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1. INTRODUCTION

In THIS PAPER we define and derive some properties of a fairly wide class of balayage operators.
We also apply our results to obtain geometric information about quadrature domains and
solutions of certain moving boundary problems (e.g. for Hele-Shaw flows). Actually it was our
interest in these applications that was the starting point for the present investigations and the
balayage operators were developed rather as a tool.

Our balayage operators are denoted F' = F, = F, p and they depend on an open set R C RN
and a measure p in R; actually we always assume that p has a density (also denoted p) in L*(R).
What F does is replace a given measure ¢ by the nearest one (in the energy norm) v = F(u)
which satisfies v < p in R. This presupposes that 4 has finite energy. If this is not the case, there
is another definition, which is the one we will actually use: among all distributions # in RV
satisfying u < U* (the Newtonian potential of u) in R and —Au < pin R there is a largest one,
u = V* Then F(u) = —AV* (by definition).

The operator of interest in the above-mentioned applications is F with R = RY, p = 1. The
definition of F(u) when u has finite energy can be formulated as an elliptic variational
inequality (or linear complementarity problem), and this is one of the standard tools when
dealing with free boundary problems of the above kind (see [1-4]). However, we think that the
balayage point of view is quite natural in our context.

The reason for considering the balayage operators for more general R and p than R = RY,
p = lis, firstly, that we need them in the proof of one of our theorems (theorem 4.1). Secondly,
and perhaps more important, is that we think that the more general operators have quite a lot
of intrinsic interest, in particular as they turn out to contain ‘‘classical’’ balayage (of positive
measures) as a special case (namely with R bounded and p = 0). Recently, we also learnt
that discrete (or numerical) versions of these operators have been developed and applied in
geophysics during the last three decades by Dimiter Zidarov, who calls the balayage process
““(partial) gravi-equivalent mass scattering’’. See [5], and also, for example, [6].

The paper is organized as follows. In Section 2 we define and establish the basic properties
of our operators. At the end we also explain their relation to quadrature domains and certain
moving boundary problems. Section 3 is devoted to one single theorem (theorem 3.1) and its
corollaries. These results concern the F with R = RV, p = 1 and give rather good geometric
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information about F(u) outside the convex hull of supp # when x4 = 0. The implications for the
applications are quite striking in some cases.

The proof of theorem 3.1 is based on a kind of reflexion argument which is similar to
methods which have earlier been used in [7-10]. (These methods seem to be due to Alexandroff,
however.) In Section 4 we generalize part of theorem 3.1 and use a different method of proof.
For the moment we have no concrete applications of the result there, theorem 4.1, but we hope
that it can be used as a tool in the study of F(u) (R = RY, p = 1) inside the convex hull of

supp p.

Notation

Ba;r)={xeRV: |x —al <r] (N =2);

Q°f = RM\Q;

Q° = RM\Q;

Xo = characteristic function of Q;

h,: mollifiers; see (2.8);

m = Lebesgue measure;

[Q] = {x € RY: m(B(x; )\Q) = 0 for some r > 0} = the completion of Q with respect to
Lebesgue measure (if Q@ C R" is open);

6, = Dirac measure (point mass) at x € R";

5 = 60;
A = Laplacian operator;
V = gradient;

*: convolution;

D'(RV): the distributions in RY;

&'(RM): those with compact support;

M, = &'(RY), — &'(R™), : the Radon measures with compact support in R";

L = [*(RY);

L2 = LY(RY) = {f e L°(RY): f = 0 outside a compact set};

M ={ueM.:u_ el =¢&R"), + L

{u, @): the action of a distribution u on a test function ¢, a measure 4 on a continuous function
¢ (u, 9> = [ @dy) etc;

H}(B), H '(B): Sobolev spaces;

E = the spherically symmetric fundamental solution of —A (so that —AE = J);

U* = E * yu = the Newtonian potential of y# € M. (or u € & (R™));

V¥ = V}: defined in theorem 2.1;

w(u) = fx € R: V*(x) < U*(x)] (see theorem 2.1);

Q(u): see (2.31);

F = F, = F, p: defined before theorem 2.2;

&5 see (2.5);

SLYQ), HLY(Q): see after example 2.2;

O(u, SLY, O(u, HL"): see after example 2.2.

Primarily, measures etc. are regarded as distributions, therefore we usually do not distinguish
notationally between an absolutely continuous measure and its density function with respect to
Lebesgue measure, e.g. m (Lebesgue measure) and 1 denote the same thing, and two absolutely
continuous measures ¢ and v coincide if and only if 4 = v a.e. as density functions.
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2. THE OPERATORS F,

In this section we define and establish some basic properties of our balayage operators
F = F, = F, p. For a given measure u, v = F(u) will turn out to be the measure closest (in the
energy norm) to 4 among all measures satisfying v < p in R. This v = F(u) will be equivalent
to u in the sense that U* = U* holds wherever v < p in R and also everywhere outside R.

The data needed are

an open set R C RY (N = 2); Q.D
a function p € L”(R). 2.2)

p will be regarded as a measure (identified with pm, where m denotes Lebesgue measure), and
in principle we could allow p to be a fairly arbitrary measure, but unfortunately this leads to
technical difficulties which we have not been able to handle. For R we assume that it is regular
for Dirichlet’s problem, i.e. that

there exists a barrier (see [11]) at each point of dR. 2.3)
Moreover, if R is unbounded we assume that
p = constant > 0 outside a bounded subset of R. 2.4)

It is sometimes convenient to have p defined in all RY. We then set (formally) p = +oo outside
R. Thus, R = {p < +o0} and in our notation (e.g. writing F, instead of F, z) the information
about R will usually be thought of as being built into p.

For u € M, (see the list of notations before this section), we set

Ft={ueD(RY): u=<U*inRY, —Au < pin R}. Q2.5)

We shall see that this family §% always contains a largest element V* = sup & (this is true
even under more general assumptions on p and R than stated above) and the balayage operator
F, will be defined by F,(4) = —AV*. Then F,(u) € &' (RY) if u € M,.

It is crucial for our theory that F,(u) is a measure. If R = RM this is automatically the case,
but in general we will have to make additional assumptions on u to ensure this (as well as some
other properties we need). What we need is that the negative part of u is not too bad. For
convenience we shall in most of the paper simply assume that u_ € L*, although that certainly
is far from the best possible assumption (what we will be using is simply that U*- is a
continuous function). The class of measures we will usually work with is thus

M ={ueM.:u_eL” =¢g&R"), + L.

Since our main results in this paper just concern positive measures, the above limitations on u
will be of minor importance.
It is immediate from the definition (2.5) of & that

Foie =5+ U’ for a € M' N L°(R), (2.6)
Fik = for ¢ > 0, @.7)

where in both formulas it is understood that R is unchanged when going from pto p + g or #p
(as is consistent with writing R = {p < +o0}).



1224 B. GusTAFrssonN and M. SAKAI

Radial mollifiers will be needed in the paper. Let & € C2(R"Y) be a function depending only
on r = |x| and satisfying # = 0, supp # C B(0; 1) and [~ dm = 1. For any & > 0 set

ho(x) = e Nh(e™x). (2.8)

Then A, = 0, supph, C B(0; &) and §h,dm = 1. Recall that if ¢ is (say) a subharmonic
function then ¢ * A, = ¢ within the domain of definition of the convolution ¢ * A,, and
@ * h, ~ ¢ pointwise as € ™ 0.

