2)
ni

(x′, xN ) − v(2)(x′)
∣∣∣ dx′

)
≤(2.10)

≤ measω lim
i

∥∥∥v(2)
ni

(·, xN ) − v(2)(·)
∥∥∥

L∞(ω)
= 0.

As regards the last term in the right hand side of (2.8), sincev(2) ∈ C0(ω),

(2.11) lim
i

∫
ω

v(2)(rni
x′)dx′ = |ω|v(2)(0′).

Finally (2.4) is obtained by passing to the limit, asi → +∞, in (2.8) and by
using of (2.9)÷ (2.11). ��

In the following lemma, someapriori norm-estimates for sequencesof solutions
of Problem (1.5) are obtained.

Lemma 2.2.Let, for everyn ∈ N, (u(1)
n , u

(2)
n ) ∈ Vn be a solution of Problem (1.5)

under assumptions(1.1) ÷ (1.4), (1.10) and (1.11).Then, there existsc ∈]0,+∞[
such that

(2.12)
∥∥∥u(1)

n

∥∥∥
W 1,p(Ω1)

≤ c,
∥∥∥u(2)

n

∥∥∥
W 1,p(Ω2)

≤ c, ∀n ∈ N;

(2.13)
∥∥∥Dx′u(1)

n

∥∥∥
(Lp(Ω1))N−1

≤ c rn, ∀n ∈ N;

(2.14)

∥∥∥∥∥∂u
(2)
n

∂xN

∥∥∥∥∥
Lp(Ω2)

≤ c hn, ∀n ∈ N.
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Proof. Since(0, 0) ∈ Vn, by virtue of (1.3) it results that

K(1)
n

(
u(1)

n

)
+

hn

rN−1
n

K(2)
n

(
u(2)

n

)
≤ K(1)

n (0) +
hn

rN−1
n

K(2)
n (0)

≤
∫

Ω1

adx +
hn

rN−1
n

∫
Ω2

adx, ∀n ∈ N.(2.15)

On the other hand, by virtue of (1.4) it results that

K(1)
n

(
u(1)

n

)
+

hn

rN−1
n

K(2)
n

(
u(2)

n

)
≥

≥ β


∥∥∥u(1)

n

∥∥∥p

Lp(Ω1)
+

1
rp
n

∥∥∥Dx′u(1)
n

∥∥∥p

(Lp(Ω1))N−1
+

∥∥∥∥∥∂u
(1)
n

∂xN

∥∥∥∥∥
p

Lp(Ω1)


+

+
hn

rN−1
n

β


∥∥∥u(2)

n

∥∥∥p

Lp(Ω2)
+
∥∥∥Dx′u(2)

n

∥∥∥p

(Lp(Ω2))N−1
+

1
hp

n

∥∥∥∥∥∂u
(2)
n

∂xN

∥∥∥∥∥
p

Lp(Ω2)


+

+
∫

Ω1

bdx +
hn

rN−1
n

∫
Ω2

bdx −(2.16)

−
(∥∥∥u(1)

n

∥∥∥
Lp(Ω1)

+
hn

rN−1
n

∥∥∥u(2)
n

∥∥∥
Lp(Ω2)

)
sup
i∈N

‖fi‖
L

p
p−1 (Ω)

, ∀n ∈ N.

By combining (2.15) with (2.16) and by making use of (1.10) and (1.11), it
follows that there existsc1 ∈]0,+∞[ such that

∥∥∥u(1)
n

∥∥∥p

Lp(Ω1)
+

1
rp
n

∥∥∥Dx′u(1)
n

∥∥∥p

(Lp(Ω1))N−1
+

∥∥∥∥∥∂u
(1)
n

∂xN

∥∥∥∥∥
p

Lp(Ω1)

+

+
∥∥∥u(2)

n

∥∥∥p

Lp(Ω2)
+
∥∥∥Dx′u(2)

n

∥∥∥p

(Lp(Ω2))N−1
+

1
hp

n

∥∥∥∥∥∂u
(2)
n

∂xN

∥∥∥∥∥
p

Lp(Ω2)

≤ c1

(
1 +

∥∥∥u(1)
n

∥∥∥
Lp(Ω1)

