Asymptotic Analysis 51 (2007) 247-269 247
10S Press

A criterion for H-convergence in elasticity

Bjorn Gustafsson * and Jacqueline Mossino °

2 Department of Mathematics, Royal Institute of Technology, S-100 44 Stockholm, Sweden
E-mail: gbjorn@kth.se

YC.M.L.A., Ecole Normale Supérieure de Cachan, 61, Avenue du Président Wilson,
94235 Cachan cedex, France

Abstract. We give a criterion for H-convergence of elasticity tensors in terms of ordinary weak convergence of the factors in
certain quotient representations of the tensors.

Keywords: nonperiodic homogenization, compensated compactness, corrector

1. Introduction

Homogenization of rapidly varying coefficients in elliptic partial differential equations has been stud-
ied by mathematicians at least since the 1970s, and by physicists and engineers much longer (see [17,
2,16] and references therein). A typical example is when the conductivity matrix A°* = A°(x) in an
equation

—div(A*Vu®) = f (1.1)

in some (bounded) domain 2 C R¥ oscillates rapidly at length scale £ > 0 and one wants to identify a
limit matrix A = A(z) (presumably less oscillating than the A€) such that, as ¢ — 0, the solutions u®
converge in some weak sense to the solution u of the corresponding homogenized equation:

—div(AVu) = .

In the 1970s and 1980s, F. Murat and L. Tartar identified the appropriate type of convergence,
H-convergence, for the above type of problems, and started developing a general theory for it (see [13—
15,18-20]). Earlier work was much concerned with special cases, like strictly periodic structures, and
in fact the study of periodic structures has drawn most of the attention in homogenization even in recent
time, because of its numerous industrial applications.

The present paper deals with general homogenization in the spirit of the work of F. Murat and L. Tartar.
The first part (Section 2), extends the definitions and main properties of H-convergence to the framework
of systems, occurring for example in linear elasticity. There are several definitions of H-convergence
available in the literature. Some of them are formulated in terms of solutions of the partial differential
equations (1.1) (referring now to the diffusion case) while others are formulated directly in terms of the
algebraic constitutive equation

Df = A°FE*. (1.2)
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The latter relates, in an electrostatic language, the displacement field D%, for which one has control
of div D*® (by (1.1)), with the electric field £°, for which curl £* is under control (in fact vanishes,
because £° = Vu®). Most definitions involve a localization argument (w € §2). In Section 3 of the
paper we give a unified presentation of the theory of H-convergence in linear elasticity, avoiding the
localization argument, and we prove the equivalence of three different definitions of H-convergence.
In linear elasticity the constitutive relation (“Hooke’s law”) is still of the form (1.2), but now with A®
a fourth-order tensor (the elasticity tensor) and D*®, E° the stress and strain tensors respectively (both
symmetric second-order tensors).

In Section 4, we state our main result, which is a criterion for H-convergence of elasticity tensors
in terms of ordinary weak convergence of the factors in certain quotient representations of the tensors.
More precisely, we prove that a sequence of tensors A H-converges to a tensor A if and only if there
exist tensors M¢, M, P, P with entries in L? and with M invertible, such that

MF®A® = Pe, MA=P,
M?® —~ M weakly in L?, P¢ —~ P weakly in L?,
{curl M¢}.~o relatively compact in H !, {div P®}.~o relatively compact in H !,

with curl and div defined in Section 2.4. Section 5 is devoted to a “corrector” result, while applications
to laminates and periodic homogenization are given in Sections 6 and 7, allowing to recover some well
known formulae.

Explicit representations of the type M¢A® = P¢ have been constructed and used for proving H-
convergence in a series of papers [3-5,7]. The purpose of this article is to point out that the existence
of such quotient representations is a completely general fact in connection with H-convergence. In the
diffusion case, the corresponding result was announced in [9]. The proof consists of an adaptation of
methods developed by F. Murat and L. Tartar (see, e.g., [13-15,18-20]). Compensated compactness
is the crucial technical tool used throughout the paper. Although our results are not entirely new, they
give a hopefully fruitful general point of view on linear homogenization, based solely on compensated
compactness and quotient representations as above.

2. Preliminaries
2.1. Notation

In this paper we use the Einstein convention of repeated indices. We consider the scalar product [-, -]
and the norm | - | defined on RV*¥ by

[&,m] = &;mi; and |€]* = [£€].

Besides we use the following product of N x N x N x N-tensors: by definition () = M P is the tensor
with entries

Qijkl = Mijmannkl-

We denote by A (or A°) a N x N x N x N tensor with real coefficients A;jz; for 7,7,k,[ in
{1,2,..., N}, satisfying the symmetry assumptions

At = Ajirt = Aijie, - V1,5, k1€ {1,2,...,N}.
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We also identify A with the linear map:

e RVN = A e RN with mij = Ajjré

NxN NxN
R R?