An important remark is the following. A distribution u satisfying —Au < p € L”(R) in an
open set R has a canonical (= smallest here) representative in the form of an upper
semicontinuous function with values in R U {—eo}. In fact, if p = 0, this is the representative in
the form of a subharmonic function, and in the general case the difference to a subharmonic
function is a function ¢ satisfying Ag € L°(R) and such a ¢ has a unique continuous representa-
tive. Another characterization of the canonical representative u above is that, with {%,},.,
mollifiers as in (2.8),

uxh, > u pointwise as £ — 0. 2.9)

If —Au = p e L”(R) similar statements hold of course (there is a canonical lower semi-
continuous representative etc.). Thus, any distribution » with Au bounded from above or below
has a canonical representative which we will often refer to in the sequel. For u € M', U* always
refers to the canonical lower semicontinuous representative, and this coincides with the
function defined pointwise by

Utx) = | E(x — ) du(y).

Note, as a consequence of (2.9), that if an inequality #, < u, holds in the distribution sense
between two distributions u#; and u, which have canonical representatives in the above sense,
then the same inequality holds pointwise (at every point) for their canonical representatives.

THEOREM 2.1. With p, R as above ((2.1)-(2.4)) and with 4 € M’, F% contains a largest element,
denoted V* (or, if necessary, V). Moreover,

(a) V* coincides with U* outside a compact set,

(b) —AV* = A, where A is the measure defined by

1= min(p,u)  inR,
u on R°.
It follows in particular that V'* is the potential of a measure in M’ (namely —AV*) and that V*
has a canonical lower semicontinuous representative (which we will always refer to in the sequel).
(c) V* is continuously differentiable in R (in fact —AV* € L(R)) and satisfies V* = U*

everywhere on R°.
(d) —AV* = p in the (bounded) open set w(u) = {x € R: V*(x) < U*(x)).

Thus V* satisfies a kind of complementarity system.

yr < U*  in RY, (2.10)
—AVE < p in R, (2.11)
Ve =U* onR", (2.12)

—AV* =p in w(u) = {x € R: V*{x) < U*(x)}. (2.13)
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We shall see later that, at least if x4 has finite energy, (2.10)-(2.13) characterize V* (among
potentials of finite energy).
It is sometimes more convenient to work with the function

u=U*-p* (2.14)
instead of V*. For u we then have
u=0 in R, (2.15)
Au<p-—-u in R, (2.16)
u=20 on R°, 2.17)
Au=p—pu in w(y) = {x € R: u(x) > 0}. (2.18)

Moreover, u has compact support and is the smallest function (or distribution) satisfying
(2.15)-(2.16). In (2.18) we are referring to the canonical lower semicontinuous representative of
u in R. Outside R, the right-hand side of (2.14) may take the form (+ o)-(+c0) at certain points.
By definition we set ¥ = 0 at such points (and then (2.17) follows from (2.12)). Note that
working with u instead of V*, one automatically takes care of the ‘‘covariance’’ (2.6).

Proof of theorem 2.1. First observe that all statements of the theorem are invariant under
transformations as in (2.6). We will use freely this possibility of replacing (u, p) by (4 + g,
p + o) whenever convenient. This means that we can always assume, for example, that 4 = 0,
or that p = 0 in any bounded set (but not both these things at the same time).

We start by assuming that

u=0, (2.19)
p = constant > 0 in R. (2.20)
Set
u, = U+ h,.
Then u, < U" in RY by (2.19) and, because of (2.20),
—Au, =u*xh, <p in R 2.21)

if just € > 0 is large enough.

Fix an ¢ > 0 such that (2.21) holds. Then u, € 7, and u, = U* outside an ¢-neighbourhood
of supp u. Also note that U*, u, € LL (RV).

The above shows that & is nonempty , and that in forming the supremum of §/ we may
restrict ourselves to elements # € &/, which satisfy v, < u = U*, hence, are locally integrable,
locally bounded from below and coincide with U* outside some compact set K. This also shows
that nothing is changed if we cut off R slightly outside K. It is easy to see that this cutting off
can be done without violating (2.3), and that when going back to the original R the statements
of the theorem remain valid. Thus we assume from now on that R is bounded.

With R bounded and regular for the Dirichlet problem, we shall (for later use) improve u, a
little: for arbitrary ¢ > 0, let v, be the solution of Av, = 0 in R, v, = u, on dR and define

Uy in R
W, =
¢ u, on R°.



1226 B. GusTAFssoN and M. SAKAI

Then w, is superharmonic and continuous, w, < u, and w, € §5. As ¢ 0, u, / U* at every
point and it follows [11, theorem 4.15] that w, ~ w, where w = sup, ., ¢ W, is a superharmonic
function satisfying w = U* on R°. Moreover, w € 3.

Next we replace assumptions (2.19), (2.20) by

p=0 in R (2.22)
(with R bounded and with (2.19) possibly violated). Define V* € Lj,.(R") by
e U on R°
“u in R,

where u is the largest subharmonic function in R satisfying u < U* (in R). Observing that the
family §% is locally bounded from above in R, it follows from standard facts about sub-
harmonic functions [11, theorem 4.16] that this u exists; it is contructed as the upper
regularization of the pointwise supremum of all subharmonic functions ¢ in R satisfying
¢ < U*. It is immediate from this construction that V* € &/ and that ¢ < V'* for all ¢ € F}.

Thus, V* = sup &4 is now constructed and it satisfies V'* e LY .(RY) and (a) in the theorem.
Moreover, V* never takes the value —c and in R it, moreover, never attains +oo.

Set w(u) = {x € R: V*(x) < U*(x)}. For every x € w(u) there is, by the semicontinuities of
V* and U*, a neighbourhood B CC R of x and a number « € R such that V* < « < U* in B.
It follows that —AV* = 0 in B, for otherwise the replacement of V* in B by its Poisson
integral with boundary values V* on 3B would give a larger element in F5, contradicting the
maximality of V* (cf. [11, lemma 4.17] and also ‘‘Perron’s method’’). We conclude that
—AV* = 0 (=p) in w(yu). This proves (d) in the theorem.