+
∥∥∥u(2)

n

∥∥∥
Lp(Ω2)

)
, ∀n ∈ N,

from which it is easy to obtain (2.12)÷(2.14). ��
Proposition 2.1 and Lemma 2.2 provide the following compactnes result:

Corollary 2.3. Let, for everyn ∈ N, (u(1)
n , u

(2)
n ) ∈ Vn be a solution of Problem

(1.5) under assumptions(1.1) ÷ (1.4) and (1.9) ÷ (1.11). Moreover, letV and
Z be defined in (1.12) and (1.13) respectively.Then, there exist an increasing se-

quenceof positive integer numbers{ni}i∈N, (u(1), u(2)) ∈ V and(y(1), y(2)) ∈ Z,
depending possibly on the selected subsequence, such that, asi → +∞,

(2.17) u(1)
ni

⇀ u(1) weakly inW 1,p(Ω1), u(2)
ni

⇀ u(2) weakly inW 1,p(Ω2);

(2.18)
1

rni

Dx′u(1)
ni

⇀ Dx′y(1) weakly in (Lp(Ω1))
N−1 ;



Asymptotic analysis of a class of minimization problems in a thin multidomain 193

(2.19)
1

hni

∂u
(2)
ni

∂xN
⇀

∂y(2)

∂xN
weakly inLp (Ω2) .

Proof. By virtue of (2.12), (2.14) and Proposition 2.1 there exist an increasing
sequence of positive integer numbers{ni}i∈N, and(u(1), u(2)) ∈ W 1,p(Ω1) ×
W 1,p(Ω2) depending possibly on the selected subsequence, such that (2.17) holds,
u(2) is independent ofxN and

(2.20) lim
i

∫
ω

u(2)
ni

(rni
x′, 0)dx′ = |ω|u(2)(0′), if p > N − 1.

Moreover, (1.9), (2.13), (2.17) and a l.s.c. argument provideu(1) independent of
x′. Then, ifp ≤ N − 1, (u(1), u(2)) ∈ V . To prove that(u(1), u(2)) ∈ V also in
the casep > N − 1, it remains to check that

(2.21) u(1)(0) = u(2)(0′), if p > N − 1.

At first observe that, by (2.17),

(2.22) lim
i

∫
ω

u(1)
ni

(x′, 0)dx′ = |ω|u(1)(0).

Then, (2.21) is obtained by passing to the limit in the following relation:∫
ω

u(1)
ni

(x′, 0)dx′ =
∫

ω

u(2)
ni

(rnix
′, 0)dx′, ∀i ∈ N

and by using (2.20) and (2.22).
In order to prove the existence ofy(1) ∈ Lp

(
0, 1;W 1,p

m (ω)
)
satisfying (2.18),

for everyn ∈ N set

m(1)
n (xN ) =

1
measω

∫
ω

u(1)
n (x′, xN )dx′, xN a.e. in]0, 1[.

Byvirtueof thePoincaŕe-Wirtinger inequality, there existsc1 ∈]0,+∞[ (depending
only onω and not onxN ) such that∥∥∥∥ 1

rn

(
u(1)

n (·, xN ) − m(1)
n (xN )

)∥∥∥∥
W 1,p

m (ω)
≤ c1

rn

∥∥∥Dx′u(1)
n (·, xN )

∥∥∥
(Lp(ω))N−1

,

xN a.e. in]0, 1[, ∀n ∈ N.(2.23)

By combining (2.13) with (2.23), it follows that there existsc2 ∈]0,+∞[ such that

(2.24)
∥∥∥∥ 1
rn

(
u(1)

n − m(1)
n

)∥∥∥∥
Lp(0,1;W 1,p

m (ω))
≤ c2, ∀n ∈ N.

We notice thatLp
(
0, 1;W 1,p

m (ω)
)
is a closed subspace ofLp

(
0, 1;W 1,p (ω)

)
.