Since A;jx = Ajik, it maps into
particular it maps RY > into RV*V,

Moreover the above tensor A is supposed to satisfy

, the set of symmetric matrices with real coefficients. In

[AE, €] = al¢)?, Ve e RN

for some positive «, and then A is invertible on Rﬁ,v XN

2.2. Definition of M(a, 3, §2)

From now on, 2 is a bounded open set in RY. For given o, f such that 0 < o < 3 < +00, M(a, 3, £2)
denotes the set of N x N x IN x N tensors with measurable coefficients A;;;(x) satisfying

ae.x €2, Vi,jkle{l,2,....N}, Ay = Ajmu) = Aji(x), (2.1)

ae.x €2, VECRYN [A@)E, €] > ale)? (2.2)
(hence A(x) is invertible on Rév *N'y and

ae.x € 2, V¢ e RN [A@)7'¢, €] = B¢~ (2.3)
The latter inequality implies that

ae.x €, Ve RN |A@)e| < B¢ (2.4)

RNXN

Because of the symmetries (2.1), the bound (2.4) remains true for nonsymmetric ¢ € , as is seen

by applying (2.1) to the symmetrized part & of &: |A(z)¢| = |A(x)&s| < B¢s| < BIE].
2.3. Definition of div D and curl E for D, E in D'(£2)N*N

We define div D and curl F as div and curl of the line (or row) vectors D; and E; of D and FE. In other
words, div and curl apply to the last index of D;; and E;:

’c)Dij
a.TUj ’
o0F;; O0FE;

al’k amj '

(div D); = div D; =

(curl £);j5 = (curl ), =
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2.4. Definition of div P and curl M for P, M in D'(2)N*N*xNxN

Again div and curl apply to the last index: for P, M € D/(§2)N*N*NxN "we set Piji. = (Pijris
M;jx = (M) and define div P € D'(2)N*N*N and curl M € D/ (§2)N*NXNXNXN 1y

0Pk
ox;

’

(le P)ij =div Pijk =

OM;ji OM;jkm
(curl M);jkim = (curl Myjp)im = am:n - a;l :
2.5. Definition of e(w) and Vw for w in DN

By definition, e(w) is the symmetrized gradient (in distributional sense) of w, that is e(w) is the
symmetric N x N matrix with coefficients in D’(§2) defined by

1 awl awj
GU(U)) N 5 (a.’E] + aCL‘,L >

On the contrary, the usual gradient of w is the N x N matrix Vw with coefficients
Vijw = —.

" aﬂj'j

2.6. Definition of H-convergence in elasticity

From now on, € describes a sequence converging to zero. Let 0 < a < 3 < 00,0 < o/ < ' < +o0.

Let A° € M(a, 3,82), A € M(d, (3, £2). We say that A° H-converges to A (and we write A° A, A)
when ¢ tends to zero, if the following holds true:
Whenever D, D, B¢, E € L*(2)V*N satisfy

Df = A®E*, (2.5)
Df —~D and FE°—FE weaklyin L?(£2)N*V, (2.6)
{div D?} .~ is relatively compact in H~'(2)", 2.7

{curl Ef}.~ is relatively compact in H ™' (2)V*NV*N, (2.8)

then
D = AF. 2.9
2.7. Definition of Hy-convergence

Let us denote by L2(£2)Y*¥ the set of symmetric matrices of size N x N with entries in L({2). Let
0<a<fB<+00,0<da <pB < +oo. Let A° € M(a,3,82), A € M(c/, 3, §2). The subscript “b”
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refers to “boundary conditions”. We say that A® Hj-converges to A (and we write A® L, A) as ¢ tends
to zero, if for any g € L2(£2)V*¥ and for any h € H'(§2)", the sequence of solutions u* = u°(g, h) of

u —h € Hy($2)N and Yw € H} ()N,
(2.10)

/Q[Aae(us), e(w)] dz = /Q [g, e(w)] dz

satisfy, as ¢ tends to zero,

{uE —u  weakly in H!(Q)N, 2.11)

Afe(uf) — Ae(u) weakly in L2(2)V* N,
where u = u(g, h) is the solution of
u—h € HY($2)N and Yw € HL ()N,
(2.12)

/Q[Ae(u),e(w)] dr = /Q[g,e(w)] dz.

Remark 1. From the symmetry properties of A%, A and g, it follows that A%e(u®) = A*Vu®, Ae(u) =
AV and that Eq. (2.10) is equivalent to

u® —h € Hy($2)N and Yw € H ()N,
(2.13)

/[A‘EVu‘S,Vw] dx:/[g,Vw] dz,
Q Q

the second line in (2.13) being the weak formulation of the system

%(Afjklvklug) = % inQWi=1,..,N). (2.14)
J J

For simplicity, we write (2.10) or (2.13) as

{ div(A°Vu®) = divg in £, (2.15)

uf —h € H} ()N,
The same remark applies to (2.12).
2.8. Definition of H,.-convergence

The following definition of H-convergence is more classical, at least in the diffusion framework (see,

e.g., [13,15]). In this paper, we call it H,.-convergence. Let 0 < a < 3 < +00,0 < o/ < ' < +o0.