Next we want to prove (b). From (2.6), we get & = F47} + U*, and this shows that, in
order to prove (b), it is enough (and necessary) to prove that

-AV* =0
under the assumption that
u=0, p=0.
For this purpose set
C=weD®R"): v=V" —Av =0l

Then U* € G and in a standard manner (as in the construction of V'*), it follows that G contains
a smallest element, which has a representative W* in the form of a superharmonic (hence, lower
semicontinuous) function. Thus V* < W* < U* (a.e.) and —AW"* = 0. We claim that

~AW*<p inR. (2.23)

If this is true, then W* e &,. Since V* < W*, it follows that W* = V* (a.c.). Hence,
—AV* = 0, which is the desired conclusion.
Consider the function
v=W"-v* in R. 2.249)

Then it is enough to prove that v is subharmonic, for since —AV* < p in R this would give
(2.23). We have
v=0 in R, (2.25)

Av =p in R, (2.26)
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where the first inequality holds pointwise (by an earlier remark), if we take v to be its canonical
lower semicontinuous representative.
Set

I={xeR:vx) =0},
Q = {xeR: v(x) >0}

Then I is closed (in R), Q is open and I U Q = R. Clearly Q C w(u). Thus, by what we have
already proved, —AV* = p in Q, and using the same argument as for V* we find that
—AW*" = 0in Q. Thus,

Av=yp in Q. 2.27)

Since v is to be proved to be subharmonic, we have to prove that it is upper semicontinuous,
hence, that it actually is continuous. This can be deduced from (2.26), (2.27): let B CC R be an
open ball (say) and consider the (positive) measure

v=p—Av in B.
By (2.27)
suppv C BN 1. (2.28)

Since —A(U” — v) = p € L in B, U” — v is continuous in B. Hence, it is enough to prove that
U’ is continuous.

But by (2.28) U|gupp, = (U” — V)|supps- Hence, U, is continuous, and by a “‘continuity
principle”’ for potentials [12, p. 16; 11, Chapter 6, Section 5] this implies that U” itself is
continuous. Since B was arbitrary, this proves that v is continuous in R.

Now it is easy to prove that v is subharmonic: let X C R be compact and let /# be a continuous
function on X which is harmonic in int X and satisfies v < 4 on dK. What we have to prove is
that v < A on all K.

By (2.25) = 0 on 9K, hence, # =0 on all K. This proves that v < h on KNI In
(int K)YNQ, Av =0 by (2.27) and on d((int K) N Q) C KU (K NI),-v < h by the above.
Hence, v < A also in (int K) N Q. Thus, v < A on all K as required.

The above finishes the proof that v is subharmonic in R. Hence, (2.23) follows and (b) of the
theorem is proved. Note that it actually follows that v = 0, Q = ¢, and that W* as a super-
harmonic function is the canonical representative of V*.

We now turn to (c). Since —AV*=<p e L”(R) the first statement follows immediately from
(b). In the first part of the proof we constructed a superharmonic function w e §4 satis-
fying w = U* on R. From this it follows that W* = U* on R°, hence, that V* = U* on R",
proving (c).

This finishes the proof of the theorem. W

For fixed p (and R) satisfying (2.1)-(2.4), we now define F = F, = F, p: M' = M’ by

F(u) = -AV*  (ueM’)

with V* = V¥ as in the theorem. It follows from (a) and (b) that F(u) € M’ and that V'* is the
potential of F(u):

ve=UF®,
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By definition F(u) < p in R. If already 4 < p in R then U* € &%, hence, V* = U* and
F(u) = u. Thus, F is a projection operator, i.e. F(F(u)) = F(u) forue M'.
By (d) there is a bounded open set w(u) C R such that

F(uy =p in w(y), (2.29)
Uf®w = g+ RMao(u). (2.30)
It is convenient to also introduce the open set
Q(u) = (the largest open subset of R in which F(u) = p)
= R\supp(p — F(u))- (2.31)
Then Q(u) is bounded and, by (2.29),
w(u) C Qu). (2.32)

Moreover, it is obvious that
Fuwy=p in D,
Uf® = y*  on RM\D

hold for an open set D C R if and only if w(u) C D C Q(u).
Another way of expressing (2.30) is by saying that

F(w), 9> = {u, @) 2.33)

holds for any function ¢ of the form ¢(x) = E(x — y) with y ¢ w(u). This easily gives that
(2.33) holds for any smooth function ¢ in R which is harmonic in w(u). (Compare the
application to quadrature domains in example 2.2.) In particular, we have

F(w), 1) = (u, 1), (2.34)

i.e. 4 and F(u) have the same total mass.

THEOREM 2.2. Let R, R;,j = 1,2, ..., be open sets in RY, let p € L*(R), p; € L”(R;) and let u,
uj, ve M'. Then

(i) Foo(u+0)=F(u-+o for 0 e M' N L*(R); (2.35)
(i) Fp() = th(n)  if 1> 0;
(iii) F, (Fp(u) + wa) = F, (4y + 1) (2.36)
it p, < p, + u, (ie. R, C Ry and p, = p, + Uy in Ry);
@iv) min(p, u) = F,(4) < pin R, u < F,(u) on RS 2.37)
v) if u = vthen £ (p) = F,(v); (2.38)
(vi) if u, 7~ u weakly (i.e. u — u,, > 0 for any continuous ¢ = 0)

as n — oo then F,(u,) 7 F,(u) weakly.

Proof. (i) and (ii) follow immediately from (2.6) and (2.7), respectively, and (iv) follows
directly from the definition of £,(x) and (b) of theorem 2.1.
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(iii) We have to show that

Fo,e)+ey — ritis
. =
Vor” Vo

if p; < p, + u,. Using that for general p and g, V} = U™® is the largest function < U*
satisfying —AV} < p in R, we get V,lnt0*2 < yfat)te = yfat) 4 e = 1 4 Uk <
U* + U*> = U***2 and, hence, since —AV,Tn#0**2 < p, in R, V,Tnt0%2 < pratee,
Conversely, V172 — U* < U" and —-A(V,)'"™ - U"?)<p —u,<p, in R,CR,
showing that V,1**> — U*> < V"1 and, hence, that V"2 < V1 4+ U2 = UTa®) 4 U* =
UTn00*2 Since —AV,*1**2 < p, in Ry, this yields V,*1**2 < ¥, fa®0*%2_ This completes the
proof of (iii).
(v) Setting
_ (min(F,(u) + v —u,p)  inR,
- {Fp(u)+v—u on R°

we have, using (iii) and (iv),
F(w) = A < E(F(W) + v — @) = Fy(u + v — p) = F,).

(vi) By (v), F(u,) = F(u,) < --- = F(u), and since {u,, 1y = (u, 1y, (2.34) shows that
(F(u,), 1> = (F(w), 1>. From this (vi) follows. In fact, if ¢ =0 is continuous 0 <
(F(p) = F(u), 0> < |9llo - (F(p) — Fu,), 1) > 0. W

Formula (2.36) is a kind of principle of partial balayage, saying that the balayage F, (@) of
L = u; + p, can always be effected via first balayaging part, u,, of u ‘“a little’’ (to F, (u4y)). By
taking in (2.36), p; = p, = p and u; = ulg, u, = plge for any p e M’ we obtain F,(u) =
F(uy + wo) = F(F(1y) + 1) = F(uy) + u, (since Fy(uy) + u, < pin R). Thus

Fy(u) = Fy(ulg) + lge
and in particular

F,;(,U)'R = F;‘;(ﬂlR)-

It is also clear (from (2.12) for example) that

(W)l ge = ptlge. (2.39)

Thus F, does not change any thing outside R. About F;,(u)l sr We cannot in general say any-
thing more than that it is = u|,z by (2.37).
As to F,(4)|g, we have, roughly speaking, that

F(4) = pXow + BXrR\o@ in R. (2.40)

This formula can be proved, for example, under the assumption that u# € L2: in Q(u) (2.40)
holds by definition (2.31) of Q(u) and in R\Q(u) V* = U* by (2.32), hence, F(u) = —AV* =
—AU* = p a.e. in R\Q(u) in view of the regularity of U* and V* when u € L%,

In many applications it is desirable that the second term in (2.40) drops off, i.e. that (2.40)
takes the pure form

Fy(u) = pXagy  inR. @.41)
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(2.41) holds, for example, if 4 = 0 and u is singular with respect to Lebesgue measure or if
there exists an open set D C R such that 4 = p in D, u = 0 on R\D. See, for example, [13,
theorem 2.4] for proofs of the corresponding statements when R = RY and p = 1.