Consequently, passing eventually to a subsequence of the previous selected sub-
sequence, still denoted by{ni}i∈N, it follows from (2.24) that there existsy(1) ∈
Lp
(
0, 1;W 1,p

m (ω)
)
such that

1
rni

(
u(1)

ni
− m(1)

ni

)
⇀ y(1) weakly inLp

(
0, 1;W 1,p

m (ω)
)
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as i → +∞, from which (2.18) is obtained. Similarly, the existence ofy(2) ∈
Lp
(
ω;W 1,p

m (] − 1, 0[)
)
satisfying (2.19) can be proved.��

3 Density properties

Let

Ṽ =
{

(v(1), v(2)) ∈ W 1,∞(Ω1) × W 1,∞(Ω2) : v(1) is independent ofx′,

v(2) is independent ofxN , v(1)(0) = v(2)(0′)
}

.(3.1)

This section is devoted to prove the following density result, which will be used in
the proof of Theorem 1.1:

Proposition 3.1.LetV and Ṽ be defined in (1.12) and (3.1) respectively. ThenṼ
is dense inV in W 1,p-norm.

Proof. In the casep > N−1, the proof in very simple. In fact, let(v(1), v(2)) ∈ V ⊂
W 1,p(]0, 1[)×W 1,p(ω). If v(1) andv(2) denote also extensions of them inW 1,p(R)
andW 1,p(RN−1) respectively, thenv(1) ∈ C0(R) andv(2) ∈ C0(RN−1). Con-
sequently, by setting, for everyn ∈ N,

v(1)
n = ρ(1)

n ∗ v(1) + v(1)(0) − ρ(1)
n ∗ v(1)(0) in R,

v(2)
n = ρ(2)

n ∗ v(2) + v(2)(0′) − ρ(2)
n ∗ v(2)(0′) in RN−1,

where
{
ρ
(1)
n

}
n∈N

and
{
ρ
(2)
n

}
n∈N

denote sequences of mollifiers inR andRN−1

respectively, it results that(v(1)
n , v

(2)
n ) ∈ Ṽ and

(v(1)
n , v(2)

n ) → (v(1), v(2)) strongly inW 1,p(]0, 1[) × W 1,p(ω),

asn → +∞.
In the casep ≤ N − 1, the proof in more complicated. In this case,V =

W 1,p(]0, 1[) × W 1,p(ω) andC1([0, 1]) × C1(ω) is dense inV . In order to prove
the assertion of Proposition 3.1, it is enough to prove that

∀(v(1), v(2)) ∈ C1([0, 1])C1(ω)

∃
{

(v(1)
n , v(2)

n )
}

n∈N
⊂ W 1,∞(]0, 1[) × W 1,∞(ω) : v(1)

n (0) = v(2)
n (0′)∀n ∈ N,

v(1)
n → v1 strongly inW

1,p(]0, 1[), v(2)
n → v2 strongly inW

1,p(ω).

Let (v(1), v(2)) ∈ C1([0, 1]) × C1(ω). For everyn ∈ N, definev(1)
n = v(1) in

]0, 1[. Moreover, for everyn ∈ N, consider two(N − 1)-dimensional ballsB(εn)
andB(ηn) with center0′ and radii to be determinated later on, and such that

(3.2) 0 < εn < ηn, ∀n ∈ N and lim
n

ηn = 0.

Now definev(2)
n in ω by

v(2)
n = v(1)(0) in B(εn), v(2)

n = ϕnv(1)(0) + (1 − ϕn) v(2) in B(ηn)\B(εn),
v(2)

n = v(2) in ω\B(ηn),
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whereϕn is an interpolation function to be determinated later on and such that

ϕn ∈ C1
(
B(ηn)\B(εn)

)
, 0 ≤ ϕn ≤ 1 in B(ηn)\B(εn),(3.3)

ϕn = 1 on∂B(εn), ϕn = 0 on∂B(ηn).