Let A° € M(«, 3,82), A€ M(c/, [, §2). We say that A° H,.-converges to A (and we write A° Hiog A)

as € tends to zero, if for any w € (2 and for any g € Lz(w)év *N the sequence of solutions u¢ = uf(w, g)
of

u® € Hi(w)N and Vw € H}(w)V,
(2.16)

/UJ[AEe(us),e(w)] dz = /w[g, e(w)] dx
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is such that, as € tends to zero,

u® — u weakly in H(}(w)N, 2.17)
Afe(uf) — Ae(u) weakly in L2(w)V*V, ’
where © = u(w, g) is the solution of
u € H&(w)N and Vw € Hé(w)N,
2.18
/ [Ae(u), e(w)] dz = / (g, e(w)] dx. 2.18)

2.9. The div—curl lemma
The “div—curl lemma” of compensated compactness [13,19,6] will be used extensively throughout the
paper. We recall that this lemma in general says that if £, g%, f,g € L*(£2)" are vector fields such that

e — f, g — g weakly in L?(£2)" and such that div f¢ and the components of curl g are all contained
in a compact subset of H~!({2), then [f¢, ¢°] — [f, g] weakly as distributions. (Here [ f, g] = fig;.)

3. Equivalence of H, H;, and H),.-convergence and preliminary remarks
3.1. Comparison of H and Hy-convergence, uniqueness of the H-limit
Proposition 1. H and Hy, convergences are equivalent. Moreover
A oA s equivalent to ' A° oty
with
(“A%) i = Afuij» Yid.kle {1, N}
Proof. Step 1. In this step we prove that
A5 A implies that A< 2% A
Let g € L*()N*N b € H'(£2)V and let u¢ be the solution of (2.10), E = Vuf, D° = A°Vue.
Similarly, let u be the solution of (2.12), £ = Vu, D = AVu. Since A* € M(a, 3, {2), we get from
(2.2), (2.4), (2.10),

afle(u = )| 2gen < llg = AWl 2w < Ngllz@pvxn + Bllell 2@

so that e(uf —h) is bounded in L*(£2)N*¥ and, due to the Korn inequality, u¢ — h is bounded in H{( N,
uf is bounded in H'(£2)V, E¢ and D¢ are bounded in L?(£2)N*" . Hence, for some subsequence of
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(still denoted by ), for some u € H'(2)N (u — h € H}(£2)V) and for some D € L2(2)N*N,

u® —u  weakly in H' ()",
E* =Vu® — E=Vu weaklyin L2(2)M*V,
Df = A°Vuf — D weakly in L2(£2)V*V,

Finally, from (2.13) it follows that
/ [D, Vw]dz = / [g, Vwldz, Yw € HI()N.
Q 0

It is enough to prove that D = AVu because then we have v = u and the whole sequences u°, E° and
D* converge. But D = AVu follows from the H-convergence of A° to A and from the fact that (see
(2.14))

0D5; 0 3gii
div D¢ = o AV ey — ~JY
VA a.CL‘j al']( gkl K ) 6.17]'

is a fixed element in H~'(2) and
curl E5 = curl Vu§ = 0.
Step 2. Now we prove that
As 4 s equivalent to ‘A° o, by,
Assume A¢ b, A Letg € LZ(Q)Q[XN, h € H'(£2)N and let v¢ be the solution of
{ v® —h € HJ(2)N and Yw € H} ()N,

/ [FA*VoS, V] do = / lg, Vwldz,
9] 2

which we write as before (see (2.15))

{ div(*A*Vv®) = divg in £, 3.1)

v® —h € H{(DN.

It is clear (as in the beginning of Step 1) that, up to extraction of a subsequence, for some v € H'(2)V,
v—hé€e H&(Q)N, and or some o € L*(2)V,

v — v  weakly in H'(£2)V,
tA*Vve — o weakly in L2(2)V <N, (3.2)

/ [o, Vw]dz = / lg, Vw]ldz, Yw € H&(Q)N.
1o} 7}
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In order to prove that tge o,

Letus fixi,5 € {1,...

uij(r) =

It is clear that

Vi =

Now we define u;;

3

(uijr(z)),

auijk
ox;

J

= 0idj1-

%, t A, we have to prove that 0 = tAVv.
,N'} and define u;; € H LN by

with w5 (2) = d;1.2;5.

as the solution of

. H,
Since A° — A, we have

) ;ul]

Us;
AEVU% — AVuij

div(A°Vus;) = div(AVug;) i £,
— Ujj € H&(\Q)N

weakly in H'(£2)V,

weakly in L2(2)NV <V,

By (3.1), (3.2), (3.5), (3.6) and compensated compactness,

[P ATVE, V] —

and

[t ASVo®, Vug] =

Hence

[o, Vuzj] = [t AV’U, V’U,Z]]

or, by (3.4),

D()

[o, vuzg]

D)

[Vve,/ﬁVuﬂ — [Vv, AVu;;] = [t AVv, V.

ordindj = ("PAVv) 005

or az] = (*AVv);;. As this i 1s true for all 7, j, we get 0 = ' AVv and we conclude that tge Mo,

As My 4 implies that tage o,
Step 3. Finally we prove that

tAs

btA

implies that

%, t A and since (! A%) = A (etc.) we get the desired equivalence.