If u € M', the energy of i can be defined as

I pll? = H E(x — y) du(x) du(y),

which is possibly = +oo. If x and v both have finite energy then

(u, v)e = ” E(x — y)du(x) dv(y)

makes sense and equals | U* dv = | U" du. We now give an alternative description of F when
acting on measure of finite energy.

ProrposiTion 2.3. If 4 € M’ has finite energy, then F,(u) has finite energy and moreover can be
characterized as the unique minimizer of |4 — v/, among all measures v € M’ of finite energy
satisfying v < p in R.

Proof. In proving that F,(u) has finite energy we may assume that u, p = 0 (because of
(2.35) and the fact that any ¢ € L7 has finite energy). Setting v = F,(u), we have v = 0 and
U’ = V* < U* hence,

it = | oo = [vrar = [ 0rau= [ 0r = e <o

To prove that v = F,(u) minimizes ||z — vl|,, it is enough to prove that

(1 = Fy(u), (1) = v)e = 0
for all v € M’ of finite energy and satisfying v < p in R. But using (2.10)-(2.13), we have

(v = E(), Fp(1) — V) = g(U“ - VHdE(w) - v)

=j<w—wm@w—w
w ()

=j (U* = VB dF,(w) — p) + (U* = VHd(p — ),
w(p) w(p)

where the first term vanishes and the second is = 0. This finishes the proof. H

In the second part of the proof we only used that V* satisfies (2.10)-(2.13). Since the
minimizer v = F(u) of || — v|. is unique, it follows that (2.10)-(2.13) uniquely characterizes
V* among potentials of finite energy when 4 € M’ has finite energy.

In terms of ¥ = U* — V* we have

F(u) = p + Au
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and u satisfies (2.15)-(2.18). If u has finite energy then Au has finite energy (by proposition
2.3), hence, u € Hy(B) if B is a ball (say) chosen so large so that supp # and supp F,(u) are
contained in B. Moreover, (2.15)-(2.18) uniquely characterizes # among all functions in H;(B)
in this case.

If we endow the dual space H~'(B) of H,(B) with its natural energy inner product (corre-
sponding to the inner product {5z Vu - Vo dm on Hi(B)) and define

F,: H™\(B) - H™\(B)

as the orthogonal projection onto the closed convex set K = [v € H™!(B): v < pin R N B}, then
it follows from proposition 2.3 and the above discussion that

Fy(w) = E(w

whenever u € M' N H™'(B), suppu C B, supp F,(u) C B.
The above finishes the basic description of the operators F,. We now give two examples.

Example 2.1. Take R bounded and p = 0. Then F = F, reduces to classical balayage, i.e.
sweeping positive measures on R out to dR (see [11, 14]). In fact, if 4 = 0 then v = F(u)
satisfies v = 0 in R (by (2.37)) and U* = U* on R° (in particular, supp v C dR if suppu C R).

If u is not positive then F(u) differs in general from the classical balayage measure v. If, for
example, 4 < 0, then F(u) = u so that the mass in R is not swept out.

Example 2.2. Take R = RY and p = 1. Then we get a balayage operator F = F, of interest
in the theory of quadrature domains and certain free and moving boundary problems arising in
physics (e.g. Hele-Shaw flow). Below (up to the end of this section), we expand a little on these
less well-known items, referring to [3, 13, 15-22] and references therein for further details.

When R = RY, p = 1, (2.40) takes the form

F(w) = xo + uxqc (in RY) (2.42)
(Q = Q(w)) and (2.41)
F(u) = xq (in RY). (2.43)

Equation (2.42) is true if, for example, 4 € L7, while (2.43) is not true in general (but is often
the desired result of applying F).

Note that if (2.43) holds for some open set  then Q equals Q(u) up to a null set. More
precisely, since Q(u) by definition (2.31) is chosen to be maximal, Q(u) = [Q], the completion
of Q with respect to Lebesgue measure (see the list of notations in Section 1).

Suppose that (2.43) holds and let U? denote the potential of yom (so that —AU® = x).
Then U® = V* and, therefore, by (2.10)-(2.13), (2.32),

U®<U* in RV, (2.44)

U= U+ outside Q (2.45)
(with Q = Q(uw)).

Conversely suppose that (2.44)-(2.45) hold for some bounded open set Q. Then U® < V*
because U® € F% by (2.44). On the other hand, the continuous (if u e M') function u =
V* — U% is subharmonic in Q and, by (2.45), is < 0 outside Q. Thus < 0 everywhere by the
maximum principle, hence, V* < U®?. (Note, for later use, that this was a consequence of (2.45)
alone.) Thus V* = U® and it follows that (2.43) holds.
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Thus, (2.43) is equivalent to (2.44)-(2.45), with just the qualification that if Q is allowed to
be an arbitrary open set, then we can from (2.43) only infer (2.45) outside the completion [Q]
of Q. Now, with Q any bounded open set and assuming for simplicity that u € L7, (2.44)-(2.45)
can on the other hand be seen to be equivalent to that

u=0 outside Q, (2.46)
j pdu < j o dm for all ¢ € SLY(Q), (2.47)
Q Q

where SL'(Q) denotes the set of integrable subharmonic functions in Q (see [13, 17, 18]).
Moreover, assuming that Q is taken to be complete with respect to Lebesgue measure (i.e.
that Q = [Q]), (2.45) alone is equivalent to that

u=20 outside Q, (2.46)
S pdu = S o dm for all ¢ € HLY(Q), (2.48)
Q a

where HL'(Q) denotes the set of integrable harmonic functions in Q. (Without the assumption
that Q is complete (2.46), (2.48) are equivalent to (2.45) together with VU® = VU* outside Q.)

Equations (2.46), (2.47) (or (2.46), (2.48)) mean, with the definitions used in [13, 17-19] and
when u € L7, that the bounded open set Q is a quadrature domain (or ‘‘quadrature open set’’)
for u with respect to subharmonic functions (or harmonic functions, respectively). The set of
such quadrature domains is denoted Q(u, SL') (or Q(u, HL"), respectively).

We have Q(u, SL') C Q(u, HL') and Q(u, SL') is either empty or consists (up to null sets) of
just Q(u), depending on whether F(u) is or is not of the form (2.43). Q(u HL") often contains
several different elements, but an interesting open question is whether Q(u, HL') can contain
more than one solid open set (for some u). (A bounded open set Q is called solid if 3Q = I(Q°)
and Q° is connected.) As an example of the usefulness of the balayage operator F in the study
of Q(u, HL"), we have the following result, related to [17, corollary 4.10; 13, corollary 3.3], for
example.