It is clear that
{

(v(1)
n , v

(2)
n )
}

n∈N
⊂ W 1,∞(]0, 1[) × W 1,∞(ω), v

(1)
n (0) =

v
(2)
n (0′) for everyn ∈ N andv(1)

n → v1 strongly inW 1,p(]0, 1[), asn → +∞.
Weprovenow that, for convenient{εn}n∈N,{ηn}n∈N and{ϕn}n∈N satisfying

(3.2) and (3.3),v(2)
n → v(2) strongly inW 1,p(ω), asn → +∞. In fact, by virtue

of (3.2) and (3.3), it results that

lim
n

∫
ω

∣∣∣v(2)
n − v(2)

∣∣∣p dx =

=lim
n

(∫
B(εn)

∣∣∣v(1)(0) − v(2)
∣∣∣p dx′+

∫
B(ηn)\B(εn)

ϕp
n

∣∣∣v(1)(0) − v(2)
∣∣∣p dx′

)
≤

≤
∥∥∥v(1)(0) − v(2)

∥∥∥p

L∞(ω)
lim
n
measB(ηn) = 0.

On the other hand, by virtue of (3.3),∫
ω

∣∣∣Dv(2)
n − Dv(2)

∣∣∣p dx =

=
∫

B(εn)

∣∣∣Dv(2)
∣∣∣p dx′+

∫
B(ηn)\B(εn)

∣∣∣ϕnDv(2) +
(
v(1)(0)−v(2)

)
Dϕn

∣∣∣p dx′ ≤

≤ 2p
∥∥∥Dv(2)

∥∥∥p

(L∞(ω))N−1
measB(ηn) +

+2p
∥∥∥v(1)(0) − v(2)

∥∥∥p

L∞(ω)

∫
B(ηn)\B(εn)

|Dϕn|p dx′,

∀n ∈ N.

Then, sincelimn measB(ηn) = 0, in order to complete the proof it is enough to
choose{εn}n∈N, {ηn}n∈N and{ϕn}n∈N satisfying (3.2) and (3.3), and such that

(3.4) lim
n

∫
B(ηn)\B(εn)

|Dϕn|p dx′ = 0.

In the casep < N −1, for everyn, one can takeεn =
1
n
, ηn =

2
n
andϕn(x′) =

n dist(x′, ∂B(ηn)) = 2 − n|x′| for x′ ∈ B(ηn)\B(εn). Since|Dϕn| = n, this
gives

lim
n

∫
B(ηn)\B(εn)

|Dϕn|p dx′ = measB(1)(2N−1 − 1) lim
n

1
nN−1−p

= 0,

whereB(1) is the(N − 1)-dimensional ball with center0′ and radius1.
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In the casep = N − 1 (remark that in this caseN ≥ 3), for everyn ∈ N,
one can chooseϕn as the solution of the(N − 1)-capacity problem ofB(εn) with
respect toB(ηn), that is the solution of

min

{∫
B(ηn)

|Dϕ|N−1
dx′ : ϕ ∈ C1

0 (B(ηn)), ϕ = 1 in B(εn), 0 ≤ ϕ ≤ 1

}
.

It is well known (see [13], example 2.12. page 35) that, forN ≥ 3,∫
B(ηn)\B(εn)

|Dϕn|N−1
dx′ = meas∂B(1)

(
log

ηn

εn

)2−N

, ∀n ∈ N.

Consequently, in order to obtain (3.4) withp = N − 1, it is enough to take, for

everyn ∈ N, εn =
1
n2 andηn =

1
n
. ��

Recall the following known result:

Lemma 3.2. C1(Ω1) × C1(Ω2) is dense in Lp
(
0, 1;W 1,p (ω)

)×
Lp
(
ω;W 1,p (] − 1, 0[)

)
.

4 The convergence result

In this section we prove the following result:

Proposition 4.1. Let, for everyn ∈ N, Vn, K
(1)
n , K

(2)
n , K(1) and K(2), be

defined in (1.6), (1.7), (1.8), (1.18) and (1.19) respectively, under assumptions
(1.1) ÷ (1.4) and (1.9) ÷ (1.11). Moreover, letṼ be defined in (3.1). Then,
for every (v(1), v(2)) ∈ Ṽ and (z(1), z(2)) ∈ C1(Ω1) × C1(Ω2), there exists{

(v(1)
n , v

(2)
n )
}

n∈N
with (v(1)

n , v
(2)
n ) ∈ Vn and such that, fori = 1, 2,

lim
n

K(i)
n (v(i)

n ) = K(i)(v(i), z(i)).