4° g

(3.3)

(3.4)

(3.5)

(3.6)

®,t A. Thus
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Let again (for fixed 7,7 € {1,...,N}),
uij(x) = (uijp(x)), with ug(z) = 0y

Now let u7; be the solution of

div('A° Vug;) = div('A V) in 2, 37)

u§; — u; € Hy()N. '
Since tAc M, 1A

us; — u;; weakly in HY ()N, 35)

PA® Vug; — 'AVu;;  weakly in L2(2)MN. '

Let (D%, E¢) be as in the definition of H-convergence. We have to prove that D = AFE. But
(D, Vu;] = [A°E®, Vug,] = [E°, "A*Vuj)]
and by compensated compactness

(D%, Vi) 72 (D, Vg

while, by (3.7), (3.8) and compensated compactness,
[EE, tA€Vufj] D/i))) [E, tAVuij] = [AE, VUU]

Hence [D, Vu;j] = [AE, V], for all 4, j, giving, as at the end of Step 2, D = AFE. This finishes Step
3 and hence the entire proof. O

Remark 2. In the same way as we have proved that H-convergence implies Hy-convergence, one can
prove that H-convergence allows passing to the limit in many other boundary value problems in linear
elasticity (e.g., with mixed Dirichlet and Neumann boundary conditions).

Proposition 2. The H-limit is unique.

Proof. By virtue of Proposition 1, this is equivalent to the uniqueness of the Hy-limit. So let us assume

that A° Tt A Let gij = AVu;; with w5, = 05w, and let u;; be the solution of (3.5). Then, by (3.6),
for any B, Hp-limit of A%, we have

A°Vu§; — BVu;;  weakly in L2(2)V N,

In particular, AVu;; = BVuyj, thatis Ay;; = Bjyij, first for all £, 1, and then also for all ¢, j, that is
A=B. O
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3.2. Comparison of Hy and H\y.-convergences and subsequent remarks

Proposition 3. H\,. and Hy-convergences are equivalent.

Proof. Let us first prove that H,..-convergence ‘A¢ Hoe t 4 implies Hj-convergence A® T, A Let
g e LZ(Q)éVXN, h € H'(£2)N, let u be the solution of (2.10). It is clear that, up to a subsequence of &,
for some u € H'()N, u — h € H}($2)N and for some ¢ € L2(2)V*N, div¢ = divg,

u® — u  weakly in H'(2)V,

AVu® — & weakly in L2(£2)V <V,

In order to prove Hj-convergence, it is enough to prove that £ = AVu.
Let us consider two subdomains w; and w of {2, w; € w € (2. Let, for fixed i,j € {1,...,N},

vij(x) = (vijp(@)),  With vijp(z) = dipr;e(x),

for some given ¢ € D(w) with ¢ = 1 in w;. Now let g;; € Lz(w)év *N be defined by Gij = tAVvij and
let v7; be the solution of

.t . .
div( A Vi§,) =divg;; inw,
( z]) g’t] (39)
vj; € Hiw)N.
Since, by assumption, A Hiog t A, it follows that
vfj — v;; weakly in H& (w)N, (3.10)
LAS Vo5, — "AVuy;  weakly in LA(w)M <N, '

By compensated compactness,

[ A5Vog, V] 2 [ AV, Va] = [Voy, AVal.

Moreover, denoting by v5; and ;; the extensions of v;; and v;; by zero in {2 \ w, compensated compact-
ness gives

i, 4° V] 29D (Vi €
and hence

[t A° Vs, Vie] = [Vof;, A°Vuf] 2% [V, €.

ij> ij>
By comparing the two limits in D’(w), we obtain

[V”Uz‘j,Avu] = [vvij,f].
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As this is true for any 4, j, we obtain first that £ = AV in w,. But this is true for any w; and w, hence
& = AVuinall £2.
H]oc

Similarly one proves that * A° Mot g implies A° —= A (we omit the details for the sake of briefness).
In view of Proposition 1, the proof is finished. O

Remark 3. In the diffusion case, it was proved by F. Mura and L. Tartar (see, e.g., [15]) that M («, 3, §2)

is sequentially relatively compact for Hyo.-convergence, that is, for any sequence A° € M (a, 0, §2), there

exist a subsequence, still denoted ¢, and there exists A € M(«, (3, {2) such that A® Hiog A. The proof

of [15] can be easily extended to the elasticity case. It follows that, in our definition of H-convergence,
we may suppose that o' = o and 3’ = [3, as we shall do in the next section.

4. Main result

Our main result is the following.

Theorem 1. Let A, A € M(«, 3, §2), for some 0 < a < < oo. Then A® A, Aas e — 0 if and only
if there exist N X N x N x N tensors M¢, M, P¢, P with entries in L*(£2) and with M invertible, such
that

MFA® = PF, 4.1)
MA=P, (4.2)
M® —~ M weakly in L*(2)N*N*NxN 4.3)
P —~ P weakly in L*(§2)N*NXNxN 4.4)

{curl M¢} .~ is relatively compact in H ™' (2)N*NXNXNXN 4.5)

{div P} .y is relatively compact in H~'(2)N*N*N (4.6)

with curl and div defined as in Section 2.4. When this is the case, M can be chosen to be the identity
tensor (M1 = 9;105;) and M¢ so that curl M¢ = 0.