ProPosITION 2.4. Let u € M' and suppose that Q € Q(u, HL") (or simply that (2.45) holds).
Then U? = V* and 3Q C Q(u).

Proof. Set u = V* — U®. The inequality # < 0 has already been proved (after (2.45)).

Next we prove 3Q C Q(u) by contradiction. Suppose x € dQ\Q(u) and let B C Q(u)® be an
open ball with centre x. Since Q(u)° C w(w)?, V* = U*in B, hence u = 0in B\Q (using (2.45)).
By the regularity of u (|Au] bounded), this implies that Ax = 0 a.e. in B\Q (see [1, lemma A.4,
p-53D).InBNQ, Au = 1 — F(u) = 0. Hence, u is subharmonic in B. Recalling that # < 0 this
gives 0 = u(x) = (1/m(B)) fgudm < 0, hence, u =0inB. ButinBNQ, Au=1-F(u) 0
by the definition (2.31) of Q(u). This is the desired contradiction and finishes the proof. W

As to the free and moving boundary problems consider, for example, the moving boundary
problem in which one starts with an initial (bounded) domain Q, C R" and asks for the
(increasing) family of domains {Q(?): ¢t = 0} satisfying

{Q(O) = Q,

2.49
Q) moves with velocity —(VD)lyaq)» (2.49)
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where, for each ¢, p = p(x, t) denotes the solution of

{—Ap =f in Q), (2.50)
p=0 on 3Q(¢t)

and f = f(x,t) = 0 is a given function (which we set equal to zero outside Q(¢)). In two
dimensions one interpretation of this problem is that Q(¢) represents a blob of a viscous
incompressible fluid in the narrow gap between two parallel plates, a so-called Hele-Shaw cell
(without walls in the present case). Assuming that the surface tension at the free boundary
dQ(¢) can be neglected (which is reasonable as long as the curvature of dC(¢) is not too large)
the equations (2.49), (2.50) follow from the ‘‘Hele-Shaw equation’’, with f representing some
kind of source, e.g. the injection of more fluid through a hole in one of the surfaces. Instead
of having a source, one can think of squeezing the plates together, which is modelled by taking
f = constant > 0 (in Q(¢)).

For further information on the Hele-Shaw model, see, for example [3, 23, 24].

In higher dimensions there are other physical interpretations of (2.49)-(2.50), e.g. within
porous medium flow, heat conduction with phase change (degenerate Stefan problems) and
electrochemical machining.

It is well known that problem (2.49)-(2.50) is well posed and always admits a unique global
weak (variational inequality) solution {Q(#): 0 < ¢ < oo}. In terms of our balayage operator this
is given by

F(u@)) = xaq» (2.51)
where

t
u(t) = xo, + j S, 1 dr (2.52)
0

Thus the fluid domain at time ¢ > 0 is obtained simply by balayaging out xq plus the
accumulated source up to time ¢. The function u = U*® — V*® (4 = u(x, t)) involved in the
definition of F in (2.51) is related to the pressure p by

t

ulx, t) = S plx, 7)dt
0

(‘‘Baiocchi’’ transformation).
More generally one has

t
F<X9(T) + S f) = Xow (2.53)
whenever 7 < ¢ and {Q(¢)} solves (2.49)-(2.50) (with f = 0). This makes the operator F
interesting also for the ill-posed Hele-Shaw problem in which fluid is extracted instead of
injected and the fluid region, hence, shrinks (i.e. (2.49)—(2.50) with f < 0). In fact, this problem
is obtained from the previous well-posed one simply by a time reversal, so in (2.53) (with f = 0)
it corresponds to having, say, ©(0) known and looking for domains Q(¢) for ¢ in some
interval —T < ¢t < 0 (T > 0) satisfying (2.53) whenever 7 < ¢. (Actually it is enough to find
Q(—T) such that (2.53) holds with 7 = -7, ¢t = 0; for then the Q(¢) with —-T < ¢t < 0 are
obtained from (2.53) by choosing T = —T7, and it follows from (2.36) that (2.53) then holds for
all T=1t=<1t=<0)
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The case of squeezing the plates (f = constant) turns out to be particularly nice. In fact,
denoting the distance between the plates by p(¢), supposed to be a decreasing function of ¢, one
easily finds that (2.53) in this case can be replaced by

Fo(p(Dxawm) = PODXaw =1,

where F,, is the operator F, p with p = p(f), R = RN (N = 2). Thus, we get a quite concrete
squeezing interpretation of (some of) our balayage operators.

3. A GEOMETRIC PROPERTY OF F(u)

This section is entirely devoted to the balayage operator F in example 2.2, i.e. to F, with
R = RY and p = 1. As indicated in that example, it is of great interest in several applications
to know first of all to what extent F(u) is of the form yx, (€ = Q(u)) and secondly to have as
much information as possible on the shape Q(u).

Here we prove a theorem on the geometry of F(u) outside the convex hull of supp 4 when
1 = 0. The proof uses a reflexion argument which is somewhat similar to symmetry arguments
invented by Alexandroff and which have also been used in [7-9], for example. Another related
result (and proof) is [10, theorem 4.1]. See also [25, Section I11.10].

THEOREM 3.1. Suppose u € M,, u = 0, and that supp u C D, where D is an open half-space, say
D = {x e RN: x5 < 0}. (We write x = (x,, ..., Xy) = (x', xy).) Then
F(W)pe = xa, G.1)
F(wlp = xa, (3.2)
where Q is an open set of the form
Q=xeRV:x eG,0<xy<gkx)

for some open set G C R¥"! and some real analytic function g: G » R and where Q =
((x', xn) € RY: (x', —xy) € Q}, the reflexion of Q in aD.
Moreover, the function ¥ = U* — V*, which is continuously differentiable in D°, satisfies

u=0 in D°\Q,

u>0 inQ, (3.3)
# o o (.4)
Oxn

Note. In this section the letter Q (without ) often denotes just some part of the set Q(u) (2.31).
For example, it follows directly from the statements of the theorem that

Q = w(u) ND° = Q(u) N D¢
in theorem 3.1. Observe also that (3.2) simply states that Q C Q(u).
Proof. It is enough to prove that for every ¢ > 0 the statements of the theorem hold with

D = {x e RY: xy < &} (with Q then defined as the reflexion in xy = £). Therefore, we may
assume that suppu C D.
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In terms of u = U* — V*, we have

F(u) = u + Au
and u satisfies, by (2.15)-(2.18),
uz0, (3.5)
Au<1-u, (3.6)
Au=1-p inow(u) = {xeR: ux) > 0}. 3.7

Moreover, u is the smallest function satisfying (3.5), (3.6) alone. Since suppu C D, u is
continuously differentiable in a neighbourhood of D°.
Let # denote the reflexion of u in the hypersurface x5y = 0, i.e.

u(x', xn) = ulx', —xn)
and define
. {min(u, i) in D°
u on D.