Proof. Let (v(1), v(2)) ∈ Ṽ and(z(1), z(2)) ∈ C1(Ω1) × C1(Ω2).
For everyn ∈ N, set

v(1)
n (x) =




(
rnz(1)(x′, εn) + v(1)(εn)

)
xN

εn

+
(
hnz(2)(rnx′, 0) + v(2)(rnx′)

)
εn−xN

εn
,

x = (x′, xN ) ∈ ω×]0, εn[,
rnz(1)(x) + v(1)(xN ), x = (x′, xN ) ∈ ω×]εn, 1[,

v(2)
n (x) = hnz(2)(x) + v(2)(x′), x ∈ Ω2,

where{εn}n∈N ⊂]0, 1[ is a sequence to be determitated later on and such that

(4.1) lim
n

εn = 0.

It is evident that, for everyn ∈ N, (v(1)
n , v

(2)
n ) ∈ Vn.
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Since
1
hn

∂v
(2)
n

∂xN
=

∂z(2)

∂xN
in Ω2, ∀n ∈ N

and, by (1.9),

v(2)
n → v(2) strongly inLp(Ω2),

Dx′v(2)
n → Dx′v(2) strongly in (Lp(Ω2))

N−1
, asn → +∞,

it results from the continuity ofAwith respect to(s, ξ, t), (1.3), Lebesgue Theorem
and (1.11) that

(4.2) lim
n

K(2)
n (v(2)

n ) = K(2)(v(2), z(2)).

It remains to show that

(4.3) lim
n

K(1)
n (v(1)

n ) = K(1)(v(1), z(1)).

At first, remark that

K(1)
n (v(1)

n ) =
∫

ω

∫ εn

0
A

(
x, v(1)

n ,
1
rn

Dx′v(1)
n ,

∂v
(1)
n

∂xN

)
dx +

+
∫

ω

∫ εn

0
f (1)

n v(1)
n dx +

+
∫

ω

∫ 1

εn

A

(
x, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)
dx +

+
∫

ω

∫ 1

εn

(
rnz(1) + v(1)

)
f (1)

n dx =

=
∫

ω

∫ εn

0
A

(
x, v(1)

n ,
1
rn

Dx′v(1)
n ,

∂v
(1)
n

∂xN

)
dx +

∫
ω

∫ εn

0
f (1)

n v(1)
n dx +

+
∫

Ω1

A

(
x, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)
dx +(4.4)

+
∫

Ω1

(
rnz(1) + v(1)

)
f (1)

n dx +

−
∫

ω

∫ εn

0
A

(
x, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)
dx +

−
∫

ω

∫ εn

0

(
rnz(1) + v(1)

)
f (1)

n dx, ∀n ∈ N.

The task, now, is to pass to the limit, asn → +∞, in the last six integrals of (4.4).
Since, by (1.9),

rnz(1) + v(1) → v(1) strongly inLp(Ω1),

rn
∂z(1)

∂xN
+

∂v(1)

∂xN
→ ∂v(1)

∂xN
strongly inLp(Ω1),(4.5)
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asn → +∞, it results as previously that

A

(
·, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)

→ A

(
·, v(1), Dx′z(1),

∂v(1)

∂xN

)
strongly inL1(Ω1), asn → +∞.(4.6)

Then, from (4.6), (4.5) and (1.11) it follows that

lim
n

(∫
Ω1

A

(
x, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)
dx+

+
∫

Ω1

(
rnz(1) + v(1)

)
f (1)

n dx

)
= K(1)(v(1), z(1)).(4.7)

In order to prove (4.3), it is enough to show that the remaining integrals in (4.4)
converge to zero.
Since, by (4.1),

χω×]0,εn[ ⇀ 0 in L∞(Ω1) weak∗, asn → +∞,

whereχω×]0,εn[ denotes the characteristic function ofω×]0, εn[ in Ω1, it follows
from (4.6) that

lim
n

∫
ω

∫ εn

0
A

(
x, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)
dx =

= lim
n

∫
Ω1

(
A

(
x, rnz(1) + v(1), Dx′z(1), rn

∂z(1)

∂xN
+

∂v(1)