Proof. We begin by giving the proof of the “if”’-part. Suppose that we have the decompositions (4.1),
(4.2) with compactness (4.5), (4.6) and with weak convergences M*® — M and P* — P as in (4.3),
(4.4). We are going to prove that A* H-converges to A. We consider D¢, D, E*, F satisfying (2.5) to
(2.8). Then (4.1) acting on E° gives

M*®Df = P°EF,
or in components,
(3 e __ 13 13
M;;1 Dy = P Ergs

that is, for the usual scalar product of vectors,

( f]kDi) = ( ZkEli) 4.7
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We have
curl M7, relatively compact in H NN,
div D5, relatively compact in H~'(£2),
div P, relatively compact in H L),

curl E£ relatively compact in H ' (£2)M*V,

By the div—curl lemma, we get by passing to the limit in (4.7) in the sense of distribution
(M;jx, Dy) = (Pyjr, Ey),
that is M D = PE which, since M is invertible, is the same as D = AFE.
Now we prove the “only if”” part. More precisely, we prove that we may take M = I, i.e., M;;p =

dik0ji, and P = A. Let " A denote the transpose of A. As in the proof of Proposition 1, we set, for fixed
i,j€{l,...,N},

t
wij = (Wijk)k wiji(T) = O, gij = "AVuy;

and we consider the solution u;; of

div(‘A*Vug;) = divgy; in £,
(4.8)

ug; — ujj € H ()N,
Then let M€ be defined by

M = Vius;
and let P¢ = M¢ A€, or in components

i igmn“imnkl-
We have
OME, OME,
lMs 3 _ ijkl . ijkm
(cur )zgklm axm al'l
0 0
= a0 (Vi) = 5 (Vimug)

_ 2 (aufjk>_i(aufjk)zo
0T, \ 0z o0z \ 0y, '
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- apfjkl
ik a:rl
0

a—xl ( fjmn fnnkl)

0 ¢

0 (it e e

- al‘l Gijki-

(div P?)

Hence the so defined tensors M¢, P°¢ satisfy
curl M* =0 and divP® =divyg.
From (4.8) we get for each 7,5 € {1,..., N} the elliptic estimates
H“%HHI(Q)N <0 < oo,
I A% (g gy = AV | gy < € < 0.

Thus for some subsequence of {¢} and some limit fields v;; (v;; — u;; € HOI(Q)N ) and o;;, we have the
convergences

U% — v;; weakly in H' (DN, 49)
e(ul‘?j) — e(vij) ) NxN
{VU% — Vg weaklyin L) ’ -

P ="AVu5; — 0i;  weakly in L2 ()M V. (4.11)

The latter convergence together with (4.8) shows that divo;; = div g;;. At this point we use the fact
mentioned in Proposition 1 that H-convergence carries over to the transposed tensors. Thus ! A A, LA,
and since curl Vui; = 0 and div P;; = div g;; have components staying in a compact subset of /1 “1(1),

it follows from the definition of H-convergence that o;; = tAVvij. Therefore v;; solves the boundary
value problem

{ div(*AVu;;) = div gij, (4.12)

Vij — Ujj € H&(Q)N
But this problem has the unique solution u;;. Thus we conclude that v;; = u;; and that o;; = *AVu,;.

It also follows that in (4.9) to (4.11) we have convergence for the full sequence €. With this in mind, the
convergences (4.10), (4.11) state exactly that
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M —~ M =1 weakly in L?(£2)N*N*xNxN
P? —~ P=A weakly in L2(2)NXN*NxN

Actually, (4.10) is equivalent to (for any k, 1)

M = Vigui; — Viguig = 665 = Mijk

)

and (4.11) is equivalent to (for any &, [)

- t t
e — CAVUg) g = (A) pn Vinttiy = AmnkiOimOjn = Aijki-

Moreover the last two convergences hold true, not only for any k, [, but also for any ¢, j. This proves the
theorem. O

Remark 4. It is clear that the matrices M*®, M, P®, P appearing in the decompositions (4.1), (4.2) are
far from being uniquely determined by A, A, even when all the conditions (4.3) to (4.6) are satisfied.
For example, none of the conditions (4.1) to (4.6) are affected if M, M, P*, P are multiplied from the
left by one and the same invertible matrix () = Q(x) with Lipschitz coefficients. In the case of laminates,
Section 6 gives two possible choices of M, M, P¢ and P.

5. Correctors
From the formulation of Theorem 1, one can easily pass to construction of “correctors” (cf. [19,20]).

Theorem 2 (and definition). Let A, A € M(«, 3, §2), for some 0 < o < 8 < oo. Let us assume that
Ac H, A. Then, first of all, there exist tensors N¢ and QQ° with entries in L*(82) such that

AENE — QE

Ne =T and Q°F — A, weaklyin L*(2)N*NXNxN
with

curl ' N¢ relatively compact in H ' (2)N*NXNXNxN

and

div ' Q¢ relatively compact in H~'(2)N*N*N,

Secondly, let D¢, E¢, E be as in the definition of H-convergence for A®. By definition, we say that
NE¢FE and Q°E are correctors (good approximations) of E¢ and D* respectively, if the following con-
vergences hold true:

1
2 [(E° — N°E) +Y(E° — N°E)] -0 and D° —Q°E — 0 strongly in L3 (NN, (5.1)

Now (5.1) does hold if at least one of the following conditions is satisfied:
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o Eisin W (1),
o the sequences { N¢}. and {Q°}. are bounded in L>®(£2)N*N*NxN,

o £ c LP()N*N for some p, 2 < p < oo, and the sequences {N¢}. and {QF}. are bounded in
L%(Q)NXNXNXN'