Clearly v = 0 everywhere and Av = 1 — g in D. Moreover, Av < 1 in RN because Au < 1,
and so Afi < 1. Hence, A min(u, &) < 1 and one easily checks that Av < 1 also near 3D using
standard superharmonicity criteria. Thus, Av <1 — u. Since u is the smallest function
satisfying (3.5), (3.6), it follows that ¥ < v. Thus,

u<id in D°, (3.8)
which implies that
9 _0  onoD. (.9)
0xn

Set
Q= ww)ND = fxeD ukx) > 0}.

Then by (3.5)-(3.7) (or by (2.32))
Au=1 inQ. (3.10)

Moreover, Au = 0 a.e. on D°\Q = {x € D°: u(x) = 0} as a consequence of the regularity of u
in D? (JAu| bounded there). It follows that

F(wlp = (Aw)pe = xa.-

Next, by (3.10) du/dx, is harmonic in ©Q and by (3.9), the definition of Q and the regularity
of u, du/8x, is continuous up to IQ with boundary values < 0 there (=0 on (8Q) N D°). Thus,
by the maximum principle

a

%<0 inQ G.11)

Xy
(and, hence, in all D). Moreover, if du/dx, vanishes at some point in €, it vanishes identically
in the whole component of Q containing that point. Since u = 0 on (3Q) N D? it then follows
that also u itself vanishes in that component of Q. But this contradicts the definition of Q.
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Hence, we actually have

ad
M <0 Q.
oxn
Thus, for each x’' € RV™! the behaviour of u(x’, xx) as a function of x, > 0 is that either it
is identically zero or else there is a number g(x’) > 0 such that u(x’, xy) = 0 for x5 = g(x') and
u(x’, x5) > 0 with du(x’, xn)/9xy < 0 for 0 < x, < g(x'). This gives that

Q={x,xy):x €G,0<xy<gx) (3.12)

with g as above and G the set of x' € RV™! for which u(x’, x5) does not vanish identically as
a function of xy > 0. Since Q is open, G must be open in RV~

Next we have to prove that g is real analytic. Let x = (x', x5) € (8Q2) N D°. Then (3.12) shows
that the ray L = {(x', ): t > x,] lies entirely in Q. Now, all that we have done up to now can
be repeated for other half spaces D’, with suppu C D', x € (D')°. Varying D’ around our
original D then gives that there is a whole open cone of rays starting at x and lying entirely in
Q°. (Compare corollary 3.3 below, where this is expressed in a more precise form.) Thus, Q° is
“‘thick enough’’ at x € dQ for the theory of Caffarelli and others [2, 4, 26-28] to be applied,
and the conclusion then is that g is real analytic at x’.

To prove (3.2), finally it is enough, by (2.32) for example, to prove that ¥ > 0 in Q. But
this is equivalent to that # > 0 in Q, and this latter inequality follows by combining (3.3)
and (3.8) &

COROLLARY 3.2. Assume u € M., u = 0 and let K denote the closed convex hull of supp ¢. Then
the restriction of F(u) to K¢ is of the form y, where Q = w(u)\K = Q(u)\K is an open set with
(3Q)\K consisting of real analytic hypersurfaces (without singularities). Moreover, VV'* = VU*
in Q. Finally (Q U K)¢ is connected.

Proof. This follows by applying the theorem to all half-spaces D with supp # C D. The last
statement actually follows most easily from the next corollary. W

Remark. In K\suppu, F(u) is still of the form yxo but dQ may have singularities (cf. the
remarks after example 3.4 below). To be precise: in two dimensions the regularity question for
3Q outside supp u is completely solved [29]: (3Q)\supp u is analytic with a few specific types of
singularities allowed. This is true for arbitrary u € M, and also under more general circum-
stances than above. In higher dimensions the regularity question for dQ seems not be
completely solved. On supp i, F(u) may be as nasty as u and not of the form yxq; cf. (2.42).

COROLLARY 3.3. With notations and assumptions as in corollary 3.2, let x € (0Q)\K (or just
x € (Q U K)9). Then the cone

KY={zeR": (z — x,y — x) =0 for all y € supp u}
does not intersect Q U K. Observe that K? is a convex cone with vertex at x and with nonempty

interior.

Proof. Let x € (QU K)°, z € K2, and we shall prove that z ¢ Q U K. By translation and
rotation of the coordinates, we may assume that x = 0 and that z = (0, ..., 0, zy) where z, > 0
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(the case z = x is trivial). Then the statement z € K? means that supp u, and, hence, X, lies in
the half-space {y € R": yy < 0}. Thus, z ¢ K, and if z € Q it easily follows that alsox = 0 € Q,
which is a contradiction. M

COROLLARY 3.4. Witkl notations and assumptions as in corollary 3.2, let B = B(x; r) be a ball
such that supp # C B (equivalently K C B). Then Q U B is star shaped with respect to x.

Proof. This follows right away from the theorem or from corollary 3.3. M

COROLLARY 3.5. With the same assumptions and notations as in corollary 3.2, for any
x e (Q)\K the normal of 9Q at x intersects K. Moreover, if N = 2 and supp u is connected, the
normal in fact intersects supp u itself (cf. Figs 1 and 2).

Proof. Suppose that the normal N, of 3Q at x € (3Q)\K did not intersect K. Then there
would be a hyperplane H, O N, which also did not meet K, and X would be contained in one
of the two components of RY\H,, call it D, . Observe that D, is an open half-space. Therefore,
the cone K? in corollary 3.3 would contain in its interior the outward normal of dD, = H, at
x. But this normal is perpendicular to N,, hence, is tangent to dQ at x. Thus, using corollary
3.3, we reach the contradiction that a conic neighbourhood of (half of) a tangent line of dQ at
x does not intersect Q. W

CoOROLLARY 3.6. Let 4 and K be as in corollary 3.2 and let B = B(x; r) be a ball such that
supp u C B. Then:

(a) if F(u) = xx then (2.43) holds with Q = Q(u) solid;

(b) if F(u) = x5 then (2.43) holds with Q = Q(g) star shaped with respect to x.

Proof. (a) Since F(u) < 1 the assumptions imply that F(u) = 1 on K. Thus, with Q, the
open set obtained in corollary 3.2, F(u) = xxugq,- Since K is convex dK has measure zero. It

Fig. 1. u = 0, F(u) = xq, K = convsupp u.

Fig. 2. u = 0, F(u) = xq, K = convsupp u.
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follows that the open set (int K) U Q; has the same measure as K U Q,. Set Q = int(K U Q).
Then (int K) U Q, C Q C KU Q, (KU Q)N\Q has measure zero (actually Q is the largest open
set with this property) and (hence)

F(u) = xa-

To prove that Q is solid, it is enough to prove the following: for every x € Q° there is a
sequence {x,} C Q°suchthat x, = xasn — o and such that x,, is the vertex of a nonempty open
cone contained in QF. In fact, if this is the case then every x € Q° is in the closure of
Q° = int(Q°), hence, dQ = 3(Q°), and every x € Q° can be connected with infinity via a cone
(with vertex close to x).

So let x € Q°, i.e. x & int(K U Q,). By definition this means that there is a sequence x, = x
with x, ¢ K U Q, and corollary 3.3 then shows that {x,} has the required properties.

(b) This now follows easily, using corollary 3.4.

The condition F(u) = yx in corollary 3.6 is sometimes easy to verify. Some examples of this
follow.