∂xN

)

χω×]0,εn[

)
dx = 0.(4.8)

As regards the last integral in (4.4), Hölder’s Inequality, (1.9), (1.11) and (4.1)
provide that

lim
n

∣∣∣∣
∫

ω

∫ εn

0

(
rnz(1) + v(1)

)
f (1)

n dx

∣∣∣∣ ≤
≤ (measω)

1
p sup

i

∥∥∥f (1)
i

∥∥∥
L

p
p−1 (Ω1)

lim
n

(
ε

1
p
n

(
rn

∥∥∥z(1)
∥∥∥

L∞(Ω1)
+
∥∥∥v(1)

∥∥∥
L∞(]0,1[)

))
= 0.(4.9)

In order to prove that
(4.10)

lim
n

∫
ω

∫ εn

0
A

(
x, v(1)

n ,
1
rn

Dx′v(1)
n ,

∂v
(1)
n

∂xN

)
dx +

∫
ω

∫ εn

0
f (1)

n v(1)
n dx = 0,
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since, by virtue of (1.3), (1.11) and Hölder’s inequality,∣∣∣∣∣
∫

ω

∫ εn

0
A

(
x, v(1)

n ,
1
rn

Dx′v(1)
n ,

∂v
(1)
n

∂xN

)
dx +

∫
ω

∫ εn

0
f (1)

n v(1)
n dx

∣∣∣∣∣ ≤
≤ α

∫
ω

∫ εn

0

(∣∣∣v(1)
n

∣∣∣p +
∣∣∣∣ 1
rn

Dx′v(1)
n

∣∣∣∣
p

+

∣∣∣∣∣∂v
(1)
n

∂xN

∣∣∣∣∣
p

+
a(x)
α

)
dx +

+ sup
i

∥∥∥f (1)
i

∥∥∥
L

p
p−1 (Ω1)

(∫
ω

∫ εn

0

∣∣∣v(1)
n

∣∣∣p)
1
p

, ∀n ∈ N,

it is enough to check that

(4.11) lim
n

∫
ω

∫ εn

0

∣∣∣v(1)
n

∣∣∣p = 0, lim
n

∫
ω

∫ εn

0

∣∣∣∣ 1
rn

Dx′v(1)
n

∣∣∣∣
p

= 0

and

(4.12) lim
n

∫
ω

∫ εn

0

∣∣∣∣∣∂v
(1)
n

∂xN

∣∣∣∣∣
p

= 0.

Since, for everyn ∈ N,∣∣∣v(1)
n

∣∣∣ ≤ rn

∥∥∥z(1)
∥∥∥

L∞(Ω1)
+

∥∥∥v(1)
∥∥∥

L∞(]0,1[)
+ hn

∥∥∥z(2)
∥∥∥

L∞(Ω2)

+
∥∥∥v(2)

∥∥∥
L∞(ω)

in ω×]0, εn[,∣∣∣∣ 1
rn

Dx′v(1)
n

∣∣∣∣ ≤ ∥∥∥Dx′z(1)
∥∥∥

(L∞(Ω1))N−1
+ hn

∥∥∥Dx′z(2)
∥∥∥

(L∞(Ω2))N−1

+
∥∥∥Dv(2)

∥∥∥
(L∞(ω))N−1

a.e. in ω×]0, εn[,

convergences in (4.11) follows immediately from (1.9) and (4.1).
In order to prove (4.12), remark that, sincev(1)(0) = v(2)(0′), we have for any

n ∈ N,∣∣∣∣∣∂v
(1)
n

∂xN

∣∣∣∣∣ =
=

1
εn

∣∣∣rnz(1)(x′, εn) + v(1)(εn) − hnz(2)(rnx′, 0) − v(2)(rnx′)
∣∣∣ =

=
1
εn

∣∣∣rnz(1)(x′, εn) − hnz(2)(rnx′, 0)+

+
∫ εn

0

∂v(1)

∂xN
dx + v(2)(0′) − v(2)(rnx′)