In the last case we even have the global convergence

[(E° — N°E) +Y(E° = N°E)] -0 and D° —Q°E — 0 strongly in L*(2)"*N. (5.2)

N~

Proof. In order to construct N¢ and Q¢, we apply Theorem 1 to the transposed tensors: if A® A,

A then tA° L. tA. Thus there are tensors ENEEN, tQF, 'Q such that INtA® = Q5 INTA =
tQ,tN° — IN,tQ° — @ with div’Q® and curl *N¢ relatively compact in H~'(£2)N*N*N and
H=Y(Q)YNXNXNXNXN respectively. Here we choose the normalization ‘N = I,1Q = A.

Now we consider vector fields D¢, E° as in the definition of H-convergence (for A¢). To prove the
assertion (5.1), we first notice that, due to the symmetry property of A¢,

D — Q°E = A°(E° — N°E) = A®(E° — NEE)S
with

(E° — N°E), = ~[(E° — N°E) +'(E° — N°E)].

N —

Thus,

[D° — Q°E, E° — N°E] = [A°(E° — N°E), E° — N°E] = [A*(E° — N°E) , (E° — N°E) .

s?

Therefore, by (2.2) and (2.4), for every w € {2, the L*(w)™V*N-norms of both (E¢ — N°E), and D° —
Q°E can be estimated from above by [,[D° — Q°E, E° — N°E]¢dz, for some ¢ € D({2), ¢ > 0,
¢ = 1inw. But

[DE _ QEE, E(:‘ _ NEE] — [Ds,EE} _ [DE,NEE] _ [QEE, Ee] + [QEE, NEE] (53)

Clearly, by the div—curl lemma, [ D¢, E€] — [D, E] in the sense of distributions.

e If E has regularity W'°°({2), the relative compactness of curl’!N® and div!Q® implies that
curl(N¢ E) and div(Q° E) are relatively compact in H~'(2)V*N*N and H=1(£2)", respectively. Then
the div—curl lemma gives that, in the sense of distributions,

[D?, E*] — [D°, N°E] — [Q°E, E*] + [Q°E, N°E]
— [D,E] - [D,NE] - [QE,E1+ [QE,NE] = [D — QE,E — NE] = 0.

From this the assertion (5.1) follows.
e Assuming that F is just in L*(£2)V*Y, but the sequences {N¢}, and {Q°}. are bounded in
LR()N*NXNXN “we observe that

[D°,N°E] = [[N°D", E].
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The div—curl lemma gives that ' N€ D¢ converges in the sense of distributions to ! N D. But this conver-
gence holds also true in weak-L>(£2)V*¥ | by boundedness, so that, for ¢ € D({2),

b e e ¢
/Q[ND ,E]¢dx_>/Q[ND,E}¢dx.

In the same way, one can pass to the limit in the term [Q° E, E¢] = [E,! Q°E®].
As for the last term in the right-hand side of (5.3),

BuBo = ((Q°) i (N9) ;) Bt Bt

[QEE’ NEE] = (tQE)klij (tNE)stij

By the div—curl lemma and by boundedness, ((*Q%)xii, CN®)gi) — (CQ)xiis (CN)g1i) in weak*-L(2),
so that

/[QEE,NEE]¢dw—>/[QE,NE]qux.
(% 2

The assertion (5.1) follows again.

e Finally, if E is in LP(£2)V*¥ for some p > 2 and if the sequences { N¢}. and {Q¢}. are bounded in
L%(Q)NXNXNXN, then * N° D¢ and *Q° E° are bounded in L¥' (£2)N*N*N*N with p/ the conjugate
of p. They converge weakly in this space to { N D and ‘QF, respectively. It follows that one can pass to
the limit in the second and third terms of the right member of (5.3). Moreover, since Ey; Es; 1s in L3 2
and ((CQ%)n1, (CN®)4;) is bounded in L2 (£2), one can pass to the limit also in the last term in the right
member of (5.3). We get the same corrector result.

We notice that, in the last case above, the integrals over the entire domain {2 of the last three terms in
the right-hand side of (5.3) tend to the limit, because of the weak convergences that we have mentioned.
The same is also true for the first term [D®, E°] = [A® E%, EZ], which is bounded in L5 (£2), as soon as
{E?}. is bounded in LP(£2)N*N for 2 < p < oco. This implies the stronger corrector result (5.2). O

6. The example of elastic laminates
6.1. H-convergence for elastic laminates: known result

The criterion for H-convergence in Theorem 1 is particularly useful when it is possible to find the
tensors M¢ and P¢ a priori (without solving any Dirichlet problem, e.g.). In such cases one often gets
additional properties of M*¢ and P¢, e.g., L°°-bounds, so that they converge in weak*-L°°. The main
example for which this occurs is the case of stratified media, i.e., when A® depends on only one of the
coordinates, say T y:

A = A%(z ).
Then, following [10], we can write

A — ( Alses  Ajsen )
Ainks  Ainen
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where Latin indices run over {1,..., N} while Greek indices only run over {1,..., N — 1}. It fol-
lows from (2.2) that the matrix (A7) is invertible. Denoting by (R;y. ) its inverse, we have
A = (M?)~' P¢ with

M = <5ik555 _AgﬁsNRiNkN>

0 Rinen
pe_ (Afgka — AfgonRonvinAinks 0 ) '
RinonASNks Oik

It is immediate that curl M¢ = 0, div P® = 0, and it is proved in [10] that A® A, Aifand only if M*® —
M, P® — P weakly* in L®(2)N*NXNXN "with M and P defined from A by the above expressions
(without €). (These conditions of H-convergence for elastic laminates occurred in [12] for the first
time, before compensated compactness became a standard technique, while the proof by compensated
compactness is given in [10].)