Example 3.1. Suppose u = 0 has support in a hyperplane. Then y, = 0 (a.e.) in R" so that
F(u) = yg is trivially true.

Example 3.2. Let uy = Y. ajcsxj, where @; > 0 and suppose that
convix,, ..., x,3 € U B;,
=1

where B; is the open ball with center x; and volume g;. Then F(ajéxj} = XB;s and using {2.36)

we get
Fo = #( § a8,) - A £ ras,) - F( £ xs,)-
Jj=1 f=1 i=1
By assumption Y7L, X, = Xk (K = convix,, ..., X,,} = conv supp u) and it follows from (2.37)

that F(u) = F(¥ 7. xg) = Xx-

More generally, the same conclusion holds with u = ¥/ 4;3,, + v with x; as before and
v = 0, supp v C convixy, ..., X,}.

Similarly, the stronger condition F(u) = yp in (b) can also be verified in many cases.

Example 3.3. Suppose u = 0, suppu C B (B = B(x; r)) and that u(B) > 6"m(B). Then one
can prove that F(u) = x5, where B; = B(x; 3r). (See the proof of theorem 2.4 (v) in [13].)
Thus, it follows that F(u) = xgq, with Q star shaped with respect to x and, moreover, B, C Q.

Example 3.4. Suppose u = ad, + v, where v = 0, supp v C B and B is the ball with center x
and volume a. Then (as in example 3.2) F(u) = yp holds.

In (a) of corollary 3.6 it does not follow that Q is connected or (if N = 3) simply connected
(for example). This is clear from example 3.1: by taking suitable 4 = 0 with support in a hyper-
plane one can produce Q(u) which approximates any type of configuration in that hyperplane.
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Nor does it follow that dQ is real analytic everywhere. As an example, let K be a closed
equilateral triangle (V = 2) and let 4 = ayy for some ¢ > 1. Then F(u) = xx by (2.37) but for
a close to 1 3Q will meet K at the corners and have an angle there (thus, dQ will not even be
of class C! and the singularities will be nonanalytic) (cf. [30; 17, corollary 13.3; 31, Section 1]).
Another example is 4 = a(d,, + J,,), where x; € R™ and a > 0 is the volume of the ball with
radius 7 = L]x;, — x,|. Then X is the line segment joining x; and x,, Q = B(x,;; r) U B(x,; r) and
4 has an analytic singularity (a double point) at the midpoint of K, thus in K\supp u.

As another application of corollary 3.6, we have the uniqueness question for quadrature
domains: if u = 0, F(u) = xx so that Q(u) is solid, then it follows easily from proposition 2.4
that Q € Q(u, HL") implies [Q] = Q(u) (cf. [17, corollary 4.10; 13, corollary 3.6]).

Finally, let us interpret some of the results in this section in terms of the moving
boundary problem (2.49)-(2.50) for Hele-Shaw flows. We shall assume for simplicity that
supp f(+, t) C Q, for all t = 0. Then supp u(¢) = Q, in (2.51)~(2.52). Thus, corollary 3.2 says
that dQ(¢) is analytic outside the convex hull K of Q, and that there are no holes in Q(f) outside
K. (Inside K there may very well be holes.) If Q, itself is convex the above information is of
course particularly precise. (But it does not follow that Q(¢) is convex; suppose, for example,
that Q, contains a straight line segment and choose f to be a point source (in Qo) very close
to that line segment. This f will cause a ‘‘bubble’” on dQ(¢) near supp f when ¢ > 0 is small,
making €Q(¢) nonconvex.)

Corollary 3.5 shows that for every x € 3Q(¢) the normal of dQ(¢) at x intersects K. Clearly
this gives interesting geometric information about dQ(¢) which is particularly precise when
aQ(¢) is far away from Q,.

If Q, is a ball B(x; r), then corollary 3.6 shows that Q(r) is star shaped with respect to x
(independently of the form of f) (cf. [10, theorem 4.1]).

For the backward (or suction) problem, i.e. for solutions {Q(¢): -7 < t < 0} of (2.53) with
Q(0) given, we have the following, assuming that N = 2 and supp f(-, ) C Q(~T) for all ¢: for
any x € 3Q(0) the normal of dQ(0) at x will intersect all the Q(¢) (-7 < ¢ < 0) as long as these
are connected. Thus, for example, if Q(0) contains a ‘‘finger’” with parallel sides, this cannot
be completely emptied by means of sinks outside it (cf. Fig. 3).

Similarly, if D is a half-plane containing the sinks, then it follows from (3.2) that the part
Q(0)\D of the initial fluid region Q(0) cannot be completely emptied unless its reflexion in 4D
is contained in Q(0). Neither can Q(0)\D be completely emptied if it contains holes (or more
generally if 3Q(0)\D is not the graph of a function) (Fig. 3).

Fig. 3. u = 0, F(1) = xo, K = conv supp u. Supp u# must enter all the shaded areas. The same is true, in
the Hele-Shaw model, for Q(s) for s < ¢ if Q = Q(¢).
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4. A GENERALIZATION

In this section we generalize part of theorem 3.1 to the case of an arbitrary F = F, g (with
the limitation p = 0, though) and with D an arbitrary subdomain of R.

TueoreM 4.1. Let R and p satisfy (2.1)-(2.4) and, moreover, p = 0, and let F = F, g.
Furthermore, let D be an open set with D C R such that 3D has a barrier at each point. Then
for any € M, with ¢ = 0 and suppu C D, there exists a v € M, with suppv C 4D and
v = ul,p (in particular v = 0) such that

FW)|pe = F(u)|pe, 4.1)
F(v) = F(u). 4.2)

Remark. It is important that v = 0. Taking R = RY, p = 1, and a half-space D, one easily
derives theorem 3.1 as in the second half of the proof of that theorem.

Proof. Let F = F, p as in the statement of the theorem and let G = F, p. The proof goes by
successive balayage in an infinite number of steps as follows. Define measures ,, 7,, 4,
v, € M. forn =0,1,2,... inductively by

Go = 7o = 0, 4.3)
3o = GWp,s 4.4
vo = G(M)pe (4.5)
and
Oni1 = Fl@, + 7, + vi)lp, (4.6)
Tap1 = F(G, + T, + V), 4.7)
hnsr = Gy + (Guiy — 0, (4.8)
Vart = GAy + (Opi1 = ) pe. 4.9

(It is always understood that when we take the restriction of a measure to some set the restricted
measure is extended by zero to all RY.) Equations (4.6)-(4.9) can also be written

F,+1,+vVv) =01+ Turrs (4.10)
G(/{n + (Gn+1 - Gn)) = ln+l + Vasris (411)

where the right members are the decomposition of the left members into sums of two measures
concentrated on D and DF, respectively. Note also that sincey = 6, = 4, = 0in D, v, = Oin
Df by (2.39). Hence,

supp v,, C dD. (4.12)
The following properties of G,,, 7,, A, v, Will be established for all n.
0=0y=<0, <. =<0, (4.13)
O=1=<71 <+ = 1Ty (4.14)
0= A = - =4, (4.15)
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v, = 0; (4.16)

O, =< i,; 4.17)