∣∣∣∣ ≤
≤ 1

εn

(
rn

∥∥∥z(1)
∥∥∥

L∞(Ω1)
+ hn

∥∥∥z(2)
∥∥∥

L∞(Ω2)
+

+εn

∥∥∥∥∂v(1)

xN

∥∥∥∥
L∞(]0,1[)

+ cLip |x′|rn

)
a.e. inω×]0, εn[,
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wherecLip is the Lipschitz constant ofv(2). Consequently, by virtue (1.9) and

(4.1), convergence (4.12) is obtained as soon as

{
rn

εn

}
n∈N

and

{
hn

εn

}
n∈N

are

bounded. By virtue of (1.10), this happens if one takes, for instance,εn = rn.
Finally, by passing to the limit, asn → +∞, in (4.4) and by making use of

(4.7)÷(4.10), convergence (4.3) is obtained. ��

5 Proof of Theorem 1.1

Corollary 2.3 provides the existence of an increasing sequence of positive inte-
ger numbers{ni}i∈N, (u(1), u(2)) ∈ V and(y(1), y(2)) ∈ Lp

(
0, 1;W 1,p

m (ω)
) ×

Lp
(
ω;W 1,p

m (] − 1, 0[)
)
, depending possibly on the selected subsequence, satisfy-

ing convergences (1.14)÷(1.16).
In order to prove that

(
(u(1), u(2)), (y(1), y(2))

)
solves Problem (1.17), remark

that, by virtue of (1.1)÷(1.3), the functionals

(v, w, t) ∈ Lp(Ωi) × (Lp(Ωi))
N−1 × Lp(Ωi) −→

∫
Ωi

A (x, v, w, t) dx,

for i = 1, 2, are convex and strongly continuous so they are weakly l.s.c.. Conse-
quently, from (1.10), (1.11) and (1.14)÷(1.16) it follows that
(5.1)

K(1)(u(1), y(1))+qK(2)(u(2), y(2))≤ lim inf
i

(
K(1)

ni
(u(1)

ni
) +

hni

rN−1
ni

K(2)
ni

(u(2)
ni

)
)

.

On the other hand, by virtue of Proposition 4.1, for every(v(1), v(2)) ∈ Ṽ and

(z(1), z(2)) ∈ C1(Ω1) × C1(Ω2), there exists
{

(v(1)
n , v

(2)
n )
}

n∈N
with (v(1)

n , v
(2)
n )

∈ Vn and such that

(5.2) lim
n

K(1)
n (v(1)

n ) = K(1)(v(1), z(1)), lim
n

K(2)
n (v(2)

n ) = K(2)(v(2), z(2)).

Then, since(u(1)
n , u

(2)
n ) solves Problem (1.5), convergences (5.1), (5.2) and

(1.10) provide that

K(1)(u(1), y(1)) + qK(2)(u(2), y(2)) ≤
≤ lim inf

i

(
K(1)

ni
(u(1)

ni
) +

hni

rN−1
ni

K(2)
ni

(u(2)
ni

)
)

≤

≤ lim sup
i

(
K(1)

ni
(u(1)

ni
) +

hni

rN−1
ni

K(2)
ni

(u(2)
ni

)
)

≤

≤ K(1)(v(1), z(1)) + qK(2)(v(2), z(2)),
∀(v(1), v(2)) ∈ Ṽ , ∀(z(1), z(2)) ∈ C1(Ω1) × C1(Ω2),

from which, by making use of Proposition 3.1 and Lemma 3.2 and by recall-
ing thatK(1), K(2) are strongly continuous, it follows that the above inequali-
ties are also true for any(v(1), v(2)) ∈ V and (z(1), z(2)) ∈ Z. Consequently,
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(
(u(1), u(2)), (y(1), y(2))

)
solves Problem (1.17) and, by taking the infimum over(

(v(1), v(2)), (z(1), z(2))
)
, it results that

lim
i

(
K(1)

ni
(u(1)

ni
) +

hni

rN−1
ni

K(2)
ni

(u(2)
ni

)
)

= K(1)(u(1), y(1)) + qK(2)(u(2), y(2)).

Since this limit is the minimum of problem (1.17) and it is independent of the
selected subsequence, the convergence holds true for thewhole sequence and (1.20)
is proved. ��
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