Natural generalizations of the above example can be constructed as in the diffusion case in [7,4],
where M*® and P°¢ are supposed to have specific dependence upon coordinates, and in [3], where the
general condition, the diffusion analogue of (4.5), (4.6), is introduced. Note that in the diffusion case
these generalizations also contain the “isotropic factorizable” case of A. Marino and S. Spagnolo [11].

6.2. Recovery of the formula for laminates from the general theory of Theorem 1

In this subsection, we indicate another way of obtaining the H-limit A of A° = A®(x ), more in the
spirit of Theorem 1.

So we assume that A° — A, A* = A°(xn). For fixed 4, j, we set u;jr = d;,; and we look for
Uy = (ufj ;) of the form

u5(T) = Gikj + vij(TN)
solving
div("A*Vus,) = div('AVuy;),

that is

d dvy; d
m (AiNkNﬁ> = m(AijkN - A?jkN)'

As the matrix (AS ;. v) is invertible (see [10]), it is possible to solve

dve.
AE —% — Ay — AS
sNEN de 1) ijk N>
for 405 This gives, by defining RS as the inverse matrix of A%
dzy g1ves, by g i NEN sNEN>
dog

ijk
dxjv = (Aijsn — Afjen) Riniy = (A = A°)R°) 0y
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and then

£

auijk € e

Now we define a tensor M~ by

_ ous
€ zyk
M i = Viuj; = ou
We have
U = (Mzﬁka me > _ (5ik5ﬁ5 (A— Ae)i,@sNRiNkN>
M; iNk§ M; iNEN 0 AiNsn NI

We also define the tensor P° by

e
B° _ WA — (P ks T wkN) _ (Afﬁka + (A= Aigon Ry v Afnks  AigeN ) .

—¢ ) e € )
Pinks  Pinen AinsN B NN AiNks AiNkN

Since the coefficients of A° and Ri are boEnded in L*°((2) independently of ¢ (see [10] for R®), the
same is true for the coefficients of M* and P‘E, so that, up to a subsequence of ¢,

M°—~M and P° — P weakly* in L®°(2) VX NXNXN (6.1)
with
7 — (5ik555 yzﬂkjv > 5 <f@gk5 AipkN ) 62
0 Miniv/’ Pinks  Ainkn /)’ '

for some MinN’ MiNkN’ Fzﬂké and FiNké in LOO(.Q)

We claim that, by using compensated compactness, it is poss1ble to pass to the limit in P° = M" A®
and get P = M A. Indeed, defining Pfj and ij by Pfjkl (Pz])kl and szkl (sz)kl, the equality
P° = M° A° reads

P

— tAavu tAs

’Lj’

and
div P;; = div("AVuy;)

is relatively compact in H~'(£2)"V, while curl ij = curl Vug; = 0. As A° H-converges to A, then

tA® H- converges to *A and it follows from the definition of H-convergence that Py; = 'AM;;, with
(Mij)g = M i, (Pijk = Pl-jkl: we have proved that P = M A.
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With (6.2), this gives the following identities

Pigrs = Aigks + Migsn AsNkss (6.3)
Ay = Aigkn + Migsn Asnen, (6.4)
Pinks = MinsnAsnis (6.5)
AiNeN = MinsNAsnEN- (6.6)

As A is coercive, then (A; vk ) is invertible gld, denoting its igferse by (R;nkN), we derive by succes-
sive use of (6.6), (6.5), (6.4) and (6.3) that P = A and that M is the identity tensor. Then (6.1) says
that

(A— Ag>msN sNkn — 0, 6.7)
AinsNREneN — Oiks (6.8)
Afgrs + (A — A%) v Bonen Aines — Aiprs, (6.9)
AinsNRonin Ainks — AiNks, (6.10)

from which, by using successively (6.8), (6.7), (6.10) and (6.9), we recover the classical formulae of
H-convergence:

Ringn — Rinen,

AigsnBonkn — Aigsn Rsnen,

RinenAinis — RinenAkniss

Algrs — Aigsn Renin Aines — Aigrs — AipsN RsNiN AtNis-

Remark 5. With M€, P¢, M, P as in Section 6.1, we have

_ 0idgs  Aigkn
v =( )
0 AiNkN

M =M M P =M""P°
7. The example of periodic elastic materials
7.1. The case A® = A(%)

In this section, we use our method to construct the H-limit A* of a tensor A*(x) = A(%), with A
defined in R, periodic of period Y =10, 1["V. More precisely, we shall prove that A° H-converges to
the constant tensor A* defined by