F(vog+ vy + -« + V) = Opyy + Tuuys (4.18)
F, + v, + 1) = F(); 4.19)

An + T, < F(u); (4.20)

a, + 1, = F(u). (4.21)

Assume that (4.13)-(4.21) have been proved and define
v=v0+v1+V2+"';

the sum converges to a measure v € M, because v, = 0 by (4.16) and because it follows from
(4.18), (4.21) that

Fvg+ vy + - +v,) < F(u
and, hence, by (2.34) that

o+ vi+ o +v,, 1> (u, 1) <. 4.22)
(4.22) shows in particular that
{v,, 1y = 0 as n — oo, (4.23)
From (4.18) and (vi) of theorem 2.2 we obtain
g, + 1,7 F(v) (n — ), (4.24)

Moreover, using (4.14), (4.15), (4.20) and that, by (2.34), (4.19), (4.23), (F(u) — 4, — 7,, 1) =
{v,, 1> = 0, we see that

Ay + 1, 7 F() {n — ). (4.25)
Now (4.2) follows from (4.21), (4.24) and (4.1) follows from (4.24), (4.25), observing that
g, = 4, = 0on D°. That supp v C aD follows from (4.12), and v|,, = u|,p follows from (4.5),
which by (2.37) shows that already vo|ap = ulsp-

Thus, it just remains to verify (4.13)-(4.21).

Equations (4.13)-(4.16): these hold by definition and (2.37) for n = 0. Assuming the validity
of (4.13)-(4.16) for n one immediately deduces their validity for n + 1 using just (4.6)-(4.9) and
(2.38). Thus (4.13)-(4.16) follow by induction.

Equation (4.17): this also follows by induction, using (4.8), (2.38) and that g, =4, =0
on D°.

Equation (4.18): this follows by induction, using (4.3), (4.16), (4.10) and (2.36).

Equation (4.19): for n = 0, we have F(L, + v, + 15) = FG(u) = F(u) by (4.3)-(4.5) and
(2.36). For arbitrary n, we have, using (4.10)-(4.11), (4.14), (4.17) and (2.36),

F(An+1 + Vat1 + Tn+1) = F(G(An + Gn+l - 0'") + Tn+1)
= F(’ln + Ouy1 — Oy + Tyiy)
=F({F(o, +1,+ V) + A, —T,)
=Fo,+t1,+v,+ 4, ay)
=FQ, + v, + 1,).
Thus, (4.19) follows by induction.
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Equation (4.20): since by definition (4.7), (4.8) A, + 7, < p in R, (4.16), (2.38) and (4.19)
show that A, + 7, = F(A, + 7,) < F(, + 7, + v,) = F(u) as required.

Equation (4.21): this follows from (4.17) and (4.20).

This finishes the proof of theorem 4.1. W

There is also another proof of theorem 4.1, more in the spirit of the proof of theorem 3.1.
It goes as follows (outline, assuming some additional smoothness of x and 0D).
Write

F(uy = 1 + Au,

where u (= U* — V*) satisfies (2.15)-(2.18), and is the smallest function satisfying
(2.15)-(2.16). Set
0 in D
V/ =

u on Df
and let v be the smallest function (or distribution) satisfying
v=y  in RV, (4.26)
Av=p in R. 4.27)

Observe that u satisfies (4.26)-(4.27) so the set of competing functions is not empty. It also
follows that

v=u on DF, (4.28)
v=su in D. (4.29)
By (4.27) Av is a (signed) measure in R. Define a measure v on dD by
v =(p — AVlsp = (-AV)yp (4.30)
and extend v by v = 0 outside dD. This gives immediately
v=0 in R,

v+ Av =p in R,

v=20 on R°.
If we can prove that
v+ Av=p inw = {x e R: v(x) >0} 4.31)
then it will follow that
F(v) =v + Ay, (4.32)

at least if v has finite energy. (If u has finite energy that v does have finite energy, but we do
not go through the verification of this.)

Now (4.31) certainly holds in & N 3D by (4.30). In D?, v = u, u = v = 0, hence, (4.31) holds
in w N D? because of (2.18). Finally, that Av = p in w N D follows from the minimality of v
(as in the proof of (d) of theorem 2.1). This proves (4.31).

From (4.32), (4.28) we see that F(v) = F(u) in D°, proving (4.1). Asto (4.2),1i.e. v + Av <
4 + Au, this holds in w because 4 + Au = p there by (4.29), (2.18). In D\w, v = 0, hence,
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v + Av = 0 (a.e.) there (by the regularity of v in D). Since F(u) = 0 this shows that (4.2) holds
also in D\w. Since dD has measure zero and F(u) = F(v) in Df by (4.1), (4.2) now follows.

It remains to check that v = ul,,. But (4.28), (4.29) give that —Au =< —Av on 3D, hence,
U<p—Au<p— Av=vonadD as desired. W

Equation (4.1) says that, as to the effect outside D, v is equivalent to 4 in a certain sense.
Since this certainly reminds of classical balayage, let us indicate the relation between the two
operations. Let 7 be the classical balayage measure of u (onto aD). Thus, by example 2.1,

T = H(y),

where H = Fy p, assuming that D is bounded.
The relation between v and 7 can be expressed by the formula

T —v=HWFu — FQ)), (4.33)

i.e. their difference equals the classical balayage_of the difference in (4.2). Observe that
F(u) — F(v) is a positive measure with support in D. In particular

V=T

and equality holds if and only if F(v) = F(u).

To prove (4.33) it is enough to prove that the potentials of both members agree in D (since
both members are measures on 3D). But UHEW-FC) — yyFW-F6) _ yyFe _ yF&) — pe _ pr
in D  and U™ = U — U’ = U* — U” in D°, hence, the desired conclusion follows, for
example, from (4.28) (observing that U” — V¥ = v by (4.32)).

The equality F(v) = F(u), and, hence, v = 1, does hold in some cases, ¢.g. if p = 0in D or
more generally if p is small enough in D compared to the size of u. However, in the applications
we have in mind, v usually differs from 7. If, for example, D is unbounded as in theorem 3.1,
then v never equals 7 (unless u = 0).

Example 4.1. Take N = 2, R = R%, p = 1 and let D = B(0; 1). Let ¢ = 0 be a parameter and
consider the measures

u = u(t) = nt?o.

Then F(u()) = xpo.:y- For each ¢ in the interval 1 < ¢ < e, there is a unique s = s(¢) in the
interval 0 < s < 1 satisfying

t
j rlogrdr=20 (4.34)

Now, denoting by df the arc length measure of dB(0; 1), the measures 7 = 7(¢f) and v = w(r)
considered above are given by

2
dz(t) = %d& forall t = 0,
0 ifo=t=<l,
dv(t) = { ((¢? - s())/2)de  if 1 < t < Ve,

(t?72) do if £ < +e.
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For 1<t<+e, F(()=xaq where Q) ={xe R%:s(t) < |x| <t} and for = e,
F(v(1)) = Xpo;r,- The equation (4.34) for s(¢) is the ‘““quadrature identity’” (cf. (2.33) or (2.48))
fam @ dm = [ @ dv(?) with p(x) = loglx].
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