A% = / (I + V) Ady, (7.1)
Y
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where I = (Iijkl) = (5ik5jl) and

awijk
oy

(Vw)ijr = Vigw;j =

w;; = (w;j) being a solution of

div(‘AVw,;) = —div(‘Ae;;) inY,
w;; Y -periodic,

with €ij = (eljkl) - 52k5]l
We first notice that the vector function u (u 1) defined by

xr
uf]k(x) = 5114:1:]' + cwjjk (g)

solves

' 19 wijs \ («

Now, setting

ous; w;ik [T
ijk ijk
igjkl a—IL'l 6lk6]l+ ayl <g>’
P

e awijs T
ikl = (Aijkl + Astri M > (g)

we have P¢ = M¢ A€ and it is clear that

Misjkl — Mzgkl = (51145]1 + / u Wik dy = 5lkéﬂ = Izykl weakly in LZ(Q),

dw . .
Pijjy — Pijrl = /Y <Az]kl + Asthi > dy = Afj  weakly in L*(£2).

oyt
Moreover

3P5

. e -
(dlvp)ijk:_ o,

=0

the H —limlt of A°.

’L]’

(7.2)

so that (curl M®);jxim = 0. As P = M A*, it follows from Theorem 1 that A* is
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7.2. The case A° = A(x, %

267

In this subsection, we prove, under some regularity conditions, that formula (7.1) remains true in
the case that A depends on both slow and rapid variables: A°(x) = A(z, Z), with A = A(x,y) a
measurable function, defined almost everywhere in 2 x RY and periodic of period Y in the second
variable, symmetric, coercive and bounded so that A°* € M(a, (3, {2) (see Subsection 2.2) for fixed
0 < o < 8 < oo. This result is known (see, e.g., [2] or [1]), but our proof is new. With w;;(z, ) (as a

function of the second variable) denoting a solution of

div,, ("AV w;;) = —div, (‘Ae;;) inY,
w;; Y -periodic

we shall prove that A° H-converges to the tensor A* = A*(x) defined by
Af(z) = /Y(I + Vyw(z,y)) Az, y) dy.
Let z;;(x, -) solve

divy ("AV,2ij) = div,(*(A* — A)eij — LAV wy;) — divy ((AV,wy) inY,
zij Y -periodic.

Under some additional regularity assumptions on A one can show that, as ¢ — 0,

Aijkl(‘,g N / Ay dy  weakly in L3(92),
Y

duigi (- duwy; |

M(‘, —> — M(-,y) dy weakly in L),

oyl € y 0y

Asm(-,—)%ﬂ(-,—) = [ A 52 gpdy weakly in (),
€ b € Yy oy

Owiji (,’ ;), 0zij ( ;>, 024 (-, ;) are bounded in L*({2),
0x; € 0x; € oy €

div, ("AV,w;)) < 8) Ldiv, ((AV,25) ( 5) Jdiv, ((AV, 2i) ( E)
and div, (tAszij) (-, g> are bounded in L*(12).
Assuming (7.6)—(7.8), set ufj (x) = vfj(az, 2) with

V5@, Y) = Oirs + ewin(, y) + %2k (T, ).
Then

€ 2
vaij =ei + 5wa,~j +e€ szij,

(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

(7.8)
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Vyvfj = eVyw;; + 62Vyzij,
div(LATVE) = dive ((AV,05) + - diva (CAV,05) + ~ divy (AV.05) + — divy (CAV08
v ( ug;) = divy ((AV,0;) + B vy ((AVyL) + B ivy ((AV,05;) + = ivy AV v5),

ij

with the convention that the left-hand side is taken at the point « and the right-hand side is taken at the
point (x, f). Hence, by using (7.3), (7.5) and the same convention, it is easy to check that

div(*ATVug)) = div, (‘A%ey;) + e dive ((AVwi; + 1AV, 2;))
+ e divy (‘AV,2i5) + e divy ("AV,2i5). (7.9)
We define tensors M*® and P° by

. ou
M;(x) =

‘?.k
ij
o ()

ox; € e oy €

— Sl + ik (x E) + ik (3: E) +€ﬂ(x, E) +€2ﬂ<x,§>,
ayl 9 a$l 9 ayl 9 a$l 9

Pri(@) = M () ASyy (2)

0 178 0 178 0 178
= Ay (m z) A (x z) (&) (x z) T (m z) L Q% (x z)
€ € 0yt € 0xy € I €
Hz%(x,z))_
axt e

It follows from (7.6) and (7.7) that

0

W '
M = Mijk = didji + /Y ayj M dy = 6ipdj = Lijw  weakly in L*(£2),

ow;
Py — Pl = /y <Aijkl + Agtia 3 e

) dy = Ajj,  weakly in L*(£2).
Yt

Moreover, by using (7.9),

13
0Py
ijk =

(div P?) = div,("A*e;j) + & divy ("AV,wy + LAV, 25)

ox;

+ e divy (‘AV,zi5) + & dive (' AV,2;5),

taken again at the point (z, f). By virtue of (7.8), (div P¢);y, is relatively compact in H ~1(£2). Moreover

ijkl = Vyu;;, so that (curl M*);jgpm = 0. As P = MA* = A*, it follows from Theorem 1 that A®
H-converges to A*.
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